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SOME REMARKS ON  TREE PROPERTIES 

JOONHEE KIM 

YONSEI UNIVERSITY 

1. INTRODUCTION 

Since it was first introduced in [3], it is still unknown whether the class of SOP1 
theories and the class of SOP2 theories are the same. Recently in [1], it has shown 
that SOP1 and SOP2 differ at the level of formulas. This means that there exists 

a formula witnessing SOP1 but any conjunction of the formula does not witness 
SOP2. In this note, we give a slightly stronger example. We construct a theory 

which has SOP1, but every quantifier free formula does not witness SOP2. 

2. PRELIMINARIES AND NOTATIONS 

Notation 2.1. Let Ii and入becardinals. 

(i) By心 wemean the set of all functions from入to氏
(ii) Byい wemean Ua＜入研 andcall it a tree. If Ii = 2, we call it a binary 
tree. If Ii ~ w, then we call it an infinitary tree. 

(iii) By 0 or〈〉,wemean the empty string in Ii丸 whichmeans the empty set 
(recall that every function can be regarded as a set of ordered pairs). 

Let T/, v E炉入

(iv) By T)'.':1 v we mean T) ~ v. If T/'.':1 v or vさIT/, then we say T/ and v are 
comparable. 

(v) By TJ..lv we mean that T) 11 v and v 11 T/・ We say T) and v are incomparable 
if T/..lv. 

(vi) By T) Av we mean the maximal~ E応＜入 suchthat ~'.':l T/ and ~ヨ V.
(vii) By l(TJ) we mean the domain of T/ ・ 

(viii) By T) <zen v we mean l(TJ) < l(v). 
(ix) By T/ <zex v we mean that T/'.':1 v, or T/..lv and TJ(l(r-, Av))< v(l(r-, Av)). 

(x) By T)~V we mean T/ U {(i + l(TJ), v(i)) : i < l(v)}. 
Let i, i0,…,in-1 E Ii. 

(xi) By〈io…in-l〉wemean the function (E fin such thatく(k)＝松 forall 
k E n. Sometimes we just write it io…in-1 if there is no confusion. 

(xii) By〈i(n)〉wemean the function (E炉 suchthatく(k)= i for all k E n. 
Sometimes we just write it i(n) or籾 ifthere is no confusion.〈i(O)〉isdefined 
by〈〉.

Definition 2.2. Let cp(x, y) be an £-formula. 

(i) cp(x, y) is said to be having the tree property (TP) if there exists a tree-

indexed set〈an〉ryEw<wof parameters and k E w such that 
nEw is consistent for all T/ E ww (path consistency), • {cp(x,ari「n)}nEwi 

• {cp(x,ary-i)}iEw is k-inconsistent for all T/ E w<w. 
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(ii) t.p(x, y) is said to be having the tree property of the first kind (TP1) if there 

is a tree-indexed set〈a,.,〉')Ew<wof parameters such that 
• {t.p(x,a,.,「n)}nEw is consistent for all T/ E w竺
• {t.p(x,a,.,),t.p(x,a砂｝ isinconsistent for all T/上 ll.

(iii) t.p(x, y) is said to be having the tree property of the second kind (Tい） if
there is an array-indexed (ai,j)i,jEw of parameters such that 

• {t.p(x,an,,.,(n))}nEw is consistent for all T/ E w竺
• { t.p(x, ai,j), t.p(x, ai,k))} is inconsistent for all i, j, k E w with jヂk.

(iv) t.p(x, y) is said to be having the 1-strong order property (SOP1) if there is a 

binary-tree-indexed〈a,.,〉,.,E2<wof parameters such that 
• {t.p(x,a,.,「n)}nEw is consistent for all T/ E w2, 
• {t.p(x, aい），叫，a町い）｝ isinconsistent for all T/, v E 2竺

(v) t.p(x, y) is said to be having the 2-strong order property (SOP2) if there is a 

binary-tree-indexed〈a,.,〉,.,E2<wof parameters such that 
• {t.p(x,a,.,「n)}nEw is consistent for all T/ E w2, 
• {t.p(x,a,.,),t.p(x,av)} is inconsistent for all T/上 /I.

(vi) We say a theory has TP if there is a formula having TP with respect to its 
monster model of the theory. Sometimes we say that the theory is TP, and 

we call the theory an TP theory. We define TP1 theory, TP2 theory, SOP1 
theory, and SOP2 theory in the same manner. 

