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Notation: Let p be a prime and let lF be a finite field with q = pn 2 4 elements and 
algebraic closure lF. For sets X, Y let Hom(X, Y) denote the functions from X to Y. For 
numbers m, n let Hom(m, n) denote Hom({1,... m}, {1,..., n}). Let r be a connected 

graph with vertex set V and edge set E. 

Definition a IF -coloring of r is an assignment V→IF* so that no adjacent vertices 
share the same value. 

From now on, suppose that each edge of r has be given an orientation, so one can 

speak of the initial vertex and terminal vertex of each edge. 
Assign tor the array Ar E ]FIVIIEl(q-l) given by 

Ar(V, e, C) ＝{ [ ：ffvv e. ： e胃
Here v is vertex, e is an edge and c is an element of lF -{O}. Let Dv,E be the de-

termintal variety corresponding to IVI by IEI matrices with rank < min(IEI, IVI) (see 
[3]). We suppress the indices when the context is clear. Then D is a subscheme of 
A,.IVIIEI_ For a: E Hom(E,lF-{0,-1}) let 7ra be the projection A,.IVIIEl(q-l)→ A|V||E| 
given by A→[A(v, e, 0:(e))]v,e• Let Da＝弓D and let C = CIVIIEl(q-l)＝叫Da.Call 
C the coloring variety associated to graphs with IEI edges, IVI vertices and q -1 colors. 

Since C can be defined by cofactor relations, it can be realized as a closed subscheme of 
A,.IVIIEl(q-1). 

Theorem: Assuming IVIさ|Elr is lF-colorable if and only if Ar E C. 

Proof: Given an lF-coloring {cv} of r, Fermat's Theorem implies ci―1 = 1 for all 
vertices v. Therefore, if v and w are adjacent 

q-1 -q-1 
Cv - Cw 

=0. 
Cv - Cw 
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Expanding this out gives 

IJ Ce(O) + aCe(l) = 0. 
aEF-{0,-1} 

Therefore Ce(O) + ace(l) = 0 for some a=  a(e) E lF -{O, -1}, which implies cMr = 0 
where 

Mr＝加（Ar)＝ { ［口：；veif=ve:0:(1)， c=［叫vEV・

This shows that the rank of叩 (Ar)is less than IVI and hence Ar E C. 
On the other hand if 7ra(Ar) has rank less than IVI for some a E Hom(E,lF-{O, -1}) 
than a nonzero vector in the kernel space 7ra(Ar) is easily seen to provide a procedure 

yielding a valid coloring for the graph. 

From this proof one sees the 

Theorem: If IEI < IVI then「isIF -colorable. 

Proof: Since IEI < IVI the kernel space of the linear map corresponding to x→ X冗 (Ar)
is nonzero for any o:. Using a nonzero element of the kernel space one can create a col-

oring. 

Example 1: Try to 3-color the following graph: 

The theorem implies that the graph has a 3-coloring iff there is a map a : {1, 2, 3, 4, 5}→ 
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is less than 4. Since the determinant of the matrix with the last column deleted is 1, the 

rank is never less than 4 so the graph cannot be 3-colored. 

Definition: Given a family王＝ （X, Y) of varieties X and subvarieities Y C X over 
a field K the membership problem for疋 tobe the following: Given P E X(K), is 

PE Y(K)? 

Definition: Let It= (Cm,n,q-1, A,_mn(q-l)) usi using coloring varities as defined above. 

Theorem: The membership problem for It over a field IF with q ~ 4 elements is NP 

Complete. 

Proof: To see that this problem is in NP, one just needs to check the rank of 7ra(Ar) 

for a given a. To see that this problem is NP hard note that the NP complete problem 

of IF-coloring graphs is subsumed by this problem. 

We now introduce another NP complete membership problem with the following ex-

ample: 

Example 2: Consider the graph in Example 1. Parametrize a line in A.4•5•2 by 

ァ(t)＝ [>l ait : : :tl  

then "f(l) = Ar. Each choice of a yields a 4 by 5 array with coefficients in lF[t]. Taking 
the five major cofactors of this array gives five polynomials fi,a,..., !5,a• Taking the 
greatest common divisor of these polynomials gives a polynomial fa of degree S 4. It is 
easy to see 

f a(l) = 0 if and only if a gives a valid coloring of the graph. 

