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Abstract

In this paper we consider the transverse instability for a nonlinear Schrédinger
equation with a linear potential on R x T, where 27w L is the period of the torus
Tr. Rose and Weinstein [17] showed the existence of a stable standing wave for
a nonlinear Schrodinger equation with a linear potential. We regard the standing
wave of nonlinear Schrédinger equation on R as a line standing wave of nonlinear
Schrodinger equation on R x Tr. We show the stability of line standing waves for all
L > 0 by using the argument of the previous paper [25].
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1 Introduction

We consider the nonlinear Schrodiner equation with linear potential
0 = —Au+V(z)u — [uftu, (t,2,y) ER xR x Ty, (1.1)

where p > 1, a potential V' : R — R and u = u(t,z,y) is an unknown complex-valued
function for t € R,x € R and y € Ty. Here, T;, = R/27LZ and L > 0.
We assume the following conditions for V.

(V1) There exist C' > 0 and a > 0 such that |V (2)] < Ce=ll.
(V2) —0? +V has the lowest eigenvalue —\, < 0.

The Cauchy problem (1.1) is locally well-posed in H'(R x Ty) by using the argument
in [7] and [23]. The equation (1.1) has the following conservation laws:

1 1 1
Eu:/ (—Vu2+—Vx uQ——u”*l)daEd,
W= [ (G jv@ = ) s

1
Qu) = 5/ ]u\zdxdy,
RXTL

where u € H'(R x Tp).
We define a standing wave u(t) as a non-trivial solution of (1.1) having the form wu(t) =
ey, Then, ey is a standing wave if and only if ¢ is a non-trivial solution of

—Ap+wp+V(z)e— e lo=0, (z,y) € RxTy. (1.2)
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Using the bifurcation theory, Rose and Weinstein [17] showed the existence of the stable
standing wave e, for the following nonlinear Schrodinger equation

i0u = —0%u+ V(x)u — |[ulftu, (t,7) € R xR. (1.3)
Then, the standing wave ey, satisfies the following.

Proposition 1.1. Let 1, be the eigenfunction of —0* + V(x) corresponding to —\, with
Yy >0 and ||| ;2 = 1. Then, there exists w, > A, such that for A\, < w < w,, €“', is a
stable standing wave of (1.3) satisfying

el e
Puw = ”w*HLper_ll(R)(w - A*)p‘lw* =+ r(w),

where ||r(w)|| 2@y = O((wo — A7), Moreover, Lt = —92 + w + V — plpu|P~! has the
exactly one negative eigenvalue —\, and does not have the zero eigenvalue.

We define the line standing wave ™!, of (1.1) as

Pu(®,y) = pu(r), (7,y) € RxTL.

In this paper, we consider the transverse instability of the line standing wave e*“!@,,. The
stability of standing waves is defined as follows.

Definition 1.2. We say the standing wave €™y is orbitally stable in H' if for any ¢ > 0
there exists § > 0 such that for all ug € H'(R x Tp) with ||ug — ¢||;1 < 0, the solution
u(t) of (1.1) with the initial data u(0) = u exists globally in time and satisfies

sup_inf u(t,-—y) — o, — )|l <&

Otherwise, we say the standing wave ey is orbitally unstable in H*!.

The transverse instability for KP-I or KP-IT equation is treated in [1, 14, 15, 18, 19,
20, 21]. In [1], Alexander-Pego-Sachs studied the linear instability for line solitons of KP-I
and KP-II. In [15], Mizumachi-Tzvetkov proved the asymptotic stability for line solitons
of KP-II on R x T. Modulating the local phase and the local amplitude of line solitons,
Mizumachi showed the asymptotic stability for line solitons of KP-IT on R? in [14]. Rousset-
Tzvetkov proved the transverse instability for line solitons of KP-I on R? in [18] and on
R x Ty, in [19]. In [21], Rousset-Tzvetkov showed the stability of line solitons for KP-I on
R x T, with small L > 0. Moreover, Rousset-Tzvetkov proved the existence of the critical
period 4/ V/3 for the period L of the transverse direction. Namely, a line soliton for KP-I
on R x Ty is stable for 0 < L < 4/\/3 and unstable for L > 4/\/§

The transverse instability for a nonlinear Schrédinger equation is studied in [2, 18, 19,
24, 25]. In [2], Deconinck-Pelinovsky-Carter studied the linear stability for line standing
waves of a hyperbolic Schrodinger equation. Rousset-Tzvetkov proved the transverse in-
stability for cubic nonlinear Schrodinger equation without linear potential on R? in [18]
and on R x Ty, in [19]. To prove the instability, Rousset-Tzvetkov applied the argument
of Grenier [9]. Rousset-Tzvetkov constructed the high order approximate solution with an
unstable eigenmode and showed a precise estimate of the growth of the semi-group gener-
ated by the linearized operator. To construct the high order approximate solution, we use
the regularity of the nonlinearity |u|?u in the sense of Fréchet differentiation. In [24], the
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author studied the transverse instability for line standing waves of a system of nonlinear
Schrodinger equations on R x Tp which was treated in [4]. In [24], the existence of the
critical period for a period L was also proved, which was suggested by Rousset-Tzvetkov.
Constructing the estimate for high frequency parts of solutions and using the existence
of local solutions, the author showed the transverse instability for line standing waves of
equations with the general power nonlinearity. In [25], the author considers the stability
for a line standing wave of (1.1) with V' = 0. The application of the argument in [24] yields
the existence of the critical period for a line standing wave of (1.1) with V' = 0. For (1.1)
with V' = 0 and the critical period, the linearized operator around the line standing wave is
degenerate. Therefore, we can not directly apply the argument in Grillakis-Shatah-Strauss
[10, 11]. Since the linearized operator around the line standing wave with the critical period
does not have any unstable eigenvalues, we can not show the instability by the argument
based on the occurrence of unstable eigenmode in [5, 10, 19, 24]. The transverse instability
comes from the symmetry breaking bifurcation. In [25], applying the bifurcation result
for symmetry breaking bifurcation and the stability result for the degenerate case in [13],
the author showed the stability for the line standing wave with critical period for some
exponents p > 2 of the nonlinearity.

The followings are our main theorems in this paper. In the first theorem, we show
the transverse instability of the line standing wave €@, and obtain the critical period
between the stability and the instability.

Theorem 1.3. There exists w.p > A such that for A, < w < w, the followings two
assertions hold:

i) If0 < L < (A, _%, then the standing wave e“'Q,, is stable.
(i) g ¥
i) If (A, =3 < L, then the standing wave e“t@,, is unstable.

In the Second theorem, we show the stability for the line standing wave e™“'@,, with
the critical period L = (\,)~"/2.

Theorem 1.4. Let p > 2 and

_9+V57

S

Then there exists A\, < w, satisfying the following two properties:

P+«

(i) If p < p. and \. < w < w,, then the standing wave e“*@,, of (1.1) with L = (\,)~/?
15 stable.

(i) If p. <p and M\, < w < wy, then the standing wave ¢, of (1.1) with L = (\,,)~1/?
15 unstable.

