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Foreword

The theory of Galois type on differential fields of charac-
teristic zero was established by E. R. Kolchin. Namely, the
theory of Picard-Vessiot extensions was developed in [1], [2]
and others, and then, more generally, the theory of strongly
normal extensions was presented in [3] and others. On the
latter theory, some contributions were made by H. Matsumura,

C. Chevalley and S. Lang. We can now find a fine treatise on
such materials in the book [4] of Kolchin.

Galois groups of Picard-Vessiot extensions are algebraic
matric groups, and those of strongly normal extensions are
algebraic groups. Since general algebraic groups are well stu-

s interest-

=-

died also in the case of nonzero characteristic, it
ing to develop the corresponding theory of Golois type on dif-
ferential fields of nonzero characteristic. To do this, it
seems appropriate to deal with differential fields and rings
which are defined by associating a set of mutually commutative
iterative higher derivations of infinite rank. From this stand-
point, we provided in [5] a method of developing the theory

of Picard-Vessiot extensions of arbitrary characteristic. Since
then, basic properties of such differential fields and rings of
nonzero characteristic have been more elaborately considered by
us; recently, we had contributions [71, [81, [10] and [11]

of K. Tsuji (née Shikishima). Although complicated calculations
and observations are necessary, useful results are obtained, and
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the Galois theory of strongly normal extensions of differential
field of nonzero characteristic is established.

This note contains, in the case of nonzero characteristic
p, detailed descriptions of basic properties of differential
fields and rings and of strongly normal extensions of differen-
tial fields. In preparing the note, we use freely the notions
and results of Chap.0 and Chap.V of [4] and Chap.I of [1],
because these chapters deal with basic algébraic notions includ-
ing that of the algebraic group for arbitrary characteristic and
they are very fundamental literatures. Thus materials from
these chapters are often introduced as known ones to the reader,
although we endeavor to cite the origin of each of them. Gene-
rally speaking, we tried to use terminologies and notations of
the whole book [4] which is excellent and well-equipped. Our
definition of "derivation" in Chap.l leads to formal difference
between each differential algebraic concept of this note and
the corresponding one of [4], but a same term or a same nota-
tion is used to each pair of corresponding concepts. On the
other hand, a number of new differential algebraic concepts and
notations must be introduced in this note.

Chap.l gives fundamental considerations on "derivation".
Chap.2 and Chap.3 deal with basic properties of differential
fields, differential rings and differential ideals. Chap.4 is
devoted maimly to the proof of existence of universal differen-
tial extension field of any given differential field. Chap.5

-



contains the Galois theory of strongly normal extensions of dif-
ferential fields. This chapter is developed following Chap.VI
of [4], although the concern about separability necessitates
additional discussions on many steps. In Chap.6, some obser-—
vations are made on Picard-Vessiot extensions and Liouvillian
extensions of differential fields. This shows that the theory
of [5] can be rearranged more naturally under the new light

of this note.

Theorems are numbered consecutively from beginning to end
of each chapter; so are propositions and lemmas. In quoting a
result, we indicate not only the chapter but also the section;
examples: Th.2 of §1.7; part (a) of Th.10 of §2.6; Cor.2 to
Th.1l of §3.1. However, in referring to a result within the
same section, we do not mention the section.

We wish to thank heartily E. R. Kolchin, the presence of
whose works initiated us into our study and helped us. We ex-
press with sincere thanks that many results (§1.8, §2.8, §4.3,
§4.8, §5.1, §5.6, §5.7, Examp.3 of §5.8) of this note are ori-
ginally due to K. Tsuji, and that many helpful criticisms on
the preparatory manuscript have been given by our colleagues

(of Kyoto Sangyo Univ.) and by our friends.

March 1987

K6taro Okugawa
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CHAPTER 1
Derivations

1l.1. Conventions

The term field is used for commutative field of nonzero
characteristic p arbitrarily fixed once for all except for
some examples. The term ring is used for commutative unitary
ring which contains some field as a unitary subring. If a
ring and its subring are considered, the latter is tacitly
supposed to be a unitary subring of the former. If a ring-
homomorphism is considered, it is also tacitly supposed uni-
tary.

If A kz, ... are to appear as subscripts, superscripts

1’
or exponents, we use instead A(1), A(2), ... respectively in
order to simplify the typewiting. This convention is never
applied to the characteristic p, and p(m) denotes always the
power pm for any m ¢ Z (/ being the set of integers).

N denotes the set of natural number (including 0). Let
I be a finite or infinite set. Modifying the notation for the
set NI, we use the notation N(I) for the set of all families
(v) = (v(i)| i € I) whose components V(i) (i ¢ I) are in N
and zeros except for a finite number. The family (0) means

N(I)

the family (v) with v(i) = 0 for all i ¢ I. has a

canonical structure of an additive semigroup having (0) as

N(I)

the zero element. When the set I is finite, coincides

with NI.



1.2. Definitions and elementary properties

Let R be a ring. We mean by a derivation § of R an
iterative higher derivation of infinite rank, that is, an infi-

nite sequence § = (6§ v ¢ N) of mappings SV of R into R

N

which satisfies the following conditions {(cf. [5]):

(D1) 60 = idR (the identity mapping of R),
(D2) sv(x + y) = va + évy,
(D3) 8§, (xy) = I, 1) 4y(2)=v0v (1) % Sy (2) ¥~
_ (MU
(D4) Skéux = ( N )6A+ux

for all x,y ¢ R and for all X,u,v ¢ N. We say that 6v is
the member of order v of § or the vth member of & (v ¢
N). Since 6v (v ¢ N) are mappings of R into R, we can
make product (that is, composite) of any finite number of them;
we met already the product of Gk and 6u in (D4). Multi-
ples of a finite product Gl(l)ék(Z)"'GA(n) of members of §

are meaningful, that is,

(1) (mék(l)ak(Z)"'ak(n))x = m(GX(l)SA(2)"'6A(n)X)
for all m ¢ 7 and for all x ¢ R; in particular, if m = 0
(mod p), then mGA(l)sk(Z)"'SA(n) = 0 (the zero mapping of R

into R). If m',m" ¢ /7 and m' = m" (mod p), we see that

(20 ®0, ()% 2y %am) T ™% Sa2) San)

We can show by (D1)~(D4) the following basic properties

of the derivation § of R.



1° Every finite product of SV (v ¢ N) 1is an endomor-

phism of the additive group R+ of the ring R.

2° The first member 61 of § 1is a derivation of rank

1l of R, that is, 61 maps R into R and satisfies condi-
tions Sl(x + y) = dlx + Gly, Sl(xy) = 6lx-y + x-6ly for all
X,¥Y € R.

3° We have the formula

. o8
oo

§y(2)%2 v(n)*n

§ = o
(D3°7) 6v(xlx2~,.xn) = Zév(l)xl
for all finite family (xl,,..,xn) of elements of R and for
all v ¢ N, where the summation % runs through all the ele-

ments (v(l),...,v(n)) e« Nn with v(1) + ... + v(n) = v.

[¢] iy —_
4 For any X,y ¢ N we get Oxéu = Ouék'

5°¢ For any finite product of members of §, we have

S

(D47 Sy Sy S

= ((A(l)+...+x(n))!/A(l)!...k(n)!)éx(l)+._.+x(n),
(0a") 8 7 = (@) i/ (w8, .
If the p-adic expression of v ¢ N is v = ZKENC(K)p(K),

0 £ c(k) < p, then we get the formula

" c(k) _ ‘ 1y € (K)
c (k) 1y (k)
Note that both products HKENGP(K) and HKeN(p(K)')
are meaningful, since c¢(k) = 0 for all sufficiently large «
and Sp(K)O = idR for all «k ¢ N. For later use, the integer

-3-



[ ] of (p4"') is denoted by [v].

6° If c is any element of the prime field in R, then
6vc = 0 for all v ¢ N-{0}.

It suffices by 1° to prove that le = 0 for the unity
of R. Using induction on v, the proof is easy by virtue of

2° and (D3).

An element 2z of R 1is called d&-constant if évz =0

for all v € N-{0}. 1In this chapter R denotes the set of

c,S

all dJ&-constants of R. By 6°, R contains the prime

c, 6
field in R.

7° Rc 5 is a subring of R. If R is particularly a
r

field, then R is a subfield of R.

c,S

The first assertion is obvious by (D2~3). For the
second assertion, let R be a field and 2z a nonzero element

of Rc 5 Then it is easy to prove by induction on v, using
14

6°, 2° and (D3), that & (z 1

v ) = 0 for all v ¢ N-{0}.

This subring R, is called ring of {§-constants of R.
14

It is called field of &-constants of R if R 1is a field.

In order to deduce two more properties 8° and 9°, and
moreover, also to prepare for later applications, we insert
here a useful lemma. We notice beforehand that, if X «¢
N-{0} has the p-adic expression X\ = ZKENa(K)P(K), 0<a(k) <p,

then
N(X) = (A - ZKeNa(K))/(P - 1)

.



is the largest exponent among the power of p which divide

Al. In fact, for each o ¢ N-{0},the number of multiples of

p(a) among 1, ... , A 1is ZKZaa(K)p(K—a), so that
k=1,
NV = Z 12,2 Kplk-a) = ZKZla(K)(ZB=Op(B))
ZKzla(K)(p(K)—l)/(P—l) = (A - ZKZla(K))/(p -1).

Lemma 1 Let the p-adic expressions of finitely many

natural numbers A(l), ... ,A(n) and their sum Ziilk(i) be
Mi) =1 e (KIp(k), 0 < a;(k) < p (l<is<n),
$.2 ) = ey ()P(K), 0 < b(k) < p.

Then (A(1l)+...+A(n))i/A(1)1...x{n)! Z 0 (mod p) if and

. n _
only if Zizlai(K) = b(k) for all «k e N.

Proof. We may suppose that none of A(l), ... ; A(n) 1is
zero. We use induction on n. The assertion of the lemma is
trivially true for n = 1. Suppose n = 2. By the notice

above, the largest exponent among the powers of p which di-

vide (A(LY+A(2))!/A(1)!A(2)! 1is equal to
N(A(L)+A(2)) - N(A(1)) - N(x(2))
ZKEN(al(K) + a, (k) - b(k))/(p - 1}).

It suffices to show that ZKEN(al(K;+a2(K)—b(K)) > 0 in
case al(K) + aZ(K) # b(k) for some value of «.

The last inequality means that carrying occurs at some
place in the summation of the p-adic expressions of A(1l)

and A (2). Suppose that a succession of carryings begins

-5-



really at the «kth place and ends at the (k+v)th place (v be-

ing a positive integer), namely that
al(K) + az(K) > p, b(k) = al(K) + aZ(K) - Py

al(K+l) + a,(k+l) + 1 = p,

2

b(k+l) = al(K+l) + a,(k+l) + 1 - p,

2

al(K+v—l) + a2(K+v-l) + 1 > p,
b(k+v-1) = al(K+v—l) + a2(K+v—l) + 1 - p,
ap(k+v) + a,(k+v) + 1 < p,

b(k+v) = al(K+v) + a2(K+v) + 1.

Then Zizz(al(i)+a7(i)-b(i)) = v{p-1l) >0. On the contrary,

if carrying does not occur at the «th place, then al(K) +
az(K) - b(k) = 0. Therefore, the assertion of the lemma is
valid for n = 2. It is now easy to carry out the remaining

part of the induction. g.e.d.
We add here two more properties of the derivation §.

8¢ The given derivation ¢ 1is determined by GP(K)
(« ¢ N)-

Lem.l implies that the integer [v] of 5° is not
divisible by p. Hence we denote by [\)]—l any one of the
integers m with [vlm = 1 (mod p), these integers being mutu-
ally congruent modulo p. Therefore, we get from (D4"")

the formula



_ -1
év = [v] HKeNsp(K)

c{x)

9° We see that évp =0 for all v « N -{0}.

Set n p in (D4"), then (p\))!/(\)!)p = 0 (mod p) by

Lem.l if v ¢ N-{0}.

We close this section by adding a lemma which is often

useful in later calculations.

Lemma 2 We have the congruence

(ple)yv(l)+...+tp(e)v(n)) !/ (p(e)v(l))!... (p(e)v(n))!
= (v()+.. o+ v (m))I/v(D) .. .v(n) ! (mod p)
for all e ¢ N and for all finite family (v(1),...,v(n)) of

natural numbers.

Proof. Let Xl, oo 1 Xn be indeterminates over the
prime field of characteristic p and v the sum of v (1},

; v(n). Expanding both sides of the formula

ple)v _ pl(e) ple),v
(X1 + ... + Xn) = (Xl + ... + Xn )

by the polynomial theorem, we get the congruence of the

lemma.

1.3. Examples of derivations

We begin this section with two general definitions.

Definition 1. Let R be a subring of a ring R'. Let

§ = (6V| ve NN and &' = (G‘v‘ v ¢ N) be derivations of R
and R' respectively. If 6v is the restriction mapping to

R of 6'v for all v € N, we call § restriction derivation

-7-



to R of &', and call 6' extension derivation to R' of §.

Definition 2. Let R be a ring, and § = (6v| v e N),

] -— 3 3 L} = ]
§' = (s | veN twoderivations of R. If §,3 L= 88y

for all X,u ¢ N, we say that ¢ commutes with d¢°'.
Now we give some simple examples of derivations.
Example 1 Let R be any ring. If we set 60 = id

R

and 8§ _ =0 for all v ¢ N-{0}, then & = (8§ v e N) is

trivially a derivation of R. It is called trivial derivation

of R. Then the ring of dJ§-constants of R 1is the whole ring

R.

Example 2 Let R be a ring, § = (6 v ¢ N) a deriva-

ol

tion of R, {Uil i e I} a set of indeterminates over R, and

S = R[Ui] i € I] the ring of polynomials in Ui (1 € I) over
R. For every (p) = (p(i)] 1 e I) e N(I), the product U(p)

= HieIUip(i) is well defined, and called monomial with coef-
ficient 1 in Ui (i € I). Every P ¢ S 1is uniquely written
in the form P = Za(p)U(p) with a(p) e R, where the summa-
tion I runs through all (p) « N(I). If we set S'VP =
sta(p)U(p) for all v € N, then §' = (6'v| v ¢ N) is clear-

ly an extension derivation to S of 6. The ring of polyno-
mials Rc,G[Ui, i e I] in Ui over Rc,é is the ring of

§'-constants of S.

Example 3 Let R[[U]] be the ring of formal power

series in an indeterminate U over a ring R. Let R[U] be

-8-



the ring of polynomials in U over a ring R, canonically
identified with a subring of R[[U]]. Every P e R[[U]] is
uniquely written in the form P = peNa u® with ap e R. P

is in R[U] if and only if ap are zeros for all sufficient-

ly large 0 ¢ N. For every P = ZpeNapUp in R[[U]] with

a € R, set
p 14

qp = pEN( )a PV v e N).

We see easily that 4 = (dvl v ¢ N) 1is a derivation of
. - p+o - 0
R[[U]], using the well-known formulas ( N ) Zk+u=v(k)(u)
ana (DTN = ATHGE) for eo Ty e N IE P s
particularly in RI[U], va (v ¢ N) are in RJ[U], hence rest-

rictions to R[U] of dv (v ¢ N) give rise to a derivation
of RI[U]; this derivation is also denoted by d. The deriva-
tion d of RI[U]] (respectively R[U]) 1is called formal

differentiation of RI[[U]] (respectively R[U]) relative to

U, and often denoted by d; = (de| v ¢ N). The ring of d-
constants of RI[[U]] is R, and so is that of R[U]. 1In

R[U], 4d is sometimes denoted by the traditional notation

1
d/du, that is, dpP/dU = le for every P ¢ RI[U].

Example 4 Let R be a ring, {Ui[i e I} with card I > 1
a set of indeterminates over R, and S = R[Uil i e I] the
ring of polynomials in Ui (i € I) over R. For each Jj ¢ I,
let Sj = R[Uil i e I, i # j1 the subring of S of polynomi-
als in Ui (i e I, i # j) over R, then S can be regarded

as the ring of polynomials in a single indeterminate Uj over

-9~



Sj' Applying Examp.3 on Sj’ Uj instead of R, U, we get a
derivation 9, = (ij[ v ¢ N) which is called formal partial
differentiation of S relative to Uj ; this is often denoted

by 9 = (9

U v € N). Derivations Bj (j ¢ I) commute

l
. U.v
J J

mutually, that is, ajxaku = Bkuajk for all Jj,k ¢ I and for

all A,u € N. For each j ¢ I, ajl is sometimes denoted by

S/BUj ; thus aP/BUj = aij for every P ¢ S.

We put here a proposition which states that any deriva-
tion & of a ring R gives rise to an infinite sequence of
derivations of R which are defined in a natural manner (cf.

[61).

Proposition 1 Let § be a derivation of a ring R.

(a) For each « ¢ N, a derivation s (<) = (65K)| v e N)

of R is defined as follows: for every x ¢ R, we set
0 (v Z 0 (mod p(k)))
GéK)x = {

dnx (v Z 0 (mod p(k)) and Vv = p(k)n).

{b) Derivations S(K) (k ¢ N) commute mutually. For
each «k ¢ N, the ring of 5(K)—constants of R coincides with
that of d&8-constants. If «k(1l),x(2) ¢ N, then

(k(1))y ((2)) o <(k(1)+x(2))
(6 ) S .

Proof. (a) For each G(K) (k ¢ N), since conditions
(D1~3) are clearly satisfied, we verify here only (D4). Let
A1 e N and x ¢ R.

-10-



Case I: M + § Z 0 (mod p(k)). Since at least one of X

Z0, v 20 (mod p(k)) takes place, we see that 6§K)65K)x =0

_ (A+u56

l+p

Case II: A+ u =0, x 20, uZ 0 (mod p(k)) and X + yu

I

p(k)n. Since (A+“) = 0 (mod p) by Lem.l of §1.2, we see

that  ("TM)e{x = (MTHys x = 0 = 5y

K+u A
Case III: X 2 0, p =2 0 (mod p(k)), A = p(k) and uy =
p(k)m. By Lem.2 of §1.2, we see that 5§K)6£K)x = éiémx =
24m A+ (K)
"y )8 pum ()8 h®
Thus (D4) is satisfied in all possible cases.

(b) The first and the second assertions are clear. Set
k = k(1) and X = x(2) for simplicity. Let x ¢ R and v

e N.

Case I: v Z 0 (mod p(A)). Since also v Z 0 (mod

p(k+i)), we see that (S(K))(ﬁ)x =0 = 6(K+X)x

0 (mod p(A)), v =p(A)n, v Z 0 (mod p(k+A)).

Case II: v

Since n Z 0 (mod p(xk)), we see that (S(K))(S)x = G(E)x =0
- S(K:A)x

Case III: v = 0 (mod p(A)), v = p(A)n, v = 0 (mod
p(k+X)), v = p(k+A)m. Since n = p(k)m, we see that
(6(K))(j)x = ééK)x = émx = S(Kik)x.

Thus, the last assertion of (b) holds true in all

possible cases.

-11-



1.4. Derivatives of powers

Let 6 = (§ v e N) be a derivation of a ring R. If

ul

x ¢ R and v € N, we say that va is the vth §-derivative

or the d&-derivative of order v of x. We call dvx (v ¢ N)

§-derivatives of x.

We give in this section some useful formulas on d§-deri-

vatives of powers of x.

Proposition 2 For any n,v ¢ N-{0}, we have the formula

n

{5\)(" ) = Iy 4. v =Sy Sy () ¥

(1)

__.n-1 . n! n(l) n(r)
=nx" x4 ey T o T S ¥ e (8 (%)

where the summation %' runs through all r ¢ N-{0}, (u(l),
ceesu(r)) € Nr, (n(l),...,n(x)) « (N—{O})r that satisfy u(l)
<e..<pu(r)<v, n(l)+...+n(r)=n, n(l)u(l)+...+n(r)u(r)=v.

Proof. It is easy by (D3) +to get the formula.

Corollary Let v,e ¢ N-{0}, o ¢ N-{0,1} and x ¢ R.

(a) If v Z 0 (mod p(e)), then

(2) sv(xp(eH -0

and

(3) 5, xP®)) <o,

(b) If v =0 (mod p(e)) and v = p(e)n, then

(4) GV(XP(e)) _ (an)p(e)

and

-12-



(5) 8 (xocp(e)) — OL(XOL-l(S X)P(e) + 2"(6 X)P(e)’

N n n(l)x-...-6

n(a)
where the summation I" runs through the set of all (n(l),
e..,n(a)) e Na with n(l) <n, ..., n(a) <n, n(l) + ...

+ n(a) = n.

Proof. (a) Applying (1) on p(e) instead of n, we
get (2) by Lem.l of §1.2. The formula (3) 1is an immedi-

ate consequence of (2).

(b)) We get (4) by similar observation as the case of

(2). Then, using (4), we see that sv(xdp(e)) = (Gn(x“))P(e),
so that
ap(e) p(e)
8, (x b= Oy =nln () ¥ () ¥
_ a—~1 T p(e)
= (ox Snx + I an(l)x°"6n(a)x) .

p(e)

Since «a o (mod p), we get the formula (5).

Proposition 3 If § 1is a derivation of a perfect field

K, then §¢§ 1is always trivial.

Proof. ILet x e K and v ¢ N-{0}. 1If we take e ¢ N
such that v = 0 (mod p(e)) and v Z 0 (mod p(e+l)), then we
see by (2) that va = Gv((xp(—e—l))p(e+l)) = 0 since

xP(e~1) g,

1.5. Taylor expansion

Let RI[[U]] be the ring of formal power series in an
indeterminate U over a ring R, and d the formal differen-

tiation of R[[U]] relative to U (see Examp.3 of §1.3).

-13-



Let a derivation § of R be given. If we set E(x) =
ZveNsvx-UV for every x ¢ R, a mapping E of R into RJ[[U]]

is defined. It is called Taylor expansion of R relative to

§. We see easily by (Dl~4) that E 1is a ring-isomorphism

of R into R[[U]] having the property
(1) E(pr) = dpE(x) (x e R, p e N).

Lemma 3 Let E' be a mapping of a ring R into the
ring RJ[[U]] of formal power series in an indeterminate U
. ' _ V)
over R. For every X € R, write E'(x) ZVeNEV(X)U (ev(x)
e R).
(a) The €, (v ¢ N) are mappings of R into R. For

these mappings, each one of the conditions
1° eo(x) = X,

2° ev(x+y) = ev(x) + ev(y),

s = I @=vEv ) By (2) B

4° EA(EU(X)) = (A;u)ex+u(x)

for all x,y ¢ R and for all X,u,v ¢e N 1is equivalent to the

corresponding one of the conditions
1 eo(x) = x,
2! E'(x+y) = E'(x) + E'(y),

31 E'(xy) = E"(X)E'"(y),

4t E'(ep(x)) dpE'(X)

for all x,y ¢ R and for all p ¢ N.
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(b) If all the conditions of (a) are satisfied and if

we set §8'_ = ¢ (ve N, §'"= (&' v e N) is a derivation

A% AY \% ]

of R and E' 1is the Taylor expansion of R relative to §°'.
The proof of the lemma is straightforward.

1.6. Rings of gquotients

Let M be a multiplicatively stable subset of a ring R,

that is, M is-a subset of R which contains the product

$1%,
for all sl,s2 e M, and which contains 1 but not 0. Let
1

M "R be the ring of quotients of R over M (see §4 of

Chap.0 of [4]).
Theorem 1 Let § be a derivation of R. Then § has
a unique extension derivation 6' = (8' | v <« N) to M 1R,

. -1 , |
For every x = a/s (a e R, s ¢ M) 1in M "R, S'vx (v ¢ N) are

defined inductively by formulas

[ — — v . v ' R -
(1) ' x =%, §.a=323 LX°S + Zu § X Gas (v ¢ N-{01}).

=1"v~-o

Proof. For simplicity, R' denotes M_lR in this proof.
Let R'[[U]] be the ring of formal power series in an inde-
terminate U over R', and RJ[[U]] its subring of all formal
power series in U over R. Let d and d' be formal dif-
ferentiations relative to U of RJ[[U]] and R'[[U]] res-
pectively. Then d' 1is an extension derivation to R'[[U]]
of d.

In order to prove the uniqueness assertion, suppose that

§ has an extension derivation §6' to R'. Let E and E'
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be Taylor expansions of R and R' relative to ¢ and '
respectively. Then E is the restriction mapping of E' to
R. For every x = a/s (a ¢ R, s ¢ M) of R', we get E(a) =
E'(x)E(s). Since E(s) 1is invertible in R'[[U]], we see

that
(2) E'(x) = E(a)/E(s).

Starting afresh, let E be the Taylor expansion of R
relative to the given derivation ¢, then we can define by
(2) a mapping E' of R' into R'[[U]]. 1In fact, if x =
al/sl = a2/s2 (al,a2 € R; SyrS, ¢ M), there exists s e€ M
such that a;8,8 = a,s;s, soO that E(al)E(sz)E(s) =
E(aZ)E(sl)E(s) and E(al)/E(sl) = E(az)/E(sz). This map-
ping E' is an extension mapping of E to R' and a ring-
homomorphism of R' into R'[[U]]. For every x = a/s
(a e R, s e M) of R', write E'(x) in the form E'(x) =
ZVENEv(X)Uv (ev(x) € R'). Then we can see that conditions
1'~4' of part (a) of Lem.3 of §1.5 are satisfied for R’
instead of R. Since conditons 1'~3' are now obvious, we
prove by double induction on A, u that condition 4° is sa-
tisfied. If A =y = 0, 4° is trivially true. Suppose that
at least one of A, p is positive. Applying 3° to a = xs,

we get Gua = Applying 3° again

2U(1) +p(2) =pCu (1) ¥V 82y 8-

to this equation, we see that

$30u3 = T () +a(2

) (x))¢
w(l)+u(2)

AEa ) i A(2)Su(2) S
M

i
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so that

A+
( )6A+pa

A(2)+u(2)

A(2)  Ea(ny (B )8

eyle, (x))s + 1'( A(2)+p(2)®

where the summation X' runs through all those (A(1),A(2),
u(l) ,u(2)) ¢ N4 that satisfy X(1) + X(2) = X , u(l) + u(2)
= 1y and at least one of A(l) < A, u(l) < u takes place.
Therefore we see by induction assumption that

A+u
( ) § A+

= ex(eu(x))s

D@ D)
MR R P S A Yer (1) +u (1) Sy (2)+u(2) S

Set A(1l) + p(l) = a, A(2) + u(2) = B, then

(MHys (x) 85,

a = ey (e (x)s + (510 Gy ey

At

s

where the summation " runs through the set of all (o,B,
ALY, A(2)) € N4 with o + B = X + pu, A(1) + A(2) = X, a <

A + u. Hence

A+u _ wr AU
(3) | )6A+ua = EA(EU(X))S + " N )eu(x)SBs,

where the summation X"' runs through the set of all (a,B)

€ N2 with o + B = XA + u, o < A + Y. On the other hand,

applying 3° to a = xs 1in another way, we get

PIRY — = { ny {
(4) 5A+Ua ZQ+B=X+UEQ(X)SBS €A+u\x)s + I ea\x)dss.

Comparing (3) and (4), we see that EA(E (x))s

(H-“)&:AHSX)S. IE ey (e,(x) = by/ty, (>‘+u)e>\+éx = b,/t,
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(bl,b2 e R; tl,t2 e M), then there exists t € M with
bltZSt = bztlst. Since st € M, we conclude that ek(eu(x))
A+

b]./t]_ = ]’:)z/t2 = ( N )€>\+u(x) ]
Therefore, by part (b) of Lem.3 of §1.5, if we set 56
=e, WeN, 8" = (5¢| v ¢ N) is a derivation of R'; and

it is an extension derivation of &§ to R'.

The remaining part of the theorem is now clear. g.e.d.

By virtue of the uniqueness statement of Th.l, the exten-
sion derivation &' of § to M_lR will henceforth be

denoted also by the original letter .

Corollary 1 ILet R and M be as above, and ¢, §' two

derivations of R commuting mutually. Then extension deriva-
tions of § and ¢§' to M—lR commute mutually.
It is straightforward to prove by double induction on A,

1 = ] . -1
u  that dkéux = GUGAX (A,u e N; x «e M "R).

Corollary 2 Every derivation of an integral domain R

has a unique extension derivation to the field of quotients

Q(R) of R.

Example 1 Let U be an indeterminate over a field K,
K[U] the ring of polynomials in U over K, and d (or dU)
the formal differentiation of KJ[U] relative to U (see
Examp.3 of §1.3). By Cor.2, this derivation d can be unique-
ly extended to a derivation of the field of quotients K(U)

of KJ[U]. The latter derivation is also called formal diffe-
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rentiation of XK (U) relative to U, and denoted also by d
(or dU). We see that tha field of d-constants of K(U) is
K.

In order to show this, let A and B be two relatively
prime polynomials of KJ[U], and suppose that Yy = A/B 1is a d-
constant. We claim that both A and B do not contain U

effectively. Assume the contrary. Then, for some e € N, A =

n Bp (e)
Lg=oPgY g

m and n 1is positive, and there exists either some a, # 0

» M a Uap(e), B = ¢ K), at least one of

a=0"q - (ad’b

with o Z 0 (mod p) or some by # 0 with B8 Z 0 (mod p).

Applying dp(e) to A = yB, we see by (4) of §1.4 that
m o-1l,ple) _ n B-1,p(e)
BZazoau(aU ) = AZB=0bB(BU ) ’
and that this equation can not hold. Thus the claim above is
verified.
Example 2 Let Ui (i ¢ I) be a set of indeterminates

over a field K, and K[Ui| i ¢ I] the ring of polynomials in

Ui (i e I) over K. Let Jj be any element of I. Let 3.

3
(or BU ) be the formal differentiation of K[Uii ie Il re-
J
lative to Uj (see Examp.4 of §1.3). By Cor.2 this deriva-
tion 9. give rise to a unigque extension derivation of the

field of gquotients K(Uil i e I) of K[Ui[ i € Il. The ex-

tension derivation is also called formal partial differentia-

tion of K(U;| i e I) relative to Uy denoted by 35 (or 3, ).
J

We can show by using Examp.l that the field of aj—constants
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is K(Ui] ie I, 1 #3).

1.7. Separably algebraic extension fields

Theorem 2 Let H be a separably algebraic extension
field of a field K of finite relative degree n. Let x be

a primitive element of H over K, and £f(X) = szoapxp

(ap e K, a = 1) the minimal polynomial of x over K. Let

§ be a derivation of K.
(a) H has a unique extension derivation ¢§' = (6¢|

v e N) of 3.

(b) If we set £'(x) = af/ax = 1 goa x°7, then £'(x)

# 0 and Géx (v ¢ N) can be defined inductively by formulas

(1) Géx =0,

[} [} n 1] -—
£'(x)83x + £ 2086 a8 x =0 (v e N-{0}),

] 1
V(l)x"'év(p)
where the summation L' runs through all those (v(0),...,

vip)) e Np+l that satisfy v(0)+...+v(p)=v , v(l) < v, ... ,

v(p) < v. Each y € H 1is uniquely written in the form y =
Zg;éngo (b, € K), and 8ly (v e N) are given by formulas
(2) &'y = $B7ls 5 b 8' . x...8' .x

v o=0"v(0)+...+v(o)=v"v(0) o V(L))" """ "v(o)""

Proof. Let H[[U]] be the ring of formal power series
in an indeterminate U over H, and K[[U]] its subring of
all formal power series in U over K. Let d and d' be
formal differentiations of K[[U]] and H[[U]] relative to
U respectively. Then d is the restriction derivation of
dar.
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(a) In order to prove the uniqueness assertion, suppose
that 6§ has an extension derivation &' to H. Let E and

E' be Taylor expansions of K and H relative to § and §'

respectively. Then E 1is a restriction mapping of E' to K.
Applying E' to f(x) =0 and y = Zg;éngc (in part (b)),
and setting fE(X) = szoE(ap)Xp, we get

E
(3) £(B'(x) =z JE@)E (x° =0,

and
(4) E'(y) = s E(B)E (0.

Starting afresh, let E be the Taylor expansion of K
relative to the given derivation &, then we can define a map-
ing E' of H into HI[I[U]] by (3) and (4). In fact, if

Y

we set E'(x) = Zchgv(x)U (ev(x) e H, eo(x) = x), (3) is

written in the form

n oy . A— 1y
ZveN(Ep=OZ 6u(0)ap eu(l)(x).aaeu(p)(x))U (v €N,
where the summation ! runs through the set of all those
+ . :
(L(0) ,«-'ru(p)) e NP b witn u(0) + ... + u(p) = v, or equi-
valently
gq(x) = x,
' + 3 8 ge =
(3) Brxe, () F0=02" 81 (0) @pu (1) ¥ Su(p) X 0
(\) € N—{O})’
where the summation X" runs through the set of all those

(1(0) yeeuru(p)) € NPT1 with 1(0) + ... + p(p) = v, u(l) <

-21-



V, «.» , H(p) < v. Since £'(x) # 0, Ev(X) (v ¢ N) can be
defined in H inductively by (5). The mapping E' thus de-
fined by (3) and (4) 1is clearly an extension mapping of E.
If we write E'(y) in the form E'(y) = ZVENev(y)Uv (ev(y) €
H) for all y € H, it is straightforward to prove that E'
satisfies the conditions 1'~3' of part (a) of Lem.3 of

§1.5 for H instead of R. We prove here that the condition

4' of the lemma is satisfied, namely, that
(6) E'(ev(y)) = dGE'(y) (y e H, v ¢ N).

