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1 Introduction 

Software reliability is important for software project managers and software test engineers, since 

it provides an effective reference to determine the release time of software system. Quantitative 

software reliability, defined as the probability that software failures caused by software faults do 

not occur over a period of time, is the measure used for this purpose. In the past literatures, there 

are many software reliability models (SRMs) based on different stochastic processes have been 

proposed. Among the hundreds of existing SRMs, non-homogeneous Poisson process (NHPP) 

based SRMs received the considerable attentions [1,2,8,9,14,15,17,21,22]. Okamura and Dohi [16] 

developed Software Reliability Assessment Tool on Spreadsheet (SRATS) which implements the 

above 11 representative NHPP-based SRMs. 

In general, it is necessary to select a single SRM, e.g. one of the 11 kinds of representative 

NHPP-based SRMs in SRATS, with the best goodness-of-fit performance under the observed 

software fault count data, using any information criteria such as Akaike Information Criterion 

(AIC) [3] for software reliability prediction. However, Wu et al. [20] showed that AIC, BIC [18] 

or others [4, 19] merely select the single model with the best goodness-of-fit performance to 

the underlying software faults data, without guaranteeing that the selected model always has 

the best predictive performance. To overcome the above disadvantage, Lyu and Nikora [12] 

proposed an equally-weighted linear combination model, which is a combination model based on 

three component SRMs. The original idea to use such a linear weighted combination model as 
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a meta-predictor by taking a linear weighted combination of two or more predictions came from 

Abdel-Ghaly et al. [1], where the model weights have to be chosen in some optimal way. 

Unfortunately, it should be noted that the determination of the model weights in [12] is rather 

heuristic and problematic. First, the determination of the model weights was completely irrel-

evant to the principle of parameter estimation, so the frequentist approach and the Bayesian 

approach were confused in the component SRMs. Second, the optimal or statistically meaning-

ful model weights were not chosen at all. In this paper, we propose refined software reliability 

prediction method with the adaboosting-based model averaging techniques. Recently, the model 

averaging has gained much popularity in prediction of regression-based models (see e.g. [6]). 

The paper is organized as follows. Section 2 summarizes the 11 representative NHPP-based 

SRMs and introduces the AIC-based single model approach for software reliability prediction. In 

Section 3, we first summarize the existing linear weighted combination model with adaboosting. 

Then, we propose an alternative deterministic adaboosting-based approch for software reliability 

prediction. Section 4 is devoted to numerical experiments for investigating the predictive per-

formances of our refined adaboosting-based software reliability prediction method. Finally, the 

paper is concluded with some remarks in Section 5. 

2 NHPP-based SRMs 

2.1 Definition 

Let N(t) represent the cumulative number of software faults detected in a system testing by 

time t (2 0). Suppose that N(t) is described by a non-homogeneous Poisson process (NHPP). 

In this case, it holds that 

Pr{N(t)=n}=~, 
{A(t)}n e-A(t) 

n! 
(1) 

where A(t) = Ji。t入(x)dx= E[N(t)] is called the mean value function and is the expectation of 
N(t), and入(t)(~ 0) is called the intensity function. Therefore, the NHPP-based SRM is uniquely 

determined by A(t) or入(t).In the past literatures, hundreds of A(t) have been proposed. Table 1 

represents the 11 kinds ofrepresentative NHPP-based SRMs implemented in SRATS [16]. Then, 

the quantitative software reliability R(tu, t.) between time interval (tu, t.) is defined by 

R(tu, ts) = eA(ts)-A(tu)' (2) 

which means the probability that software faults are not detected during the tirne interval [tu, t8). 

2.2 Maximum Likelihood Estimation 

Next, we briefly introduce the parameter estimation. Suppose that we observed n time-domain 

data, t = {t1, t公...,tn}, where ti denotes the i-th software fault-detection time. 0 is the model 
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Table 1. 11 kinds of representative NHPP-based SRMs. 