The proof of Theorem 1.3 follows form the spectrum analysis of the linearized operator
and the estimate of high frequency parts of solution by the argument in [24]. To show the
growth of the semi-group generated by the linearized operator, we use the assumption of
the decay for the linear potential V. For the proof of Theorem 1.4, we apply the bifurcation
analysis for the symmetry breaking bifurcation and the argument for the stability in [25].
In [25], to prove the stability for the line standing wave with the critical period, we show
the increase of L?-norm of the symmetry breaking standing wave with respect to the
bifurcation parameter or the decrease of it. To show the increase of L2-norm, we need to
calculate an integral of a solution of an ordinary differential equation which comes from



the linearized equation of one dimensional Schrodinger equation around a standing wave.
Since it is difficult to obtain the explicit solution of the ordinary differential equation in
the argument in [24], we can not calculate the exact value of the integral and we estimate
the value of the integral. Therefore, it is not known whether the line standing wave is
stable or unstable for some nonlinear Schrodinger equations with the power nonlinearity
|u[P~'u which has some exponent p € (2,3). In the proof of Theorem 1.4, we treat the
small standing wave which bifurcates from the eigenfunction of —9? + V with respect to
the lowest eigenvalue. Since the line standing wave of the nonlinear Schrodinger equation
studied in [25] comes from the standing wave of the one dimensional nonlinear Schrédinger
equation which has the scale invariant, we need to study the fully nonlinear structure of
the Lyapunov functional around the line standing wave. In this paper, using the smallness
of the line standing wave of (1.1) and the expansion of the standing wave with respect to
the parameter w, we weaken the nonlinear structure of the Lyapunov functional around
the line standing wave of (1.1). Therefore, we can evaluate a value of the integral and
make a close investigation into the stability for all exponents p > 2.

The rest of this paper consists of the following three sections. In Section 2, we show
the properties of the spectrum and the coerciveness for the linearized operator around
line standing waves. In Section 3, applying the variational argument in [10, 4] and the
spectrum argument in [24], we prove Theorem 1.3. In Section 4, combining the bifurcation
result and the argument for the degenerate case in [13], we prove Theorem 1.4.

2 Preliminaries

In this section, we investigate properties of the linearized operator of (1.1) around the

standing wave e“!@,,.

Let HY(X) = {u : X — C| [((|Vu|* + |[u]*)dz < oo} and H'(X,R) = {u : X —
R| [ ([Vu|* + |u|*)dz < oo}. Let 1, be the eigenfunction of L7 corresponding to —\,
with [|¢o[[ ;2R = 1 and 1, > 0. We define the action

Se(u) = E(u) + wQ(u).

Then, the action S, is a conservation law of (1.1) and S/,(¢,) = 0, where S/, is the Fréchet
derivation of S,,. Moreover, we have

(S (Gw)u,v) -1 g = (LT (Re u),Re v) g1 g1 + (L, (Im w), Im ) -1 g1,

where
Ll =-A+w+V —pl@g,P™, L,=-A+w+V — |3, "

T — = 0 -1 Re u
U=rm=11 o Imu/ "’

For u,v € L*(R x Ty), we define

Let

(u,v)r2 = Re / uvdxdy.
RXTL

In the following proposition, we show properties of the spectrum of the linearized operator
for (1.1) around @,. This proposition follows Theorem 1.1 of [20] and Lemma 3.1 of [21]
(also see Proposition 2.5 of [24].)



Proposition 2.1. Let A\, < w < w,.

(1) If 0 < L < (A\,)"Y2, then —JS"($.) has no positive eigenvalue.
(ii) If 0 < L < (A\o)™/2, then

Ker(SZ(SEw)) = Span {“ﬁw} .

(iii) If L = (\,)"Y2, then

1(50) — Span {72 Y sl
Ker(S!(¢,)) = Span {zgow,d}w Cos L,z/zw sin L} :

(iv) If L > (\o)"Y2, then —JS"((.,) has a positive eigenvalue and the number of eigen-
value of —JS!"(p,) with a positive real part is finite.

Here, Span{vy,...,v,} is the real vector space spanned by vectors vy, ..., Uy.

S(a)u = L} +a® 0 Re u

4= 0 L;+a*) \Imu)’

where u € HY(R), L} = -2+ w+V —plp,[P"t and L, = 0> +w +V — |p,|P~". Then,
for u € H'(R x Tp)

Proof. We define

ey = 30 §(2) dwe,

where

o= (82)- £ ()%~ 5 e, wemmrny

n=—oo

Therefore, —JS"(4,) has an eigenvalue X if and only if there exists n € Z such that
—JS(n/L) has the eigenvalue \.

By Proposition 1.1, S(a) has no negative eigenvalues for a > (\,) By Theorem
3.1 in [16], the number of eigenvalues of —JS(a) with the positive real part is less than
or equal to the number of negative eigenvalues of S(a). Thus, for a > (\,)/?, JS(a)
has no eigenvalues with the positive real part. (i) follows this. Moreover, the number of
cigenvalues of —JS”((,,) with the positive real part is less than 1 4+ 2L/(\,)"2. Since the
kernel of S(a) is trivial for a > (\,)¥/2, the kernel of —JS(a) is trivial for a > (\,)/2.
Then the kernel of —JS(0) is spanned by i3,. Therefore, for a > (\,)"/?, the kernel of
—JS!(p) is spanned by i, and (ii) is verified.

The kernel of L} + A, is spanned by 1, and L + A, do not has zero eigenvalue. Hence,
the kernel of S/(¢,,) with L = (),)~"/? is spanned by i@,,, ¢, cos £ and ¢, sin £. This is
(ii).

Let

1/2

M(v,a, ) = S(a) (v, +v) + J AWy + ),

where v € {w € H*(R)[(v,¢)r2®) = 0} =t (¢)" and a,A € R. Then, M is a C*
function with

M(0, (A\,)"?,0) = 0.



Since

oM
d(v,a) (v,a,0)=(0,(Xw)1/2,0)

by the implicit function theorem, there exist a(A\) € R and v(\) € H?(R) such that
a()),v(\) are the O™ functions, where a(0) = (\,)"/?, v(0) = 0 and M (v()), a(\), ) = 0.
Then, we have

(w, p) = 2()‘w>1/2,u¢w + S<<>‘w>1/2>7ﬂ,

—J5(a(N) (Y +0(N)) = Ay + v(}))
for sufficiently small |[A|. Differentiating with respect to A, we obtain

oM

a—/\(v()\), a(N), \) = 2a(N)a’ (\) (Y + v(N)) + S(a(M)v'(N) + T (@ +v(N) + Av(N)) = 0.

Since v(0) = 0, we have
<2&(O)a/(0)ww> 77ZJw>L2(R) = 07
and a/(0) = 0. Therefore, we have S((\,)"/?)v'(0) = —J ), Since v'(0) € (¢,)* and

0@)]\\24 (v(X), a(A), Nlamo = 2a(0)a” (0)th, + S((A)*)0"(0) + J0'(0) = 0,
" _ <S(()‘W)1/2)UI(O)’UI(O)>H*1(R),H1(R)
a’(0) = — TEMEE < 0.