(vii) We say a theory is NTP if the theory is not TP, and we call the theory 
NTP theory. We define NTP1 theory, NTP2 theory, NSOP1 theory, and 

NSOP2 theory in the same manner. 

Fact 2.3. (i) A theory has TP if and only if it has TP1 or TP2. 
(ii) If a theory has SOP2, then the theory has SOP1・

(iii) If a theory has SOP1, then the theory has TP. 
(iv) A theory has SOP2 if and only if the theory has TP1・

Let Lstr ={~, <1ex, /¥} be languages where竺，＜lexare binary relation symbols, 
and /¥ is a binary function symbol. Then for cardinals 1,, and入， atree 1,,く入 canbe 

regarded as an Lstr-structure whose interpretations of~, <1ex, I¥ follow Notation 
2.1. 

Definition 2.4. Let可＝ （T/O,…，T/n) and Ii= (vo,…, ％） be finite tuples of 1,,豆
(i) By qftpstr（可） wemean the set of quantifier free Lstr-formulas t.p（団） such
that 1,,＜入ヒ峨）．

(ii) By可～strIi we mean qftPstr（可） ＝qftpstr(Ii). 
Let£, be a language, T be a complete £-theory, M be a monster model of T, and 

叫）nE氏＜入，（％）nE氏＜入 tree-indexedsets of parameters from M. For'ij = (r,0,…,T/n), 
we write両 todenote (a,.,0,…,a,.,n). For any finite set of £-formul竺△ anda 
type r'we write r△ to denote { t.p E r : t.p E △}. By面可三△，A 転 wemean 

叫（号／A)=tp△伽／A).

(iii) We say (a,.,),.,E"＜入 isstrongly indiscernible (str-indiscernible) if tp（焉） ＝ 
tp（両） forall qftp str（可） ＝qftPstr (Ii)• 

(iv) We say (b,.,),.,E"＜入 isstrongly based (str-based) on (a,.,),.,Eぃ iffor all'ij and 
a finite set of £-formulas△,there is Ii such that可～strIi and玩三△両

Fact 2.5. Let a tree-indexed set (a,.,),.,Ew<w be given. Then there is a str-indiscernible 

(b,.,),.,Ew<w which is str-based on (a,.,).,,Ew<w. 
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The proof can be found in [5], [4], and [8]. The above statement is called the 
modeling property of strong indiscernibility (str-modeling property). 

Definition 2.6. Let 11, and入becardinals. 

(i) We say a subset X of 11,＜入 isan antichain if the elements of X are pairwise 

incomparable (i.e., 77上vfor all 77, v E X). 
(ii) We say a formula r.p(x, y) has antichain tree property (ATP) if there exists 

a tree indexed set of parameters (a,,,),,,E2<w such that 

• for any antichain X in 2竺 theset { r.p(x, a,,,) : 77 E X} is consistent, 
and 

• for any 77,v E 2<w, if77 :$] v, then {r.p(x,a,,,),r.p(x,av)} is inconsistent. 
We say a theory has ATP if there exists a formula having ATP. If a theory 

does not have ATP, then we say the theory has NATP. 

Remark 2. 7. [1, Proposition 4.4, 4.6] If a formula witnesses ATP, then it witnesses 
TP2 and SOP1. In particular, if a theory has ATP, then it has TP2 and SOP1・

Remark 2.8. Thus if we want to show that SOP1 and SOP2 are not the same, 
then it is enough to show that there exists a theory which is ATP and NSOP2. 

Fact 2.9. [1, Section 6] There exists a theory which has a witness of ATP, and any 
conjunction of the witness does not witness SOP2. 

3. AN ATP THEORY WITHOUT QUANTIFIER FREE SOP2 WITNESS 

We construct a structure of relational language whose theory has a quantifier free 
formula <p(x, y) which forms an antichain tree, and every quantifier free formula in 

,C does not witness SOP2. 

3.1. Construction. 

Definition 3.1. Let n'.S w. An antichain Xこ2<nis called a maximal antichain 
if there is no antichain Y <;;; 2<n such that X c;; Y. 

We begin the construction with language,C = { R} where R is a binary relation 
symbol. For each n E w, let an E w be the number of all maximal antichai e number of all maximal antichains in 
2<n,andぬ bethe set of all maximal antichains in 2<n. We can choose a bijection 
from an toふ foreach n E w, say μn. For each n E w, let An and Bn be finite sets 
such that IA叫＝ anand IBnl = 12<n1. Their elements are denoted by 

An = { a1 : l < an}, Bn = {b~ : rJ E 2<n }. 