Mean Value Function A(t; 0) (0 = a, b, c>O) 

Exp [8] A(t; 0) = a(l -e―bt) 

Gamma [21,22] A(t;0) = af~O 沙sbr(lbe ) CS ds 

Pareto [1] A(t; 0) = a (1 -（土）b） 
A(t・ 0) = a F(t)-F(O) 

TruncNormal ［ 171,  1-F(O)'.、9
，」 F(t) ＝ 亭lb f Jt -=e―舟ds

LogNormal [2, 17] A(t; 0) = a~ 亭 bJi Jlo-gOO (t) e-亨 ds
A （ t・0 ） ＝ F(t)-F(O) ， a 1-F(O)' 

TruncLogist [14] F(t) = ~ l+e―怜

LogLogist [9] A(t; 0) = a 匹,~ 
l+e― 

A(t・ 0) = a F(t)-F(O) 
TruncEVMax [15] ， 1-ー Fすt-(Oc )' 

F(t) = e―e 

LogEVMax [15] A(t; 0) = ae―e 一匹

A(t・ 0) = a F(t)-F(o) 
TruncEVMin [15] ， 1-Ft-(Oc )' 

F(t) = e―e す

LogEVMin [15] A(t; 0) = ae―e 一匹

parameter vector of the mean value function A(t) and intensity function入(t).The likelihood 

function is given by 
n 

£(0;t)=e―A(tn;0) II狐；〇）． (3) 
i=l 

Taking the logarithm of Eq.(3), we obtain the log likelihood function as 

n 

ln£(0;t)＝Lln入(ti;0) -A(tn; 0) (4) 
9=1 

under the failure truncation at time tn. Then, the maximum likelihood estimate (MLE), jj, of 

model parameters is defined by 

0 = argm?,Xln£(0; t). 

゜
(5) 

2.3 Single Model-based Software Reliability Prediction 

Assume that there are M kinds of candidate SRMs｛ふ（t)}i=l,2,...,M'e.g. M = 11 in Table 1. 

In general, practitioners select only one model among M candidate models in software reliability 
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prediction. When we obtain the MLEs of each candidate models, the goodness-of-fit performance 

of each model can be me邸 uredby the AIC: 

AIC = -2 -ln.C(0) + 2 ・ k, (6) 

where k is the number of model parameters in the NHPP-based SRMs. The smaller AIC de-

notes the better goodness-of-fit performance. The AIC-based single model approach for software 

reliability prediction is using the minimum AIC model among M candidate models for prediction. 

3 Ensemble Learning-based Software Reliability Prediction 

3.1 Linearly Weighted Combination Model 

Linearly weighted combination model (LWCM) is the most natural combination model. Sup-

pose that there are M NHPP-based SRMs with M kinds of software fault-detection time dis-

tributions (e.g. M = 11 in Table 1). Let k (= 1,2,...,M) be the component model in-

dicator, i.e., we rewrite the mean value functions and their associated model parameters by 

ふ(t;0砂(k= 1, 2,..., M). Let wk be the model weights. Then, LWCM is given by 

M 

入（t)=入(t;wk,0k,k=1,2,...,M) = Lw心（t；飢）， (7) 
k=l 

where wk, 0k are estimated by means of maximum likelihood estimation. It should be noted 

that LCWM has a large number of parameters for parameter estimation, which seems to be 

significantly more challenging, compared to the single model approach in Subsection 2.3. 

3.2 AdaBoosting-based Multi-combination Model 

Li et al. [10] proposed an adaboosting-based multi-combination model (AMCM) for software 

reliability prediction. Suppose that n time-domain data, t = {ti, t2,..., tn}, are observed, 

where ti denotes the i-th software fault-detection time. We resample the underlying data, where 

t1,tあ•..,tp are P set of resapmled data, where Pis need to be deterministic in advance empir-

ically. AMCM can be desribed as 

p 

A(t) = LWPふ(t；む）， (8) 
p=l 

where A凶） ismean value function of the minimum AIC model among M candidate models under 

the resampled data tかむ isestimated with the resampled data tp. Resampled data tp is not 
generated by simple random sampling but affected by tp-l• For more details on the resampled 

data tp and model weights wp, see [10]. It should be noted that AMCM is just a combination 

model, and does not implement the adaboosting.R2 algorithm. 
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3.3 Deterministic Adaboosting Model 