In the first place, we prove (6) for vy = x by induc-
tion on v. If v = 0, (6) 1is trivially true. Suppose Vv
> 0, then, applying E' to (5) and using induction assump-

tion, we get

(7) £'F (& (x))E" (e ()

n "
+ X OZ

o= E'(x)...d’

U(O)E'(X) = 0.

40y B4 (1)

On the other hand, applying ds to (3), we get

(8) £'5(E'(x))AE" (%)

s

+ z "d

0 (x)...d’

w(n)E L(p B = 0.

0 E(ap)d

u(0)
Since f'(x) # 0 implies f‘E(E'(x)) # 0, we see by comparing
(7) with (8) that E'(ev(x)) = d&E'(x) (v ¢ N).

In the second place, we prove (6) for every y =
n-1 (o]

z b x

o=02g (bo ¢ K) of H. Since E' satisfies the conditions

2' and 3', we see by part (a) of Lem.3 of §1.5 that map-

pings €y (v ¢« N) satisfy the conditions 2° and 3° of
-22-



the lemma. Hence, for every Vv ¢ N, we see that

1

] _ [} n-=

E (EV(Y)) = E (ZO=OZV(O)+...+V(O)=V6V(0)bO€V(l)(x)'.'SV(O)(X))
— n-1 - 1 ' ] [}
= T5o0Zy(0) +. .. 4v(0)=vIy (0) B lbg) Ay (1) B (X) oo di (BT (X)

d\')E' (y).

Therefore, by part (b) of Lem.3 of §1.5, if we set 65
=g, (ve N), then &' = (6¢] v e N) is a derivation of H.
Since E 1is the restriction mapping of E', § 1is the rest-

riction derivation of §&§'. Thus the proof of part (a) 1is

completed.
(b) This part of the theorem is now easily verified.

Remark In the proof above of Th.2, the extension deriva-
tion &' of the given derivation § seems to depend on the
choice of the primitive element x of H over K, but that
is not the case. In fact, for each vy ¢ H, if g(Y) 1is the
minimal polynomial of y over K and if E' 1is the Taylor
expansion of H relative to an extension derivation of ¢,
then E'(y) 1s uniquely determined in H[[U]] by the equa-

tion g-(E'(y)) = 0.

For any field K, we denote by Ka and KS an algeb-
raic closure of K and the separably algebraic closure of K

in Ka respectively.

Corollary 1 Let L be anyv intermediate field between K

and KS. Every derivation of K has a unique extension deri-

vation to L.
-23-



The proof is straightforward.

In accordance with the uniqueness assertion of Cor.l, the
extension derivation to any intermediate field between K and
K, of a given derivation § of K 1is henceforth denoted by

the same letter 6.

Corollary 2 Let ¢ be a derivation of a field K, and

C the field of d¢-constants of K. Then the field of ¢~
constants of KS is the separably algebraic closure cS of
C in K_.

a

The proof is straightforward.

Corollary 3 Let & and &' be two derivations of a

field K which commute mutually. Then extension derivations
of § and ¢' to Ks commute mutually.
It is straightforward to prove by double induction on A,

' — ] .
1 that GXGMX = 6UGAX (A,u € N x « Ks).

1.8. Inseparably algebraic extension fields

Let K be a field, Ka an algebraic closure of K, and
Ks the separably algebraic closure of K in Ka’ Suppose
that a derivation ¢§ of K is given. By Cor.l to Th.2 of
§1.7, § has a unique extension derivation to KS which we
denote also by §. We inquire in this section how far we can
extend this derivation ¢ to Ka'

Let x be an element of Ka. We say that § can be

extended to x 1if § has an extension derivation to some

extension field of Ks that contains x. The following two
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theorems are due to [8].

Theorem 3 Let K, Ka’ KS and § be as above. Let Xx
be an element of Ka' Then § be extended to x if and

only if the condition

(1) §,xP®) =0 (0 <1 <ple)
is satisfied for some element e ¢ N with Xp(e) € Ks‘ When
that is the case, setting & = Xp(e)' the subfield
K, . = K ((5,_ 820 v e
s,X s vp (e)
of Ka has a unique extension derivation §' = (65] v ¢« N)

of § which is defined by the formula

P(e)))P(-e) (v e N;, v e Ky )i

(2) 5\')y = (Svp(e)(y , X

the equality K = Ks(déxl v e N) holds true, and K

P X S,X

is the smallest extension field of Ks containing x that
has an extension derivation of .
Remark 1 By Lem. 1 of §1.2, the condition (1) 1is equi-

valent to the condition

(1') G.A(xp(e)) =0 (AeN with A Z 0 (mod p(e))).

Proof of Th.3. Suppose that ¢ can be extended to x.

Then X 1is contained in some extension field L of KS

which has an extension derivation &' of §&§. By (2) and

Xp(e) € K

(4) of §1.4, we see for every e € N with s

that the condition (1') is satisfied, that (setting ¢ =
Xp(e))
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(3) (0Pl =5 Py = v el

vp (e) \)p(e)g

that the subfield Ky ¢ = KS(Géx[ ve N = Ks<(6vp(e)€)p(—e)|

14

v e N) of L has a derivation satisfying (2) which is the

restriction of ¢' to K and that K c K_.
S,X s,X a

Conversely, suppose that x satisfies the condition

(1') for some e ¢ N with Xp(e) = £ ¢ K. Consider the
subfield K, _ = Ks((svp(e)g)p(‘e)| velN =
Ks[(§vp(e)£)p(—e)l v ¢ N] of K , and define mappings 8

(v ¢ N) of Ks,x by the formula (2). Then we see easily
that 6¢ (v ¢« N) are extension mapping of 6V (v € N) res-
pectively, and, using Lem.2 of §1.2, that &' = (Ssx] velN

satisfies (Dl~4) of §1.2. We see also that KS < =

’

KS(6GXI v ¢ N) and that x ¢ Ks,x'

Remark 2 We can justify by Th.3 that, if an element x
of Ka satisfies the condition (1) for some e € N with

Xp(e)= £ € KS, then x satisfies the condition (1) for

Xp(d)

every d ¢ N with =71 € Ks, and that formulas K =

s,x
p(d),,p(-4d)
Ks((Svp(d)n ))

(v e N, v ¢ Ks X) give the same smallest extension field of
I

p(_d) ] —
) [ v e N) and &ly = (8,4

Ks containing x which has the same extension derivation &'

= (8] veN) of s.
Theorem 4 Let K, Ka’ KS and ¢ be as above. Then the

set M of all those elements x « Ka such that § can be

extended to x 1is an extension field of KS which has a
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unique extension derivation of &§. The field M 1is the
largest extension field of KS in K, that has an extension
derivation of §.

Proof. If x ¢ M, x satisfies the condition (1) for
some e ¢ N, hence so does -x, and —X € M. If Xq,X, € M,
we see by Rem.2 that both Xy and X, satisfy the condition
(1) for a same e ¢ N, and that xq + o1 XX, and (in case
X, # 0) Xl/XZ are contained in M. Therefore M 1is an
extension field of Ks” For each x ¢ M, define mappings 66

(v e N) by Th.3 using some e ¢ [\ with Xp(e/

KS such that
the condition (1) 1is satisfied for e. Then, by Th.3 and
Rem.2, mappings 6& (v e NJ)] of M into M are well defined.
It is straightforward to show that ¢' = (6&{ v e N) is an

extension derivation to M of §. The remaining part of the

proof of the theorem is now clear. g.e.d.

This derivation of M 1is henceforth denoted by the same
letter & as the original derivation of K. The field M is

called d§-closure of K in K, and denoted by Kg-

Corollary Let K, Ka, K., § and KG be as above. If

s
we denote by C the field of J§-constants of K, then the
fields of {-constants of Ks and K6 are the separably
algebraic closure CS and the algebraic closure Ca of C
in Ka respectively.

The proof is straightforward by Cor.2 to Th.2 of §1.7
and Th.4.
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If K 1is a perfect field, that is, if KS = Ka' the

derivation § of K 1is necessarily trivial (see Prop.3 of
§1.4) and KS = K6 = Ka‘ On the contrary, consider the case
of an imperfect field K, that is, the case that K # K . If
§ 1is the trivial derivation of K, it is clear that the trivi-
al derivation of K, is the unique extension derivation of §
to Ka, so that Kd = Ka' If § is a nontrivial derivation

of K, then it may happen that Ks # K6 # Ka (see Examp.l

below).

Example 1 Let U be an indeterminate over an imperfect

field K K = KO(U) the field generated by U over K

0’ 0’
and d the formal differentiation of K relative to U (see
Examp.l of §1.6). Let Ka be an algebraic closure of K, KS
the separably algebraic closure of K in Ka’ and Kd the

d-closure of K in Ka' Let C denote the field of d-cons-
tants K0 of K. Then fields of d-constants of KS and K

are the separably algebraic closure CS of C in Ka and

d

the algebraic closure Ca of C in Ka respectively, and

Cs # Ca since C 1is imperfect.

For each nonconstant x e« Ka-Ks, let e = e(x) Dbe the
smallest positive integer such that Xp(e) € Ks. Setting §&
= Xp(e), Kd consists of all elements of KS and all those

x such that
(4) 4 &£ =0 (0 <n < ple)).
p.xJ (P. ¢ K, Pu = 1) be the minimal polynomial of
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¢ over K. Multiplying it by a polynomial Aa e C[U] of the

smallest possible degree in U, we get a polynomial £f(X) =

o J -y B p(e)k
j=OAjX , where Aj Zk=0aij ’ ajk

0 <k < B) with the largest possible e ¢ N. Then we see

z e C (0 < 3 < o,

necessarily that f£(X) ¢ C[U][Xp]. Now, we can show that the

condition (4) 1is equivalent to the condition
(5) e =2 e.

Suppose that ¢ = e. Then, for every n ¢ N with 0 <

n < p(e), we get dnAj =0 (0 £ 3 < ) and
0 = (df/dx . + 5.% va. - .
(QE/AK) (£) +d £ + D2 0'Ad, ) Eeed 5y E,
where the summation &' runs through all (n(l),...,n(j)) e
N7 with n(l) + ... n(j) =n, n(l) <n, ..., n(3j) < n.
Therefore, we see by induction on n that dn£ =0 (0 < n <

p(e)). Conversely, suppose ¢t < e. Then we see similarly

that dnAj =0 (0 <n < pl(e), 0 < 3J<a). If we had d

B (e) (k-1)
k=0

get ajy = 0 (0 £ j<a, 0k =<8, Kk Z0 (mod p)), contra-

dicting the maximality of . Hence d

p(e)®y

=7 ajkkUp =0 for all j (0 < j < a), we should

p(a)Aj # 0 for some j.

Case: ¢ = 0. We see that 0 = (df/dX)(g)dlg +

o

a J
d Ajg ;, wWhere Zj=0

232091
tion of £(X). Therefore dlg # 0, contradicting (4).

dlAjEJ # 0 by virtue of the construc-

Case: € > 0. For every n (0 < n < p(e)), since we get

- o
0 = (af/ax) (5)d & + 2,7

0% 2395 (1) &+ +dn(4)

(the summation I' being as above), we see by induction on n
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that dng =0 (0 <n < p(eg)). But, we see that

0 = (af/dx) (8)d, y& + 2520d . ) AsET,

so that dp(e)g # 0, contradicting (4).
We can conclude that Kd = Ks(Ca). It suffices to show

that, if a nonconstant x ¢ Ka-KS satisfies the condition (5),

x must be separably algebraic over Ks(Ca). Let £f(X) be as

- B8 p(-¢g) .k
above, and set Bj = Zk=0ajk U (¢ Ca[U]). Then we see
that
- pl(e), _ « a zp(e)_p(e)d _ a .ple-e)_j,pl(e)
0 f(x ) Zj=0Bj X = (Zj=OBj x7) ,
so that g(x) = 0 on setting g(X) = ijoBﬁ(g_e)Xj. Since

£(X) £ clul[xP], we see that g(X) ¢ Ca[U][Xp], and that x

is separably algebraic over Ks(Ca).

Example 2 Let U and V be two indeterminates over a
field KO' Let 6 = BU and d' = BV be formal partial dif-
ferentiations of KO(U,V) relative to U and V respective-
ly (see Examp.2 of §1.6), and KO(U,V)6 and KO(U'V)S' the
§-closure and the {'-closure of KO(U,V) in KO(U,V)a res-
pectively. Then, by Cor. to Th.4, fields of d&-constants of
KO(U,V), KO(U,V)s and KO(U,V)(S are KO(V), KO(V)s and
KO(V)a in KO(U,V)a respectively. Similarly, fields of §'

-constants of KO(U,V), K U,V)s and KO(U’V)S‘ are KO(U),

of
KO(U)S and KO(U)a respectively. Moreover, we see by Examp.
1 that X (U,V), = Ko (U, V) S(RKy (V) ) and Ky (U,V)

Ko (U, V) S (Ry (U) ) .
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CHAPTER 2
Differential Rings and Differential Fields

2.1. Definitions

A differential ring is a ring R associated with a non-

empty set A = {Gil i € I} of mutually commutative deriva-

tions 6. = (8§ velN (i € I) of R, where the set A

i ivl
(correspondingly, the set of indices I) may be finite or

infinite. If 1i(1l) and 1i(2) are distinct elements of I,

6i(l) and 61(2)

although they may be equal as operators on R. This A 1is

are regarded as distinct elements of A

called set of derivation operators of the differential ring

R. If the set A consists of trivial derivations, the notion
of differential ring reduces to that of ring. The differen-

tial ring R 1s said to be ordinary or partial according as

A consists of a single derivation or not. If the ring R is

a field, we speak of a differential field.

Remark 1 In literatures on differential algebra, the set
of derivation operators is usually finite. We take into con-
sideration also the case of infinite set of derivation opera-
tors. The efficacy of this generalization can be seen for

example in §2.9.

For every (v) = (v(i)]| i € I) € N(I) (see §1.1), the

product G(v) = HieIGi,V(i) is an well-defined endomorphism

of the additive group RV of the ring R, and called deriva-

tive operator of the differential ring R. The well-defined
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number Zielv(i) is called order of 6(v) and denoted by

ord ¢ If x ¢ R, we say that S(v) is a derivative of

(v)*©

order Zier(i) of x. We denote by © the set of all deri-

vative operators 6(v) ((v) € N(I)), and © 1is called set of

derivative operators of the differential ring R. If 6,6"' €

0, the product 068' 1is a multiple of an element 6" of ©

by a natural number denoted by n(6,6"'). When 6 = é(k)’ T

G(U), we see by (D4) of §1.2 that 6" = 6(k)+( X and
that n(e,0') = HieI(A(lATE;l)) often denoted by ((X(x)u))

For differential rings or fields, notions such as diffe-

rential subring, differential subfield, differential extension

ring, differential extension field, differential ideal, diffe-

rential homomorphism, differential isomorphism and so on are

in any case those that are admissible under the domain of
derivative operators 0. For example, let R, A and 0 be
as above, and Rl a subring of the ring R such that ORl =
{S(v)xll Xy €

e R (xl e R

17 S(v) e 0} c Rl’

ie I, velN). Then, each Gi (i € I) deter-

R or equivalently, that ¢

iv¥i
1 1’
mines its restriction derivation to Rl denoted also by the
same letter 61' Thus Rl can be regarded as a differential
ring associated with the same set of derivations A. This
differential ring Rl is called differential subring of R,
and R 1is called differential extension ring of Rl' For
another example, let R' be a differential ring associated
with the set of derivation operators A'= {§!} | i ¢ 1} which
has the same set of indices I as that of A. Then R' has

-32-



the set of derivative operators ©0' = {sz)l (v) « N(I)}. If
a ring-homomorphism f of R into R' satisfies the condi-
(1) .
— ' -—
(V)x) = G(V)f(x) (x e R, (v) ¢ N ), Or equi
valently, that f(éivx) = divf(X) (x ¢ R, i € I, v ¢ N), then

tion that £(¢§

f 1is called differential homomorphism of R into R'. 1If,
moreover, the homomorphism £ is injective, f 1is called dif-
ferential isomorphism of R into R'. 1In particular, if it
is bijective, then f 1is called differential isomorphism of

R onto R', and R 1s said to be differentially isomorphic

to R'.

Remark 2 The differential subring R above is associ-

1
ated with the set A = {6i| i € I} of derivative operators.
But, since &, (i e I) are the restrictions of the original

derivations of R, it may happen that § coinsides with

() for some pair (i(1),i(2)) « 12 with 4i(1) # i(2)

i(1)
§.
i

even if the original derivations of R are distinct.

An element ¢ of the differential ring R 1is called

constant if e © with ord ¢ > 0), or

O (v) (v)

equivalently, Givc =0 (ie I, ve NN{o})). By 6° of 81.2,

every element of the prime field of R is constant.

Proposition 1 If R is a differential ring (respective-

ly field), the set of all constants of R 1is a differential
subring (respectively subfield) of R.
This follows from 7° of §1l.2.

The set of constants stated in Prop.l is called ring
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(respectively field) of constants of the differential ring

(respectively field) R, and denoted by R,.

Example 1 Let R be any ring. If we associate to it
the trivial derivation of R, it is regarded as a differential
ring consisting only of constants. This differential ring is
essentially the original ring R to which no derivation is

associated.

Example 2 Let U be an indeterminate over a ring RO’
RU = RO[[U]] the ring of formal power series in U over R0
and R = RO[U] the ring of polynomials in .U over RO' If
we associate to RU and R the formal differentiation d

relative to U (see Examp.3 of §1.3), RU and R are regard-
ed as ordinary differential rings, the latter being a differen-
tial subring of the former. The ring of constants of either

one of RU and R 1is RO'

Example 3 Let {Ui] i € I} (card I > 1) be a set of in-
determinates over a ring RO’ and R = RO[UiI i € I] the ring
of polynomials in Ui (i € I) over RO' For every 3j ¢ I,
let Bj be the formal differentiation of R relative to Uj
(see Examp.4 of §1.3). If we associate to R the set of de-

rivations A = {ajl j € I}, R 1is regarded as a partial diffe-

rential ring. The ring of constants of R is RO'

Let S be a differential ring (respectively field), and
{Sjl j ¢ J} a set of differential subrings (respectively sub-

fields) of S. Then the intersection njeJSj is a differen-
-34-



tial subring (respectively subfield) of S. Let A = {6i| i

¢ I} be the set of derivation operators of S, and 0 = {S(V)I
(V) € N(I)} the set of derivative operators of S. If a dif-
ferential subring (respectively subfield) R of S and a sub-
set % of S are given, and if we set 0F = {s(v)g] é(v)e 0,
£ ¢ E}, then we see that the ring R[0E] (respectively the
field R(GE)) generated by ©Z over R is the smallest dif-
ferential subring (respectively subfield) of S containing

R and &E. This is denoted by R{EZ} (respectively by R<E>),
and called differential ring (respectively field) generated

by over the differential ring (respectively field) R.

n

If S = R{Z} (respectively S = R<E>) for some finite subset

Z of S, then S is called finitely generated differential

ring (respectively field) over the differential ring (respec-
tively field) R. Let L and M be two differential sub-
fields of a differential field K. Then the smallest diffe-
rential subfield of K containing both L. and M is L<M>
= L(M) = M(L) = M<L>. Hence it is denoted by LM and call-

ed compositum of the differential fields L and M.

- 2.2. Differential ring of guotients

Let R be a differential ring associated with the set A
= {Gil i e I}. Let M be a multiplicatively stable subset of

R and M_l

R the ring of quotients of R over M (see §1.6).
By Th.l of §1.6, every Gi € A has a unique extension deriva-

tion to M-lR which is also denoted by 6i as we remarked
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after the proof of that theorem. Extension derivations Gi (i
e I) commute mutually (see Cor.l to Th.l of §1.6). The dif-

ferential ring M_lR associated with the set of these exten-

sion derivations A = {6i| i e I} 1is called differential ring

of quotients of R over M. It contains R as a differen-

tial subring. In particular, if the ring R is an integral

domain, we speak of the differential field of quotients Q(R)

of R.

Example 1 The ring of polynomials K[U] in an indeter-
minate U over a field K 1is regarded as an ordinary diffe-
rential field associated with the formal differentiation d
relative to U (see Examp.3 of §1.3). The field of quotients
K(U) of KI[U] associated with the formal differentiation d
relative to U 1is the differential field of quotients of the
differential integral domain K[U]. The field of constants of

the differential field K(U) is K (see Exam.l of §1.6).

Example 2 The ring of polynoials K[Ui( i e I] in a set

of indeterminates Ui (i € I) (card I > 1) over a field K
is regarded as a partial differential field associated with
the set of formal partial differentiations Bi relative to
U (i € I) is regarded as a partial differential ring (see
Examp.4 of §1.3). The field of quotients K(Uil ie I) of
K[Uil i € I] 1is the differential field of quotients of the
differential integral domain K[Ui[ i e I]J]. We see easily

that the field of constants of the differential field K(Uil
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i e I) dis K (see Examp.2 of §1.6).

2.3. Differential polynomials

Let R be a differential ring with the set of derivation

operators A = {§;| i e I}, &, = (6 ve N (i e I), and the

|
1 iv
set of derivative operators 0 = {G(v)l (v) € N(I)}. Let
{le j € J} be a nonempty subset of a differential extension
ring of R. If there exists no nontrivial polynomial relation
over R 1in the derivatives er (6 ¢ 6, 7 € J) of X. (3 €

J
J), then X, (j ¢ J) are called differential indeterminates
J

over R.

Theorem 1 Let R, A and © be as above. Then, for any
nonempty set of indices J, there exists uniquely (up to dif-
ferential isomorphism over R) a set of differential indeter-

minates {le j ¢ J} over R.

Proof. Let X (3 ¢ J, (p) € N(I)) be indetermi-

J.(p)

nates over the ring R, and S = R[Xj j e J, (p) € N(I)]

,(p)|

the ring of polynomials in (3 € I, (p) € N(I)) over

X.
3. (p)
R. We extend each Giv (i e I, ve N to amapping of S

into S as follows. The extension mapping of Giv to S is

denoted also by the same letter 6iv:

7

. _ (Vo (1)
(1) Sivxj,(p) = ( v )Xj,(pl)

(3 e 3, (o) e NIy,

v + p(i) (ke I, k = 1)
where p'(k) =-{

p (k) (k e I, k # i)

(ii) Let M be a monomial with coefficient 1 of X
-37-
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(1) 1 (v =0)
(3 ¢ 3, (p) €N ). If M =1, set &, M= { . If
0 (v > 0)

M#Z 1l and M = Yl"'Yr (Yl’ ceer Yo being finitely many of

X. (5 eda, (e NIy, set

J.(p)

§.. M $

iv: T Z\)(l)+...+\)(r)=\) -0y Y-

i,v(1) Y1 i,v(r)ir

(iii) For each element P = ZMaMM (a,, ¢ R) where the summa-

M

tion I runs through all monomials with coefficient 1 of

Xj'(p) (3 ¢ I, (p) € N(I)). set

§ $

ivE = ZMZ\)(l)+\)(2)=\)6i,\)(l)aM i)

This GivP is well defined, because the coefficients ay of

P are all zeros except for a finite number.
It is straightforward to show that (i)~(iii) define

v e N)

mutually commutative extension derivations 6, = (6iv|

(1 € I) to S of the original derivations Gi (i € I) of

R, so that S 1is a differential extension ring of R.

Now, denote by Xj for every 3j € J, where (0)

X,
i, (0)
means the element (p) ¢ N(I) with p; = 0 for all i e I.

Then we see that X, = §
s (p) (p)

= R{le j ¢ J}, and that Xj (3 ¢ J) are differential indeter-

X; (3¢ 3, (p) e Ny, that s

minates over R. The uniqueness assertion of our theorem is

obvious. g.e.d.

Elements of S in this proof are called differential

polynomials in the differential indeterminates Xj (3 € J)

over R, and S 1is called differential ring of differential
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polynomials in Xj (j ¢ J) over R. If we speak of a diffe-

rential polynomial ring R{le j ¢ J} over a differential ring

R, we mean tacitly that the Xj (j ¢ J) are differential inde-
terminates over R.

In particular, if R is a differential field, we can con-
sider the differential field of quotients R<le j e J> of the

differential polynomial ring R{le j e J}.

Proposition 2 Let R be a differential ring with the set

of derivation operators A = {6i| i e I}, and {le j e J} a
set of differential indeterminates over R. Then the ring of
constants of the differential polynomial ring S = R{Xj] j e J}

over R coincides with that of R.

Proof. What we must prove is that each A ¢ S-R 1is non-
constant. Let an element A ¢ S-R be given. Then A con-
tains effectively only a finite number of 6(V)Xj (3 ¢ J, (v)
€ N(I)), Hence we can suppose that I and J are both fini-
te, and conseqguently, it suffices to prove our proposition in
the case that each one of I and J consists of a single
element.

Starting afresh, let R be a differential ring associat-

ed with a derivation & = (6 v e N, and S the differen-

\) I
tial ring of differential polynomials in a single differential

indeterminate X over R. Let A be an element of S - R.

Case I: Some derivative of X 1is contained effectively
in A with an exponent not divisible by p. Among such deri-
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vatives, let GvX be the one of largest order. Write A in

the form A = . % A (va)h, where A (0 < h < a) are polyno-

h=0""h h
mials in (6pX)p (p 2 v} and SOX (0 < v) over R, and where

0 <o < p with A, # 0. Each term of Ay is of the form

0 BLIpe(l)) (o 4 B(r)iple(x))

a0, (1) o(r)

£(1) f(s)

x (8 X) R X)

o(l) o(s)
where a ¢ R with a # 0, r e N, s ¢ N, p(i) =2 v (1 £ 1 < 1),
o(3j) < v (1 <3 =< s), B(i) (1L < i < r) are positive integers
not divisible by p, e(i) ¢ N-{0} (1 = i < r), £(j) e N-{0}

and p(l), ... , p(xr), o(l), ... , o(s) are distinct. Hence

Gu(Ah(SvX)h) is a sum of expressions of the form

. B(l)p(e(l))
6A(O)a Sk(l){(ép(l)x) ...

f(l)}...éw(l)(SvX)...Sw(h)(6vx) '

X

aT(l){(Go(l)x)

where the summation ¥ zruns through all those (AX(0),...,T(1),

w (1) ) Nr+s+h+l

that satisfy A(0) + ... + T(l) + ...
+ w(l) + ... = u. Applying (5) of §1.4 and observing deri-
vatives of X of order = u+v, we see that

hy _ . u+v h-1 .
8,y (8,07 = n("IP) (8,07 L XeAy + [ ... ],

where [ ... ] 1is a polynomial in (6TX)p (T 2 p+v) and

GwX (w < p+v) over R. Therefore, we see that

_ a'haY
(1) GUA = (aA/a(svx)) ( N )6u+vx + [ ... ]

([ ... 1 being a similar polynomial as above), so that GUA
# 0 for a choice of 1 ¢ N-{0} satisfying (“:V) Z 0 (mod p)
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(see Lem.l of §1.2).

Case II: Every derivative of X contained effectively
in A has exponent divisible by p. Let Sv(l)x, ces o Gv(r)x
be all the distinct derivatives of X which are effectively

contained in A. Then A can be written as a polynomial in

X)p(e(v(r)))

(5v(l)X)P(e(v(l)))’ , (Gv(r)
over R, taking each one of these e(v(l)), ... , e(v(xr)) «
N-{0} as large as possible. Set e = max(e(v(l)),...,e(v(r))),
u =p(£), » = uypl(e) and u(h) = A/p(e(v(h))) (1 < h < r),
where f ¢ N-{0} is chosen large enough such that (“(h)TE;h))

Z 0 (mod p) (1 < h £ r). Now, for each term

a(l)p(e(v(l)))e a(ryple(v(r)))

M= a(s X)

v{l)
(a e R, a # 0, a(h) « N)

of A, observe the derivative of X of the largest order

which is contained effectively in SKM' Applying (5) of

§1.4, we get

GXM
W(1)+v (1) o (1) -1 ple(v(l)))
T () 7 6y (X Sy v X!
= ao(l)
) a(2)ple(v(2))) o (r)ple(v(r)))
(8, (2)%) 16, 1y ®)
+ .
u(r)+v(r) a(r)-1 p(e(v(r)))
i ) (8, (ry X S () v X!
+ ao (r)
) a(1)ple(v(l))) a(s)ple(v(s)))
(Sv(r)X) ...(Sv(s)X)

+ [ ... 1,
41~



where s =r -1 and [ ... ] contains no derivative of X

of order > w = max(u{(l)+v(l), ..., u(r)+v(r)). Hence we see
that
(2) &8,A = % v (h)
A h=1 x{(u(h)+\)(h))6 X}p(e(\)(h)))
v (h) u(h)+v (h)

+ [ ... 1,

where [ ... 1] 1is a similar polynomial as above. If only one

of u(h)+v(h) (1 < h<rxr) is equal to w, then GAA # 0.

On the contrary, if at least two of u(h)+v(h) (1 £ h < 1)
are equal to w, then we see also GAA # 0. Because, if we

assumed 6AA = 0, there would exist h, k with 1 < h < k < r,

p(h)+v(h) = u(k)+v(k) = w, e(v(h)) e(v(k)), and this would

imply that wu(h) = u(k) and v (h) v(k) (a contradiction).

Proposition 3 Let K be a differential field with the

set of derivation operators A = {Gil i e I}. Let {Xj] j e J}
be a set of differential indeterminates over K and L =

K<Xj] j ¢ J> the differential field of gquotients of the dif-
ferential polynomial ring K{le j € J}. Then the field of

constants of L coincides with that of K.

Proof. We must prove that each T ¢ L-K 1is nonconstant.
By similar consideration as that of the beginning of the proof

of Prop.2, we see that it is sufficient to prove the proposi-

tion in the case that K is a differential field associated

with a single derivation § = (8§ v e NJ)] and L is the dif-

'\) l
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ferential field generated by a single differential indetermi-
nate X over R.

Let A/B (A,B ¢ K{X}, B # 0) be an element of L-K.
Suppose, as we may, that A and B are relatively prime as
polynomials in GvX (v e N) over K. Now, assume that A/B

is a constant. Then we get
A*B = A+§ B = .
(3) Gu . 0 (u e N)

Case I: Some derivative of X 1s contained effectively
in either A or B with an exponent not divisible by p.
Among such derivatives of X, let GvX be of largest order.
h

Write A and B in the form A = %, % A (8,%)

h=02h and B =

ZkEOBk(de)k’ where Ah, Bk are polynomials in (SOX)p (p =
V) and ng (o < V) over K, and where o < p, B < p, at
least one ©of o, B 1is positive and Aa # 0, BB # 0. Choose

v e N-{0} such that (u:v) Z 0 (mod p). Following the calcu-
lation by which we derived (1) in the proof of Prop.2, we

get
(4) &6 A+B - A+§ B
H H

— _ H+v

= {(SA/B(SVX))B A(aB/a(GvX))}( N )6u+vx + [ ... 1,
where [ ... ] 1is a polynomial in (STX)p (T =2 u+v) and
SwX (w < py+v) over K. Since A and B are relatively

prime polynomials, { } of (4) can not vanish, contra-

dicting (3).

Case II: Every derivative of X contained effectively
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in either A or B has exponent divisible by p. Concerning
to A and B, determine 6v(l)x’ .o ,av(r)x, e(v(l)), ... ,

e(v(xr)), u, A, u(l), ..., u(xr) in a similar manner as we did

in Case II of the proof of Prop.2. Then, calculating as we

did to derive (2) in that proof, we get
6AA'B - A°6XB

ple(v(h)))
(BA/B((Gv(h)X) ))B

p(e(v(h)))
- A(BB/B((Gv(h)X) ))i

L (#(R)+V (h)

- ple(v(h)))
p) ) Oumy+vm X

where [ ... ] does not contain any derivative of X of
order =2 w = max(u(l)+v(l), ... , u(r)+v(r)). Thus we see simi-
larly to the end of Case II of the proof of Prop.2 that the

equation above contradicts (3).

2.4. Differential ideals

Let R be a differential ring with the set of derivation

operators A = {6il i ¢ I} and the set of derivative operators

0 = {S(v)l (v) « N(I)}. A differential ideal of R is an
ideal of the ring R which is stable under the operation of

©, or equivalently, which is stable under every 6iv (i e I,

v € N). The following properties are clear:

(i) If dys -+- ,» Q, are finitely many differential

ideals of R, the sum ideal and the product ideal

n
2n=10p
thlah are differential ideals of R.
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(ii) 1If {Gjl i ¢ J} is a set of differential ideals of

R, the intersection is a differential ideal of R.

"3e39;

Let a subset E of R Dbe given. The ideal (0Z) gene-
rated by ©% in R 1is the smallest differential ideal of R
containing &, and denoted by [E]R or simply by [E]. This
ideal is called differential ideal generated in R by E.

If a differential ideal of R 1is prime (respectively
primary, respectively perfect) as an ideal of the ring R, it
is called prime (respectively primary, respectively perfect)

differential ideal of R; that is, for example, a differen-

tial ideal M of R is a perfect differential ideal if and
only if, for an element x of R, x' ¢ (for some n e N)
implies always x ¢ 0.

If g 4is an ideal of R, we denote by v the radical

ideal in R of (g (see Vol.I of [13]).