Let Cn be the disjoint union of An and Bn for each n E w. For each n E w, let <Cn 

be an £-structure such that <Cn =〈Cn；応〉， whereRICn =｛〈a1,b切EAnXBn: 
n E匹 (l)}. 
For each n E w, let En be a map from an U 2<n to an+l U 2<n+l which maps 

n+l X →x for all x E an U 2<n, and define E~ : Cn→ Cn+1 by ar → a and E:n(l) 
n+l 

n 籾→b.  Then咋 isan embedding. Thus we can regard <Cn as a substructure e”(n) 
of <Cn+l with respect to E~. 
Let丸 bethe power set of an, {ri}i<2"n an enumeration of Pn, and Pn the 
cardinality of匹 Foreach n E w, let似 bea map from anu2<n to an+Pn u2<n+Pn 
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which maps T/→ oPnヘ T/for all T/ E 2<n and Z→<5n(l) for all Z E an where 

(OP戸四(l)

似l)＝ μ;』Pn(］［□□嵐；臼；｝）
Define 況： Cn → Cn+Pn by a1 → a~れ需 and b; → b~れ需. Then ⑰ is an embedding. 
Thus we can regard Cn as a substructure of Cn十Pnwith respect to 15~. 
Then we obtain a chain of £-structures, 

吋 6* 2+P2 
C1 ~C2 ~C2十P2~ ・・・Cn二 Cn+l凸 Cn+l十Pn+l...• 

Thus we choose C~ recursively as follows 

C~ =Cぃ
q=C2, 

c~i+l = ck+Pk where ck = C羞
c~i+2 = Ck+l where ck = (['.伍＋1,

and for each i E w, let A~ = Ak and B~ ＝凡 whereq = ck. Let C = uiEw q, 
A=  uiEw A~, B = uiEw B~ iEw ~,, and C be the universe of C. 

3.2. Verification. In this section we show that Th(C) has ATP and there is no 
quantifier free formula in £, which has SOP2 modulo Th(C). First we check some 
properties of Th(C). Recall that {v E 2<w : v :'::) rJ} is linearly ordered by :'::] for 
each rJ. This fact will be used frequently to prove the following propositions and 
remarks. 

Remark 3.2. It is clear that either C FヨxR(x,c) or C FヨyR(c,y), for all c E C. 
In fact CFヨxR(x,c) if and only if c EB, and C FヨyR(c,y)if and only if c EA. 

p roposition 3.3. R(x,y) forms an antichain tree in Th(C). 

Proof. By compactness, it is enough to show that for any n E w, there exists 

〈cn〉riE2<nsuch that {R(x,cri): rJ EX} is consistent if and only if Xis an antichain 
in 2<n. Fix n E w, and let Cri = bりforeach rJ E 2気 whereck = C~. Note that 
k 2". n. 
First we show that if X こ2<nis an antichain, then {R(x, eri) : rJ E X} is 
consistent. Since 2<n ~ 2生 X c~n be _regarded as an antichain in ?<~. Hence, 
there exists a maximal antichain Xこ2<kcontaining X. Let l = μ-,;;1(X). Then 
〈a7,（ぅ〉 ERIC• for all rJ E X since〈at,cri〉=〈a7,bり〉 andrJ EX=  μk(μ-,;1(X)) = 
叫 l)for all rJ EX. Thus {R(x, er-,) x, cri) : rJ EX} is consistent. 
For the converse, suppose Xこ2<nis not an antichain. Then there exist rJ, v EX  
such that rJ /_ v in 2<n. Thus rJ /_ v in 2<k. If { R(x叫： rJEX} is consistent, then 
{R(x,bぶ），R(x,bt)} is consistent. Hence there exists a EA such that C F R(a, bな）八
R(a, bt). By the construction of C, there exists k'E w such that a E Ak, and we 

may assume k = k'. Hence there exists l < ak such that C F R(a7, bな）八R(a7,b夕）．
Thus'r/, v E四 (l).There exists an antichain in 2<k containing rJ and v but it is not 
possible since rJ /_ v. ロ
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Proposition 3.4. There is no b。,b1,b2, b3 EB such that 
Cヒb。#b1I¥ b2 # b3 
八ヨx(R(x,bo)八R(x丸））八ヨx(R(x,b2) /¥ R(x，妬））
→^x(R(x, bo)八R(x，的）） A ---,ヨx(R(x,bo) I¥ R(x，妬））
→^x(R(x, b1)八R(xも）） A ---,ヨx(R(x,b1) /¥ R(x，妬））．