Freund and Schapire [7] first proposed a statistical classifier, called AdaBoosting, which is imple-

mented as a weighted linear combination of multiple classifiers, called weak learners. Drucker [5] 

applied the AdaBoosting technique on regression problem and developed a so-called AdaBoost-

ing.R2 algorithm. Here, we apply the AdaBoosting.R2 in the sense of Drucker [5] and pro-

pose a deterministic AdaBoosting-based SRM, called the deterministic AdaBoosting-based model 

(DAM). The DAM consists of two steps; training step and inference step. For the details on 

DAM, please refer to Algorithm 1 and Algorithm 2. 

4 Numerical Experiments 

Table 2. Software fault detection time data. 

Testing Time 
Data Set No. Fault 

(CPU Time) 
Source Nature of System 

DSl 54 108708 SYS2 [13] Real time command and control system 

DS2 38 67362 SYS3 [13] Real time command and control system 

DS3 136 88682 SYSl [13] Real time command and control system 

DS4 53 52422 SYS4 [13] Real time command and control system 

DS5 73 5090 Project J5 [11] Real time command and control system 

DS6 38 233700 810 [13] Real time command and control system 

DS7 41 4312598 S27 [13] Military application 

DS8 101 19572126 S17 [13] Real time command and control system 

4.1 Setup 

We examine the predictive performance of the above total 4 approaches with 8 actual software 

fault count data in Table 2. The model parameters of those approaches are estimated by the 

maximum likelihood estimation. We use the first 20%, 50%, and 80% of the data points from 

the entire dataset for the training data, and the remaining data for the validation. We interpret 

these data points to represent the early, middle, and late software testing phases. 

We apply the predictive mean absolute error (PMAE) as a meansure of predictive performance: 

1 
k 

PMAE =iど(n+ i) -A(tn+d I, 
i=l 

(12) 

where {ti, t2,..., tn,..., tn+k} represent the software fault time-detection data, k is the number 
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Algorithm 1 DAM (training) 

Input: 

Observed softw紅 etime-domain data (training set) : t = {ti, t2,..., tn}. 

M candidate models :｛ふ(t;0)},i= 1,2,...,M. 

Maximum training round P. 

Initialization: Training round p←1, Resampling constant {ri←1 h=1,2,...,n, Resampled 
data tp = { t~P) • tih=l,2,…,n· 

1: repeat 

2: Select the minimum AIC model as a candidate prediction model心(t；む） € ｛ふ(t;0)} 

among M candidate models with resampled data tp, whereむisthe maximum likelihood 
estimate with t p• 

3: Calculate component of likelihood function in Eq.(3) CLぶ

CLi=入p(tip)；む）．e-［知(t:P)；6p)-Aぶ叫む）］，

where入p(ti;む）＝込喘辛

4: Calculate MCL = max{CLi}, i = 1, 2,..., n. 

5: Define likelihood loss functions g(li, D): 

g(li, D) = 
IMCL-CLil 

max{IMCL -CLJlh=1,2,…，n 

(9) 

(10) 

6: Calculate the loss Li = g（△li, D) for sample i = 1, 2,..., n with any loss function g(li, D). 

7: Calculate an average loss : L =区7=1LiPi, where Pi =叫区Tj.

8: Calculate the confidence (3p =ー•万
l-L 

9: Update the resampling constant乃← Ti・
(1-LJ. 

t (3p, t = 1, 2,．．．，n. 

10: Sort and relabel the resampling constants {ri} and associated samples {ti} as {r(i)} and 

伽｝， suchthat 

罰く T(2)<... < T(n)・

11: p←p + 1. 
12: The resampling training set tp is built as 

{ t(p), t(p+l),..., t(n), t(n-p+l), t(n-p+2),..., t(n) }, 

where the p -1 samples with the minimum resampling constant are removed and the p -1 

samples with the maximum resampling constant are added. 

