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Critical L?-decay for the dissipative nonlinear
Schrodinger equation

By

Takuya SATO*

Abstract

We first consider the Cauchy problem for the nonlinear Schrédinger equation with a power
type nonlinearity A|u[P~'u. It has been known that p = 1 + 2/n is the critical exponent to
exhibit the L?-decay of the Cauchy problem under the dissipative condition: ImA < 0. In
this paper, we relax an initial condition that corresponding solutions have L?-uniformly bound
with sub-critical case: p > 1 4 2/n. Moreover, we show the L?-decay property of dissipative
solutions to a problem with an exponential type nonlinearity. Even if this nonlinearity has
not only the cubic powered monomial but also the higher order ones, we are able to show the
L?-decay property of dissipative solutions.

§ 1. Introduction

We first consider the Cauchy problem of the nonlinear Schrodinger equation with
a p-th power type nonlinearity

1
i0u+ —Au = Nu|P"'u, t€R,zecR",
(1.1) 2

u(0,2) = up(x), x € R",

where p > 1, A € C, u : R x R® — C is the unknown function and ug : R" — C is
initial data. We denote d; and A by the partial derivative with respect to ¢ and the
n-dimensional Laplacian, respectively. When we consider the Cauchy problem (1.1), it
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is natural to consider in a framework of a energy space L?(R™) or H'(R™), since the
problem (1.1) has conservation laws:

(1.2) lu(®)llz> = lluollz2, T €R,

A
IVu(®)12: + ——=llu@®)ll7 s = Eluo), t €R.

(1.3) Efu(t)] = P

N =

Here, L?(R™) denotes the Banach space of squared integrable functions with the Leg-
esgue measure in x € R™ and H!(R") consists of functions f € L?*(R™) such that one
spatial derivative of f exists and belongs to L*(R™). For A € C\ {0}, the local well-
posedness of (1.1) was established by Ginibre-Velo [10], [11], Kato [19], and Yajima [41]
(see also [2], [7], [8]): If 1 < p < 1+4/(n—2), then for any ug € H'(R"), there exists
T = T(|lug||r2) > 0 and a unique solution u € C([0,T); H'(R™)) to (1.1). In the case
that A € C and Im A < 0, Tsutsumi [39] showed that the Cauchy problem (1.1) is locally
well-posed in L?(R™) and using the mass conservation law (1.2), the local solution is
extended globally in time when 1 < p < 1+4/n. Cazenave-Weisseler [8] generalized the
result [39] to the Sobolev space H*(R™) for s > 0. Those results are considered along
the theory of evolution equations using the semi-group theory developed by Hille-Yosida
and it is common idea to introduce the notion of the mild solutions, i.e., u is called as
the mild solutions to (1.1) if

u(t) = U(t)ug — ix /0 U(t — 8)[u(s)|P u(s) ds

in C([0,T); L2(R™)), where U(t) = €' is the free Schrodinger evolution operator.

§2. L2-lower bound of solutions to the dissipative nonlinear Schrédinger
equation

In this section, we consider a global dynamics of solutions to (1.1) with the dissi-
pative condition, Im A < 0. Here, we review known facts of the asymptotic behavior of
solutions to (1.1) with the non-dissipative case. In this case, the exponent p =1+ 2/n
is known to be the borderline for the scattering theory. Namely, when p > 1+ 2/n, the
solution to (1.1) behaves as a free solution for the large time, while there is no scattering
state for the case p < 1+ 2/n (see for details [1], [11], [15], [36], [40]). The limiting
case p = 1+ 2/n exhibits that the solution to (1.1) shows so-called nonlinear long range
scattering discovered by Ozawa [33] (cf. [9], [12], [32]).

For the case ImA < 0, there are several works for the large time behavior of
dissipative solutions (see [3], [4], [5] and [14]) and the exponent p = 1 + 2/n plays
a critical role not for the scattering but the large time behavior. Cazenave-Naumkin
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[6] and Hoshino [17] showed that there exists a scattering state u, € L*(R™) for the
dissipative solution u(t) to (1.1) when p > 1+ 2/n, i.e.,

(2.1) lu(t) = U(t)us|l2 — 0 ast— oo.

However the mass (L?-norm) of solutions to (1.1) with Im A < 0 monotonically decreases
from a nonlinear dissipation, namely the dissipative solution satisfies

t
(2.2) lu(®)lZ> + IImM/O lu(r)II73%s d7 = ||uol|Z=, ¢ > 0.

