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Shape of compactifications
Yukihiro Kodama
(Department of Mathematics, University of Tsukuba)

All of spaces are assumed to be metrizable and hence com-
actificationﬂére metrizable oneés.

Genersl guestions are-as follows.

1) Has a good space always a good compactification ?

2) Does there exist a good space every compactification of
which is bad ? |

3) Does there exist a bad space having a good compactifi-
cation ?

Here by "good" we mean "with good shape property".

Example 1. Let X be a countable discrete space. Then for
every compactum Y there is a compactification X such that the
remaindef XX-XA Y and Y is a retract of «X.

Example 2. There are compactifications &R, i = 1,2,3, of
the real line R:

1) o4R is an FAR and o R-R consists of two segments.

2) o,R is an FPANR and o, R-R consists of two-circles.

3) ©o4R is not pointed 1-movable. To construct o&;R, let M
be a solenoid and let f be a 1-1 map from R onto one gomposant
of M. Put X = {(£(x),1/Ixi+1:x € R} C MXI and o4R = CLy,; X.
Then X Q<R and ;R is a compactification of R. Since M is a
retract of o3R, (3R is not pointed 1-movable.

Let us use the following notations.
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R+ = [0,00); E¥* = R+, where pfg_is the Stone-Cech compactifi-
cation of R+; I* = F(IX.R+)—IX R+. E* is said to be a Cech O-
i 0 - % = *
cell. I* contains two Cech O-cells bo (ClP(IxR+){O}x R+)/\I 

and E¥ = (Clp(IxR+){” XR+)r\ I*.

A spac%? is said to: be Eech path connected if for xo,x1e X
N - *
there is a map £ : I*— X (called a Cech path) such that f(Ei) =

X5 i=0,1. X is said to be locally éech path connected if

for x€ X and a neighborhood U of x there is a neighborhood V C
U of x such that any two points of V are connected by a Cech
path in U. The following characterization of pointed 1-mova-
bility is given in [1].

Theorem 1. The followings are equivalent for a continuum X.

(1) X is pointed 1-movable.

(2) X is Cech path connected.

(3) Every map f : E;LlEt-—é X is extendable over I*.

As a consequence we have the following Krasinkiewicz's

theoren.

Gorollary (Krasinkiewicz [3]) A continuous image of a

pointed 1-movable continuum is pointed 1-movable.

As an application of Theorem 1 we have the following theo-
rem for compactifications of pointed 1-movable spaces.

Theorem 2 [2] Let X be a connected, locally Cech path con-

nected, locally compact space. If of{X is a compactification of

X such that each component of the remainder oX-X is pointed 1-

movable, then o/ X is pointed 1-movable..
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Corollary 1. Let X be a space in Theorem 2. Then the Freu-

denthal compactification and the one point compactification of

X are pointed 1-movable.

Corollary 2. Let X be a locally connected locally compact

space. If oX i

a compactification of X such that every com-

ponent of the remainder oX-X is pointed 1-movable, then o X

-
is pointedi-movable.
/‘\

In Theorém 2, Collaries’1 and 2, as shown by Example 2, we
can not omit pointed 1-movability of the components of the re-
mainder. Also, we can not replace poinﬁed 1-movablity by
pointed r-movability (r =1).

Example 3. Let r 0. Let {Si,ff :i=1,2,...} be the

i,i+1

inverse sequence of r-sphere Si with bonding map fi of « .
14

i+
fixed degree ;>i. Let X' be the telescope associated with
{Si}. Put X = C(S,)kJX', where C(S1) is the cone over §,.
Then the one point:cdompactification (= the Freudenthal compacti-
fication) of X is not r-movable.

Problem 1. Does there exist a locally compact ANR X such
that every compactification of X is not movable ?

Problem 2. Has every (pointed r-) movable locally compact
space a (pointed r-) movable compactification ?

Problém 3. Has every locally compact metrizable ANSE a mo-
vable compactification ?

Problem 4., Has every locally compact metrizable ASE a com-

pactification which is ASE ?
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