13: until Lさ0.5or p > P 

Output: 

p candidate prediction models｛ふ（t)}and associated confidence｛防｝，j= 1,2,...,p. 
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Algorithm 2 DAM (inference) 

Input: 

Observed software time-domain data: t = {t1, t2,..., tn}-

Future testing time tu > tn. 

P candidate prediction models｛ふ（t)}and associated confidence {/3i}, i = 1, 2,..., P. 

1: Obtain P prediction value△妬＝ん（tu)ー心(tn),p= 1, 2,..., P for each candidate predic-
tion model心(t).
2: Each prediction value△的 hasan associated /3p-

3: Relabel｛△妬｝ whileretain the associated {/3p} as｛△飢p)}and {/3(p)}, such that 

△応＜ △如） ＜．．．＜△Y(P)・

4: Assign confidence weight C(p) = ln（元）／区ln（元） tothe corresponding△加）・

5: Seek the finial interval prediction value Y(p*) where the indicator p* is given by 

p p 

p* = min{ p I I:C(i) 2:: ~ t叫
i=l i=l 

(weighted median). 

6: fj ＝如•) +n. 

(11) 

Output: fj, the expectation of cumulative number of software fault detected at testing time tか

of prediction terms, A(tn+i) is the predicted value of cumulative number of software faults at 

tn+i with any prediction approach. Comparing with other measures of predictive performance, 

e.g. PMSE, PMAE intuitively represents the sum of absolute errors between predicted values 

and actual data. 

4.2 Predictive Performance 

Table 3 ~ Table 5 present the predictive performance (PMAE) results in Subsection 2.3 and 
Section 3, where Minimum PMAE Model representatives the model with the best predictive 

performance among 11 kinds of NHPP-based SRMs in Table 1, where we can not know the 

Minimum PMAE Model in advance. AMCM(•) denotes the AMCM with associated (・) loss 

function in [10]. 

The results with yellow color in Table 4 ~ 5 denote that AIC-based model section technique 
selected the best predictive performance among 11 candidate single models. It is seen that the 

minimum AIC technique could not select the best predictive performance in all of dataset at 

early software testing phase. Also, AIC-based model section technique could not always lead to 

the best predictive model in advance, especially in the early software testing phase. 

The results with red color in Table 3 ~ 5 present that the corresponding model has better 
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Table 3. Predictive performance of the existing approaches and our method at early software 

testing phase. 

Data Set DSl DS2 DS3 DS4 

Minimum PMAE 4.31 8.65 3.62 3.95 

Model (LogEVMax) (Pareto) (LogLogist) (Gamma) 

Minimum AIC 14.02 13.08 7.66 12.89 

Model (Exp) (Exp) (Gamma) (Exp) 

LWCM 18.45 12.08 22.92 7.90 

AMCM (Linear) 20.98 7.49 22.48 22.81 

AMCM (Square) 19.96 15 78 44.69 8 03 

AMCM (Exp) 32.03 29.49 107.35 13.63 

DAM 10.00 13.04 30.48 3.08 

Data Set DS5 DS6 DS7 DS8 

Minimum PMAE 8.85 2.27 3.77 16.03 

Model (LogNormal) (Pareto) (LogNormal) (LogEVMax) 

Minimum AIC 29.24 8.51 12.38 108.35 

Model (TruncLogist) (LogEVM邸） (Exp) (Exp) 

LWCM 25 09 10 95 40.59 72.48 

AMCM (Linear) 12.59 11.20 6.47 25.26 

AMCM (Square) 11.98 6.04 12.68 18.57 

AMCM (Exp) 38.37 7 38 6 22 114 47 

DAM 23.47 2.45 12.38 108.35 

perdictive performance than baseline model with minimum AIC model. The results with bold 

mean that the corresponding model could outperform the minimum PMAE model, which was 

the single model with the best predictive performance. In early software testing phase, LWCM, 