By the dissipative structure (2.2), it is not clear if the scattering state u, € L?(R") in
(2.1) might not be trivial. Then we show that the mass of dissipative solutions have a
lower bound as ¢ — oo and it ensures not only the existence of a non-zero scattering
state uy but also showing that p = 1 + 2/n is a critical exponent to exhibit the large
time behavior of dissipative solutions to (1.1) in L?-topology.

To state main theorem, we define several functional spaces. Let S(R) be the set of
rapidly decreasing functions. For any f € S(R), we define the Fourier transform and

the Fourier inverse transform, respectively.

FUNO = Fl©) = g [ sy
(2.3) 1
-1 ) = 6739:-5 )
FUA) = g [ e de

For s > 0 and r > 0,
HI R = {f € H*®"); | fla; = (@) (V)" Fllz2 < o0},

where (z) = (14 |2[2)Y/2 and (V)*f = F~1[(£)*f] and we denote HO(R") = L2(R™).
Here, F and F~! are defined by (2.3).

We state that any small solutions to (1.1) with the dissipative nonlinearity have
the positive L2-lower bound when p > 1+ 2/n.

Theorem 2.1. Let1<n <3,1+4+2/n<p<p(n), where p(n) =00 if n =1,2
and p(n) =1+4/(n—2) ifn =3, and let n/2 < s < p, Im X < 0. there exists small
8o > 0 such that for any nontrivial ug € H*(R™) N L2(R™) with ||uo||gs + |||z]*uo||zz <
do, the Cauchy problem (1.1) has a global solution u € C([0,00); H*(R™)) such that
J*(t)u € C([0,00); L2(R™)) and it satisfies

(2.4) sup (IIU(t)HHs + IIJS(t)U(t)Hm) < C(lluollzrs + NIl uol|£2)-
Moreover, the solution u(t) satisfies a following lower bound
(2.5) [u@®)||r2 = C, t=0,

where C > 0 is independent of t.
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In the previous work [35], we needed to control the nonlinear dissipation by the
size of initial data to obtain a L?-lower bound of solutions to (1.1). Indeed the solution
is estimated by

(2.6) lu(®)lZ2 = lluollz> — Cllluollm + [[lz| uol =)

and we restricted the initial condition such that ug = dvg for small § > 0 to obtain

the positivity in the right side of (2.6). However we remove this initial restriction in

Theorem 2.1 and we show the solution has the uniform lower bound for general small

initial data. Theorem 2.1 gives the lower estimate of solutinos to (1.1) when p > 1+2/n,

while lower estimates was shown by [22], [26] and [29] under the critical case p = 1+2/n.
We define an energy of solutions to (3.2) as follows.

Re A
p+1

27 Elu(t)] = E/Rn Vu(t, 2)[2 dz +

/ lu(t, z)PTtdz, t>0.
2 Rn

Large dissipative solutions to (1.1) also have the positive L2-lower bound by adding a
special oscillation to the initial datum.

Theorem 2.2 ([35]). Letn>1,1+2/n<p<1+4+4/(n—2), ReXA > 0 and
Im \ < 0. For any nontrivial vo € H'(R™) N L2(R™) and

4|Re Al(p + 1) E[vg)
AT A (p — 1 — 2/n)vo]2,”

14+2/n<p<1+4/n,

(2.8) by >
2[R Al(p + 1) Eluo]
, 1+4/n<p<1+4/(n—2),
i Aol / [ =2
the Cauchy problem (1.1) with uy = (expi%bo)vo has a unique global solution u €

C([0,00); HY(R™)). Moreover, the solution satisfies that for any t > 0,

lu(t)ll> > v/ Bo,

where By > 0 s given by

4[Re A(p + 1) Evo]
n|ImA|(p —1—2/n)by’
2[Re A|(p + 1) Eu]
fmAby

lvol|32 — 14+2/n<p<l44/n,

(29) By =

lvol|72 — 1+4/n<p<l+4/(n—2).