Theorem 2 If (@ is a differential ideal of a differen-
tial ring R, then its radical ideal v(Q is a perfect diffe-

rential ideal of R.

Proof. Let A = {6i| i € I} be the set of derivation
operators of R. Since vJ is known to be a perfect ideal of
R, it suffices to show that Sivx e Y0 (x ¢ Y, 1 ¢ I, v e N).
For each x ¢ V(Q, there exists e ¢ N such that xP(e) € Q.

We see by (4) of §1.4 that (5, x)P(®) =5 )(xp(e))

i,vp(e
so that 6ivx e vYg (1 eI, velN-.
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Theorem 3 If m 4is a perfect differential ideal of a
differential ring R, and if M is a nonempty subset of R,
then the quotient ideal :M is a perfect differential ideal

of R.

Proof. Let A be as in the proof of Th.2. Since it is
known that mMm:M is a perfect ideal of R, we have only to
prove by induction on v that, for each x ¢ M:M and for

each z € M,

(1) §ivx'z em (1 eI, velN.

If v =0, (1) is trivially true. Suppose Vv > 0, then we

get
§. Xez2” + L7 8., xez°§, z = Siv(xz)-z e m
(i ¢ I, v e N).

Hence, by induction assumption, we see that cSi\)x-z2 e M and
2

(Sivx-z) e M, so that (1) holds. g.e.d.
In the hypothesis of Th.3, the condition that the diffe-

rential ideal [ is perfect can not be dropped as we see in

the following example.

Example Let K be a field of characteristic 2, and re-
gard it as a differential field associated with the trivial
derivation &§ of K. Let R = K{X} be the differential
polynomial ring in a single differential indeterminate X

2

over K. Consider the differential ideal = [X"] of R.

We see by (2) and (4) of §81.4 that (@ is the ideal gene-
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rated by (évX)2 (v ¢ N). Take the set M = {X}, then X is
contained in @Q:M, but 6lX is not. Thus (Q:M is not a dif-

ferential ideal of R.

Starting afresh, let R be a differential ring with the
set of derivation operators A = {éil i e I}, and (@q a diffe-
rential ideal of R with @ # R. Denote by R/Q the residue
ring of the ring R modulo the ideal (@, and by ¢ the cano-

nical ring-homomorphism of R onto R/Q. If K denotes a

0
subfield of R, ¢(K0) is a subfield of R/Q canonically iden-
tified with Kg- Thus R/Q 1is a ring in the sense of §l.1.
For each 1 ¢ I and for each v ¢ N, define a mapping Giv
of R/Q into R/@g - by the formula

{(2) 6£v¢(x) = ¢(6ivx> (x ¢ R).

We see easily that these mappings 6£v (1 ¢ I, v ¢ N) are well
defined by (2). sSet &! = (6;\)| velN (ie I), then it is
straightforward to show that Gi (i ¢ I) are mutually commuta-
tive derivations of R/@Q. Since these derivations 6i (i e I)
are canonically defined by means of 6i (1 € I), we denote

them henceforth also by the same letters éi (i e I). The dif-
ferential ring R/(Q associated with the set of these deriva-

tions A = {Gi] i € I} 1is called differential residue ring of

R modulo (. It turns out that the mapping ¢ is a differen-

tial homomorphism of R onto R/Q called canonical differen-

tial homomorphism of R onto R/Q. If b is a differential

ideal of R containing (@, we see that ¢(b) is a differen-
—-47-



tial ideal of R/Q; this is denoted by b/d.

2.5. Differential homomorphisms and differential isomor-

phisms

Let f be a differential homomorphism of a differential
ring R into a differential ring S. We may denote the sets
of derivation operators of R and S by one and the same
notation A = {ail i e I}. Set R' = f£(R) and ( = ker f.
Since the homomorphism is unitary (see §1.1), we see that the
image of the prime field of R is the prime field of S, that
R' 1is a differential subring of S, and that @ 1is a diffe-
rential ideal of R with (Q # R. We see also that the image
of every differential ideal of R 1is a differential ideal of
R'. We can prove various properties concerning differential
homomorphisms and differential isomorphisms. We mention here

only two of such properties.

Theorem 4 Let R, S, £, R' and (@ be as above. Let ¢
be the canonical differential homomorphism of R onto the dif-
ferential residue ring R/(Q. We can define the mapping T:
¢(x) » £(x) (x ¢ R) of R/Q onto R', and this mapping ¥
is a differential isomorphism of R/Q onto R' with f =
f o 9.

The proof is straightforward.

Theorem 5 Let p and (¢ be two differential ideals of
a differential ring R with b ¢ ¢ # R. Then /b 1is a dif-
ferential ideal of the differential residue ring R/p with
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c/b # R/b (see the end of §2.4), and the differential residue
ring (R/b)/(c/b) 1is canonically differentially isomorphic to
differential residue ring R/(C.

The proof is straightforward.

2.6. Contractions and extensions of differential ideals

Let R and S be two differential rings associated with
the same set of derivation operators A = {6i| i e I}. Let a
differential homomorphism £ of R into S be given. By
virtue of the theory of usual rings, we know concepts of cont-
raction and extension of ideals relative to £. That is to

say, the contraction of an ideal A of S relative to f is

the ideal AC = f_l(A) of R, and the extension of an ideal (g

of R relative to f is the ideal @° = (£(@)g of s; a€
equals the ideal product Sf(Q). Their fundamental properties
are well known (see Vol.I of [13]). Hence proofs of the fol-

lowing two theorems require only to show that ideals in quetion
are stable under the set of derivative operators 0, and are

straightforward.

Theorem 6 Let R, S, A and f be as above.

(a) If A 1is a differential ideal of S, then A is
a differential ideal of R.

(b) If g is a differential ideal of R, then ( is

a differential ideal of S.

Theorem 7 Let R, S, A and £ be as above.
(a) Let P be a prime differential ideal of S, Q a
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primary differential ideal of S, and M a perfect differen-
tial ideal of S. Then PC is a prime differential ideal of
R, QC a primary differential ideal of R, and Mc a perfect
differential ideal of R.

(b) If, in particular, P = v/, then P = /66.

(c) If PM is the radical ideal of a differential ideal

A of S, then Mc = %KE.

Remark For extensions of prime, primary and perfect dif-
ferential ideals of R relative to f, results similar to

Th.7 are not obtained in general.

Theorem 8 Let R, S, A and £f be as above. If M is
a perfect differential ideal of S, and if N 1is a subset of
S with £ T(N) # @, then

(1) M€ e M)

If, moreover, N < £(R), the inclusion (1) 1is replaced by the

equality.

By Th.7 and by Th.3 of §2.4, both sides of (1) are per-
fect differential ideals of R. The proof of Th.8 is straight-

forward.

In general, (1) 1is a proper inclusion as we see in the

following example.

Example Let K be a differential field associated with
a single derivation ¢, and X, Y differential indeterminates
over K. Set R = K{X}, § = K{X,¥}, M= [X]g and N = {0,Y}.
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If £ is the canonical embedding of R into S, then M:N

=M, (M:)€ = [X1g» f—l(N) = {0} and Mc:f-l(N) = R.

Now, return to differential rings R, S with the same
set of derivation operators A = {dil i € I} and the diffe-
rential homomorphism f as in the beginning of this section.
Relative to £, let (C) be the set of contractions to R of
ideals of S, (E) the set of extensions to S of ideals of
R, (C)A the set of contractions to R of differential ideals
of S, and (E)A the set of extensions to S of differential
ideals of R. It is known that the mapping AS » A€ (A be-
ing ideals of 8) of (C) into (E) and the mapping Ge >
Gec (0 being ideals of R) of (E) into {C) are bijections,

and that either one is the inverse of the other (see Vol.I of

[131).

Theorem 9 Let R, S, A and £ be as above.

(a) Every differential ideal contained in (c) is an
element of (C)A’ and every differential ideal contained in
(E) 1is an element of (E)A'

(b) The mapping Ac = Ace (A being differential ideals

of §) of (C), into (E) ec

ing differential ideals of R) of (E)A into (C)

A and the mapping Qe » (0 be-

A are bi-

jections, and either one is the inverse of the other.

Proof. (a) Let (@ be a differential ideal contained in

(C). There exists an ideal A of S such that q = A°.

ec = Acec = AC = (, and since Ge is a differential
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ideal of S by Th.6, we see that g ¢ (C)A. The second asser-
tion of part (a) of our theorem is similarly verified.

ACGC - AC for

(b) The assertion is clear, because
every differential ideal A of S and Gece = qe for every

differential ideal (g of R. g.e.d.

In particular, if R 1is a differential subring of a dif-
ferential ring S with the set of derivation operators A,
and if f is the canonical embedding of R into S, we see
relative to f that A = A n R for every ideal A of S,
and that qe = ((])s = 8Q for every ideal (Q of R. We call

A n R and 8SQ contraction of A to R and extension of (

to S, respectively, without mentioning £. Correspondingly,

we use notations (C), (E), (C)A and (E)A without mentioning
f. For example, consider the case that R and S are a dif-
1

ferential ring R and the differential ring of quotients M "R
of R over a multiplicatively stable subset M of R respec-
tively (see §2.2).

1

Theorem 10 Let R and M "R be as above.

(a) A differential ideal @ of R is contained in (C)A

if and only if M is prime to (, that is, if and only if an
element x ¢ R 1is contained in (@ whenever xs ¢  for some
S € M.

(b) The set (E)A consists of all differential ideals
of M Ir.

(c) The mapping A » A (A being differential ideals of
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M-lR) of the set of differential ideals of M_lR into (C)A

is a bijection, and Ace = A for every differential ideal A
of M—lR. This mapping preserves the operation of intersec-
tion and that of taking radical ideal; hence, so does the in-
verse mapping Ac » A.

(d) The mapping (g v Ge (0 being differential ideals
of R) of the set of differential ideals of R into the set
of differential ideals of M_lR is surjective. This mapping
preserves the operation of finite intersection and that of
taking radical ideal.

(e) For a differential ideal q of R, g # MIR if
and only if g 1is disjoint to M.

(f) Let ( be a primary differential ideal of R that
is disjoint to M, and set D = /J. Then we see as follows:
(i) p 1is disjoint to M.

(ii) Both p and (@ are contained in (C)A’ and they con~
tain the differential ideal n = {z ¢ R| sz = 0 for some s
e M}.

(iii) qe is a primary differential ideal of M_lR and De

Proof. (a) A differential ideal @ of R is contain-

ed in (C) if and only if ¢ = g. Since %% = {x ¢ R| xs
A

e 0 for some s ¢ M}, the assertion of part (a) of our theo-

rem is true.

(b) It is known that (E) consists of all ideals of
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M_lR. Therefore, by part (a) of Th.9, the assertion of part

(b) of our theorem holds true.
(c) The first half of part (c) of our theorem is obvi-

ous by part (b) of Th.9 and by part (b) of our theorem.

Let Aj (j € J) be any set of differential ideals of M—lR.

Then, by (b), there exists a set of differential ideals Gj

(j ¢ J) of R such that Aj = qje (j ¢ J). We see that

_ e e, c _ ec _ c
Geghy = MNegly 7 (0550577 = 05505 "5eghs

Similarly, for any differential ideal A of M_lR, we see

that A = qe

VA = VGE L2 (/GE)C = VGec = %&E. The remaining assertion of

part (c) of our theorem is obvious.

for some differential ideal (g of R and that

(d) The first half of part (d) of our theorem is obvi-
ous by (b). Let @ and b be two differential ideals of R.
Then @ = {a/s| a < a, s e M}, b€ = {b/s| b e b, s ¢ M} and
(anb) € = {c/s] c € anb, s € M}. Therefore, it is easy to verify
that ((]nb)e = a%np®. Similarly, we see that (/ﬁ)e = /65.

Proofs of (e) and (f) are straightforward.

2.7. Separably algebraic extension fields of a differen-

tial field

Let K be a differential field with the set of deriva-
tion operators A = {Gil i e I}, K, an algebraic closure of
the field K, and KS the separably algebraic closure of K
in K, . We know by §1.7 that each Si ¢ A can be uniquely

extended to a derivation of KS which is denoted by the same
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letter Si, and that extension derivations 6i (i € I) commute
mutually. Thus the field Ks with the set of these extension
derivations A = {Sil i ¢ I} has a unigque structure of a dif-
ferential extension field of K. Moreover, we know also by
§1.7 that every intermediate field L between K and Ks is
stable under these extension derivations Si (i ¢ I), and that
L can be uniquely regarded as an intermediate differential
field between K and Ks’

Let C and Cq be fields of constants of differential
fields K and KS respectively. We see by Cor.2 to Th.2 of
§1.7 that CS is the separably algebraic closure of C in
Ka°

2.8. Inseparably algebraic extension fields of a diffe-

rential field

Let K be a differential field, Ka an algebraic closure
of the field K, and KS the separably algebraic closure of
K 1in Ka which aquires a uniquely determined structure of a
differential extension field of K (see §2.7). We denote by
A = {Si[ i ¢ I} the set of derivation operators of K and
Ks. In the present section, we inquire how far we can extend
the differential field structure of Ks to K.

Let x be an element of Ka' By Th.3 of §1.8 and Rem.1
and Rem.2 to this theorem, we see the following results:

(i) Every 6., € A can be extended to x 1if and only if

1

the condition
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(1) 6..(xP®)y 20 de1,0<2<ple))

i

is satisfied for -some element e ¢ N with Xp(e) € KS. This

condition is equivalent to the condition
(1 6, xP®)y =0 (1 eI, A eN with A Z 0 (mod ple)).

(ii) When (1) 1is satisfied, setting § = xp(e), the

, _ p(-e), . ‘
subfield Ks,x = Ks((di,vp(e)g) | i e I, v e N of K,
has extension derivation §! = (divl velN (1 eI of & =
(Givl ve N (1 € I) respectively. Extension derivations 6i

(i € I) are uniquely defined by formulas

(2) &'y = (8. Ple)))Pme) (4 c 1, v e N, vy e K, ).

i,vp(e) Y

iv ' X
The field KS and derivations éi (1 e I) are defined in-
dependent of e ¢ N with xp(e) e K .

s
(iii) If i,j ¢ I and i # j, then Gi commutes with

(iv) Denoting éi (i € I) by the same letters 6i (1 €

I) as the given derivations of K, we get Ks,x = Ks(sivxl
ieI, velN, and Ks,x aquires the structure of a differen-
tial extension field of K. This Ks,x is the smallest dif-
ferential extension field of K containing x.

Now, in a manner similar to the proof of Th.4 of §1.8, we
can prove that the set of all those elements of x ¢ Ka such
that every one of the given derivations di (i e I) of K
can be extended to x 1is the largest differential extension

field of K in Ka. This differential extension field of K
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is called differential closure of K in K, r and denoted by

KA’ Let C, Cs and Ca be fields of constants of K, KS
and K, respectively. It is easy to see that the field of
constants of KA is the algebraic closure Ca of C 1in Ka’

and that the field of constants of KS is the separably alge-

braic closure CS of C in Ca.

The results above are due to [8] and [111].

Example Let U be an indeterminate over an imperfect

field K., and K = KO(U) the field generated by U over K

0

Consider the ordinary differential field K associated with

0°

the formal differentiation d of K relative to U (see
Examp.l of §1.8). The set of derivation operators A con-
sists of a single element d. Denote by C the field of
constants KO of the differential field K. Let Ka be an

algebraic closure of K, KS the separably algebraic closure

of K in Ka, and KA the differential closure of K in Kao
We saw in Examp.l of §1.8 that KA = KS(Ca), where Ca denotes
the algebraic closure of C in Ka' Since C 1is supposed to

be imperfect, the separably algebraic closure Cs of C in

Ca differs from Ca, and KA # KS.

Generalizing the above, associate to the field K the

derivation d(K)

for any « ¢ N, constructed from d by
Prop.l of §1.3. Then we get a differential field K with the
set of derivation operators A consisting of a single element

d(K). For this differential field K, the field of constants
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is C = KO as well, but we can prove that KA = Ksp(_K)(Ca).
The proof of the last equality is similar toc the proof of the
corresponding equality in Examp.l of §1.8, but it is more

complicated.

2.9. The field of constants of a differential field

Theorem 11 If a field K has a differential field struc-
ture with the field of constants C. Then K 1is regular over
C, that is, K 1is separable over C and C is algebraically

closed in K.

Proof. Let the set of derivation operators of K be A
= {(Si[ ie I}.
At first, we prove that C is algebraically closed in K.

Let 2z be an element of K that is algebraic over C.

Case I: 2z 1is separably algebraic over C. By induction
on v, we can prove by part (b) of Th.2 of §1.7 that Sivz

=0 (ie I, v e N-{0}), so that =z e C.

Case II: =z is inseparably algebraic over C. Since C
is known by Case I to be separably algebraically closed in K,
there exists e ¢ N-{0} with zp(e) e C. By (4) of §1.4,

we see that

(Slvz)p(e) =6 p(e)) =0 (l e I, v ¢ N—{O})r

i,vp(e) (2
so that 2z ¢ C.
Now, it suffices to show that Cp(—l) and K are linear-

ly disjoint over C, or equivalently, that C and kP are
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linearly disjoint over cP. Assume the contrary, namely,
assume that there exists a finite family of elements of C
which is linearly independent over Cp, but which is linearly
dependent over Kp. Let (cl,...,cn) be such a family that

consists of least number of elements of C. There exist =z

ll
ceer 2 € K, not all zero, satisfying
n P
1 r._,c.z.7 = 0.
(1) J=17373
Suppose, as we may, that z, = 1. Then Zys e 4 Z, 4 are

not all contained in C. Therefore, suppose, as we may also,
that z, £ C, so that there exist i ¢ I and v ¢ N-{0}

with 6ivzl # 0, Take these i and v, and apply Gi,vp to
(1). Then we get

n=1 (z p)

0 = L. c.d. .
J=1"J71i,vp 7]

- ¢n-1 p
= Zj lcj(ﬁi\)zj)
This contradicts the minimal property of the family (cl,g,o,

cn). g.e.d.

The converse of Th.1ll is not true in general. Namely, a
field K may be regular over a subfield C although we can
never introduce in K any differential field structure for

which C is the field of constants.

Example Let 7 be the prime field of characteristic p,
and X an indeterminate over 1w, and consider the field K =
(X, Xp(—l), Xp(—2), ee.). This field K 1is clearly regular

over Tm. Since K 1s a perfect field, there exists no deri-

vation of K other than the trivial one.
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The converse of Th.ll is true under some extra condition.

Proposition 4 If a fielf K 1is separably generated over

a subfield C (that is, if K has a finite or infinite sepa-
rating transcendence basis over C), and if C is algebraical-
ly closed in K, then we can introduce in K a differential

field structure for which C 1is the field of constants.

Proof. Let {Ujl j ¢ J} be a separating transcendence

1’ 1
ferential field with the field of constants C (see Examp.3 of

basis of K over C, and set K; = C(Uj[ j € J). For each j
e J, let Bj be the formal differentiation of Kl relative
to Uj. Associating A = {le j e J} to K K, is a dif-

82.1). Since K 1is separably algebraic over K, K has a
unique differential extension field structure of Kl’ and it
is straightforward to show that the field of constants of K

is C (see the end of §2.7).

Proposition 5 Let C Dbe a subfield of a field K. Then

K 1is regular over C if and only if we can introduce in each
subfield of K that is finitely generated over C a differen-
tial field structure for which C is the field of constants.

The proof is straightforward.

Corollary Let K be a finitely generated extension field
of a field C. Then K 1is regular over C 1if and only if we
can introduce in K a differential field structure for which

C 1is the field of constants. (cf. [6] and [9].)
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CHAPTER 3
Differential Ideals

3.1. Perfect and prime differential ideals

Throughout this section, let R be a differential ring
with the set of derivation operators A = {GiI i € 1} and the
set of derivative operators 0.

At first, we give here a lemma and a proposition concern-

ing general differential ideals of R.

Lemma 1 ILet ( be a differential ideal of R, and s,x
€ R with s8x ¢ (. Then, for each 6 ¢ 0, there exists m ¢ N

such that sMe6x « a.

Proof. It suffices to suppose that 6 1is of the form 8

= 6i(l),v(l)°°“5i(r),v(r)’ where r ¢ N-{0} and i(1),...,i(r)

are distinct elements of I and v(l),...,v(r) e N-{0}.
We begin with the case of r = 1 and prove the formula

(1) s\)(l)+l6

i(n,vnx e d

by induction on v(1l).

Since di(l),ls'x + S'Gi(l),lx = Si(l),l(sx) e J, we get
2 2
Si(l),ls'sx + s '51(1>,1X e {J, and consequently, s Si(l),lx €
. Thus the case of v (l) = 1 o0f the formula (1) holds

true. In case Vv(l) > 1, we see that

x + Zv( )

s+6 1
i(1),v(1) o=1

81(1),0%" % (1), v (1) -
= %i(1),v(y (8% < Q.
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so that

v (1)

'su—lsv(l)—a+16
o=1

S

s\)(l)+l x

Si(1),vin® * Za=1 %i(1) 0 i(1),v(1)-a

is contained in (. Therefore, we get by induction assumption

v(l)+1
s %11y, v(n* < 0
Now, the formula

S(v(l)+l)...(v(r)+l)6_

1(1),v(l)"'6‘

i(r),v(r

(2) )X € @d

(r ¢ N-{0})
can be easily proved by (1).

Definition If (¢ 1is an ideal of a ring R0 and S a
nonempty subset of RO’ then c:S°° denotes the set of all
those elements x of R0 such that xs ¢ ¢ for some power
product s of elements of S. This set is clealy an ideal of
RO.

Proposition 1 If (g 1is a differential ideal of R, and

if S is a nonempty subset of R, then c]:Soo is a differen-

tial ideal of R.

Proof. We have only to verify that Q:Soo is stable under
the operator domain ©. Let x be an element of G:Sw, and
take a power product s of elements of § with xs ¢ Q. For
any 6 € ©, we see by Lem.l that s™0x ¢ g for some m e N,

so that 6x € G:Sw.

Remark 1 Let M be the set consisting of 1 and all power

products of elements of S of Prop.l. If M is a multiplica-
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tively stable subset of R in the sense of §1.6, then it is

easily verified that C]:Soo = Gec, the contraction and the ex-
tension being taken relative to the canonical embedding of R
into M_lR. Therefore, in this case, the assertion of Prop.l

is a consequence of Th.6 of §2.6.

Lemma 2 Let J) be a perfect differential ideal of R
and x,y € R with xy ¢ M. Then 6x*6'y ¢ N for any two

derivative operators 6,06° ¢ O.

Proof. Owing to Lem.l, there exists m ¢ N such that

xm'S'y € M, so that x°¢8'y e M. Similarly, we get 6x-68'y ¢ M.

Remark 2 The property stated in Lem.2 is not necessarily
true for general differential ideals. For example, Let K be
a differential field with a single derivation &, and K{X}
the differential polynomial ring in a single differential inde-~
terminate X over K; consider the differential ideal [Xp] =

(6 x)P| v e N), then %P ¢ [xP], but xP7le.x ¢ [xP].

Theorem 1 Let ( be a differential ideal of R with (

o]

# R, and M a multiplicatively stable subset (see §1.6) of
not intersecting (. Then there exists a prime differential

ideal of R containing (@ but not intersecting M.

Proof. Set M =+Yg in R. Then @ is a perfect diffe-
rential ideal of R not intersecting M (see Th.2 of §2.4).
Consider the set of all those perfect differential ideals of R

that contain (@ but not intersect M. This set is clearly in-
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ductive relative to the inclusion order. Let D be a maximal
element of the set. We can show that p must be a prime ideal
of R.

Assume that there exist elements x,y ¢ R such that x ¢
D, v £ P, Xy € D. By the maximal property of p, both /Ip,x]
and V/Ip,y] intersect M. Take m;,m, ¢ M with m; < /Ip,xT,

m, € YIp,yl. Then, for some r,s ¢ N-{0}, we get

r _ s _ .
1 T 2% Zg1)c0% (1) R IO P I AR L

where a,b € p and where ue(l),ve(z) e R all zeros except a

m *0(l)x, m

finite number. Hence we see by Lem.2 that mlrm2s e p (a con-

tradiction).

Corollary 1 Let [N be a perfect differential ideal of R

with [ # R.

(a) If an element u ¢ R-f] is given, there exists a
prime differential ideal of R containing | but not contain-
ing u.

(b) m is the intersection of some family of prime diffe-

rential ideals of R.

Proof. Part (a) is a particular case of Th.l where (
=m and M = {1, u, u2, ...}. Part (b) is an immediate con-

sequence of part (a).

Corollary 2 Let R' be a differential extension ring of

R. If a prime differential ideal p of R satisfies the con-
dition (p)R. n R = p, there exists a prime differential ideal
p' of R' such that p' n R = D.
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Proof. Set M =R - p. Then M is a multiplicatively
stable subset of R' and (p)Rl nM= g@g. Hence, by Th.l1,
there exists a prime differential ideal p' of R', containing

(p) g+ but not intersecting M. We see at once that p' n R =

D-

3.2. Condition of Noether

Let R be a differential ring with the set of derivation
operators A = {éii i € I} and the set of derivative operators

©. Let (@ Dbe an ideal (respectively, a differential ideal,

respectively, perfect differential ideal) of R. If there

exists a finite family of elements AR ar of (@ such
that (qQ = (al,...,ar) (respectively, g = [al,...,ar], respec-
tively, @ = /[al,,..,ar] ), the family s se- s 3L is called

ideal-basis (respectively, differential-ideal-basis, respecti-

vely, perfect-differential-ideal-basis) of (g. It is well

known that the following conditions 1°, 2°, 3° are mutually

equivalent and called condition of Noether for ideals of R:

1° Every ideal of R has an ideal-basis.

2° Every strictly ascending chain of ideals of R 1is finite.

3° Every nonempty set of ideals of R has a maximal element.

We see that, if the word " ideal" is replaced by "differential

ideal" (respectively, "perfect differential ideal") in 1°, 2°,
3°, we obtain also three mutually equivalent conditions.

These conditions are called condition of Noether for differen-

tial ideals (respectively, perfect differential ideals) of R.
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Henceforth in this section, let R be particularly the
differential polynomial ring in a set of differential indeter-
minates {le j € J} over a differential field K, with the
set of derivation operators A = {Gil i e I} and the set of
derivative operators 0.

In the theory of differential algebras relative to deri-
vations of rank 1, it is a fundamental fact that, when both I
and J are finite, R satisfies the condition of Noether for
perfect differential ideals if and only if K0 is "differen-
tially quasi-perfect", although it does not satisfy the condi-
tion of Noether for differential ideals, hence also for ideals
(see Cor.2 to Th.l of Chap.IITI of [4]). Since we are consi-
dering exclusively differential algebras of nonzero characte-

ristic p relative to iterative derivations of rank «, R

has never such a property.

Example Let m, n be any two positive integers, and con-
sider R in the particular case that I = {1, ... ,m} and J
= {1, ... ,n}. Then we see by Lem.l of §1.2 that differential

ideals ph= [§ yeses O ie I, 3 e J (h e

i,p(m %!
N) of R are prime, and that Py, < Ppyrr Py # Ph+1 (h « N).

i1%57 SipXy

Thus, for any differential field K R does not satisfy the

OI
condition of Noether for perfect differential ideals (hence

also for differential ideals and for ideals).

Now, let (@ be a differential ideal of R with @ # R,
and ¢ the canonical differential homomorphism of R onto
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the differential residue ring R/Q. If, among er (j ¢ J, 6 ¢

(l),...,ean(n) with ©

...,en e © and j(l),...,3(n) ¢ J such that

©) , there exist finitely many elxj 17

q)(exj) € ¢(K0) [q)(elxj(l))r'-°l¢(enxj(n))] (J € Jy, 0 € O)r

then R/Q satisfies clearly the condition of Noether for
ideals (hence also for differential ideals and for perfect dif-
ferential ideals). Since there are important differential
rings which are differentially isomorphic to such differential
residue rings, we shall observe briefly, in the next section,
differential rings satisfying the condition of Noether for

ideals.

3.3. Differential rings satisfying the condition of

Noether for ideals

Let R be a differential ring satisfying the condition
of Noether for ideals. It is well known that every differen-
tial ideal (@@ of R can be represented as finite irredundant
intersection of primary ideals of R (these primary ideals
belong to distinct prime ideals, and each one of them does not

contain the intersection of the others).

Proposition 2 Let (§ be a differential ideal of a dif-

ferential ring R satisfying the condition of Noether for
ideals. If Q =0y n ... n 0, is a decomposition of (@ as
finite irredundant intersection of primary components dq-
cee o Oy in R, then every isolated primary component is a

differential ideal.
_6 7-



Proof. Set Py = /ql, .o

isolated primary component of . Then Du does not contain

¢ P = Vqr. Let 4, be any

any one of DB (1 < B<r, B#ua), and we can take elements

s, (1 < B <r, B# a) such that SB € DB and sB £ Da (1 <

B
B <r, B# a). Set s = HB¢GSB' then (Q:s = dy- Therefore,

by Prop.l of §3.1, qa is a differential ideal. g.e.d.

In Prop.2, embedded primary components of ( may be non-

differential ideal as we show in the following example.

Example Let KO be a differential field of characte-

ristic 2 with a single trivial derivation &, and KO{X} the
differential polynomial ring in a single differential indeter-
minate X over KO.
X, «..) of KO{X} and the differential residue

Consider the prime differential ideal P
= (62X, 63
ring Ry = KO{X}/P = Ko{x} = Ko[x, Slx], where x denotes the

residue class of X mod P. Then RO satisfies obviously the

condition of Noether for ideals. Now, the ideal qO = (x,

(6lx)2) of R is a primary nondifferential ideal for the

0

prime differential ideal DO = (x, Glx) of R and the ideal

OI
0 is a prime differential ideal, and the
ideal (QqQ = qo n Dl = (xdlx, (Glx)z) of R0 is a differential

p; = (8;x) of R

ideal.

Remark 1 Concerning Prop.2, it is not known for us so
far whether every differential ideal @ of R <can be written
as finite irredundant intersection of primary differential

ideals of R. In the preceding example, the ideal (Q = dg " Py
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can be decomposed as an irredundant intersection ( = poz n Py

of primary differential ideals.

Corollary If R 1is as in Prop.2, every perfect diffe-
rential ideal | of R with m # R admits a unique decompo-
sition as finite irredundant intersection of prime differen-

tial ideals of R.

Proof. It is known that [ can be uniquely written as
finite irredundant intersection of prime ideals of R. It is
clear by Prop.2 that these prime ideals are prime differential

ideals. g.e.d.

The prime differential ideal of R stated in the preced-

ing corollary are called prime differential components of [

in R.

Remark 2 The set of perfect differential ideals of the
differential ring R satisfying the condition of Noether for
ideals is a "Noetherian perfect conservative system” in the
sense of §§7~9 of Chap.0 of [4]. Therefore, the corollary
above is a particular case of Th.l of §9 loc. cit.

Let R be as above, M a multiplicatively stable subset

1

of R, and M "R the differential ring of quotients of R

over M. Since every ideal of M-lR is the extension of an

ideal of R to M TR (see 510 of Chap.IV of Vol.I of [13]),

M_lR satisfies the condition of Noether for ideals.

1

Proposition 3 Let R, M and M "R be as above. Let
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be a perfect differential ideal of R with mMm# R, and M =
Pyne--n D, the representation as finite irredundant intersec-
tion of prime differential ideals py, ... , p, of R. Renum-
bering pj (1 < j < r) if necessary, suppose that pjnM =g
(1 < j < s8) and pjnM # @ (s+1 £ j < r), where s may be 0

or r. If me, ple, e g pre be extensions of M, Dl’ cee g

e

p, to M_lR, respectively, then ple, -e- 1 Pg are the prime

differential components of m° in MIR.
The proof is immediate (see Th.1l0 of §2.6, and [11] loc.

cit.).

3.4. Differential polynomial rings

Let K be a differential field with the set of deriva-
tion operators A = {Gi[ i € I} and the set of derivative

operators 0O, Xj (j ¢ J) differential indeterminates over K,

and R = K{le j ¢ J} the differential polynomial ring in xj

(j ¢ J) over K. Elements of R are denoted by notations

such as P(X) = P(le j e J). Let (x) = (xj]

family of elements of some differential extension field L of

j e J) Dbe a

K with the same set of indices J as above. Since each ele-
ment P(X) of R 1is a polynomial over K 1in derivatives
BXj (6 ¢ ©) of Xj (j ¢ J), if we replace exj of P(X) by
exj for all j € J and for all 6 € O, we get an element of
L which is denoted by P(x) = P(xjf j € J). The mapping
¢(x): P(X) » P(x) (P(X) running through R) is a differential

homomorphism of R into L, and it is called substitution of
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(x) for (X) :

(1) ¢(X)(6(v)(P(X))) = 6(v)(P(x)) = 6(v)(¢(x)(P(X)))
((x) e R, (v < N,
Let § = {P_(X)| o ¢ I} be a subset of R. If P _(x) =0

for all o ¢ %, (x) 1is called zero of the system § of dif-
ferential polynomials, or solutuion of the system {PO(X) = 0]

o0 ¢ £} of differential equations, and we say that § vanish-

es at (x). Any differential equation of the form above is

called algebraic differential equation over K.

