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Chapter 0O

Introduction

In this thesis, we study equivariant analytic torsion for irreducible holomorphic symplec-
tic manifolds of K3-type with antisymplectic involution. We introduce a holomorphic
torsion invariant for these manifolds and study the invariant as a function on the or-
thogonal modular variety associated to the periods of these manifolds. To explain our
results, let us recall equivariant analytic torsion and equivariant Quillen metrics.

0.1 Analytic torsion and Quillen metrics

The notion of analytic torsion for complex manifolds was introduced by Ray-Singer
[72]. It is the exponential of the derivative at zero of the weighted alternating sum of
various spectral zeta functions. In [71], Quillen defined a metric on the determinant of
the cohomology by using analytic torsion. He introduced the product of the L?-metric
on the determinant of the cohomology and the analytic torsion, and this metric is called
the Quillen metric. One of the remarkable properties of the Quillen metric is that, for
a holomorphic hermitian vector bundle over a family of compact Kahler manifolds, the
Quillen metric is a C* hermitian metric on the determinant of the cohomology even if
the dimension of the cohomology of the fibers is not a locally constant function on the
base space.

In [13], [14], [15], Bismut-Gillet-Soulé calculated the curvature of the determinant
of the cohomology endowed with the Quillen metric for locally Kahler proper holo-
morphic submersions. In particular, they established the Grothendieck-Riemann-Roch
theorem at the level of differential forms at bidegree (1,1). In [17], Bismut-Lebeau
established the immersion formula for Quillen metrics, which is a comparison formula
for Quillen metrics for closed immersions. Using the Bismut-Lebeau theorem, Gillet-
Soulé [33] proved the arithmetic Riemann-Roch theorem in Arakelov geometry, where
the determinant of the cohomology is endowed with the Quillen metric.

In [11], Bismut studied Quillen metrics in the equivariant setting and obtained the
immersion formula and the anomaly formula for equivariant Quillen metrics. In [53],
Ma proved the curvature formula for equivariant Quillen metrics. Making use of these
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8 CHAPTER 0. INTRODUCTION

results, Kéhler-Rossler [49] proved the fixed point formula of Lefschetz type in Arakelov
geometry, which is an equivariant analog of the arithmetic Riemann-Roch theorem in
(33].

On the other hand, to extend the Kronecker limit formula in higher dimensions,
Yoshikawa [82] constructed an invariant of 2-elementary K3 surfaces by using equiv-
ariant analytic torsion. He proved that for each deformation type, his invariant is
expressed as the Petersson norm of a certain automorphic form obtained as the tensor
product of a Borcherds product and a Siegel modular form.

One of the goals of this thesis is to generalize the result of Yoshikawa [82] to a
class of higher dimensional hyperkahler manifolds. In this thesis, we construct an
invariant of K 3[-type manifolds with antisymplectic involution by using the equivariant
analytic torsion and we show that, in some special cases, it coincides with Yoshikawa’s
invariant. Hence, in some cases, our invariant is expressed as the Petersson norm of a
certain explicit automorphic form. Moreover, we compare our invariant with the BCOV
invariant of a certain class of Calabi-Yau 4-folds. Let us recall the BCOV torsion and
the BCOV invariant.

0.2 BCOYV invariants

In their study of mirror symmetry at genus one [8], Bershadsky-Cecotti-Ooguri-Vafa
introduced the following combination of Ray-Singer analytic torsions:

Tocov(Z,wz) = [[ (@) V"™,

p=0

where Z is a compact Ricci-flat Kihler manifold and 7(€5) is the analytic torsion of Q7.
This combination of analytic torsions is called the BCOV torsion. The conjecture of
Bershadsky-Cecotti-Ooguri-Vafa claims the equivalence of the following two functions
via the mirror map; one is the generating series of the genus one Gromov-Witten in-
variants of a Calabi-Yau 3-fold, and the other is the BCOV torsion viewed as a function
on the base space of its mirror family of Calabi-Yau 3-folds.

After Bershadsky-Cecotti-Ooguri-Vafa, in mathematics, the BCOV invariant for
Calabi-Yau manifolds was introduced by Fang-Lu-Yoshikawa [27] in dimension 3, and
by Eriksson-Freixas i Montplet-Mourougane [25], [26] in arbitrary dimension. Besides
the BCOV torsion, they introduced certain correction terms consisting of a Bott-Chern
secondary class and various covolumes of cohomology lattices to get a genuine invariant
of Calabi-Yau manifolds (See §4.2). Then the BCOV invariant of the mirror family
of a Calabi-Yau hypersurface in projective space is determined by Fang-Lu-Yoshikawa
[27] in dimension 3, and by Eriksson-Freixas i Montplet-Mourougane [26] in arbitrary
dimension. Moreover, Eriksson-Freixas i Montplet-Mourougane extend the mirror sym-
metry conjecture at genus one to arbitrary dimension [26]. On the other hand, the genus
one Gromov-Witten invariants of a Calabi-Yau hypersurface of a projective space was
determined by Zinger [89], [90]. By comparing the formula for the BCOV invariant
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and the generating function of the genus one Gromov-Witten invariants, the mirror
symmetry at genus one between a Calabi-Yau hypersurface of P” and its mirror family
is established by Zinger [89], [90] and Fang-Lu-Yoshikawa [27] for n = 4, and by Zinger
[89], [90] and Eriksson-Freixas i Montplet-Mourougane [25], [26] for n = 5.

As for the BCOV invariant of complex tori of higher dimension and hyperkéhler
manifolds, its triviality is proved by Eriksson-Freixas i Montplet-Mourougane [25]. How-
ever, for Ricci-flat compact Kahler manifolds with torsion canonical bundle, the BCOV
torsion is not necessarily trivial when it is viewed as a function on the moduli space.
In [82], Yoshikawa studied the analytic torsion (in fact BCOV torsion) of Ricci-flat
Enriques surfaces and proved that the corresponding function on the moduli space is
expressed as the Petersson norm of the Borcherds ®-function, a remarkable automor-
phic form on the period domain for Enriques surfaces discovered by Borcherds [20].
On the other hand, very recently, Oberdieck [65] proves the explicit formula for the
Gromov-Witten invariants of an Enriques surface conjectured by Klemm-Marifio [46]
and he shows that the generating series of the genus one Gromov-Witten invariants of
an Enriques surface is derived from a certain power of the Borcherds ®-function. In
this way, for Enriques surfaces, the equivalence of the BCOV torsion and the genus one
Gromov-Witten invariants is established by Oberdieck [65] and Yoshikawa [82].

In this thesis, we study the BCOV invariant of the Calabi-Yau 4-folds constructed by
Camere-Garbagnati-Mongardi [24], who obtained their Calabi-Yau 4-folds as a crepant
resolution of the quotient of a K3P-type manifold by an antisymplectic involution.
Under a certain assumption on the deformation type, we show that the BCOV invariant
of a Calabi-Yau 4-fold of Camere-Garbagnati-Mongardi coincides with our invariant of
the corresponding K 3Z-type manifold with involution, up to a universal constant. As a
result, we show that the BCOV invariant of the universal covering of the Hilbert scheme
of 2-points on an Enriques surface is expressed as the Petersson norm of the Borcherds
®-function. Furthermore, we show that the BCOV invariant of the Calabi-Yau 4-fold of
Camere-Garbagnati-Mongardi obtained from a 2-elementary K3 surface with no fixed
curves of positive genus, is expressed as the Petersson norm of the Borcherds product
of Yoshikawa [84] and Gritsenko [35]. Let us explain our results in more detail.

0.3 The invariant of K3/Z-type manifolds with invo-
lution

Let X be an irreducible holomorphic symplectic manifold. Namely, X is a simply-
connected compact Kéhler manifold admitting an everywhere non-degenerate holomor-
phic 2-form 7 such that H°(X, Q%) is generated by 7. It is known that there exist a
unique primitive integral quadric form gx on H*(X,Z) of signature (3,by(X) — 3) and
a positive rational number cx € Q such that

qX(a)n :Cx/ a2n
X
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for any o € H*(X,Z). If by(X) = 6, we also require that gx(w) > 0 for any Kéhler
class w. The quadric form ¢x is called the Beauville-Bogomolov-Fujiki form ([5]). Let
(,-): H*(X,Z) x H*(X,Z) — 7Z be the integral bilinear form corresponding to ¢x.

An irreducible holomorphic symplectic manifold X is a manifold of K3&-type if X is
deformation equivariant to the Hilbert scheme of length 2 zero-dimensional subschemes
of a K3 surface. Then H%(X,Z) is isomorphic to

Ly = Lgs @ Ze,

where Lgs is the K3 lattice, i.e. an even unimodular lattice of signature (3,19), and
e is an element with e? = —2 and (e, Lg3) = 0. In this thesis, we study K3P-type
manifolds. We assume that X is a K3/Z-type manifold.

Let ¢ : X — X be a holomorphic involution on X. A holomorphic involution ¢ on
X satisfying

v ==
is called antisymplectic. In this thesis, tnvolutions on an irreducible holomorphic sym-
plectic manifold are always assumed to be antisymplectic.

In [18], Boissite-Camere-Sarti classified the hyperbolic sublattices of Ly obtained as
the invariant subspace H?(X,Z)" for a K3P?-type manifold (X,:) with involution. In
[45], these sublattices of Ly are called admissible sublattices. There are 150 isomorphism
classes of the pairs consisting of an admissible sublattice of L, and the corresponding
involution of L.

For an admissible sublattice M, we set

AM) = {5 € M;8* = -2,0r 6 = —10, (5, L,) = 2Z} and Gy = {x € MIR;2* > 0}.

For ¢ € A(NM), we define 6+ = {z € Gy : (IL‘,N(S) = 0}. Then Useaqar 6+ is a closed
subset of €3 and a connected component of G \ Usea(ar) 5+ is called a Kihler-type
chamber of M. The set of all Kdhler-type chambers of M is denoted by KT (M).

A pair (X, ) is called a marked manifold of K3P-type if X is a manifold of K3%-
type and « : H*(X,Z) — Lo is an isometry of lattices. By [39], there exists a moduli
space M, of marked manifolds of K3P-type. We fix a connected component Mg, of
My, .

Let (M,tp) be a pair consisting of an admissible sublattice of Ly and the corre-
sponding involution of Ly. Let KX € KT(M). For the K3[2-type manifold (X, ) with
involution, a marking o : H*(X,Z) — Ly of (X,¢) is said to be admissible for (M, K) if

(X,0) €M, a(H*(X,Z))=M and a(Ky)CK,

where K4 C H?(X,R)" is the set of t-invariant Kahler classes of X. Moreover ¢ is called
an involution of type (M, K) if there exists an admissible marking for (M, ).

In [45], Joumaah proved that any two manifolds of K3@2-type with involution of
type (M, K) are deformation equivalent. Let M+ be the orthogonal complement of M
in Lo. He defined the connected component Q;\L/[ . of the period domain

Qure = {[n] € P(Mg); (n.m) = 0, (n,7) > 0}
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corresponding to (M, K) and introduced an orthogonal modular variety M, which
is an arithmetic quotient of the bounded symmetric domain QL ., to define the period
of a manifold of K3P-type with involution of type (M,K) (See Section 2.2.3). Let
M wm be the set of all isomorphism classes of K 3P-type manifolds with involution of

type (M, K). The period of (X,1) € My is defined by
Pric(X,0) = [a(H°(X,Q%))] € Mas,

where « is an admissible marking for (M, K), and the period map is denoted by Py
My = M. Joumaah constructed a reduced divisor Z),1 on My and proved
that the image of Py is given by the Zariski open subset

?W,K - MMJ(: \ @ML
and that the period map Py : Mayrx — My = Marxc\ Dy s generically injective.

Now, let us explain the construction of an invariant of K3®-type manifolds with
involution of type (M,K). For this, let us recall the notion of equivariant analytic
torsion. Let V' be a compact Kahler manifold with a holomorphic involution 6 : V' — V.
Consider the jp-action on V induced from 6. Let £ = (E,hg) be a ps-equivariant
holomorphic vector bundle on V' endowed with a ps-invariant hermitian metric. For
g € 12, the equivariant analytic torsion of E is defined by

7y(E) = exp {— > (—1)"QC6,q7g(0)} :

q=0

where (o ,,4(5) is the equivariant spectral zeta function of the Laplacian acting on the
E-valued smooth (0, q)-forms on V. If g = 1, we write 7(E) instead of 71(F) and call
7(E) the (usual) analytic torsion of E.

Let (X, ¢) be a manifold of K3[-type with involution of type (M, K). Let wx be an
t-invariant Kéhler form on X. Then wy induces the corresponding hermitian metric hx
on the holomorphic cotangent bundle Q%, and we set Q% = (Q%, hx). The equivariant
analytic torsion of Q% with respect to the ps-action induced from ¢ is denoted by 7,(Q%).

We denote the fixed locus of ¢ : X — X by X*. By [6], X* is a possibly disconnected
smooth complex surface. We denote by Ox. the trivial line bundle Ox. equipped with
the trivial metric. The analytic torsion of Ox. is denoted by 7(Ox.). If X* = ;Z; is
the decomposition of X* into the connected components, then

7(Ox.) = HT(@Zi).
W
The volume of (X, wy) is defined by Vol(X,wx) = / 4—)'( As above, if X* = L1J;7; is
X .

the decomposition of X* into the connected components, then the volume of (X* wx|x.)

is defined by
2
_ wWxliz,

Vol(X*, wx
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We denote the covolume of the lattice Im (H'(X*,Z) — H'(X*,R)) in the cohomology
H' (X', R) by Vol (H' (X", Z),wx|x:), where H'(X* ,R) is endowed with the L*inner
product induced from the Kéhler form wx

Xt
We define the real-valued smooth function ¢ on X* by

wh IR
2 A2 Vol (X, wx)

Xt

Obviously ¢ is independent of the choice of 1. We define a positive real number
A(X7 2 (.UX) by

.

where € is the differential form on X* defined by

(log sO)Q} ,

L

%{L + SCQ(TX, hx)

X¢t.

Q= CI(TXL, hXL)2 - 802(TXL, ]’LXL) — Cl(TX, hx)
Set
t=Tr(ear) + 2.
We define a real number 7y (X, ¢) by
(t=1)(t=17)

TMJC(Xv L) = TL(Q;’)VOKX)WX) 16 A(X7 L, hX)
x 7(Ox) "2 Vol(X*, wy ) "2 Volo (HY(X", Z), wy.).

As an application of the curvature formula for Quillen metrics [13], [53], we have the
following.

Theorem 0.3.1 (Theorem 5.3.13). The real number T xc(X, ) is independent of the
choice of an t-invariant Kihler form. In particular, Ty (X, ) is an invariant of (X, ).

By Theorem 0.3.1 and Joumaah’s theorem [45], Ty is viewed as a real-valued
function on M3, .. Namely,

Tvi(p) = (X, 0)  ((X,0) € PA_J,lzc(p))

is independent of the choice of (X,¢) € P];[},C(p).

In this thesis, we study the function 7a7x on Mj, ;. More precisely, we prove the
curvature formula for 7y/ ¢ and the algebraicity of the singularity of 757, and for some
cases, we show the coincidence of 7y x and Yoshikawa’s invariant of 2-elementary K3
surfaces, as well as the coincidence of 7/ and the BCOV invariant of Calabi-Yau
4-folds of Camere-Garbagnati-Mongardi.
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0.4 The curvature formula for 7/«

Let waqy, o be the orbifold Kéhler form on My, induced from the Kéhler form of
the Bergman metric on the period domain §25;1. In Lemma 5.3.15, we will prove the
existence of a smooth (1, 1)-form oy on MG, . such that for any (X, 1) € My we
have

P]T/[,ICO-M,IC = Cl(W*Q}%L/Def(X7L), hL2) — Cl(Rlﬂ'*O%w, hLZ) - 2Cl<7T*KggL/Def(X7L), hLz),

where Py @ Def(X, 1) — My is the period map of the Kuranishi family 7 : (27,1) —
0—0
Def(X, ) of (X,¢). Recall that d° =

m

Theorem 0.4.1 (Theorem 5.3.16). The function Ty on MG is smooth. Moreover,
the following equation of differential forms on My, - holds:

(t+D)(t+7)

—dd° IOg ™MK = 3

WM]\/]’K‘/ + UM,/C'
There is an application of Theorem 0.4.1 to families of K3P-type manifolds with
involution.

Theorem 0.4.2 (Theorem 5.3.19). Suppose that t # —7,—1 and q(X*) = py(X*) =0
for each (X,1) € /\;IMJC. Then there exists no irreducible projective curve on M .
In particular, if f: (2 ,1) — S is a family of K3 -type manifolds with involution of
type (M, K), and if S is compact, then f is isotrivial. Namely any two fibers of f are
1somorphic to each other.

0.5 The algebraicity of the singularity of 7/«

Let 2 be a smooth projective manifold of dimension n + 1 and let ¢ : 2~ — 2 be a
holomorphic involution. We consider the ps-action on 2" induced from ¢. Let C be a
smooth projective curve with trivial us-action, and let f : 2~ — C be a us-equivariant
holomorphic surjection. Then the uo-action preserves the fibers of f.

Let ¥y = {z € Z';df(xz) = 0} be the critical locus of f and let Ay = f(X¢) be the
discriminant locus of f. The fiber of f at s € C'is denoted by X,. We set C° = C'\ Ay,
Z° = f7HC°),and f° = f|go. Then f°: 2° — C°is a family of projective manifolds
with ps-action.

Let hy be a po-invariant Kéhler metric on 2°. The relative tangent bundle T2 /C
is the pp-equivariant subbundle of T'27| 25, defined by

T:%/O = Ker(f*\g\gf : T%ng‘\zf — f*TC|l9f\Ef).

We set hy o = ha|lra/c. For s € C°, the restriction hy := hy c|x, is a po-invariant
Kéahler metric on X,.
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Fix 0 € Ay and let (4,s) be a local coordinate on C' centered at 0 such that
ANA; = {0} and that s(A) is the unit disk in C. We set X = f1(A) and A* = A\{0}.
We assume that the singular fiber X is a simple normal crossing divisor.

We define a function TL(Q%/S) on A* by

.(Qy5)(s) = T(Qx,) (s € A7),

where TL(QkS) is the equivariant analytic torsion of the holomorphic cotangent bundle
Q}Q endowed with the po-invariant hermitizin metric hy induced from hgc. Since
hi(Q )(g = 0) is independent of s € A*, TL(Q}%/S) is a smooth function on A*. As an
equivariant analog of the results [12], [25], [27], [83], we prove the algebraicity of the
singularity of 7,(Q}, /s)-

Theorem 0.5.1 (Theorem 6.1.14). There exists a rational number c(Xo, Q?%/C) such
that:
logTL(Q%/S)(s) = ¢(Xo, Q}{/O) log |s|* + O(loglog |s| ') (s — 0).

Note that Q- /s is not a locally free sheaf on Z since Xy # (.

Let M be an admissible sublattice of Ly and let £ € KT (M) be a Kéhler-type
chamber. Let C' C Mj, . be an irreducible projective curve, where M3, - is the Baily-
Borel compactification of M ;. We assume that C' is not contained in Z,;. U (M \
M) Let p € C'N P10 be a smooth point of C. Choose a coordinate (A, s) on C
centered at p such that AN Z,,. = {p} and s(A) is the unit disk. As an application
of Theorem 0.5.1, we prove that the invariant 7ys has an algebraic singularity along
the divisor Z,,. in the following sense.

Theorem 0.5.2 (Theorem 6.2.7). There exists a rational number a € Q such that:

log Tarxc(s) = alog ]s|2 + O(log log \s\’l).

0.6 A comparison with Yoshikawa’s invariant

In order to explain the applications of Theorems 0.4.1 and 0.5.2, let us recall the
notion of 2-elementary K3 surfaces. Let M, be a primitive hyperbolic 2-elementary
sublattice of the K3 lattice Lys. A K3 surface (Y, o) with antisymplectic involution is
a 2-elementary K3 surface of type M, if there exists a marking o : H*(X,Z) — Lgs
such that a(H?*(X,Z)°) = My. The period domain for 2-elementary K3 surfaces of
type My

Oy = {In] € P(Mte): (n,m) = 0, () > 0}

consists of two connected components, each of which is a bounded symmetric domain of
type IV of dimension 20 —rk(Mj). We fix one of the connected components and denote
it by QL L Let O(M;") be the group of isometries of My, which acts projectively on
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Qpge. Let OT(Mjy) be the subgroup of O(M;z") of index 2 preserving the connected

components of ;.. The group OT(Mg") acts on Q7 . properly discontinuously, so
0

that we have the orthogonal modular variety

My, = QLOL JOT(My).

Set A(Mg) = {d € My';d®> = =2} and Py = Ugen M) d*. Then Z,. is a reduced
divisor on QF . Since the O*(Mj)-action on QF 2t induces the O*(ML) action on
0

Dt the quotient .@ML is a reduced divisor on Myy,. By [82], its complement M, =
MMO \ QML is a coarse moduli space of 2-elementary K3 surfaces of type M.

Let (Y, a) be a 2-elementary K3 surface of type M,. Making use of equivariant
analytic torsion of (Y,o) and the analytic torsion of Y7, Yoshikawa introduced an
invariant 7, (Y, o) of (Y, o) and determined its structure as an automorphic function
on the moduli space. Namely, 7y, is expressed as the Petersson norm of an automorphic
form on QL . obtained as the tensor product of an explicit Borcherds product and an

explicit Sie %1 modular form ([52], [82], [86], [87]).
plicit Sieg ([52], [82], [86], [87])

We set .
M():Mo@Ze.

Then ]\% is an admissible sublattice of L. Let Y2 be the Hilbert scheme of 2-points
onY and let 6@ : Y — Y be the involution induced from o. Then ¢ : Y — va
is antisymplectic and the ¢l@-invariant subspace of H?(Y?,Z) is isomorphic to M.
Moreover, the invariant Kahler cone of (Y[Q], 0[2}) corresponds to a Kahler-type chamber
having the face My = e*. Such a Kihler-type chamber is called natural in this thesis.
We consider the case where r = rk(My) < 17 and the divisor @Md_ is irreducible. There
exist 23 isometry classes of such M.

Theorem 0.6.1 (Theorem 6.4.12). Suppose that tk(My) < 17 and the divisor .@Md_ is

irreducible. Let IC € KT(]\%) be natural. Then there exists a positive constant Cyg, > 0
depending only on My such that, for any 2-elementary K3 surface (Y, o) of type M,
the following identity holds:

TM@,K(Y[2]7 Jm) = CMOTMO (Y> 0)_2(T_9)‘

In this case, the function 77 . on M3, is expressed as the Petersson norm of an
explicit automorphic form on QI/[ i

Let us consider the case My = (2). Here My = (2) is the rank 1 lattice generated by
an element h with h? = +2. Since @Md_ is not irreducible, this case is not covered by
Theorem 0.6.1. By Joumaah [45], the admissible sublattice My = My & Ze admits two
deformation types, one natural and the other non-natural. Let IC be a natural Kahler-
type chamber and let X' be a non-natural Kéhler-type chamber. A 2-elementary K3
surface (Y, o) of type (2) is given by the pair consisting of the double cover ¥ —
P? blanched over a smooth sextic C' and its covering involution o : ¥ — Y. Then



16 CHAPTER 0. INTRODUCTION

(Y2 o12) is a manifold of K3P-type with involution of type (JT/[/O, K). The fixed locus
of o : Y — VB is isomorphic to C® 1Y /s. Since Y/o = P?, we have the Mukai
flop f: Y —-5 elmy, (Y), where elmy,(Y?)) is a manifold of K3P-type ([36]). We
define elmy, (o) = fooo f~!. Then elmy/,(c?) is a biregular involution. Moreover,
(elmy/, (Y™), elmy, (¢™)) is an irreducible holomorphic symplectic manifold of K3[2-

type with involution of type (Mo, K.

Theorem 0.6.2 (Theorem 6.4.15). There exist positive constants Cy,Cy > 0 such that
for any 2-elementary K3 surface (Y, o) of type My = (2), the following identities hold:

TMD,IC(Y[2]7 0[2}) = ClTMo (Yv 0)167

Tty i (€lmy o (V) elmy o (o)) = Comagy (Y, 0)™°.

In this case, TNl K and il k0 AT€ again expressed as the Petersson norm of an explicit

automorphic form on QX/[ L
0

0.7 The BCOYV invariant of the Calabi-Yau 4-folds
of Camere-Garbagnati-Mongardi

Let M C Lo be an admissible sublattice and let € KT (M) be a Kéhler-type chamber.
Let (X,:) be a manifold of K3@-type with involution of type (M, ). The blowup of
X along the fixed locus X* is denoted by X and the involution of X induced from ¢ is
denoted by 7. Camere-Garbagnati-Mongardi [24] proved that its quotient Z = X /7 is
a Calabi-Yau 4-fold and the canonical map Z — X/¢ is a crepant resolution.

Let My be a primitive hyperbolic 2-elementary sublattice of Lgs. As before, set

Mg = M()@ZG.

Let K € KT(]\%) be a natural Kéhler-type chamber. Namely, the hyperplane Mg in

My is a face of K.

If there is a 2-elementary K3 surface (Y, o) of type M such that (X, 1) = (Y, o)),
then we denote X, ¢ and Z by Xy, 1y and Zy, respectively.

Let 7gcov(Zy) be the BCOV invariant of Zy constructed by Eriksson-Freixas i
Montplet-Mourougane [25], [26]. We compare the two invariants 737 (Xy,ty) and

Tecov(Zy).

Theorem 0.7.1 (Theorem 7.1.14). If r(My) < 17 and @MOJ_ is irreducible, then there
exists a constant Cyy, depending only on My such that

Tacov(Zy) = Cuy Ty, o (Xv, ty)

for any 2-elementary K3 surface (Y, o) of type M.
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Now, let us give some applications of Theorem 0.7.1. Assume that My = U(2) @
Es(2), where U is the even unimodular lattice of signature (1, 1) and Ejy is the negative
definite even unimodular lattice associated with the Dynkin diagram Fg. Here, for a
lattice A = (Z", (+,-)a), we define A(k) = (Z",k(-,)a). Then rk(My) = 10 < 17 and
.@MOL is irreducible by [61]. For a 2-elementary K3 surface (Y, o) of type M, its fixed
locus Y7 is empty and the quotient Y/o is an Enriques surface. Moreover, Mj, can
be regarded as a coarse moduli space of Enriques surfaces. Oguiso-Schroer [66] showed
that Zy is the universal cover of the Hilbert scheme of 2-points on the Enriques surface
Y/o.

In [82], Yoshikawa proved that there exists a constant C' depending only on M, =
U(2) @ Es(2) such that

7, (Y, 0) = C||®([Y/0])| 2 (0.7.1)

for any 2-elementary K3 surface (Y, o) of type My, where ||®([Y/o])|| is the Petersson
norm of the Borcherds ®-function [20], [21], evaluated at the period of the Enriques
surface Y/o.

Theorem 0.7.2 (Theorem 7.2.2). There exists a constant C' depending only on My =
U(2) @ Es(2) such that

—_—

eoov (SP) = Cl|@([S])]]

for any Enriques surface S, where S is the universal cover of the Hilbert scheme of
2-points on S.

Let k = 1,...,6 and assume that My = Ag(2)*, where A, is an odd unimodular
lattice of signature (2,10 — k) and the orthogonal complement is considered in Lgs.
Then the fixed locus Y7 of a 2-elementary K3 surface of type My = Ag(2)* is the
disjoint union of k-rational curves and .@MOJ_ is irreducible by [28] and [87].

In [84], [87], Yoshikawa proved that there exists a constant Cj depending only on k
such that

D=

T, (Y, 0) = Ci[| Qe ([Y]) I (0.7.2)

for any 2-elementary K3 surface (Y, o) of type My, where ||®r([Y])|| is the Petersson
norm of the automorphic form ®; of weight k + 4 constructed by Yoshikawa [84] and
Gritsenko [35], evaluated at the period of (Y, o).

Theorem 0.7.3 (Theorem 7.2.4). There exists a constant C}, depending only on k such
that

Tecov(Zy) = Cil| @x([Y]) I

for any 2-elementary K3 surface (Y, o) of type M.
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After the work of Eriksson-Freixas i Montplet-Mourougane [26], to our knowledge,
Theorems 0.7.2 and 0.7.3 are the first to give an explicit formula for the BCOV invariant
for locally universal family of Calabi-Yau 4-folds, whose moduli space has dimension
strictly greater than 1.

This thesis is organized as follows. Chapters 1-4 are mainly preliminaries. In Chap-
ter 1, we recall some basic results concerning equivariant analytic torsion and equiv-
ariant Quillen metrics. In Chapter 2, we review some standard facts about irreducible
holomorphic symplectic manifolds as well as the work of Joumaah concerning irre-
ducible holomorphic symplectic manifolds with involution. In Chapter 3, we recall
Borcherds products and Siegel modular forms. In Chapter 4, we recall two types of
holomorphic torsion invariants. First, we recall the invariant of 2-elementary K3 sur-
faces of Yoshikawa and his explicit formula in terms of automorphic forms. Second, we
recall some basic results concerning the BCOV invariant obtained by Eriksson-Freixas
i Montplet-Mourougane.

Chapters 5, 6 and 7 are based on the author’s papers [42], [43] and [44], respectively.
In Chapter 5, we construct the invariant 74 x of K3[2-type manifolds with involution of
type (M, K) and prove its curvature formula (Theorems 5.3.13 and 5.3.16). In Chapter
6, we show the algebraicity of the singularity of the invariant 7p/x (Theorem 6.2.7).
As an application, we prove that in some cases, the invariant 7, coincides with the
invariant of 2-elementary K3 surfaces of Yoshikawa (Theorems 6.4.12 and 6.4.15). In
Chapter 7, we prove the coincidence of the curvature formula for the invariant 7,7
and that for the BCOV invariant of the corresponding Calabi-Yau 4-folds of Camere-
Garbagnati-Mongardi (Theorem 7.1.2), and we compare these invariants under certain
assumption of (M, K) (Theorem 7.1.14). In some cases, we give an explicit formula for
the BCOV invariant of these manifolds (Theorems 7.2.2 and 7.2.4).
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Chapter 1

Equivariant analytic torsion and
equivariant Quillen metrics

1.1 Equivariant analytic torsion

1.1.1 Spectral decomposition of the Laplacian

Let M be a compact Kahler manifold of dimension m. Let hjy; be a Kahler metric on M
and denote its Kéhler form by wy,. The space of smooth (p, ¢)-forms on M is denoted
by AP4(M).