From Theorem 2.1 and 2.2, the dissipative solution to (1.1) has the L?-lower bound
for p > 1+ 2/n, while the solution to (1.1) with p <1+ 2/n shows the L2-decay

lu(t)||rz — 0, t— o0
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which is obtained by Kita-Shimomura [24], [25] (cf. Shimomura [38] and Sunagawa [37],
see also [23] and [30]). Thus Theorem 2.1 and 2.2 imply that p = 1+ 2/n is a critical
exponent for the L?-decay of the dissipative solution to (1.1).

We prepare several lemmas to prove the main theorems.

Lemma 2.3 ([12], [20], [21], [24], [25]). Letn >1,s>n/2, p > 1+ 2/n, and
A > 0 be sufficiently small. Assume that u € S(R™). Then there exists C' > 0 such that
forany t > 1,

(2.10) 1fllpe <t 2| FU flllpee + Ct™ 27T T5(@) f| 2,
| Fio= >1 — R FU T (U )|
(2.11) LnL?
<t T (ful| g2 + 175 (E)ul 27,
where J(t) = x + itV is a generator of the Galilei transformation and || - ||ponr2 =
I fzee +1 - llz2-

Lemma 2.4. Letn > 1, s > n/2. There exists C > 0 such that for any f €
S(R™),

(2.12) 1£1Z> < CUIVI fllz2lll2]* fll 2.

Proof of Lemma 2.4. 1t easily follows from the Holder inequality and the fractional
Hardy inequality that

[fllze < W=l Fllzzlll=lFllee < CUVEFlle2 2] fll2

for some C' > 0 depending on only s. O

We state the proof of Theorem 2.1.

Proof of Theorem 2.1. The upper bound of small solutions has already seen by the
previous works [20], [31] and [34]. Let u be the solution to (1.1) in C([0,0); L?(R™))
and U(t) = e?. Then, F[U~u|(t, &) satisfies

(2.13) i FIU ™ ul(t,8) = 5 [FIU T ul (8, P FU ) (t.€) + R(t, ),

t3 (=1
where R(t,€) = AF[U (JulP~ u)] — M= 2@V | FlU (¢, €)|P~ L FIU u)(t, €). Multi-
plying (4.3) by F[U1u](t,&) and taking the imaginary part, we obtain

~[Im Al
IR

(2.14) %ath—lth, &)? IFIU™ (¢, €)1 + Im{R(t, &) F[U-ul(t, )}
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By the decay estimate associated with the free Schrédinger evolution (2.11), R(t,€)
satisfies for small 7 > 0,

(2.15) IR(t, &) pe <CMPt=3P=D= ¢ >1,

where M = ||ug||g= + |||z|*uo|| 2. The proof of (2.15) relies on Katayama-Li-Sunagawa
[20] and Kim [21]. By using the Holder inequality and using (2.15), we have

[Tm |
)

(2.16) %atyf[U—lu](t,g)F < IFIU= (¢, €)[PHi O MPHL =3 (=D=7,

Hence we obtain by the similar argument in [26] that ||F[U~1u](t)||r~ < CM and we
have by (2.10) that for any t > 0,

-7

w3

(2.17) |w(t)|| e <CMA41)"2 +CM(1+1t)"

where C' > 0 is some constant. Combining (2.17) and the L2-dissipative identity:
! 1

(2.18) lu@®)lIZ: = luollz= — 2!Im)\!/0 lu() 70 dr, £ 20,

we deduce that

d
A NGI>

v

—2ITm Al[|u () |[|P 2 [u(t)]|?-
(2.19) I Af[u(@) I lu()]z

> = C(MQ+87%F + M1+~ E )P u(t)|7,

where M = ||vo| s + |||z|%vo|| 2. By solving (2.19), one can obtain the L?-lower bound
for small solutions to (1.1) since p > 1+ 2/n. O

§3. L>-decay of dissipative solutions

In this section, we show a relation between the L?-decay order and the smooth-
ness of dissipative solutions to (1.1) under the critical setting p = 1 4+ 2/n. Hayashi-
Li-Naumkin [13] obtained the L2-decay rate of the dissipative solution with H!(R™)-
regularity. For any ¢ > 0 and ¢ > 0,