AMCM(Linear) and AMCM(Square) improved the predictive performances in 4 of 8 cases and 

AMCM(Exp) gave the worst predictive results which could only improve the predictive perfor-

mances in 2 of 8 cases. None of the existing models could improve the predictive performance in 

the majority of cases in early software testing phase. The similar results also could be seen in the 

middle and late software testing phases. The existing ensemble learning-based methods could 

not improve the predictive performances in most cases of all software testing phase. However, 

in early and middle software testing phases, our DAM improved the predictive performances, 

compared to the baseline model in 6 of 8 cases. Compared to the existing methods, our ensemble 

learning-based method could significantly improve the predictive performances. 

5 Conclusion 

In this paper, we concerned on the ensemble learning-based methods for software reliability 

prediction. We proposed an ensemble learning-based model, which was called the determinis-
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Table 4. Predictive performance of the existing approaches and our method at middle software 

testing phase. 

Data Set DSl DS2 DS3 DS4 

Minimum PMAE 1.65 2.78 3.15 3.93 

Model (LogNormal) (Exp) (Pareto) (LogEVM訟）

MinimumAIC 8.01 2.78 18.0 (Gamma) 6.80 (Exp) 

Model (Exp) (Exp) (Gamma) (Exp) 

LWCM 7.56 5.97 24.37 71.18 

AMCM (Linear) 11.76 88.79 21.64 56.52 

AMCM (Square) 22.22 54.98 26.18 4 32 

AMCM (Exp) 65.37 11.44 99.89 84.71 

DAM 4.80 2.28 11.90 19.64 

Data Set DS5 DS6 DS7 DS8 

Minimum PMAE 14.44 3.01 41.78 24.65 

Model (LogEVMax) (LogEVMax) (Pareto) (TruncEVMin) 

MinimumAIC 17.14 3.01 131.85 207.70 

Model (Exp) (LogEVM邸） (TruncEVMin) (Exp) 

LWCM 14.28 5.60 135 60 54 87 

AMCM (Linear) 15.98 9.81 41.79 96.54 

AMCM (Square) 9.16 9.98 80.69 36.18 

AMCM (Exp) 22.07 74.70 6.54 49 30 

DAM 16.49 2.63 73.99 212.15 

tic adaboosting model (DAM). Although there were several existing ensemble learning-based 

methods in the literature, the improvement of predictive performance with single model has 

not been examined yet. On the other hand, our DAM could significantly improve the predictive 

performance, compared to the single model approach in early and middle software testing phases. 

In future, we are going to examine our ensemble learning-based methods for open-source soft-

ware projects and develop the software reliability prediction methods based on the other ensemble 

learning-based methods. 
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Table 5. Predictive performance of the existing approaches and our method at late software 

testing phase. 

Data Set DSl DS2 DS3 DS4 

Minimum PMAE 2.38 0.61 2.75 1.60 

Model (LogEVMax) (LogEVMax) (LogEVMax) (Exp) 

Minimum AIC 2.38 0.61 2.75 1.60 

Model (LogEVMax) (LogEVMax) (LogEVMax) (Exp) 

LWCM 2.67 1.65 8.81 3.49 

AMCM (Linear) 1161 0 84 2.22 103 64 

AMCM (Square) 2.43 1 16 2.22 234 12 

AMCM (Exp) 2.29 6.73 21.20 37.88 

DAM 2.38 0.66 3.92 2.11 

Data Set DS5 DS6 DS7 DS8 

Minimum PMAE 2.94 1.15 2.28 6.05 

Model (LogEVMax) (LogEVMax) (LogEVMax) (LogEVMax) 

Minimum AIC 4.53 1.15 2.63 9.93 

Model (Gamma) (LogEVMax) (LogNormal) (Pareto) 

LWCM 2.19 2 47 3 06 9 26 

AMCM (Linear) 20.60 1.77 2.55 9.78 

AMCM (Square) 28.92 2.03 1.45 9.83 

AMCM (Exp) 16 49 7 68 4 93 9 72 

DAM 6.32 1.27 2.63 9.78 
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