Let E be a holomorphic vector bundle on M and let Ag be a hermitian metric on
E. In this thesis, ¢;(F, hg) denotes the i-th Chern form of (£, hg) with respect to
the Chern connection. The space of E-valued smooth (p, ¢)-forms on M is denoted by
API(M, E) or AP(E).

Let T*ODM be the C* complex vector bundle on M whose fiber is the space of
cotangent vectors of type (0,1). The Kéhler metric hj; induces a hermitian metric on
T*OD M and this hermitian metric is also denoted by hj;. Then the metrics hy; and
hg induce a hermitian metric k on the complex vector bundle E @ AT*OVAf. The
L2-metric on A%(M, E) is defined by
Wiy

(o, B o — /Mh(a,ﬁ) (o, B € AP(M, ). (11.1)

m!

The Dolbeault operator of E is denoted by dg : A%(M, E) — A" (M, E), and its
formal adjoint is denoted by 0% : A%(M, E) — A% (M, E). We define the Hodge-
Kodaira Laplacian Dj , acting on A%4(M, E) by

ngq = (0p +05)? : A%(M,E) — A%(M, E).

Let F' be a C'*° complex vector bundle on M. Let x € M and let U be an open
neighborhood of z equipped with a system of real local coordinates xi, ..., s, and
a trivialization of F. Then U can be identified with a domain of R?*™. Let N =

19
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rkp (AT*OVM @ F) be the rank of AT*OYM @ F viewed as a real vector bundle.
Then an F-valued smooth (0, ¢)-form on U can be regarded as an N-tuple of smooth
functions on U.

Let P : A% (F) — A%(F) be a partial differential operator of order d. On U, P
can be written as

N
P=P(x,D)=(P,....,Py), Pi=)_ Y aa;(x)D5,

j=1 |a|<d
where oo = {a, ..., a9y} is a multi-index, D¢ is a differential operator defined by

0

D* =D .. .Dyn. D=
T 1 893'2

2m

and a,; ;(x) is a smooth function on U.

Definition 1.1.1. The principal symbol o(P)(x,&) is a N-tuple of homogeneous poly-
nomials of degree d in & defined by

J(P>($75) = (Jl(P)(xvg)v ce ’UN(P)(x’S))’ Ui(P)(.I,f) = Z Z aa,i,J'(x)gav

i=1 |a|=d

where £ = &7 . &0

The principal symbol o(P)(x, £) can be regarded as a linear operator on AT M
F, =2 R" given by the matrix

o(P)(x,6) = Y £ Aq,

|a|=d
where A, = (@q,;(7)) is the N x N-matrix.

Definition 1.1.2. A partial differential operator P : A% (F) — A%(F) of order d is
called elliptic if for each v € M and each & # 0, the principal symbol o(P)(z,§) €
End(F,) is an isomorphism.

Proposition 1.1.3. The principal symbol of the Hodge-Kodaira Laplacian Daq 1S given
by
1
o(DR,)(2,€) = =5l *1.

Here & is regarded as a cotangent vector & = &1dxy + - - - + Eodrom € TiM and ||€||? is
the norm of & with respect to the Kdahler metric hyy. In particular, D%yq 18 a second-order
self-adjoint elliptic operator.

Proof. See [48, Theorem 3.16] or [7, Theorem 3.52 and Proposition 3.67]. O
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For A € R, we set E(\) = {a € A%(M, E); Dj a = Aa}. The completion of
the pre-Hilbert space A%4(M, E) with respect to the L? metric (-,-)z2 is denoted by
LM, E). Since (D o, )2 2 0 for all oo € A%(M, E), we have A 2 0 if E(\) # 0.

Theorem 1.1.4. There exists a sequence {/\n}nGZzo C Ry with A\, = 400 such that
the following hold: B

(1) 0 <dim E(\,) < +o0.
(2) If n # m, then E()\,) is orthogonal to E(A\y,).

(3) L®(M,E) = ®pez.,E(\n), where the right hand side of the equality is the com-
pletion of the algebraic direct sum ©pnez. E(An).

Proof. This theorem is proved via the spectral decomposition theorem of the self-adjoint
compact operator (Dg’q + 1)71. See [48, Appendix Theorem 7.6] and [31, Lemma
1.6.3]. O

Let tk(E @ AT*®D M) be the rank of £ ® AIT*OY M. The volume of (M,wy,) is

denoted by
Vol(M,wyr) = w—]\f
Mo

Let I'(z) be the Gamma function defined by
['(z) = / t*“le7tdt (Rez > 0).
0

Then I'(z) extends to a meromorphic function on C with simple poles at 0, —1,—2,....

Theorem 1.1.5. Let {\,}nez., be the spectrum of the Laplacian Daq and let a, =
dim E(A,,) be the multiplicity of \,,. We define a function N(x) on Rxq by

N(z) =3 an,

n

where the summation runs over all n with \,, < x. Then the following formula holds:

N<x> _ I‘k(E ® /\qT*(O,l)M) VOI(M, WM) SU% n O(Q?
(4m)2 (2 +1)

Proof. See [7, Corollary 2.43]. O
Theorem 1.1.6. Let

wl3

) (2 — ).

0SmSpp = ...

be the eigenvalues of the Laplacian D(Q)’q counted with multiplicity. Then there exists a
constant C' such that the following asymptotic formula holds:

p = Ckm + o(km) (k — +00).
Proof. By Theorem 1.1.5, the result follows from [76, Proposition 13.1]. [
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1.1.2 Heat kernels and their asymptotic expansion

Let pro : Rog X M x M — M and prs : Rug X M x M — M be the projections to the
second and third factor, respectively.

Definition 1.1.7. A smooth section K%4(-,-,-) of the smooth complex vector bundle
pri(E @ AT OV M) @ pri(E* @ AT OV M)
on Rog X M x M is called a heat kernel of Dg’q if the following conditions hold:

(1) For every yo € M, the following equation holds:
(0 + D ) K (t, 2, y0) = 0,
where Daq acts on the x-variable.

(2) For all s € A%(E), the following holds:

lim/MKO’q(t,x,y)s(y)dv(y) = s(x).

t—0

Theorem 1.1.8. There exists a heat kernel for the operator Dg’q. Moreover, the heat
kernel for Dg,q 1S unique.

Proof. See [7, Proposition 2.17, Theorem 2.20 and Theorem 2.23]. [

We define an operator e~ *P%a on LO4(M, E) by
(e%s) 0) = [ K™(t.n.pso)dely) (s € L9OLE))
M

By Definition 1.1.7 (1), (2), ¢ *P3as is a smooth section of the vector bundle pr3(E @
ANT*OD M) on Rsg x M and it satisfies the following heat equation:

(0 + ngq)e*wqus =0, 1&]% e Phas = 5.
Let
Ay ={(x,x) e M x Mz € M}

be the diagonal set. Let d(x,y) be the distance function on M with respect to hyy;.

Fix a real coordinate system {(U;, z1, ..., Z4mn) }icr on M x M. Since M is compact,
we can assume that [ is a finite set. For each ¢, U; can be identified with a relatively
compact domain of R*™. Then the space of C* functions on U; is endowed with the
C'norm || - |l;. The C'-norm ||f]|; of a C* function f on M x M is defined by the
supremum of the C'-norms sup,c; || flo. |-

Let pri : M x M — M and pr}, : M x M — M be the projections to the first and
second factor, respectively.
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Theorem 1.1.9. Fiz N € Z>,,+1. Then there exist an open neighborhood U of Ay,
smooth sections ®;(x,y) (i = 0) of the C* complex vector bundle on U

Hom(pry (E @ ATV M), pri’(E @ ATV M)

with compact support in U, and a smooth section Ry y1(t, z,y) of the C™ complex vector
bundle on R>g x M x M

Hom (pri(E @ AT OV M), pri(E @ AT OV M)

satisfying the following:
(1) OnRogx M x M,

d(z )2
K(t, x,y) = ¢ th z,y) + By (t, z, ).

(

(2> ¢0($7x) = 1E®/\qT*(O,1)M.

(3) For all k,1 2 0, there exists a constant Cy > 0 such that

10F Ry 1 (t, 2, )|l S Cvpt™ 777172 (€ (0,1]).

Proof. See [7, Theorem 2.30]. O

1.1.3 Equivariant spectral zeta function and equivariant ana-
lytic torsion

Let ¢« : M — M be a holomorphic involution of M. In what follows, we consider the
fo-action on M induced from (. Assume that hjys is pe-invariant.

We also assume that E is a ps-equivariant holomorphic vector bundle on M and
that hg is pe-invariant.

We define a pp-action on A% (M, E) by

(9-a)(z) =gla(g ' (x) (a€A(M,E),g € ps,x € M).

The L*inner product defined in (1.1.1) is a po-invariant hermitian inner product.
We denote the spectrum of D2 ¢ by o(D? q) and the eigenspace of D32 0.9 associated
with an eigenvalue X\ € o(Dg,) by Eyq(A). By Theorem 1.1.4, o(Dj,) is a discrete

subset in R>q and Ep ,(A) is finite dimensional.

Definition 1.1.10. Let g € puy. The spectral zeta function of Dg,q 15 defined by

Cog(s) = Z A Tr(glm,0n) (s € C,Res >m).
Aea(DF )\{0}
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By Theorem 1.1.6, (4 4(s) converges uniformly on compact subsets of {s € C,Re s >
m}.

Definition 1.1.11. Let H be a Hilbert space and let {e;} be a complete orthonormal
system of H.

(1) Let A be an bounded operator on H. Set
[All2 =

1
2
>l Ae?
7

Then A is called a Hilbert-Schmidt operator if ||All2 < oo.

(2) A bounded operator P on H s called a trace class operator if there exist Hilbert-
Schmidt operators A, B such that P = AB.

(3) Let P be a trace class operator on H. The trace of P is defined by

Tr(P) =) (Pej.e;).

For a trace class operator P, Tr(P) is independent of the choice of {¢;} and | Tr(P)| <

.

Proposition 1.1.12. Fort > 0 and g € ps, the operator ge_th,q s a trace class
operator on L¥(M, E) and its trace is given by

Ti(ge i) = [ trlgu - KOt g0 )
M
Proof. Note that ge_thyq is the integral operator with smooth kernel g,- K®(t, g7 'z, y).

The result follows from [54, Lemma D.1.5]. O
Let m’ = dim M9 be the dimension of the fixed locus MY of g : M — M.

Theorem 1.1.13. There exist a sequence {a;(g) }izo of real numbers such that Tr(ge tP%.)
has the following asymptotic expansion ast 0.

Tr(ge tP8a) ~ (47t)™™ Zaz

=

Namely, for any N € Z-q, there exists a positive constant Cy > 0 such that for any
0<t=<1,

N
Tr(ge P84 — (4t)™™ Za, )t < OntNH,
=0
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Proof. See [7, Theorem 6.11]. O

1 o
P _/ ts—le—ktdt
0

for A > 0, the spectral zeta function (o, ,(s) can be expressed as the Mellin transform

Since

1 o
) / 51 {Tr(ge_th,q) — tr(glker(D2 q))} dt  (Res>m').
0 :

Co,q.9(8) = T

Theorem 1.1.14. The series (o q4(s) convergents uniformly on compact subsets of
{s € C;Res > m'}. Moreover, (o4,4(s) extends to a meromorphic function on C,
which has possible poles of order at most 1 at s=m' —k (k=0,1,...,m' — 1) and is
holomorphic at s = 0.

Proof. The result follows from Theorem 1.1.13 and [7, Lemma 9.34]. O]
We set E = (E, hg).

Definition 1.1.15. Let g € py. The equivariant analytic torsion of E = (E,hg) on
(M,wyy) is defined by

74(E) = exp {— Z(—l)qQCé,q,g(O)} :

q=0

1f g =1, it is the (usual) analytic torsion of E and is denoted by 7(F) instead of
7'1<E).

1.2 Equivariant Quillen metrics

1.2.1 Harmonic forms and cohomologies

We keep the notation and assumption in Section 1.1. Namely, M is a compact Kahler
manifold, ¢ : M — M is a holomorphic involution of M, hj; is an ps-invariant Kahler
metric on M with the Kahler form wy;, E is a ps-equivariant holomorphic vector bundle
on M and hpg is a ps-invariant hermitian metric on E.

We define the space of E-valued harmonic (0, ¢)-forms on M by

K%M, E) =Ker D ,n A% (M, E).

Note that K9(M, E) depends on the Kéhler metric hy; and the hermitian metric hg.
By Hodge theory, there is a ps-equivariant canonical isomorphism of complex vector
spaces

KY(M,E)= HY(M,E), o |al. (1.2.1)
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We denote by hj2 the po-invariant hermitian inner product on the cohomology
H?(M, E) induced from the L*-inner product on A»¢(M, F) via the isomorphism (1.2.1).
We denote by HY(M, E) the (+1)-eigenspace of * : HI(M,E) — H(M,E). Then
the decomposition H4(M, E) = HY(M,E); @ HY(M, E)_ is orthogonal with respect to
hre.

1.2.2 Definition of equivariant Quillen metrics

We define the determinant of the cohomology of E by
ME) = (XQ)(det H(M, E)) V"
q20

The hermitian inner product hy2 on H(M, E) induces the hermitian metric || - [|x(g),r2
on \(E).

Definition 1.2.1. We define the Quillen metric on A\(E) by

a3z = T(E)llelig).2 (o € ME)).

We set
A (E) = Q) (det H'(M, E)4)"

q20

We define the equivariant determinant of the cohomology of E by
N () = A (E) & (),

The po-invariant hermitian inner product hrz on HY(M, E) induces the hermitian
metric || - ||x,(z),22 on AL (E). We define the equivariant metric on A, (E) by

el .22 (1) = llollxg ez ol py e (= (as, a2) € Ny (E), 0 #0),

and call it the equivariant L*-metric on A, (E).

Definition 1.2.2. We define the equivariant Quillen metric on \,,(E) by

o,y m,0(0) = (Bl (2,22 (1) (@ € Ny (E)).

1.2.3 The curvature formula for the equivariant Quillen met-
rics

Let .# and B be complex manifolds of dimension m + n and n, respectively. Let
L : M — A be a holomorphic involution. Then ¢ induces a pg-action on .#. We
consider the trivial ps-action on B. The fixed locus of v : 4 — # is denoted by .#".

Let 7 : (#,1) — B be a proper surjective ps-equivariant holomorphic submersion.
Suppose that 7 is locally Kahler. Namely, for each point b € B there is an open



1.2. EQUIVARIANT QUILLEN METRICS 27

neighborhood U of b such that 7='(U) is Kahler. The fiber of 7 is denoted by M,
(b € B) or simply M. Since 7 is pg-equivariant, the involution ¢ induces a holomorphic
involution on each fiber M, which is denoted by ¢, or simply .

Let h._4/p be an pip-invariant hermitian metric on the relative tangent bundle . / B =
Ker(m, : T.# — 7 TB) which is fiberwise Kahler. Set hy = h_4/p|nm, (b € B). This
is an po-invariant Kahler metric on M,. Its Kéahler form is denoted by w;, and we set
W /B :_{wb}beB-

Let £ = (&, hg) be a ps-equivariant holomorphic hermitian vector bundle on .Z.
We assume that dim H9(M,, &|y,) is independent of b € B for all ¢ =2 0. Then RI7.E
is a locally free sheaf for all ¢ = 0 and we may regard it as a holomorphic vector bundle
on B. The fiber of Ri7,.E at b € B is HI(M,,&|y,) and Rim.E is equipped with the
po-invariant hermitian metric whose restriction to the fiber H4(M,, £|yy,) coincides with
the L?-metric. This metric is called the L2-metric and denoted by hye.

The equivariant determinant of the cohomology of £ is defined by

Ay (E) = AL E) ®A(E),  Ai(E) = det(R™7,E)x,

where (Rm,.E)y is the (£1)-eigenbundle of Rm.£. For an open subset U C B, a
holomorphic section o = (04,0_) of A\, (€)|v is called an admissible section if both o
and o_ are nowhere vanishing on U.

Let g € ps. We define a real-valued function on B by

74(E)(0) = 74(Eln,) (b€ B).

Let &1 be the (£1)-eigenbundle of the ps-action on &| 4., and the restriction of
he to &£+ is denoted by hy. The curvature form of (€4, hy) with respect to the Chern
connection is denoted by R.. Recall that the equivariant Todd form and the equivariant
Chern character form are differential forms on .#* defined by

Td,(€, he) = Td (—%> det (#HR_)) | (1.2.2)

and
ch, (€, he) = ch (—%) —ch (—i) , (1.2.3)

respectively. Here, for a square matrix A, we set

ra) - aa (1)

and
ch(A) = Tr(e).

If o is a differential form, then [a]®? denotes the component of o of bidegree (p, q).
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Since 7 : .# — B is a jp-equivariant holomorphic submersion with trivial us-action
on B, its restriction 7 : .#* — B is also a holomorphic submersion.

Let m, : AP9(A") — AP~ (B) be the integration along the fibers of 7. Namely,
for « € AP9(.A"), we define 7. () by the formula:

/ﬂ*(a)/\ﬁ: a AT
B M

for all 5 € Am+" pmAn=4(B) with compact support.
Set d° = . Then we have dd® = —22

2mi”

Theorem 1.2.3. The function 7,(E) is smooth on B. Moreover, it satisfies the following
differential equation on B:

—dd°log 7,(E) + Y _(=1)*[ch,(R'm.E, hp2)| WY = [m.Td,(T M | B, h.gsp)chi(E, he)]
q20
Proof. See [13, Theorem 0.1] and [53, Theorem 2.12.]. O

1.2.4 Bott-Chern secondary classes

Recall that M is a compact Kahler manifold of dimension m and ¢ : M — M is a
holomorphic involution. Set

AMY) = é APP(MY) /(Im & + Im §).

p=0

Theorem 1.2.4. There exists a map which attaches to a datum (M, 1, €, hg, hg, hgr),
where M is a compact Kdahler manifold, v is a holomorphic involution of M, £ is a
short exact sequence of us-equivariant holomorphic vector bundles on M

E0—-FE —-FE—-FE' =0

equipped with p-invariant hermitian metrics hg, hg and hgr on E', E and E”,

element Td (E:hgr hg, hg) € A(MY) such that the following hold:

(1) For each (M,v,E, hg, hg, hgr), the following identity holds:

—dd°Td,(E; hr, b, hr) = Td(E', hg)Td,(E", hgn) — Td,(E, hg).

(2) For each ps-equivariant holomorphic map f : M' — M, the following identity
holds:

Td,(f*&; f*her, f*hg, f*hgs) = f*Td,(E; hgr, hg, hi)

(3) If € splits and if (E,hg) = (E' @& E", hg & hgr), then YA’ZZL(E; hg, hg, hgr) = 0.
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Proof. See [49, Theorem 3.4] and [13, e), f)]. O

Theorem 1.2.5. There exists a map which attaches to a datum (M, 1, €, hg, hg, hgr),
where M is a compact Kdahler manifold, v is a holomorphic involution of M, £ is a
short exact sequence of us-equivariant holomorphic vector bundles on M

E0—-FE —-FE—-FE' =0

equipped with pp-invariant hermitian metrics hg, hg and hgr on E', E and E", an

element ch,(E; hg, hi, hgr) € A(MY) such that the following hold:
(1) For each (M,v,E, hg, hg, hgr), the following identity holds:
—ddCcNhL(S; hE/, hE, hE//) = ChL(E/, hE/) -+ ChL(E”, hE//> — ChL(E, hE)

(2) For each ps-equivariant holomorphic map f : M' — M, the following identity
holds: B B
ch(f*&; f*he, f*hi, f*he) = f*ch,(E; hp, hi, hpr)

(3) If € splits and if (E,hg) = (E' ® E", hgy ® hgn), then ch,(E; hgr, hig, hpr) = 0.
Proof. See [49, Theorem 3.4] and [13, e), f)]. O

1.2.5 The embedding formula for equivariant Quillen metrics

Let W be a compact Kahler manifold and let + : W — W be an involution. Consider
the ps-action on W induced from ¢. Let hy, be a ps-invariant Kahler metric on W and
denote the associated Kahler form by wy,. The fixed locus of ¢ : W — W is denoted by
W*. Let ¢ : H — W be the inclusion.

Let H be a smooth hypersurface of W which intersects W* transversally. Assume
that H is preserved by the us-action on W. The fixed locus of ¢|y : H — H is denoted
by H'. Set hy := hy|g. Then hy is a po-invariant Kéhler metric on H.

Let F' be a ps-equivariant holomorphic vector bundle on W and let hr be a puso-
invariant hermitian metric on F'.

Let [H] be the us-equivariant holomorphic line bundle on W associated with the
divisor H and let sy € H°(W, [H]) be a holomorphic section with div(sy) = H. Let hyg
be a pip-invariant hermitian metric on [H] and let hyyj-1 be the pi;-invariant hermitian
metric on [H] ™! induced from hgy. The po-action on [H] is given by

9(su(x)) = su(g(x)) (9 € po,z € W).

We remark that the ps-action on [H| defined on W \ H as above extends to a -
action on [H| defined on W. Since H intersects W* transversally, sy is a po-invariant
holomorphic section of [H]. The holomorphic section sy induces the following short
exact sequence of po-equivariant coherent sheaves on W.

0= Ow([H] ' ® F) 2% Oy (F) — i,05(F|y) — 0. (1.2.4)
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The normal bundle of H in W is denoted by Ny w. Let dsy € H°(H, Nipw®[H]|m)
be the nowhere vanishing holomorphic section with the following condition: for an open
covering {U,}, of a neighborhood of H, dsy|y, € H'(HNU,, Nipw @ [H]| ) is defined
by

d5H|Ua - dfa X Oa,
where o, € H°(U,, [H]) is a nowhere-vanishing holomorphic section of [H] and f, €
O(U,) is such that sg|y, = fa0u. Therefore, dsy € H°(H, N}:{/W ® [H]|g) induces an
isomorphism Ngw = [H]|g of po-equivariant holomorphic line bundles on H. More-
over, we have the isomorphism

Ngw @ F = ([H @ F)|u

of ps-equivariant holomorphic vector bundles on H. Let ay be a po-invariant hermitian
metric on Ny w.

Definition 1.2.6. The metrics hjgj-1 @ hp and hyp verify assumption (A) with respect
to ayx and hp|g if dsgy € H°(H, Nipae ® [H]|m) induces the following isometry of
holomorphic hermitian vector bundles on H

(Neyw @ Fray @ hp) = (([H] @ F)|u, (him @ hr)|g).

For the definition of the assumption (A) in the general case, we refer to [10, Defini-
tion 1.5].
There exists a short exact sequence of us-equivariant holomorphic vector bundles
on H
E:0=TH —=TW|g = Ngyw — 0.

Let ﬂb(é’, (hi, hw|m,an)) be the Bott-Chern class (Theorem 1.2.4) such that
—dd°Td, (€, (har, hw|a, an)) = Td(TW, hw) — Td,(TH, hy)Td,(Nujw, an).

Let Ay, (Flg) (resp. A, (F) and A\, ([H] ™' ® F')) be the equivariant determinant of
the cohomology of F|g (resp. F and [H]™! ® F). By (1.2.4),

Ae(Flr) @ \e(F) 7 @ A ([H] T @ F)
is canonically isomorphic to C. We define
A = Ae(Fla) @ A(F) @M (H] PO F), A=A @A

The canonical element of A, is denoted by ¢ = (04,0_).
The Riemann zeta function is denoted by ((s). We define

=3

ns

n=1
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Define the formal power series R(x), R(m,z) by

R@)= Y (Z n) +2¢'(- >>jj,

n=1, n odd

and

R(m,x) = Z (Z (7, —n) + 2( (7, —n)) %

n=1, n odd

For a complex vector bundle E on a manifold M, let R(E), R(7,E) € H*(M,R)
be the additive genera corresponding to the formal power series R(z) and R(w,z),
respectively.

Recall that H intersects W* transversally.

Theorem 1.2.7. The following identity holds :

Td,(TW, hy )ch,(F, hr)
10 0- 9 L _ _/ ) )
gllollon,, (©) . Td([H], him)

- / Td,(E, (har, hw i, an))eh,(F, hr)
L Td(NH/W,CLN)

10g h[H](SH, SH)

- / Td,(TW)R(TW*")R(r, Nurepw )cha(F, )
+/ TdL(TH)R(THL)R(W,NHL/H)ChL(FlH,hF|H)

Proof. See [11, Theorem 0.1]. By the assumption that H intersects W* transversally,
the pg-action on [H]|y. is trivial. Then we used the explicit formula for the Bott-Chern
current [16, Remark 3.5, especially (3.23), Theorem 3.15 and Theorem 3.17] to get the
first term in the right hand side, and we used the triviality of the ps-action on [H]|w-
to get the second term of the right hand side. O]

1.2.6 The anomaly formula for the Quillen metrics

Recall that M is a compact Kahler manifold and ¢ : M — M is a holomorphic involu-
tion. Let
Ee:0=Ey—E —---—FE,—0

be an exact sequence of ps-equivariant holomorphic vector bundles on M. Set

A =@ (E)EY A, = AL B A (1.2.5)

Then A4 is canonically isomorphic to C and the canonical element is denoted by o.
Set oxp = (04,0-) € \yy.
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Let ch,(E,) be the Bott-Chern secondary class (Theorem 1.2.5) such that
—ddech,(B.) =Y _(=1)'ch,(E;, hp,).

Let h; be a po-invariant hermitian metric on E; and let || - [lg.x,, =) (¢) be the
equivariant Quillen metric on A,,(F;) with respect to hy and h;. Let [ - [[ga,, (¢) be
the equivariant Quillen metric on A, given by the metric @l - [lg.,, (=) (¢) via (1.2.5).

Theorem 1.2.8. The following identity holds:

g ol () = [ TA(TM, har)ch (B,
Proof. This theorem follows from the immersion formula for equivariant Quillen metrics
applied to the immersion () < M"*. See [11, Theorem 0.1] and [49, Theorem 3.7]. [

1.2.7 The singularity of Quillen metrics

Let . be a projective manifold and let C' be a smooth projective curve. Let 7 : .4 — C
be a surjective holomorphic map.

Let ¥, = {z € Z";dr(x) = 0} be the critical locus of 7 and let A, = 7(X,) be the
discriminant locus of m. The fiber of 7 at s € C' is denoted by M.

We set C° = C\ A,, #° =7 1(C°), and ° = 7| yo. Then 7°: #° — C° is a
family of projective manifolds.

Let h. 4 be a Kéhler metric on .#. The relative tangent bundle T.# /C is the
subbundle of T.#| 45, defined by

TM|C =Ker(m|.ms, : T .5, = T TCls,)

We set hyjc = hulruc.

Fix 0 € A, and let (4,s) be a local coordinate on C' centered at 0 such that
ANA, = {0} and that s(A) is the unit disk in C. We set M = 771(A) and A* = A\{0}.

Let (F,hp) be a holomorphic hermitian vector bundle on .#Z. Let A(F) be the
determinant of the cohomology of F'. Then A(F') is equipped with the Quillen metric
| - [[@.nr) with respect to h 4 c and hp. Let o be a nowhere-vanishing holomorphic
section of A(F)|a.

Let IT : P(T.#)" — .# be the projective space bundle on .#. The Gauss map p :
MN\Yr = P(T ) is defined by pu(x) = [Ty Mr(z)]. Then p extends to a meromorphic
map u : M — P(T#)". There exists a resolution ¢ : (/ZE) — (A, %) of the
indeterminacy of u such that i = o ¢ extends to a holomorphic map M — P(T.#)
and such that F is a normal crossing divisor of .Z .

Let U be the universal hyperplane bundle on P(T.#)¥. Then we have the following
exact sequence of holomorphic vector bundles on P(T.Z)":

O0—-U—->II"T# —H — 0,
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where H = 1I"T . JU.
We define a topological invariant of the germ (7 : (#, My) — (C,0), F) by

a(Xo, F) = /E o i {Td(u)%} g*ch(F).

For functions f, g on A\ {0}, we write f =g if f — g € C°(A).
Theorem 1.2.9. The following identity of functions on A\ {0} holds:
log HUHEM(F) = a( Xy, F)log |s|*.

Proof. See [83, Theorem 1.1].
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Chapter 2

Hyperkahler manifolds with
involution

2.1 Hyperkahler manifolds

2.1.1 Lattices

Definition 2.1.1. A lattice L is a finitely generated free abelian group equipped with
an integral non-degenerate symmetric bilinear form (-,-) : L X L — Z.

The rank of a lattice L is denoted by rk(L). For K = Q,R,or C, we set Lx =
L ®z K. The signature of L is denoted by sign(L). The dual lattice is denoted by LY =
Hom(L,Z). It can be identified with the subgroup of Lg defined by {z € Lg; (z,y) €
Z for all y € L}. Since the bilinear form (-, -) is non-degenerate, there is an injection
L — LY. The quotient A, = LY/L is a finite abelian group called the discriminant
group of L.

A lattice L is called unimodular if Ay = {0}. For each [ € L, set I? = (I,1) € Z.
A lattice L is called even if [? is an even number for any | € L. We denote by U the

d

. ) ) ) . 1

even unimodular lattice of rank 2 of signature (1,1) with Gram matrix ? o) an
denote by FEg the negative definite even unimodular lattice of rank 8 associated with
the Dynkin diagram FEg. We set

Lz = E$* @ U,
and
L2 = LKg @ Ze,

where ¢ = —2 and (e, Lx3) = 0. Let k € Z and let (-, -) be the bilinear form of a lattice
L. We denote by L(k) the lattice which is the free abelian group L equipped with the
bilinear form k(-,-).

The isometry group of L is denoted by O(L). A sublattice S C L is primitive if the
quotient L/S is a free abelian group. A lattice L is hyperbolic if sign(L) = (1,rk(L)—1).