C.(14t)" G 8)akzte, <142/n,
(3.1) u(®)122 < { (L+1) p<l+2/

Ceflog(1+ 1)} 72, p=1+2/n,

where C. — oo as ¢ — 0. Hoshino [18] showed the L2-decay order of the dissipative
solutions in the Sobolev space H"(R") for 0 < r < 1. Ogawa-Sato [31] and Sato [34]
showed the L2-decay rate for smooth solutions in higher order Sobolev spaces. Our
purpose is to consider the asymptotic behavior of solutions to the Cauchy problem for
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the dissipative nonlinear Schrodinger equation combined with critical power and higher
power nonlinearities. In particular we study the following Cauchy problem with an
exponential type nonlinearity which contains the critical power nonlinearity:

1
i0pu + ~0%u = )\(e|u|2 —1Du, teR,xeR,
(3.2) 2

u(0,2) = up(x), z € R,

where A € C, ImA < 0. We restrict to n = 1 to construct smooth solutions to the
problem (3.2). We show that the L2-decay rate of solutions to (3.2) is determined by
the effect of the critical cubic power nonlinearity.

Proposition 3.1. Let k € N. Then, there exists a small constant eg > 0 such
that for any ug € H*TH(R) N HE(R) with ||uo || g+ + [wol[ = < €0, the Cauchy problem
(3.2) has a unique global solution u(t,z) satisfying

u € C([0,00); H**1(R)), J(t)oFu € C([0,00); L*(R)).
Moerover, there exists C > 0 such that for any t > 0,
(3.3) lu(t)] 2 < C(logt)™ ="z,

We easily show Proposition 3.1 by connecting with the argument in [31] and a proof of
Theorem 3.2.

We remark that the estimate (3.3) is a generalization of the result (3.1) by [13] and
[18] for k£ > 1. Namely the smoothness of the solution shows the faster decay for the
critical dissipative case. Since the regularity exponent can be arbitrary large, one can
expect that the decay rate of the solution to (3.2) should be (logt)™2+¢ with 0 < ¢ < 1
as k — oo. Indeed, if dissipative solutions have the Gevrey regularity which is the class
between C°°-class and an analytic regular class defined by

oo

Z

k=

(3.4 Gi®) = {1 P(® il < ool

then the solution shows a slightly rapid L?-decay than the L?-decay of dissipative solu-
tions with the H*-regularity.

Theorem 3.2. Let s > 1. Then, there exists a small constant g > 0 such that

Gi+z (k!
k=0

has a unique global solution wu in C’([O_, 00); GE(R)). Moreover, the solution satisfies

for any ug € G5(R) with ||0zuo|

T |20%ug|| 2 < €0, the Cauchy problem (3.2)

Ou € C(]0,00); G ,i

k::O

Fu € C([0, 00); L*(R))
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and there exists C > 0 such that

=

(3.5) lu(t)lz> < C(loglogt)? (logt)~ >
for any t > e°.

It was shown by [31], [34] that dissipative solutions to (1.1) shows the L2-decay
and its rate is the same order given by (3.3) and (3.5) when n =1 and p = 3. In [35],
It was shown that

htrgg)lf |lu(t)]| L2 >0,

where u is the solution to (1.1) containing the higher order monomial |u|P~'u with
p > 1+ 2/n. However the problem (3.2) contains the both of cubic and higher order
nonlinearities, L2-decay property of solutions can be observed by the critical cubic
power part in the exponential nonlinearity, even if (3.2) has the other higher order
nonlinearities.

The decay rate in (3.5) would not be optimal in general. Indeed, Kita-Sato [26]
showed the existence of solutions to (1.1) such that |Ju(t)||z> = O((logt)~/?) as t — oo
when n = 1 and p = 3, and we found that this rate is optimal (cf. Li-Nishii-Sagawa-
Sunagawa [28] and Li-Sunagawa [27]).

We remark that constructing the global solution in G3(R) for s € (0,1) is difficult
because of an estimate such that for any ki, ko, k3, k € NU {0} with ky + ko + k3 = k,

K By
< (rti)
Fnlkallisl — \Eylhallg)

which holds only if s > 1. In the analytic case for s = 1, Ogawa-Sato [31] proved the
L?-decay of dissipative solutions to (1.1) with n = 1 and p = 3 by applying an operator
¢™9= which is used by Hoshino [16] to obtain the analytic smoothing effect of solutions
to the nonlinear Schrédinger system.