From the proof of (i), for a > (\,)"/2, —JS(a) has no positive eigenvalues. Hence, for suffi-

ciently small ¢ > 0 the function a(\) on (0, ¢) has the inverse function A(a) on (a(e), (A,)"/?)

and a(e) < (A\,)Y2. Namely, —JS(a) has the simple positive eigenvalue on (a(e), (A\,)"/?).
Let

ag = inf{a > 0| — JS(b) has a simple positive eigenvalue for a < b < (A,)/?},

and for a € (ag, (A,)"/?) the value A(a) be the positive eigenvalue of —JS(a). We assume
ap > 0. By the perturbation theory, there exists {a,}22, C (ag, (A,)"/?) such that a,, — ag
and

lim A(a,) =0

n—00
or

nh—g}o Aay,) = oo.

Since there exists C' > 0 such that [(—JS(a)u, w)) g-1(w) m®)| < Cllull g2z for a € R, A(a)
is bounded. Therefore,

lim A(a,) = 0.
n—oo
Then, there exists {c,}52; such that [[v]| g ) =1 and —JS(an)v, = A(an)v,. Here,
S(ag)vn = (a2 — a2)v, — J " Aan)vn.
Since S(ayp) is invertible and (S(ag))~" is bounded,

vn = (S(ag)) M ((ag — a2)v, — J ' Nan)v,) — 0 as n — oo.

This is contradiction. Therefore, ag = 0. n



Next we show the coerciveness of L on a function space which follows the proof of
Theorem 3.3 in [10].

Lemma 2.2. There exist w.o > A\ and ko > 0 such that for \, < w < w,o and u €
HI(R,R) with <<pw,u>L2(R) = O,

(LS, u) g1 (m) ) > kOHU’HiIl(R)a

where (u,v)r2®) = Re [, uvdz.
Proof. Let u € H'(R,R) with (p,,u)r2ry = 0. We decompose v = a), + u,, where
a = (u, ) 2wy and (Y,,u1 )2y = 0. From the spectrum of —92 + V + A,, there exists
k > 0 such that

(2 +V 4+ A ur, ul) g1 ®),mw) > k‘HULHiZ(R).
By ||Vl « < 0o, we have for ¢ > 0

2 2
<(—3§ +V 4+ AJu, Ui)H*I(R),Hl(R) > (k—e(IVl e — A*))HULHLQ(R) + 5HaﬂﬂuJ-||L2(R)'

Therefore, there exists k' > 0 such that

(=02 +V + AJus, ur)mrmymm = Kl 5.

By the assumption (¢, u)2®) = 0, we have

<80w7 UJ_>L2(R)
a@=——-"

(SOW, ¢*>L2(R) '
Then
<LIU, U>L2(R) :<(—a§ =+ V + )\*)UJ_, U’J.)LZ(]R) + /\w(l2
(u, uJ—>%2(R)
+ (@ = A = pleulP ur, un) e — 20—
® <§0w> 1/’*%2(11&)
>E |5+ Awa® + (W — A — plewlP ur, ul) )
2 2
_ o) ||UL||L2(R)||90w”L2(R)
(Pw, w*>%2(]1§)
If |w — A| is sufficiently small, then we obtain the conclusion. O

3 Proof of Theorem 1.3

In this section, we prove Theorem 1.3. The proof of Theorem 1.3 is similar to the proof of
Theorem 1.5 in [24]. We write the detail of the proof of Theorem 1.3 for readers.



3.1 Proof of (i) of Theorem 1.3

In this subsection, we assume 0 < L < (\,)/2. The proof of (i) of Theorem 1.3 follows
Section 3.1 in [24].
The following proposition follows Grillakis-Shatah-Strauss [10] or Colin-Ohta [4](see

3])-

Proposition 3.1. Let ¢“'p be a standing wave of (1.1). Assume that there exists a
constant § > 0 such that (S"(©)u,u) g1 g > 6|ull>s for all w € HY(R x Ty) satisfying
(o, u) 2 = (Jp,u)p2 = 0. Then, the standing wave €™y is stable.

Let u € HY(R x Tp) satisfy (@, u)r2 = (J@,,u)r2 = 0. Then, We have

(SU(@w)us w1 = > (S(n/ L), wn) -1 i1,
nez

where

u(z,y) = Z un(az)eizy.

ne”L

v

Since L, and L+, are nonnegative, there exists ¢ > 0 such that (S(n/L)v, v) g-1r),m1 (&)
CHUHiﬂ(R) for n € Z\{0} and v € H'(R). By Proposition 1.1 and Lemma 2.2, there
exists ¢ > 0 such that for v € H'(R) with (@, v)2 = 27L [ ¢, (Re v)dz = 0 and
(J@u,v)12 = 27L [, ¢, (Im v)dx = 0

(L}(Re v),Re v) g1 > ¢||Re |31,

(L (Tm v), Tm v) g1 g1 > ¢||Tm 0|31

Therefore, (i) of Theorem 1.1 follows from Proposition 3.1.

3.2 Proof of (ii) of Theorem 1.3

The proof of (ii) of Theorem 1.3 follows Section 3.2 in [24].
In this subsection, we assume L > (\,)'/2. We define

s = max{\ > 0|\ € o(=JS"(¢,))},

where o(—JS"(¢y)) is the spectrum of —JS”(¢,). Then, there exist ky € Z and x €
HY(R x Ty) such that [|x||,;> = 1, x is eigenfunction of —JS”(@,) corresponding to ., and

ikgy —ikgy

X(@,y) = xa(@)e t + xa(w)e 1,

where 1, x2 € H?(R). We define the orthogonal projection P<j as

k
Pogu(z,y) = Y un(z)e™, (z,y) €R X Ty,

n=—k

where

n=—oo



A function u(t) is a solution of (1.1) if and only if v(¢) is a solution of the equation
Opv = —J(SE(@w)v + g(v)), (3.1)
where u(t) = e (@, + v(t)),

g(v) _ ‘v + ¢w|p_1(UR + @w) _p‘@W‘p_lvR - ‘@w‘p_lﬁw
’U + @W|p_1vl - ‘@w‘p_lvl ’

and vg = Re v and vy = Im v. We define us(t) as the solution of (1.1) with the initial
data @, + dx and vs(t) as the solution of (3.1) with the data dy. Then, we have that
us(t) = e (Po + vs(t)).

We show the estimate of nonlinear term in the following lemma which follows Lemma

2.4 of [8].
Lemma 3.2. There exists C > 0 such that

Cllvllf, 1<p<2,
2
Cllvllg: +llvllzn), 2 <p.

lg()l> < {
Proof. We have

la—0bPPt, 1<p<2,
p(laP=> +[bPP?)[a —b], 2<p.

[laf=" = (bl < {

Since
g(v(z,y)) :/0 (10v(z, y) + @@, )Pt = |Pu(z, y) [P~ (e, y)de,

1
/ (100 + Gl — |5l )odo
0

lo@)ll,s < \
L2

1
L P

_fCleln, 1<p<2
— 2
Clin +lol), 2<p

In the following lemma, we estimate the low frequency part of the semi-group.