Next suppose :F = {f(x)a}aEHom(n,l) is a set of polynomials in IF[x] with degree ~ n 
whose coefficients can be found from a in time polynomial in l, m, n. Let Zば） denote
the roots of ITa fa and 3 = (Zば），酎）．
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Theorem: The membership problem for 3 over a field lF with q：：：：： 4 elemenお硲 NP
Complete. 

Proof: Using elementary linear algebra it is easy to check that the variety Dn,m is 

cut out set-theoretically by the equations 8。=・ • • = 6m-n = 0 whereふisthe de-
terminant of the n x n matrix consisting of the first n -1 columns of a matrix as 

well as the column in position n + 1. To decide if some A E A_m,n,l is in Cm,n」let
L be a line in A_m,n,l parametrized by some linear function 0(t) with 0(t0) = A. Let 
fa(t) = gcd[8o（冗（0(t))),...,6m-n(7ra(0(t)))]. Then A E Da iff fa(to) = 0 and so A EC  
iff to is a root of几 fa-This shows that the 3 membership problem is NP-hard. It is 
easy to see that the problem is in NP: Given a and to, just check that fa(to) = 0. 

Definition: A computation tree over a finite field lF is a rooted tree binary with a 

collection of field elements associated with each node (see [1]). Other than roots and 
leaves, each node is either a computation or a branch. Each computation node performs 

an algebraic calculation over that field that depends only on the field elements associated 

with earlier nodes. The branch nodes have a single associated field element and the two 

edges emanating from it are labeled " = " and " # ". A decision tree T for X C lF is a 
computation tree that decides if some x E lF belongs in X. The leaves are labeled" E" 
and " (/_ ". Since the tree is operating only on elements of lF we may assume that the root 

node has a unique field element. Let ITI denote the length of the longest path through T. 

Definition: A computation sequence for a polynomial f(x) E lF[x] is a sequence of 

polynomials gi(x) E lF[x], i = 0,..., r such that: 

9o = x; 
i-1 i-1 

9i＝（と伍，如） ＊ （ど如gJ) ai,j, bi,j E lF; 
j=O j=O 

r 

f(x) = f(O)＋Lei* gi, 
i=O 

Ci E lF; 

Let L(J) denote the length of the shortest computation sequence for f. 

multiplicative complexity of a polynomial f(x) E lF[x]. 

This is the 

Suppose lF is a finite field with q elements and X C lF a subset with characteristic 

function X・ Then x can be realized as a polynomial x(x) E lF[x]. Suppose Tis a decision 

tree for X c lF. Then 

Theorem: L(x):S 24 * log(q) * ITI. 

To prove the theorem we must introduce some new ideas and discuss their properties. 

Definition: Given a decision tree for X C IF let Px denote the path T takes when 
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input x E lF is provided. Let IPxl denote the total number of internal nodes in Px・ Let 

PT be the generic path of T, corresponding to the decision " -f-" at all decision nodes 
ofT. 

Definition: Say that a decision tree T is pruned if : 

1. For every decision node v in T there are inputs x, y E lF such that Px, Py both pass 

through v but take different forks there. 

2. Every computation node has at least one decision node as a descendant. 

Lemma 1: Given any decision tree T there is a pruned decision tree T'deciding the 

same membership with IT'|::; ITI. 

Proof: Simply remove the nodes of T that are not needed. 

Definition: A decision tree T is polynomial if no computation node performs divi-

s10n. 

Lemma 2: Given a decision tree T there is a pruned polynomial decision tree T'decid-

ing the same membership with IT'I :S 4ITI 

Proof: If T is not pruned, prune it, assume henceforth that it is pruned. If it has 

no nodes performing division, do nothing. Otherwise proceed as follows: 

1. Replace the input node v with assignment Uv←x with an input node乃 with
assignment叩← xand and a 0-arity node四 withUv2← 1. 