35
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A lattice L is 2-elementary if there exists a non-negative integer I(L) € Z>q such that
Ay is isomorphic to (Z/2Z)!D).
For a lattice L and [ € L, the reflection s; : Lg — Ly is defined by

. 2(z,1)
si(x) = () .

[
By [68, Theorem 43.3], any isometry g € O(Lg) can be expressed as the product of
reflections

g = Sy, - Su,s
where vy, ... v, are elements of Lg. We define the real spinor norm sng(g) by
{ F1 i (=) (= ()?) >0,

snr(g9) =4 1 it (—(v1)%) ... (—(vm)?) <O.

This is independent of the expression g = sy, ...S$,,, (cf. [68, Proposition 54.6]). We
define a subgroup O*(L) of O(L) by

O*(L) = {g € O(L); snr(g) = +1} .
Let N be a lattice of signature (2,n). We set
Qn = {[n] € P(Ne); (n,n) = 0, (n,7) > 0}

Then Qy is a complex manifold consisting of two connected components €2; and €25,
both of which are isomorphic to a bounded symmetric domain of type IV of dimension
n. For v € N with (v,v) # 0, we have

Q if ,v) <0
so(@) = 40 1 (v,v)
Q if (v,v) >0

and we have
O*(N) = {g € O(N); g preserves €, }. (2.1.1)

Let T be a finite index subgroup of O*(N). For each i = 1,2, T acts on ; projectively.
We define an orthogonal modular variety M; by

By [2, Theorems 10.4 and 10.11], M, has a compactification M, called the Baily-Borel
compactification, such that M} is an irreducible normal projective variety of dimension
n and such that the boundary Mj \ M, is of codimension 2 2 if n 2 3.

Let A be a lattice of signature (3,n). By [57, Lemma 4.1], an isometry g € O(A)
is of real spinor norm +1 if and only if it acts on H 2(‘5%, Z) = 7 by +1, where Gr =
{z € Ag;2® > 0}. A generator of H*(6),Z) = 7Z is called an orientation class of %y.
Let h € A be an element with (h, h) > 0. Since the signature of the lattice h* C A is
(2,n), Q. = QN h* consists of two connected components. If an isometry g € O(A)
is of real spinor norm +1 and g(h) = h, it preserves the connected components of 2.
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2.1.2 Definition and fundamental properties

Definition 2.1.2. A simply-connected compact Kdahler manifold X is an irreducible

holomorphic symplectic manifold if there exists an everywhere non-degenerate holomor-
phic 2-form n such that H*(X, Q%) = Cn.

Definition 2.1.3. A compact Riemannian manifold (M, g) of dimension 4n is a hy-
perkdhler manifold if its holonomy group is equal to Sp(n).

If (M, g) is hyperkédhler, then there exist three complex structures I, J, and K on
M with IJ = —JI = K such that (M,g,1), (M,g,J), (M,g, K) are all irreducible
holomorphic symplectic manifolds [36, Proposition 23.3].

On the other hand, let X be an irreducible holomorphic symplectic manifold, and
let « € H*(X,R) be a Kahler class of X. By Yau [81], there exists a unique Ricci-flat
Kahler form wy o such that [wx] = a in the cohomology H?*(X,R). If M is the real
manifold underlying X and g is the Ricci-flat Riemannian metric corresponding to wx o,
then (M, g) is a hyperkéhler manifold [36, Proposition 5.11].

Definition 2.1.4. A 2-dimensional irreducible holomorphic symplectic manifold is called
a K3 surface.

Theorem 2.1.5. The Hilbert scheme Y™ of length n zero-dimensional subschemes of
a K3 surface Y is an irreducible holomorphic symplectic manifold of dimension 2n.

Proof. See [5, Théoreme 3.]. O

Definition 2.1.6. An irreducible holomorphic symplectic manifold X is of K3 -type
if X is deformation equivalent to the Hilbert scheme of n-points of a K3 surface.

Note that any small deformation of an irreducible holomorphic symplectic manifold
is also an irreducible holomorphic symplectic manifold (cf. [5, Proposition 9]).

2.1.3 The Beauville-Bogomolov-Fujiki form

Let X be an irreducible holomorphic symplectic manifold of dimension 2n and let 1 be
a holomorphic symplectic 2-form on X with [ ()" = 1. We define a quadratic form
dxn : HZ(X, (C) - C by

wxale) =5 [ mrtat s @em ([ oria) ([ wmira).

The k-th Betti number of X is denoted by b;(X). The quadratic form ¢x, induces a
quadratic form gx, : H*(X,R) — R on the real cohomology group H*(X,R). Let wx
be a Kéhler form on X.

Lemma 2.1.7. The quadratic form qx, : H*(X,R) — R is non-degenerate and has
signature (3,bo(X) — 3). More precisely, qx,, is positive definite on Rlwx] @& R[Ren| @
R[Im 7] and negative definite on the primitive part of H“'(X) with respect to the Kdihler
class [wx].
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Proof. See [36, Corollary 23.11]. O
Theorem 2.1.8. There exists a positive number a > 0 such that
qx = aqx, : H*(X,Z) = Z

is a primitive integral quadratic form on H*(X,Z). Moreover, there exists a positive
rational number cx € Qo such that

gx ()" = cx /X o™ (€ H*(X,Z)).

Proof. See [36, Proposition 23.14]. ]

In this paper, the quadric form ¢y is called the Beauville-Bogomolov-Fujiki form.
Let (-,-) : H*(X,Z) x H*(X,Z) — Z be the integral bilinear form corresponding to
qx. In what follows, the cohomology group H?(X,Z) of an irreducible holomorphic
symplectic manifold X is endowed with the lattice structure (-,-) induced from the
Beauville-Bogomolov-Fujiki form ¢x.

Example 2.1.9. If X is a K3 surface, then the bilinear form (-, -) on H?(X,Z) induced
from ¢y is given by the cup product pairing and isometric to Lgs.

Example 2.1.10. If the n-th symmetric product of a K3 surface Y is denoted by Y,
the Hilbert scheme Y™ is obtained as a crepant resolution of Y™ . Such a crepant
resolution is unique by [29, Theorem (2.2)]. Let E be its exceptional divisor and the
Poincaré dual of E is denoted by [E] € H>(Y!" Z). Let 7 : Yl — Y be the crepant
resolution, 7 : Y™ — Y™ be the projection, and py, : Y™ — Y be the projection to the
k-th factor . We define an injection i : H*(Y,Z) — H?(Y™ Z) by i(a) = 7*(3), where
B € H>(Y™ 7Z) is determined by

™ (8) =Y pi(a).

By [5, Proposition 6], i : H*(Y,Z) — H?(Y" Z) preserves the Beauville-Bogomolov-
Fujiki forms and

(YW, z) =i (H*(Y,Z)) ® Ze, (2.1.2)

where ¢ € H?(Y" Z) is the cohomology class such that 2¢ = [E].

2.1.4 Periods of irreducible holomorphic symplectic manifolds

Fix a lattice A. We consider an irreducible holomorphic symplectic manifold X such
that H?(X,Z) = A. Let Q, be the period domain defined by

Q= {[n] € P(Ac); (n,m) = 0,(n,7) > 0}.

Let a: H*(X,Z) — A be a (A-)marking. Namely, « is an isometry of lattices. By the
Hodge-Riemann bilinear relation, we have a(H°(X, Q%)) € Q.
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Definition 2.1.11. The point a(H°(X, Q%)) of Q4 is called the period of (X, ).

Consider the Kuranishi family 7 : X — Def(X) of X. The fiber of 7 at ¢t € Def(X)
is denoted by X;. Since X admits a symplectic form on T'X, we have

H(X,TX)= H(X,Q%) =0.

Hence 7 : X — Def(X) is a universal deformation for any of its fiber. Moreover, it
follows from the Bogomolov-Tian-Todorov theorem (cf. [36, Theorem 14.10]) that the
Kuranishi space Def(X) is smooth of dimension dim H'(X,TX).

If Def(X) is sufficiently small, the marking o : H*(X,Z) — A extends to a morphism
a: R*m7 — Apet(x) of sheaves on Def(X'), where Apes(x) is the constant sheaf of stalk
A

We define the period map P : Def(X) — Q) by
P(t) = a(H" (X, 0%,)).

Since W*Q%(/ Def(x) 18 & holomorphic subbundle of R*7,C @ Opet(x), P : Def(X) — Qa
is holomorphic (cf. [36, p.177]).

Theorem 2.1.12. The period map P : Def(X) — Qu for the Kuranishi family m :
X — Def(X) is an open embedding.

Proof. See [36, Proposition 22.11]. ]

Theorem 2.1.13. There exists a moduli space My of A-marked irreducible holomorphic
symplectic manifolds.

Proof. See [39, 1.18]. O
We define the period map P : 9ty — Qp by
P(X,a) = a(H(X,0%)).

Fix a connected component 93} of M. The restriction of P : My — Qy to MY is
denoted by P, : 93§ — 4. Then the surjectivity of the period map is known.

Theorem 2.1.14. The map P, : M} — Qp is surjective.
Proof. See [36, Proposition 25.12]. O
The fiber of P, is characterized as follows.

Theorem 2.1.15. For any p € Qu, the fiber Py (p) consists of pairwise inseparable
points. Here a pair of points x,y € P, (p) is called inseparable if U NV # O for any
open neighborhoods U and V' of x and y, respectively.

Proof. See [79, Theorem 1.16] or [3, Theorem 1.1]. O
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Definition 2.1.16. Let X, X1, X5 be irreducible holomorphic symplectic manifolds.

(1) A parallel-transport operator f : H*(Xy,Z) — H*(Xy,7Z) is an isomorphism of
lattices such that there exist a family p : X — B of irreducible holomorphic
symplectic manifolds over a possibly reducible analytic base B, two points by, by €
B, and a continuous path v : [0,1] — B with v(0) = by,y(1) = by such that
pHb;) = X; (i = 1,2) and such that the parallel-transport in the local system
R*p.Z induces f : H*(X1,Z) — H*(X5,Z).

(2) A parallel-transport operator g : H*(X,Z) — H*(X,Z) is called a monodromy
operator. The subgroup Mon?(X) of O(H?*(X,Z)) consisting of all monodromy
operators of X s called the monodromy group.

Recall that the second cohomology group H?*(X,Z) of a compact Kéhler manifold
X is endowed with the structure of integral Hodge structure of weight 2. Namely, there
exists a C-vector subspaces { H”},,,, o with HP? = H1(X, Q%) such that

HX,C)= 5 H,  Hpi=HY.
p+q=2

Theorem 2.1.17. Let X andY be irreducible holomorphic symplectic manifolds. Then
the following hold:

(1) X andY are bimeromorphic if and only if there ezists a parallel-transport operator
f:H*(X,Z) — H*(Y,Z) inducing an isomorphism of integral Hodge structures.

(2) Let f: HX(X,Z) — H?(Y,Z) be a parallel-transport operator inducing an isomor-
phism of integral Hodge structures. Then there exists an isomorphism ¢ 1Y — X
with ¢* = f if and only if there exists a Kdhler class a on X such that f(a) is a
Kdahler class on Y.

Proof. See [57, Theorem 1.3]. O

By Theorem 2.1.17, the integral second cohomology lattices of bimeromorphic irre-
ducible holomorphic symplectic manifolds are isometric to each other.

Let X be an irreducible holomorphic symplectic manifold. The Kahler cone of X is
denoted by Kx. Let €x be the connected component of the positive cone of H"!(X,R)

¢x = {xr € H"Y(X,R);2* > 0}
which contains Kx. For w € H% (X, R), define the hyperplane wt of HY(X,R) by
wt = {z € H"(X,R); (z,w) = 0}.

Definition 2.1.18. A Kdhler-type chamber of X is defined to be the subset of €x of
the form g(f*Kg), where g € Mon®*(X) is an isomorphism of integral Hodge struc-
tures, X is another irreducible holomorphic symplectic manifold and f : X --+ X isa
bimeromorphic map.
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Definition 2.1.19. Let 2 € H'(X,Q) be a rational cohomology class with z* < 0.
Then z is called a monodromy birationally minimal if there exist an isomorphism of
integral Hodge structures g € Mon*(X), an irreducible holomorphic symplectic manifold
X and a bimeromorphic map f : X --» X such that the hyperplane g(z)* in HYY(X,R)
contains a face of f*K5. Namely, the intersection g(z)* N Of*K5 contains an open
subset of g(2)*.

Theorem 2.1.20. The connected components of €x \|J, 2 are the Kdhler-type cham-
bers, where the union is taken over all monodromy birationally minimal classes on X.

Proof. See [1, Theorem 6.2]. O

Let A(X) € H"(X,Z) be the set of all primitive monodromy birationally minimal
classes. An element D € A(X) is called a wall divisor.

Theorem 2.1.21. Assume that X is a manifold of K32 -type. Then D € H"(X,7Z)
15 a wall divisor if and only if one of the following holds:

(1) (D,D) = -2,
(2) (D,D) = —10 and (D, H*(X,Z)) = 2Z.
Proof. See [38, Theorem 23], [58, Theorem 1.11] and [59, Proposition 2.12]. O

2.2 Involutions of K3P-type manifolds

2.2.1 Manifolds of K3%-type and antisymplectic involution

Let X be an irreducible holomorphic symplectic manifold and 7 a holomorphic symplec-
tic 2-form on X. For any holomorphic involution ¢ : X — X, we have t*n = n or —n.
A holomorphic involution ¢ : X — X which satisfies t*n = —n is called antisymplectic.

Example 2.2.1. Let Y be a K3 surface and let ¢ : Y — Y be an antisymplectic
involution of Y. The involution ¢ induces a holomorphic involution o : Y12 — Y2
and ¢ is an antisymplectic involution. The involution ¢/? on Y12 is called the natural
involution.

Example 2.2.2. We recall the example of antisymplectic involution in [67, proof of
Corollary 2.11] and [45, Example 9.12]. Let C' C P? be a smooth sextic curve. The
double covering of P? branched over C is denoted by 7w : Y — P2 and the covering
involution is denoted by ¢ : Y — Y. Then Y is a K3 surface and ¢ is antisymplectic. By
Example 2.2.1, (Y, o) induces a manifold of K3P-type (Y, #2) with antisymplectic
involution. Its fixed locus is isomorphic to C® U (Y/o) = C® UP? Let f: Y& -
elmy/, (Y®) be the Mukai flop of Y2 along Y/o = P2. (See [36, Example 21.7].) Set
elmy/, (o) = f oo o f~1. Then elmy,, (Y?) is a manifold of K3P-type. By [67,
proof of Corollary 2.11], elmy,(c?) : elmy/, (Y?) — elmy,,(Y?) is biregular and is
an antisymplectic involution.
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The invariant subspace of H?(X,Z) is defined by
H*(X,Z) = {a € H}(X,Z);/'a = a}.
Proposition 2.2.3. If 1 is antisymplectic, then the following hold:
1) (n, H*(X,Z)") = 0.

(1)

(2) H2(X,Z) C H'\(X,Z).

(3) H*(X,Z)" is hyperbolic. Namely, sign(qx|p2(x,zy) = (1,tk H*(X,Z)" — 1).
(4)

4) X s projective.
Proof. See [45, Proposition 4.4]. O

In what follows, involutions on a K3P-type manifold always imply antisymplectic
ones.

Definition 2.2.4. Let 2 and S be complex manifolds, let f : X — S be a surjective
proper holomorphic submersion, and let v : 2~ — 2 be a holomorphic involution. Then
f:(Z,1) — S is called a family of K32 -type manifolds with involution if it satisfies
the following three conditions:

(1) For each s € S, X, = f~1(s) is a manifold of K32 -type.
(2) for=Ff.
(3) v: X — Z induces an involution vs : Xy — X for all s € S.

Let (X,:) be a manifold of K3P-type with involution, and let 7 : (27,X) —
(Def(X),0) be the Kuranishi family of X with 7#—1(0) = X. Since 7 : 2~ — Def(X) is
a universal family ([36, §22.1]), there exist holomorphic involutions I : 2~ — 2  and
J : (Def(X),0) — (Def(X),0) such that I|x = ¢ and the following diagram commutes

X ! X

(Def(X),0) — (Def(X),0)

The fixed locus of J is called the local deformation space Def(X,¢) of (X, ¢).

Theorem 2.2.5. Let (X, 1) be a manifold of K32 -type with involution, and let n be a
holomorphic symplectic 2-form on X. Set

t= TI“(L*|H1,1(X)).

Then the following hold.
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(1) The fized locus X" is a smooth Lagrangian submanifold of X. Namely, X" is a

smooth complex surface such that n|x. = 0.

24+ 7 2+ 23
(2) / C]_(XL)2 — t2 _ 17 X(OXL) = 8 5 a,nd / C2<XL) — 5 .

21—t
(3) The local deformation space Def(X, ) is smooth of dimension 5

(4) t is an odd integer with —19 = ¢t < 21.
Proof. See [6, Theorems 1 and 2]. O

Example 2.2.6. By the construction of i : H*(Y,Z) — H?(Y?Z) and F in Example
2.1.10, the involution o2 : Y2 — Y2 satisfies (¢@)* 0§ =i 0 0* and (¢)*[E] = [E].
Therefore, we have

H2(YP 2)°" = i (H*(Y,2)°) @ Ze.

By [45, Example 5.1], we have Def(Y, o) = Def(Y!? o). Hence any deformation of
(VP 52 is induced from a deformation of (Y, o).

2.2.2 Deformation types of K3%-type manifolds with involu-
tion

The moduli space, and the period map for K3Z-type manifolds with antisymplectic

involution are studied by Joumaah [45]. Following Joumaah [45], we recall his results.

Let X be a manifold of K3Z-type and o : H*(X,Z) — Ly be a marking. The pair

(X, ) is called a marked manifold of K32-type. Let Mon?(L,) be the subgroup of the
isometry group O(Ls) defined by

Mon?(Ly) = o Mon*(X) o ™.

By [57, Theorem 9.1], the group Mon?(Ls,) is a normal subgroup of O(L,) and is inde-
pendent of the choice of (X, «). By [57, Lemma 9.2], we have

Mon?(Ly) = O*(Ly).

Similarly, we can define the monodromy group Mon?(Lgs). By [19, Theorem A],
we have
MOIIZ(LKQ,) = O+(LK3).

Definition 2.2.7. Let M be a sublattice of Ly and vty € MonQ(LQ) an involution. The
pair (M, uyr) is called an admissible sublattice of Lo if M is hyperbolic and the invariant
sublattice (La)"™ of 1y is equal to M.
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Let My, be the moduli space of marked manifolds of K3Z-type (cf. Theorem
2.1.13). We fix a connected component 97, of My,.

Definition 2.2.8. Let (M, ty) be an admissible sublattice of Ly and let (X,t) be a
manifold of K3 -type with involution. An isometry o : H*(X,7Z) — Lo is called an
(M - )admissible marking of (X, ) if

(X,a) €M}, and ool =0
Moreover v is of type M if there exists an M -admissible marking of (X, ().
Let (M, tyr) be an admissible sublattice of Ls.
Definition 2.2.9. Define a set A(M) by
A(M) = {6 € M;6*=—-2,0r§ =—10, (6, Ls) = 2Z} .
We set €y = {x € Mg;z® > 0}. For § € A(M), we define
ot ={z € Gy : (x,0) =0}.

Definition 2.2.10. A connected component of € \ U5€A(M) ot is called a Kdhler-type
chamber of M. The set of all Kdihler-type chambers of M is denoted by KT(M).

We set
(M) = {o € Mon?*(Ly);0 015 = tas 00},

and we define a subgroup I'y; of O(M) by
L'y ={oly € O(M);0 €T'(M)}.

Since O(M) preserves A(M), the group I'y acts on KT(M).

Let (X,:) be a manifold of K3P-type with involution of type M, and let « :
H?*(X,7Z) — Ly be an M-admissible marking of (X,:). The -invariant Kéhler cone
of X is defined by

Ky = {w € H"(X,Z); wis a Kihler class, t*w = w}.

We denote by p(X, ¢, ) the Kahler-type chamber containing a(K%). Let o, 8 : H*(X,Z) —
Ly be two M-admissible markings of (X,¢). Since (X, ), (X,5) € M7, , we have
oo 371 € Mon?(L,). Moreover, ao 7% € I'(M) and hence

[IO(X’ Ly Oé)] - [p(X, 2 6)]

in KT(M)/T'y. Therefore the class [p(X, ¢, )] € KT(M)/I'y is independent of the
choice of «, which we denote p(X,¢).

Theorem 2.2.11. The map p induces a bijection from the set of deformation types of
K3P-type manifolds with antisymplectic involution of type M to KT(M)/T ;.
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Proof. See [45, Theorem 9.11]. O

Let K € KT(M) and fix h € KN M. Then ht = ht N Ly is a lattice of sig-
nature (2,20) containing M=, and €1 consists of two connected components. By
[57, (4.1)], the connected component 97 determines the connected component €,
of Q.. Namely, for any (X,o) € Mg, and p = [0] € Qf,, the orientation of
¢x = {x € H*(X,R);qx(z) > 0} determined by the real and the imaginary parts
of the holomorphic 2-form on X and a Kahler class of X is compatible with the orien-
tation of €7, = {x € Lag; x? > 0} determined by the real 3-dimensional vector space
W := Spang{Re o, Im o, h} associated to the basis {Reo,Imo, h} via the isomorphism
Cx (5;;2 induced from the marking a. Let QL . be the connected component of €2,
with QF  C Q.

We denote by M mx the set of isomorphism classes of K3[-type manifolds (X, )
with involution of type M such that p(X,¢) = [K] in KT(M)/Iy.

Definition 2.2.12. Let (X,1) € Myx. An isometry a : H*(X,Z) — Ly is admissible
for (M,K) if o is an M-admissible marking with o(K%) C K, where KY is the -
invariant Kdhler cone of X i.e. Ky ={w € Kx;t*w = w}. Moreover, the involution
is of type (M, KC) if there exists an admissible marking of (X, ().

2.2.3 Periods of K3Z-type manifolds with involution

For each (X,1) € M M, there exists an admissible marking for (M, KC). Moreover, if
a,B: H*(X,Z) — Ly are two admissible markings for (M, K), then we have a0 37! €
I'(K), where

I'(K) = {o € Mon*(Ly);0 0ty = tpy 00 and 0(K) = K} = {0 € '(M);0(K) = K}.

Let
FMJ_’K = {O'|MJ_ S O(MJ‘);U S F(K)}

For g € Tj1 x, there exists o € I'(K) such that o]y = g. Since I'(K) C Mon?(L,) =
O™ (Ls), we have sng(c) = +1. On the other hand, since (o|y)(K) = K, we have
sng(c|a) = +1. Therefore, sng(g) = snr(c|yr) = +1 and g € O (M*). Thus, Iyo x
is contained in OF(M=). By [45, Proposition 10.2], T'j. x is a finite index subgroup
of O*(M*). By (2.1.1), OF(M™*) preserves Qf . Therefore we obtain an orthogonal
modular variety

MM,]C - QLL/FMJ-JC'
Definition 2.2.13. We define the period map Purx : Marx — Masx by
Pri(X, 1) = [a(H*(X))],

where o : H*(X,Z) — Lo is an admissible marking for (M, K).
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As before, let

AM™*Y) ={6 € M*; 6% = =2, 0r 6 = —10, (6, Ly) = 27},

and set
Dy = U Hs C Q0
SEA(MYL)
where
Hs ={z € Qy1;(z,9) = 0}. (2.2.1)

By [45, Lemma 7.7], 2. is locally finite in 2,1 and is viewed as a reduced divisor on
QMJ_. Set B
.@ML — ‘@ML/FMJ-,IC‘

Then 2,1 is a reduced divisor on M. We set
v = Mok \ Dyr and Q5 = QF 0\ Do
Proposition 2.2.14. The image of the period map Py is My .
Proof. See [45, Lemma 9.5 and Proposition 9.9]. O
The period map Py : M mx — M3,k 1s not injective but generically injective.

Theorem 2.2.15. There ewists a I'p1 c-invariant effective reduced divisor Py such
that

P PJ\}}IC( i \ D) = M\ Dk
is bijective, where Py = D /T ns k-
Proof. See [45, Theorem 10.5]. O

Definition 2.2.16. Let f : (2°,1) — S be a family of K32 -type manifolds with invo-
lution of type (M, IC). We define the period map Py : S — My for f: (Z,0) = S
by
PM,IC(S) = PM,IC(ngbs); (S € S)
Since f,Q% /s is a holomorphic vector subbundle of the flat bundle R?f.C ® Og,
Py i is holomorphic ([36, 22.3]).

Definition 2.2.17. Let (X,1), (X',¢)) € Murx. We call (X,1) and (X', 1) inseparable
if their universal deformations m : (2" ,1) — Def(X,¢) and 7' : (Z7,//) — Def(X', /)
contain isomorphic fibers, where Def(X, 1) and Def(X',1) are viewed as germs.

Lemma 2.2.18. If (X,),(X',/) € My satisfy Pux(X,t) = Pux(X',0), then
(X,t) and (X',/)) are inseparable.

Proof. See [45, Proposition 10.7]. O



Chapter 3

Automorphic forms

In this section, we briefly recall two types of automorphic forms, Borcherds products and
Siegel modular forms. These automorphic forms will be used to express the holomorphic
torsion invariant of K3P-type manifolds with involution in the later chapters.

3.1 Borcherds products

3.1.1 The metaplectic group, Weil representations and elliptic
modular forms

Let H be the complex upper half plane defined by
H={r € C;Im7 > 0}.
Let Mps(Z) be the metaplectic group defined by

Mpy(Z) = {((‘CL Z) ,m) : (‘Z 2) € SLy(Z),Ver +d € O(H)},

where /¢ + d is a holomorphic function on the upper half plane H with its square

¢t +d. For v = ((z Z) € SLy(Z), write j(v,7) = e + d.

Let (7, J(7, 7)), (¥, Vi(7/s 7)) € Mpa(Z). Since
JuA' T T) =50 ),

Vi1, v'T)\/3(, 7) is a square root of j(v7/, 7). Therefore, we can define the multipli-
cation of Mpy(Z) by

(V. VIi(nT) - (VNI T)) = (S VI YTV T)).

Set

(6 ) 5= (0 D)) 2 (2w

47
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Then Mpy(Z) is generated by S, T' (cf. [74, Chapter VII, §1, Theorem 2|). In particular,
Mps(Z) = (8,T; 8% = (ST)? = 2,74 = 1).

Let A be an even lattice of signature (b™,07) and let A be its dual lattice. Set
Ay = AY/A. Let {e,},ca, be the canonical basis of the group ring C[A,]. We define
the Weil representation py : Mpa(Z) — GL(C[A,]) by

pA(T')e7 — 67”‘72677 pA(,S')e7 — i_ 2 Z —27i(y, 5)e

V |AA SEAN

27i(1:9) are independent of the choice of a repre-

Since A is an even lattice, e™” and e~
sentative of 7,0 € Ay = AV/A.

Definition 3.1.1. A C[A,]-valued holomorphic function F : H — C[A] on H is called
a C[Ap]-valued elliptic modular form of weight 1 — b~ /2 and of type py if

(1) for (v,\/j(7,T)) € Mps(Z), the following identity of holomorphic functions on H
holds:

Flv-m) =i et Vi) E(r).

(2) F(7) is meromorphic at T = +ico and the Fourier series expansion of F(T) has
integral coefficients.

We write F'(1) = 3_ 4, f+(7)e,. By (1), we have
F(r+1) = p(T)F(r),
which implies that

Fr+1) =™ fo(7).

Therefore, for each v € Ay, e i f+(7) is a Z-invariant holomorphic function on H.
If we set ¢ = €2, then e ™7 f+(7) is regarded as a holomorphic function on the
punctured disk A* = {z € C;0 < |z| < 1}. Therefore, F(7) admits the following
Fourier series expansion:

N=Ye X et g=e

YEAN  kEZ+H2/2
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3.1.2 Automorphic forms on a bounded symmetric domain of
type IV

We assume that the lattice A is an even lattice of signature (2,5~) and that there exist
an integer N € Z and a hyperbolic lattice L of signature (1,0~ — 1) such that

A=U(N)a L.

An element of A is denoted by (m,n,l), where m,n € Z, l € L.
Recall that
Qx = {[n] € P(Ac); (n,m) = 0, (n,7) > 0},
and that €, is the disjoint union of two bounded symmetric domains of type IV of
dimension b~. Set
Cr, = {Jf € LR;[EQ > 0}

We identify €2, with the tube domain Ly + 1%, C Ac via the following isomorphism
2
. ye 1
L N4 Q — =, — . 3.1.1
R T 16 — A y'_>|:< 2,N’y>:| ( )

Let €5 = €5 L%, be the decomposition into connected components. Each connected
component of €24 corresponds to the connected components Lgr + z‘ff of the tube
domain Lg + i%7. The connected component of of {25 corresponding to Lr + ch]jr is

denoted by Q.
Fix a vector [ € Ag with {2 > 0. Set

. (v(2), D)

iy, [2]) = ) ([z] € Qx, v € OF(A)).
Since (z,1) # 0 for any [2] € QF, ja(7, [2]) is a nowhere-vanishing holomorphic function
on Q.
Definition 3.1.2. Let I' C O1(A) be a subgroup of finite index and let x : T — C* be
a character. A holomorphic function F on Qf is an automorphic form for T' of weight
k and of type x if the following identity holds:

Fy-[2) = x(Mia(r, D' F([=]), ([l e @f,v € 1)
Define the Petersson norm ||F([z])|| by

IF(EDI? = (H) F(EDP.

If the character y : I' — C* is unitary, ||F||* is a T-invariant C*° function on Q3.
Remark 3.1.3. Assume that rk A =2 5. By [56, Chapter IX, Remark 1.6 (iv), Proposi-

tion 5.3, Theorem 5.4], I'/[[", '] is a finite group. Hence every character x : I' — C* is
unitary and || F||? is a T-invariant C* function on Q.

We may regard an automorphic form F on 2} as a holomorphic function on Lg+i%;"
via the isomorphism (3.1.1).
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3.1.3 Borcherds products

Set 0(A) =2 —b". For g € O(A) and for a C[A,]-valued function F' : H — C[A,], the
natural O(A)-action on C[A,] induces a C[A,]-valued function g(F) : H — C[A,].