Lemma 3.3. For a positive integer k and € > 0, there exists Cy. > 0 such that
He—”Si?WquH < G o]y > 0,0 € AR X Ty).
=l

Proof. By the definition of S(a), we have
_ 0 —2tw+at+V —|g,P !
—JS5(@) = <3§—w—a2—v+p|95w|p_1 0 '

Using the exponential decay rates of V and ¢, and applying the argument for the proof
of Proposition [5] and Lemma 6 in [6], we obtain

O,(efJS(a)> _ eU(fJS(a)).
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By the definition of p,, we have that the spectral radius of e=7%("/%) is less than or equal
to et for n € Z. Therefore, by Lemma 2 and Lemma 3 in [22] we have

He’“s(”/L)UHLz(R) < C’n7ge(”*+€)t||v“L2(R), t>0,n€Z,ve L*R).

Hence, for t > 0 and v € L*(R x Tp),

k
_ iny
E : e tJS(n/L)Un6 T
n=—~k

“6*’5‘]35(¢W)P§kv‘ < Ck,se(”*+€)t‘|vHL2>

<
L2

L2

where .
iny
L .

v(e.y) = 3 vala)e

nez

In the following lemma, we estimate the high frequency part of vs(t).

Lemma 3.4. There exist a positive integer Ko and C' > 0 such that for 6 >0 and t > 0
[0s (D)l 2 < Cll P<reovs ()l 2 + 0(8) + ol[|vs (£)]] 1)-
Proof. By the Taylor expansion we have that for v € H(R x T;)

1

Sw(@w +v) = Sw(@w) + <Si;<95w)7 U>H*1,H1 + §<S£(@w>U7U>H*1,H1 + O(H”H?ﬂ)'

Since S, is conservation law, we have S, (@, + 0x) = Su(@, + vs(t)) for ¢ > 0. Using
S (¢w) = 0 and

(S2(@u)Xs X1, = (=S @)X I X -1 = {peX, T X) 2 = 0,
we have
(SU(B)vs(t), v5(t)) -1 = o([|vs()]|511) + 0(87).

We define K, as the integer part of 1+ L(\,)Y2. Since S(a) is positive for a > (\,)/?, we
obtain S”(¢,)(I — P<k,) is positive. By the definition of S(a) there exist ¢,C' > 0 such
that

(S(a)v,v)g-1®),m ®) = C””Hiﬂ(R) - OHUHiQ(R)
for v € H'(R) and a € R. Thus,
los ()51 = [ P<scovs ()7 + (1 = Perco)os ()3
< CSE(2u)( = Pekiy)vs(t), (I = Pereo)vs(t)) =1,
+ C'(S5(Bu) Parovs(t), Pereovs(t)) 1m0 + C || Parcyvs (1) |1
< C"los()172 + 0(6%) + o[[vs(£) [ 71)-
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Let g = min{(p — 1)p./2, us/2}. By Lemma 3.2, Lemma 3.3 and Lemma 3.4, we
obtain that

lvs ()l g < Coer*

Xl + C/O [e= 755 Py, g (05(5)) || pads + 0(6) + o([[us(t) ] 72)

t
< Coer' + C/ =) (lus(s) [ + l[vs(9) 51)ds + 0(8) + o l[us(t) |-
0

There exists Cy > 0 such that for small 6 > 0 and 1 > 0
|vs ()] ;o < Coett,  for t € [0,T%, 4],

where

log(=1/9)

TE1,5 = ILL*

Then,

Tey s 1"
‘<X7 U&(T€1,6)>L2| — 56#*7}1’6 _|_ / < Je 51 5— S)S (pr)g('U§<S)>L2dS
0

05(8) |72 + [lvs(s)|0)ds

Tsl,é
2 61 — C/ €(T€1,5_S)M*(
0

>e; — Cgrlmn{p’Q}.

Since P<yp, = @, there exists €1 > 0 such that for ey >0 >0 and § € R

Hué(T&ﬁ) - ei0¢w||L2 > H(I - PSO)(U6(T51,§) - ew@w)HLz
= [|(I = P<o)e ™" 00us (T2, 5) |

= H([ - P§0)<€7MT61’5U5(TE1,6) - (ﬁw)HLQ‘
By the definition of y we have
I(P<ky = Peko-1)ll 2 > [(x, 0) 2], for v e LR x Ty).
Therefore,

—iw ~ €1
| (1 = Poo) (e or0us(T2, 5) — 0| 12 = 106 v (Tt 5)) 12 > 5

This implies that the standing wave ¢!, is unstable.

4 Proof of Theorem 1.4

In this section, we assume L = (\,,) "2 for 0 < wy — A, < 1.
The following lemma follows Proposition 1.1.

Lemma 4.1.

p+1 pt+1 1 _
gy (0 = AT ([ gy (w0 — A)FT (PLH, P 0,
+o(w — AP,

p+1 pt+l 4.]_
el s A (41)

1 1 _
(1w — AT M, + (w = A)# T (PLH, P M,

p—1 p—1
+o((w — A7),

0w =
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where ., = || ||LPT1L1R)¢ — b, H, = —0*>+a+V fora € R and P} is the orthogonal

projection onto (,)* = {u € L*(R)[{u, ¥.)r2®) = 0}.

Proof. Let

pt1

Pup = (W —A) 77 1S0w = [|¢x HLPH R)¢* +7.
By the bifurcation argument, (1., 7(w))2m®) = 0. Since ¢, is C' with respect to w and

(_85 +w+ V)QOW,O - |90w|p_190w,0 = 07

we have

0=0,((-92 +w+V)puo— v’ vuo)

p+1 pt1 p—1 Pl
— ol 7 Hat = [+ 7| (Il +7)
p+1 p—1
_p( ) ||¢ ||Lp+1(]R77Z) +7r awfr'
From <¢*7f(w)>L2(1R (P, ||¢*||LpiTIR) ID*)Lz(R) = 0, we obtain
. —£5 1 1 p+1
7= |9l iy (PLHN PL) ™ (1l 50 2y 98 — ) + o(1).

In the following lemma, we obtain the derivative of the eigenvalue A,,.

Lemma 4.2. Let p > 2. Then,

Yo = s+ plw = M) (PLHNPL) sy + O((w = A0)),

Mo =(p = 1w — A) +p(2p — D)(w — A wwmﬁ*/wﬂaﬂfm L, ,da
+ o((w — A\)?).