2. Replace every computation node v with two nodes or four nodes as follows: 

(a) If vis a 0-arity node Uv← c replace v with nodes v1氾2and let匝← c,uゅ←

1. 

(b) If v is a 1-arity node uッ← c* Uμ replace v with nodes巧，乃 andlet馴←

C * Uμ1, Uv2←叩・

(c) If v is a 2-arity node Uv← uμ/u入replacev with nodes巧，四 andlet匝←

加＊U入2'Uv2←叩＊Uふ・

(d) If v is a 2-arity node Uv←%  + U入replacev with nodes乃，．．．v4and let 
％ ←加＊U入2'馴←叩＊叫叱←％＋  U四9厄← U四＊U以・

(e) If v is a 2-arity node Uv←%  -U入replacev with nodes 匹• • •四 and let 

％ ← ％＊  U入2'叩←叩＊叫屈← Uv3―Uv4,Uv2←叫＊ ％・
(f) If v is a 2-arity node Uv←%  ＊uA replace v with nodes vげ 2and let匝←

Uμ1 * U入1'uゅ←叩＊氏・

3. For a decision node v making the query'叫＝ U点’'addtwo computation nodes 
vi, v2 with uツ1= Uμ1 *U入2,Uv2 = U四＊U入1and then replace the decision node with 

a new node making the query'’叫＝％昇”.
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4. Connect all leaf nodes to the modifed decision nodes corresponding to the previous 

logic. 

This procedure reflects the fact that叩＝?and all operations using Uv can be written 
珈 2

in terms of Uv1 and Uv2. Hence the value T calculates at a computation node with an 

input x E lF corresponds exactly to the values T'calculates at the corresponding nodes 

with the same input. Any decision node of T'is making a comparison on the same values 

as the corresponding node of T. It's clear that if Tis pruned, so is T'. QED. 

We introduce a new operation for modifying decision trees in a way that trades compu-

tation nodes for decsion nodes. Let T be a pruned polynomial decision tree for deciding 

membership of X C lF. Suppose入isa leaf node of maximal distance from PT, as mea-

sured in the number of decisions nodes between入andPT and suppose入tf_PT・ Letμ 

the parent decision node of入andsupposeμ(/_ PT・ Let v be the parent decision node of 

μ. Since T is pruned there are two cases: 

1. One child of v is μ. One child of μ is入． Theother child of μ is another leaf node 

入1with a label that is the opposite of the label of入． Theother child of v is a leaf 

node入2.If necessary, switch the names of leaf nodes入，入1so that入isthe leaf 

node labeled " E ". 

2. One child of v is μ. The other child of v is another decision node μl. One child 

ofμ is入． Theother child of μ is another leaf node入1with a label which is the 

opposite of入． Thedecision node μ1 has children, which are both leaf nodes and 

have opposite labels. 

We describe a procedure RETRACT that replaces the entire segment of the tree which 

emanates from v with a segment which has only one decision node ~ whose children are 

two leaf nodes. The new segment will have two leaves as children and will be labeled so 

that any input x E lF whose path enters that segment will now enter the new segment 

and terminate at a leaf with the same label as it had previously. 

RETRACT Case I. The following table assumes that the leaf node入isalways labeled 

" E " and its sibling is always labeled " tf_ ". The label for leaf node varies as indicated. 

The middle column describes the path emanating from decision node v and terminating 

at leaf node入． Thethird column describes the decision function that the new node ~ is 

usmg. 
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入2label 

€ 

€ 

€ €¢¢¢¢ 

decisions for v→入

Uv = 0,uμ = 0 

Uv = 0, Uμ =/-〇

UvヂO,uμ = 0 

Uッヂ O,uμ ヂ0
Uv = O,uμ = 0 

Uv = 0, Uμ =/-〇

Uu =I-〇，％ ＝ 0 
Uv =/-0, Uμ =/-〇

decision for ~ 

(1-uZ―1加＝O?
(1-uジ）（1-uiー 1)= O? 
UμUv = O? 