Proof. Suppose such bo, b1, b2, b3 exist. We may assume they are b;0, b嘉腐嬬 for
some n E w and TJo刃1渭2渭3E 2<n. Since {R(x, b品）， R(x，悦）｝ and{R(x，悦），
R(x,悦）｝ areconsistent, b;゚上 b;1and b;2上幅 in2<n. Since {R(x, b似），
R(x, b;2)}, {R(x, b;0), R(x, b;3)}, {R(x, b;J, R(x, b;2)}, {R(x, b;J, R(x, b;J} are 

inconsistent, b孟tb贔閤。 j_b;3, b;1 j_ b;2, b;1 j_ b;3. Thus b;2, b;3ヨ嬬^ 闊・
Since {v E 2<n : v :::l v'I¥ v"} is linearly ordered by :::l for all v'ヂv",we have 
籾 j_b;;, and it is a contradiction. ロm n3 

Proposition 3.5. For all b0,…，bn EB, if(C F→x(R(x, bo) I¥・・・ I¥ R(x, bn)), then 
there exist i < j :S n such that (C F---,ヨx(R(x,bi) I¥ R(x, b1)). 

Proof. Suppose b。,…，bnEB  and (CFヨx(R(x,bi) I¥ R(x，b1)) for all i,j :Sn. We 
may assume that there exists k E w such that for each i < n, there exists T/i E 2<k 
such that bi = b~,. As we observed in proof of Proposition 3.3,〈R(x,y),〈b仇〉'7E2<k〉
forms an antichain tree with height k. Since {R(x, b~J, R(x,仇）｝ isconsistent 
for each i, j < n, the set of indices { T/o,…叫｝ ispairwisely incomparable. Thus 
{ T}o,..., T/n} is an antichain in 2<k. Thus { (R(x, bぶ），…，R(x炉）｝・

, nn-1 
is consistent in 

(Ck, and hence it is consistent in C. Therefore (C Fヨx(R(x,bo)八・・・八R(x，加））． ロ

Proposition 3.6. For all ao,..., an, a~, … ,a伝 E A, if aiヂa:for each i :S n, 
J 

j :S m, then (C Fヨy(R(ao,y) I¥・・・ I¥ R(an, y) I\---,R(a~, y) I¥・・・ I¥---,R(a伝，y)).

Proof. We may assume ao, … ,an,a~, … ,a伝 E Ak for some k E w, where (Ck = (C如
f or some i E w. Hence there are lo,…ln, l 9 / k , ln, l0,…，伍く位 suchthat ao = a10,...,an= 

叱 a~ = aも…， a伝＝ atand liヂlJfor each i and j. Let {riLく2昨
be the enumeration of匹 thepower set of ak. Then there exists e such that 

じ＝｛l~, …,l伝｝． Bythe construction of c5k, the maximal antichain μk十Pk国（り）） in
/3K十Pkdoes not contain o(p.-e-l)^〈1〉forall j. On the other hand, μk十Pk((5k（し））
contains QPk-e-lへ〈1〉forall i since li (/_ re. Thus we have 

CヒR(ak十Pkbk十PK
6k (h)’OPK-e-1̂〈1〉)

for all i, and 

C ヒ遣（a~詞＼， bご:kP-Ke-1^ 〈 1 〉)
for all j. Since JZ is an embedding from IC如＝ CK to c;d+1 = CK十Pk,we can say 
that there is b E B such that IC F R(at, b) for all i, and IC F 遺(a~,b) for all j. 

3 

This completes the proof. ロ

Proposition 3. 7. For all b。,…，bn,bb,…, b伝EB,if biヂbjfor each i ~ n,j ~ m, 
and C仁ヨx(R(x,bi)八R(x，も）） forall i, j, then IC Fヨx(R(x,bo)八・・ ・/¥R(x，加）八
---,R(x, bb)/¥．．．I¥ ---,R(x,b伝））．

Proof. As in Proposition 3.6, we may assume b。,…，bn,bb,... b伝EBk= B~d+l for 
some k, d E w, hence there are'f)o,…，'f)n,'f/b,…, n伝E2<"'such that b0 = bぶ，…，bn= 
仇，bb= b贔・・・，bb= b~:,. and'f/iヂ竹 foreach i ~ n and j ~ nm — ~ m. Since IC F 
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ヨx(R(x,b,,,JA R(x,b,,,;)) for each i,j::::; n, the set {770,…,7/n} forms an antichain 
in 2<k. By the construction we may assume (Ck = C~,1-1-1 is a substructure of 2d+l 
(Ck+l = c;d+2 with respect to st Thus 7/o,…，nn, no,…, n伝canbe regarded as 
elements of 2<k+l_ Now we choose an antichain tree in 2<k+l which contains 

