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1. Introduction
In this paper we consider the first order 4-dimensional Emden-Fowler differential

system
(W) = a;(t)|uz|sgn ug,

A uy = ag(t)|us|* sgn us,
(4) S
uz = ag(t)|us|**sgn uy,

|y = —ay(t)|u|Msgnuy,,

where ); are positive constants, and a;(t) are continuous functions on [0, c0) and a;(¢) >
Ofort>0,:=1,2,3,4.

A vector function u = (u;, ug, u3, u4) on an interval J C [0, 00) is called a solution of
(A) on J if the components u; of u are defined and C'-class on J and satisfy the system
(A) for each t € J. In the case where J is an infinite interval, if some component of
a solution u of (A) is oscillatory [resp. nonoscillatory], then the other components of
u are oscillatory [resp. nonoscillatory]. A nontrivial solution u of (A) on an infinite
interval is called oscillatory [resp. nonoscillatory] if all components of u are oscillatory
[resp. nonoscillatory].

In this paper we restrict our attention to the solutions u = (u;,uz,us,us) of (A)
existing on infinite intervals of the form [T, 00), where T' may depend on each solution
u, and we discuss the oscillation and nonoscillation of solutions of (A) in detail. The
oscillatory and nonoscillatory properties of solutions of (A) are influenced heavily by
the growth conditions near the infinity of the functions a,(t),az(t) and a3(t). In the
present paper we consider the following two important cases:

(H,) /Oooa;(t)dt=oo, i=1,23;
/0 ax(t)dt = oo, /0 az(t)dt < oo, fo as(t)dt = oo,
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The condition (H;) or (H;) will be assumed throughout the paper.

In Section 2 we classify nonoscillatory solutions u = (uy, uz,us, us) of (A) according to
the signs of u;(t), i = 1, 2, 3, 4, and take up several important classes of nonoscillatory
solutions u for which the components u; of u are regulated by specific asymptotic con-
ditions as t — co. In Section 3 we establish necessary and sufficient conditions for (A)
to have nonoscillatory solutions in the important classes mentioned above. In Section 4
we show that, for some special classes of (A), the situation that all solutions of (A) are
oscillatory can be completely characterized. |

The system (A) contains a number of important differential equations and differential
systems. For example, the fourth order scalar differential equation

(B) (ly"|°sgny")" + a(t)ly/’sgny = 0

can be rewritten in the form of (A). Therefore, making use of the general results in
Sections 2-4, we can derive oscillation and nonoscillation results for (B).

2. Classification of Nonoscillatory Solutions
We begin by investigating the signs of the components of nonoscillatory solutions u

of (A).

Lemma 2.1. Assume (H;) or (H;) holds. If u = (uy, uz,us, us) is a nonoscillatory
solution of (A), then one of the following cases holds:

(21) ul(t)U2(t) > 0, ul(t)ug(t) > O, ul(t)u4(t) > 0,
(22) ul(t)u2(t) > 0, ul(t)u3(t) < 0, Ul(t)U4(t) > 0.

Now we discuss the asymptotic behavior as ¢ — oo of noﬁoscillatory solutions u=
(1, Uz, us,ug) of (A). By Lemma 2.1, a nonoscillatory solution u = (u;, u, us, u4) sat-

isfies either (2.1) or (2.2). Let us begin with the case where u satisfies (2.1). We may
assume that u,(t) is eventually positive. Then

(2.3) uy(t) >0, wug(t) >0, wus(t)>0, u;(t) >0 for t2> T,

where T is chosen sufficiently large. Integrating (A), we get

4

wr(t) = w(T) + [ a(s)lua(s) ds,
wlt) = () + [ el ds,
us(t) = us(T) + [ as(s)[ua(s))ds,

ua(t) = ug(00) + /t ” aa(s)fur(s)Mds, t>T,

(2.4) <
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where u4(00) = tl_l’lg uy(t) 2> 0.
We define the functions A;(t), i =1, 2, 3, 4, by

( A4(t) =1,
As(t) = [ as(s) ds,
$ t
Aa(t) = [ as(s) [As(s)] s,

| 40 = [ @) e ds, 120

(2.5)

Similarly, we define the functions B;(t), ¢ = 1, 2, 3, 4, by
[ Bs(t) =
t
By(t) = [ as(s)ds,
t Y
Bi(t) = [ ai(s) [Ba(s)]™ ds,
By(t) = jt a(s)[Ba(s)Mds, t>0.

(2.6) <

We have Ai(t)
tl_l’ooB(t)—oo (i=1,2,3,4).