Theorem 3.1.4. Let

F(r) = Z e, Z e (k)" q=e"

YEAN  kEZAN2/2

be an elliptic modular form of weight o(A)/2 and of type pan. Then there ezists a
meromorphic automorphic form U (-, F) on QX with the following properties:

(1) WA(+, F) is an automorphic form for Aut(A, F)NOT(A) of weight co(0)/2, where
Aut(A, F) is a finite index subgroup of O(A) defined by

Aut(A, F) ={g € O(A); g(F) = F}.
(2) The divisor of W (+, F) is given by

div(Ta(, F) = > el(5)Hy,

AEAY /E1,A2<0
where Hy = {[n] € Qf;(n,\) =0} and A = A+ A € A,.

(3) Choose a connected component W of

EH\ U AL,

AELY A2<0, 3N e 0.0 (A2/2)#0

Regard WA (-, F) as a holomorphic function on Lg + i, . Fory € Lg + WV with
Imy > 0, the following infinite product expansion holds:

Uu(y, F) = e2mi(ey) H H (1— eQﬂ'i()\,y)+%)C<%705\>()\2/2)7

AeLY neZ/NZ

where o € Lg is called the Weyl vector corresponding to L, A, W and F.

Proof. See [21, Theorem 13.3]. The explicit formula for the Weyl vector is given in [21,
Theorem 10.4] and [22, p.321 correction]. O
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3.2 Siegel modular forms

3.2.1 Definition
Fix a positive integer g > 0. Let Sp(2¢,Z) be the Siegel modular group defined by
Sp29.2) =M ecregzym (Y o) ar— (0 L)L

where [, is the g X g-identity matrix. We define the Siegel upper half space &, of degree

g by
S, ={Q€ M,(C); '2=0Q, ImQ >0},

where Im ) is the imaginary part of (2. The Siegel modular variety A, of degree g is
defined by
Ay = Gg/Sp(Zg, Z),

where the Sp(2¢, Z)-action on &, is given by
1 A B
v-Q=(AQ+B)(CQ+ D), Qe6, ~v= c D € Sp(2g,7Z).

Definition 3.2.1. A holomorphic function F' on &, is called a Siegel modular form of
weight k if the following identity holds:

F((AQ + B)(CQ+ D)™) = det(CQ + D)*F(Q) (<C D

A B) € Sp(20,Z7), QES,).

The Petersson norm of F'is defined by
|1F(Q)]]? = (det Im Q)*| F ().

Then || F||? is a Sp(2g, Z)-invariant C*-function on &, and induces a C*°-function on

A,.
3.2.2 The Riemann theta constant
Let a,b € {0, 3} be two column vectors. We define
0.4(Q) = Z exp{mi'(n + a)Q(n + a) + 27i*(n + a)b}.
nez9

Since ImQ > 0, 6,,(€2) converges uniformly on compact subsets and defines a holomor-
phic function on &,. The function §,,(€?) is called the Riemann theta constant. By [60,
Proposition 3.14], we have 6,,(Q) = (=1)*%8,,(Q). Therefore, if (a,b) := 4'ab € Z is
an odd integer, we identically have 6,,(£2) = 0.
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We define holomorphic functions y, and T, on &, by

W =TI 6@, Q=@ > @

(a,b):even (a,b):even

Note that XS and T, are the elementary symmetric polynomials of the theta constants
0,5(2)® of degree 2971(29+1) and 297 1(29+1) —1, respectively. By [41, p. 176 Corollary,

p. 182 Theorem 3|, for v = (é g) € Sp(2g,7Z), there exists a permutation o, on

{0, 3} such that
Oo () (7 - )° = det(CQ + D)*6,,(Q)°.

Therefore, x5 and T, are Siegel modular forms of weight 29+1(294-1) and 2(29—1)(2942),
respectively.



Chapter 4

Holomorphic torsion invariants

In this chapter, we recall two types of holomorphic torsion invariants. First, we recall
the invariant of 2-elementary K3 surfaces constructed by Yoshikawa [82] and his ex-
plicit formula for the invariant in terms of automorphic forms. Second, we recall the
BCOV invariant of Calabi-Yau manifolds constructed by Eriksson-Freixas i Montplet-
Mourougane [25] and their explicit formula for the BCOV invariant of mirror Calabi-Yau
hypersurfaces.

4.1 A holomorphic torsion invariant of 2-elementary
K3 surfaces

4.1.1 2-elementary K3 surfaces

Let My be a primitive hyperbolic 2-elementary sublattice of Lg3. Since Lgs is unimod-
ular and since M is 2-elementary, the involution

MO@M(%%MOEBMSU (mvn)'_)<m7 _n)

extends uniquely to an involution ¢y, € O(Lg3) by [62, Corollary 1.5.2].
Let Y be a K3 surface and ¢ : Y — Y be an antisymplectic involution on Y. Set

H*(Y,Z)” = {x € H*(Y,Z);0"z =z}

Definition 4.1.1. We call the pair (Y, o) a 2-elementary K3 surface of type My if there
exists an isometry of lattices o : H*(Y,Z) — Lys such that a(H*(Y,Z)°) = M.

Let o : H*(Y,Z) — L3 be an isometry of lattices such that a(H?*(Y,Z)°) = M,.
By the Hodge-Riemann bilinear relation, we have a(H°(Y, Q%)) € Q1, where Q)1 is
the period domain defined by

Qe = {In] € P(Mge); (n,m) = 0, (n,77) > 0}.

23
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Definition 4.1.2. The point T, (Y, 0, ) == a(H°(Y,Q3)) of Q. is called the period
of (Y,0,a).

Since sign(My") = (2,tk Mg — 2), )1 consists of two connected components. We
fix a connected component Q;[ L of Q M- We obtain the orthogonal modular variety
0

MMO = Q—’]\_/[()L/O-i_(Md_)

of dimension 20 — rk(M).
Let My, be the isomorphism classes of 2-elementary K3 surfaces of M. We define
the period map 7y, : My, — My, by

T, (Y, 0) = mag, (Y, 0, ),

where o : H*(Y,Z) — L3 is an isometry of lattices such that o(H?*(Y,Z)?) = Mj.
We set A(My) = {d € Mg;d*> = -2}, and

+
deA(Mg-)
+
Mg

1.9.], Dy s locally finite and is viewed as a reduced divisor on QL L. Set
0

Here Hy is the divisor on Q7 | defined in the same way as in (2.2.1). By [82, Proposition

-@Mol = “@Md-/0+(Md_)

and

?\40 - MMD\‘@MOL

Theorem 4.1.3. Via the period map Ty, M3y, is a coarse moduli space of 2-elementary
K3 surfaces of type M.

Proof. See [82, Theorem 1.8.]. O

4.1.2 The invariant of 2-elementary K3 surfaces of Yoshikawa

Let us recall the invariant 7, of 2-elementary K3 surface of type M, introduced in
[82, Definition 5.1]. Let (Y,0) be a 2-elementary K3 surface of type M. Choose a
o-invariant Kéhler metric hy on Y and denote its Kahler form by wy. We define the

volume of (Y, wy) by
2

Vol(Y,wy) = [ =X
Y 2!

The fixed locus of o : Y — Y is denoted by Y. Set r = rk M, and | = dimg, Ay,
where Zy = Z/27. If My # Es(2) @ U(2), Es(2) & U, we set

l .y
g:g(MO):u—T;r , k:k;(MO):T2 .

(4.1.1)
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Proposition 4.1.4. The fized locus Y is the empty set or a disjoint union of smooth
projective curves. More precisely,

0 (Mo = E5(2) @ U(2)),
Yo = EUF (M = Es(2) @ U),
CUE U---UE (otherwise),

where E, F are elliptic curves, C' is a smooth curves of genus g, and E; are (—2)-curves.
Proof. See [63, Theorem 4.2.2]. O

Assume that Y7 # (. Let Y7 = L;C; be the decomposition into the connected
components. We define the volume of (Y7 wy<) by

Vol(Y7, wyo) = HVOI(C’i,wy|Ci) = H/ wy e, -
i ;i JCi

We define a positive number A(Y, o, hy) € Ry by

1 A7 Vol(Y,w
A(Y, 0, hy) = exp [52/0 log <Z%/;7! ( Y))cl(TCi,hy]ci)] ,

7113

where 7 is a holomorphic 2-form on Y and ¢ (T'C;, hy|¢,) is the first Chern form of
the holomorphic hermitian line bundle (T'C;, hy|¢,). If Y7 = 0, we set Vol(Y7,wy<) =
A(Y, g, hy) =1.

Let 7,(Oy) be the equivariant analytic torsion of the trivial line bundle Oy with
respect to the Kéhler metric hy and the trivial metric on Oy. Let 7(Og,) be the
analytic torsion of the trivial line bundle O¢, with respect to the Kéhler metric hy|¢,
and the trivial metric on Og,. We set

7(Oyo) = HT(@@.).

IfY? =0, we set 7(Oys) = 1.

Definition 4.1.5. Let (Y,0) be 2-elementary K3 surface of type My and let hy be a
o-invariant Kdhler metric on'Y. We define a real number Tp, (Y, 0) by

14—rk(Mg) _

2, (Y, 0) = 7,(Oy) Vol(Y,wy) ™t 7(Oys) Vol(Y7,wy«)A(Y, 0, hy).

Theorem 4.1.6. The real number 1y, (Y, o) is independent of the choice of hy and is
an invariant of (Y, o).

Proof. See [82, Theorem 5.7]. O
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4.1.3 An explicit formula for 7,

In the rest of this subsection, we set
A= My,

where the orthogonal complement is considered in Lgz. Then A is an even primitive
2-clementary sublattice of Lkj of signature (2,rk(A) — 2). By [63, p.1434 table 1] (cf.
[28] or [52]), there exist an integer N € {1,2} and a 2-elementary hyperbolic sublattice
L such that A=U(N) & L.

For 7 € H, set ¢ = €*™". Let n(7) be the Dedekind n-function. Namely, n(7) is the
holomorphic function on H defined by

4:-“"

e ][0 =a

Recall that the theta series of the Aj-lattice (or equivalently the Jacobi theta series)
are the holomorphic functions on H defined by

T):Zq”Q, 9A++1/2 anﬂ/m (r € H).

nez nez

We define the holomorphic functions f,go) (1), f,gl) (1) and the series {c,go) (D hiez, {c,(:) (l)}zegm
as follows

77(27_)89‘4? (T)k o Z (0)

© T) = —— % — C
fk ( ) 77(7)877(47_)8 = k (Z>Q7

1 77(47-)80 ir+%(7-)k 1 1
100) = —1o— e =2 37 4P

lek+z
For i € 7Z/AZ, we define the holomorphic function g,(j) (1) on H by

g =Y gt

=i mod 4

Recall that o(A) =2 — b~ =4 —rk(A). Set I[(A) = dimg, A,.
Let gp : Ay — Q/2Z be the discriminant form defined by

gA(A+A) = \? mod 27 (A eAY).

Since A is 2-elementary, the image of g, is contained in Z /27 and q, is Z/2Z-linear.
Let by : Ay X Ay — Q/Z be a bilinear form defined by

bAA+ AN +A)= (A N) mod Z (AN € AY).
Then by is non-degenerate. Therefore, there exists a unique element 1, € A, such that
ba(y,14) =+* mod Z (7 € An).

Let e1, € {e,},ea, be the vector corresponding to 15 € Ay (cf. Section 3.1.1).
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Definition 4.1.7. We define the C[Ax]-valued holomorphic function Fx(T) on H by

0 o
FA(T) = fé—i-)a(A) (T)eU + 2{4 M2 Z gS+a’(A e’Y + f8+a’(A ( )elA'
YEAA

Theorem 4.1.8. The function FA(T) is an elliptic modular form of type pa of weight
o(A)/2. Moreover, Aut(Fy,A) = O(A).

Proof. See [87, Theorem 7.7]. ]
Recall that r = rk(M,).

Definition 4.1.9. We define an elliptic modular form fa of type px of weight o(A)/2
as follows:

(1) If r # 2, then fa is defined by 6, 10Fp(T).
(2) If My = U, then fy is defined by
Ja(r) = Ea(7)/n(1)*

where E4(T) be the Fisenstein series of weight 4.

(3) If My =U(2), then fy is defined by

=8 ) {77 (g) 7877(7)‘8 + (1)1 0y (T ; 1>877(T + 1)_8} €y

YEAA

+1(7) " n(27) e,
where ey € {€,}yca, corresponds to the zero in Ay.

By Theorem 3.1.4, for a Ot (A)-invariant elliptic modular form F of type py of
weight 1 — (20 — r)/2, its Borcherds product W, (-, F') is a meromorphic modular form
for a finite index subgroup of OT(A). If r < 17, it follows from Remark 3.1.3 that
the Petersson norm ||¥, (-, F)||? can be regarded as a C°-function on the orthogonal
modular variety M, = QL{)L/O*(MOL).

Let g be the total genus of Y for (Y,0) € M§,,. Namely, if Y7 = L|;C;, then

T(Mo) + l(MO)
g=) 9(C;)=11- TR

where g(C;) is the genus of the curve C;. Define a holomorphic map Jy, : M, — A,
by
i (Y, 0) = [Q(Y7)],

where Q(Y?) € G, is the period matrix of Y?. Recall that the Petersson norms ||y,
and ||Y,||* are the C*°-functions on the Siegel modular variety A, in the sense of

I
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orbifolds. Therefore, the pullbacks Ji; [Ix4l|* and J;, [|[Ty||* are the C*°-functions on
My,
Let 6 = 6 € {0, 1} be the parity of the discriminant form ¢g5. Namely,

5— 0 (ANeZforaleAY),
IR (otherwise).

Theorem 4.1.10. Let My be a primitive hyperbolic 2-elementary sublattice of Lis of
rank r and let A be its orthogonal complement. Then there exists a constant Cyy, >
depending only on My such that the following identities hold:

(1) if (r,9) # (2,0),(10,0), then
T O = Cag |UA (277 Ey + F) - T Il
(2) if (r,0) = (2,0) or (10,0), then
Tl TV = Oy WA (L 297 Fy 4 f) - T 1.

Proof. See [52, Theorem 0.1]. O

4.2 The BCOYV invariants

Following Eriksson-Freixas i Montplet-Mourougane [25], [26], let us briefly recall the
notion of the BCOV invariant of Calabi-Yau manifolds and some of its basic properties.

4.2.1 The construction of the BCOV invariant

Definition 4.2.1. A compact Kahler manifold Z of dimension m is a Calabi- Yau man-
ifold if Kz =2 Oy and

HYZ,0z)=0 (¢=1,...,m—1).

Let hz be a Kahler metric on Z. Its associated Kéhler form is denoted by wy. The
hermitian metric on Q% induced from hy is also denoted by hz. Set Q = (2, hy).
Let 7(€,) be the analytic torsion of the holomorphic hermitian vector bundle .

Define the BCOV torsion Tpcov(Z,wz) by

Tocov(Z,wz) = | [ (@) V™.

p=0

Let i be a generator of H°(Z, Q%) = C. We set

A(Z,wz) = exp {—1—12 /Z(log p)em(TZ, hz)},
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where ¢ is a smooth function on Z defined by
i Ag L
wy /m! nl7.

Note that if hz is a Ricci-flat Kahler metric, then we have

x(Z)

A(Z,wz) =Vol(Z,wz) 12|

where x(Z) is a topological Euler characteristic of Z.
The covolume of the lattice Im(H*(Z,Z) — H*(Z,R)) of H*(Z,R) with respect to
the L?-metric induced from hy is denoted by Voly2(H*(Z,Z),wz). Namely, we define

Vol 2 (H*(Z,Z),wz) = det({e;, e;) 1),
where e1,..., ey, (z) is an integral basis of In(H*(Z,Z) — H*(Z,R)). We set

2m
B(Z,wz) = [ [ Volp2(H*(Z.2),wz) V" H/2.
k=1

Definition 4.2.2. Let Z be a Calabi- Yau m-fold and Let wy be a Kdhler form on Z.
The BCOV invariant of Z is defined by

A(Z, wz>

WECOV(Z, wz).

Tpocov(Z) =

Theorem 4.2.3. The BCOV invariant Tpcov(Z) is independent of the choice of wy.
Proof. See [25, Proposition 5.8]. O

4.2.2 The curvature formula for the BCOV invariant

Let h : & — S be a proper holomorphic submersion of connected complex manifolds
whose fibers are Calabi-Yau manifolds. Set Z, = h™!(s) for s € S. Let hy /g be a hermi-
tian metric on T'2°/S which is fiberwise Kéhler. Since dim H%(Z,, €2} ) is independent
of s € S, RS, /s is a locally free sheaf and we regard it as a holomorphic vector
bundle on S. By Hodge theory, R, /s is equipped with the hermitian metric. This

is called the L?-metric and is denoted by hpo.
Let wyr and wy p be smooth (1, 1)-forms on S defined by

wir = Y per(RQY, g hy2) and  wwp = ci(ha Ky s, hi2).
pt+a=Fk

Let x = >, (—1) dim H*(Z, C) be the topological Euler characteristic of the fibers Z.
Define a function 7pcov,# /5 on S by

Tecov,z/s(s) = Tecov(Zs) (s € 5).
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Theorem 4.2.4. The following identity of (1,1)-forms on S holds:

8

c X
dd®log Tpcov,# /s = Z(—l)kwm — guwr:
k=0

Proof. See [25, Proposition 5.10]. O

4.2.3 Degeneration of Calabi-Yau manifolds and BCOYV invari-
ants

Let us recall the algebraicity of the singularity of the BCOV invariant of Calabi-Yau
manifolds.

Theorem 4.2.5. Let [ : & — A be a projective holomorphic surjection that can be
extendable to a holomorphic map from a projective manifold to a projective curve. As-
sume that the restriction f|j—1(a«y : [7H(A*) = A* is a family of Calabi-Yau manifolds.
Define a function Tgcov,z/a on A* by

Tecov,#/A(8) = Tecov(Zs) (s € A").
Then there exists a constant ky € Q such that
log Tecov,#/a(s) = Ky log 5|> + O(loglog|s|™') (s — 0).
Proof. See [25, Theorem 6.5]. O

We refer the reader to [25] for some explicit formulas for ¢ for some classes of
degenerations.

4.3 The BCOYV invariant of the mirror Calabi-Yau
hypersurfaces

Let us consider the BCOV invariant of the mirror Calabi-Yau hypersurfaces. This class
of manifolds is the only example of higher-dimensional strict Calabi-Yau manifolds
whose BCOV invariant is determined.

4.3.1 The mirror Calabi-Yau hypersurfaces

The element of P x P! is denoted by ([zo, . . ., 2,],%). For ¢ € C, define the polynomial
Fy(zo,...,2n) € Clzo,..., 2] by

n

Fy(z0,...,2n) = Zz]“l —(n+ 1z .. 2zp.

J=0
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Let 2 be the hypersurface of P* x P! defined by
P = {([2),9) € B x B By oo, ., 20) = 0}

and let h : 2~ — P! be the projection to the second factor.
Let p,41 be the group of the (n + 1)-th roots of unity. Define the subgroup G(=
(Z/NN)"™") of PGL(n+ 1) by

G = {diag(go, - --,9n); 9i € Hnt1,90 - Gn = 1}/ pins11.

Then G acts on 2" by g- ([z],%) = ([g- z],%). Set # = 2 /G and let g : % — P! be
the morphism induced from h : 2~ — P

Proposition 4.3.1. There exists a projective birational morphism 2 — % such that
(1) Z is smooth.

(2) Let f: Z — P! be the composition of g : % — P! and the birational morphism
L — . If "t =1, then the fiber Zy = (1) has a single ordinary double
point singularity.

(3) If Y = 00, then Zy is a simple normal crossing divisor on Z .

(4) If " #£ 1 and ¢ # oo, then Zy, — Yy is a crepant resolution of the singularities
of Yy, and Zy is a smooth Calabi- Yau manifold.

Proof. See [26, Lemma 3.3]. O
The family of Calabi-Yau (n — 1)-folds

f:Z — P

is called a mirror family of a Calabi-Yau hypersurface of P".

4.3.2 The sections 7; of the Hodge bundle

Define a holomorphic n-form € on C**! by
Q= Z(—l)iflzid% Ao Adz A Adz,
i=0

Let wy,...,w, be a system of local coordinates on P" such that divw; = Fj. Let
Qpn (log Xy) be the sheaf of logarithmic differential forms which are locally generated
by dw;/wy,dws,...,dw,. We define QF,(log X;) = APQpn(log Xy). Then we have
Q/F, € H(P", Q. (log Xy)). Let

Q
90(¢) = Resz F_w c HO(X,Z), Q};l)
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be its Poincaré residue.
Define the polynomial H(z, ..., z,) by

H(zo,-. y20) = 20 .- 2Zn-
Then H*Q/F}* is a holomorphic n-form on V := P\ X;;. We denote by

| [Tk
Qk(z/;) = RGSXw kﬁ{z—-}-lﬂ € Hn_l(Xw,(C)

¥
the image of the homomorphism H™(V,C) — H" (X, C) induced from the Gysin
exact sequence. Let F'* be the Hodge filtration of the cohomology H" (X, C) (cf. [80,
p.158]). Let H" (X, C)S.,,, be the G-invariant subspace of the primitive cohomology
H"Y(Xy, C)prim with respect to the polarization Opn(1) on X,.

By [26, Lemma 3.9], we have

K H*Q

0x(¥) = Resy, TR € Fn_l_an_l(sza C)g"im \ Fn_an_l(sza C)g"im
Y
for each k = 0,...,n — 1. By [26, Lemma 3.9], H"'"*¥(X,)$.  is one-dimensional

and is generated by the image of 6;(¢)) under the canonical isomorphism

n—1— n— G
Hn_l_k’k(X )G‘ ~ F ' kH l(X¢’(C)prim
¥/ prim Fr—kHn=1(X, C)C

prim

Let n; € H"17FF(X,)9.  Dbe the image of 0x(1)).

prim

Definition 4.3.2. Define n;.(v) € H'77F*(X,,)S... by

prim

me(y) = P ().

4.3.3 The explicit formula of Eriksson-Freixas i Montplet-Mourougane

Let x be the topological Euler characteristic of Z,. By [26, Lemma 3.4], we have
_m\nt+l 1
X =(-1) ( ] +n+

o (n-1) (3n—5)
n— nn — X n—1 n n —
= (=1)"! — b= (-1 e
a=(-1 6 12(n+ 1)’ (=1) 24
Theorem 4.3.3. There exists a constant C,, depending only onn such that the following
identity of functions on C\ p,41 holds:

Ui
L=y

: ()13
RPN
(T8 e )200)

where || - || 2 is the L*-metric on HP(Xy) with respect to the polarization Opn(1)]x, .

Tecov(Zy) = C,

n—1"
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Proof. See [26, Theorem 5.1]. O

Remark 4.3.4. In [26, Definition 3.15], Eriksson-Freixas i Montplet-Mourougane define
k(1Y) as a cohomology class of H" "% (Z),in. If we regard H" (X, Q)5 as a
subspace of H" '(Zy, Q)prim via the injection H"'(Xy, Q)5 — H" (Zy, Q)prim
in [26, Lemma 3.11], our cohomology class 1, (1) coincides with the one of Eriksson-
Freixas i Montplet-Mourougane, up to a constant which is independent of . Since the
L*-metrics on H* ' FF(X,)9 and H"'"F¥(Z,)pnim are the intersection pairings, the
L*norm || (v)]|z2 in Theorem 4.3.3 coincides with the one in [26, Theorem 5.1], up
to a universal constant depending only on n, k by [26, Proposition 3.7]. Therefore, the

universal constant C,, in Theorem 4.3.3 is different from the one in [26, Theorem 5.1].

By using Theorem 4.3.3, Eriksson-Freixas i Montplet-Mourougane proved the mirror
symmetry conjecture at genus one for the Calabi-Yau hypersurface of P (cf. [26,
Theorem 5.9]).






Chapter 5

An invariant of K 3[2]—type manifolds
with involution

In this chapter, we construct an invariant of K3[Z-type manifolds with involution of
type (M, K) and prove the curvature formula for the invariant.

Recall that L, is the Beauville-Bogomolov-Fujiki lattice for K3PZ-type manifolds
(cf. Section 2.1.1). Throughout this chapter, we fix an admissible sublattice M of Lo
and a Kéhler-type chamber K € KT(M).

5.1 Some fundamental properties of hyperkahler man-
ifolds

Let (X,t) be a manifold of K3P2-type with involution of type (M,K). Choose 1 €
H°(X,0%) and 6 € H*(X, Ox).

Let hx be an t-invariant Ricci-flat Kahler metric on X with Kahler form wy . It
is locally written as

i o 0 -
Wx o= §th7o (%, %) dz? Ndz".

gk

The Riemannian metric associated with hx  is denoted by g. The hermitian metric on
APAT* X attached to the Ricci-flat Kahler metric is also denoted by hx g
Let I be the complex structure of X. Since (X, g) is hyperkéhler, there are complex
structures J and K of X such that (X, I,g), (X, J,g) and (X, K, g) are manifolds of
K3P-type and I.J = —JI = K. The Kahler forms with respect to J and K are given
by
WJ:g(_a‘](_))ﬂ and WK:g(_aK(_))v

respectively. Set o7 = wy + iwg. This is a holomorphic 2-form on X (cf.
Since H°(X, Q3% ) = Cn, there exists a complex number A € C such that n =

—

36, §23]).
or. Note

1PN

65
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that the L?-norm of n? is given by

4
Wx 0 _
I = [ a5 = [

and the volume of (X, wx ) is defined by
4
w
Vol(X,wxo) = | —2.
0= T4

Since wx o is Ricci-flat, it follows from [36, Corollary 23.9] that

1 1
1 2 /\ =2 2 1 2 22 2
’)\‘2 _ 7]4 77' _t ( I HL ) ' (5.1.1)
2 wX,O/él. 2 \ Vol(X,wx )

Similarly, there exists a complex number p € C such that § = £6; in H*(X, Ox). We
identify the cohomology class § with its harmonic representative. The L?-norm of 6? is
given by

|W@=/nmww /mAm

and we have

|,U’2 — 1 H62“%2 2 (5 1 2)
2 \ Vol(X,wxo) ) .

Lemma 5.1.1. For any a € AY(X), the following identity holds:
hxo(0Aa,0Aa)=|ul*hxola,a).

Proof. Fix p € X. Since (X, g) is hyperkéhler, the real tangent space T,zX at p is
equipped with the structure of a quaternionic hermitian vector space (see [36, §23.2]).
Therefore, there exist two tangent vector e, f € T, gX such that

67 ‘[67 Je? Ke’ f7 [f7 Jf7 Kf
form an orthonormal basis of (T, g X, g). Set

e—ile —Ke—1ilJe f—ilf —Kf—1iJf
, Vo= ————092— U3= , U= ———
2 2 2 2

V1 =

Then vy, vy, v3, vy are of type (1,0) with respect to the complex structure I and form a
C-basis of the holomorphic tangent space 7, X at p. Moreover, we have

1
=65

hX,o(% Uj) = 5
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Let v, v2 v3, v* be the dual basis. Then we have

hxo(v',v?) =26, and o =iv' Av? 40P A

Let a =43, av' A0/ € AMTrX. Then we have

hxo(Gr Ao, or A a) = 42 lvj)? = dhxo(a, @),
1]

which completes the proof. O

5.2 Construction of an invariant

We now turn to the case where the (-invariant Kahler metric hx is not necessarily
Ricci-flat. Its associated Kahler form is denoted by wy.

Let 7,(Q%) be the equivariant analytic torsion of the cotangent bundle Qi =
(Q%, hy) endowed with the hermitian metric induced from hy.

Recall that X* is a possibly disconnected compact complex surface. Let X* = U;Z;
be the decomposition into the connected components. Let 7(Oyx.) be the analytic
torsion of the trivial bundle Ox. with respect to the canonical metric. Here 7(Ox.) is

given by
OXL H T

where 7(Oy,) is the analytic torsion of the tr1v1al bundle Oy with respect to the canon-
ical metric.
The volume of (X,wy) is defined by

4
wx
Al

Set wx. = wx|x.. This is a K&hler form on X* attached to hx. = hx

volume of (X', wx.) by
H/ WX|Z

The covolume of the lattice Im(Hl(X‘, Z) — H'(X*,R)) with respect to the L?-metric
induced from hx is denoted by Vol (H'(X*,Z),wx.) . Namely,

Vole(Hl(XL, Z),wx.) = det({e;, €;)2),

where ey, ..., ey, (x) is an integral basis of Im(H'(X*,Z) — H'(X"*,R)).
We define a real-valued function ¢ on X* by

_owx /A (Il

n? A2 Vol(X,wx) | x
Obviously, ¢ is independent of the choice of 7.

Vol(X,wx) =

x¢. We define the

VOI(XL7 CUXL

iy
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Definition 5.2.1. We define a positive number A(X,t,hx) € Rsg by

A(X, 1, hx) = exp {% /X (log @)Q} , (5.2.1)

where Q is a characteristic form on X' defined by

Q=c1(TX" hx)? = 8co(TX" hx) — cr(TX, hx)|%. + 3ca(TX, hx)

X¢t.

Here we denote by ¢;(TX, hx), ¢;(T X" hx.) the i-th Chern form of the hermitian
holomorphic vector bundles (T'X, hx), (T'X*, hy.), respectively. Note that if hy is
Ricci-flat, then we have ¢ =1 and A(X, ¢, hx) = 1.

Recall that ¢ = Tr(¢*|g11(x)). By the definition of the admissible sublattice (M, ¢pr),

we have t = Tr(tp) + 2. Therefore ¢t depends only on (M, ty,) and is independent of
(X, ) itself.

Definition 5.2.2. We define a real number tpric(X, 1) by
Tare (X, 1) = 7(Q) Vol (X, wx) 8 AKX, 1. )
7(Ox) 2 Vol(X*, wx.) 2 Vol (H (X", Z), wx.).