To show the L2-decay rate for the dissipative solution to (3.2) in the Gevrey class,
we prove the global a priori estimate of the solution in the Gevrey class defined by (3.4).
Let u be the solution to (3.2) on [0,7]. For 0 < v < 1/4, we define

()] o

ez + 3 gy OO0z }

+(1 +t)_7<\]6xu(t
For s > 1, set

(3.6) es = ||8uu0]

G5+Z
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Lemma 3.3. There exists a positive constant C, independent of T > 0 such that
(3.7) ul| x, < Ces,

where 4 is sufficiently small.

Proof of Lemma 3.3. Let s > 1. To prove the estimate (3.7), it suffices to show
that there exists a constant C' > 0 such that

(3.8) lullx < C (e + (e —1)jullx, ).

The estimate (3.8) yields the uniform Gevrey bound (3.7) if we choose ¢, sufficiently
small. The existence of the global solution to the Cauchy problem (3.2) is an immediate
consequence of the a priori bound (3.7) and the standard local existence theorem proved
by Ginibre-Velo [10], Yajima [41], Cazenave-Weissler [7].

In what follows, we denote several positive constants by the same letter C. We find
oo

1
Gs s Z () |J(£)0ku(t)| 2. Applying the energy inequality, and
k=0 * "

estimates for ||0,u(t)|

using the unitarity of the free Schrodinger group, we obtain that

69
o0 1 [ 1 2
Ollin < 2, Grysllozuollin +€ / e LGl P

We first estimate the cubic power nonlinearity, that is the critical power part in the

k()

exponential nonlinearity. By the Leibniz rule, it follows that

t 1
/O;W\

Y e @) Fu() o u)|ar

k1 o+ s =  Flals! "
t OO
k k ks 7N\ k
< - 1 2 3
C/O . 2 (kl'kg'k3> H (0 ulr) O ulT) Oz*ul ))Hm dr
k= 0 k1+k2+k3:k
<C/ <H3§1u(7)\|f11 082 u(T)|| Lo |0k u(7) || Lo
0 = 0k1+k2+k3 . (K1) (kal)® (k3!)®
N [0F u(T) || Loe |OF2u(T) || o || 053 w(T)|| oo
(k1!)s (ka!)s (k3!)s
N 108 u(T) || Los [|OF>u(T) || Lo ||3’§3U(T)||H1>dT
(ka1)® (ko!)® (k3!)*
< [(3 gapletumlin) (X galobuls) or
k:O k=0

< Cllullx, (1+T) e < Ollullk, (1+1)7,

S~
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where ¢, is sufficiently small. For other powers of nonlinearities, we see that for any
(=23,

[

Then it holds from (3.9) that

t
Y4 — Y4
W o dr < Clful 2 / (1+7)"dr < Cllul2.

oo

1 ull2
(3.10) > Wna’;wnm < es+ O+ 1) (e — 1) ||,
k=0 \

.52 g2 . . .
By the representation of J(t)f = e*2itd,[e~" 27 f], the similar argument to that in (3.9)
derives

e 9]

(3.11) E:

k:O

ku(t)| 2 < o+ C(1+8) (el Mxr — 1)|[ul|x,.

Secondly, we consider the L°°-bound for the solution:

oo

1 ull2
Y G lOru®lle < Ceot C(elxe — 1)|jul|x,
k=0 ‘"’

I

(3.12) (141)

for any ¢ > 0. For t € [0, 1], the standard Sobolev embedding leads to

o0

(3.13) 1+t%§:

k:O

Oz~ < CZ k, (lozu®)llzz + 10z u(®)]l g)-

From (2.12), it follows that
1oz u(®)llz: < CUIJ(O05ull L2 + 195ull 71).

Hence by (3.13), we have

o0

(3.14) +t%§:

lc:O

@)z~ < CZ pullzz + 05wl )

for any t € [0,1]. From (3.10), (3.11), (3.13) and (3.14), the estimate (3.12) holds for
any t € [0, 1]. Hence, we prove (3.12) for ¢ > 1. Let u be the solution to (3.2). Then it
follows that for any & € N U {0},

(3.15)

IO FIU ()] (1,€) = F U (1) {0} (iat“ + %83@ J
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By applying the similar argument in [31], we have that for any ¢ € N,

1 1A
AF[U(—t)8§<E|u|2eu>] = S FU (=l (FU(—)0%w) + By,

where Ry ¢ = Ry ¢(t,€) is defined by

1
(3.16)  Ry(t,&) = A]—“[U(—t)a/; (Wulzeuﬂ - Et_e’fU( D U9t
and Ry, satisfies
3 2041
Z ()| peonrz < C(1 4 t) - 7HEHDY ||U||€'
(317) k::()