Proposition 2.1. (i) Let u = (uy,us,us, uq) be a nonoscillatory solution of (A)
satisfying (2.3). Then we have

. u(t) . : oy .
(2.7) tl_l’rg A,) exists and is positive (i =1, 2, 3, 4)
or wlt)
.U _
(2.8) Jlim —==5 A) =0 (¢:=1,2,3,4)

(ii) Let u = (uy,us, u3,uy) be a nonoscillatory solution of (A) satisfying (2.3). Then,
the function By(t) is always well-defined. For the case where (H;) holds, we have

ui(t) .
(2.9) tl_x_glo Bit) oo (i1=1,2,3,4)
or wlt)
(2.10) tl—l)oo B.) exists and is positive (i =1, 2, 3, 4).

For the case where (Hy) holds, if u = (uy,uz,u3,uq) has the additional property that

(2.11) 1132 us(t) exists and is positive,
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then we have (2.10), and moreover, for any nonoscillatory solution v = (vy,vs,v3,v4) of
(A) satisfying (2.3), the limit

Jim 29
exists and is finite (1 =1, 2, 3, 4).

By Proposition 2.1 we see that if u = (u;,uz,us,u4) is a nonoscillatory solution of
(A) satisfying (2.3), then

,B;B,'(t) S u,-(t) S a;A,-(t) (Z = 1, 2, 3, 4)

for all large ¢, where o; and §3; (z = 1, 2, 3, 4) are positive constants. Consequently, in the
set of all nonoscillatory solutions of (A) satisfying (2.3), a solution u = (u1, uz, us, uq)
of (A) which satisfies the asymptotic condition (2.7) [resp. (2.10)] is regarded as a
“maximal” [resp. “minimal”] solution.

Definition 2.1. Let u = (u;,us, u3, u4) be a nonoscillatory solution of (A). We say
that u is a solution of the type (I) if it satisfies (2.7), and that u is a solution of the
type (II) if it satisfies (2.10).

Next we consider the case that a nonoscillatory solution u = (uy,uz,us, us) satisfies
(2.2). We may assume that u;(t) is eventually positive:

(2.12) ur(t) >0, wuz(t) >0, wus(t) <0, wugt)>0 for t>T.

Here, T is taken sufficiently large. In this case, the second equation and the third
equation of (A) can be rewritten in the forms of

up(t) = —aa(t)lus(t)]*  and  fus(t)]' = —as(t)fus(®)],

respectively. Then we can get

[ wa(t) = wa(T) + [ an(s)lua(s) ds,
us(t) = ua(00) + [ az(s)lus(s)ds,
Jus(®)] = lus(0)| + [ as(s)ua(s)ds,

() = /t T aa(s)fur(s)Mds,  t>T,

where u;(00) = Jlim u;(t), ¢ =2, 3. Furthermore, for the case where (H;) holds, we find
that uz(o0) = 0 in (2.13).

(2.13) <
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Now, for the case where (H,) holds, we define the functions Ci(t), i =1, 2, 3, 4, by
[ Cy(t) =1,

e = [ *ai(s) ds,
| cutty= [~ a@) Crtods,

Ca(t) = jt ~ as(s) [Ca(s)* ds,  t>0.

(2.14)

\

For the case where (H;) holds, we replace Cs(t) in (2.14) by
Cat) =1+ /t  as(s) [Cals)* ds, > 0.

We also define the functions D;(t), ¢ =1, 2, 3, 4, by

[ Dy(t) =1,

D)= [ au(s)ds,

| Doty = [ as(e) (Do s,

| Dy(t) = /¢ ~ as(s) [Da(s)]? ds,  ¢>0.

(2.15)

It is easily seen that

. Ci(t) .
tllrlg_D—Tt)_oo (t=1,2,3,4).

Proposition 2.2. (i) Let u = (uy,uq,u3, us) be a nonoscillatory solution of (A)

satisfying (2.12). Assume moreover that the following additional condition is satisfied:

uz(00) >0 in the case where (H,) holds,
216) { 2(0) (Hy)

uz(00) >0 and uz(co) < 0 in the case where (Hz) holds.

Then the functions C;(t) (: = 3, 4) are well-defined and

tllglo %—:%)5 erists and is positive (1 =1, 2, 4),
(2.17) (t '
lim =2 ) exists and is negative.

im0 Cy(t)
Furthermore, if a nonoscillatory solution u = (uy,ug, us, us) of (A) satisfies (2.12) and
(2.17), then, for any nonoscillatory solution v = (vy,v2,v3,v4) of (A) satisfying (2.12),
the limit
(o)

o fuy(t)]
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exists and is finite (i = 1, 2, 3, 4).