Theorem 2 Let p be a prime differential ideal of the

differential polynomial ring R. Then there exists a zero (&)
= (£j| j e J) of p such that

(2) p = {P(X)eR| P(E) = 0},

where Ej (3 ¢ J) are taken from some differential extension

field of K.

Proof. Let R = R/p be the differential residue ring of
R modulo p, and ¢ the canonical differential homomorphism
of R onto R. Since ¢ induces a differential isomorphism
of K onto ¢(K), we identify each element a of K with
the image ¢(a). Then the differential field of quotients
Q(R) of TR is a differential extension field of K. If we
set Ej = ¢(X.) (3 € J), (&) = (&.] 3 € J) satisfies clearly

J J
the condition (2). g.e.d.

The zero (&) stated in Th.2 is called generic zero of
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p. If (&) and (£') are two generic zeros of D, then we
get canonically differential isomorphism over K of K<&>

onto K<g&'>,

Let (x) = (x.l j ¢ J) Dbe as above. We use the notstion

D(x)/K in the sense of D(x)/K = {P(X)eR| P(x) = 0}. This

D(x)/K is a prime differential ideal of R, and is called

defining differential ideal of (x) over K; (x) 1is a gene-

ric zero of . For example, if and (&) are as in

Th.2, we see that p = p(g)/K.

Theorem 3 Let § be a subset of the differential poly-
nomial ring R = K{le j ¢ J} over the differential field K,
and (x) = (xj| j € J) a family of elements of some differen-
tial extension field of K. Then (x) is a zero of § if
and only if it is a zero of [ = /T§T;.

The proof is straightforward by means of (1).

Theorem 4 Let R be as above. If a subset § of R

has no zero, then V[S]R = R.

Proof. Set [ = /TST; and assume that @ # R. By Cor.l
to Th.l of §3.1, there exists a prime differential ideal p
containing M. Then the generic zero of p whose existence
is asserted in Th.2 is a zero of §, contradicting the hypo-

thesis.

Corollary (Analogy of the "Nullstellensatz" of Hilbert-
Netto) Let R be as above, and let § be a subset of R.
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Set m = V[S]R , then M 1is the set of all those elements of

R that vanish at every zero of §.

Proof. It suffices to suppose that there exists a nonzero
element P (X) of R that vanishes at every zero of § and to
show that P(X) € m.

Take a differential indeterminate Y over R, and set R'

= K{Xj, Y| j € J}. Now, consider the subset
(3) {A(X), 1 - YP(X)| A ¢ S}

of R'. Since P(X) vanishes at every zero of §, the set
(3) has no zero. Therefore, by Th.4, the perfect differential
ideal generated in R' by the set (3) must contain 1, and we

see that 1 is contained in [S, 1 —YP]R, , so that

(4) 1 = ers,eeeQe,A(X'Y)e(A(X))
+ ZGEOSG(X’Y)e(l - YP(X)),
where Qe A(X,Y), Se(X,Y) are suitably chosen in R'. Let K'
14

be the differential field of guotients of R'. For each (v) «

N(I)

, set T (X) )(l/P(X)) e K'. We see easily that

(V) = O
T(v)(X) can be written in the form

(V) g e R, e((v)) ¢ N-{0}.

_ e

T(v)
Since (4) contains effectively d;ly a finite number of terms,
regard it as a relation among differential polynomials in Y
over K', and substitute T(v)(x) in place of 6(v)Y for all
(v) € N(I). The result of the substitution in the part
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YP(X)) is equal to 6(1 - (L/P(X))P(X)) = 0 for every

D
=
!

6 ¢ © (see (1)), we get

£(6,a)

1= ZAeS,ee@(De,A(X)/P(X) ) <8 (A(X)),

DG,A(X) e R, £(9,A)  N.

Therefore, taking a sufficiently large integer s, we see that

P(x)S ¢ [Sl; . so that P(X) < m.

3.5. Linear differential polynomials

Let K be a differential field with the set of deriva-
tion operators A = {Gi] i e I} and the set of derivative ope-
rators 0, and R = K{Xj] j ¢ J} the differential polynomial
ring in differential indeterminates Xj (J ¢ J) over K. 1If
A(X) 1is a linear combination of 1 and er (3 ¢ 3, B8 ¢ 9)

over K, A(X) 1s called linear differential polynomial in Xj

(j ¢ J) over K, and A(X) = 0 1is called linear differential

equation in Xj (3 ¢ J) over K.

Let a set § = {Ag(X)[ 0 ¢ ¥} of linear differential
polynomials be given, and let mS be the K-submodule of R
generated by 0§ = {GAO(X)] 0 e I, 6 ¢ 0}. This K-submodule

mS is called differential K-module generated by § in R.

We see that OmS = mS and that [S] = (mS) in R.

Theorem 5 Let K, A, ©, Xj (3 ¢ J), R, § and mS be as
above. Then YI[S] = [S] = (mS). This ideal is a prime diffe-

rential ideal of R if mS does not contain 1.

Proof. Suppose that mS does not contain 1. Then there
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exists a subset Dl of the set [ = {GXj] j e Jd, 8 ¢ @} such
that no nonzero linear combination over K of 1 and elements
of Dl is contained in ms. Consider the collection of all
such subsets as Dl' It is clearly inductive under the inclu-
sion order. Let D' = {D!| 7 ¢ T} be a maximal element of the
collection, and D" = {D&l w e Q} the complement of [' in

D. The maximal property of ' implies that, for each element
D& of D", an element Aw = D& - (a

w T ZTeTaMTDT) of mS

with a, e K and a,r € K 1is uniquely determined, so that mS
consists of all the linear combinations of Aw (w € Q) over
K. Therefore, the ideal (mS) is generated by Aw (w e Q),
and, as we saw already, it is a differential ideal which is
equal to [S].

It remains to show that the ideal (mS) is prime. If
P{(X) 1is an element of R, it is a polynomial in D% (t ¢ T)

and D& (w e Q) over K, and we see that P (X) is contained

in (mS) if and only if P(X) vanishes by substitution D&
. .
B aw + ZTeTawTDT (w ¢ ). This shows that (mS) # R, and

that (mS) is a prime ideal of R. g.e.d.

Corollary 1 Under the hypothesis of Th.5, the prime diffe-

rential ideal [S] 1is the set of all those elements of R
that vanish at every zero of §.

This is an immediate consequence of Cor. to Th.4 of §3.4.

Concerning Th.5, suppose that 1 ¢ ms. Then, by Th.2 of
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§3.4, § has a zero (x) in some differential extension field
I of K. Suppose as we may that Xj (j ¢ J) are still dif-
ferential indeterminates over L. Set X3 = Xj - xj (J e O,
then Xﬁ (j ¢ J) are differential indeterminates over L.
Consider the differential polynomial ring R' = L{Xﬁ] j e J}

in X5 (j ¢ J) over L. Then § 1is regarded as a set §' of
linear combinations of exﬁ (j ¢ J, 8 ¢ ) -over L and the
problem of finding zeros of § in differential extension

fields of L is reduced to that of finding zeros of §' in

such fields.

According to this observation, let as take up the parti-
cular case of the consideration of this section, where § is
a set of linear combinations of er (j ¢ 3, 68 ¢ ©). If A(X)

is a linear combination of exj (j ¢ J, 8 ¢ @) over K, it is

called linear differential form in Xj (j ¢ J) over K, and

A(X) = 0 1is called linear homogeneous differential equation

in Xj (j ¢« J) over K.

Corollary 2 Let K, A, O, Xj (J € J) and R be as
above. If § 1is a set of linear differential forms in Xj
(j ¢ J) over K, and if mS the differential K-module in R
generated by §, the ideal (ms) = [S] = VIS] is a prime dif-
ferential ideal of R. If (&) 1is a generic zero of [§],

the differential field K<g&> is purely transcendental over K.

Proof. Since 1 ¢ mS, we see by Th.5 that the first as-
sertion of our corollary holds true. Similarly as in the
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proof of Th.5, there exists a maximal subset [J' = {D%I T € T}
of the set ] = {ele j € J, 6 ¢ @} such that no nozero line-

ar combination of elements of J)' over K is contained in

mS. If D" = {D&[ w e R} is the complement of D' in ],
then, for each element D; of D", an element Aw = Dg -

. . . . . .
ZTeTawTDT in mS with a . € K is uniquely determined, and

mS consists of all the linear combinations of Aw (w € Q)

over K. Now, the differential ring K{&} K{Ej] j e J} is
canonically identified with the differential residue ring
R/[S]1. If ¢ denotes the canonical differential homomorphism
of R onto R/[S], and if we set ¢€D%) = E% (t ¢ T), ¢(D&) =

gr (w e Q), then g" =3 ' (we Q) and K{g} = K[E!, "

TeTawT T w
T e T, we Q] = K[g%] T e T]. Since it is easy to show that
E% {1 € T) are algebraically independent over K, the second

assertion of our corollary is true. g.e.d.
The choice of the subset ' of JJ in the proof above
is not unique. But, we can prove that the cardinal number of

D' 1is uniquely determined by §S. This cardinal number is

called order of the set § of linear differential forms.

3.6. Linear dependence over constants

Let K be a differential field with the set of derivation
operators A = {6i| i € I} and the set of derivative operators

0, and x X finitely many elements of K. For any n

ll ¢ o 14
elements 6(1), ... , 6(n) of ©, we denote by

Mo(1),... 00 Frreee®)



the determinant

G(l)xl .o e(l)xn

det(e(j)xhll < j<n,1<hzs<n = .o ...

e(n)xl . e e(n)xn

Theorem 6 Let K be as above, and x X finite-

17 e v

ly many elements of K. Then Xyr =ee 0 X are linearly de-

pendent over the field of constants Kc if and only if
Wo(1),.n.,6(m) Krreeer¥y) =0

for every choice of 6(1), ... , 6(n) in O.

(1)

Proof. If x x, ~are linearly dependent over Kc’

17 7
the condition (1) is obviously satisfied. Conversely, we

prove by induction on n that (1) implies that Xir eoe v Xg
are linearly dependent over Kc. Case n = 1 1is trivial. 1In

case n > 1, suppose that (1) is satisfied. If

Wo(1),...,6(n-1) F1r-=rXpq) =0
for every choice of 6(1), ..., 6(n-1) in ©, then, by induc-
tion assumption, Xys eee 4 X, 4 are linearly dependent over

Kc, and consequently, so are Xyr oo 4 X On the contrary,

suppose that

Wo(1),...,6(n-1) Fpre--rxy_q) # 0

for some choice of 6(1), ..., 6(n-1) from O.

(2)

Then there exist elements a of K such that

ll .. ’

(3) 3pI7e(x ca = 6(3)x, (L <3 <n-1).



Since We(l),...,e(n—l),e(xl""'xn) = 0 for every 6 ¢ 9, (3)

implies

(4) PYex ca = 6x (8 < 0).
h=1""h "h n

Applying Gil to (4), we get

(5) Tls. ex ca + 2PTlex .5, a = 6..6x. (i e I).
h=1"i1""h “h h=1""h "il"h il n

Since each aile (1 ¢ I) 1is a multiple of an element of 0O by

a natural number, (4) holds true when 6 is replaced by

§,,6, and this implies ZE;}exheailah =0 (icTI, 6c0); in

particular, we see that

n-1

thle(j)xheéilah = 0 (i e I, 1 < 3

IA
o]
!
e}

and by (2) that

(6) éilah =0 (i€ I, 1 <h<n-1).

It is now easy to prove by induction on Vv that

(7) sivah =0 (1€ I, 1<h=<n-1,ve N-{0}).

Having established (7), ays .- are constants,

a
" “n-1

and (4) for 6 = 6( (the identity operator) shows that

0)
Xys .- 4 X, are linearly dependent over Kc. g.e.d.
In the proof of Th.6, K may be replaced by any differen-
tial subfield or extension field containing Xqyr eee g X

n

Therefore, if the condition (1) is satisfied, we say that

Xyr «-+ 4 X = are linearly dependent over constants. On the
contrary, if (1) is not satisfied, we see that Xyr ooy X,
are never linearly dependent over the field of constants of
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any differential extension field of K<xq oo X >y and we say

that x

17 --+ ¢ X, are linearly independent over constants.

By the proof of Th.6 and the remark above, we get the fol-

lowing corollaries.

Corollary 1 Let n elements Kyr eee 1 X of a diffe-

rential field K with the set of derivative operators © be

given. If there exist elements 6(l1), ... , 6(n~-1l) of ©
such that We(l),...,e(n—l)(Xl"°"xn—l) # 0 and that
We(l),...,e(n-l),e(xl""’xn) = 0 for every 6 e 0, then Xqs
cee s X, 4 are linearly independent over constants, and X,
is linearly dependent on Xyr <o+ ¢ X, _, oOver constants.

Corollary 2 If L 1is a differential extension field of

a differential field X, then K and Lc are linearly dis-

joint over Kc'

Let us show an application of Cor.l. Let K be as above,
and R = K{X} the differential polynomial ring in a single
differential indeterminate X over K. Let § be a set of
linear differential forms of R and mS the differential K-
module generated by § in R, and suppose that S is of fini-
te order n (see §3.5). There exist n elements ©06'(1l),
eee 5 8'(n) of © such that no nonzero linear combination of
' (L)X, ... , 8'(n)X over K 1is contained in mS, and that,
for each other element 9& (w e Qi of ©0, an element Aw(X) =
9$X - thlawh-e'(h)x of mS with an € K is uniquely deter-
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mined. Then we obtain the following proposition.

Proposition 4 The set § above has n zeros Xiree- X

n

in some differential extension field of K, which are linearly
independent over constants, such that, if x 1is a zero of §
in a differential extension field of K<xl,...,xn>, x is 1li-
nearly dependent on Xyr .-+ 4 X OvVer constants.

Proof. Let mS' 6'(1), ... , 8'(n) and Aw(x) (w € Q)
be as above. Set p = (mS) in R, then, by Cor.2 to Th.5 of
§3.5, p 1is a prime differential ideal of R, and it is gene-
rated by Aw(X) (w € ). Now, take n differential indeter-
minates Xl’ e s Xn over K, and set Rj = K{Xj} (L < 3 <

n), R' = K{Xl,...,xn}. For each j (1 £ j £ n), a differen-

tial isomorphism ¢j of R onto Rj over K (that is,

¢j(a) = a for all a ¢ K) 1is uniguely determined by ¢j(x)

Xj' Setting Dj ¢j(p) (1L £ j £ n), consider the ideal p' =
(pl,...,pn) of R'. Since p' 1is the differential ideal of

R' which is generated by the set of linear differential forms
Uj21¢j(8)’ p' 1is a prime differential ideal of R' by Cor.2

to Th.5 of §3.5. Let (xl,...,xn) be a generic zero of p'.

Then xj is a zero of pj for each j (1 < j < n), hence of

p and of 8§S.

Assume that W = 0. Then

8" (1) ,...,0% (n) F1r---rXp)
. .
We'(l),...,e'(n)(Xl""’xn) e P', and there exist ij(xl""’

Xn) e R" (we £, 1 £ 3j < n) such that

(8)  Wouiqy,. .., 00 (n) Xpree-rXy)
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n

= Ty TenPu (X3 By (Koo e Xp) e
. R " n .ot .
By means of the substitution ewxj r Zh=lawh S (h)Xj (1 <3
<n, we ), we get We'(l),...,e'(n)(Xl""’xn) = 0 (a con-

tradiction). Therefore, we see that W (x

8'(1),...,0"'(n) 71" """

x ) # 0.

n

If x 1is a zero of § in a differential extension field

of K<Xl""'xn>’ then

" ol | - —_ 5
ewxj Zhawh 8 (h)xj Aw(xj) 0 (L <3Jj<n, we Q),

G&X - I ' (h)x = Aw(x) =0 (w e Q).

h%wh

This implies that W ,x) = 0 for

' (1) ,...,0' (n),8 X171 %y
every 6 € ©. Hence, by Cor.l to Th.6, x 1is linearly depen-

dent on Xys +e+ s X, OvVer constants. g.e.d.

This system (xl,...,xn) of zeros of § with the proper-

ty stated in the preceding Prop. is called fundamental system

of zeros of S§S.

3.7. Results about constants

Formulations and discussions of this section are similar
to results of Kolchin (cf. [3] and [41).

Let K be a differential field, and Cl’ cee 4 Cm fini-

tely many indeterminates over the field K.

Proposition 5 Let K and C C be as above, and

17 = -

P a linear form (that is, homogeneous polynomial) in Cl,

ce e 4 Cm over K. Then there exists a finite system of linear
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P in C
r

forms ’

Pl’ . 17

every differential extension

... , C over K such that, for
m c

field L of K, an m-tuple of

constants of L 1is a zero of P if and only if it is a zero
of Pl’ cee Pr.
. . B r

Proof. Write P in the form P = Zj=1aij' where al,
-+ , @, are elements of K linearly independent over Kc
and Pl’ cee 4 Pr are linear forms in Cl’ oo g Cm over Kc'
Let Yy eee v Y be m constants of L, then, by §3.6,
P(yl,,..,ym) = 0 if and only if Pj(yl,sgu,ym) =0 (1 = 3 <
r).

Proposition 6 Let K and Cl’ cee g Cm be as above, and
M a subset of the ring K[C,,...,C_]. Then there exists a

1 m

subset M*' of the ring Kc[Cl,...,Cm] such that, for every
differential extension field L of K, an m—tuple of cons~-

tants of L is a zero of M

if and only if it is a zero of

M'. Furthermore, M' can be taken so as to be a perfect ideal
of Kc[cl""'cm]'

Proof. Let (@ be the ideal of K[Cl,...,Cm] generated
by M. Then @ has an ideal-basis Al, cee g Ar (see §3.2).

. . _ s .

Write Aj in the form Aj = Zh=lAjhah (1 £ j £ r), where al,
..+ s ag are elements of K linearly independent over Kc
and Ajh € KC[Cl,...,Cm] (lL<j<r, 1 <h<s). Set M =
{Ajhl 1l <j<r,1c<h-=<s}. Then, we see similarly as in the

proof of Prop.5 that an

of M if and only if it is a

m-tuple of constants of L

is a zero

zero of M'. 1In place of the M'
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above, we may denote by M' the radical of the ideal (Ajhl 1

< j<r,1l<hz<s) of KC[Cl,...,Cm].

Corollary If L is a differential extension field of a
differential field K and Y17 ++ 7 Y finitely many cons-

tants of L, then
trdeg K<yl,...,ym>/K = trdeg Kc<yl,...,ym>/Kc.

Proposition 7 Let L be a differential extension field

of a differential field K. Let H denote the set of all in-
termediate differential fields between K and K<Lc>, and ]
the set of all intermediate fields between KC and LC. Then
the mapping D » K<D> (D € )) of [ into H and the mapping
H b+ Hn(Lc) (H e H of H into ) are bijective and inverse

to each other.

Proof. Let D be any element of JJ. Since K and Lc
are linearly disjoint over Kc by Cor.2 to Th.6 of §3.6, K<D>
and Lc are also linearly disjoint over D, hence, K<D>n(Lc)
= D. Therefore, the former mapping of the assertion of our
proposition is injective. To establish the remaining part of
our proposition, let H be any element of H. For each ele-
ment 1N € H we may write n = Zchj/ZKjd., where Kj are fi-
nitely many elements of K 1linearly independent over Ko and
where cj,dj € Lc with ZKjdj # 0. Since the elements nKj
and Kj of H are linearly dependent over constants, they are

also linearly dependent over HC = Hn(Lc). Hence, there exist

elements cﬁ,d% € Hn(Lc) not all zero such that ZnKjd3
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- .c! = 0. , 1 i 3 to see that = Ik.cl/Ix.d!
ZKJC] 0 Now, it is easy to n 5 J/ 545«
K<Hn(Lc)>. This shows that H = K<Hn(Lc)>, and the proof of

our proposition is completed.

Corollary If L and M are differential extension
fields of a differential field K with L = M, then K<Lc>nM

= K<M >.
(o]

3.8. Extensions of the differential field of coefficients

Before we consider the differential case, we must make
some preparations in the nondifferential case.

Let Ko be a field, Y>

and R, = KO[YA] A e Al the ring of polynomials in Y, (X e A)

over K,. Let p Dbe a prime ideal of Ry - If a family (y) =

(X € A) indeterminates over KO’

(yxl A e A) of elements of some extension field of KO has

the property p = {P(Y) « RO[ P(y) = 0}, (y) 1is called generic
zero of p. For any two generic zeros (y) and (y') of p,
an isomorphism over K, of the field Ko(y) = KO(YAI A e A)
onto the field Ko(y') = Ko(yif A e A) with Yy " yi (A e A)

is determined. The transcendence degree of Ko(y) over KO

is called dimension of p and it is denoted by dim p. If
Ko(y) is separable (respectively regular) over KO’ we say
that p 1is separable (respectively regular) over KO; if that

is the case, we say also that p is Ko—separable (respective-

ly K,-regular). Moreover, if Ko(y) is separable (respecti-~-

0

vely regular) and finitely generated as a field over KO, p 1is

called finitely separable (respectively finitely reqular) over
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0°
More generally, a perfect ideal ] of RO is called KO—
separable if (Ro/m)p and K, are linearly disjoint over
p
KO.
Lemma 3 Let K, and R, be as above, and {mTI T e T}
a set of Ko—separable perfect ideals of RO totally ordered
with respect to inclusion order. Set [ = UTETmT, then M 1is
also Ko—separablea
Proof. It is obvious that | 1is a pverfect ideal of RO'
Let aY (y «e T) Dbe a linear basis of KO over Kop. We have

only to prove that aY (y ¢ T) are linearly independent over
p P P .
(Ro/m) . Suppose that ZYer.ozYFY em with FY € R0 (y ¢ T),

then I o F P ¢ m P for some T ¢ T. Since m is K,-
vyel' "y vy T T 0

separable, we see that FY € mT cm (y € T').
Lemma 4 Let K

and R be as above, M a K,-separable

0 0 0
perfect ideal of RO, and M a nonempty subset of RO. Then
m:M 1is also Ko—separable.
Proof. Clearly, M:M is a perfect ideal of RO' Let aY

(y ¢ ) Dbe as in the proof of Lem.3. We have to verify that

uY (y ¢ ) are linearly independent over (Ro/(m:M))p. Suppo-

se that I P (m:M)p with FY € R0 (y € ). Then

o F
Yel'"Y Y

b PpP mp for every P ¢ M. Since [ 1is Ko—separa—

a F
yel "y~ y
ble, we see that FyP em (y eI, P e M), so that FY € M:M

(vy e ). g.e.d.
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Let K Y (A e N) and R be as above, and L an exten-

0" “A 0 0
sion field of KO. Suppose that YA (A e A) are still inde-

terminates over L and let S, = LO[Y

0’ 0
of polynomials in YX (A e A) over Lg-

RO’ LOQ denotes the extension ideal Sya of g to S

}\I A ¢ A] Dbe the ring

For any ideal (@ of
0°

Lemma 5 Let K YA (A e A), RO’ LO and S be as abo-

0°f 0
ve, and let p be a prime ideal of RO that is finitely sepa~-
rable over KOQ
{a) The ideal LD of Sy can be written in the form of

an irredundant intersection of finitely many prime ideals of

(l) LoD = Pln°v°nPtl

where PY (1 < y £ t) are prime ideals of S0 and finitely

separable over Loo For p and LO, the PY (1L < v < t) are

A

uniquely determined up to their numbering. Furthermore, we get
nR, = D, dim = dim 1 < < t).
P,0Ry = D P, p Y )

(b) Every generic zero of each PY is a generic zero of
D.

(c) Each generic zero of p is a zero of precisely one
of PY (1 <y < t).

(d) There exists, independent of LO’ an irreducible
polynomial T over K0 such that, for every extension field
L0 of KO, the number of prime ideals PY in (1) equals the
number of irreducible factors into which T splits over Ly-
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This lemma is a classical result.

0’ 0’ L0 and SO be as

above. If p is a prime ideal of RO that is finitely regu-

Corollary Let K YA (A e A), R

lar over K, then LgD is a prime ideal of So and finitely

regular over LO.
Proof. The hypothesis implies that T of part (d) of

Lem.5 remains irreducible over LO. g.e.d.

Now, we can consider the differential case. Let K be
a differential field with the set of derivation operators A
= {Si{ i € I} and the set of derivative operators 0, and Xj
(j ¢ J) differential indeterminates over K. Set R = K{Xj|
j € J}. A perfect differential ideal of R is called K-
separable if it 1s K-separable as a perfect ideal of the ring

of polynomials in exj (j ¢ Jd, 6 ¢ 0) over K. A prime dif-

ferential ideal of R is called finitely X-separable (respec-

tively K-regular, respectively finitely K-regular) if it is

finitely K-separable (respectively K-regular, respectively
finitely K-regular) as a prime ideal of the ring of polyno-
mials in er () ¢ J, 8 ¢ ®) over K. Let L be a differen-
tial extension field of K. Suppose that Xj (j ¢ J) are
still differential indeterminates over L, and set S = L{Xj|
j € J}. For any differential ideal @ of R, LQ denotes the
extension ideal S@ that is known to be a differential ideal

of S (see Th.6 of §2.6).
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Theorem 7 Let K, L, Xj (j ¢ J), R and S be as above.
Let P be a prime differential ideal of R that is finitely
K-separable.

(a) The differential ideal Lp of S <can be written in
the form of an irredundant intersection of finitely many prime

differential ideals of S :
(2) Lp = Pln...nPt

where PY (1l <y £ t) are prime differential ideals of S and
finitely separable over L. For p and L, the PY (1 < v <
t) are unigquely determined up to their numbering. Further-

more, we get
PYﬁpr, dim PY=dimD (1 € v < t).

(b) Every generic zero of each PY is a generic zero of

(c) Each generic zero of p 1is a zero of precisely one
of PY (1 v <t).

(d) There exists, independent of L, an irreducible dif-
ferential polynomial T over K such that, for every diffe-
rential extension field L of K, the number of prime diffe-
rential ideals PY in (2) equals the number of irreducible

factors into which T splits over L.

Proof. Regarding R as the ring of polynomials in the
indeterminates er (3 ¢ 3, 8 ¢ ©9) over the field K, we app-
ly Lem.5 to the prime ideal p of R. We get the unique de-
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composition (2) of Lp in the form of an irredundant inter-
section of prime ideals PY (L < v < t) of 8, which are fini-

tely separable over L, and for which
PynR = p, dim PY =dimp (1 =y =< t).

Since Lp is a perfect differential ideal of S and

IA

P_o.) 11 < v

t)l
I<y'st,vy'#y' v

PY = LD:(n
we see by Th.3 of §2.4 that PY (1 £ vy £ t) are prime diffe-
rential ideals of S. Thus we have established the assertion
(a). The other assertions (b)~(d) are clear by the corres-

ponding assertions of Lem.5. g.e.d.
By Cor. to Lem.5, we get the following corollary to Th.7.

Corollary Let K, X, (j € J), R, L and S be as above.
J
If p 1is a prime differential ideal of R and finitely regu-
lar over K, then Lp is a prime differential ideal of S and

finitely regular over L.

Remark 1 We shall have occasion to use this remark after-
wards. Let K, Xj (j e J), R and p be as in Th.7, and let
T be a differential automorphism of K. Denote by DT the
set of all those differential polynomials which are obtained
from differential polynomials of p by operating T on the
coefficients. Then pT is clearly a prime differential ideal
of R. Moreover, we can see that pT is finitely separable
over K. 1In fact, let (x) = (le j € J) be a generic zero
of p and (x') = (xé) j € J) that of DT. For each diffe-
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rential polynomial P(X) of R, let PT(X) be the differen-

tial polynomial of R which is obtained from P(X) by opera-

ting T on the coefficients. It is clear PT(x') = 0 if and
only if P(x) = 0. For each pair of differential polynomials
A(X), B(X) of R with B(x) # 0, assign AT(x')/BT(x') to

A(xX)/B(x). Then a field-isomorphism over K of K<x> onto
K<x'> 1is defined. Since K<x> is finitely separable over K,

so is K<x'>.

Remark 2 In the hypothesis of Th.7, we can not omit the
condition that p be finitely separable over K (see the fol-

lowing example).

Example Let uk (A € N) be indeterminates over the prime

field of characteristic 2, (K’)a an algebraic closure of

Ta

the field K = ﬁz(ux’ » e N}, and 8 the trivial derivation of

(K‘)a. Let X be a differential indeterminate over the diffe-
rential field (K’)a with a single derivation §&, R = K'{X}
and S' = (K')a{X}. Consider the ideal p' of R' which is

A

3
generated by (SZ(A)X) - uy (A ¢« N) and SVX (v ¢ N-{0}

with v # 2()X) for any X ¢ N). For each X ¢ N, let Uy g
’

. . .

uX,Z’ voe g ukl3x be all the roots in (K )a of the equation
3/ N

U -uy = 0 . For each element (k(0),k(1),...) € N with

1 <k(n) <3 (A eN), let ‘k(n)) Dbe the ideal of §' which

is generated by GZ(A)X - uy k() {» « N) and SVX (v ¢ N-{0}
with Vv # 2()\) for any X € N). Then we can see that p' 1is
a prime differential ideal of R', that sz(k)) is a prime
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differential ideal of S' for every such element (k(A)) of
NN as above, that it is impossible to write (K')ap‘ in the
form of a finite irredundant intersection of prime differential

ideals P'y, ... ,P'y ©of S' with P'oR' =p' (1sy <),

Proposition 8 Let K, L, Xj (j ¢« J), R and S be as in
Th.7. If p is a prime differential ideal of R which is K-
separable, then LD is a perfect differential ideal of S
with LpnR = p, and it is L-separable. Moreover, if p 1is
K-regular, Lp 1is a primerdifferential ideal of S, and it is

L-regular.

Proof. Lp is obviously a differential ideal of S, and
it is easy to see that LpnR = p. Therefore, our proposition
is a direct consequence of results of [4] (see Prop.7 and

Cor.l to Prop.7 of §12 of Chap.0 of [4]).

Lemma 6 Let K, L, Xj (j e J), R and S Dbe as in Th.7.
Let D be a prime differential ideal of R that is K-sepa-
rable. Then the differential ideal Lp can be written in the
form of the intersection of a set of prime differential ideals

P of s with PnaR = p.

Proof. Take any element A of S - (RuLp), and let MA

be the smallest multiplicatively stable subset of S contain-~
ing A and R - p. We show that MpnLp = g.

Each element of MA is written in the form AKF with £
e N, F e R-p. 1If AlE were contained in Lp for some such &
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and F as above, then AF would be contained in Lp by Prop.
n
*h=1%"n

L linearly independent over K; and

. _ n _ .
8, and we could write AF = (thlath)F = with Qh €

R, Ph e p and with o €
it would follow that QhF = Ph’ Qh e p (1l £h < n and A e Lp
(a contradiction).

Therefore, by Th.l of §3.1, there exists a prime differen-

tial ideal PA of S containing LpPp but not intersecting

MA’

that Lp =

Hence we see that PAnR =p for any A e S-(RuLp) and

"Acs-(RULD) Pa-
Theorem 8 Let K, L, Xj (j e J), R, S and p be as in
Th.7. Then there exists a prime differential ideal P of S

such that P 1is L-separable and PnR = p.

Proof. If Lp is prime in S, the assertion of our theo-
rem holds true by Prop.8. Therefore, suppose that Lp is not
prime in S. Then there exist two elements A, B of S such
that A £ Lp, B ¢ Lp and 2B ¢ Lp. Let P, (1 ¢ A) be all the
prime differential ideals of S with PAnR = p. Then, by Lem.

A {) ¢ A] A £ PA}' AB = {X ¢ A

6, we get n = Lp. Set A

AeAPK
| B £ P,y and A" ={) e Al 2 ¢ P,, BecP,}. These are dis-
joint proper subsets of A with AA # g, AB # @ and AAUABUA'

= A. Consider two perfect differential ideals MA = n APA
Ae A

and M"' = n P,. We see that Lp = MAnM'. Since A ¢ P
B ., A A
AeANTUA

(A € ABUA'), we get A e M' and M' £ PA (A € AA). Therefore,
we see that Lp:M' = MA, so that MA is L~-separable by Prop.S8
and Lem.4. Thus there exists at least one nonempty subset T
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of A such that M = nAeFPA is L-separable.

Now, let {M} be the set of all such ideals M. We can
see that {M} 4is inductive with respect to inclusion order.
In fact, let {MTI T ¢ T} be any totally ordered subset of
{M}. set M= UTeTMT'

A ¢ S-(RuUM), there exists a prime differential ideal PA of

Since MnR = p, we see that, for any

S with PAnR =D (see the proof of Lem.6), that

p— 1
M= "aes-(rufl) PA7
that P, e {PAI X ¢ A}, so that M is L-separable by Lem.3.
Thus {M} has a maximal element MO. This ideal is written in

0

the form MO = n OPX for some nonempty subset A of A.

Ae

If MO were not prime in S, then, discussing for MO as we
done for Lp in the beginning part of the proof of our theo-
rem, we could see that there would exist in {M} an element
containing MO properly, contradicting the maximal property
of MO. Therefore, MO is a prime differential ideal of S

with MOnR = p and it is L-separable.
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CHAPTER 4
Universal Differential Extension Field

4.1. Definitions

Let K be a differential field with the set of derivation
operators .A = {6i| i e I}, and L a differential extension
field of K. A differential extension field Vv of L is

called semiuniversal over L, if, for every n ¢ N-{0} and

every L-separable prime differential ideal p of the diffe-
rential polynomial ring L{Xl,o.e,Xn}, there exist elements
Xyr oo 5 X of V such that (x) = (Xl""’xn) is a generic
zero of .
Let an algebraic closure Ka of the field K be given.
Let U be a differential extension field of K, and Ua an
algebraic closure of the field U that contains K - We say
that U ;s universal over K, if U is the differential clo-
sure of itself in Uy (see §2.8) and semiuniversal over every
finitely generated differential extension field of K in U.
We add here a proposition which is necessary in this chap-

ter.