Proof. There exists 6, > 0 such that {z € C||[z + \| < 200} No(—A+V) = {—-A.}. Let
I' ={z € C||z| = 0} be a simple closed curve and projections

1
P,=— [ (L} —2)dz.

21t Jr

Then, for w > A\, with 0 <w — A\, < 1,

u = <u> ww>L2(R)¢w-

Since p > 2, LT is C' with respect to w. Therefore, the projection P, is also C'. For
w,w' > X, ((Vur, V) r2w))? — 1 = (Pothu, Vo) 12r) — 1 = 0(1) as [’ —w| — 0. For w > A,,

Pw(djw + ww’) — Pw’(ww + ww’>
I+ <ww’7 ww>L2(R) ‘

ww’ - ¢w =

12



Thus, 1, is C* with respect to w. Let ¢, = (w — )\*)_plflgpw, Since L}th, = —Auth,, we
have
—Ao = <LI¢UJ7 ¢w>H*1(R),H1(R)-

Therefore,

=1y / (po0)? ™ (Yu)2dz — p / (0= 1w = A (@) Oupune) ()

dw R (4.2)
=1-p+O0(w—\).
Since
(=02 4+ w+ I+ V —plpu [P, =0,
we have

0 = (1 + aw)‘w - p’(pw,0|p_1 - p<p - 1)(w - >\*)|90w,0|p_2aw90w,0>¢w + LIawww

Therefore,
Ouths = p(PLHA P (1| 2 8 = 12) + Ow = A).

By (4.2) and lemma 4.1, we obtain
2

& =2(p—1) / (o) (i) () + 2p / (Do) W thuda

dw?

pp—1) / (0 = A () (Do) ()2
- 1) /R (@ = M) (w0 2P op) (1)

T 2p(p— 1) / (@ = A) (@) (O ) uDthud

R

—2p(2p — 1) / 240 02 (P, PY 7 (1 0 8 — ) da + o(1).

The following corollary follows Lemma 4.2.

Corollary 4.3. There exists wy1 > Ay such that for A\, < w < w1, Ay > 0. Moreover, if
A < wp < Wy 1, then the followings are hold.

(1) If wo <w < wy 1, then L} has exactly two negative eigenvalue and no kernel.

(i) If Ae <w < wo, then L} has exactly one negative eigenvalue and no kernel.

Applying Lyapunov-Schmidt decomposition and Crandall-Rabinowitz Transversality in
[12], we show @, is a bifurcation point. In this paper, we only write the sketch of the
proof of the following proposition(see the proof of Theorem 4 in [12] or Proposition 1 in
[25] for the detail of the proof of the following proposition).

13



Proposition 4.4. Let p > 2 and A\, < wy < wy1. There exist 6 > 0 and ¢, €
C*([-96, 8], H?) such that ¢,,(a) > 0,

Do (a)(2,Y) = duy(@)(—2,y) = duy(a)(z, —y), (2,y) € R x [-7L, L],
— APy (@) + Wey (@) Py (@) + V(@) — |du, (a)’pilﬁbwo (a) =0
P (@) = Puuy + Ay, COS% + T (a),

"
0
nfa) =+ 2002 1 oa2) (1.3
where 1o, (a) Lihy, cos £, |1y, (a)| 2 = O(a?),
2 2
—pp—1 - \pe Yo 1170 \oo y
(0 = PP 20 cos LG (Bt o £ ) 0
G L= w0H¢wo COSL”L2
plp —1)(p —2) Yy (5 \p-3 Y2
(W €08 )7, (B )" (Y COS 7)) 12,
3G o[V cos Bl T L
(4.4)
dX,
haa) = 2t (0)a? +o(a) (45)
and R
6o ()72 = [1Pws 172 + —5 @’ +o(a’). (4.6)
Here,
), d|| gz
Rp,wo = _2%’0.):0.)0 %0 COS LH (O) dw L2 w:woa

and \y(a) is the second eigenvalue of L(a,wy) = —A + wyy(a) + V — | Py, (a)|P7L.

The sketch of the proof. Let F be the function from HZ, (R x Ty, R) — L2, (R x Tr,R)
satisfying
F(p,w) =—Ap+wp+ Vo —lof "y,

where L2, (R x Ty, R) = {u € L*(R x Ty, R)u(z,y) = u(—z,y) = u(z, —y),(z,y) €
R x [-7wL,7wL]}, H,, (R x Ty,R) = H*(R x Ty) N L2,,,(R x Tz, R) and L*(R x Ty, R)
is the set of real valued L?-function on R x Ty. Then, Ker(9,F (@u,,wo)) is spanned by
Yy cos %, Applying the Lyapunov-Schmidt decomposition, we obtain that there exists a
function h(w,a) € HZ, (R x Tr,R) such that

sym
P, F (P, + athy, cos = 7 + hw,a),w) =0,

where P, is the orthogonal projection onto {u € L*(R x Ty, R)|(u, thy, cos £)2 = 0}.
Then, the problem F(@,, + at,, cos ¥ + h(w a),w) = 0 is equivalent to the problem

Fi(w,a) = (F(Puw, + ahu, cos = 7 Y4 hw, a),w), 1, cos %>L2 = 0.

We apply the Crandall-Rabinowitz Transversality and we consider the problem g(w, a) = 0,

where Fj(w,a)—F}|(w,0)
e a#0,
g(W7a/) == {%(w,o)’ a:O,

14



Here for a # 0, Fj(w,a) = 0 if and only if g(w,a) = 0. If p > 2, then F), is a C* function
and ¢ is a C! function. In the case p = 2, by the positivity of @,, and the Lebesgue
dominant converge theorem, we can prove g is C'. Then,

|

Therefore, by the implicit function theorem there exists wy,(a) such that g(w,,(a),a)
Hence, ¢ (a) := @uy + athuy, €08 ¥ + h(wy,(a), a) is a solution of F'(¢y,(a), ww,(a)) = 0 and

dg O,

o 0=,

LQ, %(W0,0) :O

Y

Yy, COS 7

]
w.,,(0) ::—~g§(u@,0)::0.
ow

Using certain upper and lower exponential decay rates and positivity of ¢,,(a), we can
obtain

W’ (0) -1 19dg
" 1 wo _ __Z
Wy (0) = (1113% P mw ST (1113% ~9a (Wi (@), @),

and (4.4).

Since L(a,wp) is C*, there exists an eigenfunction y.(a) of L(a,wy) corresponding to
Ao(a) such that |[x.(a)|| ;2 =1, x«(0) = ||¢w0 cos 4 H;@Dwo cos £ and x.(a) is C! with respect
to a. In the case p > 2, since F} is C?, @y, (a) is C%. In the case p = 2, since L(a, wp) is
C* and

Ao,
da

Puo(a) is C?. Since

S0 (0) =y 05 L —(PLIL(a, ) P1) ™ PL(L (0 60) 8y €05 2+ (@) B+ (0), )

L

Ao(a) = (L(a,wo)x-(a), x+(a)) 2

we obtain
2 (a) = wa) — 2p(p — 1){(Gu0 ()" > 22 @) 0], . (@)

—mp—n<<@—ax@¢@> (%) (%M)V”%%?WOXA@%A@> ,

and (4.5). Finally, calculating %||¢wo(a)||iz|a:0, we get (4.6).
[

Lemma 4.5. Let p > 2. Then, there exists w, > A, such that for wy € (A, wp), Wl (0) >0

and
>0, 2<p< 2T
Peo) <« 0, 9+ﬁ <p.