(i) Let u = (u1, uz, u3, uq) be a nonoscillatory solution of (A) satisfying (2.12). Then
the functions Di(t) (z = 2, 3, 4) are always well-defined. If u = (u;,us,us, u,) satisfies
the additional condition

uz(00) =0 in the case where (H,) holds,
2.18 ’
(2.18) uz(00) =0 and uz(co) =0 in the case where (Hy) holds,

then we have either

tl_lwo Di(?) ezists and is positive (i = 1, 2, 4),
(2.19)
JLim D3 @ )) erists and is negative,
o 0 1) _
U _ _ us _
(2.20) tll)rg Di(2) =o00(i=1,2,4) and hm % Do)

If a nonoscillatory solution u = (uy,usz, us,us) of (A) satisfies (2.12) and (2.19), then,
for any nonoscillatory solution v = (v1,v2,vs,vs) of (A) satisfying (2.12), the limit

|wi(B)]
oo [v;(t)]
exists and is finite (1 = 1, 2, 3, 4).
By (2.13) it is seen that if Ci(t) and D;(t) (s = 1, 2, 3, 4) are well-defined, then, for

a nonoscillatory solution u = (uy,us,us,us) of (A) satisfying (2.12), there are positive
constants &; and v; (i = 1, 2, 3, 4) such that

6:Di(t) < lui(t)] < %Ci(t) (1=1,2,3,4)

for all large ¢. Proposition 2.2 implies that a nonoscillatory solution u = (u1,ug, u3,uy)
satisfying (2.17) [resp. (2.19)] is “maximal” [resp.“minimal”] in the set of all nonoscil-
latory solutions of (A) satisfying (2.12).

Definition 2.2. Let u = (uy, up,us, u4) be a nonoscillatory solution of (A). We say
that u is a solution of the type (III) if it satisfies (2.17), and that u is a solution of the
type (IV) if it satisfies (2.19).

In the following section we give necessary and sufficient conditions for the existence
of nonoscillatory solutions of (A) with the special types (I), (II), (III) and (IV).

3. Existence of Solutions of the Special Types
In this section we deal with the existence of nonoscillatory solutlons of (A) with the

special types (I), (II), (III) and (IV).
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Theorem 3.1. Suppose (H;) or (H;) holds. A necessary and sufficient condition for
(A) to have a nonoscillatory solution of the type (I) is that

(3.1) /0 ” aa(t) [Ar ()] dt < 0.

Theorem 3.2. Suppose (H;) or (H;) holds. A necessary and sufficient condition for
(A) to have a nonoscillatory solution of the type (II) is that

(3.2) /oco a4(t)[By(t)]Mdt < 0o, and

(33 /0 * aa(t)[Ba(t)*dt < oo.

Theorem 3.3. Suppose (H,) or (H;) holds. A necessary and sufficient condition for
the existence of a nonoscillatory solution of (A) with the type (III) is that

(3.4) /0 ” a®)[Ci(t)Mdt < oo,
(3.5) /0 ” as(t)[Ca()]*dt < 00, and
(3.6) fo ” 62(1)[Ca(8)]2dt < oo.

Theorem 3.4. Suppose (H,) or (H;) holds. A necessary and sufficient condition for
the ezistence of a nonoscillatory solution of (A) with the type (IV) is that

(3.7) /0 " aa(t) dt < oo,

(338) 7 asDeeat < oo,

(3.9) /o * a2(t)[Ds(t)]?dt < 00, and
(3.10) /0 * 6,()[Da(t)]Mdt < oo

4. Oscillation Theorems

This section is devoted to the discussion of the oscillation of all solutions of (A).
However, under the general framework, it is difficult to characterize the oscillation of all
solutions of (A). Therefore we require the following additional condition on a,(t) and

as(t):
03(t)

(Ha) 0< litrg‘i)onf a(d) < lirtr_l’itjp o

a(t)

(t) < 0.
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We can prove the following theorems.

Theorem 4.1. Suppose that either (H;) or (H;), and (Hs) hold. Suppose moreover
that
(4.1) A<l (i=1,2,3) and A<l

Then, all solutions of (A) are oscillatory if and only if

“y > a4(t)( [ t al(s)( [ ’ a2(r)( / " as(£) d{)j\zdrylds)/\‘dt = oo.

Theorem 4.2. Suppose that either (H;) or (H;), and (H3) hold. Suppose morerover
that
(4.3) AN>1 (i=1,2) and Mg > 1.

Then, all solutions of (A) are oscillatory if and only if one of the following conditions
is satisfied: '

(4.4) /0 a4(t) dt = oo;
((4.5-1) (4.4) does not hold, and

| (452) /0 * as(?) ( /t ” aa(s) ds)M’ dt = oo;
( (4.6-1) neither (4.4) nor (4.5-2) holds, and
(49) <‘ (4.6-2) /Ooo a2(t)(ftoo a;;(s)(/:o aq(r) dr)l\abds) ’\2dt = 00;

( (4.7-1) none of the conditions (4.4), (4.5-2) and (4.6-2) holds, and
47 i (4.7-2) [)m al(t)(/too a2(s)</:o a;;(r)(/roo aq(€) d§) )\sdr) Azds) ,\ldt = oo.

(4.5) 9
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