Proposition 1 Let K be as above. 1In a differential ex-

tension field of K, let K<£j] j e J> and K<nj,[ j' e J'>

be two independent differential extension fields of K which
are regular over K. Let Xj ’Yj'
rential indeterminates over K, and p(g)/K p D(n)/K defining

(j e J, j' € J') be diffe-

differential ideals of (§) = (gj| je J), (n) = (nj,l it e JY)
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in K{le j e J}, K{Yj,| j' € J'} respectively. Then the dif-
ferential ideal (D(g)/K ’ p(n)/K) generated by p(g)/K and

Pimysox 0 RiXy oYy,

lar, and it has a generic zero (Ej ’ nj,| i e J, j' € J'), and

| 3 e 3, 3' € 3'} 1is prime and K-regu-

. — ai + di )
AP gy x Py = WPk T NP x
Proof. Our proposition follows from Cor.2 to Prop.7 of

§12 of Chap.0 of [4].

4.2. Lemmas

Lemma 1 Let K be a differential field with the set of

derivation operators A = {6i| ie¢ I}, K, an algebraic closure
of the field K, and KA the differential closure of K in
Ka' If U is a universal differential extension field of KA’

then U 1is a universal differential extension field of K.

Proof. By the hypothesis, U is the differential closure
of itself in an algebraic closure Ua of U, where U, is
taken so as to contain Ka. Hence we have only to prove that
U is semiuniversal over every finitely generated differential
extension field L of K in U. Let n ¢ N-{0} and p an
L-separable prime differential ideal of the differential poly-
nomial ring L{Xl,...,Xn} over L. The compositum L-KA =
KA(L) is a finitely generated differential extension field of
KA in U. By Th.8 of §3.8 applied to L-KA and L instead

of L and K, there exists a prime differential ideal P of

the differential polynomial ring (L-KA){Xl,...,Xn} over L-KA

-96-



such that P is L-K,-separable and Pn(L{Xl,...,Xn}) =p.
Therefore, by the hypothesis, P has a generic zero (x) = (xl,
...,xn) with XyreoosX, € U. We see that (x) 1is a generic
zero of p.

Corollary If U is a universal differential extension
field of a differential field X, then U is also a universal
differential extension field of any differential subfield K'
of K.

This corollary can be proved in a similar way to the proof

of Lem.1l.

Lemma 2 Let H be a differential field, and Ha an al-
gebraic clcosure of H. Suppose that H is the differential
closure of itself in Ha. Then there exists a differential ex-
tension field H* of H that satisfies the following condi-
tions:
1° H* 1is the differential closure of itself in an algebraic

closure H*a of H*, where H*a is taken so as to contain
Ha.
2° H* 1is semiuniversal over H.

Proof. For each n ¢ N-{0}, let Hn be the set of all

H-separable prime differential ideals of the differential poly-

nomial ring H{Xl,...,Xn} over H. Let X (n e« N-{0}, p

npj

Hn , J e N with 1 < j £ n) be differential indeterminates

over H. Then, for each D ¢ Hn ;, & differential isomorphism

¢nD over H of H{xl,...,xn} onto H{anl""’xnpn} is de-
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termined by ¢ (Xj) =X . (1l <3j<n), and ¢ __(p) 1is an H-

np npj np

separable prime differential ideal of H{anl""’ann}' Let

P be the ideal generated by the set {¢np(p)} n e N-10}, p ¢

Hn} in the differential polynomial ring R = H{Xn n e N-{0},

p3 |
pell , j e N with 1 < j < n} over H. We claim that P

is a prime differential ideal of R.

Obviously, P is a differential ideal of R. Let A and
B be two elements of R with AB ¢ P. If we take a suffi-
ciently large integer s, there exists for every integer k
with 1 < k < s a finite set of elements p(k,1), ..., plk,ry)

of 1 such that A and B are contained in the differential

k

polynomial ring R' = H{ 1 <k<s, 1<aocsrxr 1<

Xep (i, ) 3 Kk
j <k} over H and that AB is contained in the ideal P' =

(¢kp(k,u)(p(k'a))i l1 <k <s, 1c<o0 < rk) of R'. Since H
is the differential closure of itself in Ha , H-separable
prime differential ideals ¢kp(k’a)(p(k,u)) are H-regular.
Applying Prop.l of §4.1 inductively, we see that P' is a
prime ideal of R', so that at least one of A and B is con-
tained in P', whence in P.

Let ( | n e N-{0}, p « I, 1< j < n) be a generic

X .
npj
zero of P. Then, for each n ¢ N-{0} and each p «¢ Hn ,

(xnpl,...fxnpn) is a generic zero of p. Set Hl = H<xnpj)

nelN-0,pc Hn , 1 £ j < n> and take an algebraic closure

(H such that (H contains Ha’ If we denote by H¥

l)a l)a
the differential closure (Hl)A of Hl in (Hl)

satisfies conditions 1° and 2° of our lemma.

a ! then H¥*
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4.3. The existence theorem

Theorem 1 (The existence theorem) Every differential

field K has a universal differential extension field.

Proof. Let A = {8;] i ¢ I} be the set of derivation
operators of K. By Lem.l of §4.2, we may suppose that K =
K- Applying Lem.2 of §4.2, we define K, (a0 ¢ N-{0}) induc-

i = * = * -
tively by K, K and K, .; (Ka) (o ¢ N-{0}). We can
prove that the differential field U = v K is universal
aeN=-{01}"a
over K.

Clearly, U is the differential closure of itself in its
algebraic closure.

Let L = K<al,...,as> be a finitely generated differen-
tial extension field of K in U. For a sufficiently large
integer t, all the elements a., ... , a are in K, , whence

L [ t

L «K.. Let n ¢ N-{0} and p an L-separable prime diffe-

rential ideal of the differential polynomial ring L{Xl,...,Xn}
over L. We may suppose that Xl’ e g Xn are differential

indeterminates over K.. By Th.8 of §3.8, there exists a K_-

separable prime differential ideal P of Kt{X .,Xn} with

17
Pn L{Xl,...,Xn} = p. By Lem.2 of §4.2, P has a generic zero
= 1 *
(x) (xl,...,xn) with Kyreee X, € (Kt) c U. We see that
(x) 1is a generic zero of p.
By the above, we have shown that U is a universal dif-

ferential extension field of K.
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4.4, Some properties of the universal differential exten-

sion field
Let U be a universal differential extension field of a
differential field K with the set of derivation operators

A= {8;] i e I} and the set of derivative operators ©.

Theorem 2 Let U be as above, then U is separably al-

gebraically closed.

Proof. Let Ua be an algebraic closure of the field U.
Then, by definition, U is the differential closure of itself
in Ua’ Therefore, by §2.7, every element of Ua which is
separably algebraic over U 1is contained in U.

Theorem 3 Let U be as above. Then the field of cons-
tants Uc of U is algebraically closed, and the transcen-
dence degree of Uc over the field of constants Kc of K
is infinite.

Proof. Let Ua be as in the proof of Th.2. Then, since
U= UA in Ua , we see by §2.8 that Uc is the algebraic
closure of itself in Ua‘ Thus Uc is algebraically closed.

Let Z be a differential indeterminate over U, and CO
a generic zero of the prime differential ideal Po = (6z] 6 «
© with ord 8 > 0) of K{Z}. Since K<g,> = K(co) is purely

transcendental over K, there exists a generic zero c, € U of

0
DO' Clearly 5 is in UC and transcendental over Kc' Now,

assume that we have already shown the existence of n elements
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ChreeesC e U which are independent over K _. Since the
0 n-1 o] o]
prime differential ideal p_ = (62| 6 ¢ 6 with ord 8 > 0)

of K<c0,...,cn_l>{z} is K<c ., C >-geparable, there

0"""

exists a generic zero c¢ e U of p . It is evident that <y

n-1

€ Uc and that Cgr Cqpr wev v c, are independent over Kc'
Thus we have proved that the transcendence degree of UC over
Kc is infinite.

Theorem 4 Let K be a differential field, and U a uni-
versal differential extension field of K. If L is a finite-
ly generated differential extension field of K in U, and if
K?' 1is an intermediate differential field between K and L,

then U is also universal over K'.

Proof. By virtue of Cor. to Lem.l of 8§4.2, it suffices
to prove that U is universal over L. But, this is obvious
since a finitely generated differential extension field of L

is also a finitely generated differential extension field of

K.
4.5. Linear homogeneous differential polynomial ideals
Let K be a differential field with the set of deriva-
tion operators A = {dil i € I} and the set of derivative

operators ©, and U a universal differential extension field
of K.

Let Xl’ cee g Xn be finitely many differential indeter-
minates over K, and consider the differential polynomial ring
K{Xl,...,Xn} over K. The differential ideal of K{Xl,...,Xn}
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generated by a set of linear differential forms in Xir eee s

Xn over K 1is called linear homogeneous differential polyno-

mial ideal of K{X .,Xn}. By Cor.2 to Th.5 of §3.5, we see

17
that every linear homogeneous differential polynomial ideal D
of K{Xl,...,xn} is K~regular, so that p has a generic zero

(xl,...,xn) with KyreeesX € U.

The following example is an important particular case of

the above.

Example Let X be a differential indeterminate over K,
and § a set of linear differential forms in X over K.
Suppose that § is of finite order n (see the end of §3.5).
By Prop.4 of §3.6 and by the above, we see that there exists a
n

fundamental system of zeros x,, ... , X of § with x. € U
1 J

(see the end of §3.6). If Kxx SeaX > = KC , and if K<x

ir- 1’

SRR . is K-separable, we call K<xl,...,xn> Picard-Vessiot

extension of K. We shall see two simple and familiar examples

of Picard-Vessiot extensions in the following two sections.

4.6. Primitive elements

Let K, A, ® and U be as in the preceding section. An
element x of a differential extension field XK 1is called
primitive over K, if 6x (6 ¢ 0, ord 6 > 0) are all contain-

ed. in K, equivalently, if § x (1 e I, e € N) are all

i,p(e)
contained in K.

Concerning the notations in the following theorem, see

§2.1.
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Theorem 5 Let a family (a O ¢ 0, ord 6 > 0) of ele-

5!

ments of XK be given. Set = n(6,0")a for each pair

aele e\l
8, 6' of derivative operators with ord ¢ > 0, ord ' > 0
and 6'6 = n(6,6')0" (6" being element of ©). Then there

exists a primitive x over K in U with

(1) 6x = a (6 ¢ @, oxrd 6 > 0),

6

if and only if the condition

5 6 (6,6 ¢ 0, ord 6 > 0, ord 8" > 0)

is satisfied. When that is the case, such a primitive x can

be taken so as to be transcendental over K.

Proof. Since the necessity of the condition is obvious,
it suffices to show the sufficiency of the condition. Suppose
that (2) 1is satisfied. Let X be a differential indetermi=-

nate over XK, and consider the ideal p = (86X - a 6 ¢ 0O,

ol
ord 8 > 0) of K{X}. By (2) and by Th.5 of §3.5, p 1is a

prime differential ideal of K{X}. Moreover, we see that
P n (K[X]-K) = @. Hence, D has a generic zero ¢ for which
K<E> = K(§&) is purely transcendental over K (hence, p is

K-regular), and there exists a generic zero x of p in U
which is transcendental over K. This x 1is a primitive over
K in U satisfying (1). g.e.d.

Example 1 Let K be any ordinary differential field with
a derivation &, and U a universal differential extension
field of K. Take any sequence o (¢ € N) of elements of

K
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Kc' Then we can see the existence of a primitive x over K
in U such that 6P(K)X =a, (ke N). Clearly va =0 if

v # p(k) for any «k ¢ N.

Proposition 2 If x 1is a primitive over K in U sa-

tisfying (1), if K<x>c = KC , and if K<x> 1is K-separable,

then K<x> 1is a Picard-Vessiot extension of K.

Proof. 1In case ag (6 ¢« ©, ord 6 > 0) are all zero, x
must be a constant of K, and K<x> = K is trivially a Picard-
Vessiot extension of K. Therefore, we may suppose that at

least one of a (6 ¢ 6, ord 6 > 0) is not zero. Let X Dbe

6
a differential indeterminate over K, and § the set of line-
ar differential forms ae-G'X - ae,-eX (6,6'c0@; ord 6 > 0,

ord 6' > 0) in K{X}. Then it is easy to see that § is of

order 2 and that (1l,x) is a fundamental system of zeros of

S. Thus K<x> = K{(x) 1is a Picard-Vessiot extension of K.
Example 2 In Examp.l of §2.2, U is a primitive over K,
and K(U) is a Picard-Vessiot extension of K. In Examp.2 of

§2.2, any linear combination x of a finite number of Ui (i
e I) over XK is a primitive over K, and K<x> 1is a Picard-
Vessiot extension of K. In Examp.l of this section, if K =
Kc and the x 1is taken so as to be transcendental over K,

then K<x> 1is a Picard-Vessiot extension of K.

4.7. Exponential elements

Let K, A, © and U be as in §4.5. A nonzero element

x of a differential extension field of K 1is called exponen-
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tial over K, if x 1.ox (6 ¢ ©) are all contained in K,

equivalently, if x—l-6i b(e)¥ (i e€ I, e e NN are all contain-

ed in K.

Theorem 6 Let a family (a (v) € N(I)) of elements

(v)I

of K with = 1 be given. Then there exists an exponen-

)

tial x over K in U with

if and only if the condition

(2) (W rVha =3

() () + (V) 8

a

() +(B)=(n) ° (o) ®(v) "3 ()

(), (v e N

is satisfied. When that is the case, such an exponential x

can be taken so as to be transcendental over K.

proof. Suppose that x 1is an exponential over K in U
satisfying (1l). For any two elements (A), (v) of N(I),
apply 6(%) to S(v)x = a(v)x. Then we get the equations (2).
Conversely, suppose that the condition (2) is satisfied. Let
X be a differential indeterminate over K, and consider the

ideal p = (8, X - a X | () e NPy of kIx}. By (2)

(v
and by Cor.2 to Th.5 of §3.5, p is a prime differential ideal
of K{X} having a generic zero & such that X<g&> = K(&) is
purely transcendental over K. Hence p has in U a generic

zero. x that is transcendental over K. This x 1is an expo-

nential over K 1in U satisfying (1).
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Remark Suppose that x 1is an exponential over K for

x = a, ((v) € N(I)) are all constants of K.

(v)
o (A)+(v) -
Then, by Th.6, the condition ( (N )a(A)+(v) = a(v)a(k)

which x_lS

(X)), (v) € N(I)) must be satisfied. Hence we can prove by in-
duction on m that

(mv.)!

i _ m (I) _
(HieI_(—\)__l_)‘rE)am(\)) = a(\)) ((v) € N , M. € N {O}).
i®

Therefore, we see that a(\))p =0 ((v) e N(I)—{(O)}), so that

x must be constant.

Example 1 Let K be a differential field with the set of
derivation operators A = {6i| i € I} such that K # K. Take
any nonconstant element u of XK and any integer m ( > 1)
with m %2 0 (mod p). Set v = ul/m € KS. Then it is easy to

prove by induction on v that v—l-éivv e K (1 e I, v e N), so

that v is a nonconstant exponential over K.

Proposition 3 If x 1is an exponential over K in U

satisfying (1), if K<x>C = Kc , and if K<x> 1is K-separa-

ble, then K<x> 1is a Picard-Vessiot extension of K.
Proof. Let X be a differential indeterminate over k,

and § the set of linear differential forms 6(v)x - a(v)x

((v) € N(I)) in K{X}. Then we see that § is of order 1 and
that x 1is a fundamental system of zeros of §. Therefore,

K<x> = K(x) is a Picard-Vessiot extension of K.

Example 2 In Examp.l of this section, suppose in particu-
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lar that A consists of a single derivation &6 and set a, =
v—lévv (¢ K) for every v € N. Let U be a universal diffe-
rential extension field of K. Suppose as we may that v e U.
Take T € N-{0} as small as possible such that a # 0, then

T must be a certain power p(w) (w ¢ N) of p. Let vy be any
constant transcendental over K in U, then yv 1is a trans-
cendental exponential over K. We can see that K<yv> 1is a
Picard-Vessiot extension of K when K never contains nonzero

ple) _ 4

element a satisfying ¢ a + maa for any

p(e+w)

p(w)
(e,m) ¢ Nx(N-{0}) with m Z 0 (mod p).

4.8. Welerstrassian elements

In the theory of differential algebra of characteristic
zero Welerstrassian elements are very important. To our regret
the concept of Weierstrassian element is not so far successful-
ly established. We are interested to nonconstant Weierstrass-
ian elements which are transcendental over the differential
field. The observations which was done by us are reported in
this section.

Let K be a differential field of characteristic p # 2
with the set of derivation operators A = {éi[ i e I} and the
set of derivative operators 6. Let two constants 9,7 93 of

3. 27g32 # 0 be given. The definitions of primi-

K with 9,
tive and exponential in §§4.6~4.7 make us to try the following
definition.

Let an element x of a differential extension field of
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_l.

K Dbe called Weierstrassian over K 1if vy X e K (i ¢

%i,p(e)
,1/2

I, e € N) with nonzero vy = (4x3 - 9y%X ~ 9, . Then we can

see by very tedious calculation the followings: If the x

il
o

above 1is transcendental over K, it turns out that 6ivx

(i eI, 0<v<23% for p=3 and that 6,,x =0 (ieI, 0 <

v < 5) for p = 5. According to these calculations we come to
the conjecture that, under the definition above, every Weierst-
rassian element x over K which is transcendental over K
must be constant.

Therefore, we adopt here the definition: an element x
of a differential extension field of K is called Weierstrass-

x)2 = ai2(4x3 - g,% - g3) (1 ¢ I) with

ian over K 1if (Gil

a; « K not all zero. Under this definition we can see as fol-
lows.

For the sake of simplicity, we mention only the ordinary
differential case where A consists of a single derivation 6

= (6,] veN) and (8x)° =a’(4x’

= g,x - g3) with nonzero
a ¢ K. The last equation can be written as vy Glx = a for
x transcendental over K. In order that such an element x
should exist, the element a of K must satisfy some condi-
tions. For example, let p = 3 (hence let 9, # 0), then we
see by short calculation that Sva =0 (v = 2 (mod 3)).

Let us consider the case where a 1is a nonzero constant

of K. If p = 3, there exist transcendental Weierstrassian

elements x over K; but, if p = 5 and g, # 0, there is no
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such element x. (See Examp.l and Examp.2 below in this sec-
tion.)

In the case of nonconstant a of K, we can not so far
verify the existence of elements x satisfying the definition

above which are transcendental over K.

Example 1 (This is due to Tsuji) Let Ko be a differen-

tial field of characteristic 3 with a single derivation 6 =

(8 v e N), and X a differential indeterminate over K

0°
Consider the differential polynomial ring R = KO{X} in X

ol

over K Let a, Iyr 93 be three given constants of K

0° 0
with a # 0, g, # 0 (hence g23 - 27g32 # 0), and set A =

2 2 3 _ 2 2,.,3 _ _
(8;X)7 - a” (4x” - g,X = g3) = (§;X) a" (X g,X 93) -

Let p (if exits) be a prime differential ideal of R

such that A ¢ p and pn(KO{X}=K = . Then, by rather tedi-

Y
OI
ous calculations and observations, we see the followings:
(1) ;X £ p.

.. _ 2 _ .
(ii) Set B = 62X + a =Py then 61A = GlX B ¢ (B) < D.

v+2
2 )62+v

If v=3n (n >1), set D_ = 6B = §

Xep (v=1)

..

(i1i) & B = (

If v=1l+ 3n or v =2+ 3n (n = 0), then évB = 0.

(iv) §,A = 62X-B e (B) < p
(v) If v =3n (n = 1), set
Cp = OB = =07 3 X0 X + 216, 5, X007, 35X

2 3 2
- a (SnX) + a g263nX € P,
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where the summation £' runs through all pairs (o,B) € N2
with o+ B =n, o <n, B <vn. If v=1+ 3n (n 2 1), then
8 = §

A = (143n)$ n81A = 85 (8;X*B) < (B, Dml m =z 1)

1+3n 1+3n® T 3
cp. If v =2+ 3n (n=21), we get similarly &, 5 A ¢
(B, Dml m > 1) < p.

(vi) Set q = (A, B, Cn , D n=x=1) < p.

I
n
(vii) (@ is a differential ideal of R and Qn(KO[X]-KO) = f#.
(viii) A e g:(8;X)7 < p:(8;X)7 = p (see §3.1).

(ix) Set DO = g:(GlX)m. Then DO is the smallest prime dif-
ferential ideal of R that contains A and that is disjoint
to KO[X]-KO.

By the above, we have established the existence of the

Po- Let R/p0 be the differential residue ring of R modulo

DO' and x the residue class of X. Then we see that R/pO =

Ko{x} by means of the usual identification of elements of KO

with their residue classes. Consider the differential field

N = K0<x>. We see that x 1is transcendental over K0 with

2 _ 2 3
(Slx) = a” (4x~ - g X = g3).

- _.2 - -
We get also 62x = -a 9, and 62+3vx =0 (v 2 1). Set nV =
| S—
63vx, nv = 61+3vx (v =2 1). Then
] _|||_2 3 2
nvdlx =z nunB a (va) + a PUN (v =2 1).

We see that nv (v =2 1) are algebraically independent over
Ko(x,6lx), that N = KO(X’61X'nVI v =2 1), and that N is Kj -
separable. Let U be a universal differential extension field

-110-



of KO. Then we can regard x, and hence Slx, Ny ns (v 2 1)
as elements of U.
Moreover, we see that
_ ym+v _ (MY _
(1) 63mnv = ( m )nm+v ! 61+3mnv ( m )nm+v ! 62+3mnv 0

(v 21, m=0),
that n¢ (v 2 1) are algebraically independent over Ko(x,élx),
and that

(2) S,.n’ = (M™Vyno

—_— ¥ —
3m" m ey © S1e3mNy T Souspty T 0 (v 21, m=0).

Example 2 Let KO be a differential field of characte-

ristic 5 with a single derivation ¢ = (Gv] v ¢ N), and X a

Let
2

differential polynomial ring R = KO{X} in X over K
3

0°
a, 9,r 95 be three constants of KO with a # 0, g5~ - 27g3
#0, and set A = (§,%)° - a®(4x> - g,X - g;) = (5,02 + a%(x3
+ g2X + g3), Assume that there exists a prime differential
ideal p of R such that A e p and pn(K,I[X]-K,) = g.
Then, we see that GlA = - SlX-B with B = 62X + 2a2X2 - a2g2
¢ p, that &;B = 3(5;X - 2a°Xé,X)  p, and that 6B =

—a2X63X - a261X62X € D. From these results we can deduce that
a4g261X € P, and this contradicts the assumption provided 9,

# 0. On the other hand, in case g, = 0 (whence g3 # 0), it
is not so far known because of the amount of the necessary cal-
culations whether any prime differential ideal p as above

exists or not.
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CHAPTER 5
Strongly Normal Extensions

5.1. Some properties of differential closure

Let K be a differential field with the set of derivation
operators A = {6i| ie I}, K, an algebraic closure of K, and

KA the differential closure in Ka of K (see §2.8). 1In

this section, we show some properties (due to Tsuji [11l]) of

KA which are very useful for discussions from §5.6 forward.

Let Ki be the purely inseparably algebraic closure in

K of K and set K, = K

nK,. We see immediately that K
a 1 oo

A

is a differential extension field of XK which is purely inse-

parably algebraic over K.

Proposition 1 K is separably algebraic over K_.

A

Proof. Let x be any element of K Since x 1is al-

A
geraic over K_, we write the minimal polynomial £(X) of x

_ me(e) X(m—l)p(e)

+
am—l

over K_ in the form £ (X) + ...

+ a (aa € K ) with e ¢ N as large as possible. Set bu =

0

p(-e) € Kwp(—e) (0 £ a <m) and g(X) = X+ b m-1

X +
Koop(—e)

a

o m-1

ees + bO' Then g(X) 1s a separable polynomial over
and g(x) = 0.
Assume, for some o (0 < o < m), that ba £ Ky » soO that

there exists a pair (i,v) ¢ IxN with v Z 0 (mod p(e)) and

Givau # 0 (see §2.8). Fix such an element 1 ¢ I, and set
n = min(veN| vZ0 (mod p(e)), §,,a,#0 for some a with O<a<m).
Applying Sin to 0 = £f(x) = xmp(e) + ... + agrs we get
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m-1 . (Xup(e)) _ Zm--l .Xup(e)‘

0 = Za=0 A+p=n6ixaa iy 0=0"1n o

This is a contradiction since at least one of sinaa (0 < o <

m) 1is nonzero.

Therefore, we conclude that ba € KA for all o (0 < a <

m) , that bOL e K anp(-e) c K nKi = K_, so that x 1is separab-

A A

ly algebraic over K_. g.e.d.

For simplicity, let U be a universal differential exten-

sion field of K (whence of K), and denote by L in Th.l~

A
Th.3 below a differential subfield of U.
We know that any extension field of Ka is regular over

Ka. Correspondingly we have the following theorem.

Theorem 1 Any differential extension field L of K, is
regular over KA”

Proof. Since KA is clearly algebraically closed in L
(see §2.8), it suffices to show that P  and K, are linearly
disjoint over KAp. Let Qgr e v Op be finitely many ele-
ments of I such that ulp, cee 4 anp are linearly dependent
over KA' Then we can see by induction on n that ulp, ceo
anp are linearly dependent over KAP.

We may suppose that n > 1, that any n - 1 of alp,
ces anp are linearly independent over KA’ and that
(1) O‘np - xlalp e Xn-lan—lp
with nonzero XyreeerX, 4 € K,. Set y. = x.p(_l) e K (1 <

n-1 A J J a

j £ n-1), and assume that at least one of them, say Yy is not
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contained in K Then, by §2.8, there exists a pair (i,v)

A
IXN such that v Z 0 (mod p) and Givxl # 0. Applying Giv
p

n-1 (a con-

= eq. P .
to (1), we get 0 = &, x;°0" + ...+ éivxn—l o

tradiction). g.e.d.

We know that if L' 1is a subfield of an extension field

of Ki' then the compositum L'Ki is separable over Ki‘ Cor-

respondingly we have the following theorem.

Theorem 2 For any differential field L (in U), the
compositum LK is a differential extension field of K

which is separable over K_.

Proof. Since LK 1is clearly a differential extension
field of K_, we have only to prove that LK is separable

over K_. Set K0 = KAn(LKw). Then, KA is separably algeb-

raic over Ko (see Prop.l), and KO is algebraically closed

in LK (see §2.8); hence LK and K are linearly dis-

A
joint over K0 (see Chap.I of [12]). Since LKA is regu-
lar over KA (see Th.l), we see (by Chap.I of [12]) that
LK 1is regular over KO, so that LK _ 1is separable over K_

because KO is separably algebraic over K-

Theorem 3 Let o be a differential isomorphism of K
into U, and L a differential extension field of K with
L c KA' Then o can be extended to a differential isomor-
phism of L into U.

Proof. Since L 1is an algebraic extension field of K,
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¢ can be extended to a field-isomorphism oy of L into

(GK)a (c Ua). We must prove that, for every element x of

L, 01X € U and divclx = olﬁivx (i e I, v € N)-.
Case I: x 1s separably algebraic over K. Let £f(X) =
n o _ Cs .
Za=oaax <au € K, a = 1) Dbe the minimal polynomial of x

over K, and set fG(X) = Zago(oaa)xa. Then fO(X) is the

minimal polynomial of 0% over oK, and 0, X is separably
algebraic over the differential subfield oK of U. It is
1¥X € U and that Sivcl

OlGivx (i e I, v eN by (1) of §l1.7.

straightforward to show that o X =

Case II: x 1is inseparably algebraic over K. Let H be

separably algebraic closure of K in L, and o, the restric-

tion of oq to H. Then, by Case I, o, is a differential

isomorphism of H into U that extends o¢. Let vy be any

element of L. Since L 1is purely inseparably algebraic over

H, there exists e € N which has the property that yp(e) e H

and that Giv(yp(e)) =0 for all i e I and for all v ¢ |
with v Z 0 (mod p(e)). Therefore

(Uly)p(e) = p(e)) € OZH = GlH c (OK)a IS Ua

and 6, ((oy i\)(oz(y—“’("'))) - ozdiv(yp(e)) = 0 for

all i eI and for all v e N with v Z 0 (mod p(e)). Hence,

by §82.8, we see that 0.y € UA = U and that

- p(e),,p(-e)
5ivcly - (ai,vp(e)((cly) ))

- p(e),,,p(-e) p(e),,p(-e)
- (Gl,\)p(e) (Gz(y ))) (Gzéi,\)p(e) (Y ))
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— p(e),,p(-e) _ p(e),,p(-e)
= (Oléi,vp(e)(y }) = cl(éi’vp(e)(y ))

..y (ie I, velN.

= g .
17iv

5.2. Conventions

Henceforth, in the general discussion of this chapter, we
fix a differential field K and a differential extension field
N of K with the set of derivation operators A = {§,| i ¢ I}
and the set of derivative operators ©. We suppose always that
the field N 1is finitely separable over K; elements El’
cee g gn of N are taken once for all such that N = K(El,
...,En) (hence N = K<El,...,£n>), that {gl,...,gn_l} is a
separating transcendence basis of N over K, and that En is
separably algebraic over K(El,...,gn_l). Na denotes a fixed
algebraic closure of N, and NA the differential closure in

Na of N. Let U be a fixed universal differential extension

field of N hence of N and of K (see §4.2 Lem.l and Cor.

AI
to this lemma). We set C = Nc (the field of constants of N)
throughout this chapter. In §5.6, we consider the case where
a certain extra conditions are satisfied by N.

L and M denote tacitly various differential extension

fields of K over which U is universal.

5.3. Differential isomorphisms

By a differential isomorphism of M we mean always a dif-

ferential isomorphism of M into ©U. Exceptionally by men-
tioning expressly, we deal with differential isomorphism whose
image is not necessarily contained in U.
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Lemma 1 If M 1is separably algebraic over L, then
every field-isomorphism over L of M into U 1is a diffe-

rential isomorphism.

Proof. Let ¢ be a field-isomorphism of M into U
over L. It suffices to prove by induction on v that, for

every X € M,

(*) ¢<6ivx) = 6iv(¢x) (1 e I, v ¢ N).

In case v = 0, (*) holds trivially. Suppose v > 0,
and let £(x) = 1, ax* (a c L, a_=1) be the minimal
polynomial of x over L (hence of ¢x). Then it is strai-
ghtforward to show (*) by the induction assumption (see (1)
of §1.7).

Proposition 2 If M 1is separably algebraic over L

with M # L, then, for each x ¢ M-L, there exists a differen-

tial isomorphism ¢ of M over L such that ¢x # x.

Proof. There exists a conjugate x' in U of x over
L and a field-isomorphism ¢ of L(x) = L<x> over IL onto
L(xf) = L<x'> such that x' # x and ¢yx = x'. By Lem.l, V¥

is a differential isomorphism of L<x> over L onto L<x'>.

Since L < M ¢ LS c L we see by Th.3 of §5.1 that ¢

AI

can be extended to a differential isomorphism ¢ of M. g.e.d.

Owing to K. Nishioka's suggestion, the hypothesis of the
following proposition has been made weaker than that of our

original proposition.
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Proposition 3 Let ¢ be a differential isomorphism of L

over K. If L 4is a finitely generated differential extension
field of K and if M 1is a finitely generated differential
extension field of L and separable over L, then ¢ can be

extended to a differential isomorphism of M.

Proof. Let Nyr =+« o+ Np be elements of M such that M
= L<nl,...,nm>. Let p denote the defining differential ideal
of (n) = (nl,...,nm) in the differential polynomial ring

L{Y .,Ym}, and pw the prime differential ideal in the dif-

1r--
ferential polynomial ring (wL){Yl,...,Ym} which consists of
all those differential polynomials of p by applying ¢ to
the coefficients. Since p 1is L-separable, pw is (yL)-
separable. Let ;l, . Cﬂ be elements of L such that L
= K<Cl""’cz>' Since YL = K<wcl,...,wc2> c U, U is a uni-
versal differential extension field of L by Th.4 of §4.4,
and pw has a generic zero (n') = (ni,...,n&) with n3 e U.

Thus, we can define a mapping ¢:

M= L<ngs...,ng> > (WL)<ng,.e.,ny>
by the formula ¢(A(n)/B(n)) = Aw(n')/Bw(n'), where A(Y),B(Y)
¢ L{Y,,...,¥ } with B(n) #0 and a’(v), BY(¥) denote dif-
ferential polynomials obtained from A(Y), B(Y) respectively
by applying ¢ to the coefficients. It is clear that ¢ is
a field-isomorphism of M extending . Now, for any two
elements A(Y),B(Y) ¢ L{Y} as above and for any (i,v) e

IxN, we can prove by induction on v that there exists
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C,,(Y) e L{Y} such that &, (A(Y)/B(Y)) = Civ(Y)/B(Y)V+l' To

do this, we use the formula

6ivA(Y) = Siv(A(Y)/B(Y))‘B(Y)

Vol (A(Y)/B(Y)) -6

2=0%iv (¥)

+ i,v—XB

(i e I, v ¢ N-{0}).
By means of this formula, we see easily that

§;,0AM)/B(n)) = ¢(5; (AM)/B(n))) (1 e I, v e N) .