Remark 4.6. The first term of R, ,,, with respect to wy — A, yields the critical exponent
P« In Lemma 4.5, we show the following expansion:

(—4p® + 18p — 6)7
3(]9 _ 1)3/2((/u _ )\*)1/2

Ry = +O0((w — M)Y?).
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Proof. First, we prove the positivity of w;, (0). Let

e (P o 2 ()
I, = <(¢w0 cos %)2, (Puoo)" ™ (tuy cOS %)2>L2 '

Since (¢,,0(x))P~2 is differentiable with respect to z € R and

‘ 1 _ (@=3)(p+1)

o (a5 @7 )] £ Clomanale) sl

by the boundedness of [|0,¢w 0|l ;2 (®) with respect to w and certain upper and lower expo-
nential decay rates for ¢, and ¢, we have

3 p=3
I :g(wo - )\*)’H / S%O Olwadxdy
RXTL

2(p+1)

p—3
Hw*HLW(R (wo = As) 7=t

3(bp — 3)wL — (e=3)(p+1) p=3 _
+4—TLWMW@ (w0 = A [ 2(PLLPE e
R

+o((wo — \) 1L,

where ¢, 0 = (W — M) "Y®P Y, and A\, < O(w) < w. On the other hand,

I = MG 202 (L) (B 202 ) 10

4
1, 4 . B
+ ()" (L + 13) 7 (B0 )2
=1+ 1.
By [| () wo obtain
( A )2(1?7*2)
/ Wo — Ay) P71 - 3 B
L : 4 <((10W0:0)p 2(¢w0)27([’$0) ! (/ (QOwO,O)p 2(¢w0)3d1’) ¢w0>
R 12
( A )M
W — Ay) PL B B - )
N <(*”“°’°)p (W), (LS) 1(@%,0)? 2(thu,)? - /Rw,o)p 2(¢w0>3dwwo)>
12
2(p+1)
_ mL{wo — )p i ||¢*||Lp+1(R
- 20— 1)
( 5 2 9 3) L( )\ ) +1”¢ H _ (»=3)(p+1)
—op + D — T wo — p—1 el p 117 1
+ 2(;_1) Lr+ /wp le)\*pl) 1w*pd$

+o((wo — M) 1L,

where (¢,)* = {u € L*(R)|(u, uy)r2r) = 0}. By the same calculation of I] and the
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boundedness of H(L:go + 72) " )t H,

2(p—2)
p (wo— A) T p—2 2 7+ 21 p—2 3
Il - ] (QDW(LO) (wwo) 7(Lw0 +4/L ) R(Qowmo) (%a) dr wum
L2
2(p—2)
W — Ay) P T _
+ ( ’ ] <(<PW0,0)p 2(¢w0)27
(£, + /27 (a2 0)? = [ (a0l ) )
L
2(p+1)
_7TL<w0 - )p 1 [ ||Lp+1 ®)
12(p— 1)
(98 = 17p+ TyrL{wo — M)l it
P — p+ L Wy — pl *Lp+1p P
(Pl Hy, P}) ", ,d
" 12(p — 1)2 /w 2P e
+o((wo — M) 1L,
Since
1 1 C*(LUO — )\*) 1
= - + 0((0.)[) — )\*)L ),
%)\WOHQ/JWO COS%HiQ (p—UmL  (p— )7L
we obtain
|2(p+1)
p(p + 3)(“0 - ) ||¢ | Lr+1I(R
Wy (0) = . =
(20 + 39 + 34p — 18) (o — M) T [l s 3)—(’1’“)
plsp /4 P — Wo — I Lp+1(R vl pl In—1
- P H, P e
12(p— 1) /¢ S
+o((wo — M) 1t
where

2p(2p — D). 540 wa” (PLEL Py
—1

Therefore, if 0 < wy — A, < 1, then W) (0) > 0.
Next, we calculate R, . Since

C, =

d\,
2 o [ 08 7| = —2(p — DL = 2C.(p ~ DLl — ) + o((w — A)L)
dw Ll
and
d  _ .9 2(p+1) s N
IRl = S iy o = A5 + ol = AL,
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we have

2p(p+ 3)7L

3(p—1)
p(2p® + 3p% + 34p — 18) 7L _ _
_H 7Ly = A5, [ wn(PLHL P
R

Ry = —2(p — )7L — 2C,(p — D)7 L(wo — A,) +

3(p—1)?
(—4p* + 18p — 6)7L
= — )L
p(—26p® + 57p* — 82p + 30)7 L . )
3(]9 _ 1)2 ) (WO - A*)H@Z}*Hugif(ﬁ) . @Z)f(PiHA*Pi) 1¢*’pdq}‘

(4.7)
Let
9+ V5T
T4

Since p, is the root of —4p? 4+ 18p — 6 = 0 with p > 1, the conclusion for p # p, follows
(4.7). Finally, we consider the case p = p,. By p. > 4, we have

P

—26p3 + 57p? — 82p, + 30 < 0.

Therefore,
p.(—26p3 + 57p? — 82p, + 30)wL(wy — )x*)Hw*HLP*H(R)
Rw: p*PlH‘Plfl*d
P WO 3(]7* _1)2 /Rl/}* ( LA J.) ¢ p+ AT
+ o((wo — A L)
P (—26p2 + 57p? — 82p, + 30)7L(wp — s _
- ( 2 ) ( - ) @Z)*,p*(PJI_H/\*PD 1¢*,p*dx
3(p« — 1) R
+ O((O}O — )\*)L)
The conclusion for p = p, follows this. O

Using Lemma 4.5 and applying the argument in Section 3 of [25], we obtain Theorem
1.4.

For the completeness of the proof of Theorem 1.4, we introduce the argument for the
stability of standing with the degenerate linearized operator in [13, 25]. Using the following
proposition, we show Theorem 1.4.

Proposition 4.7. Let A\, < wy < wiyp.

(i) If Rpwy > 0, then e“'p,, is a stable standing wave of (NLS) on R x Ty with

L= (A\y) 2.
(ii) If Rpw, < 0, then e*°'@, is an unstable standing wave of (NLS) on R x Ty with
L= ()‘wo>_%-

To modulate the translation symmetry for y € T, we define the polar coordinate
@ = (ay,az) = (acos &, —asin 4) for @ € R* and
¢WO (d) (SL’, y) = wao (a)(m, Y+ d)v Weg (d) = Wy (CL)

In the following lemma, we construct a curve which captures the degeneracy of the lin-
earized operator S/ (@uy)-
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Lemma 4.8. There exist a neighborhood U of (0,0) in R?* and a C function p : U — R
such that p(0,0) = 0 and for @ € U

Qo (@) + p(@) 0 Prsy) = Q(Puvy)
P(@)(Puogs OuwProg) 12 = Q(Puy) — QP (@) + 0(p(@)). (4.8)

Proof. Since
apQ<¢w0 (50 + paw¢wO)‘p=0,6=O = <¢W07 8w95w0>L2 > 07

the conclusion follows the implicit function theorem. n

Let
P (@) = Puy (@) + p(@) 0Py -

foraeU.
In the following lemma, we capture the degeneracy of the action S,,.