7/0,…,7/n and does not contain 770, …7/~. Let A be a maximal antichain in 2 <k+l 

which is defined by 

{v E 2<k+l: v E 2k and 7/i t] v for all i::::; n} U {770,…，珈｝．

Then 7/i E A for all i ::::; n and叫(/_A for all j ::::; m. Let l = µk—+1(A). Then 

(C F R(a圧，bぷ戸） for all i ::::; n, and (C F 遺(a圧， b~戸） for all j ::::; m. This 
completes the proof. ロ

Now we are ready to prove that Th(C) has no quantifier free formula which 
witnesses SOP2. We begin the proof by showing that some conjunctions of basic 
formulas do not witness SOP2. 

Proposition 3.8. The formula cp（歪，歪',y)= /¥i<n R(xi, y) A 八区m--,R(xj,Y)does 
not witness SOP2 modulo Th(C) for all n, m E w. That is, there is no〈c'I,c',,,〉TJE2<w= 

〈c3, … ,c~,c。叫…， C』〉,,,E2<w in a monster model M of Th(C), such that 
(i) {cp（包「nふ「n,y) : n E w} is consistent for all rJ E w2 

(ii) {cp（包，凸，y),cp（包，白，y)}is inconsistent for all rJ..lv in 2竺

Proof. To get a contradiction we assume there exists〈包，ざn〉TJE2<wwhich witnesses 
SO恥 withcp（元，元',y).We may assume〈C砂,,,E2<wis strongly indiscernible by the 
modeling property. Thus 

{R(~~o)'y), …， R(~W\y),--,R(9C;〈O〉 ,y), …， --,R(c盆0),y), 
R(c6l), y),…，R(c侶y),--,R(c。〈1〉,y),…,--,R(cか，y)}

〈O〉'〈1〉is inconsistent. By Proposition 3.6, there are i ::::; n and j ::::; m such that ct1 = c 
〈1〉'〈O〉〈O〉'〈1〉or c. = c-;'u1. We may assume ct1 = c-;'"1. Then c) 〈O〉'〈10〉〈O〉'〈11〉t = Cj, Ci = C. and 
〈10〉'〈11〉c. = C. by strong indiscernibility. Thus c) 〈10〉'〈11〉〈O〉'〈10〉= C. =c・ = C. . But it is 

a contradiction because the set { R(c 〈10〉〈10〉0,  y)，…,R(cii '〈10〉'〈10〉,y),--,R(c。,y),…,--,R(c,Xv1, y)} 
is consistent. ロ
p roposition 3.9. The formula cp(x, y, y') = /¥i<n R(x，防）八八区m--,R(x，的） does
not witness SOP2 modulo Th(C) for all n, m E w. That is, there is no〈び，c’”〉TJE2<w= 
〈n n n C。,… ,c~,c。,…,C』〉,,,E2<win a monster model M of Th(C), such that 

(i) { cp(x，び「n，c'n「n): n E w} is consistent for-all rJ E w 2 

(ii) {cp(x，包，凸），cp(x，芭，c'v)}is inconsistent for all 77上vin 2竺

Proof. As in Proposition 3.8, we assume there is a strongly indiscernible tree of 

parameters〈屈c'n〉TJE2<wwhich witnesses SO恥 withcp(x, y，が）． Then

{R(x, c炉），…，R(x,c~0>), --,R(x, c~<O>),…,--,R(x,c益り），
R(x,cい），…，R(x,cい）9--,R(x, c~<1>),…,--,R(x,c盆り）｝

〈O〉'〈1〉is inconsistent. By Proposition 3.7, there are i::::; n, j ::::; m such that ct1 = C,; V 
〈1〉'〈O〉〈O〉,c;0)),R(x,副）｝ isinconsistent. ct'= c.t1, or there are i,j::::; n such that {R(x,c} 



42
SOME REMARKS ON TREE PROPERTIES 

If it is in the first case, then we can find a contradiction as we observed in Propo-

sition 3.8. Thus we assume {R(x,c四），R(x,c叫｝ isinconsistent for some i, j ~ 
n. By strong indiscernibility, {R(x, c;0〉),R(x,c;11〉)｝,｛R(x, c;00〉)，R(x,c/〉)｝， and

{R(x,c) 
〈00〉〈11〉, ctu'), R(x, c)"')} are inconsistent. On the other hand 〈O〉{R(x, ct'), R(x, c 

〈00〉,R(x,ctu')} 

and {R(x,c;1〉)，R(x,c例）｝ areconsistent by the path consistency condition. But 

then c; 〈O〉〈00〉〈1〉〈11〉c. , t,  J’J cf', cf"1 violate Proposition 3.4. This completes the proof. ロ

To generalize the result of Propositions 3.9 and 3.8 to the case of quantifier free 
formulas, we need the following fact and propositions. 