Thus we conclude that ¢ 1is a differential isomorphism of M

which extends V.

5.4. Specializations of differential isomorphisms

This section and the next one are formal reproduction of
the corresponding part of Kolchin [4], but they contain some
new results (properties of KO of §5.4 and part (b) of Prop.
6 of §5.5).

Let (le j e J) and (xﬁ{ j ¢ J) be two families of
elements of U with the same set of indices J. If there
exists a differential homomorphism ¢ over K of K{xj! J €
J} onto K{xg[ j e J} with ¢(xj) = xj (5 « J3), (xél i e J)

is called differential specialization of (le j ¢ J) over K.

Lemma 2 Let (OAI A e A) and (Oil X e L) Dbe two fami-
lies of differential isomorphisms of M, both having the same
set of indices A. Then, the following three conditions are

mutually equivalent:

-119-



1° The family (Gixl Ae A, x € M) is a differential speciali-
zation of the family (OAXI Ae A, x e M) over M.

2° The family (oix} Ae A, X € M) is a specialization of the
family (OAX] A e Ay, X € M) over the field M.
[ _l, ~ T

OAOA : OAM 3 OAM (A € A) and

id are compatible, that is, there exists a ring-homomor-

3° The field-isomorphisms

M

. . . .
phism of M[UAEAOAM] onto M[UAeAOAM] extending ldM and
all olo,”t (e n).

Proof. Clearly, 1° implies 2°, and 2° implies 3°.
Let 3° Dbe satisfied, and let ¢ be a ring-homomorphism of

! i i T -1
M[u,_,0,M] onto M[u, ,0;M] extending id, and all

M 929

(A € A). Suppose that A(ka[ Ae A, x ¢ M) =0 for an ele-

ment A (X, y] A e A, x ¢ M) of the differential polynomial
A, X

ring M{XA,X[ Ae A, x e M}. Then 0 = ¢(A(ka| X e A, x € M)

= A(oixl X e A, x ¢ M). Therefore 1° is satisfied. g.e.d.

If (OAI A e A) and (oil A ¢ A) satisfy the conditions

of Lem.2, (o;| A ¢ A) 1is called specialization of (o,| A e A).
This binary relation in the set of all families of differential
isomorphisms of M is reflexive and transitive. We say that

(cil A e A) 1is generic specialization of (GA] A e A) 1if and

only if the former is a specialization of the latter such that
the latter is also a specialization of the former.

Let o0, o' be two differential isomorphisms of M, and
o' a specialization of o¢. If M > L, and if o is a diffe-
rential isomorphism of M over L, then so is o . Also, if
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0 1is a differential automorphism of M, then o¢' = o.

Lemma 3 Let M > L, and let (njl j ¢ J) be a family of
elements of M such that M = L<nj| j e J>. Let (0A| A e A)
and (oi[ A e A) be two families of differential isomorphisms
of M over L with the same set of indices A. Then, (o, |
X e A) 1is a specialization of (OA[ X e A) if and only if
(cinjl A e A, J e J) 1is a differential specialization of

(oxn.| A e A, § e J) over M,

J
This lemma is obvious.
Lemma 4 If o' 1s a specialization of a differential

isomorphism o of N over K, then
trdeg(N-oc*N) /N < trdeg(N-oN) /N,

and the equality holds if and only if o¢°' 1is a generic speci-

alization of o©.

Proof. Let p and p' be the defining differential ide-
als in the differential polynomial ring N{Xl’°°"xn} of (Gil,
...,ogn) and (o'gl,...,O'En) respectively. Since p' = p
by the hypothesis, we see the inequality of the lemma. By Lem.
2 and Lem.3, the specialization o' of o 1is generic if and
only if p' = p, and this equality takes place if and only if
trdeg(N+o'N)/N = trdeg(N-oN)/N. g.e.d.

Definition ILet M o L. A differential isomorphism o of
M over L is called isolated over L 1if there does not exist
any differential isomorphism of M over L of which o 1is

-121-



a nongeneric specialization.

Theorem 4 (a) If o 1is a differential isomorphism of

N over K, then
trdeg (N-oN) /N < trdeg N/K,

and the equality holds if and only if ¢ 1is isolated over K.
(b) There exist finitely many isolated differential iso-
morphisms Opr s 4 Oy of N over K such that every dif-

ferential isomorphism of N over K is a specialization of

one and only one of o o If N 1is regular over K,

17 s o1 O

then t = 1.

Proof. Let p be the defining differential ideal of
(gl,...,gn) in the differential polynomial ring K{Xl,...,Xn},
then trdeg N/K = dim p. By Th.7 of §3.8 and Cor. to this
theorem, Np is a perfect differential ideal of the differen-
tial polynomial ring 'N{Xl"’°’xn} with a finite number of
finitely N-separable prime differential components Pl’ cee
Pt (t being 1 if N 1is K-regular), with dim Pk = dim p
(1 <k < t), every generic zero of each Pk (1 < k < t) is a

generic zero of P, and each generic zero of p 1is a zero of

IA

one and only one of Pk (1 k < t). Let be a

(gkl’.‘.'gkn)
generic zero of Pk (1 <k < t) with gkj e U (1 £ 3j < n).

Then, for each k (1 < k < t), there exists a differential iso-

morphism o of N = K<gl,...,gn> onto K<£kl,...

> over
k

r&xn

K with o (L <3j <n), and trdeg(N-ckN)/N = trdeg

k59 T fxj
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N/K. If o 1is any differential isomorphism of N over K,
then (ogl,...,ogn) is a generic zero of p and hence is a
zero of a unique Pk' By Lem.3, 0 1is a specialization of a

We see that each o, (1 s k < t) is isolated

k* k
over K, that +trdeg(N+oN)/N < trdeg N/K, and that the equali-

unique O

ty takes place if and only if o 1is isolated over K (see

Lem.4) .

Corollary Let o be a differential isomorphism of N
over K. Then, o is isolated over K if and only if N and

oN are algebraically disjoint over K.

Proof. By (a) of Th.4, o is isolated over K if and
only if +trdeg(N-oN)/N = trdeg(oN)/K, that is, if and only if
N and oN are algebraically disjoint over K. g.e.d.

Let KO denote the algebraic closure of K in N. Since

KO is separably algebraic over K, KO is a differential sub-

field of N. We claim that KO is of finite degree over K,

and that N is finitely regular over KO. If an element «

of K0 is of degree & over K, it is also of degree &

over K(Zy,...,E _;), hence [N:K(Ej,...,E )] = [Ko(gl,...,

n-—

£ 1) iK(Ep ..o E 1 = [K:K]. since £y, ... , & are

n-1
algebraically independent over KO and En is separably al-

gebraic over Ko(gl,...,gn_l), N is finitely regular over KO.

Thus the claim is established.

Proposition 4 Let o and o' be differential isomor-

phisms of N over K such that o 1is isolated over K and
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O'KO c N (whence o'KO = KO). Then we see as follows:

(a) NnoN = KoncKo.

(k) o' 1is a specialization of o if and only if o

and o' coincide on KO. When this is the case, N and oN
. e 0
are linearly disjoint over K- .

Proof. (a) Since o 1is isolated over K, N and oN

are algebraically disjoint over K (see Cor. to Th.4}, whence

NnoN < KO. Similarly NnoN c GKO. Therefore, NncN = KOnGKO,

(b) Suppose that o' is a specialization of o. Then

there exists a surjective differential homomorphism ¢: N{OKO}

- N{O‘Ko} over N with ¢ok = o'k for all «k «¢ k%, Since

every element of the differential field OKO is algebraic over

N, it follows that N{ok’} = N-ox°. Therefore, ¢ 1is actually

. . . . 0
a differential isomorphism of N-oK onto N over N, whence

o) . . . 0
gK~ < N, and; o and o' coincide on K~ . Conversely, suppose

that ¢ and o¢' coincide on Ko. Then OKO = O'KO = K0 and

=1 ) . . . -
c'o is a differential isomorphism of oN onto o'N over

KO. Since N and oN are algebraically disjoint over K
(whence over KO), and since N 1is Ko—regular, N and oN
are linearly disjoint over KO (see Chap.I of [12]). There-

-1 . . . Vs
fore, o'o can be extended to a surjective ring~homomorphism

N[oN] » N[o'N] over N, hence o' 1is e specialization of o

Corellary (a) If Opr +-- + O are differential isomor-

phism of N over K having the property stated in part (b)
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of Th.4, then the differential field of invariants of Oy
cee 4 Ot is K.

(b) If o0 is an isolated differential isomorphism of N
over K of which idN is a specialization, then the differen-
tial field of invariants of ¢ is KO, and a differential iso-
morphism o¢' of N over K is a specialization of o if

and only if o' 1leaves invariant every element of KO,

Proof. (a) Let & ¢ N be an invariant of ol, oo Gt°
Then £ ¢ KO by part (a) of Prop.4. Since, by Prop.3 of
§5.3, every differential isomorphism ¢ of KO over K can
be extended to a differential isomorphism of N, every such
leaves & invariant (see part (b) of Th.4). Therefore, we

conclude by Prop.2 of §5.3 that & ¢ K.

(b) This is obvious from part (b) of Prop.4.

5.5. Strong differential isomorphisms

A differential isomorphism o of N 1is called strong if
it satisfies the following two conditions:
1° o 1leaves invariant every element of C.
2° ON c N-UC and N c ON-UC (or, equivalently, N-UC =

ON'UC).

Clearly, every differential automorphism of N over C is
strong.

For any differential isomorphism o¢ of N, let C(0) de-
note the field of constants of ,N*oN. Under the condition 1°,
the first inclusion in 2° 1is equivalent to the inclusion
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N+ON < N-U, which, by Prop.7 of §3.7, is equivalent to the
condition N+oN = N-C(o). Similarly, the second inclusion in
2° is equivalent to the condition N+<oN = oN-<C(o). Therefore,
the differential isomorphism o of N over C 1is strong if

and only if
N*C{(o) = NeoN = oN-C(0).

Proposition 5 If ¢ is a strong differential isomorphism

of N, then
trdeg(N-oN) /N = trdeg C(o)/C.

Proof. Since Ne-<oN = N-C(¢), this proposition is a con-

sequence of Cor. to Prop.6 of §3.7.

Proposition 6 Let ¢ be a strong differential isomor-

phism of N over K. Then we see the followings:
(a) C(o) 1is a finitely generated extensicn field of C.

(b) If o 1is isolated over K, C(o) 1is separable over

Proof. (a) By Prop.5, trdeg(N+oN)/N = trdeg C(o)/C. Let
this transcendence degree be r, and Yl’ see s Y, X elements
of C(o) which are algebraically independent over C. Then,
by Prop.6 of §3.7, these Yyr +++ s Y, are algebraically inde-
pendent over N, whence N+oN 1is algebraic of finite degree,
say &, over N(yl,...,yr). Hence, every element of C(o) is
algebraic of degree < { over N(Yl,...,yr), and, again by

Prop.6 of §3.7, over C(yl,...,yr). Therefore, we see that
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C(c) 1is algebraic of finite degree over C(yl,...,yr), SO
that C(o) is finitely generated over C.

(b) By Cor. to Th.4 of §5.4, the hypothesis implies that
N and oON are algebraically disjoint over K. Since {ogl,
...,ogn_l} is a separating transcendence basis of oN over

K, and since oal, e e ’Ogn-l are algebraically independent

over N, N¢C(o) = Ne¢ON = N(o&l,.,.,agn_l,cin) is separable
over N. Let {Yii°°°rYé} be a finite set of elements of

i = [ t s ® — v v
C(o) with C(o) = C(Yl,OQQ,yS)a Since N<C{(0o) N(Yl,.,.,ys)

is separable over N, a separating transcendence basis of

NeC(o) over N can be chosen from among the yi, e e g yé p

whence r < s. We may suppose that Yyr o eee 0 Y be a sepa-

:
r
rating transcendence basis of N-<C(o) over N. Then we see
by Prop.6 of §3.7 that every element of C(o) 1is separably
algebraic over C(yi,..,,yé), so that C(o) is separable over
C.
Theorem 5 Each strong differential isomorphism of N

can be extended to a unique differential automorphism of N-Uc
over Uc' Conversely, the restriction to N of each diffe-

rential automorphism of N'Uc over Uc is a strong differen-

tial isomorphism of N.

Proof. N and Uc are linearly disjoint over C. If o
is any differential isomorphism of N over C, oN and UC
are linearly disjoint over C. Hence ¢ can be extended to a
unique differential isomorphism o* of N-Uc onto 0N~Uc

-127-



over Uc. When o¢ is strong, oN'UC = N-Uc and o* 1is a dif-

ferential automorphism of N'Uc. The converse 1is clear. g.e.d.

By virtue of Th.5, the set of all strong differential iso-
morphisms of N is identified with the set of all differential
automorphisms of N-Uc over Uc’ Since the latter set has a
natural group structure, this identification makes the set of
all stromg differential isomorphisms of N a group. If L <
N, the set of all strong differential isomorphisms of N over
L is a subgroup of this group, canonically identified with the

group of all differential automorphisms of N-U, over L-U_,.

Proposition 7 If ¢ and T are strong differential

isomorphisms of N, then C(0)-C(oT) = C(o)C(T) = C(oT)C(T)

and C(o 1) = c(o).

Proof. We see that

1 1 1

N-C(0) = N.oN = o(0 IN+N) = o(o N-C(o™ 1)) = N-C(c™ 1),

1

hence, by Prop.7 of §3.7, that C(g) = C(o 7). Similarly,

NeC(o)*C(oT) = Ne*oN*0TN = N*o(N+*TN) = N+o(N-C(T))

= N+oN+C(t) = N+C(0)+C(1),
whence C{(o)+C(o1) = C(0)+C(1). Finally, replacing o, 17 in
this equation by T-l, O—l respectively, we find that

cirhectr o™ = ctrhco™h,

so that C(t)-C(oT) = C(T)C(0).

Proposition 8 Every specialization o¢' of a strong dif-
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feretial isomorphism o of N 1is strong.

Proof. It suffices to show that o¢'a € N-U, and o €
o'N-U_ for each o e N. Let {BAI A ¢ A} be a linear basis
of the field N over C. Since oo ¢ N-UC , we can write it
in the form oa = ZXeA'aABA/ZAeA'bXBX , where a, ’bA € Uc
with bA not all zero and where A' is a finite subset of A.
Therefore, (Bx-aa, BAI A e A'") 1is linearly dependent over U,-
By Th.6 of §3.6, we see that (8,-0'q, BAI X e A') 1is linear-
ly dependent over UC ;, SO that there exist ai ,bi € Uc not
all zero with ZXEA,biBX=o'a - ZXeA‘ain = 0. Since
szA'biBA can not be zero, ofa = ZXeA'aiBA/ZAeA'biBA € N-Uc.
Similarly o e O’N'UC. g.e.d.

If o' 1is a generic specialization of a strong differen-
tial isomorphism o of N, there exists a unique differential
isomorphism of N+:oN onto N<o'N over N that maps oa onto
oca for every o € N. Restricting this, we get a field-iso-
morphism C(0) ;_C(o') over C which we call the isomorphism

induced by the generic specialization and which is denoted by
o',o

Proposition 9 Let o be a strong differential isomor-

phism of N.

(a) If o' 1is a generic specialization of o, and o"
is a generic specialization of o¢' (whence of o), then
SO",G'OSC',U = SO—"'O'

(b) If S 1is any field-isomorphism over C of C(0)
-129-



onto a subfield C' of Uc , then there exists a unique gene-

ric specialization o' of o such that C(¢') = C' and S =

o',0
Proof. (a) By hypothesis, there exist differential iso-

morphisms N-+oN i N+¢o'N, N+o'N il N¢o"N and N-+oN 5 N+-o"N,

and the composite of the former two isomorphisms is the last

one. This implies the conclusion of (a).

(b) C(o) and N are linearly disjoint over C, and so
are C' and N. Therefore, S can be extended to a field~iso-
morphism T over N of N-C(s) onto N+C', and T 1is a dif-
ferential isomorphism. If we define a mapping o' of N into
U by the formula o¢'a = T(oa) (o ¢ N), then o' 1is a diffe-
rential isomorphism of N over C. We see that T is a dif-
ferential isomorphism N-+oN 5 N+o'N, so that o' 1is a generic
specialization of o, C' = C(c') and S = So',c' The unique-

ness is clear.

Proposition 10 Let o, o', 1, T' be strong differential

isomorphisms of N.

(a) If (o', t') 1is a specialization of (o, 1), then

7') is a specialization of (o7, o710y,

(b) Suppose that o¢' and T' are generic specializa-
tions of ¢o and 1 respectively. If (o', 1') 1is a specia-

lization of (o0, 1), then the induced isomorphisms S and

o',o

ST, . are compatible, and conversely.
I

(c) Suppose that o' and 1' are generic specializa-
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tions of o©o and T respectively, and let ¢: C' > C" Dbe a

homomorphism between subrings of Uc' If ¢ and the induced

-1

isomorphisms S and ST. . are compatible, then o'

14
. . . . . -1 -1
is a generic specialization of o and o¢' “1°

lization of c_lr; when the latter specialization is generic,

o',o
is a specia-

then ¢ and the induced isomorphisms S -1 -1 and
ol ;O

S are compatible.

=li

o' “t',0 "1

Proof. (a) By hypothesis, there exists a ring-~homomor-

phism £: N[oN, TN] - N[o'N, T'N] such that £f{a) = a, f(oa)

c'a, £f(ta) = 7'a¢ (o ¢ N). Define a mapping g of N[o_lN,

o 1tN] by the formula g(x) = o' %

(£(ox)) (x e N[o~In, 0" Ny,
then g 1is a ring—homomorphism

=1 -] - =] - P
N[oc "N, o "IN} -» N[o® "N, of lT'NJ

with g(a) = o, g(U—ld) = o'y, g(a_lTa) = o' I (o e N) .
Therefore, (c'ul, O'_lT') is a specialization of (G-l, O—lT).
(b) Suppose that (o', 1') 1is a specialization of (o,T).

Then the homomorphism £ above maps N[oN] and N[TN] iso-
morphically onto N[o'N] and NI[T'N] respectively, and hence
can be extended to a ring-homomorphism N[N*oN, N¢«1N] > N[N-0'N,

N¢T'N]. This homomorphism is an extension of S and

o',o

- Conversely, suppose that the induced isomorphisms
14
Sg, . and ST. . are compatible, namely there exists a ring-

t4 4

homomorphism C[C(c),C(T)] - C[C(c'),C(T')] which extends
them. Since N and UC are linearly disjoint over C, this
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homomorphism can be extended to a ring-homomorphism £f: N[C(o),
C(t)] - N[C(o"),C(T')] over N. Since f maps N[C(0)] and
N[C(t)] disomorphically onto N[C(c')] and N[C(T')] respec-

tively, £ can be extended to a ring-homomorphism g: N[N-<ON,

N+TN] > N[N+o'N,N-eT'N] with g(a) = o, g(oa) = ¢'a, g(ta) =
T'a (o € N). The restriction homomorphism h: N[oN,TN] -
N[o'N,T'N] satisfies h(oca) = oc'a and h(ta) = 1'aa (o € N).

Therefore, (o',T') is a specialization of (o,T).
(c) By hypothesis, there exists a ring-homomorphism

NC[C',C(O),C(T)] > NC[C",C(O'),C(T')] which extends ¢, SO',O

and ST. ot We see by (b) that (o',t') 1is a specialization
7

of (o,t), hence by (a) that (c'_l,o'_lr') is a specializa-
tion of (O—l,O—lT), so that o' Y and o' tt' are speciali-
zations of c-l and O—lT respectively. Since o¢' is a gene-
ric specialization of o, we see by (a) that o‘—l is a ge-
neric specialization of c_l. To prove the last assertion of
(e¢), suppose that O'—lT' is also a generic specialization of
o 11, Define a mapping k of NIC',o N, o o] by the for-
mula k(x) = o'_l(h(ox)) (x e N[C',O—lN,O_lTN]), where h is

the ring-homomorphism NI[C',oN,TN] - N[C",0'N,T1'N] over N
obtained in the manner similar to the proof of (b) and ex-

tending ¢. Then, k 1is a ring-homomorphism N[C',O—lN,O—lTN]
1 1 c—l

> N[C",0' "N,0' "1'N] over N extending ¢ such that k(o ~a)
= o‘—la, k(o ra) = o' Tra (o« N), and that k maps
N{o !N] and N[o 1n] isomorphically onto N[o' N] and
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lT'N] respectively. This k can be extended to a ring-

_lN,N-O'_lT'N],

N[o"™
. . -1 -1 " .
homomorphism N[C',N-o "N,N.c “TN] - N[C",N-C

which is a common extension of ¢, S and S
-1 -1 -1, -1
o ;0 g T',0 "1

Corollary (a) If o is a specialization of the strong

differential isomorphism o of N, then o't is a speciali-
zation of 0-1. When the former specialization is generic,

then so is the latter, and S =S

g',c -1 =1°

o’ s O

(b) If o' and 1' are generic specializations of the
strong differential isomorphisms o and 1T of N respective-

ly such that S and S_, are compatible, then o°1' 1is

g',o T ', T

a specialization of ot1. When the last specialization is gene-

ric, and ¢: C' » C" 1is a homomorphism between subrings of
Uc such that ¢, So‘,o and ST,,T are compatible, then ¢
and S are compatible.

o't',0T
Proof. (a) This follows from Prop.8, parts (a) and (c)
of Prop.l1l0 and Prop.7.
({b) By part (a) of this corollary, we may replace o0,

[ ] 1 "l _l .
o' by o 7, ¢f in part (c) of Prep.l0.

5.6. Strongly normal extensions and Galois groups

We call N strongly normal extension of K if every dif-

ferential isomorphism of N over K 1is strong. (See Examp.l

of §5.8 below.)

Proposition 11 If N is strongly normal over K, then
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Proof. By the hypothesis and 1° of §5.5, elements of C
are invariant under every differential isomorphism of N over

K. We see by part (a) of Cor. to Prop.4 of §5.4 that C < K.

Proposition 12 Suppose that C = Kc , and let Opr =or

o be differential isomorphisms of N over K having the

t
property described in part (b) of Th.4 of §5.4. 1If ckN c

N-Uc (1 <k £ t), then N is strongly normal over K.

Proof. Let o be any one of Ol’ ees 4 O We get oN

p
c N+<C(o) by the beginning part of the proof of Prop.8 of §5.5.
By Cor. to Th.4 of §5.4, N and oN are algebraically disjoint
over K; hence El, ce e 4 En—l are algebraically independent
over oN, and ¢ is separably algebraic over (oN) (Eq/r-ny
gn—l)' Therefore, NeoN = (ON)(El,---IEn) is finitely sepa-
rable over oN, and we see by Prop.3 of §5.3 that the differen-
tial isomorphism c—l: oN 3 N can be extended to a differen-
tial isomorphism ¢ of N+oN into U. Let T denote the

restriction of ¢ +to N, then T 1is a differential isomor-

phism of N over K. Thus we get a differential isomorphism

¢: N-oN 3 TN*N over K with ¢N = TN, ¢(oN) = N and
$(C(o)) = C(t). Since T 1is a specialization of one of Oqr
cee g Ot , we get TN c N+C(1t) similarly as in the beginning

of this proof; hence

N =Tt e ¢7hmec(n)) = ¢ hweeTh (1)) = oneclo).
Therefore, we see that every one of Opr =ve v Op is strong,
and by Prop.8 of §5.5 that every differential isomorphism of
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N over K is strong.

Proposition 13 Suppose that N is strongly normal over

K. If o is a differential isomorphism of N over K, C(o0)
is a finitely generated extension field of Kc' Moreover, if

o 1is isolated over K, C(c) 1is finitely separable over Kc'

Proof. Since C = K. by Prop.ll, this follows immedi-

ately from Prop.6 of §5.5.

Theorem 6 Let N Dbe strongly normal over K, and G

the set of all differential isomorphisms of N over K. For

two elements o0,0' ¢ G, let o > ¢' mean that o' is a spe-
cialization of o; when o 4+ ¢' (that is, when o¢° 1is a ge=-
neric specialization of o), let Soﬂyo denote the induced

isomorphism C{o) e C(c'). These data define on G a pre-C-

set structure relative to the universal field Uc in the
sense of Chap.V of [4]. This pre-C-set structure of G and
the group structure of G introduced in §5.5, define on G a
C-group structure. The dimension of the C-group G eqgquals

the transcendence degree of N over K.

Proof. It is necessary to verify the axioms of §§2~3 of
Chap.v of [4]. For any o0 ¢ G, C(o) is by Prop.l3 a finite-
ly generated extension field of C in U.- The relation o -
o' 1is reflexive and transitive by §5.4. For each pair o,0’
G with o ++ o', associate the field-isomorphism So',c over

C. By Lem.4 of §5.4, Prop.5 of §5.5, part (b) of Th.4 of
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§5.4 and part (b) of Prop.6 of §5.5, axiom AS1 holds true.
Axiom AS2 follows from Prop.9 of §5.5. Therefore, G has a
pre-C-set structure relative to the universal field Uc'

Axiom AGl follows from Prop.7 of §5.5. By part (c) of
Prop.10 of §5.5 and part (a), (b) of Cor. to that proposi-
tion, axioms AG2 (a) and (c) are established. Axioms AG2 (b)
and (d) will be verified in the next paragraph. To prove
axiom AG3, suppose that o 1is an isolated differential isomor-
phism of N over K with o ~» idN; we must show that C(o)
is C-regular. But, N 1is regular over Ko (see §5.4), and
so is oON over oKO. Moreover, we see, by part (b) of Prop.
4 of §5.4 applied to o and idN , that UKO = KO and that N
and oN are linearly disjoint over KO. Therefore, Ne+oN =
N+C(o) 1is N-regular (see Chap.I of 1{12]). Then we see that
C (o) is C-regular, because N and C{(o) are linearly dis-
joit over C (see also Chap.I of [12]).

Now, to prove axioms AG2 (b) and (4), let o,t,0',T' ¢ G
with o » o' and 1 -~ 1'. Let p respectively ( denote

-1

the defining differential ideals of o_lgl, eee 4, O & res-

n
pectively TEl, e o rgn in the differential polynomial rings

N{Y ,Yn} respectively N{2 ..,Zn} over N. Then, by

IRARE 17
Th.7 of §83.8 and by Th.1l of §5.1, N,p and N, have finitely
NA-regular components, say pl, cee 4 Dr and ql, cee qS
respectively. Each differential ideal raB = (pu, qB) (1 < o
< r, 1 <B < s) of the differential polynomial ring NA{Yl’

...,Yn,Zl,...,Zn} is prime and N,-regular (see Prop.l of
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(n(a,B) (a,B)

§4.1), and therefore has a generic zero 1 s T

(a,B) (o, B) . (a,B) _(o,B) (o, 8)
[ R L ) with n 3 ' 3 ¢ U, where (n 1

,n(aés)) is a generic zero of

ruBnNA{Yl""'Yn} = ﬁu and
(n(d,B) (a,B))

1 reoe N n is a gene-

of DunN{Yl”"’Yn} = D, hence
ric differential specialization of (c_lgl,...,o—lgn) over N

and over K. Therefore, there exists a strong differential

. . -1 . -1 . (O’»!B)
isomorphism GuB of N over K with 0@6 Ej =7 i (1 <
j < n). By Lem.3 of §5.4, we see that et N oaélo Similar-
ly, there exists a strong differential isomorphism TaB of N
over K such that Tang = g(aéﬁ) (1 < 3 < n) and T <«- TdB”
By hypothesis, we see that O_l - (0”)”l (see part (a) of
Cor. to Prop.l1l0 of §5.5), so that ((0“)“151,,50,(0‘)=l£n) is

a zexo of D and hence of some Du ; and similarly, that

(T’El,eaa,Tagﬂ) is a zero of some qB, Thus, for some pair
ii
, -1 -1 .
(a,B), ({c") €l,anu,(0') &n,T'El,,,.,T'En) is a zeroc of
ruB , that is, a differential specialization of (Guglgl,aaei
-1
GdB En,TaBgl,.,.,TQBEn) over NA and hence over N. By Lem.3
of §5.4, (T’,(o‘)_l) is a specialization of (TQB,Oagl).
Therefore, by Prop.l0 of §5.5, ((T')_l,(T"_l(G')_l) is a spe-
. . . -1 -1 - v i
cialization of (TaB ,TuB GQB ), and OaBTaB -+~ o'1t'. Moreover,
GuB and Tag 2Tre guasi-independent over C 1in the sense of
[4]; and, if o .7 <> o'1t'" and T <> T', then the induced
oB "oB aB
: . ~ LIS | ~ ' -
isomorphism C(OaBTaB)-+ C(o'1*) and C(TQB).q c(t") are com

patible. This proves axiom AG2 (b), and also (d) because

0_1 - (O')-l whenever ¢ - ¢o'. Thus G 1is established as a

C-group.
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Finally, let o¢ be a C-generic element of the C-compo-
nent G0 containing idN of G, namely, an isolated differen-
tial isomorphism of N over K with o > idN. Since N and
C(o) are linearly disjoint over C (see Cor.2 to Th.6 of §3.

6), and N and oN are algebraically disjoint over K (see

Cor. to Th.4 of §5.4),

trdeg C(o)/C trdeg(N+<C (o)) /N

trdeg(N-oN) /N = trdeg N/K.
This completes the proof of the theorem. g.e.d.

By this theorem, the set of strong differential isomor-
phisms over K of the strongly normal extension N of K has
a natural structure of C-group relative to the universal field

Uc' This C-group is called Galois group of N over K, and

denoted by G(N/K), and its component of the identity by

c% (n/x) .

Proposition 14 Let N be strongly normal over K. Let

C' Dbe an extension field of C in U, such that U is uni-
versal over (NC')A. Then NC' 1is a strongly normal extension
of KC' with field of constants C', and the C'-group G(NC'/
KC') 1is the induced C'-group of the C-group G(N/K), both
these groups being identified with each other by means of their
canonical identification with the group of differential auto-
morphisms of N-Uc over K-UC.

Remark We can see that there exist fields CC' satisfying
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the hypothesis of Prop.l4. Since the field of constants of N,
is an algebraic closure Ca of C (see the end of §2.8), we
get N-Ca c NA and (N'Ca)A = NA' Hence U 1is universal over
(N-Ca)A. Moreover, let Yyr see 4 Yy be finitely many ele-
ments of UC , and C' any subfield of Ca(Yl,...,yr). Then

1 e ° =
NC' c (N Ca)(yl,...,yr) c (N Ca)A(Yl""’Yr) NA(Yl,...,yr).

Therefore, by Th.4 of §4.4, we see that U 1is universal over

NC*'.

Proof of Prop.l4. We see by Prop.6 of §3.7 that N and
KC' are linearly disjoint over K. Hence NC' is finitely
separable over KC'. To prove that NC' is strongly normal

over KC', let o0 be any differential isomorphism of NC'

over KC* 1into U. Since the restriction of ¢ +to N is
strong, o(NC*®) = oN-ogC' c N«Uceoc“ c NC’°Uc , and similarly
NC' < G(NC')sUC, Therefore, NC' 1is strongly normal over KC'.
Hence we see by Prop.ll that (NC')c = (KC“)c and by Prop.7 of

§3.7 that (NC')c = C'.

Identify o with the differential automorphism of NC"UC
= N-Uc over KC'-UC = K-UC that extends ¢, and hence also
with the strong differential isomorphism of N over K to

which o restricts. If we denote by C'(o) the field of

constants of NC'-o(NC'), we find that N-C' (o) NC'+C' (o) =

il

NC'+0(NC') = N+ON+C' = N+C(0)+C', whence C'(0) C(o)C' by
Prop.7 of §3.7. If o' 1is a specialization of o in G(NC'/
KC'), then (0'c| o € N) is a differential specialization of
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(oa] o € N) over NC', hence over N, and o' 1is a speciali-
zation of ¢ in G(N/K). When the specialization in G(NC'/
KC') is generic, there exists a differential isomorphism

NC' -oN ad NC'«0'N over NC' mapping oa onto o'o for every

o ¢ N, and this restricts to a differential isomorphism N-+oN 3

N+o'N over N, and the specialization in G(N/K) is generic.

]
The induced isomorphism SO? Gt C' (o) 5 C'(o') 1is a restric-

tion of the former of two differential isomorphisms above, and

the induced isomorphism SO? ot C(0o) % C(o") is a restriction
L4
L}
of the latter, and hence Sa? . is an extension of Sc?
14

This shows that the identification mapping G(NC'/KC') - G(N/K)

,0°

is a (C',C)-homomorphism in the sense of §5 of Chap.V of [47].
Now, let H be any C'-group relative to the universal
field Uc and f: H - G(N/K) a (C',C)-homomorphism. To
complete the proof of the proposition, we must show that £ 1is
a C'-homomorphism of H into G(NC'/KC'). For any vy ¢ H,
C'(y) » C(f(y)) because f 1is a (C',C)-homomorphism, hence
C'(y) o C(f(y))C"'" = C'"(f(y)) Dby the above. If vy <> y' in

1 ]
H, then f(y) <> £(y') in G(N/K) and sy? , extends

r
C C . .
Sf(y'),f(y) and hence Sf(y'),f(y) and ldC' are bicompa
tible. Since N and CIC(f(y)),C'] are linearly disjoint
over C, as are N and C[C(f(y')),C"'], it follows that idN ’

(y')cf(y)’ idCI are bicompatible, and hence that there

S¢
exists a differential isomorphism N-C(£f(y))-C" 3 NeC(f(y"'))-C?