Lemma 4.9. Fora e U,

2
%)‘WO “wwo Cos(y/L>||L2RP7wo ’Eil4

~ ~ + o(|a@™).
16<900-2078w90WO>L2 (l ’ )

Swo(q)(c_i)) - Swo(sbwo) =

Proof. For a € U,

SUJO<¢(5:)) - Swo(‘ﬁwo) :Swwo(d)(q)(a)) - Swo (95%) + (wO - wwo( ))Q(@wo)

:Swwo(d’) <¢wo (5)) - Swo (@wo) + ( — Wy (&‘))Q(WWO)
o((

n %@(5))2(550(@0)&%0,awcpw0>L2 +0o((p(a@))?).

From w, (0) > 0 and (4.3), w,,(a) is increasing on a small interval (0, §). Therefore, there
exists the inverse function a™ (w) of w,, (a) form [wo, wy,(9)) to [0,d). By the differentiability
of a™ for w > wy, ¢y, (a™) is differentiable for w > wy. Thus, for w,w; with w # w;

S (Do (@7 (W) = S (D (a7 (w1)))

(8 (B (07 (1)) (B (0 (@) = Gy (@ (1)), (B (07 () = Gy (@ (1)) 12
2(w — wr)
T Qo (a* () + AP W“’B :jjow*(wl»)?)

—Q(Puy(at(w1))) as w — wy.

Moreover, since Oq@uw, (@)]a=0 = Yu, cos ¥, for w > wy

S (P (07 (W) = Sty (Pu)

_ <S<Zo (@m)((ﬁwo (a+) - Sbcuo)v (wao <a+) - @wo»LQ
wet, (0)(a™)? + o((at)?)
—Q(Puwy)  as w | wo.

0((¢w0 (aJr) — ¢w0)2)
wig, (0)(a®)? + o((a")?)

+ Q(Puy) +

19



Hence, S,,(du,(a™)) is C* and

dS.(¢u,(a™))
dw

By the equation (4.6), Q(¢.,(a™)) is C! on (wp,w.,,(d)) and

hIIl Q(¢wo (a+)) - Q(@um) o Rp,wo

wlwo W — Wo N 2&){}30 (O) .

= Q(¢uy(a™)).

Therefore, S, (P, (a™)) is C? with respect to w on (wp,w,,(d)) and

. . Ry o
Suo(Pu (47)) = Sy (Puy) + (w0 = W) Q(Puy) =75 (w — wo)® + o(w — wp)?)
4w (0) (4.9)
_WZ()(O)Rp,wo N4 +1\4
=Ll ()i o)),
From the equation (4.8), we have the expansion
(P OBz = ) (a1 offa). (1.10)
16(901«1* ) aw90w0>L2
Since
g (1) (P (181)) + (Wo = W (18]))Q(Pry) = Stvsy (@) (P (@) + (Wo — We (@) (P )
by (4.9) and (4.10) we obtain the conclusion. O

We introduce the distance and tubular neighborhoods of ¢, as follows. Set for € > 0

st (1) = 0 = a1

N, = {u € H'(R x Tp)|disty, (u) < e},
NEO = {u € NE‘Q(U’) = Q(@CUO)}'

Modulating the symmetry, we eliminate the degeneracy of the linearized operator
around @y, -

Lemma 4.10. Let ¢ > 0 sufficiently small. Then, there exist C* function 6 : N, — R,
a:N.—R,@:N.—U andw: N, — H(R x Tr) such that for u € N,

ey = (d(w)) + wu) + a(u)du, (@),

where (w(u), iy (@())) 2 = (w(1), iy (@) 22 = (w(u)+0(0)uy (@(1)), oy cO8(y/L)) 12 =
(w(w) + a(u)uy (@(1)), tuy sin(y/L)) 2 = 0.

Proof. Let 1)1 = ¥, cos(y/L) and ¥, 2 = ¥y, sin(y/L). We define

(( “Yu — o(a), ’i%o(fi»m)
G(u,0,a1,ay) = 7



where @ = (a1, az). Since G(Pu,,0,0,0) = 0 and

I6wllia 0 0
T =0 e 0]
012 02) | (u,01,02)=(5u0 000) 0 0 —Iluoellze

by the implicit theorem for sufficiently small € > 0 there exist C? functions 6 : N. — R
and @ : N. — U such that for u € N,

G(u,0(u),d(u)) = 0.

We define . B )
(= (). 0 F0))
b (@)1 72
and .
w(u) = e — B(d(w)) — alu)u, (@(w).
Then, the conclusion follows the definition of w. O

In the following lemma, we show the estimate of a(u) for u € N?.

Lemma 4.11. Let ¢ > 0 sufficiently small. There exists C' > 0 such that for u € N2,

a(u)] < Cllwu)|2(p(@(w) + [ww)ll2)-
Proof. By Lemma 4.10, for u € N?,

Q(Pun) =Q(P(@(w)) + w(u) + alu)du, (@(w)))

=Q(Pun) + () Py (@(w)) |72 + p(@(1)) () (D Py P (@(w)) 12
+ p(@(w) ) (OuPun, w(w)) 2 + Q(w(w)) + () *Q(duy (@(w))).

Since p(@(u)) — 0 as € — 0, we obtain the conclusion. O

Next, we prove the coerciveness of the linearized operator around @, .

Lemma 4.12. There exist kg > 0 and g9 > 0 such that for ay,as, 0 € (—eg,€0), if
w € HY R x Tr) with (w, ¢y (@)1 = (w,i¢., (@) 12 = (W + Py, (@), Y, cos(y/L))z =
<U) + O‘d)wo (6)7¢w0 Sin<y/L)>L2 = O then

(S0, (@(@))w, w) -1, > ko|w 7,
where d = (ay, az).

Proof. Let ¥,,1 = vy, cos(y/L) and 1,2 = t,,sin(y/L). For w € HY(R x T) with
<w7¢w0(6)>L2 = <w>i¢wo<6)>L2 = <w + a¢wo(5>>wwo,l>L2 = <w + a¢w0(6)7wWO,2>L2 =0, we
decompose w = blgbwo +b2i¢7w0 +b37\pw0’1 +b477bw0’2 +U)J_, Where <UU_, @w())LQ = <’UJJ_, i¢w0>L2 =
(Wi, Ywga)re = (Wi, Yup2)r2 = 0, b; € R for j € {1,2,3,4}. By the non-negativeness
of L, and L} 4+ Ay, Proposition 2.1 and Lemma 2.2, there exists ¢ > 0 such that
(S8 (Pup)Wi, wi)g— g > c|lw. |3, where ¢ is independent of w,. Then, from the or-
thogonal conditions for w, we have for j € {1,2,3,4}, b; = O((|a] + |a|)||lwLr|2) as
|d| + || — 0. Therefore, there exist g, kg > 0 such that for ay,as, a € (—eo, o),
4
(S0, (P(@)w, w) - 1 =(S0y (P Jw i, Wi+ Y0+ o(wi]72)
j=1
2
> kol[wl[51-
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In the following lemma, we investigate the variational structure of S, around @, .

Lemma 4.13. Let ¢ > 0 sufficiently small. For u € N?