In the next section, we prove that 7y (X, ¢) is an invariant of (X,¢), as well as
its variational formula. We also prove that 7y, x can be viewed as a function on the
orthogonal modular variety Mj; ;- introduced in Section 2.2.3.

5.3 Properties of 7/

Let 2 be a complex manifold with holomorphic involution ¢ : & — %, let S be a
complex manifold, and let f : (2°,1) — S be a family of K3PZ-type manifolds with
involution of type (M, K).

The fixed locus of ¢ : & — 2 is denoted by 2 = {z € Z7;u(x) = x}. The
restriction of f : 2 — S to Z™* is also denoted by f: Z* — S and it is a family of
smooth complex surfaces.

Let hy /s be an t-invariant fiberwise Kéahler metric on T2/S. For s € S, the
Kahler form associated with the Kahler metric h, = hy/5|x, is denoted by w,. We set
wa /s = {ws}ses. Let hg g and hy be the induced and quotient metric on 727 /S and
Ng.9, respectively. The t-invariant hermitian metric on Qlf[ /s induced from hy /g is
also denoted by hg/s.

Let E(+£1) be the (£1)-eigenbundle of the ps-action of T.27/S| 4. They are holo-
morphic vector bundles on 2™, and the decomposition T2 /S|4 = E(+1) & E(—1)
is orthogonal with respect to the metric hy/s. The restriction of hy /g to E(£1) is
denoted by hy. Then we have two isometries

(T2, hyjs) = (BE(+1),hy) and  (Nyjo hy) = (E(=1),h_).  (5.3.1)
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Hence the following short exact sequence of holomorphic hermitian vector bundles splits
0= (TZ)S harys) = (TX)S, hass)|aw = (Naya, hn) — 0. (5.3.2)
We set
TZ')S =(TZ")S hais), TZ S =(TZ /S, has),and N g9 = (Ngejo, hy).

Let
a(T2')S), «(TZ)/S), and c¢(Ny o)

be their Chern forms, respectively.
Lemma 5.3.1. The following identities hold:
a(Ngiyg)=—a(TZ)S)+c(TZ)S)| o,
o(Ngvyz) = a(TZ)S) —e2(TZ"S) = cr(TZ"S)er(T X ) S) e + eo(TZ ) S) .
Proof. Since the short exact sequence (5.3.2) splits, we have
(TL)8) e = (T2 [S)e(N o)),
and this implies the statement. Il
We define a characteristic form Q € A>?(2™) by
Q=c(TZ")S)? —8co(TX")S) — ct(TX )S)% + 3c2(TZ/S)| 2.
Lemma 5.3.2. The following identities holds in A33(2™):

[T T2 (S)en @y )] =2 [TaT 28] + L T2 /S A0

Proof. By the construction of the equivariant Todd form (1.2.2) and by the isometries
(5.3.1), we have

R_

_ _ I
Td(T2 /S) = TA(T2*/S) det ([ " exp(—l—ﬁ)> : (5.3.3)

where R_ is the curvature form of (Ng 4, hy). By the isometries (5.3.1), Qi@b/s is
the (41)-eigenbundle of Q%/S]gL and Ny, ,- is the (—1)-eigenbundle of QI%/S]%L. By
the construction of the equivariant Chern character form (1.2.3), we have

—1 —1 ——=V
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By the definition of Todd form and Chern form, we have

= 1 — 1 — _
TATZ')S) =1+ 301 (TZ2")S) + E{Cl(T%L/S)2 +c(TZ/9)}
(5.3.5)
+ icl (TZ"/S)co(TZ*/S) + higher degree terms.

. 1
Since 1 —

holds:

= % + 7+ 022 + ..., the following identity of functions of 2 x 2 matrices

1 1 1 1
det ([—i—eX—p(—A)) =1 + §C1(A) + 1—662(A) + higher degree terms.

Therefore, we have

I 1 1 — 1
det = -4+ —¢;(N g + —co(N 9 + higher degree terms.
([—i—exp(—i—%)) 173 1( I/%) 16 2( 1/%) g g

(5.3.6)

By (5.3.3), (5.3.5), (5.3.6), we have

TdT 2 [5)°0 = 1.

T, T2 /) = LrT2/S) + (W)},

[Td,(TZ /S)])*? = %{c1 (T2 )S)? + ex(TX)S) +3c1(TZ)S)er(N g )27) + 32 (N g s) }
(5.3.7)

On the other hand, we have

h( @y s) =2 — /T 2/S) + %{cl (T2/S)? — 2e5(T 2/ S)}

— é{cl(T%‘/S)?’ —3c1(TZ")S)co(TZ*/S)} + higher degree terms,
(5.3.8)

and

_ _ 1 _
Ch(*N;ﬂ/ﬁf) =2—c(Ngoya) + 5{01(1\7&”/%)2 —2c2(Ngya)}

1 — _ _
— é{cl(Nggw/gg)?) —3c1(N g2 )ca(N 20/ 2°)} + higher degree terms
(5.3.9)
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By (5.3.4), (5.3.8), (5.3.9), we have
[chy (@))% =0,
[Chb(ﬁivg/s)](l’l) =—a(T2"/S) + c1(Nayya),
_ 1. _ _ _
[Chb(Qiﬂy/s)]@’z) = 5{01(T55”/5)2 —26(T2")S) — c1(N ooy )* + 265(N ey ) },
_ 1. _ _
[ch, (@ 5)] ) = —gla (T2)S)° =3c(TZ"/)S)es(TZ/S)

— 01<N%L/3g)3 + 3Cl(w%'b/%)62(N%L/£')}.
(5.3.10)

Combining the formulas (5.3.7) and (5.3.10), we obtain

_ —1 (3,3)
[TdL(T%/S)ChL(Q%/s)

1 — — — — _
U8 {Cl(T%L/S)ch(N%L/%) - C1(Nm/gy)3 —a(TZ)S)ea(TZ")S)
+301(T,%L/S>CQ(N%L/%) + 3C1(N%L/%)CQ(N%L/%) — 5CI<N%L/%>CQ(T%L/S>} ]
By Lemma 5.3.1 and by (5.3.5), we obtain the desired formula. O

Consider the direct image sheaf f,K 4 /s of the relative canonical bundle K.
This is a holomorphic line bundle on S and is equipped with the L?-metric hz2. On the
other hand, K4 /g is equipped with the hermitian metric i induced from the fiberwise
Kahler metric hy/s. We define a smooth function ¢ on S by

4
_ W/ Pl
772/\772 Vol (%‘/S,wgg/g)7

where 7 is a locally defined nowhere-vanishing holomorphic section of f,3%. /5" Then
¢ is independent of the choice of 1. The evaluation map f*f.Kgs /s — Kg /s is an
isomorphism and we have

c1(Kays,h) = ffei(fl a5, hiz) + dd°log o + dd“log Vol (Z7/S,ways)  (5.3.11)
in ALY(27). We define a function A(Z2"/S) on S by
A(Z/S)(s) = A(Xs, ts, hy) (se9).

Lemma 5.3.3. The following identity holds:

/ Q=-3(t+7),
28

where fgzw/s denotes the integration along the fibers of f . Z* — S.
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Proof. By Theorem 2.2.5, we have

2
/ A (T2/S) =12 — 1, / (T2 /5) = 123 (5.3.12)
2/8 2/ 2

Since the canonical bundle of an irreducible holomorphic symplectic manifold is trivial,
we have

/ (T2 /9))%. =0. (5.3.13)
28

Since a holomorphic symplectic form induces an isomorphism Ny, 5 = Qigg /50 We have
ci(Ngyor) = —c1(TZ*/S). By Lemma 5.3.1, we have c(T' 27/ S)| 2+ = 2co(T 2™/ S) —
ci(TZ2¢/S)%. Hence

/ c(TZ)S)| 2 = 24. (5.3.14)
28

By (5.3.12), (5.3.13), (5.3.14), we have the desired result. O

In the next lemma, we write f, for the integration along the fibers of f : 2 — S
instead of f‘%/s

Proposition 5.3.4. The following identity holds:

1 (ra. @2 Sy @ )|
=2 [£.TdT2/S)|'"MY — dd°log A(2/S)

47 2+7
16 Cl(f*Kﬁﬁf/S?hLQ)

Proof. By Lemma 5.3.2 and by the formula (5.3.11), we have

dd*log Vol (3&”/5’ wa/g)

(3:3)

[TdL(T% /S)ch, (1, /S)] =2 [Td(T2/S)]* - i < er(foors izl AQ

_ Eddc(log ) — —8ddc (log Vol(Z'/8S, wgz'/s)) Q.

By the projection formula, we have
1

1 1
—— (/ Q) Cl<f*Kgg'/S,hL2 - — ( ) ddclog\/ol (%/S CL)J/S)

By Lemma 5.3.3, the proof is completed. Il

(1. (TaT 2 /9)en @ ))] " = 2 [£TaT 5] - 4 (log )9
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Recall that each fiber X of f: 2" — S is a manifold of K3[-type. By [37, Main
Theorem|, we have

(X)) = (5.3.15)

0 (g =0,2,4)
21 (g=1,3)

By [36, Proposition 24.1], the homomorphism
HY(X,0%) @ H*(X,0x) — H*(X,Q%), a®0anf
is an isomorphism. Therefore we have an isomorphism of holomorphic vector bundles
R'U£.QY% s ® R .0y = R’ f.QY . (5.3.16)

For g = 1,3, let (R?f.82} )+ be the (£1)-eigenbundle of the pip-action of R? £, /.
By the definition of ¢, we have

21+t
rank(le*Qiyg/S)i = 1"ank(R3]‘i,ﬂlgg/s)qE =—

Since ¢ is fiberwise antisymplectic, we deduce from (5.3.16) the following isomorphism
(R' £y j5)+ ® R*f.00 — (R’ Q%)%
Lemma 5.3.5. The following identity holds:

(R f.Q% s)+, hiz) — el (R £ y5)=, hi2)

21 + ¢ 21 +¢
=-= cl(Rf.Og o) — Tddc log Vol(27/S,wz/s).

Proof. We only prove the identity

Cl((le*Q,l‘}?f/S)-‘rv hiz) — 01((R3f*9,19f/s)—7 hiz)

21+t 21+t
- 4—'— (R f.O4 hy2) — T—I—ddclogVol(%/S, Wa/s)-

The other identity can be shown in the same manner. Set N = % Let s1,...,sN be

a local holomorphic frame of (R f,Q), /S)+. Then s; A -+ A sy is a nowhere vanishing

holomorphic section of det(R!f,Q, /S)+. Let # be a nowhere vanishing holomorphic

section of R?f,0 4. Then s; A0, ..., syAf are local holomorphic frame of (R3f*§2§{/s),

and (s1A0)A- - -A(syAf) is a nowhere vanishing holomorphic section of det(R?’f*QLl%/S)_.
It suffices to show that

—log|[(s1 AO) A= A (s AB)[7-

N

(5.3.17)
= = log|0?|[72 — log s A -+ Asw[7 + log (2NV01(%/S, w%/s)%> '
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We may assume that S consists of one point, and we set X = 2.

Since the L?-metrics on H1(X, Q%) (¢ = 1,3) and H*(X, Ox) depend only on the
choice of the Kéhler class [wx] and are independent of the Kéhler form wy itself (see
Lemma 5.4.2 below), we may assume that wx = wx is Ricci-flat.

By Lemma 5.1.1, we have

hxo(0 A, 0 Aa) = |u*hxo(a, a)
for each o € AV1(X). By integrating both sides, we have
16 a2 = Ll
Therefore we have an isometry
(det HY (X, Q%) 4, || det hy2) 22 (det H3(X, Q%) _, det hy2).
By the formula (5.1.2), we obtain the formula (5.3.17). O
Proposition 5.3.6. The following identity holds:

t t
D (=1)ch, (R £.QY /g, hy2)] W = —501 (oK p s, hy2) + 5dd log Vol( 27 /S, wy ).

q20

Proof. By Lemma 5.3.5 and by (5.3.15), we have

2:<_1)‘1[ChL(1’?‘1]“*91%/57 hL2)](1,1)

q20

= — [ch(R" .0 /s, hp2) ]V — [ch, (R3 £.Q5 /5 )Y
:—Cl((le*Qly/S)+a hiz) + 01((R1f*9}%/s)7> hi2)
—c1 (R £ s) 4, hee) + cr (R £y /s) =, hie)

t t
:501(R4f*(9g{, hLQ) + Eddc lOgVOl(%/S, w%/S)-

By the Serre duality (see Lemma 5.4.1 below), we have
Cl(R4f*O%, hL2) = —Cl(f*Kgg/S, hLz),

and we obtain the desired formula. OJ

Definition 5.3.7. We define the characteristic form wg-(g./5) € AY1(S) by
wH‘(%L/S) = Cl(f*ngg'L/S, hLQ) — Cl(le*OggL7 hLQ) - 2Cl(f*Kgp/s, hLz). (5318)

We define a function Vol 2(R' f.Z,wy/s) on S by

Vol (R f.Z,wgys)(s) = Vol (H (XL, Z), ws|x:).
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Proposition 5.3.8. The following identity holds:

1
§ (=1)9 [ch(RUf, O g hy2)] MY = — 5ddc log {Vol(Z™*/S,wass)* Volz (R full,ways) " }
q20

1
+ EWH-(gL/s).

Proof. By the Serre duality (see Lemma 5.4.1 below),

c1(fiOgv, hp2) = —dd®log Vol(Z™ /S, wa/s),

5.3.19
01(32f*@%L,hL2) = —01(f*K5(L/s7 hL?)- ( )
Moreover, since
Cl(f*QI%L/S7 hLQ) + Cl(le*O%'L, hL2> = Cl(le*(C & Os, hLQ)
= —dd"log Voly2(R' f.Z,wys),
we have
1 1
cl(le*O%H th) 2561 (le*oﬁlhba hLQ) - §Cl<f*9i@’b/,5’7 hLZ)
1 (5.3.20)
— idalC log Vol 2(R' f.7Z, Wai/s).
By the formulas (5.3.19) and (5.3.20), the proof is completed. O

We show that a family of K3[-type manifolds with involution of type (M, K) is
locally projective. For the proof, we follow [82, Lemma 2.7 and Theorem 5.6].

Lemma 5.3.9. Let f : & — S be a family of K3P-type manifolds and let o €
HO(S,R*f.Z). If o(s) = o|x, € H"(X,,R) for each s € S, then we have o €
Im (H°(S, R' f.0%-) — H(S, R*f.7Z)).

Proof. We may assume that S is a polydisk. Since h*(X,,Ox,) = 1 for each s € S,
R?f,04 is an invertible sheaf and we may regard R2f,0 4 as a holomorphic line bundle
on S. Since any holomorphic line bundle on the polydisk S is trivial, there exists a
nowhere-vanishing holomorphic section £ € H°(S, R%f,04) such that

R*f,0y9 =0g-¢ and H*X,,Ox,)=C¢x, (s€09).
The exponential sequence on 2
0=2>Z—=09g = 0% —0
induces the following exact sequence:

H(S,R'£.0%) & HO(S, R2£.Z) % HO(S, R%£.0 ). (5.3.21)
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Since (o) € H°(S, R?f.0y4 ), there exists a holomorphic function F on S such that
V(o) = F - £ By our assumption of o|x, € H"(X,, R),

0=v¢(o)|x, = F(s)-&x. (s€59).
Therefore F' = 0 and o € Ker. By the exact sequence (5.3.21), we have o0 € Im¢. [

s

Lemma 5.3.10. Let f : (2,1) — S be a family of K32 -type manifolds with involution
of type (M,K). Then f: Z — S is locally projective.

Proof. Fix a point s € S. By Proposition 2.2.3 (4), there exists a ps-equivariant ample
line bundle L, on X,. We may assume that S is a polydisk. Choose an isomorphism
a: R*f.7Z — Ly g such that for s € S, o : H*(X,,Z) — Ly is an admissible marking
for (M,K). Then we have as(ci(Lg)) € M. If S is sufficiently small, it follows from
Lemma 5.3.9 that there exists a holomorphic line bundle £ on 2" such that £L|x, = Ls.
Since ampleness is an open condition, there exists an open neighborhood U C S of s
such that L|;-1(y) is relatively ample. O

In particular, a family f : (27,:) — S of K3PZ-type manifolds with involution of
type (M, K) is locally Kéhler.

Theorem 5.3.11. We define a real-valued function Tarx 275 on S by
TM,IC,%”/S(5> :TMJC(XS)[/S) (S - S)
Then Tarx,2°/s s smooth and satisfies

t+1D)(Et+7)
16

—dd“log Tarx, 2715 = ar(felK 2 ys, hr2) + Wi (270/9)-

Proof. By Proposition 5.3.4, we have
[f* (TdL(T%/Sv h%/S)ChL(Q}%/S’ %/S))](Ll)
= 2[f.TAT 2"/, hys)]) + dd“log A2 /S, hys)
2+ 7 2+ 7
16 Cl(f*Kﬁl"/S>hL2)+ 16

Moreover, by Proposition 5.3.6, we have

dd°log Vol(Z /S, was).

t t
Z<—1)q[ChL(qu*Q§zr/s)](1’1) = —§Cl(f*K%/S, hr2) + §ddc log Vol(2'/S,was).

q20

Therefore, by the curvature formula for the equivariant Quillen metric (Theorem 1.2.3),
we have

dd log 7,(VYy /s) =2 [£.TA(T 50s5)] " + dd®log A(Z /S, w2 s)

n (t+7)(t+1) t—="7)(t—1)

16 C1(f*Kjg’/S,hL2)+ 16

ddlog Vol (5&"/5’, wg/s) )
(5.3.22)
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On the other hand, by Proposition 5.3.8, we have
_ 1
S (1)1 [eh(R1£.05)] " =5 ddlog {Vol(2"* /S, wy/s) > Volpz (R f.Z,wirs)]}
q20

+ QWH'(%L/S)-

Therefore, by the curvature formula of the Quillen metric (Theorem 1.2.3), we have

_ 1 _
[LTA(T 5 p5)] ™ —5dd"log {(0.r.) > Vol( 2™ /S, wsr/s) > Volua(R' f.L,wirvss)}
1

+ §WH'(,/”L”/S)-

(5.3.23)
By (5.3.22) and (5.3.23) and by the definition of 7/, we obtain the desired formula. [

Lemma 5.3.12. The form wgy (2/s) s independent of the choice of an t-invariant
fiberwise Kdahler metric wg/g.

Proof. Set
(~1)ptap
AN2/S) = ®<det RIfQ%,, /S) ,
Y20
and
2n i (—1)kk
Ar(27/S) = ®(det R°f.C® (’)s> .
k=0

Then A\(27*/S) is a holomorphic line bundle on S, and A\gr(2*/95) is a flat holomorphic
line bundle on S. Moreover there exists a canonical isomorphism of smooth line bundles

Mar(Z/8) =2 N2/S) & NZ]S) (5.3.24)

induced by Hodge decomposition.

For a sufficiently small open subset U C S, let 7 € H(U, \(Z™*/S)) be a nowhere-
vanishing holomorphic section of A\(Z*/S) on U, and 19 € ['(U, A\gqrn(Z*/S)) be a non-
zero flat section of \gr(2*/S) on U. By the isomorphism (5.3.24), there is a smooth
function f : U — C such that

To = efT® 7.

Note that the 2-form dd® Re f is independent of the choice of the sections 7 and 7y. The
Hodge form wy is a real smooth differential form on S of type (1, 1) defined by

wH|U = ddCRef
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on U. By construction, this is independent of the choice of wg-/s.
By [88, Section 1.2 in particular Proposition 1.1], the following formula holds:

1
WH =5 Z (=1 (p - Qer(RUSYy 5, hi2) = —wi(273),

0=p,q=2

where we used the Serre duality (see Lemma 5.4.1 below) to get the second equality.
This completes the proof. n

Theorem 5.3.13. Let (X, ) be a manifold of K3 _type with antisymplectic involution
of type (M,K). Then Tarxc(X,¢) is independent of the choice of an t-invariant Kihler
metric. In particular, it is an invariant of (X, ).

Proof. We follow [82, Theorem 5.7]. We regard P! = C U {oo}. Let hxo, hyxo be
two t-invariant Kahler metrics on X. Set 2" = X x P!, and let f : 2~ — P! be the
projection. For each z € P!, we define an ¢,-invariant Kahler metric h, on the fiber X,
by

1 |2*

h,=———h —— I .
PO R

We may regard (h.).cpr as an -invariant fiberwise Kahler metric on 72" /P!

Since the family f : 2" — P! does not change the complex structures, we have
ci(folK g pr, hi2) = wy- (27 p1y = 0. By Theorem 5.3.11, we have dd®log Ty, 2 p = 0,
and log Tysx 27/pt is a pluriharmonic function on P!'. Since P! is compact, it is constant
and Taz e, 2 /p1(0) = Tarc,27/p1(00). Thus a1 (X, ¢) is independent of the choice of an
t-invariant Kéahler metric. O

By Proposition 2.2.14, the image of the period map Pk : MMJC — My is

MK
Lemma 5.3.14. Let p € M§, ., and we define a real number Tarxc(p) by
Taux(p) = (X, 1) ((X,0) € Py ().

Then Tac(p) is well-defined. Namely, it is independent of the choice of (X,1) €
P]\_4,1;c<p)~

Proof. Let (X,1), (X',t) € Py (p), and let m: (27,1) — Def(X, 1) and @' : (27,0) —
Def(X’,/') be the Kuranishi families, respectively. By Lemma 2.2.18, there exist se-

quences {p,, }>°_; in Def(X, ) and {p/,}°°_; in Def(X’, ) such that 7= (p,,) = 7"~1(p],)
for all m 2 1 and p,, — p, p,, = p (m — o0). Therefore we have

T (X, ) = nll_rgo MK, 2 ) Def(X,0) (Pm) = mh—{%o T, 27 Det(x ) (D) = Taric (X', 1),

which completes the proof. Il
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By Lemma 5.3.14, we obtain a real-valued smooth function 7a7c on M, .
Fix a vector | € Mg with [* = 0. Recall that Q7 , is a bounded symmetric domain
of type IV. The Bergman metric wg,+ L on QL . is defined by
M

wor ([n]) = —dd®log Baa([n])  ([n] € Q,0), (5.3.25)

ML

where

Buss (fn]) = % (I € 2).

Since wor s [y g-invariant, it induces an orbifold Kéhler form way,, . on M.

Lemma 5.3.15. There exists a smooth (1,1)-form opxc on M such that for any
(X,1) € Myrx we have
P]T/[,ICUM,IC = WH (2+/Def(X,1))>

where Py : Def(X, 1) — My is the period map of the Kuranishi family w: (2", 1) —
Def(X, ) of (X,¢).

Proof. Let (X,1) € My and let 7 : (2,1) — Def(X,¢) be the Kuranishi fam-
ily. Fix an isomorphism o : R*m.Z — L pet(x,) such that for each s € Def(X, L),
as : H*(Xs,Z) — Ly is an admissible marking for (M, K). The period map Py :
Def(X, 1) — QF | is defined by

ML

Pux(s) = as(H**(X,)) (s € Def(X,1)).

By the local Torelli theorem, we may assume that Py x is an isomorphism onto its im-
age. We set Def(X, ¢, a) = Ppric(Def(X,¢)) and we identify Def(X, ¢, a) with Def(X, ).
It suffices to show that {wr (2 Def(x,1,0)) } (X,,0) Patch together to a smooth (1, 1)-form
T on Q]\Jr/[L \ Z)1 and that 7 is I'j1 c-invariant.

Let (X', ¢, @) be another triple and its Kuranishi family is denoted by «’ : (Z7,/) —
Def(X', 1/, a’). We assume that Def (X, ¢, a)NDef(X’, 0/, o) # 0. Set U = Def(X, ¢, a)N
Def(X',//,a’) and U° = U \ Z. Here Dk is a I'j1 -invariant effective reduced divisor
on QF | defined in Theorem 2.2.15. By Theorem 2.2.15, 7 : (7~ (U°®), t|z-1(ve)) — U°
and 7' : (7)1 (U°), V| (zy-1(ey) — U® are locally isomorphic. By Lemma 5.3.12,

WH (2'+) Def(X,1,0)) U = WH((27)+/ Def(X' ! ,a’)) |U° -

Since U® is dense in U and since both wg (27 Det(x,,0)) a0 WH-((27):) Def(X'/,a7)) ATE
smooth, we have
WH (2] Def (X u,0)) [U = Wi ((277) ) Det(X7 " ,0')) U+

Since {Def (X, ¢, )} is an open covering of Q7 \ Zy., there exists a smooth (1, 1)-form
7on Q) \ 2y such that

T|Det(X,,0) = WH (27 Def(X,,a))
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for each (X, ¢, ).
For v € I'j1 xc, there exists g € I'(K) such that v = g[p,.. Since
’Y*WH-(%L/ Def(X,1,a)) — WH(2'¢/Def(X,1,g~Loa))s

the form 7 is 'y jc-invariant. Therefore 7 induces a smooth (1, 1)-form oz x on M, .
O

Theorem 5.3.16. The following equation of differential forms on M3, holds:

(t+1)(t+7)
8
Proof. Let (X,t,a) be as in Lemma 5.3.15. Applying Theorem 5.3.11 to the Kuranishi

family 7 : (27, 1) — Def(X, ¢, a), the following equation on Def(X, ¢, a) holds:

(t+1D)(t+7)
16

By (5.3.25), we have ¢ (7K 2/ pet(X,1,0): hr2) = QwQLl |Def(xX,,0)- By Lemma 5.3.15, we

—dd®log Ty, 2775 = Marx T OMK-

—dd* 10g TMK,% | Def(X,1,a) = C1 (W*K%/ Def (X ,1,a) hL2) + WH(2'¢) Def(X 1,@))-

obtain the desired equation. Il

Remark 5.3.17. Let (X, ) be a manifold of K32-type with involution of type (M, K)
and let f: (27,¢) = S be a deformation of (X,¢). Consider the equivariant analytic

torsion 7,(O4) of the trivial line bundle on 2~ with trivial metric. In the same manner
as in this subsection §5.3, we have

dd‘ log {TL<O_3()AO<%/S, hgg/s)} =0,
where Ag(Z/S, has) is a function on S defined by

Ao(Z /S, harys)(s) = Ao(Xy, 15, hs) =€ 1/ D T || R S
72 = sy lsy Nlg) i = €X — —
0 y M /S 0 p 9% i g 772/\7752 VOZ(XS,U.)S) 0

X§:| )

It is very likely that 7,(O4 ) does not induce an interesting invariant which reflects the
complex structure of a K3P-type manifold with antisymplectic involution.

Similarly, consider the equivariant analytic torsion 7,(Q%, /S) of 3. /s on 2 with
the po-invariant hermitian metric induced from the fiberwise Kéahler metric hy-/s. In
the same manner as in this subsection §5.3, we have

dd®log 7,(2% ,g) = 0.

Qo =c1(T2)S)? — 2es(TX/S) — cr(TX /)2, + 3co(TX /S)] 9.

Again, it is very likely that TL(Q?% /s) does not induce an interesting invariant which

reflects the complex structure of a K3®-type manifold with antisymplectic involution.
We conjecture that 7,(Ox)Ag(X, ¢, hy) and 7,(Q%) are constant functions on the
space Mj, . These are the reason why we study the equivariant analytic torsion

TL(@) of holomorphic cotangent bundle with pus-invariant hermitian metric induced
from the fiberwise Kahler metric hy.
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As an application of this invariant, we show the isotriviality of families of K3[-
type manifolds with involution under a certain assumption. We assume the following
properties of (M, K):

(1) t #—1,-T.

(2) Each manifold of K3Z-type (X, ) with antisymplectic involution of type (M, K)
satisfies ¢(X*) = py(X*) = 0.

Here ¢(X*) = dim H'(X*, Ox.) is the irregularity of X*, and p,(X*) = dim H*(X*, Ox.)
is the geometric genus of X*.

Example 5.3.18. Let My = U(2) ® Eg(2) or Ax(2)* (k=0,...,9), where
Akzlg@—llofk (k?ég), AgIIQEB—IQ or U@U (k:8)

By [63, Theorem 4.2.2.], the fixed locus Y7 of a 2-elementary K3 surface (Y, o) of type
M, is the empty set or consists of smooth rational curves. Let M = M, & Ze and let
K € KT(M) be a natural chamber (See Definition 6.3.2 below). Then (M, K) satisfies
the above assumption by (6.3.3).

Theorem 5.3.19. Suppose that (M, K) satisfies the above assumptions (1), (2). Then
there exists no irreducible projective curve on MG . Moreover if f : (Z ;1) — S is a
family of K32 -type manifolds with antisymplectic involution of type (M,K) and S is
compact, then f is isotrivial. Namely, any two fibers of f are isomorphic.

Proof. Let (X,1) € My and let 7 : (27,1) — Def(X,1) be the Kuranishi family.
Since q(X!) = py(X:) = 0 for each fiber (Xj, ), we have wy-(2/pet(x,)) = 0. By the
construction of oy, we have oy = 0 on My, .. By Theorem 5.3.16, we have the
formula

(t+ 1)8(_t D ot (5.3.26)

—dd° log T™MK =
on Mj . Since waq,, . is a positive form,
function on M§, .

Suppose that there is an irreducible projective curve C on M3, . Then the function

—m log Tar xc is a plurisubharmonic

(—m log TM,;C) |c is a subharmonic function on C. By the maximal principle, it

is a constant function, which contradicts the formula (5.3.26) since way,, . is a Kéhler
form.

Let f:(2,1) — S be a family of K3-type manifolds with antisymplectic involu-
tion of type (M, K). Assume that S is compact. The period map Py @ S — M«
is a proper holomorphic map. By the Remmert proper mapping theorem, its image
P xc(S) is an analytic subset of the quasi-projective variety M, . Suppose that f is
not isotrivial. Then Py x is not a constant map and Py x(S) contains an irreducible
projective curve. This contradicts to the first statements. O]
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5.4 The L?-metric on direct image sheaves

Let us show the fundamental properties of the L?-metric on direct image sheaves which
we used in the previous section.

Let .# and B be complex manifolds of dimension m + n and n, respectively. Let
T : M — B be a proper holomorphic submersion. Set M, = 7~(b) forb € B. Let h 45
be a fiberwise Kéhler metric on the relative tangent bundle T.# /B. The hermitian
metric on Qﬁ// /B induced from h_4,p is also denoted by h_4/p.