Fact 3.10. [2, Corollary 4.11] Let T be an arbitrary theory. IJT has SOP2 then 
there is a formula in a single free variable witnessing SOP2. 

Proposition 3.11. Let T be a theo内/and suppose'-P（x,y)V心(x,z) witnesses SOP2 
modulo T, where x is a free variable, and y,芝areparameter variables. Then'-P（x, y) 
witnesses S01分orゆ(x,z) witnesses S01分．

Proof. Let〈和，古〉r,E2<wこM witnesses SO恥 with'-PV心， whereM is a monster 
model of T. We may assume the tree of parameters is strongly indiscernible. Since 
｛汎x，和） V心(x，包）りp(x，ziv)V心(x,―v)}・ • x, cv)} is inconsistent for all T/..lv, it is clear that 

位（x，籾）平(x,bり｝ and｛心（x,秒），ゆ(x，己｝ areinconsistent for all T/..lv. Since 
位(x,b〈on〉)Vゆ（x，がon〉) }. : n E w ~ is consistent, there exists a E M such that 
Mp'-P(a，訳〉）V心(a，で〈Oれ〉） forall n E w. By the pigeon hole principle, there exists 
an infinite subset I of w, such that M F'-P(a,b〈O'〉)forall i E I, or M Fゆ(a,c〈O'〉)

for all i E I. Without loss of generality, we may assume M F'-P(a,b〈o'〉)forall 

i E I. By strong indiscernibility，位（x，託）： nE w} is consistent for all T/ E四
because (rJ1n)nEw ~str 〈0りiEJ• Thus'-P（x, y) witnesses SOP2 with〈初〉ryE2<w. ロ

Proposition 3.12. In Th(C), there is no quantifier free formula witnessing SOP2. 

Proof. Suppose'-Pis a quantifier free formula witnessing SOP2 modulo Th(C). By 
Proposition 3.10, we may assume'-Pis of the form'-P（z,?万） wherez is a single 
free variable, iJJ is a parameter variable. By using disjunctive normal form and 
Proposition 3.11, we may assume'-Pis a conjunction of basic formulas. Thus we 
may assume c.p is of the form 

f¥R(z，皿）八八サi(z，叫）八f¥R(wt, z)八A---,R(w『'，z).

But by the construction of C, we have either (C FヨyR(c,y) or (C FヨxR(x,c) for 
all c E C. Hence'-Pis of the form either 

八R(z,wい八遣（z，吟）

or 

I¥ R(Wi, z) A /¥---,R(wj, z). 
By Propositions 3.8 and 3.9 we know that both of the above formulas can not 
witness SOP2 modulo Th(C). Thus we have a contradiction and this completes the 
proof. ロ

Corollary 3.13. SOP1 and SOP2 are distinct at the level of formulas. 
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Proof. By Proposition 3.12, there is no quantifier free formula witnessing SOP2 in 

Th(C). In particular, /¥i<n R(x, Yi) does not witness SOP2 modulo Th(C) for all i<n （） 
n E w. By Proposition 3.3 and Proposition??, the formula R(x, y) witnesses SOP1・
Hence SOP1 and SOP2 are distinct at the level of formulas. ロ

Remark 3.14. But Th(C) has a witness of SOP2. Define cp(x, y) by 

xcfay 

-̂-,ヨw(R(w,x)八R(w,y))
八ヨz（ヨw(R(w,x)八R(w,z)）八--,ヨw(R(w,y)八R(w,z))). 

Then cp says "y is a predecessor of x in the set of parameters 11 (i. e., y :',:l x). For 
each 7/ E 2竺 letbry =籾 forsome n E w. By th n e constructions of C. b , n is well-
defined. Then {cp(x,％），ゃ(x,bv)} is inconsistent whenever 7/..lv. By compactness 
{cp(x,b'1「n): n < w} is consistent for each 7/ E w2. Thus〈cp(x,y),〈b砂nE2<w〉
witnesses SOP2 modulo Th(C). 
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