. C . . . .
over NC' extending Sf(y'),f(y)’ that is, a differential iso-

-140-



morphism NC'-f(y) (NC') ~ NC'-f(y')(NC') over NC' that maps

f(y)a onto f(y')o for every o ¢ N. Therefore, f(y) <~
c' c'
1] 1 1 L} . It
f(y') in G(NC'/KC') and Sy' y extends Sf(y'),f(y)

14

follows that f 1s a C'-homomorphism.

5.7. The fundamental theorems

The conventions stated in §5.2 still work in this section.
If L < M, we denote by G(M/L) the set of all differential
isomorphisms over L of M into U although G(M/L) has not
necessarily a group structure. Moreover, N 1is always suppo-

sed strongly normal over K.

Lemma 5 Let N > M and let 1L be purely inseparably al-
gebraic over M. Then, U is also a universal differential ex-
tension field of NL, and G{(NL/L) is canonically identified

with G(N/M).

Proof. Since NL c NA ; we see by Cor. to Lem.l of §4.2
that U 1is a universal differential extension field of NL,
and by Th.3 of §5.1 that each differential isomorphism o in
G(N/M) can be extended to a differential isomorphism o° in
G(NL/M). This o0' 1is uniquely determined by ¢ because NL

is purely inseparably algebraic over N. It is now clear that

G(NL/M) can be identified with G(NL/L). g.e.d.

We use in this section the notation M, = MAnMi intro-

duced in §5.1.

Lemma 6 If N > M, then N-M_ is strongly normal over
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M, and the Galois group G(NMW/MW) is identified with G(N/

M) which is a C-closed subgroup of the Galois group G(N/M).

Proof. It is clear by Lem.5 that U is a universal dif-
ferential extension field of NM and that G(NMw/Mw) = G(N/
M). By Th.2 of §5.1, NM_  is finitely separable over M_.

Let o0 be any element of G(NMm/Mw). Since o0 e G(N/M) c
G(N/K), we see by Th.5 of §5.5 that o can be uniquely extend-
ed to a differential automorphism of N-Uc over Uc , hence

that o leaves invariant every constant of NM_, and that
c(NMm) = ON*M_ < NUCMOo = (NMm)Uc ’

NM_ < (oN)UM_= o(NM_)U_.
c ©’ "¢
Therefore, NM_ is strongly normal over M-

. = - p (=)
Since Mc = C, we see that (MA)C = Ca and Ci c M ’

so that Ci c (MAnMp(—m))c = (Mw) . Conversely, let vy ¢

C
p(e)

(Mw)c. Then, there exists e ¢ N with vy e M, whence

p(e) - -

Y € Mc C and (Moo)C c Ci’ Thus we get (Mw)c = Ci'
Therefore, by Th.6 of §5.6, G(NM_/M ) 1is a Ci—group, and it
is now clear that G(N/M) is a C-closed subgroup of the C-

group G(N/K) (see Chap.V of - [4]).

Lemma 7 Let H be a C-subgroup of G(N/M). Let L
and L' Dbe the fields of invariants in N and N-CS of H
respectively. Then

(a) L' and N are linearly disjoint over L.

(b) L' = L'Cs.
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Proof. (a) Let Yir =oe 1 ¥ be finitely many ele-

s+l
ments of L' that are linearly dependent over N. We have to
show that they are linearly dependent over L. For this object,

suppose as we may that any s of Yyr -+ » Yg,q are linear-

ly independent over N. There exist nonzero elements a

l, L ?
_ s
og of N such that Yo41 = Zk=lakyk'
Case I: 0oy = oy (1 <k <s) for every o ¢ HC (the set
s
of all elements of H that are rational over Cs). Set H! =

{1eG(N/K)| ta,=a, (1<k<s)} = G(N/K<4;,...,0_>). We see by Lem.6
k Tk 1 s

that H' 1is a C-closed subgroup of G(N/K). Since H c H'

C
s
and since HC is dense in H (see Chap.V of [4]), we conc-
s

lude that H < H', that oak = oy (1 <k < 8) for every o «
H, so that Oy € L (1 <k < s),

Case II: There exist 00 € HC and k(0) (1 < k(0) < s)

s

such that Goak(O) # ak(O)“ Suppose k(0) = 1 as we may.

. _ _ s s - =
Since Yor1 = T9¥ge1 = Zk=lgoukyk {(whence Zkzl(coak ak)yk 0),

ans since o,o

0% ~ % # 0, we get

S

(1) 2oy

BrYy =

with Bk = (Goak—ak)/(ooal—al) € N'OON = N'C(OO) (1 <k < s).

Now, C(GO) c CS , and there exists vy ¢ CS such that C(oo) =
C(y). Let Yyr see 0 Yy (t=[C(00):C]) be all the conjugates
in U of Yy over C. For each h (1 < h < t), a field-iso-

morphism of C(o over C 1is determined with ¢h(y) =

Yy v and there exists a unique oy € G(N/K) with o

“~> O

0 h
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such that C(Oh) = C(yh) and ¢h =S C . We see by Prop.l4

%
€ G(NCS/KCS), so that o

of §5.7 that o (1 <h < t,

h n'k = Yx
1 <k < s).

Since N and Uc are linearly disjoint over C(C, N-C(UO)
is finitely separably algebraic over N with [N'C(OO) : N] =
t, and NoC(ch) (L < h < t) are all the conjugates of N'C(GO)
over N, and, for each element w of N~C(GO), oW (1 < h < t)
are all the conjugates of w over N. Now, we see by the
above the existence of an element o of N-C(oo) such that

t
(2) z,-j0p0 # 0.

Multiplying (1) by such an element o and applying 0, ¢ We
get zkiloh(ask)yk =0 (L <hz<t) and

221 (e 0h (08 ) vy = 0
with Zh:lch(ask) e N (1 £k <€ s); and this implies by (2)
that Yir -+ ¢+ Yg are linearly dependent over N. This con-
tradiction shows that Case II never takes place.

(b) Let (CAI X € A) be a family of elements of Cq
that makes a linear basis of N~CS over N. Let y be any
element of L', and write y in the form vy = erAvkcx with
v,y € N. Then vy and Cy (A ¢ N) are linearly dependent over

N; hence, by part (a), they are linearly dependent over L.

Thus we see L' < L-Cs.

Theorem 7 (a) Suppose M < N. Then G(N/M) is a C-
closed subgroﬁp of G(N/K). If L 1is the field of invariants
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in N of G(N/M), L 1is the purely inseparably algebraic clo-
sure in N of M and G(N/M) = G(N/L).

(b) Suppose H a C-closed subgroup of G(N/K). If L
is the field of invariants in N of H, then L is purely

inseparably algebraically closed in N and H = G(N/L).

Remark In order that Th.7 should have the usual formula-
tion of the fundamental theorem of Galois theory, some extra
condition is necessary as we see in Examp.2 of §5.8 below.

The condition C = Ci in Cor. to Th.7 is such a condition.

Proof of Th.7. (a) We see by Lem.6 that NM_ is strong-
ly normal over M_, that G(NMw/Mm) = G(N/M), that this is a
C-closed subgroup of G(N/K), and by part (a) of Cor. to
Prop.4 of §5.4 that M is the field of invariants of G(NM_/
M_). Therefore, we see that L c NnM_ < NnMi ; that L »- NnMi ;
so that L = NnMi , namely that IL is the purely inseparably
algebraic closure in N of M, and that G(N/M) = G(N/L).

(b) It is clear that L 1is purely inseparably closed in

Case I: C =CS. Since H < G(N/L), it suffices to show
that the assumption H # G(N/L) leads to a contradiction. Let
us fix C-generic elements Opr v v Oy of the C-components
of H. By the assumption above, there exists 1 ¢ G(N/L)-H
such that 1 is not a specialization of any one of Opr eoe
Or' For each k (1 £ k < r), there exists an element Fk(X) =
Fk(xl""’xn) of the differential polynomial ring N{Xl,...,
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Xn} over N such that Fk(oki) = 0 and F, (18) # 0. The

r
k=1 17

Xn} that vanishes at (0g) for every o¢ ¢ H, but that does

product I Fk(X) is a differential polynomial of N{X
not vanish at (t£). Among such differential polynomials, let
F(X) have the least number of terms; suppose as we may that
one of the coefficients of F(X) is 1. Let p € Hc and de-
note by Fp(x) the polynomial of N{Xl,...,Xn} obtained from
F(X) by applying p to the coefficients. Then FP (o) =
pF(p—lcg) =0 (0 ¢ H; hence F - F° wvanishes at (g&) for
every ¢ € H and has less number of terms than F. Therefore,
if a e N, F - a(F - Fp) vanishes at (0f) for every o© € H,
but it does not vanish at (t§). If F - F° were not zero, we
could choose o such that F - o(F - Fp) had less number of
terms than F. Thus we have established that F - F° = 0 for
every o € HC’ Let a1s -ee 4 A be the coefficients of F,
and set H' = G(N/K<al,...,as>). Then H' o H and H' is

C
a C-closed subgroup of G(N/K) (see (a) ). Since C = C

and since H is dense in H by Chap.V of [4], we get H' >

C
H. Therefore, F = Fo for every o ¢ H, and ak e L (1 < k <
s), and F = FY for every w ¢ G(N/L). This implies that
F(1E) = F'(1£) = tF(£) = 0 contradicting the above.

Case II: C is not necessarily equal to Cs. H is a C-
closed subgroup of G(N/K), that is, a subgroup which is a Ci—
subset of G(N/K). Hence H 1is a Ca—subset of the Ca—group

G(NCa/KCa) = G(N/K) (see Prop.l4 of §5.6). Since C, = (Ca)S
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if we denote by L' the field of invariants in NCa of H,
we see by Case I that H = G(NCa/L').
We claim here that NCa is separable over L'. Let Yy

see 0 Yguq be elements of L' which are linearly dependent

over (Nca)P. We have to show that they are linearly dependent
over (L')p. We suppose, as we may, that any s of them are

linearly independent over (Nca)p, and that

- s p
(3) Ygup = Zpop% Yy
with nonzero ul,goe,as € NCa, For any 1T ¢ HC , regarded as
a

an element of G(NCa/KCa), we see that Ca(T) c Ca whence

T(NCa) c NeCa(T)eca = NCa , so that 71 1s a differential auto-

morphism of NCa over KCa. Applying T to (3), we get
s

- S P -
= Zkzl(ruk) Vi and Zk 1(Tuk oy

€ NCa (1 <k £ s), we see by the above that TOy = 0y (1L < k

)pyk = 0. Since TOQ

ys+l

s). The set {GEG(NCa/KCa)I o0 =0y (1<ks<s)} is Ca—closed,

and HC is dense in H. Therefore, we conclude that Oak =
a

O (1 < k < s) for every o ¢ H, and that o € L' and ukp €

(L')p (1 < k £ s). Thus the claim is verified.

Regarding H as a Ci-closed subgroup of the Ci-group
G(NCi/KCi) (see Prop.l4 of §5.6), let L* denote the field of
invariants in NCi of H. Since (C.l)S = Ca , we see by Lem.7
that L' and NC, are linearly disjoint over L¥* and that
L' = L*Ca. There are finitely many elements Zyr eee v 2 of

r

. — * = ' )
NC, with Nci L (zl,...,zr) and NC, L (zl,.,-,zr).
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Since we have already proved that NCa is separable over L',
we may suppose that {zl,...,zs} with s < r is a separating
transcendence basis of NCa over L'. Then zl, cee 1 zS are
algebraically independent over L* and make a separating tran-

scendence basis of NCi over L*. Therefore, NCi is strong-

ly normal over L*, and we see by Prop.1l4 of §5.6 that

(4)  G(NC;/L*) = G((NC;)C_/L*C_) = G(NC_/L') = H.

Now, by Lem.6, NL_ is strongly normal over L_; hence L_ 1is
the field of invariants in NL_ of G(NL_/L). Regarding H
as a Ci—subgroup of G(N/L) = G(NLm/Lm), let M be the field

of invariants in NL_ of H. We get M > L _. Conversely, for

xp(e) e N,

each x ¢ M, we can take e € N such that and

o(xp(e)) = Xp(e) for every o¢ € H, whence Xp(e) e L and x

€ LAnL. = L . Therefore, M =L and L* < L, . Hence, L* 1is
l (o] [eo] [o0]

purely inseparably algebraic over LCi , and we see by Lem.5

and (4) that G(N/L) = G(NCi/LCi) = G(NCi/L*) = H.

Corollary Suppose that C is perfect.

(a) If M c N, and if L 1is the field of invariants in
N of G(N/M) (that is, if L 1is the purely inseparably al-
gebraic closure in N of M), then N 1is finitely separable
over L (whence N 1is strongly normal over L), and G(N/L)
is a C-subgroup of G(N/K).

(b) If H 1is a C-subgroup of G(N/K), and if L 1is the
field of invariants in N of H, then L 1is purely inseparab-

ly algebraically closed in N, and N 1is strongly normal over
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L, and H = G(N/L).

Proof. (a) By part (a) of Th.7, we see that a diffe-
rential subfield L of N 1is the field of invariants in N
of G(N/M) if and only if L is the purely inseparably algeb-
raic closure in N of M, and that G(N/M) is a C-closed
subgroup of G(N/K). Since C = Ci , applyving the proof of
part (b) of Th.7 to G(N/M) instead of H, we see that N
is finitely separable over L and that G(N/M) = G(N/L).

(b) Since C = Ci , we can apply the proof of part (b)
of Th.7 to the C=subgroup H of G(N/K) and the field of
invariants L in N of H. Then, similarly as in the proof

of part (a) of the present corollary, N 1is strongly normal

over L and H = G(N/L).

Theorem 8 If L ¢ N and N is separable over L, equi-
valently, if N 1is strongly normal over L, then the follow-
ing four conditions (i)~(iv) are mutually equivalent:

(i) L 1is strongly normal over K.

(ii) For each o e L-K, there exists strong differential iso-
morphism T of L over K such that 1o # a.

(iii) G(N/L) is a normal subgroup of G(N/K).

(iv) The inclusion oL < LUC takes place for every o «
G(N/K) .

Suppose that these conditions are satisfied. Then, if 1
denotes the canonical imbedding homomorphism G(N/L) - G(N/K),
and if ¢ denotes the homomorphism G(N/K) -+ G(L/K) defined
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by ¢(o) = o]L. for every o ¢ G(N/K), the sequence

(*) Ga/L) 3 ev/K) ¢ G(L/K) ~ {id}

is exact and ¢ 1is a C-homomorphism between C-groups.

Proof. Suppose that the condition (i) is satisfied.
Since L 1is finitely separable over K, the field of invari-
ants in L of G(L/K) 1is K (see part (a) of Cor. to Prop.
4 of §5.4). Hence the condition (ii) is satisfied.

Now, let the condition (ii) be satisfied, and consider

the normalizer 2 = {0 ¢ G(N/K)| oG(N/L)=G(N/L)oc} of G(N/L)

in G(N/K). Then 2 is a C-closed subgroup of G(N/K) con-
taining G(N/L) (see Chap.V of [4]). Let M be the field of
invariants in N of Z. Since ox = x for every (x,0) ¢
MxG(N/L) and since N 1is finitely separable over L, every

element x of M is contained in L. If M=K, it follows
from part® (b) of Th.7 that 2 = G(N/K), so that the condi-
tion (iii) is satisfied. Therefore, for our object, we have
only to show that the assumption M # K leads to a contradic-
tion. By the assumption we can take o ¢ M-K < L-K, and we see
by the condition (ii) that there exists a strong differential
isomorphism T of L over K with 1o # a. By Prop.3 of
§5.3 this T can be extended to a differential isomorphism o
of N over K. Then, for every p ¢ G(N/L) and for every B
e L, we get 0B = 1B € LUc (whence pof = oB) and O-lpoB = B.

Therefore, 0_1pc e G(N/L) and G(N/L)o

oG(N/L). It follows
that ¢ ¢ Z2 = G(N/M) (see part (b) of Th.7), contradicting
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the above.

Next, suppose that the condition (iii) 1is satisfied.
Let o be any element of G(N/K), and B any element of L.
Since o—lpo e G(N/L) for every p ¢ G(N/L), we get poB = 0B.
We see that oR ¢ N+oN = N-C(o) and that G(N/L) = G(NC(o)/
LC(o)) (see Prop.l4 of §5.6), and we conclude that o8 ¢ LC(0),
so that oL c LC(oc) < LU, Thus the condition (iv) is satis-

Finally, suppose that the condition (iv) 1is satisfied.
Let T be any element of G(L/K). Since N 1is finitely sepa-
rable over L, we see by Prop.3 of §5.3 that 1 can be extend-
ed to a differential isomorphism ¢ of N over K, so by the
condition (iv) that L = oL c LUCQ Therefore, we conclude
by Prop.1l2 of §5.6 that L is strongly normal over K, so that
the condition (i) 1is satisfied.

Thus we have proved that the four conditions (i)~(iv)
are mutually equivalent. Now, suppocse that these conditions
are satisfied, and consider the sequence (*). Clearly, ¢ is
a group-homomorphism, and ker ¢ = im 1. Since N 1is finitely
separable over L, each differential isomorphism of L over K
can be extended to a differential isomorphism of N over K
(see Prop.3 of §5.3). Hence ¢ 1is a surjective group-—homomor-
phism. It remains to prove that ¢ 1is a C-homomorphism.

Let 0,0' ¢ G(N/K). It suffices to observe the following
three properties 1°~3°:

1° C{(o) = (N-cN)nUC =) (L'q)(c)L)nUc = C(d (o)) .

2° Suppose 0 + o' . Since (0'a| a € N) is a differen-
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tial specialization of (oco| a ¢ N) over N, we see that

(6(c')B|] B ¢ L) is a differential specialization of (¢ (0)B]

B ¢ L) over N, hence over L. Therefore we get ¢(c) » ¢(a').
3° Suppose 0 <> o'. Then we see by 2° that ¢(o) <>

p(c'). The isomorphism So',o: C(o) % C(o') 1is induced from

the differential isomorphism N-+oN ~ N+«o'N over N which is

determined by oca » o0'a (a € N). Only considering elements o

of L, we see that C(d(0o)) ~ C(dp(at)) is a rest-

S :
¢ (o) ,9(0)
riction of, Scrﬁ,O

5.8. Examples

The conventions of §5.2 are not required in this section.

Example 1 Let K be a differential field and U a uni-
versal differential extension field of K. Let § be a set of
linear differential forms in a single differential indetermi-
nate X over K. Suppose that § 1is of finite degree n
(see §3.5). Let (xl,...,xn) be a fundamental system of zeros
of § with xj e U. Set N = K<xl,...,xn> and suppose that
N 1is a Picard-Vessiot extension of K (see Examp. of §4.5).
Since N 1is finitely separable over K, we see by Th.4 of §4.4
that U 1is universal over N. Furthermore, suppose (as we
may) that U is universal over NA' If o is any differen-

tial isomorphism into U of N over K, then every oxj (1 <

jJ < n) 1is a zero in U of §, and we see by Prop.4 of §3.6

nC
k=1%kj

ckj(a} € Uc (L < jJ<n, 1<k <n). Therefore, we conclude by

that it can be written in the form ij = X (o)xk with
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Prop.1l2 of §5.6 that N is strongly normal over K. We can

see that the Galois group G(N/K) 1is a liear C-group (see

Chap.V of [4]), the element ¢ of G(N/K) being identified
with the element (ckj(c)) =(ckj(o)] 1 <k<n, 1< 3j<n)

of the general linear group (L(n) relative to the universal

field Uc,

Example 2 Let K be a differential field with a single

derivation & = (& v ¢ N), hence, with the set of deriva-

vl

tive operators 0 = {ij v ¢ N}, and let U be a universal
differential extension field of K. Suppose that ¢ is tri-

vial in K. Choose a, (8 € 6, oxrd 6 > 0) in K such that

0

at least one of a with 6 = §
8 p(x)

that only a finite number of them are nonzero, and that every

(k « N) is not zero,

ag with 6 # Sp(K)

1 of 84.6, there exists in U a primitive x such that 6x =

for any «k ¢ N is zero. Then, by Examp.

ag (6 ¢ 0, ord 6 > 0) and that x 1is transcendental over K
(see Examp.2 of §4.6). If we set N = K<x>, then N = K(x)

and it is not difficult to see that the field of constants C
of N coincides with K. Furthermore, suppose (as we may)
that U 1is universal over NA with A = {8}. Then N is a
Picard-Vessiot extension of K, whence strongly normal over K.
Now, suppose that the field C is imperfect. We can choose

c e C with cp(_l) £ C. Consider the differential subfield

(2)—cxp) is the

M= K(xp(3)—cpxp(2)). We see that L = K(xF
purely inseparably algebraic closure in N of M, and that N
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is not separable over L.

Example 3 In the theory of strongly normal extensions of
the differential field of characteristic zero, Weierstrassian
extensioné are important examples of strongly normal extensions
that are not Picard-Vessiot extensions. For differential fields
of nonzero characteristic, the existence of Weierstrassian ele-
ments that are transcendental over the basic differential field
are so far only known in the case of characteristic 3 as we
saw in Examp.l of §4.8. Let KO’ S, a, Iy g3, x, N, n. (v =

vV

1), nc (v 2 1) and U be as in that example. Set K = Ko(nél

v 2 1). Then, we see that K 1is a differential extension
field of K0 (see (2) of §4.8), and that x 1is a transcen-
dental Weierstrassian element over K. Also, we see that N =
K<x> = K(x,élx) and N is finitely separable over K. Now,
we add the extra condition that 6 is trivial in Ky- Then
it is not difficult to see that NC = Kc = KO' Suppose (as we

may) that U 4is universal over N, with A = {§}. 1In order

A
to prove that N is strongly normal over K, it suffices to
show that oN c NUc for every isolated differential isomor-

phism ¢ over K of N into U (see Prop.1l2 of §5.6). But

this is now an open problem for us.

5.9. Differential Galois cohomology

The conventions stated in §5.2 are still applied to this
section. Let N be strongly normal over K, and G any C-
group having U as its universal field. PFor each o ¢ G(N/K),
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since ¢ 1is identified with a differential automorphism of
N-UC over K-Uc (see Th.5 0f §5.5), we see by one of the de-
fining properties of the pre-C-set structure of G that o

operates on GN°UC

A mapping f: G(N/K) - G is called (one-dimensional) co-

cycle of G(N/K) into G if the following conditions are sa-
tisfied. Let o, o', T be elements of G(N/K).

(1) £(0) € Gy, v = Gy.c(g)

(ii) If o $ o', then £(o) ¥ £(0') in the induced N-group
of the C-group G.
(iii) If o «g o (whence SG'CO; C(o) ~ C(o") can be uni-

quely extended to a field-isomorphism N-oN :’N~0'N over

N), the isomorphism N-oN Q‘N“G‘N is an extension of

N
f(o®) ,£(0)"

(iv) f£(ot) = £(0)-0c({f(T)).

S
The set of all such cocycles is denoted by Zl(N/K,G). If o
is any element of GN ;, the mapping G(N/K) - G with o &

o “ecoa 1is a cocyle of G(N/K) into G. Such a cocycle is

called (one-dimensional) coboundary of G(N/K) into G. We

denote by Bl(N/K,G) the set of all such coboundaries of

G(N/K) into G.

17 f2 be elements of Zl(N/K,G), then f2 is call-

ed cohomologous to fl if there exists a ¢ GN such that
fz(c) = a_l-fl(o)-ca for every o ¢ G(N/K). This relation

Let £

in Zl(N/K,G) is an equivalence relation, and the set of all
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equivalence classes is denoted by Hl(N/K,G) and called (one-

dimensional) cohomology set of G(N/K) into G. If the C-

group G 1is commutative, Zl(N/K,G) is a subgroup of the com-
mutative group of all mappings of G(N/K) into G, and Bl(N/

K,G) is its subgroup, and HL(N/K,G) = 2  (N/K,G) /BT (N/K,G).

Theorem 9 Let W be the locus of & = (al,...,gn) over
K with respect to the universal field U, and G a C-group
as above. We can consider the K-cohomology of W into G
(see §17 of Chap.V of [47).

(a) For each f « Zl(N/K,G), there exists uniquely an

element fE € Z;(W,G) such that fg(g,og) = f£(o) for all o

e G(N/K).

(b) Let £, £' be two elements of Zl(N/K,G)= Then, f'
is cohomologous to £ if and only if f'g is K-cohomologous
t f_.

° g

This can be proved following the proof of Th.7 of §8 of

Chap.VI of {47.

Sketch of the proof. If o 1is a C-generic element of
a C-component of G(N/K), we see by Cor. to Th.4 of §5.4 that
dimg (£,08) = 2-dim& = dim(W’), so that (£,0f) is a K-gene-
ric element of a K-component of W2. Let p Dbe the defin-
ing differential ideal of £ in the differential polynomial
ring K{Xl,...,Xn}. Then Np can be written as an irredun-
dant intersection Np = Pln...nPt of finitely many prime dif-

ferential ideals Pl’ oo Pt of N{Xl,...,Xn}. Set p, =
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an[Xl,...,Xn] and PkO = Pan[Xl,...,Xn] (1l <k £ t). Then

we see that Np0 = Plon...nPtO. For each k (1 < k < t), let
(k)

3 be a generic zero of Pk , then there exists a differen-
tial isomorphism o(k) over K of K<g> onto K<£(k)> map-
ping & onto g(k). By the proof of part (b) of Th.4 of
§5.4, we see that o(l), ... , o(t) form a complete set of
C~generic elements of the C-components of G(N/K). Also, by
Cor. to Th.4 of §5.4, we see that o(1)&, ... , o(t)g form a

complete set of N-generic elements of the N-components of W.

For each k (1 < k < t), applying the result above to the

strongly normal extension N-<C(o(k)) of K-C(o(k)), we see
that if o(k,1)&, ... , o(k,t(k))EZ form a complete set of
C(o(k))-generic elements of the C(o(k))~components of G(N/K),
then o(k,1)E, ... , o(k,t(k))E form a complete set of

{(N°o{(k)N)-generic elements of the (N-:o(k)N)-components of W.
From this, we can deduce for each pair (k,Q) (L <k < t, 1<
2 < t(k)), that (o(k),oc(k,%)) 1is a C=-generic element of a
C-component of G(N/K)z, and that o(k)—la(k,ﬁ) is a C-

generic element of a C-component of G(N/K).

Let f be an element of Zl(N/K,G). Then, f£(o(k)) «

G and we see by the discussion following

Neo (k)N ~ CK(£,0(k)E)
the proof of Prop.15 of §15 of Chap.V of [4] that there

exists a unique K-mapping £ of W2 into G such that

3

fg(EIO(k)E) = f(o(k)) (1 £k £ t). For any C-generic ele-

ment o of a C-component of G(N/K), there exists a unique
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k (1 <k £ t) such that o(k) <+ o, whence there exists a
differential isomorphism K(&,0(k)g&)=N-o(k)N 3 N+.oN=K(&,0%)
over K mapping (§,0(k)E) onto (£,0f). Therefore we have

fg(g,og) = f(o). Since we can verify that

fg(grc(k)i)fg(c(k)S,O(kfl)i) = fg<€,0(k,2)5)

for every pair (k,2) (1 <k < t, 1 < % < t(k)), we conclude
that fg € Zi(W,G). Starting afresh, let ¢ be any element of

G(N/K). Then, by Prop.24 of §17 of Chap.V of [4], f is de-

g€
fined at (£,0f). Now, let T be a fixed C(0)-generic ele-
ment of GO(N/K). Then, fg is defined at (t£,0f) and g
is a C-generic element of a C-component of G(N/K). We see
that
fg(E:OE) = fg(E,TE)fg(Tifﬁi) = fE(EITE)'T(fE(E,T_lcg))

£(1)1£(t To) = £(0).

This completes the proof of part (a) of the theorem.
Observe that, for any XK-mapping h of W into G, h 1is

defined at & and h(g&) ¢ G and conversely that, for any o

N
€ GN , there exists a K-mapping h of W into G with h(§&)
= o. Then we see that, for two elements £, f' of Zl(N/K,G),
there exists a ¢ GN such that £'(o0) = a—l-f(c)-oa (o €
G(N/K)) if and only if there exists a K-mapping h of W
into G such that fé(E,UE) = h(€)_1°f£(€,05)'h(0€) (o €
G(N/K)). This completes the proof of part (b) of the theo-
rem.
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Corollary 1 Let the hypothesis and the notations be as in

Th.9.

(a) There is a unique mapping Hl(N/K,G) - Hi(W,G) that,
for each £ ¢ Zl(N/K,G), maps the cohomology class of £ onto
the K-cohomology class of fg' It is an injection which maps
Bl(N/K,G) onto Bé(W,G). When G is commutative, the mapping
above is an injective homomorphism of groups.

(b) The mapping given in part (a) followed by the map=-
ping Hi(W,G) > Hl(K,G) given in Th.1l2 and Cor.l of §17 of

Chap.V of [4] 1is an injection Hl(N/K,G) > Hl

(K,G) which is
independent of the choice of & in the convention stated in

§5.2.

Proof. Part (a) is an immediate consequence of Th.9.
Part (b} is a result of Cor.3 to Th.12 of §17 of Chap.V of

[4].

Corollary 2 Each of the following condition is suffici-

ent for Hl(N/K,G) to be trivial: 1° G 1is the additive
group of U, 2° G = (GL(m) with respect to U for a positi-
ve integer m, 3° K 1is algebraically closed. When G 1is

commutative, every element of the commutative group Hl(N/K,G)

has finite order.

Proof, This follows from part (b) of Cor.l above and

Th.9 of §12 of Chap.V of [4].
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CHAPTER 6
Picard-Vessiot Extensions

6.1. Picard-Vessiot extension whose Galois group is the

general linear group

Let KO be a differential field associated with the set
of derivation operators A = {6i| i ¢ I} and the set of deri-
vative operators 0. Fix any positive integer n, and choose
n differential indeterminates Xys --- , X OvVer K0 and

n distinct derivative operators 6(l), ... , 6(n), and set 0'

=0 - {6(1),...,6(n)}. Now, set

M e,... 01,040, . ., 0m) FLre et o)
8'h W (x X_)
6(l),...,0{(n) ' "1’"""""n
(86" ¢ 0', 1 s h < n),
K = Ky<Ugy| 8'€@',1l<hs<n>
and
N = K<Xl""’xn> = Ko<xl,...,xn>.

ILet U be a universal differential extension field of NA‘

We see by Prop.3 of §2.3 that Nc = (K so that Nc =

oe v
K . We denote this field by C.

In this section, we prove that N 1is a Picard-Vessiot
extension of K and that G(N/K) can be identified with the
general linear group (lL(n) relative to the universal field
UC (see Chap.V of [4]).

Let X Dbe a single differential indeterminate over U,
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and consider the set of linear differential forms

(1) Wor (1), ... 0 Kr¥rr-- X)) Mgy 0 g(n) Fpreerr%y)

This set can be written in the form

h-1

(1) 8'X - % -1) ue,h~6(h)X (6" ¢ ©").

2L
h=1
Therefore, if we denote by § the set of linear differential
forms (1°) of X{X}, § is of order n in the sense of §3.5,
We see by Cor.l to Th.6 of §3.6 that (xl,mon,xn) is a funda-
mental system of zeros of §.

Since we get

n ml)h_lue.hve(h)x_.‘ =0 (8" ¢ 0', 1<73 <n),

it follows that N = K(e(k)xji 1<k<n, 1l<j<n). Furthermore,
for each (6°',h) (06" ¢ ', 1 < h £ n), each derivative of Ugiy,
can be written in the form of a polynomial in Ugny, o (86" ¢ 07,
1 < h" <n) over 7/ (the set of integers); this can be prov-
ed by induction on the order of the derivative 6ivu6'h (i «
I, v ¢ N), making use of (2). Thus K = Ko(ue,hl 'e0', 1<
hs<n). Now, we claim that e(k)xj (1l <k <n, 1 < 3j < n) are
algebraically independent over K.

Assume on the contrary that there exists a nonzero poly-

nomial A(ij) = A(X l1 <k<n,1c<3j<n) in the indeter-

k5|

minates ij (1 <k £n, 1

h<n] such that A(G(k)xj)

IA

j £ n) over Ko[ue,h| 0'c0', 1<

1t

0. Then, we obtain a relation
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B(e(k)xj ,e'xj| 1 <k<n, 8" € ', 1 <3 £n) =0,

where B(Xkj 'Xe'j) is a nonzero polynomial in the indetermina-

tes X (1l £k <n, 6" € ', 1 £ j < n) over K

0

x,6 are differential

kj " %o
This is a contradiction since Xy een
indeterminates over KO’ and the claim above is admitted.