‘2€—|—1

<C(1+t)~0- 37)%

for any ¢ > 1 and 4 > 3. Note that

=5+ 20+ 1)y=-1-(F =37+ -1)(-1+2y) <-1-(7—37)

103

since (¢ — 1)(—1 + 2vy) < 0. By multiplying (3.15) by (F[U(—t)0%u|(t,€)) and taking

the imaginary part and Im A < 0, we have

(3.18) O FIU(=6)ul (t,€)1* <2 | Ryt O F[U (=)0l (8, €,

=1

where Ry, is given by (3.16). The inequality (3.18) is equivalent to

(3.19) ONFU(=1)05ul(t. ) < D |Re(t. €)]-
=1
Integrating the inequality (3.19) over [1,¢] and taking the summation, we see that
Z Oul (t,€)
o (

(3.20)

éZ(,:!)S\ U~ 1s\+/1 e Brelr ol

kOél

By (3.11) and an expression of J(t) = U(t)xU(—t

;(k}!)sl [U(=)07ul(1,8)] < 2 (i) /IU )[0%u](1, )| dx
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The inequalities (3.20) and (3.21) derive

oo

. (k:ll)s (U005 ()| < C (e + (e — 1) Jullx, ).
k=0

By (2.10) in Lemma 2.3, we have

oo

(3.22) (1+t %Z el okt o~ < O (es (e — 1l )

for any ¢ > 1. Combining the inequalities (3.10), (3.11), (3.12) and (3.22), we obtain
(3.8). O

We prove the uniform bound of dissipative solutions to (3.2) in the Gevrey class
by using the estimate (3.8).

Lemma 3.4.  Let u be the solution to (3.2) satisfying (3.8). Then, there exists
C > 0 such that for any t > 0,

(3.23) [u(®)llas < Ces,

where €4 is sufficiently small, which is given by (3.6).

Proof of Lemma 3.4. From the Plancherel theorem and unitarity of U(t), we see
that for any f € L*(R), ||F[U(=t)f](t)|lzz = || f||z2z- Hence, by integrating (3.18) over
R¢ x [1,t] and applying the Holder inequality to the remainder term, it holds that for
any k € NU{0} and t > 1,

tS1 3
[0 u(t)|| 2 < (H@’;u(l)H%z +/1 Z EHRk,e(T)Hm\|0’£U(T)HL2 dT)
(3.24)

N|=

<[[0%u(1)] = + / Rkl 20 u(r) 2 )

Multiplying (3.24) by 1/(k!)® and taking the summation,

(3.25) )
(kll)s pul®lle < 3 1!)5||6§§u<1>||m
k=0 k=0
H{ (S S lAkelse) (3 g lobulss) ar)
kzo =1 k:O

By the unitarity of U(t), the representation of J(t)f = U(t)xU(—t)f, the uncertainly
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principle (2.12) and the uniform bound (3.7), we see that for any 7 € [1,¢],

oo

> G lokun)ls = Y s (k)
k=0 k=0
(320 <> s (1702l + okl )
k=0

<CA+7)"ullx, < Ces(147)7.

By (3.17), the estimates (2.11) and (3.7) yield that for any 4 > 4y and 7 € [1,1],

oo

1 -
(3.27) > g 1B (Dl < Cegr™ 13,

k=0

Combining (3.7), (3.25), (3.26) and (3.27), there exists a constant C' > 0 such that

[ (?)]

where ¢4 is sufficiently small, which is given by (3.6). By (3.7), the estimate (3.23) holds
for any t € [0, 1]. O

Gs SCSS, tZl,

§4. Proof of Theorem 3.2

Proof of Theorem 8.2. For r > 0, ||fllz2(—rr)
follows that for any r > 0,

(ij | f(2)]? dx)%. Then it

(4.1) I fllz2(=rr) < (27’) |fllp+ for any f € L(R)

and for any a > 0, there exists a constant C' > 0 such that

S

(42) I flI22(rp) < 55=5 MmA[(loglog )~ (log t)[| fl|72 () + C(loglog)*(logt) ™"

for any f € L?(R) by the Young inequality. Let u be the global solution to (3.2) given
via a priori estimate (3.8). Then, F[U(—t)ul(t, ) satisfies

| F[U(=t)u]|?