Since dim H?(M,, 2y, ) is independent of b € B, the direct image sheaf Rim.Q", /B
is locally free. We regard RI7,Q", pasa holomorphic vector bundle on B. Recall that
RqW*Qf’% /B is equipped with the hermitian metric called the L?-metric. This metric is

denoted by hy>. The dual metric on the dual <Rq7r*§z?;, /B) is denoted by /%,. By the
Serre duality, there exists an isomorphism of holomorphic vector bundles

@ R, = (RPm )
Lemma 5.4.1. The following identity holds:
a(R'm ) hi) = —ci(R™ 'm0, 1, hie).

Proof. Let M be a fiber of 7 : .# — B. The restriction hy := h 4 /p|m is a Kéhler
metric on M. We identify a cohomology class o € HYI(M, Q) with its harmonic
representative. It suffices to show that the Serre duality

O HI(M, Q) =2 H" (M, Q") aw— <5|—>/ oz/\ﬁ)
M

is an isometry with respect to the hermitian inner products hr2 and hj,.
It is well-known that the Hodge *-operator

« 1 (APIT*M, hyy) — (NPT M hyy)
is an isometry (cf. [40, Proposition 1.2.20]). Then * induces an isometry
x: (HY(M, Q%) hp2) = (H™P(M, Q5 ), hr2).

Let ey,..., e, be an orthonormal basis of (HY(M,$2,), hrz). If we set f; = *¢€; (i =
1,...,m), then fi,..., fi, is an orthonormal basis of (H™ 9(M,Qy; *),hr2). By the

construction of the dual metric hf, on (H™ (M, Q4 )*, hi,), its dual basis ff,..., f
is also an orthonormal basis.
For each i = 1,...,m, since ®(e;) € H™ (M, Qy; ")*, there exist complex numbers

a;; € C (j=1,...,m) such that

<I>(el) = Z CLijf;.
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For each i, 5, we have

aij = (Z az‘kf;l‘) (f) = ®(e:)(f;) = /Mei A Jj (5.4.1)

By the definition of f;, we have

/ €; VAN fj = / €; VAN *67] = hL2 (e,-, Gj) = 51] (542)
M M

By (5.4.1) and (5.4.2), we have ®(e;) = fF. Since ® maps the orthonormal basis
€1,...,en to the orthonormal basis f;,..., f, ® is an isometry. This completes the
proof. Il

Lemma 5.4.2. Let M be a compact Kdahler manifold of dimension 4. Then the L*-
inner product hrz on the cohomology H*(X, Q%) (p = 1,3) depends only on the choice
of the Kahler class and is independent of the choice of a Kahler metric itself.

Proof. Let hjy; be a Kahler metric on M. Its associated Kahler form is denoted by wy,.
Let L be the Lefschetz operator defined by the multiplication of wy;. Let o € APL(M)
(p = 1,3) and consider the Lefschetz decomposition a = LB + v, where [ is a primitive
(p — 1,0)-form, and ~ is a primitive (p, 1)-form. Then we have

ledlZ = ILBIZ- + [V IIZ-- (5.4.3)

Here, by [40, Proposition 1.2.31], we have

. e B o - _
HLﬂHLz—/MLﬁA{ =] L ﬂ}— /MwM ABAB.

(4—p)!
(5.4.4)

On the other hand, by [40, Proposition 1.2.31}, we have

(p+1)(p+2) (p+1)(p+2)
()R (e

(5.4.5)

By (5.4.3), (5.4.4) and (5.4.5), we have

(p+D)(p+2) .
2 ]

(3—p)!

(-1 it
(4-p)!

(=1

9 p+1 5
. = /MWMPMM.

(5.4.6)

/wi}p/\ﬁ/\,@—i-
M

Let « € HY(M,Qh,) and consider the Lefschetz decomposition o = L3 + ~y, where
Be HOM, QP ) and v € H (M, Q")) are primitive. If we identify cohomology classes
M M
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, 3,7 with their harmonic representatives, the L2-norm of « satisfies the above formula
(5.4.6). Since the Lefschetz operator L : HY(M, Q) — HI (M, Q") depends only on
the choice of the Kahler class, the Lefschetz decomposition depends only on the choice of
the Kahler class. Let w), be another Kéahler form on M with [wy] = [w),] in H?(M,R).
By the 90-Poincaré lemma (see [40, Corollary 3.2.10]), there exist differential forms &,
e such that

B'=pB4ddo, ~ =~+dde (5.4.7)

are harmonic representatives of the cohomology classes [(], [vy] with respect to the
Kahler form wj),, respectively. Hence w); A 8’ 4+ 7 is the harmonic representative of «
with respect to w),. By (5.4.6) applied to a and w/;, we get

plp=1) . 11 (D) (P+2) .19
2 (_1) = / / 5—p ' A2 (_ ) 2 PP / ! 3=p A S
allje = w ANB NG+ w AY N
H ||L2, iy (4_]?)' " M (3_]9)' " M v AT
Thus, by Stokes” formula and (5.4.7), we get [|a]|7.,, = a7, ., Hence, these L2

metrics on H'(M,Q4,) (p =1, 3) depends only on the Kéhler class. O



Chapter 6

The singularity of the invariant 7, i

In this chapter, we show the algebraicity of the singularity of the invariant 7. As an
application, we prove that in some cases, our invariant coincides with the invariant of
2-elementary K3 surfaces in Section 4.1 up to a universal constant.

6.1 The singularity of equivariant analytic torsion

Let 2 be a smooth projective manifold of dimension n+ 1 and let ¢ : 2" — %2 be a
holomorphic involution. In what follows, we consider the ps-action on 2" induced by
t. Let C' be a smooth projective curve with trivial us-action, and let f: 2" — C be a
fo-equivariant holomorphic surjection. Then the ps-action preserves the fibers of f.

Let ¥y = {z € Z";df(x) = 0} be the critical locus of f and let Ay = f(X;) be the
discriminant locus of f. The fiber of f at s € C is denoted by X,. We fix a general
fiber Xo,. We set C° = C\ Ay, Z° = f1(C°), and f° = f|g.. Then f°: 2° — C°
is a family of projective manifolds with ps-action.

Let hy be a pg-invariant Kéhler metric on 2Z°. We assume that the Kahler form of
hg is integral. The relative tangent bundle 72" /C' is the ps-equivariant subbundle of
T2 | g\x, defined by

TZ |C = Ker(f.

s, TX

s, — fTC

%\Ef)'

We set hgg/c = hgy T2 /C-
Fix 0 € Ay and let (4,s) be a local coordinate on C' centered at 0 such that
ANA; = {0} and that s(A) is the unit disk in C. We set X = f1(A) and A* = A\{0}.

Assumption 6.1.1. We assume that the singular fiber X is simple normal crossing.
Namely, for each point of X there exists a coordinate neighborhood (U, 21, ..., z,11)
on 4 such that X, NU is given by z; - - - 2z = 0 and each irreducible component of X
is smooth.

In this section, we prove that log TL(ka, ha|x.) has a logarithmic singularity as
s — 0. For this, we study the singularity of the equivariant Quillen metrics and the
L2-metrics on the equivariant determinant of the cohomology.

85
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6.1.1 Kahler extension and the singularity of equivariant Quillen
metrics

The pg-invariant hermitian metric on Q- induced from the metric hy on T2 is also
denoted by hg. The ps-invariant hermitian metric on Qi@-/c = Qi@f|g\gf/f*Qlc 2\8;
induced from the metric hy /o on T2 /C' is also denoted by hy /c.

We define a hermitian metric hyeqy, on QL a\x; by hpqr = hgg|f*glc|%\2f. Let he

be a hermitian metric on Q}, such that ho(ds,ds) =1 on A. Then f*h¢ is a hermitian
metric on f*Q}. We identify f with so f. Then df (= d(so f)) is a holomorphic 1-form,
and

frhe(df,df) = f*(he(ds,ds)) = 1, hpou (df,df) = ho(df. df) = ||df ||*.
Therefore we have
By, = IAf 12 R (6.1.1)
Let ﬁé{ Ve, be the complex of locally free sheaves on 2~ defined by
Qo [1OL = Q.

Since
0= f*Qplae = Qo = Qlyojge =0

is a short exact sequence of us-equivariant vector bundles on 2°°, we have the following
canonical isomorphism of holomorphic vector bundles of rank 2 on C°

Mz (o jce) = Ao (o) @ Ny (£ Q)™

co-

Namely,
Ai (o jco) 2 AL(QY0) @ AL(f*QE) ™

Definition 6.1.2. We define the Kdhler extension of )‘#2(92{0/00) by

ce-

Mus (o) = A Qo) @A (Qlje), Ae(Qlyye) = A () ® A (F720) 7" (6.1.2)

Clearly, we have the canonical isomorphism of holomorphic vector bundles on C°

s (?21%/0)‘00 =\ (Qiﬂyo/co)- (6.1.3)

Let I : P(Q)) — 2 be the projective bundle associated with Q' and ITV :
P(TZ)Y — Z be the projective bundle associated with "2, where the fiber P(7,2")¥

is the set of all hyperplanes of T, 2.
The Gauss maps v : 2\ X; = P(Q) ) and p: 27\ Xy = P(TZ")" are defined by

=0 82,

v(z) = [df] = [ (fv)dzi] @) = [T X))
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Y

Under the canonical isomorphism P(QL-) 2 P(T2")", we have v = p.
Let L = Opq)(—1) C I1*Q},- be the tautological line bundle on P(Q},) and set

Q = 1I*QY,. /L. We have the following short exact sequence of holomorphic vector
bundles on IT*QY,:
S:0—=L—=I"Q, —Q —0.

Let H = Opr2yv(1) and let U be the universal hyperplane bundle of (IIV)*T".2Z".
We have the dual of § given by

S:0-U— (IIV)'TZ — H — 0.

The vector bundle H*ngg is endowed with the hermitian metric II*hy-. Let hj
and hg be its induced and quotient metrics on L and (), respectively. The vector
bundle (ITV)*T'Z" is endowed with the hermitian metric (IIY)*hy. Let hy and hy be
its induced and quotient metrics on U and H, respectively. We denote by S the short
exact sequence of holomorphic hermitian vector bundles

S = (S, (hr, IT*hy, hg)).

We have the following isometries of holomorphic hermitian vector bundles over 2"\
b)) fZ

F=vS, (TZ)C hyc)=u U hy), (6.1.4)

where F is the short exact sequence of holomorphic hermitian vector bundles over
2\ Xy given by

F:0= Q6 = Uy = Q)0 =0 and  F = (F, (hpqu, hay , ha o).

Since df is a nowhere vanishing holomorphic section of v*L| 45, we have the following
equation of (1,1)-forms on 2"\ X;:

vhey(Ly hy) = —dd®log ||df||*. (6.1.5)

Note that X, is a proper analytic subset of 2. By [64, Theorem 4.5.3], the Gauss
maps v and u extend to meromorphic maps v : 2~ --» P(Q) ) and p: 27 --+ P(TZ")V.

Then there exist a smooth projective manifold %ffv, a normal crossing divisor £ on Z,
a bimeromorphic morphism ¢ : 2~ — 27, and two holomorphic maps 7 : 2~ — P(Q2},),
e X = P(TZ)Y such that

* q_l(zf) =E,
e the restriction g| AvE 2 \ E — 2 \ X is an isomorphism,

e Oon f\E,ﬁzuoqandﬁ:uoq.
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We set By = EN g 1(Xp). The fixed locus 2™ admits the decomposition 27 =
X U 2, where any connected component of 27 is flat over C and 27 C fH(Ay).

Let 2} C 2 be the proper transform of 27. We define topological invariants of the
germs (f : (27, Xo) — (C,0),Q%) and (f : (27, Xo) — (C,0), f*QL) by

o) = [ o (I e en )
_/ Td, (T2 )ch, ().
25N Xo

oo s = [ 7 {%} ¢ {Td (T2 )ch,(£0L)}

—/ T, (T2 )ch(FOL),
25N Xo

The equivariant Quillen metric on A, (QL- ,-.) with respect to hy /¢ is denoted b
p2\3e g0/ / Y
2
|| ||AM2(Q}§{O/CO)=Q7}I‘%/C
hg is denoted by || - H?\M(Q}%),Q,h%
with respect to .1 is denoted by || - ||2 PO Q (¢), and the equivariant Quillen
) f*QC’

(¢), the equivariant Quillen metric on \,,(2},) with respect to

(1), the equivariant Quillen metric on A, (f*Q4)|c

metric on A, (f*Q¢) with respect to f* hc is denoted by || - Hiu (L. frhe ()
2 c)@

Definition 6.1.3. (1) We denote by || - H2 ) @ha, (1) the equivariant Quillen
N/ C
metric on A, (Qx/c>|c° induced from ||- ||/\ o o) @i s (¢) by the isomorphism
(6.1.3).
(2) Let || -|? (1) be the ps-equivariant metric on )\Mz(ﬁi@ o)lce defined
>\H2 /C)’Q’hf*Qé /
by
2 _ 2
H ||)\M2 %/C)’Q’hf*ﬂ}j (L) - H . ||)\M2(Q‘1%f)’Q,h%( ) ” H/\ f* )Q f*Ql (L)

via the canonical isomorphism (6.1.2).

(3) Let [ -

Np (@ )., fhe () be the ps-equivariant metric on A, (Q%/C) defined by

_ 2
1118, @, o0ne @ = 1 I @bana (O @ 1150 (0 0,50 (O

via the canonical isomorphism (6.1.2).

Let € be a ps-equivariant holomorphic vector bundle on X = f~!(A) with dim HY(X,, £|x,)
constant. Recall that a holomorphic section o = (04,0_) of the determinant of the
cohomology A,,(E) = A4 (E) & A_(€) is called an admissible section if both o and o_
are nowhere vanishing on A.
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Let 09 = (0%,0,) be an admissible section of \,,(%-)|a. Let oc = (0, 04) be
an admissible section of A, (f*Q¢)|a. We define an admissible section o of A, (2, sc)la
by 0 =09 ® o'

For f,g € C®(A*), we write f =g if f — g € C°(A).

Proposition 6.1.4. The following equalities hold:

QL(X07 Qlﬁ{) 1Og |S|27

log ||U%(S)||§NQ(Q}%),Q,;1%(L)
log HUC(S)|’?\H2(f*95),Q,f*hc(L) = a,(Xo, Q) log |s|*.
Proof. This proposition follows from Theorem 6.5.4 below. O
Let f, be the integration along the fibers of f: 2 — C.
Proposition 6.1.5. The following equality of functions on A holds:

. 2 _
H H)‘uz(glgf/c)anh%/C<L)

(1)

Il
e

log

. 2 ~
| Hm @)@yt

Proof. Note that F is acyclic on Z°°. By the anomaly formula for equivariant Quillen
metrics (Theorem 1.2.8), we have

. 2 _
|| ||)‘M2(Q‘1%'/C))Q7h%/C(L)

log = [1. (ra. @2 /0 hy ) @)]

12 L
H ”A”2(Q19,’/C)7Q7hf*glc ([/)

where ch,(F) is the Bott-Chern secondary class (Theorem 1.2.5) such that
—dd°ch,(F) = ch,(f* Q. b)) + chi(Qy o ) — chi (-, hy ).

We set f: Joq: 2 — C. The integration along the fibers of f and f are denoted
by f. and (f)., respectively. For any differential form « on 2™\ ¢ !(X;), we have
(f)e(a) = f. ((¢1)*a). On A%, we deduce from (6.1.4) that

J (Td(T 2 [C, b jo)eh(F) ) = J. (0 Td, (U, hor)v* chy(S))
= fla™) (BT (U, ho)7ch,(S))
= (). (74U, h)7ch,(S))
Since ji*T'd, (U, hy)7*ch,(S) is a smooth differential form on 2 andsince f : 2 — C'is
a proper holomorphic map, [(f)* (,Tl*TdL(U , hU)l?'*c?LL(g)ﬂ oo is a continuous function

~  __\1(0,0)
on A by [4, Théoréme 4 bis.]. Therefore the function [ I« <TdL(T Z/C, hg c)ch,(F ))]
on A* extends to a continuous function on A. This completes the proof.
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We set

i i e (L hy)) 1
L X ,Ql _/ *Tdb Uah eXP(Z CI( -
BuXo Qo) = | FTAU he) =57

Proposition 6.1.6. The following equality of functions on A holds:

1115, (1)

gy C) Q hf*Qlc

log = B3.(Xo, ﬁi@-/c)log |s]?.

12
H H>‘M2(ngg/c)7Qaf*hC (L)

Proof. Let (;ilL<f*Qlcv;f*hC,hf*Qlc) and &L(f*Qlc;f*hC,hf*Qé) be the Bott-Chern sec-
ondary classes (Theorem 1.2.5) such that

dd°ch,(f*Q: f e, hyeau) = ch (f*Qp, [ he) — chy(f* Q4 hyeop),
ddch(f*Qp; frhe, hy-ay) = ch(FQb, Frhe) = ch(f*Qp, hregn)

hold on 2™ \ £y and 2"\ Xy, respectively. By the anomaly formula for equivariant
Quillen metrics (Theorem 1.2.8), we have

2 L 2
“ H (Q ( ) || ' ” Mg ( f*Ql)Q,f*hc(L)

%/c) th*nl
— T

log
f*Q .Q, hf*Qlc (L)

— [f* (TdL(T%/C, h%/C)C?LL(f*Qé; Fhe, h‘f*Qé))] (0,0) ‘

|| ||)‘H2(Q%/C)Qf*hc( )

Since ¢ acts trivially on f*Q|2w\x,, we have
ch (f*QL: frhey hpear) = ch(f*Qbs frhe, b ) ans,
By [27, (5.5)], we have

exp(v*ei (L, hr)) —
veei(L, hy)

- . 1
ch(f* Qs frhes hpear) = log [|df ||*. (6.1.6)

By (6.1.4) and (6.1.6), we have

= {f* (u*TdL(U,h ool Cl((L ZL))) o dfuz)]((w)
= |7 (o) =R qmmm@rw

= ﬁL(XO,fZ}%/C) log |s]?,

where the last equivalence holds by [83, Lemma 4.4 and Corollary 4.6]. O
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We define a topological invariant -, (Xo, 2}, sc) by

%(X0, 2y s0) = au(Xo, ) — au(Xo, [1Q0) + B.(Xo, V).

By Definition 6.1.3 (3) and by Propositions 6.1.4, 6.1.5, and 6.1.6, we obtain the fol-
lowing result.

Proposition 6.1.7. The following equality of functions on A holds:

log lo(5)1, @, e () = (X B ) log s

6.1.2 Logarithmic extension and singularity of equivariant I2-
metrics
Let V be a flat vector bundle on the punctured disk A*. The Gauss-Manin connection

V is defined by
Ve f)=ved,

where v is a flat section of V and f is a holomorphic function. The lower Deligne

extension (Viog, V) is a unique extension of (V, V) such that

(1) Vg is a holomorphic vector bundle on A with Vigg|ar =V,
(2) V1 Viog — Vieg @ 4 (log[0]) is a logarithmic connection with V|« =V,
(3) If v is an eigenvalue of the residue map reso(V), then o € QN [0, 1).

Here the residue map resg(V) : Viog(0) = Viog(0) is induced by
(1® Ro) 0V : Vigg = Viog @ Q4 (10g[0]) — Vieg,

where Viog(0) = Viog/IoViog With Iy C O, being the ideal sheaf of 0 € A and Ry :
Q% (log[0]) — C is the Poincaré residue map given by Ro(f%) = f(0).

Following Eriksson-Freixas i Montplet-Mourougane [25, §2], let us briefly recall the
explicit construction of V... Let ¢ : H — A* be the universal covering defined by
q(1) = exp(27iT), where H is the upper half plane. Let V : ¥V — V ® QL. be the
Gauss-Manin connection defined by

Viv® f) =vdf,

where v is a flat section of V and f is a holomorphic function. We define the space Vi
of flat sections of V by

Voo = Ker(¢"V : T(H, ¢*V) — T(H, ¢*V ® Q4)).

The monodromy transformation 7' € End V, is defined by T'o(7) = o(7 + 1). By the
monodromy theorem [73, (6.1)], T is quasi-unipotent. By the Jordan decomposition, we
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have T'=T,T, = T, T,, where T} is a semi-simple endomorphism and 7, is a unipotent
endomorphism. The logarithm of T, is well-defined. We choose the lower branch of
logarithm that takes values in R+ 2mi (—1,0] and denote it by !log. Then we can define
Hog T, and we set

1 1 1
—logT = —'log Ty + — log T,.
211 211 211

For e € V,,, we define € € I'(H, ¢*V) by
e(r) =exp(—7logT)e(r).

Since €(7 4 1) = €(7), we may regard € as the section of V over A*. Therefore we have
an injective C-linear map of vector spaces

¢: Ve = T(A%V), e elq),
which induces an isomorphism of vector bundles on A*
Voo @ Op« = V. (6.1.7)

We define Vjq by
Vlog - ¢(Voo) ® OA-

By taking the fiber of Vi, at 0, we have an isomorphism of vector spaces
P Ve = Viog(0), e — €(0). (6.1.8)

Consider the normal crossing degeneration f : X = f1(A) — A We recall
Steenbrink’s construction of the lower extension of the Hodge bundle induced from
f:X°=f1(A*) — A*. For more details, we refer to [77, §2], [78, §2] and [25, §2].

We define locally free sheaves on X = f~1(A) by

y/a(log) = Q5 (log Xo)/ f* 4 (log[0]), Q% 4(log) = APQ) 4 (log).

These sheaves are equipped with the relative exterior differential d and (2%, (log), d)
is called the logarithmic de Rham complex of f.
Let Viog = R*f.Q% / (log) be the k-th direct image sheaf of the complex of vector

bundles (€254 (log),d). By [77, (2.18) Theorem], Eog = ka*QB(/A(log) is a locally free

sheaf. By [77, (2.2) Proposition]|, we have 1710g A+ = V. Hence lNilog is a holomorphic
vector bundle on A and is an extension of the flat vector bundle V = R*f,C @ Oax.
By [77, (2.19), (2.20) Propositions], there exists a logarithmic connection V : Vi, —
)710g ® QY (log[0]) such that V
map resp(V), then « € QN [0,1). By the uniqueness of the Deligne extension, 1710g is
the lower Deligne extension of V.

A+ = V, and such that if « is an eigenvalue of the residue
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In what follows, we identify 1710g = ka*Q;(/A(log) with Vo Let j : A* — A be
the inclusion and let FPV be the Hodge filtration bundle of V. We define the Hodge
filtration bundle F of Vi,e by

log

jE’p

log —

= 5.(FPV) N Vigg C J.V.

Namely, Fp consists of sections of .7-"”1) which extends to sections of Vio.
By [78, (2 11) Theorem], R?f.QF sa(log) is a locally free sheaf. Since the spectral
sequence

EPT =R, Qx/A(log) = ka*QB(/A(IOg)

attached to the béte filtration QX/pA(log) degenerates at Ey (cf. [91, p. 130]), we have

FL.=Im(RFf. QX/A(log)—>R f:0% 4 (l0g)) (6.1.9)

log —

and
log

1og/]:qDJrl REPf, QX/A(log)'

We have the following short exact sequence of coherent sheaves on A

0— Fitt — FP

log log

By the local freeness of R?f.Q ,(log), 7,

log

— REPL.O% ,(log) — 0.

is a locally free subsheaf of V.

Recall that X° = f~'(A*) is equipped with the ps-action induced from the in-
volution ¢ and that A* is equipped with trivial ps-action. Since f : X° — A* is
[o-equivariant, the ps-action preserves the fibers of f. Therefore the ps-action induces
the py-equivariant structure on the flat vector bundle ¥V = R¥f,.C @ O x-.

By the definition of the Gauss-Manin connection V, it is a ps-equivariant map and
the po-action on I'(H, ¢*V) preserves V. Since the identification (¢*V), = V) =
Var+1) = (¢*V)r41 18 pp-equivariant, the monodromy operator 7' is also pip-equivariant.
By its construction, ¢ is pe-equivariant and Vi, = ¢(V) ® O, is endowed with the
po-action induced from the ps-action on V.

Lemma 6.1.8. Let E, F be ps-equivariant holomorphic vector bundles on A and let
@ : E — F be an isomorphism of holomorphic vector bundles. If p|g),. : E|lax — F|a-
1S o-equivariant, then ¢ @ E — F is an isomorphism of ps-equivariant holomorphic
vector bundles on A.

Proof. Let r be the rank of E. The involutions of E and F' induced from the pus-
action are denoted by ¢ : E — E and j : ' — F, respectively. Since E and F' are
holomorphic vector bundles on A, E and F are trivial vector bundles and there are
global holomorphic frames ey, ..., e, and fi,..., f. of £ and F, respectively. We define
the r x r-matrix A = (a,,) by

p(ilep)) — Jlplep)) = Zaquq'

q
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Then a,, is a holomorphic function on A for each p, q. Since ¢ is po-equivariant over
A*, we have apy,|a+ = 0. Since a,, is continuous, we have a,, = 0 on A. Therefore for

each p, g,
p(ilep)) = Jp(en))-
Thus ¢ is a pg-equivariant isomorphism. This completes the proof. [

Lemma 6.1.9. The ps-action on Vieg is the extension of the ps-action on V and pre-
serves the Hodge filtration .Ef’)g.

Proof. Since ¢ is a po-equivariant homomorphism, (6.1.7) is a ug-equivariant isomor-
phism. Therefore, Vigglar = ¢(Vo) ® On = V is a pg-equivariant isomorphism and
the po-action on Vi is the extension of the ps-action on V. Consider the po-action
of R* F8%, A(log) induced from the po-action of Q%) A(log). Since the ps-action on
ka*QB(/A(log) is the extension of the py-action on V = R¥f,C ® O~ via the iden-
tification R"“f*QB(O/A*(log) >~ RFf.C ® O, it follows from Lemma 6.1.8 that Vg =
R[5 / A(log) is a po-equivariant isomorphism. Since the pp-action on R f,Q5% ) A (log)

preserves subbundle Im(RF f*Q@p (log) = R*f.05% / A(log)), the corresponding subbun-

X/A
dle ]-’fgg of Viog 18 a pio-equivariant subbundle via the isomorphism (6.1.9). This com-
pletes the proof. n
By Lemma 6.1.9, Viog, ﬁ’;g, and RF-P [ / A(log) are prp-equivariant vector bundles

on A. Their (£1)-eigenbundles are denoted by Vieg +, Fi, o, and R¥7 f.QOF sa(log),
respectively. These are holomorphic vector bundles on A.
Consider a semistable reduction

Yy "X
o,
A,?A7

where A’ is the unit disk, ¢ is a coordinate on 4A’, g : Y — A is a semistable degeneration
and p(t) = t'. Let s be the coordinate on A with s = #!. Since g~!(A™) is endowed
with the ps-action induced from the pp-action on X, R¥g,C ® O is a pp-equivariant
flat vector bundle on A™. In the same manner as above, its lower Deligne extension
U= RFgQ8 A (log) is a pg-equivariant vector bundle on A’ and it has a ps-equivariant
Hodge filtration bundle ?F? such that

pfp/pfpﬂ o Rk—pg*QZQ/A/ (log)

is a po-equivariant isomorphism.

Let hx be the ps-invariant Kéhler metric on X such that hx = hy|x and let wx be
the associated Kéhler form. Set Y° = g~(A*). Since the restriction r|y. : Y° — X° is
a e-equivariant finite étale cover,

ye (6.1.10)

wyo 1= (r*wx)
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is a po-invariant Kéhler form on Y°. The associated Kahler metric on Y° is denoted
by h,Yo .

We denote by H7(2% ). the (£1)-eigenspace of the jp-action on H(Q% ). We set
RET = dim HI(Q% )x and B =3 o hiF~' The pullback of differential forms from X
to Y induces ps-equivariant injections of locally free sheaves of equal rank

P Vieg = U,  p*F

log

— PFP, p RO A (log) = Rg.Q ) (log).
The quotients are torsion sheaves and we can write

hf, 4, OP &1
Oayp Rg*Qy/A,(log)i ~ Oap

[a¥)

p]:i
p*f-]zgd: B j:1 ta;iOA/70’ p*qu*QI))(/A<log>:t N ]:1 tb:;,,iOA,’O

for some integers af , and b7{. By [25, Lemma2.4],0 < a}, < I—land 0 = b7 < 1—-1.

Moreover a’ . /1, b5} /I are independent of the choice of semistable reduction. We set

oGl =01/l and  oh'=) ol (6.1.11)
J

The space of flat sections of U|» is denoted by U.,. There is a ug-equivariant
isomorphism between V,, and U, defined by

Vi Ve = Usx vie)(T) = e(lr).
In the same way as (6.1.8), we have the us-equivariant isomorphism
Pop: Uy — U(0),

and the Hodge filtration 7 induces a filtration F, ;. on Vi + through the isomorphism
P1p o v, which is called Steenbrink’s limiting Hodge filtration.

By [25, Corollary 2.8], exp(—2mia’’{) forms the eigenvalues of the Ti-action on
G, H*¥(X )+ and

1
Oéi’q = —% TI‘(Z]_Og TslGr%oo,j: Hp-‘rq(Xoo)i)- (6112)
Lemma 6.1.10. For every p,q = 0, there exists a nowhere vanishing holomorphic sec-
tion 687 of det qu*Qg(/A* (log)s such that t~X3%%p* 029 is a nowhere vanishing holo-
morphic section of det ng*Q’;,/A,* (log).