S (1) =S (®(a@(w))) = %<5Z0(95w)w(u)7 w(w)) 1,111+ Cor Ry |8(w) [ o ([[w(w) [ 7 ) +o(a@(w) ),
where w(u) and d(u) are defined by Lemma 4.10 and

do o |V cO8(y/ L) |72

Cio = = =
16<90w07 8wg0w0>L2

Proof. Let u € N°. By Lemma 4.10 and Lemma 4.11, we have

S () = S (Pon )
S (B(a@(u)) + wlu) + a()du (@(1))) = Suy(Puy)
S (P(@())) = S (Py) + (50 (P(@())), w(we) + a(w) b (@(w))) 111,111

+ %(5” (@(@(w)w(u), wlu)) g1+ ol|lw(w)|[7).
)0,

Since S, (Pun ) 0Py = ~Puns (bun (@(w)), w(w))r2 = 0 and p(d(u)) = O(|d(u)[*) as distu, (u) —

0, we have

@)D Py w () 1,11+ 0(|@]*) + o([[w(w) 71
) = 52 (P ))P((1)) D Prsy w (W) 1,110
— p(E(W){ Py — Y (@(w)), w(w)) 2 + 0(|G(w)|*) + ol |w(w)|7n)

=o(|a@(u)|") + o(|w(w)llz)-

By Lemma 4.11 and the continuity of S, (®(@)) and ¢, (@) at @ = 0, we have

(50, (2((w))), (W) by (@(w)) 1,11 = 0(|G(w)[*) + 0w (w) [ 7p2)-

Therefore, from Lemma 4.9, we have the conclusion. O

{ :

=(Sg @ (P(A(w))) + (wo — Wiy (@) P(@(w))), w(u)) 1 2
{ ( e
{

)
)

4.1 The proof of (i) of Proposition 4.7

In this subsection, we prove (i) of Proposition 4.7. Let 0 < ¢ < 1. By Lemma 4.13 and
Ry, > 0, for small € we have that there exists ¢ > 0 such that for u € N?

S (1) = Sin(B) = (|| (w) |30 + la(w)[*), (4.11)

where w(u),d(u) are defined by Lemma 4.10. We suppose that there exist ¢ > 0, a
sequence {uy, }, of solutions and a sequence {t,}, such that ¢, > 0 and u,(0) = @, in H!
and

a0~ H
érelﬂf{Hun n) € Pug Hl > €0-
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Let
Q(Puo)
Since Q(vy,) = Q(Puy) and Q(uy,) = Q(Puy) as n — 00, ||vy, — up(ty)|| 1 — 0 and Sy, (vn) —

So(Puwy) — 0 as n — oco. By the equation (4.11), @(u,(t,)) — 0, a(u,(t,)) — 0 and
w(t,(t,)) — 0 in H' as n — oo. Therefore,

Uy, = U (tn)-

ggﬂg ||un(tn) — ewgbonHl — 0 asn— oo.

This is a contradiction. We complete the proof of (i).

4.2 The proof of (ii) of Proposition 4.7

In this subsection, we prove (ii) of Proposition 4.7. Let 0 < ¢ < 1. We define the functions
A(u) and P(u) as .
A(“) = <620(U)u _iaw¢w0>L27
P(u) = <SZJ o(@(u)) ( ), 1A (u ) 1,1
for u € N., where 6(u) and @(u) are defined by Lemma 4.10.

Then
A'(u) = —ie™ #(u )QU%O + Z(Ze , =10, Puy) 120 (1),
(A (), Q' ()2 = —(A'(w), )2 = % 0.
0=0
Therefore, for any solution u(t) of (1.1)
—dA(OZ(t)) — (A (u(t)), —iB' (w(t))) g1 =(A (u(t)), B (u(t)) + w(@w)Q' (w(t))) g1 m

=P (u(t))-
Next, we investigate the function P.
Lemma 4.14. Forad € U,
P(®(a)) = p(ﬁ)@wm O Pun) L2 + 0(p(a)).
Proof. Let dy € U. Then @(®(dy)) = do and 6(®(dy)) = 0. Since

(d
Strug o) (P(@0)) = SL, (@) (B (@0)) p(@0) Ous Py + 0(p(d0)),
we have

P((I)< )) <SZWO (o) (¢wo(a0)) (5 )aw¢w078w95wo>L2
+ (S (o) (D0 (@0)) p(G0) Oy Py, 0 (P (D (o)) 12 (P (D (o)), OuProg)r2 (4.12)

+o(p(dp))-
By the proof of Lemma 4.10, we obtain that
0’ ie= ™ “)cb o(a(u))
oG
o0aan \ %) =\ Calo ) 1

y W1, U2 CL/2 6—20( )w 0.2
Thus 6'(®(dp)) is a linear combination of i¢,, (@), Y., 1 and v, 2. Hence, the conclusion
follows the equation (4.12). O
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Lemma 4.15. Let € > 0 be sufficiently small and u € N2 with S,,(u) — Sy (Pu,) < 0.
Then

Pu) = —=p(a@(u)){Puys Oubun ) 12 + 0(p(a(u))) + ol[Jw(w)]| 1)-
Proof. By Lemma 4.11 and Lemma 4.14,

P(u) =P(®(a(u)) + w(u) + a(u)u, (@(u)))
=P(®(d(u)) + w(w)) + o(p(a(w))) + O(||lw(w)||7)
— p(a@(u) {Pugs OuwPun) 12
+ (A (@(a(w))), S, (@ (R(@(w))w(w)) g1, m
+ (S, @) (2(@(w))), 1A (®(a(u)))w(w)) -1, m + o(p(@(w))) + O(Jlw(u)||3:)-

Since
A (P(d(w))) = OuPuy + (P(@(1)), Oy ) 26" (P(a(w))),
by the equation (4.13) we have

(A" (®(a(w))), Se,, @y (Pla@(w))w(w)) g-1,50 = o(lw(w)] 4)- (4.14)

From the equation (4.14) and

St @ (R(@(w))) = S, @) (P (@(w))) + p(a@()) S, () (P (@(10))) DBy + 0(p(d(u))),

we obtain the conclusion. O

We assume €', is stable. Let {a@,}, be a sequence with @, — 0 and {u,}, be the
sequence of solutions with u,(0) = ®(d,). Since R, ., < 0 and there exists C' > 0 such
that

Swo (QEWO) - Swo(q)(c_in)) - CRP,WO|6H|4 + O(|6H‘4)7

we obtain S, (Pu,) > Su,(P(d,)) for sufficiently large n > 1. From Lemma 4.13 and
Lemma 4.15 we have for sufficiently large n > 1

By the stability of ¢“°?3, and the equation (4.10), we obtain there exists ¢ > 0 such that
for sufficiently large n > 1

0 < Suy (@wo) - Swo(q)(an)) < —cp(c?(un(t)))P(un(t)).

Since p(d(un(t))) is positive and bounded for ¢ < 0 and sufficiently large n > 1, there exists

6 < 0 such that for ¢t <0
dA(uy,(t))

dt
This contradicts the boundedness of A on N,. Hence, ei“’otgbwo is unstable.

= P(uy (1)) < 6.
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