(4.3) WO FU(=t)ul(t,§) = AMe 7~ = DFU(=t)ul(t,§) + R(L,£),

[F[U(= t) 112

where R(t,€) = AF[U(—t)(el*’ — 1)u] — (e — 1)F[U(~t)u]. By multiplying
the equation (4.3) by F[U(—t)u](t,&) and taking imaginary part, we obtain

SONFIU(—tyul]” = — [ A|( =T — )| (U (1)l + T { BFTO( 1))
|Im |
< 1

- t

(4.4)
[FIU(=t)u][* + Im{ RF[U (—t)ul}
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By (2.11) and (3.8), R = R(t, &) satisfies for any § > 37,
(4.5) IR(®)||z2 < Ceglels” —1)¢=1=G=37)

for any ¢ > 1. This remainder is controlled by the initial size with the infinite order,
and this is the difference of previous works [31] and [34], where we only treated the
monomial nonlinearity. Using the L2-a priori estimate || F[U(—t)u](t)|zz < ||uol|zz and
integrating (4.4) in £ over R, we obtain that, for any positive ¢4 < 1,

| FIU(—t)u) ()72 < —|Iit/\|H.7:[U(—t)u](t)”‘i4 1+ Ce, t71-G=37),

| =

(4.6)

N | =
QL

t

For 0 < a < 1, let r(t) = <% loglogt) . From (4.1), (4.2) and (4.6), we deduce that,
for any positive 5, < 1,
(4.7)

© {(toglog )~ (1og )| FIU(~1)u(1) 32
<2(loglogt)~*(log t)t~" (H}-[U(—t)u](t)”%2([_r,r}) + | FU(=t)u] (t)H%2(R\[—r,r]))

+(oglogt)~*(log 1~ P2 P pul(p) + €110

aS

<2(loglogt)~*(log t)t—l{ (2275
+ C(loglog t)*(log t)a) + | FIU(=t)u] (t)||2L2(R\[_T’T])}
~ [1m A|(2r(+)) ™ (loglog £) ~* (log 1)t~ | FIU (~t)u) ()| 9y + O~ =

=3~

<Ct™' 4+ Cloglogt)~*(log t)t || F[U (=t)u] (t) |72 [prpy + CE 772

1w X (log log £)  (log £) |70 (~)u](1) £

Here, we prove the following Lemma to obtain the uniform estimate for the high fre-

quency part of dissipative solutions.

Lemma 4.1. Let0<a <1 and s > 1. Then, the following inequality holds:

1

s
s

G’u

1 1-% 1-1
T—Tﬂ 111211

(43) e Fllze < (

for any f € G5(R).

Proof of Lemma 4.1. Let 0 < a <1 and s > 1. By using the Taylor expansion for
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1
the function e®¢/* and Holder’s inequality, we obtain that

PN e ak
le=l€1* Flle = 3 le
k=0

7]

L2

k

s\\(galz ﬂ)li(g (,j)sla'frﬂ)*i
1

1-1 1

1—-1

— L) s
S

l1—a

L2

f 1

s
S
G’U

AN
A~

for any f € G5 (R). O

By (4.8) and (3.23), we estimate for 0 < a < 1,

1

IFIU (=)l ()1 72 [prp) S €27

€l }“[U(—t)u] (t) H%Q(R\[—Tﬂ”])

(4.9) 1
< e loshost |61 F[U(~t)u ()22 < Clogt) ™!

for any ¢ > e®. Therefore the inequalities (4.7) and (4.9) yield
(4.10)

=3~

(loglogt)~*(log t)?| FIU(—t)u](t)||32} <Ct™ + C(loglogt) "t ™' + Ct~ 1~ 2

it
y=3~v

<Ctl'4+Ct7i =

for any t > e°. By the dissipative effect of the solution ||u(t)||zz < ||uol|L2, we integrate
both sides of the inequality (4.10) over [e¢,t] and deduce that
(4.11)

(loglogt)~*(log )| F[U (—t)u](1)||Z> < (logloge®)™*(log )| F[U(—t)u)(e)||7-

+ Clogt+C
<C(1+ logt).

Therefore we conclude

N[

lu®)llzz = IFIU(=t)ul(®)] 2 < C(loglogt)= (logt)™

for any ¢t > e°. O
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