Proof. We set

k= hfl — rank FPT! ¢ = h% = rank 7}

log,+> log,+>

_ pptl +1 _ P D
m = h’"™" = rank 'Ff)g,—’ n=h? =rank F, .
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Choose a local frame of .7-"1’(’)& 4 and .Ef)g’_ around 0 and denote them by

Ol4,-..,00+ and oy_,...,0,_
such that oy 4, ..., 0 4 forms a local frame of J’-]’;;r, such that oy _, ..., 0, _ forms a lo-
cal frame of .Fff);l_, such that o441 4, ..., 004 projects onto a local frame of 77, / ﬂﬁgi =
qu*Q’;(/A(log)+, and such that 0,41, ..., 0, — projects onto a local frame of _7:1’;&_/.?@;1_ =
qu*Q{;(/A(log)_. Applying [25, Theorem 2.6 and the proof of Corollary 2.8] to the local
frame oy 4,...,004,01—,...,0,_ of .Ff)g, there is another frame

O1,...,00,001,...,00,
with the following properties:

(1) @?:1 Oab; = @f:l Oaoiy = FPL - and @f:1 Oab; = @f:1 Oaoit = Fie

log,+ log,+>
(2) there are integers 0 < a; =< [ — 1 such that ?6; = t~% p*6; forms a local frame of
PFP =PFR ®PF?,

(3) X 0 = X2, 001,

By (1) and (2), 0g1,-..,0, projects onto a local frame of the bundle qu*QI)’(/A(log)Jr
and t~%+1 p* 011, ..., 1% p*0, projects onto a local frame of the bundle ng*Q];,/A, (log) .
Therefore we obtain a nowhere vanishing holomorphic section %% of det R? f, Q. /A (log) +

such that ¢~ 25 %% p* 6”9 is a nowhere vanishing holomorphic section of det R?g,2. A (log) .

Similarly, applying [25, Theorem 2.6.] to the local frame oy _, ..., 0, _,014,..., 00+
of Fi,,; we obtain a nowhere vanishing holomorphic section 6”% of det R, % / A(log) -

such that ¢~ 23 % p*0? is a nowhere vanishing holomorphic section of det R?g, Qr I (log)_.

Denote the L*-norms on det R7£.Q%  ,(log)+
respect to hy|xe and hyo by || - [|3..

a- and det R1g. Q) (log) 4o~ with

Lemma 6.1.11. The following identity holds:

b?yq

p* log [|627(|72 — log [[¢~ 2 %= p" 057 |72 = okl log |t]?.

Proof. By (6.1.10), p*qu*Qg(/A(log)M/* = ng*Qf,/A, (log)|a is an isometry with re-
spect to the L?-metrics. Therefore, we have

=321« pp, , * ,
log ||t~ 23755 p" 629172 = = Y " bE L log [t + p” log [|657][7-.
J

By (6.1.11), we obtain the desired result. O
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Proposition 6.1.12. Let 0 = (04,0_) be an admissible section of )\M(Q’}/C(log)) on
A and let ||- ||)\ (7, (10g)) 12(0) be the L2-metric on A, (Q{';X/C(log)). Then the following

identity holds:
log ||U(S)||§\H2(QI;(/C(103))’L2(L) = Z(—l)‘J(aliq — " log |s]* + O(loglog |s| ™)
q

Proof. Let o' = (0’,,0") be an admissible section of A, (2, (log)) on A. Since
g:Y — A is a semistable degeneration, we get by [73, (6.6)], [69, Proposition 2.2.1.]

log |0, (t)[|7: = O(loglog [t|7!) (¢ — 0).
Since we can take o’y =t~ 2 4 p*oR7 this implies that
log ||t~ %3 %% p 09|12, = O(loglog [t| 1) (£ — 0). (6.1.13)
)

Since we can take o1 = ®,(0%9)"1’, we get by Lemma 6.1.11 and (6.1.13)

(" log [lowl22)(8) = S (=1)¢log [[¢~ 2504 50572, + 37 (—1)%a2 log |t
q

e ! (6.1.14)
= (~1)%a% log|t'[> + O(log log |¢| ).

Since s = t' = p(t), we get the result by (6.1.14).
[

6.1.3 Comparison between the Kahler extension and the log-
arithmic extension

In this subsection, following Eriksson-Freixas i Montplet-Mourougane [25], we compare

the Kahler extension with the logarithmic extension.

We write X = ). m;D;, where D; is a reduced irreducible component of X,. Since
Xo is simply normal crossing, D; is smooth. We set D(1) = U;D;. Let a: D(1) - X
be the natural morphism.

For a ps-equivariant vector bundle E over a complex manifold M, we set

X+(E) =) (~1)?dim H'(M, E).

q20

We define integers p+ by

pre = x+(0x.) ZXi (Op,).

Throughout this subsection, tensor products of line bundles are denoted additively for
lighter notation.
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Proposition 6.1.13. The following canonical isomorphisms hold:
)\i(@(/A) = A:(y o (log)) + p:0a([0]).
Proof. We follow [25, Proposition 3.7]. By the projection formula, we have
det (Rf.f*QL), = rank (R*f.Ox), - Q4 + det (R*f.Ox), .
Therefore
)\i((&m) = —x2(Ox)% + AL (Q%) — A\(Ox).
In the same manner, we can see that
A (Qx/a(log)) = —x+(Ox.. )24 (log[0]) + A (Qx (log Xo)) — A (Ox).
Therefore we have
s (Qy/a(l0g)) = Ae(Qy/a) = —xx(Ox.)O0a([0]) + Ae (R (log Xo)) — Ax ().
By the short exact sequence

0 — Q% — Q2 (log Xo) = a.Opqy — 0,

we have
A+ (Qx (log Xo)) — A (Qx) = Ax(a.0p)) = X£(Op(1)) O ([0]).
Thus we obtain the desired results. ]
We set
c(Xo, Q?%f/c) = 7.(Xo, Ql%/c) + (s — p) — Z(—l)q@éiq —al?). (6.1.15)

q

Theorem 6.1.14. The following identity holds:
logTL(ngg/S) = ¢(Xo, Qég/c) log |s|* + O(loglog |s|™") (s — 0).

Proof. Let || - (t) be the equivariant Quillen metric on the Ké&hler

2
|| A;U«2 (ﬁlg}’/c)vah%/C

extension /\m(Qi@/C) defined in Definition 6.1.3 and let ¢ = (04,0_) is an admissible

section of A, (€2 /). By Proposition 6.1.7, we have

log ]2 (1) = (X0, b c) log |sI. (6.1.16)

2 (ﬁ%@;/c)anhﬁ?f/C

Let

2 (ot 2
[ - H)\HQ(ng{/c(log)),Q,h%/c([’) = TL(QQ’/(,‘)H : H)\HQ(Q%/C(Iog)),LQ,h%/C(L)
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be the equivariant Quillen metric on the logarithmic extension A, (2}, sc(log)) with
respect to the Kahler metric hy /o and let ¢’ = (0/,,0’) be an admissible section of
Ao (Q}%/C(log)). By Proposition 6.1.13, there exist holomorphic functions fi on A such
that

fr(0) #0 and oy =s"fiol (6.1.17)

By (6.1.16) and (6.1.17), we have

2
log ||U,”Auz(Q?%/C(log)),Q,h%/c (v)

_ 2 2
=logloll},, @1, ) @ng o)+ (e —p)logls|” + O(1) (6.1.18)
= (X0, 0y j0) + (1. — ) ) log s + O(1).

On the other hand, by Proposition 6.1.12, we have

log HU/HiQ(Q}%/C(log)),Lz(L) =Y (—1)¥(a}? — al) log|s* + O(loglog |s| ™)  (6.1.19)

q20

By (6.1.18) and (6.1.19), we have

—1
log TL(Q%/C)

2 2
— log ||O-,||)\,u2(Q (lOg))’th%/C(L) B IOg ||U,||)‘N2(Q (lOg))’L2vh%/C(b)

1 1
x/C Z/C

= | (X0, o) + (g — o) = > (1)@} — a') | log|s|* + O(loglog |s| ™).
q20

(6.1.20)

By (6.1.15), the proof is completed. O

6.2 The algebraicity of the singularity of 7«

In this section, we prove that 7y x has an algebraic singularity.

6.2.1 Asymptotic behavior of 7/«

In this subsection, we keep the notation of the previous section §6.1.1. In addition, we
assume that the fiber (X, ¢5) of f: (27,¢) — C at any point s € C° = C'\ Af is a
manifold of K3/Z-type with involution of type (M, K).

Fix 0 € Ay. Let (A, s) be a coordinate on C' centered at 0 such that s(A) is the
unit disk and that AN Ay = {0}. The restriction of f to X = f~'(A) is denoted by
f: X — A. By Assumption 6.1.1, the singular fiber X, = f~1(0) is simple normal
crossing.
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Let hx := ha|x be the po-invariant Kéhler metric on X induced from the puo-
invariant Kahler metric hy on 2 and its associated Kahler form is denoted by wx.
The fiberwise Kéhler metric on T'X/A| A+ induced from hx is denoted by hx/a and we
set hs = hx/a|x, and w, = wx|x, for s € A. We set wy/a = {ws}sea.

Recall that the Kéhler form of h - is assumed to be integral. Then w, and w;|x. are
integral Kahler forms for s € A*. By [25, Proposition 4.2], the volumes Vol(X§, ws),
Vol(X!, w|x:) and the covolume Vol 2(H'(X!,7Z),w|x:) are rational numbers. There-
fore these are constant functions on A and are denoted by Vol( X, wa|x.. ), Vol(X!,,wa
and Voly2(H' (X, Z),wy |x._), respectively.

We define a smooth function on A* by

xt,)

A(X/A hxya)(s) = A(Xs, ts, ),

where A(Xj, ts, hs) is a positive number defined in (5.2.1).

Consider the relative canonical bundle Kx/n = Kx ® f*KZl. Since f.Kx/a is a
torsion free sheaf on A, it is an invertible sheaf and we may regard it as a holomorphic
line bundle on A.

Lemma 6.2.1. There exists a holomorphic form & € H*(X, Kx) such that div(€) C X,.

Proof. Since f,Kyx is a holomorphic line bundle on A4, it is a trivial line bundle and
there exists a nowhere-vanishing holomorphic section ¢ € H(A, f.Kx) = H(X, Kx)
such that f,Ky = O -&. The fiber of fuKx at s € A* is H(X,, Kx|x.) = C|x..
Since Kx|x, = Kx, = Ox,, {|x, is a nowhere vanishing holomorphic section on Xj.
Therefore we have div(§) C Xj. O

By Lemma 6.2.1, we have a holomorphic form ¢ € H°(X, Kx) such that div(§) C Xp.
We define a section ny/a € H(X, Kx/a) by

Nx/a =£® (f*ds)™"

For s € A", we may identify nx/a|x, with the Poincaré residue

ns = Resx, & c H'(X,, Kx,).
f—s
Then we have {|x, = n, A df. We regard nx/4 as a family of holomorphic 4-forms and

we regard it as a section of H(A, fiKx/a).
By [25, Theorem 4.4], we have

log [[1s]|7> = " log|s[* + O(loglog |s| ), (6.2.1)
where o*? is a rational number defined by (cf. (6.1.12))

4,0 40

1
4,0
4’0 — Oé+ + o 5 Oé:t — _% Tr(llOg TS‘GI.AIL:OO’:E H4(Xoo)i>'

«
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Consider the projective bundle Il" : P(T'Z7%)" — 2. Let i/ : ZH\Ey — P(T Z})Y
be the Gauss map defined by /() = [T, X},)]. Let A € P(T'2)" and set z = II'(A).
Since the (+1)-eigenspace of the pg-action on 7,2 is identified with 7,27 and since

the (—1)-eigenspace is identified with Ny /2 o, AO Ny /2, is a hyperplane of T, 2" =
T, 2% ® Nai o . We define an injective holomorphic map ¢ : P(T'23)Y — P(T'27)Y
by

o([A]) = [AD Napyaal-

Therefore P(T'Z7%)" is regarded as a closed submanifold of P(T.2")" via ¢.

Recall that the Gauss maps v and p extend to meromorphic maps v : 2 --»
P(Q)) and p: 2 --» P(TZ")V. Then there exist a smooth projective manifold 2,
a normal crossing divisor F on %,77 a bimeromorphic morphism ¢ : X =X , and two
holomorphic maps 7 : 2 — P(QY), - 2 = P(TZ)" such that

qil(zf) =L,
e the restriction qlf\ I 2 \ E — 2 \ X is an isomorphism,
e Oon ,@/\E,ﬁzuoqandﬁ:uoq.

The strict transform of 27 by q: 2 — 2 is denoted by % The restriction of
q: X — Z is also denoted by q : % L — 2. Since the following diagram commutes

D\ E—e 23\ 5 S P(T 2)Y

P

ZNE L 2\ S —=P(T2),

we have ﬁ(%) C P(TZ})Y. Therefore there exists a holomorphic map ' : % —>
P(TZ})Y which is an extension of /o ¢ : % \E —P(TZ}H).

Let U and U’ be the universal hyperplane bundle over P(T'.2")Y and P(T 2Z%)",
respectively. These are equipped with hermitian metrics hy and hyr respectively as in
§6.1.1. We have an isometry of the holomorphic hermitian vector bundle over 27 \ -

(T2 /Cohay o) = (W) (U hyr).

We define a & and d-closed smooth form 2 on /3—&”\2 by

2= [7*01<U,,hU/)2 — 8[7*CQ<U,, hU/) [L Cl(U hU)|~ + 3,u CQ(U, hU)|§7I?I

On j%\”;; \ E, we have
q 2= 1.
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Recall that E, was defined by Ey = E N ¢ '(X,). We define a rational number

1 ~ 1 ~ 1
(X0, Uy /0) = E/ _0-5 - Eo/l’o(tQ +7). (6.2.2)
EonZ} g* div(ON2Y

Lemma 6.2.2. The following identity holds:
log A(X/A)(s) = 6(Xo, Vx,/4)log|s|* + O(loglog[s|™") (s —= 0).

Proof. Note that w% /5! is the volume form on X and w_‘%{/ A/ x, is the volume form
on X, for each s € A. We have

w% B ng(/A Z'df/\ﬂ
3= N

Then we have

Nx/aNTixa  xa ATxa ANdFAdF i enE ||

o/ Wl AN D PR/ A

We set f: foq: /@ — A. By Lemma 5.3.3, we have

48log A(X/A, hx/a)
wisa/4! 2
= f, [log{ x/a/ 7x/al172 )} 0

nx/a ATxja Vol(Xoo, wa | x.

df |2 2 Inrallis (6.23)
=1, |1 02 — 3(t 7)1

! [Og ez 2] 3 e G T
_ F{log g l|df 23} — 3(8 + 7) log |lnx a2

— f{log ¢ [|€]122} + 3(* + 7) log Vol (X, wa|x..).

By [83, Lemma 4.4 and Corollary 4.6], we have

fllogq"|ldf|* 2} = (/E - 5) log [s|* + O(1) (6.2.4)
and
{log ¢" €2} = ( [ ﬁ) log|sf? +0(1). (625

By the formula (6.2.1), (6.2.2), (6.2.3), (6.2.4) and (6.2.5), the proof is completed. [
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Consider the flat family f : 2% — C. Let us calculate the singularity of the analytic
torsion T(@ ng) of @(%fﬁ, where Ogﬁ is equipped with the canonical metric. Since O 2
is a holomorphic line bundle on 27, the determinant of the cohomology A(Og) is a
holomorphic line bundle on C. We set

2
(XL, Oxy) = a(Xp, Ox) = S (=1)10%, (6.2.6)
q=0
where we define
~ Td(H) -1
a(Xg, Oxy) = / 1 {Td(U’)L} ¢ ch(Oy), (6.2.7)
EonZy c1(H)
and
1
0,9 _ I

Here T is the monodromy operator and F, is the Steenbrink’s limiting Hodge filtration
for the family f: 2" — C.

Lemma 6.2.3. The following identity holds:
logT(@ggIL{) = ¢(Xg, Oxy) log 5| + O(loglog|s|™") (s — 0).

Proof. Let || - HéA(O%}L{) and || - |]%2’/\(O%ﬁ) be the Quillen and L*-metrics on A(O ),

A is a trivial line bundle on A, there exists a nowhere-
A. By [83, Theorem 6.1] (See also [12]), we

respectively. Since MOz )
vanishing holomorphic section o of A(O2,)
have

log Ha”ég\(o‘%ﬁ) = (X}, Oxg)log s> + O(1) (s —0). (6.2.9)

By [25, Theorem 4.4.(1)], we have

2

lognaniwo%):(Z(—l)qa%) log |s? + O(loglog |s| ") (s —0).  (62.10)

q=0
By (6.2.9) and (6.2.10), we obtain the desired result. O
We set
H(Xo, Q;/A, OXL> = C(Xo, Qi@’/c) + 6<X0, Qﬁ(/A) — 2@(X6, OXé) (6211)

Theorem 6.2.4. The following identity holds:
log Tar i, 275 = K(Xo, Qﬁ(/A, Ox.)log|s|? + O(loglog|s|™') (s — 0).

Proof. As we remarked above, the volumes Vol(Xu, w2 |x.. ), Vol(X ,wa|x. ) and the
covolume Vol 2(H' (X%, Z),ws|x. ) are constant functions on A. The result follows
from Theorem 6.1.14, Definition 5.2.2, Lemmas 6.2.2 and 6.2.3. O
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6.2.2 Construction of a 1-parameter degeneration over a finite
branched covering of a curve on the moduli space

The Baily-Borel compactification of the orthogonal modular variety M, x = QL ANYIN
is denoted by M3, . Let Ilyu c: Q0 — Q)1 /T g be the natural projection.

Assumption 6.2.5. Let C C M3, be an irreducible projective curve. We assume
that C' is not contained in Zp1 U (M \ Mas).

Proposition 6.2.6. There exist a smooth projective curve B, a morphism ¢ : B —
My i, @ smooth projective variety 2~ of complex dimension 5, an involution v : 2~ —
2, and a surjective morphism [ : 2 — B such that

(1) ¢(B) =C.
(2) for=f.

(3) There exists a Zariski open subset B° # () of B such that p(B°) C MS x and for
each b € B°, the fiber (Xy, 1) is a manifold of K32 -type with involution of type
(M, K) whose period is p(b).

(4) f: Z — B is a normal crossing degeneration. Namely, its singular fibers are
simple normal crossing divisor on 2 .

Proof. We follow [82, Theorem 2.8 and [86, Theorem 3.1.(1)].

Step 1 By Assumption 6.2.5, there exists a point zy € CNM§, - such that zy ¢ Sing C.
Let o € I}, «(7) be a point. The stabilizer of I'y,1 ¢ at Ty is denoted by I'yro i z,-
Since I"j/1 ¢ acts properly discontinuously on Q+M .,

W c QXP \ Do of Tg such that

there exists an open neighborhood

{v ey V(W) nw #0} = Tare ez

Note that I'y1 x z, is a finite group. By shrinking W, we assume that W is Cars e zo-
invariant. Then the restriction II, . x : W — HMJ_Jc(/—W/) can be identified with the
quotient map W= W /T ars .z, by the finite group I'ys1 g z,. Therefore there exists a
smooth analytic curve U of HX}L’K(C) NW(c Q7F,.) such that IT. «(U) is a smooth
analytic curve of C'N HMLJc(/Wv) and the restriction 1 ¢ : U — Il (U) is an
isomorphism.

Let £ € U C Q. \ P+ and set x = 1 () € M3, . By Proposition 2.2.14, the
image of the period map Py x : Mg — M is My . There exists (X, 1) € My
such that Py (X, t) = x. Let m: (27, 1) — Def(X,¢) be the Kuranishi family of (X, ).
By the local Torelli theorem, we may regard Def(X, ) as an open neighborhood of &
in Q7 . By shrinking U, we assume U C Def(X,:). Let 4 : U — Def(X, ) be the
inclusion. Then there exists a family Pz : (Z,1z) — U of K3P-type manifolds with
involution of type (M, K) with period 5 : U — Def (X, ¢)(C QF,.).
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By Lemma 5.3.10, we may assume that Pz : Z — U is a projective morphism. Since
Z has a pug-equivariant relatively ample line bundle, we may assume that there exist a
sufficiently large positive integer N > 0 and an involution ipy : PY — PV such that
Z CPNxU, Pz =pry|Z, and 1z = (tp~v X idy) |z, where pry : PNV x U — U is the
second projection.

The Hilbert polynomial of Z; = PZ'(t) with respect to Opn (1) is denoted by P(m).
Let Hilbp(PY) be the Hilbert scheme parametrizing the closed subschemes of PV with
Hilbert polynomial P. This is a projective variety and there is the universal projective
flat family 7 : X — Hilbp(PV). The point of Hilbp(PY) corresponding to a subscheme
Z of PV with Hilbert polynomial P is denoted by [Z]. We define a morphism c :
U — Hilbp(PY) by ¢(t) = [Z;]. The family Pz : Z — U is given by the pullback of
7 : X — Hilbp(PY) by ¢ : U — Hilbp(PV).

The involution tpnv : PV — PV induces an involution I : Hilbp(PY) — Hilbp(PY)
given by I([Z]) = [tp~n(Z)]. We denote the fixed locus of I by Hilbh(PV), and denote
the restriction of 7 by #! : X! = 7~ '(HilbL(PY)) — HilbL(PY). There exists an
involution Z : X7 — X7 such that 7/ o Z = #/ and T = (L]I»N X idHﬂbP(Pw)) |xr. Since
vz = (tpv x idy) |z, we have ¢(U) C HilbL(PY). Let T be the Zariski closure of ¢(U) in
Hilb},(PY). This is an irreducible reduced projective variety and ¢(U)N(T \ Sing T') # 0.
The family Pz : (Z,1z) — U is the pullback of 7'|y : (X!|7,Z|7) = T by c: U — T.
Step 2 Set D = {[V] € T;SingV # 0} and T° = T\ (Sing 7"U D). Then the restriction
e - (/'\f oo, T |T°) — T° is a family of K3P-type manifolds with antisymplectic
involution of type (M,K). We denote its period map by Pre : T° — M3, . Since
c(U)N(T \ SingT') # 0 and ¢(U) C T, we may assume that ¢(U) C T°. Since the period
map for Pz : (Z,1z) = Uis vy := 1o : U — MG, we have Pro(c(t)) = (1)
for any t € U.

Claim 1. The period map Pro : T° — My, i extends to a meromorphic map Pr : T --»
My - Moreover, the Zariski closure of the graph of Pre in T X M} i is contained in
T xC.

Proof. Let p : T — T be a resolution of T with the following properties: T is a
projective variety, u is a birational morphism, and there is a normal crossing divisor
on T such that g T\ E — T° is an isomorphism. Note that Ppe : T° — M is
locally liftable. Namely, for each point ¢ € T°, there is an open neighborhood V' C T°,
and a holomorphic map PV = QJT/I , such that Iy x o P = Proly. Therefore
Pre o il g : T\E — My is also locally liftable. By [23, 3.7. Theorem], Pro o pi| 7
extends to a holomorphic map Py : T — M. Set Pr = Propu™ : T ——> My .
This is a meromorphic map and satisfies Pr|re = Pro.

It suffices to check that Pre(T°) C C. Let T" be the Zariski closure of (Pr.)~*(C) in
T. This is a closed subvariety of T'. Since Pro (¢(U)) = v(U) C C, we have ¢(U) C T".
By the definition of T, we have T" C T". Since T’ C T by definition, we get T" = T".
Thus we obtain Pr.(7°) C C. O
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Let I' be the Zariski closure of the graph of Pre in T' x M3, . By the above claim,
I is a closed subvariety of T'x C. Set I'* =T'N (T° x M?w,/c)- For each ¢ € U, we have
(c(t),~(t)) € I'°. Therefore, I'° is a non-empty Zariski open subset of I'. Let p: I' = T
and ¢ : I' = C be the natural projections. Since p|ro : I'° = T° is isomorphic, we have
I°*cr\Singl.

Since Pro(c(t)) = v(t) € C (t € U), the image of ¢ : T' — C' contains an open subset
of C. Therefore, ¢ : I' = C'is dominant. Fix a projective embedding I' ¢ PY'. There is
a hyperplane H; C PV such that q|ram, : TN H; — Cis dominant and dim (I' N Hy) =
dimI" — 1. Repeating this process, we have hyperplanes Hi, ..., H, C PV such that
qlramnnm, : TNHN---NH,. — Cis dominant and 'NH;N---N H, is a curve. Let B’
be an irreducible component of I' N Hy N --- N H, such that ¢|p : B — C' is dominant.
We denote by B the normalization of B’, and denote by h the composition of the
normalization morphism B — B’ and the embedding B’ — I'. Set ¢ =qoh: B — C.
Then B is a smooth projective curve and ¢ : B — C' is a surjective morphism.

Consider the family of K3P-type manifolds 75 : X!|; x7 B — B induced from

mllp (XI|T,I|T) — T and the involution Z x idp : X!|7 x¢ B — X!| x¢ B induced
from Z : X1 — X' by poh: B — T. Its period map is given by Propoh =qoh = .
Set B® = BN h'(I'®). Then B° is a non-empty Zariski open subset of B.
Step 3 By [9, Theorem 13.4], there exist a resolution of singularities IT : W —
X! xp B, and a holomorphic involution § : W — W such that W is a smooth
projective manifold and such that IT : W — X1| x¢ B is ps-equivariant with respect
to the ps-actions induced from 6 and Z x idg. We set 7 = g o 11 : (W, 0) — B.

By [50, Theorem 3.35], there exits a blowup sequence functor BP defined on all
triples (X, I, F), where X is a smooth scheme of finite type over C, I C Oy is an ideal
sheaf that is not zero on any irreducible component of X, E is a simple normal crossing
divisor on X, satisfying the following properties:

(1) In the blowup sequence BP(X,I,E) =
m: X, =5 X, 222 0 3 X ™ X = X,
all centers of blowups are smooth.
(2) The pullback IT*I C Oy, is the ideal sheaf of a simple normal crossing divisor.

(3) BP commutes with smooth morphism. In particular, for any automorphism 7 :
X = X,
BP(X, 1,7 Y(E)) ="BP(X,I,E).

Here 7*BP(X, I, E) is induced from the pullback

.
,Tro1Tr

- 7'*,27rr72 T{‘7T1 T*m0
I X p (A X/ Xo=X

Tr—1 Tr—2 1
m: X, —X,_; —
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by deleting 7'm; whose center is empty and reindexing the resulting blowup sequence.
Let W be the union of the singular fibers of 7 and let I;, be its ideal sheaf. Therefore
the blowup sequence BP(W, I;,,(0) gives a smooth projective variety 2", a projective
birational morphism II' : 2~ — W, a simple normal crossing divisor X C 2 with
X = (I')*W. Moreover, BP(W, I;;,,0) = BP(W, 6*I;,,0) = 6*BP(W, I;,,0) induces
an involution ¢ : 2~ — 2 such that the following diagram commutes:

X —=Z

v i

w—2-w.

Thus II" : (Z7,1) = (W, 0) is ps-equivariant and the singular fibers of f := 7 o II' are
simple normal crossing and the data (B, ¢, 2", ¢, f) satisfies the conditions (1), (2), (3),
(4) in the statement. This completes the proof. O

Theorem 6.2.7. Let C' C My, be an irreducible projective curve satisfying Assump-
tion 6.2.5. Let p € C N Zyo be a smooth point of C. Choose a coordinate (A, s) on
C centered at p such that AN Dyn = {p} and s(A) is the unit disk. There exists a
constant a € Q such that

Tamx(s) = alog|s|> + O(loglog |s|™!) (s — 0).

Proof. Applying Theorem 6.2.4 to the flat family f : (27,¢) — B obtained in Proposi-
tion 6.2.6, we obtain the desired result. Il

6.3 Natural involutions

In this section, we study the curvature formula for 7),x in more detail when K is
natural.

6.3.1 2-elementary K3 surfaces and their Hilbert schemes

Let My be a primitive hyperbolic 2-elementary sublattice of Lgs = U @ E$?. Set
r =1k My, | = dimg,(My'/My). Moreover when My 2 U(2) @ Es(2), we set

r+1 r—1
k= 3.1
i . (63.1)

g=11-—

Recall that Ls is given by Lo = Lgs @ Ze. We define a sublattice ]\A/fo of Ly by
My = My & Ze.

Then ]\% is an admissible sublattice of L.
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Definition 6.3.1. Let K € KT(]\%). A hyperplane H of J/\Z/U’R is a face of IC if HNOK
contains an open subset of H.

Definition 6.3.2. A Kahler-type chamber K € KT(MO) is natural if the hyperplane
My is a face of K.

Let K € KT(M;) be a natural Kahler-type chamber. Then (X,:) = (Y2, 012) is a
K3Z_type manifold with involution of type (]\70, K).

Let f: (2 ,1) — S be a family of K3P-type manifolds with involution of type
(MO, K), and let g : (#,0) — S be a family of 2-elementary K3 surfaces of type M,

such that X, = YS[Q} and ¢, = 0?] for each s € S. Let hy /s be an t-invariant fiberwise
Kéhler metric on 772" /S and hg s be a o-invariant fiberwise Kahler metric on 7%/S.
Recall that ¢ = Tr(¢t*|g11(x)). Recall that the differential form wpy-(2/s5) was defined
by (5.3.18). The aim of this section is to show that

wir 25y = (t+1)e1(9820 5, hi2),

and to prove that the function TR0, 2 /S satisfies the same 00-equation as the equation
satisfied by the invariant 7, of 2-elementary K3 surfaces of type M.

If My = Eg(2) ® U(2), then the fixed locus X* of the fiber (X,¢) is the Enriques
surface Y/o. Therefore we have WH(x:/8) = C1 (g*Qéﬂ,/S, hr2) = 0 and this is the trivial
case. In the following, we assume that M, # Es(2) ® U(2).

6.3.2 The Hodge form for natural involutions

Recall that the direct image sheaves g*Qlya/S, R'g.Oyo, f*Qi@q/S, and R'f.0 4. are
locally free Og-modules and we may identify them with the corresponding holomorphic
vector bundles over S. By the Hodge decomposition, we have

FV7 .0, ) = H'(Y . Or) and FOCKG005) = H'(X, O
for each s € S and they induce C-antilinear homomorphisms of complex vector bundles
c: g*Qiyo/S — R'¢.0p0 and c: f*nggL/S — R'£,04..

Lemma 6.3.3. There exist isomorphisms of holomorphic vector bundles on S
0 (9. Qe ) 5 fQh s and ¢ (R'g.0pn)H 5 RULO,

such that the following diagram commutes:

]
(9:90 )P L m [

| !