It follows from the claim above and (2) that N is
purely transcendental over X, so that N is a Picard-Vessiot

extension of K. Therefore, by Examp.l of §5.8, G(N/K) |is

identified with a C-subgroup of (L(n).

Let (ckj) be any nxn nonsingular matrix with ckj €
V- n . .
Uc , and set xj Zk=lcijk (L < j < n). Now, we claim that
xi, e ,.xé are n differential indeterminates over KO'

Assume on the contrary that there exists a nonzero polynomial

P(Xéj) in the indeterminates Xéj (6 ¢ ©, 1 < j <n) over U

such that all the coefficients of P(Xéj) are in K0 and that

P(exﬁ) = 0. Let X (8 ¢ ®, 1 < k £ n) be indeterminates

8k

over U, then P(ZX can be written in the form of a

n
k=1k5%0k’
linear combination over Uc of finitely many polynomials
Al(xek)’ e Ar(xek) in Ko[Xek| 8e®, l<k<n] such that

Al(exk), cee 4 Ar(exk) are linearly independent over C.

Since we see by §3.6 that Al(exk), cee Ar(exk) must be 1li-

nearly independent over Uc ’ P(exé) = 0 implies r = 0 and
n _ . . .

P(Zk=lcijek) =0 1in U[Xek] fe®, l<k=<n]. Now, if (ij) is

the inverse matrix of (ckj), the substitution

n
Xek > Zh=thkxeh (6 ¢ ©, 1 < k £ n)
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provides us the result P(X = 0. This is a contradiction,

63)
and the claim is verified. Therefore, a differential isomor-
phism o© over KO of N into U is determined by Xj B x3
(1 £ 3 £ n). Since each Udh (¢ « @2 1l <h < n) is invari-
ant under o, so is every element of K. Thus G(N/K) is

identified with the whole (L (n).

6.2. Fundamental theorem of Galois theory for Picard-

Vessiot extensions

Let N be the Picard-Vessiot extension of the differen-~
tial field K which was cbserved in Examp.l of §5.8. Let C,
X, S, (xl,nwo,xn) and U be as in that example. Then the
Galois group G(N/K) is a linear C-group, elements of G(N/
K) Dbeing identified with elements of GL(n). Applying Th.7,
Cor. and Th.8 to the Picard-Vessiot extension N of K above,

we get at once the following results.

Proposition 1 (a) Let M be an intermediate differen-

tial field between K and N. Then G(N/M) is a C-closed
subgroup of linear C-group G(N/K). If L is the field of
invariants in N of G{(N/M), L is the purely inseparably
algebraic closure in N of M and G(N/M) = G(N/L).

(b) If H 1is a C-closed subgroup of G(N/K), and if L
is the field of invariants in N of H, then L 1is purely

inseparably algebraically closed in N and H = G(N/L).

Proposition 2 Suppose that C is perfect.

(a) Let M be an intermediate differential field between
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K and N. If L 1is the field of invariants in N of G(N/M)
(equivalently, if L 1is the purely inseparably algebraic clo-
sure in N of M), then N 1is finitely separable over L
(whence N is a Picard-Vessiot extension of L), and G(N/L)
is a C-subgroup of the linear C-group G(N/K).

(b) If M is a C=-subgroup of G(N/K), and if L is the
field of invariants in N of H, then L 1is purely insepara-
bly algebraically closed in N, and N is a Picard-Vessiot

extension of L, and H = G(N/L).

Proposition 3 Let L be an intermediate differential

field between K and N. If N is separable over L, equi-
valently, if N 1is a Picard-Vessiot extension of L, then the
following four conditions (i)~(iv) are mutually equivalent:
(i) L is strongly normal over K.
(ii) For each o ¢ L-K, there exists strong differential iso-
morphism T of L over K such that 1o # a.
(iii) G(N/L) is a normal subgroup of G(N/K).
(iv) The inclusion oL < LUc takes place for every o0 ¢
G(N/K) .
Suppose that these conditions are satisfied. Then, if 1
denotes the canonical imbedding homomorphism G(N/L) - G(N/K),
and if ¢ denotes the homomorphism G(N/K) -+ G(L/K) defined

by ¢(o) = O]L for every o ¢ G(N/K), the sequence

G(N/L) ¥ e(n/R) ® G(L/R) » {id}

is exact and ¢ is a C-homomorphism of C-groups.
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Proposition 4 Let L be an intermediate differential

field between K and N such that N 1is separable over L
and that 1L satisfies the conditions (i)~(iv) of Prop.3.

Then the Galois group G(L/K) 1is a linear C-group.

Proof. By the hypothesis and Prop.3, we have the exact

sequence

(1) G(N/L) ¥ a(v/K) ¢ G(L/k) » {id},

where 1 and ¢ are as in Prop.3. On the other hand, since
G(N/K) 1is a linear C-group and G(N/L) is a normal C-sub-
group of G(N/K), we see by Chevalley~-Kolchin [0] that there
exists an exact sequence

(2) G(N/L) + Gc(N/K) 8 A » {id},

where p 1is a group-homomorphism of G(N/K) onto an algebraic
subgroup A of (GL(m) with respect to the universal field Uc
for some m ¢ N-{0}.

For A, A' € A, the extension field C(A) of C in Uc

and the relation X »> A' are introduced, and so is the field-

isomorphism S C(r) ;’C(X') when A <> A' (i.e. when A

AU, AT
+ A' and X' »> )X). They are defined by virtue of the C-group
structure as follows.

Since we can take o0 ¢ G(N/K) such that p(og) = A, and
since ¢(0) is uniquely determined in G(L/K) by i, set
C(A) = C(¢d(o)). TIf p(o) = A, p(c'") = X" with o0,0' ¢ G(N/K),
we mean by A » A' that ¢(o) » ¢(o') takes place. Then, if
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A <> A', equivalently, if ¢(o) <> ¢(o'), we denote by SA' A
7

the field-isomorphism S¢(0,)’¢(O).
A bijection y: G(L/K) = A can be well-defined by the
formula ¢(o) » p(o) (0 € G(N/K)).
Now, it is straightforward to prove that the data above
satisfy axioms AS1, AS2, AGl, AG2 and AG3 of Chap.V of [4]
(i.e. that A 1is a C-group), and that both vy and y_l are

C-homomorphisms (i.e. that Yy 1is a C-isomorphism of the C-

group G(L/K) onto the C-group A4).

Proposition 5 Suppose that C is perfect. Let L be as

in Prop.4. Then L 1is finitely purely inseparably algebraic

over a Picard-Vessiot extension of K.

Proof. We consider the strongly normal extension L of
K. By the proof of Prop.4, there exists an injective C-homo-
morphism vy of G(L/K) into (GL(m) with respect to the uni-
versal field U, for some m e N-{0}. This Yy is a one-di-
mensional cocycle of G(L/K) into (L(m) with respect to the
universal field U. We see by Cor.2 to Th.9 of §5.9 that there
exists a ¢ GL(m)L such that vy(a) = a_l-ca for all o ¢ G(L/
K).

If o= (o..,] 1 <3 <m 1< 3' <m with e L, set

Oy
JJ
1 <j<mlz<j'<m for every 6 € ©. Then we
-1

6a = (Ba. .

o (OLJJII
claim at first that all the coefficients of the matrix 6Ba-o
are contained in K for every 6 € 0. In fact, for all o e
G(L/K) ,
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-1 1

g(Barat) = 0(oa)- (ca) 0 (ary (o)) (asy(o))~

-1

il

= (80) *y(0) *y (o) tea bara”l (0 ¢ 0),

hence the claim is verified.

Set K=<o> = K<ajj,] 1<j<m, 1l<j'<m>. Now, we claim that

K<o> 1is a Picard-Vessiot extension of K.

By the preceding claim, we see that K<a> = K(ujj.( 1<j<m,

1<j*sm), that K<a> is finitely K-separable, and that K<a>

= C. Take a maximal set {x x,} among the o (1 <=5

liD“"l Q, jjs

<m, 1 £ 37 < m) that is linearly independent over constants.

For each 0 ¢ G(L/K), since the coefficients oo. of oo =

sk
a*y(o) are linear combinations over Uc of the coefficients

_ 2 .
of o, we have oxk = Zh:lxhdhk(c) (1 < k < ) with dhk(g) €

U . Set d(o) = (dhk(c)] 1 <hz< 1, 1<k < 2. Then, for any

8(l}Y,...,0(R) € ©, we get

Wo(1),...,6(0) FpreeerXg) = Wogy gy (Fpree-rxg)edlo).

Since there exist 06'(l),...,6"(2) ¢ @ such that

) grioy (RKyreeasxy) # 0,
(2) "1 [

Feoa gl

Wn'(
IV

.
we see that d(o) is nonsingular, so that

1

OWo (1), .eo,oqa) Frree X)) Mooy, oo er () Faree X)) )

- . 1
=Wy, e 000 Bareee X)W qny ool () (Bur e o %)

for all o ¢ G(L/K). Therefore, all the coefficients of

Yo -1
We(l),...,e(z) (xlr---rxz,/ We'(l),...,e'(,q,) (Xl,...,XSL)
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are contained in K, and if X 1is a differential indetermina-

te over L, then

-1
WG,G(l),,,,,e(m (X’Xl'-..'xﬂ,) 'WG'(l),...,e'(Q,) (Xl,...,XQ,)

e K{x}

for all choice of 6, 6(1), ... , 6(%2) from ©. The set of

linear differential forms

) (Xlxll--- IX)Q) *

(3) Wo gv(1),...,0" (%

W 1 (6 ¢ 0)

e'(l),.,.,el(z)(xl,-..,xz)

in X over K 1is of order & in the sense of §3.5, and x

17
cee 1 Xy form a fundamental system of zeros of (3). Since
K(XqreeerXg) = K(ujj,! 1<j<m, 1<3j'=m) = K<a>, K<oa> is a Picard-
Vessiot extension of K.

If 0 ¢ G(L/K<a>), then oo = o and vy(o) = o Teoa is

the unit matrix. Since vy 1is injective, we see that G(L/
K<a>) = {idL}, and by part (b) of Cor. to Th.7 of §5.7 that

L is finitely purely inseparably algebraic over K<a>.

Remark So far we do not know any example of 1L of Prop.
5 that is not a Picard-Vessiot extension of K. (Cf. §6.3 and

§6.4.)

6.3. Picard-Vessiot extension by a primitive

Let K be a differential field with the set of derivation
operators A = {6i| i € I} and the set of derivative operators

@, and N a Picard-Vessiot extension by a nonconstant primiti-
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ve x over K. Then N = K<x> = K(x). Set C = Nc (=Kc) and

and ag = Ox with ae e K (6 ¢ 6, oxrd 6 > 0). Let Na be an

algebraic closure of N, and NA the differential closure in

Na of N, and U a universal differential extension field of

N

A*
If o is any element of G(N/K), we see that 6(ox - x) =
o(6x) - 6x = cay, - ag = 0 for every © ¢ © with ord 6 > 0,
so that ox - x 1is contained in C(o) = (N°0N)c, Set c¢c(o) =
ox = x for every element o ¢ G(N/K). We see that (1,x) is

a fundamental system of zeros of defining system of linear dif-

ferential forms, that o¢l = 1, ox = c(o) + X for every o ¢

G(N/K), and that «c¢(c'oc) = c(o) + c(o') for every pair o, o'
in G(N/K). Set
1 clo)y
G'(N/K) = ( ) o ¢ G(N/RK) [ .
0 1

Then, G'(N/K) is a C-subgroup of the general linear group
GL(2) relative to the universal field Uc , and G{(N/K) 1is
C-isomorphic to G'(N/K) (see Examp.l of §5.8). G'(N/K) is
abelian and unipotent. We can easily see that the additive
group U_ 1is canonically a C-group. Set G"(N/K) = {c(o)]| o
e G(N/K) }. Then, G"(N/K) 1is a C-subgroup of the additive
C-group UC and G{(N/K) 1is C-isomorphic to G"(N/K).

Consider further under the extra condition that C is
algebraically closed.

At first, let the x above be algebraic over K. Then,
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for every ¢ ¢ G(N/K), we see that K(x,0x) = N+*oN = N-C(o) =
K(x) *C(o), and this implies that C(o) = C. On the other hand,

G"(N/K) is finite and of order pe for some e ¢ N. There-

fore, there exist e elements Opr =o- 1 Og of G(N/K) such
that c(ol), cee c(oe) are contained in C and linearly in-
dependent over the prime field and that G(N/K) = {olh(l)-...
h(e) . ,
O | 0<h(l)<p,...,0<h(e)<p}. Since HceG(N/K)(X + c(o)) is

invariant under every element of G(N/K), it is an element a

of K. We see that

HGeG(N/K)(X + c(o)) - a

is the minimal polynomial of x over K, because every isomor-

phism over K of N into U 1is a differential isomorphism.
Next, let the x above be transcendental over K. Then,

we see by Th.6 of §5.6 that G" (N/K) coincides with UC ; SO

that

1 e
G' (N/K) = {( ) C ¢ UC .
0 1

Whether x 1is algebraic or not over K, Prop.2 and Prop.3
of §6.2 provide the following results.

Let H Dbe a proper C-subgroup of G(N/K), and let L be
the corresponding intermediate differential field between K
and N. Then, N is a Picard-Vessiot extension of IL with the
Galois group H = G(N/L) that is of order pd for some d ¢
N, and there exist d elements Oi, cee oé of H such that

c(oy)y -v- c(oj) (e C) are linearly independent over the

-170-



prime field, that H = {(Oi)h(l)'---'(Oé

<p}. We claim that L = K(HO.€H(X + c(o'))) and that L is

)P o<h(1)<p, 0<h(a)

a Picard-Vessiot extension by a primitive over K.
If Cyr +-+ s Cc, are finitely many elements of C and
linearly independent over the prime field, we can prove by in-

duction on r that

Il (X + h

OShl<p ¢

+ ... + h_c)
r.r

171

o o o

O<h_<p
r - P(r) p(r-1) P
= X + v X toea. by X+ v X

for some Yyroe-sY, € C with Y, # 0. Therefore,

r

] - b(r) s p(r=-1) p '
€H(x + c(oc')) = x + le + ... + yé_lx + Y X

for some Yi,,.,,y; e C with yé # 0, and it is an element of

ct

I which is primitive over K. Now, it is easy toc verify the

6.4. Picard-Vessiot extension by an exponential

Let K be a differential field with the set of derivation
operators A = {6i| i € I} and the set of derivative operators
©®, and N a Picard-Vessiot extension by a nonconstant exponen-
tial x over K. Then N = K<x> = K{(x). Let N, be an al-
gebraic closure of N, and NA the differential closure in Na

of N. Let U be a universal differential extension field of

Set C=N_, (=K ) and a G(v)X/x ((v) € N(I)).

A” c C (v)
If ¢ is any element of G(N/K), we can prove by induc-
tion on v that §. (ox/x) =0 (i ¢ I, v ¢ N-{0}), so that

iv
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ox/x 1s contained in C(og) = (N'ON)C. Set ox/x = c(o) for
every element o ¢ G(N/K). Set G'(N/K) = {c(o)] o ¢ G(N/K)}.
Then, G'(N/K) 1is a C-subgroup of the general linear group
GL(1) relative to the universal field Uc , and G(N/K) 1is
C~isomorphic to G' (N/K) (see Examp.l of §5.8). G'(N/K) 1is
abelian and semisimple.

At first, let x be algebraic over K. Then G(N/K) is
a finite group of order s (say). Since every element c¢ of
G' (N/K) satisfies the eguation cS = 1, G'(N/K) <consists of
all the s—th roots of 1. Hence s Z 0 (mod p), and G(N/K)
is a cyclic group. There exists an element ¢ of G(N/K)
such that G(N/K) is generated by o. Since o(xs) = (c(o)x)S

s s . , .
= x", X is invariant under every element of G{N/K). Hence

x> ¢ K and N has the relative degree s over K.

Next, let x be transcendental over K. Since we have
dimG(N/K) = trdeg N/K = 1 by Th.6 of §5.6, G'(N/K) coincides
with GL(1).

Consider further under the extra condition that C is
algebraically closed.

Whether x 1s algebraic or not over K, Prop.2 and Prop.3
of §6.2 provide the following results.

Let H be a proper C-subgroup of G(N/K), and let L be
the corresponding intermediate differential field between K
and N. Then N 1is a Picard-Vessiot extension of L with the
Galois group H = G(N/L) that is a finite cyclic group of
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order t (say) with t Z 0 (mod p). It is easy to see that L
= K<xt> = K(xt), that xt is an exponential over K, and that

L is a Picard-Vessiot extension by an exponential over K.

6.5. Liouvillian extensions

Let K be a differential field with the set of derivation
operators A = {Gil i e I} and the set of derivative operators
©, and U a universal differential extension field of K. Set
C = Kc. Let L be a differential subfield of U such that U
is also universal over L,. Then, L 1is called Liouvillian

A

extension of K 1if it has the following two properties:

(1) Lc = ch

(ii) There exists a finite ascending chain of intermediate

differential fields K = KO' Kl’ ceo g Kr_lp Kr = L. such
that, for each 3j (1 < 3 < 1), K is a Picard-Vessiot exten-
sion by a primitive yj over Kj—l’ a Picard-Vessiot exten-

sion by an exponential yj over Kj—l’ or a separably nor-

mally algebraic extension by an element yj over Kj—l’
17 My M3 are three fields
with Ml < M2 c M3 such that M2 is Ml—separable and that

M3 is M2—separable, then M3 is Ml—separable. Therefore,

the Liouvillian extension L of K 1s separable over every

It is well-known that, if M M

K. (0 <3 <r).
J
Let L be a Liouvillian extension of K having the pro-
perties (1) and (ii) above. Then we have Lc = C. Hence-

forth in this section, suppose that C 1is algebraically clo-
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sed. Let N be an intermediate differential field between K
and L such that L is N-separable and that N is a Picard-
Vessiot extension of K. Let the order of the defining system
of linear differential forms be n, and Xl’ cee o X2 funda-
mental system of zeros of the defining system with N = K<xl,
seer X

Since N<yl> c L, N<yl> is a Picard-Vessiot extension of
K<yl>. On the other hand, since K<yl>nN is purely insepa-
rably algebraically closed in K<yl>, we see by Prop.2 of §6.2,
that K<y1> is separable over K<yl>nN, so that L 1s sepa-
rable over K<yl>nN because L is K<yl>—separable. There-
fore, N 1is separable over K<yl>nN, and it is a Picard-Vessiot
extension of K<yl>nN.

Then we can prove the following two lemmas.

Lemma 1 G(N<y.,>/K<y.>) 1is canonically identified with
B 1 1

G(N/(K<y;>nN)).

Proof. If o is any element of G(N<yl>/K<yl>), the

restriction o] is a differential isomorphism of N over K.

N
Hence, G(N<yl>/K<yl>) is regarded as a C-subgroup of G(N/K),
and we see by Cor. to Th.7 of §5.7 that there exists an inter-
mediate differential field M Dbetween K and N which is
purely inseparably algebraically closed in N such that
G(N<y,>/K<y;>) = G(N/M). It remains to show that M = K<y,>nN.
Since every element of K<yl>dN is invariant under each o ¢

G(N<yl>/K<yl>), we see K<yl>nN c M. Conversely, every element
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of M is invariant under each 0o « G(N<yl>/K<yl>), hence, M <

K<y1> and M < K<yl>nN.

Lemma 2 G(N/K) has a normal chain of C-subgroups, each

of whose factor groups is either abelian or finite.

Proof. Let us use induction on the r above. 1In case
r = 0 the assertion is trivially true. 1In case r > 0, N<yl>
is a Picard-Vessiot extension of K<y, >, and we see by Lem.l
that G(N<yl>/K<yl>) = G(N/(K<yl>nN))a By induction assump-
tion, G(N/(K<yl>nN)) has a normal sequence of C-subgroups
each of whose factor group is either abelian or finite.

Case I: ¥y is primitive or exponential over K. Let o
be any element of G(N/K). Since we see by §6.3 or by §6.4
that K<y, >nN is a Picard-Vessiot extension by a primitive or
by an exponential over K, we have 0(K<yl>nN) c (K<yl>nN)°Uc.
Therefore, by Prop.3 of §6.2, G(N/(K<yl>nN)) is a normal sub-

group of G(N/K) with
G((K<Yl>ﬂN)/K) = G(N/K)/G(N/(K<Yl>ﬂN))

and this factor group is abeliam.

Case II: K<yl> is separably normally algebraic over K.
Let o be any element of G(N/K). Then, for any element =z
of K<yl>nN, 0z 1s contained in K<yl>n(NUc), and o0z can be

written in the form

- S s '
oz Za=lnuYa/zu=lnaYu

with Ny € N (1 < o £ s8) linearly independent over UC and
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with Yo Y& € Uc' Therefore, Ny * n,° oz (1 < oo £ 8) are 1li-

nearly dependent over constants, and there exist elements Cy v

c& (1 £ oo £ 8) not all zero of C such that
_ S S '
oz = Za=lnucu/za=lnacu !
so that oz ¢ K<yq>nN. This implies that G(N/(K<yl>nN)) is

a normal subgroup of G(N/K) with the finite factor group
G(N/K)/G(N/(K<yl>nN)) o G((K<yl>nN)/K).

Thus, in either case, G(N/K) has a normal sequence of C-
subgroups each of whose factor groups is abelian or finite. g.

e.d.

Similarly as in Kolchin [1], distinguish ten types of ex-
tensions in a sequence of differential fields from KX +to the

Liouvillian extension L, namely, extensions by

1° primitives, exponentials and separably normally algebraic

elements (yj being called separably normally algebraic over

Kj-l if Kj = Kj_l<y.> is a separably normally algebraic

J
extension field of Kj

_l) 14

2° primitives and exponentials,

3° exponentials and separably normally algebraic elements,
4° primitives and separably normally algebraic elements,

5° primitives and separable radicals (yj being called sepa-

. . o]
rable radical over Kj—l if yj € Kj-l for some p ¢ N

with p Z 0 (mod p)),
6° exponentials, 7° primitives,
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8° separably normally algebraic elements,
9° separable radicals,

10° rational elements (whence L = K).

On the other hand, let N be a Picard-Vessiot extension
of K, G(N/K) the Galois group of N over K, and GO(N/K)
the component of the identity of G(N/K). Similarly as in
[1], list ten types of properties which they may possess:
1° GO(N/K) is solvable,
2° G(N/K) is solwvable,
3° GO(N/K) is solvable and *-semisimple (GO(N/K) being

called *-gemisimple if it has a normal chain of C-subgroups

each of whose factor groups is either semisimple or finite),
4° GO(N/K) is solvable and unipotent,

5° G(N/K) 1is solvable and GO(N/K) is unipotent,

6° G(N/K) 1is solvable and semisimple,
7° G(N/K) 1is solvable and unipotent,
8° G(N/K) 1is finite,

9° G(N/K) 1is solvable and finite,

10° G(N/R) = {id}.

Now we can prove the following theorem.

Theorem Let K, A and ©O be as above. Let N be a
Picard-Vessiot extension of K, and U a universal differen-

tial extension field of NA' Set C = Nc (= KC) and suppose

that C = C, - Let v be a positive integer < 10.
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(a) If N 1is contained in a Liouvillian extension L of
K (relative to the universal differential extension field U)
of type v°, and if L is N-separable, then G(N/K) 1is of
type v°.

(b) If G(N/K) 1is of type v°, then N is contained in
a Liouvillian extension L of K (relative to the universal

differential extension field U) of type v°.

Proof. (a) Suppose that L has the property (ii).
By the proof of Lem.2 and the results of §6.3 and §6.4, we see

that the factor group
G(N/K) /G(N/(K<y;>nN)) = G((K<y;>nN)/K)

has the following properties:

(1) 1If Yq is primitive over K, the factor group is abelian
and unipotent.

(2) 1If ¥q is exponential over K, the factor group is abe-
lian and semisimple.

(3) If Yy is separably normally algebraic over K, the fac-
tor group is finite. If, in addition, Y1 is a separable ra-
dical over K, the factor group is finite and abelian (even
cyclic).

Therefore, owing to Th.1~Th.3 of §8 of Chap.I of [l] and to

the proof of Lem.2 above, we can prove that G(N/K) is of

type v° if L is of type v° (v # 3). We have only to
show here that G(N/K) is of type 3° provided L is of

type 3°.
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Suppose that L 1is of type 3°. Then, we see by the
proof of Lem.2 that G(N/K) has a normal chain of C-sub-

groups

(4) G(N/K) = Gol ll - - 7 Gr = {idN}

each of whose factor groups is semisimple or finite. Consider

the normal chain of C-subgroups

(5) Gk = 6y, ¢CM/K) = 6j, Gy = {id.l,

9
0 2

7

and apply to (4) and (5) Zassenhaus® proof of the theorem

of schreier. Thus, if we set

IN
IA
[
A

— o ]
Ghj = Gh (Gh_lnGj) (1 <h r, 0 2) }
’

Gl = Gi° (G nG: ;) (0

jh j ~h Tj-1 h

AN
IA

r, 1

A
(S P
IA

2)

we obtain two normal chains of C-subgroups

(6)  G(N/K) = Gy = Gygs Gyys Gyp = Gy = Gypr Gyyr Gyy = Gy
= G3gs +++ s Gpq 5 =G =CGgs G s Gy =G, = {1dN},
= [ — V 1 [ = [ 0 = v
3} v 31 = G! = id .
Czll .- F G2’r_1i CZ C2 {ldN}

which are refinements of (4) and (5) respectively. We

know that

1] L] ~
G2,n-17%n % Cn1/Cn2
Since G, /Gy, = G, _1/G, 1is semisimple or finite, so is its
subgroup Ghl/Gh2' Therefore, G(N/K) 1is of type 3°.
(b) The assertion is trivially true for v = 10. For
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8 < v <9, let G(N/K) consists of o, = id_ , © o

0 N 17 v 7 Yg-1

Then the elementary symmetric expressions of ojx (0 < j < s-1)
are contained in K for each element x of N. Hence, N is
finitely separably normally algebraic over K because C(Oj) =
C (0 £ j < s-1), and the assertion is true for 8 < v < 9.
Now, suppose that 1 < v < 7. Since GO(N/K) is a normal C-
subgroup of G(N/K) of finite index, we see by Th.8 of §5.7
that there corresponds an intermediate differential field K'
between K and N such that KXK' is purely inseparably algeb-
raically closed in N, that N 1is a Picard-Vessiot extension
of K', that GO(N/K) = G(N/K'), that K' is a strongly nor-
mal extension of K, and that G(N/K)/GO(N/K) ~ G(K'/K). Hence
K* 1is finitely separably normally algebraic over K. If we
regard GO(N/K) as the Galois group of N over K', then
G(N/K') is of type 2°, 2°, *-6°, 7°, 7°, 6° or 7° accord-

ing as G(N/K) is of type 1°, 2°, 3°, 4°, 5°, 6° or 7°,
where the type *-6° means that G(N/K') is solvable and *-
semisimple. Moreover, if G(N/K) is of type 2°, 5°, 6° or
7°, then K' 1is an extension of K by separable radicals.
Therefore, for our object, we need only to prove that if G(N/
K) 1is of type 2°, *-6°, 6° or 7° and if G(N/K) 1is con-
nected except for type 7°, then N is contained in a Liou-
villian extension (in N) of type 2°, 6°, 6° or 7° res-
pectively over K.

Case I: G(N/K) 1is of type 7°. By Th.2 of §7 of [1],
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G(N/K) 1is reducible to special triangular form. Hence, we can
choose a fundamental system Xl’ cee g Xn of zeros of the de-
fining system of linear differential forms so as to have N =

K<X,,...,X_> and
1’ "“n

.(0) € C(o), c.. = 1)

(1L <3 <n, chj 33

_ j
(8) cxj = Zh=lxhchj(0)

for each o0 ¢ G(N/K). We claim that N is of type 7° over

K.

Since ox, = xg for every o ¢ G(N/K), Xy is contained
in K.

If n =1, then N = K<Xl> = K, and the claim is trivially
true.

Suppose n > 1. Then, (8) implies that

IA
(SR
IA

] n, o e G(N/K)),

O(xj/xl) = cpy(0) + Zhjz(xh/xl)chj(c) (2
so that
_ 3
o(6 (xj/xl) ) = L, 0(x /%)) h3 (o)
(2 <3 <n; 8¢ 0, ord 6 > 0; 0 e G(N/K)).

Therefore, making an appropriate induction assumption, and tak-
ing into consideration the fact that N is a finitely generated

extension field of K, we see that if we set

M = K<e(x2/xl),...,e(xn/x 6e®, ordH>0 >,

1) |
M 1is contained in a Liouvillian extension (in N) of type 7°
over K and that N is M-separable. Since XZ/Xl’ cee 4 xn/

Xy are primitive over M, N = K<x2/xl,...,xn/xl> = M(xz/xl,...,
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Xn/xl)' If N is algebraic over M, then N 1is a Liouvilli-
an extension of type 7° over K. On the contrary if N is
not algebraic over M, we can suppose that x2/xl, cee xs/xl
for some s with 2 < s < n 1is a separating transcendence
basis of N over M. Then M<X2/Xl""’xs/xl> = M(xz/xl,...,
xs/xl) is contained in a Liouvillian extension (in N) of type
7° over K, whence we can conclude as above that N is a
Liouvillian extension of type 7° over K.

Case II: G(N/K) 1is of type 6°. By Th.l and Th.3 of §7
of [1], G(N/K) is reducible to diagonal form. Hence, we can
x of zeros of the de-

17 e n

fining system of linear differential forms so as to have N =

choose a fundamental system x

K<x ..,xn> and

1"

(9) oxj = xj-cj(o) (L £ j £ n; cj(o) e C(o))

for every 0 ¢ G(N/K). This implies that o(exj) = exj-cj(c)
(1L < jJ <n; 6 e 0; 0 ¢ G(N/K)), that O(exj/xj) = exj/xj (1 <
j £n; 6 € 0; 0 € G(N/K)), and that ij/xj e K (1 £3j < n; 6 €

®). Since X, ... , X are exponential over K, we see by
1 n

X_) is

similar discussions as in Case I that N = K(Xl""' n

a Liouvillian extension of type 6° over K.

Case III: G(N/K) is of type 2°. By Th.l of §7 of [1],
G(N/K) 1is reducible to triangular form. Hence, we can choose
a fundamental system Xy -e0 1 X of zeros of the defining

n

system of linear differential forms so as to have N = K<xl,...,

x_> and
n
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(10) OXj = (L £ 3 < n; chj(o) e C(0))

I« .
Zh=1%n"Cnj (9
foe each o0 ¢ G(N/K). We claim that N is contained in a Liou-
villian extension of type 2° over K.

Since Xy = xl-cll(c) (0 ¢ G(N/K)), x, is exponential over

1
K as we saw in Case II.

If n =1, then N = K<xl> is clearly a Liouvillian exten=-
sion of type 2° over K.

Suppose n > 1. Then, (10) implies that
- 3 .

olxy/%)) = ¢y (o) /ey (o) + 2oy (k) /%)« (e 4 (0) /ey (o))

(2 £ jJ £ n; 0 € G(N/K)),
so that
v - i o4y s N o f

c(e(xj/xl)) Zh=26\xh/xl; (ch
(2 <3 <n; 6 e 6, ord 6 > 0; 0 ¢ G(N/K)).

Therefore, making an appropriate induction assumption, and tak-
ing into consideration the fact that N is finitely generated

extension field of K, we see that if we set
M = K<e(x2/xl),...,e(xn/xl)l 8ec0, ordo>0 >

M 1is contained in a Liouvillian extension (in N) of type 2°
over K, and N 1is M-separable. Since x2/xl, cee xn/xl
are primitive over M, and since X, is exponential over M,
N = K<xl, x2/xl,...,xn/xl> = M(xl, xz/xl,...,xn/xl). Then, by
similar discussions as in Case I, we see that N is a Liou-
villian extension of type 2° over K.
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Case IV: G(N/K) 1is of type *-6°. G(N/K) has a normal

chain of C~subgroups

(11) GN/K) = Gy, Gy, ... , G _;, G, = {id},

each of whose factor groups is semisimple or finite. Let the
ascending chain of the corresponding intermediate fields bet-

ween K and N be
(12) K =My, My, ... , M__;, M, = N.

Then N 1is a Picard-Vessiot extension of Mj for each Jj
(0 £ jJ < s8). If the factor group Gj—l/Gj is finite for some
j (1 < 3j < s), then Mj is a strongly normal extension and an
extension by radicals over M. with G(M./M. = G. G.

Y j-1 (My/Ms_p) 3-17%;

solvable, and we see that a refinement M. , = M. , ., M. |, .
Jj-1 Jj-1,0 j-1i,1

oo 7 Mj—l,t—l’ Mj—l,t = Mj and a corresponding refinement

= G. G

j-1,0" = G. exists such

§-1,17 0 7 CG5-1,e-17 G4-1,¢ i

is an extension by a radical of prime degree over

Gi_q
that Mj—l,h
Mj—l,h—l (whence Mj—l,h is a strongly normal extension of
Mj—l,h—l) with G(Mj_l,H/Mj_llh_l) = Gj—l,h—l/Gj—l,h cyclic

(whence semisimple) for each h (1 < h < t). This implies by
Th.3 of §8 of [1] that G(N/K) is of type 6°. Thus Case

IV 1is reduced to Case II.

Kb6taro Okugawa
28 Okazaki-Tokusei-cho
Sakyo-ku, Kyoto

606, Japan
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