(1 -ui-1加＝ O?
1 -(1 -uZ―1)(1―叫―1)= O? 
1 -(1ー此―1鳩―1= O? 
1 -(1 -ui-1)uZ―1 = 0? 

1-uZ―lui-1 = O? 

RETRACT Case II The following table describes the situation where the decision node 

has two children, both of which are decision nodes and each of these nodes in turn have 

two children, both of which are leaf nodes. The left column describes the labels of the 

four leaves numbered so that they correspond to the decisions first node is 0, second 

node is O; first node is 0, second node is #-O; first node is #-0, second node is O; first 
node is #-0, second node is #-0. The second column describes the decision function that 
the new node ~ is using. 

labels on入，入1,入2,入3

茫EE(/_
忠EE(/_

醒庭
庭庭

decision for ~ 
q-1 

(1 -馬）％ ＋UμUv = O? 

(1 -ui-1)(1 -uジ）＋UμUv= O? 
(1-uZ―1旧＋（1-咄―1)uv= O? 
(1 -確り(1-uジ）＋（1-uiー 1加＝ O?

In both cases the process of replacing the segment of T that emanates from the node 

v and replacing it by a node ~ which has two children, both leaf nodes with opposite 

labels, is said to apply RETRACT on Tat v. 

For a decision node v, let lvl denote the number of decision nodes that separate v 

from the generic path PT・ Let〈T〉=maxvlvlwhere v ranges over all decision nodes of 
T. 

Lemma 3: If T is a decision tree for X C lF that has〈T〉>1then applying RETRACT 
on T at all decision nodes v with lvl =〈T〉resultsin a new tree T'with〈T'〉＝〈T〉-1 
and IT’|さ|Tl+6log(q). 

Proof: This is immediate from the construction. 

Definition: Suppose T is a decision tree for X C lF with〈T〉さ 1,so every leaf is 
a child of a decision node on PT or a child of a decision node that is seperated from PT 

only by computation nodes. Let Do be the set of decision nodes on PT・ Let D1 denote 

the decision nodes v not on PT such that when x E lF is entered叩＝ 0implies x EX. 

Let D2 denote the decision nodes v not on PT such that when x E lF is entered Uvヂ0
implies x E X. For v E D1 U D2 let μ(v) E PT denote the decision node that is the 



8

parent node (disregarding computation nodes). 

Lemma 4: Suppose T is a decision tree for X C IF with〈T〉::::;1. Then 

X = IT Uv X IT (1 -(1 -u~―1)(1-u!砧）） X IT （い叫1 —外砧）
vED。 vED1 vED2 

Proof of Theorem: First turn T into a polynomial pruned tree. Then apply RE-

TRACT until one obtains a tree T'with〈T'〉：：：：：： 1.Now apply Lemma 4 to obtain the 
characteristic function of X C lF. Due to Lemmas 1 to 4, this gives the required upper 

bound on the complexity of X・ 

We constrast this last theorem with the following result of Patterson and Stackmeyer 

(see [2]). 

Theorem: For each degree d there exists a hypersurface Hd in the space of polyno-

mials f(x) E世[x]of degreed such that f tf_加 impliesL(J) ミ凶— 1

Defintion: We will call a polynomial f(x) E世[x]generic if f tf_ Hd. 

Definition: Given graphs rぃ応 ofthe same size with edge sets of cardinality n and a 

finite field lF with q = pn elements let 0(x) = Ar1 + xAr2, 

叶，叫x)= IT fa(x) 
a 

where a : (1,..., n)→lF-{O, -1} ranges over all possible maps and fa(x) = gcd[%（加(0(x))),
..., 8n-v(1ra(0(x)))] andふisthe determinant of the v x v matrix consisting of the first 
v -l columns of a matrix as well as the column in position v + l Let Xr1,r2 = <I>い，r2q-1.

Conjecture: For all n there exisits graphs r1, r2 of the same size with edge sets of 

cardinality n such that Xr1,r2 has degree exponential inn and is generic. 

We observe that the conjecture immediately implies NP-/-P (see [4]). 
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