(R, 00 )+ L R 1,04
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Proof. Let (Y,0) be a 2-elementary K3 surface of type My and set (X,:) = (Y12, gl2).
By Proposition 4.1.4, the fixed locus of a 2-elementary K3 surface (Y, o) of type My is

0 (Mo = Es(2) ® U(2)),

Y=< FEUF (My = E3(2) @ U), (6.3.2)
CUE,UEU---UE, (otherwise),

where F| F are elliptic curves on Y, C'is a curve of genus gon Y, and E; (i = 1,...,k)

are (—2)-curves on Y. The fixed locus X* of (X,¢) is given by
Y/o (My = Ex(2) & U(2)),
X' ={EYUF?PU(ExF)uY/o (My = Ex(2) @ U), (6.3.3)
0(2) L (UZE,L(Q)> LJ <|_|zC X EZ) LJ (|—|z<jEl X E]) LJ Y/U (Othe?"'UJZ-S€>,
where E@, F® C® and E;? are the symmetric product of the curves E, F, C and
E;, respectively. Note that E?)| F®) are ruled surfaces and that Y /o, EZ@), E; x E; are

rational surfaces.

If My # Es(2) @ U, E(2) @ U(2), then we have by (6.3.2), (6.3.3)
H(YY,Qye) = HY(C,Q¢), .
H(X, Q%) = H(C® QL) ® ®:H(C x Ei, Qb p,)- (6:3.4)

Let p,q : C' x C — C be the first and second projection. For a holomorphic 1-form «
on C,

pra+ ¢ o
induces a holomorphic 1-form 8 on C®. By [55, (6.3)], the following homomorphism
is an isomorphism

H(C,QL) = H(CP,OLy), am B (6.3.5)
By the Kiinneth formula, we have
H(C x By, Qty ) = H(C, Q). (6.3.6)
By (6.3.4), (6.3.5) and (6.3.6), we have the canonical isomorphism
HO(Xva Qﬁ(;) = HO(C(Q)v Qé‘@)) D @iHD(C X Ei’ QlC'XEZ)
~ 119(C, 0L)) & H(C,9L) (6.7
— HO(YU Q;o)@k—i_l'
If My = Ex(2) @ U, then we have by (6.3.2), (6.3.3)
HO(YU7 Q%’”) = HO(E7 QIE) @ HO(F7 Q}“’)a
HY(X', %) = H(E®, Q) @ HU(F?, Q) & HY(E % F, Q).
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By (6.3.5) and by the Kiinneth formula, we have the canonical isomorphism

HO(X., Q%) = H° (E®, Q) ® HO(F® Qp0) @ H(E x F,Qp, r)
=~ H(E,Qp) ® H°(F,Qp) & H'(E,Qp) & H(F,Qp) (6.3.8)
= H(Y?,Q5,)%2.

By (6.3.7), (6.3.8), we have an isomorphism of holomorphic vector bundles
¢ 1 (9o s) M = L0
Similarly, we have an isomorphism of holomorphic vector bundles
U (R g.050) 1 2 R0,

By their constructions, the following diagram commutes:

HOY,7, Qb )P 2 HO(X1, Q)

Hl (Ysa’ Oysa)@k—H ws*) Hl (XSL’ OX;)
This completes the proof. Il

Let aq,...,a, be a local holomorphic frame of (g*Q;Z,g/S)@kH, and let B1,...,Bm

be a local holomorphic frame of (R'g.Oy»-)®**1. We define real-valued functions ¢ (¢)
and ¢;(¢) by

Note that ¢ (¢) and ¢ (v) are independent of the choice of holomorphic frames and
they are globally defined on S.

c1(¢) = —log

det((p(), p(ay))r2)
(

det({ay, o)) 2)

Lemma 6.3.4. We have ¢(¢) = ¢,(¢).

Proof. Note that @y, ..., &, is smooth frame of R'g,0%%"" which is not holomorphic,

and that ¥(a;) = ¢(a1),...,¥(@n) = ¢(ay,) is smooth frame of R'f,OSE™ which is
not holomorphic. Let C'= (¢;;) be a m x m-matrix defined by &; = >_; ¢;;8;. Then we

have ¢(cq) = 9 (@) = ¥ (X, i) = X2, ciso(B;), and we have

det({¢(a), p(y))r2) det( ((W(Bi), ¥ (B))r2) - 1C)
det({a, @j) r2) det (C - ((B:, Bj)12) - 1C)
_ det(<¢(5z)7¢(ﬁg)>L2)
det((8;, Bj) 2)

(6.3.10)
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Let v and 6 be smooth (1,0)-forms. Then ¢ is primitive, and by [80, Proposition 6.29],
we have

o2

=gl

Yz = (7,0)r2 = (6,7) L2 (6.3.11)

The same equality holds where v and 0 are smooth (0, 1)-forms. By (6.3.9), (6.3.10)
and (6.3.11), we have

g detl(0(0). 60, 12)
det({ay, o)) 2)
— _log det((¢(ai), ¢(;)) 12) det({p(ai), pla)))12) det((ai, a;) 2)
((gb(ai),qﬁ(aj)),;g) det( _iadj LQ) det(<0&i,06j>L2)
51),10(51)&2)dett((Oéi?OéﬁL?)}
(Bi, Bj)rz)  det({ai, o) r2)

which completes the proof. ]

Proposition 6.3.5. The following identity holds:
Cl(f*Qlﬂq/S, hL2) —C (le*Og{L7 hLZ) = 2<k + 1)01 (g*lez/g/S, hLz).
Proof. By the definition of ¢ (¢) and ¢ (), we have

1 (fe Qs hiz) — e1((9:Q005) ¥ hyz) = dd°ei(9),

(R f.O0g hi2) — 1 ((R'g,Ono ) P¥ Y hpo) = ddéy (v)). (6.3.12)

By the Serre duality (See Lemma 5.4.1), we have
c1(R'g.Ono, hy2) = —61(g*Qg1;/a/S,hL2). (6.3.13)
By (6.3.12) and (6.3.13) and Lemma 6.3.4, we have the desired result. O

Lemma 6.3.6. Let (E, h) be a hermitian holomorphic vector bundle on S of rank g 2 1.
Then we have
Cl(/\QE?h) = (g - 1)01(E7 h)

Proof. Tt suffices to show that there exists a canonical isometry
(det A°E, h) = ((det E)®971 ).

Let eq,...,e, be a local holomorphic frame of E. Set e;; = e; Aej. Then {e;;i < j}
forms a local holomorphic frame of A2E and

€12 A €13 A A €1g A €93 VANEIEIVAN 6(9_1)79 (6314)
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is a nowhere vanishing local holomorphic section of det A2E. On the other hand,
(1N Neg) @@ (e1 A+ Ney) (6.3.15)

is a nowhere vanishing local holomorphic section of (det F)®9~1,
Let e},..., e} be another local holomorphic frame of E and let A = (a;;) be the

g X g-matrix defined by
6; = Z aijej.
J

Then we have
g Neg A= Nej, Nebg A= Aefy_yy , = (det A tea Nerg A NergAeag A= A1),
and

(SN Ne)) @@ (A Nep) = (det A) Heg Ao Neg) @+~ ® (e A+ Aeg).

Therefore the correspondence from the section (6.3.14) to the section (6.3.15) is in-
dependent of the choice of ey, ..., e, and induces an isomorphism of holomorphic line

bundles
det \*E = (det E)®9 ", (6.3.16)

Moreover, if e1(s), ..., e,4(s) is an orthonormal basis of (Es, hs) at s € S, then the norm
of the sections (6.3.14) and (6.3.15) at s are 1. Since s € S is arbitrary, the isomorphism
(6.3.16) is an isometry. O

Proposition 6.3.7. The following identity holds:
a1 (£ %5, hiz) = (9 = 1)er(9:Qo g5 hiz).
Proof. 1f My = Fg(2) ® U, then we have by (6.3.2), (6.3.3)
H(Y?, Qyp) = HY(E,Qp) & H'(F,Qp), H(X;, Q%) = H(E x F,Qp,p),

where E and F' are elliptic curves. By the Kiinneth formula, we have the canonical
isomorphism

HY(X;,0%,) = HY(E x F,Qp,p) = H'(E,Qp) @ H(F,Qp) = N"H (Y7, Qy,).
(6.3.17)
If My # Es(2) @ U, Es(2) & U(2), then we have by (6.3.2), (6.3.3)
HO(Y?,Qy,) = HO(C,Qp), HY(X, Q%) = H(CP, Q%)

where C'is a curve of genus g. Let p,q : C' x C'— C' be the first and second projection.
For a holomorphic 1-form «, 8 on C,

PranNgf—p BAT
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induces a holomorphic 2-form v on C®. By [55, (6.3)], the following homomorphism
is an isomorphism

N H(C, QL) = HY(C® Q20), anB e .

Therefore, we have the canonical isomorphism
H(X! Q%) = H(C®, QLu) = APHY(C,Qp)) = N HY (Y], Qy,). (6.3.18)
By (6.3.17), (6.3.18), we have the isomorphism of holomorphic vector bundles
¢ N9 Qs = f. Q%5
Similarly, we have an isomorphism of holomorphic vector bundles
£ N R'G.0p0 =2 R2f,09..

By [55, (6.3)] and the Kiinneth formula, the following diagram commutes:

¢

A2R'4.On0 ——> R2£.O 4.

Let 1, ..., 7w be a local holomorphic frame of /\Qg*Qé,,a/S and let d1,...,d,, be a

local holomorphic frame of A?R'g,Oyo. We define real-valued functions ¢ (¢) and ¢ (€)
by

(6.3.20)

o det(C i) e det({E(5).E(5) )
a0 = o ) ) T T T 6 )

Note that ¢ (¢) and ¢;(§) are independent of the choice of holomorphic frames and they
are globally defined on S.
Let C' = (c;;) be a m x m-matrix defined by ¥; = >, ¢;;0;. By (6.3.19), we have

det((C(7:), ¢(1y))r2) _ det (C- ({£(0:),£(8))z2) - C)
det((¥i,7;)12) det (C'- ({8;,6;)2) - tC) (6.3.21)
_ det((£(d:),£(8))12)
det({0;,0;)r2)

By (6.3.20) and (6.3.21), we have

2)  det({vi,7)r2)

oo
:4%{mmmmm»>@ww w»g®mmmm?
(6r0)z2)  det({7i,7;)22)

C(), C(3)) ) det((C(v), () 2) det((Fi, ) r2)
, V. (6.3.22)
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By the definition of ¢(¢) and ¢ (), we have

([l s hr2) — (N0 Qyo g, hi2) = dd°E (),

; ,o ) (6.3.23)
(R0 hiz) — L (ARG O, hyz) = ddie (6).
By Lemma 6.3.6 and by the Serre duality (See Lemma 5.4.1), we have
1N 0050 h2) = (9 — 1)er (920 55 hiz), (6.3.24)

c1(NR'g.Ono, hy2) = (g — 1)1 (R g.Omo, hy2) = —(g — 1)01(9*9;]0/5, hrz).
By (6.3.22), (6.3.23) and (6.3.24), we have

201(f.Q% 5, hiz) = e1(foQ% s, hiz) — (B2 f.Ope, hiz) = 2(g — 1)er(9:Q0 5, h2),
which completes the proof. O
Corollary 6.3.8. The following identity holds:

Wi (21/5) = (L +1)c1(9: Qe s, h2).
Proof. By Definition 5.3.7 and Propositions 6.3.5 and 6.3.7, we have
Wi (279) = 2(k — g+ 2)c1(9: Qo g, hr). (6.3.25)

Let (Y,0) be a 2-elementary K3 surface of type My and set (X,:) = (Y2 o). By [6,
3.1], we have e(Y?) = ¢ — 1. Since the fixed locus Y7 of (Y, o) is given by (6.3.2), we
have

2k—g+2) =t+1. (6.3.26)

By (6.3.25) and (6.3.26), we have the desired result. O

6.3.3 An invariant of K3%-type manifolds with natural invo-
lution

Recall that the period domain for 2-elementary K3 surfaces of type M is defined by

Qe = {In) € P(My @ C); (n,n) =0, (n, 7) > 0},

and

Mty = Qi /O(Mg).

This is a quasi-projective variety. (See [2, Theorems 10.4 and 10.11])
Recall that the period of a 2-elementary K3 surface (Y, o) is defined by

77-MO(YV7 0) - [O‘<H27O(Y))] € MMO7
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where « is a marking of (Y, o). For the family g : (#,0) — S of 2-elementary K3
surfaces of type My, we define the period map by

77TMOZS—>MMO, Sl—>77TM0(Y;,CTS).

Fix a vector [y € M&R satisfying (lp,lp) = 0. Since M, is hyperbolic and hence
sign My = (2,20 — r(M,)), Q mg consists of two connected components, both of which
are isomorphic to a bounded symmetric domain of type IV of dimension 20 — r(M).
The Bergman metric wy 1 on 2,1 is defined by

wyg ([n]) = —ddlog Bya ([n]) - ([n] € )

where

Bug () = 750 (] € D).

Since wy . is O(Mjy)-invariant, it induces a Kihler form w w, O the orbifold My, =
QMOL/O(MOL). Since the period maps of f: (2,t) — S and g : (#,0) — S coincide,

we have

27_1—?\40(*]/\/11%0 = 2P]T/[,ICWMM,K = Cl<f*Kg/5, hLz). (6327)

Recall that Sp(2g,Z) is the Siegel modular group, that &, is the Siegel upper half
space given by
S, = {r € My(C);'r =7,Im7 >0},

and that A, is the Siegel modular variety of degree g defined by
Ag = Gg/sp(2ga Z)?

where the Sp(2¢, Z)-action on &, is given by

”y'T:(AT—FB)(CT—FD)_l, TEG,y= (é g) € Sp(29,7).

(See Section 3.2.1.)
The period map for the family of curves g : 7 — S is denoted by

JMO’WU/S S — .Ag, S > [Q(Yt;)],
where Q(Y7) is the period matrix of Y,7. The Bergman metric wg, on &, is defined by
we,(T) = —dd®logdet Im 7, T € B,

Since we, is Sp(2g, Z)-invariant, it induces a Kahler form wy, on the Siegel modular
variety A, = &,/Sp(2g,7Z). We have

cl(g*Q;ﬂ/s,hLz) = —dd*log det(y;, ;)12 = Ty o sWia,, (6.3.28)
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where 9, ..., is a local frame of g*ley(,/S.
By the formulas (6.3.1) and (6.3.26), we have

o0 — 19 =t, (6.3.29)
where r = (M) is the rank of M,.

Theorem 6.3.9. Let g : (% ,0) — S be a family of 2-elementary K3 surfaces of type
My and let f : (2°,1) — S be the family of K3P-type manifolds with antisymplectic
involution of type (Mo, K) induced from g : (% ',0) — S. Namely,

X, =vP =0l

for all s € S. Then the following equality holds:

c r—0o_, *
—dd* log TR K27 /8 = 2(r—9) {TTFMOLUMMO + JMO’@J/SwAg} .

Proof. By Theorem 5.3.11, by Corollary 6.3.8, and by (6.3.27), (6.3.28) and (6.3.29),
we have

(t+1)(t+7)

16
t+Dt+7) _, .
— TTFMOWMMO + (t+ ]‘)‘]Mo,@U/SwAg

(r—6)(r—9)_, .
g fﬂ-MOwMAJO + Q(T - 9)‘]M0,,@/J/Sw"49

:2(r—9){

r —
— % *
4 MW Mg, T JMO,??/U/SWAg} )

and we obtain the result. O

Recall that 7, is the invariant of 2-elementary K3 surface of type M, constructed
in Definition 4.1.5. Let g : (%#,0) — S be a family of 2-elementary K3 surfaces of type
My. We define the function 7, 2/ on S by

Tnow)s(8) = Tar,(Ys, 05) (s €5).
By [82, Theorem 5.6|, the following equality holds:

. r—6_, «
dd"10g Taio,w /s = =Tty Wasy + Jasg e 50A,

Therefore, if r # 9, then the functions T2 /S%ilS and Tyg, /s satisfies the same
curvature equation.
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6.4 Comparison of the invariants

In this section, we compare the invariants 7y - and 7), when K is natural. An example
with non-natural K is also discussed.

6.4.1 Relations of orthogonal modular varieties

In this subsection, we compare Joumaah’s orthogonal modular variety constructed in
Subsection 2.2.3 and Yoshikawa’s orthogonal modular variety constructed in Subsection
4.1.1.

Let M, be a primitive hyperbolic 2-elementary sublattice of Lys. Recall that ¢, €
O(Lks3) is an involution of Lgs which is an extension of

My ® ]\/[0L — My @ MOL, (m,n) — (m,—n)

Set A(My) = {d € My;d®> = =2}, and €y, = {x € Myg;2> > 0}. The set of
connected components of G, \ Ugea () d* is denoted by KT (My).
Let Koy € KT(M,). Set

['(KCo) = {o € Mon*(Lgs);0 0 tar, = tag, © 0, and o (Ko) = Ko},

and
Uoidico = {olny € O(M;g );0 € T'(Ko)}-

Since I'(Ko) C Mon?(Lgs), we have Lty C Ot (Mg).
Lemma 6.4.1. For any Ko € KT (M), we have I'y1 jop = OF(Mg).

Proof. Choose g € Ot (My"). By [87, Proposition 11.2], there exists an isometry o €
O(Lis) such that ooy, = tar, 00 and oy = g. By [62, Corollary 1.5.2], there exists
an involution { € O(Lk3) such that [y = id and snr(€[r,) = —1. By replacing o
with € o o, if necessary, we may assume that o € O (Lg3) and that it preserves the
connected components of €y, .

Let T be the subgroup of Mon?(Lg3) generated by the reflections s4 for d € A(My).
Note that sq[y . = idy for each d € A(My). Let €y, be the connected component of

G, containing Ko, and let KT (M), be the set of Kéhler-type chambers contained in
G- Then o(Ky) € KT(My)4 and W acts on KT(My), transitively (cf. [51, Theorem
2.9]). Therefore there exists an element w € W such that (wo)(KCy) = Ko. Since
w € W C Mon?(Lgs) and 0 € O (Lgs) = Mon?(Lgs), we have wo € I'(Ky) and this
implies g = (wo)|pe € Dagt iy O

Recall that Ly is given by Ly = Lg3 & Ze and that MO is an admissible sublattice
of Ly defined by s
M() = MO D Ze.
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We define an involution ¢5; of Ly by
Lz, (To + ae) = uag, (o) + ae.

Recall that a Kahler-type chamber K € KT (]\7/0) is natural if the hyperplane My is a
face of K. Namely, Myr N OK contains an open subset of My g.

Lemma 6.4.2. [f6 =d+ae € A(Mo) (d € My,a € Z), then one of the following holds

(1) @20, (2) deA(M), or  (3) g € A(My).
Proof. 1f §* = —2, then d* = 2a*> — 2 = —2. Therefore we have (1) d* = 0 or (2)
d e A(My).

Assume that 6 = —10 and (8, Ly) = 2Z. Set d' = %l € Lksq. Since Lgs C Ly and
27 O (9, Lks) = (d, Lks), we have (d', Lgs) C Z. Since Lgs is unimodular, we have
d e LK3 Lys. Since 2d' = d € My and M, is primitive, we have d' € M,. Therefore
d*> = 4(d")? € 8Z. If d*> = 0, then (1) holds. So we may assume that d*> < —8. Since
62 = —10, we have a®> = € 45 < 1. If a = 0, then d> = —10 ¢ 87, which is impossible.
If a®> = 1, then d® = —8 and (d')? = —2. Therefore, we have (3) ¢ € A(M,). O

Since M = Mg, we may identify O(Mg) = O(Mg").

Theorem 6.4.3. If K € KT(M,) is natural, then Pk = = OT(My).

Proof. Tt is clear that I'7. \ C O+ (M) = OF(Mg). Since e € A(My), either (K, e) <
0 or (K, e) > 0 holds. We assume that

(K,e) < 0. (6.4.1)

Step 1 Let p: MO,R — My be the orthogonal projection. Since p(K) is a connected
open subset of G, \ Ugea () d*, there exists a unique chamber Ky € KT(M;) such

that p(K) C Ko. By the continuity of p, we have KN Mygr C p(lC) Since K € KT(M,)
is natural, K N My r contains an open subset of Mg, and Kn Mor Np(K) # 0. We
fix an element wy € K N Myg with wy € p(K)(C Kp). Then there exists a real number
a € R such that wy + ae € K. We set w = wp + ae. By (6.4.1), we have a > 0.

We claim that wy + be € K for any b € (0,a). Let 6 € A(Mo). If (K,d) > 0, then
(IC,6) = 0. Since wy € K and w € K, we have (wp,d) = 0 and (w,d) > 0. For any
b€ (0,a), we have

a—> b

OJ0+b€: wo + —w,
a

and (wo + be,d) > 0. Similarly, if (K,d) < 0, then (wo + be,d) < 0 for any b € (0,a).

Since K is a connected component of €737\ U6€A(A70) 6+, we have

wo + be € K
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for any b € (0, a).
Step 2 Let g € OT(My"). By Lemma 6.4.1, there exists an element 7 € I'(Ky) such
that 7[,. = g. We define o € O(L2) by

o(zg+ ae) = 7(xg) +ae, (z9 € Lkgs,a € Z).

By the construction of o and (57 , we have g o 15 = 137 00 It we write 7 = sy, ... Sy,

(v; € Lgsr), then v; € Ly and 0 = s, ...S,,,. Therefore sng(c) = sng(r) = +1 and

we have ¢ € O (Ly) = Mon?(Ly). Therefore we have o € I'(M,).

Suppose that £ N o (K) = 0. Then there exists § € A(Mj) such that
(K,8) >0 and (o(K),0) <0. (6.4.2)

Write § = d + Ae, where d € Mg and A € Z. We define a real-valued function f(t) on
[0, 1] by
f(t) = (tr(wo) + (1 = t)wo,d), (t € [0,1]).

Since 7 € T'(Ky), we have 7(wg) € Ky. Since Ky is a convex set, the line segment
{tT(wo) + (1 — t)wp; 0 £ ¢ < 1} is contained in Ky. By Lemma 6.4.2, the hyperplane d*
in Myg does not intersect Gy, \ Useaam) 6+. Therefore, we have (zg,d) # 0 for any
zo € Ko. Hence f(t) # 0 for any t € [0, 1]. Therefore, there exists a positive constant
C > 0 such that |f(¢)] =2 C for any 0 < ¢t < 1. Let @’ > 0 be a positive number that

satisfies
min {a i} ift A#£0
a < " 2| Al

a if A=0

and set w’ = wy + a’e. By Step 1, wy + be € K for any b € (0,a). In particular, w’ € K.
Hence o(w') € o(K). By (6.4.2), there is a real number 0 < ¢, < 1 such that

0= (too (') + (1 —to)', ) = f(to) — 2d'\.

If A =0, we have 0 = |f(to)| = C > 0, which is impossible. Suppose that A # 0. Since

|f(to)] =2 C and d’ < %, we get

C < |f(to)] = 24| < C.

which is also impossible. Thus we have XN o (KC) # (). Since K and ¢(K) are connected
components of €y \ Useaan) 5, we have K = o(K), and ¢ € T'(K). Therefore

9="Tluz = 0|z\~40L € Iz i Since g € O™ (My") is arbitrary, we have Pt = OT(My).
If (IC,e) > 0, then we can prove the statement in the same manner. O

Corollary 6.4.4. Let My be a primitive hyperbolic 2-elementary sublattice of Lz and
set Mo = My @ Ze. Let K € KT(M,) be a natural chamber. The identity map QMd_ —

: ) ‘ L -~
QJWOL induces an isomorphism of orthogonal modular varieties My, = Mgy .
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Recall that My, is the set of isomorphism classes of 2-elementary K3 surfaces of
type My, and that 7y : Mp,, — My, is the period map defined by

T (Y, 0) = [a(H*°(Y)] ((Y.0) € Mag),

where o : H?*(Y,Z) — Lgs is a marking of (Y,0). Recall that Mz\%/c is the set

of isomorphism classes of K 3P-type manifolds with involution of type (Mo, K), and
Pk M]T/fg,lC — MJ\%,}C is the period map. We have a natural map ® : M, —

Mz, x defined by
CI)(Y’ 0') = (Y[2]70-[2]> ((Y, U) S MMO)'

Then the following diagram commutes:

- o~
Mty —= Mgz

My l \LPMO,K

Mty —= Mgz «

Example 6.4.5. Let C be a smooth sextic in P2 and let Y — P? be the double cover
blanched over C. The covering involution of ¥ — P? is denoted by ¢ : Y — Y. By
Example 2.2.2, (Y, o?) and (elmy,, (Y™?), elmy/,(c)) are manifolds of K32-type
with antisymplectic involution. The invariant lattice H?(Y,Z)° is generated by an
clement ho with h2 = +2. By Example 2.2.6, we have H2(Y'2 2)" = Zhy & Ze. By
36, Proposition 25.14], we also have H?(elmy,(Y?), Z)emy /e (@) & 7h @ Ze.

We define a sublattice My of Lxs by My = Zh, where h € L satisfies h? =2. It
is a primitive hyperbolic 2-elementary sublattice of Lgs. We set My = My @ Ze. Then
My is an admissible sublattice of Ly. By [45, Example 9.12], we have

A(Mo) = +{e,2h+ 3e,2h — 3¢} and  KT(M,)/T5 = {[K], K]},

where I and K’ are Kéhler-type chambers defined by I = R.oh + R+ (3h + 2¢) and
K" = Roo(3h+2¢) +Rsg(h+e). By [45, Example 9.12], K is natural, p(Y?, o) = [K]
and p(elmy, (Y1), elmy, (o)) = [K'].

By Theorem 6.4.3 and Corollary 6.4.4, we have FM&‘,IC =
map 2y — Qg7 il gives an isomorphism of My, = Mgz .

OT(Mjy) and the identity

We prove that the same statement holds for the non-natural Kahler-type chamber
[K7].
Theorem 6.4.6. With the same notation as in Erample 6.4.5, we have FM& o =
OF(My). In particular, the identity map QMOL — QM& induces an isomorphism of
orthogonal modular varieties Mg, = Mgy ).
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Proof. 1t suffices to show that FM&’K, = FMOLK.
element o € I'(K') such that o|3; L =9 Since the boundary 0K’ consists of the rays
R>o(3h + 2¢) and Rxo(h + ¢) and since o|g; preserves OK', we have

Let g € FJTiol «- There exists an

(ol37,)(Bh +2¢) =3h+2¢ and (o] )(h+e)=h+e.

Hence o|g; = idg; . Therefore o € I'(K) and g = ‘7|1\70i € I'yz1 k- Similarly we have
FJTIOLJO D FAA/[’OL,K’ which completes the proof. ]

Note that a birational transformation of an irreducible holomorphic symplectic man-
ifold preserves its period ([36, Proposition 25.14]). We have a natural map ¥ : Mz, —
Mz, ko defined by

U(Y,0) = (elmy,, (Y?), elmy, (6?)) (Y, 0) € M)
Then the following diagram commutes:

.
Mat, —2 My, o

WMOl ipﬁo”c/

Mty —= Mz xor-

6.4.2 An equation of currents on M,

Let My be a primitive hyperbolic 2-elementary sublattice of Lxs. Let Iy - Q My
My, be the natural projection. For § € A(Mg) = {§ € My-; 6% = —2}, we set

Hy = {[n] € Qug; O(Mg )iy = {£1, £s5}},
where O(Mg")(, is the stabilizer of [n]. We define an open subset 27 i of Dye by
1?45- = U H&

SEA(MZ)
The isometry group O(Mj") preserves D3, and we set

0

Trug = iy /OO

It is an open subset of Z,..

Lemma 6.4.7. Assume that r(My) < 18. Then the following hold.

(1) Zus \ 2, M- is an analytic subset of Sy with codimg  (Dye \ Zy,10) 2 2. In
0 0
particular, QO g Y 7 vy = = Qe \ (Dagz \ Z5,1) is an O(My")-invariant Zariski
0
open subset of QMd_
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(2) 9]‘\’4& s a smooth hypersurface of Q?woi U @;4&'

(3) Dyt C Mgy \ Sing Mg, and Dyyr C Dyt \ Sing Dy
Proof. See [82, Proposition 1.9.]. O
Set Mg = My & Ze. Then MO is an admissible sublattice of Ly = L3 @ Ze.
/\/LLZ

Lemma 6.4.8. We have A(MOLL“) = A(M, ).

Proof. Suppose that there exists an element ¢ € ]T/[/OL such that 6% = —10, (8, Ly) = 27Z.

Since § € Mg~ = Mg C Lgs, we have & := 2 € Lgzg. Since (6, Ly) = 2Z, we
have (0', Lxs) C Z. Since Lgs is unimodular, we have ¢’ € L}.; = Lgs. Therefore
Z 3 (8')? = 36* = =2 ¢ 7Z, which is a contradiction. O

Therefore the isomorphisms
¢ My = My o and ¢ My, = Mgz
constructed in Corollary 6.4.4 and Theorem 6.4.6 satisfy
NDyg) = Dyje and (D) = Dy

In the following, we identify MMO,K and My o with My, and identify 91\7& with
T

Let u be a pluriharmonic function on M3, . We assume the following: Let C
be an irreducible projective curve on the Baily-Borel compactification M7, satistying
Assumption 6.2.5 and let p € C'N @Md_ be a smooth point of C'. Choose a coordinate

(A,s) on C centered at p such that AN gMd_ = {p} and s(A) is the unit disk. Then
there exists a rational number a € Q such that

(u|a)(s) = alog |s|* + O(loglog |s|1). (6.4.3)

Lemma 6.4.9. The equation of currents
ddu = Z UJiCSFZ-

holds on My, where .@MOL = > .T; is the irreducible decomposition.

Proof. Let x € Z;,,. By [82, Section 7 (Step 1)], there exists a system of local coordi-
0
nates (U = A™,t,21,...,2,m-1) on Q. UZ; | that satisfies
0 0

(1) D5, NU ={(t,2) € Ust =0},

(2) For any z € A™ ', there exists an irreducible curve C, on M3, such that C,
contains II,;. (A x {z}) as an open set.
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By the assumption of u, for each z € A™™1 u|y Ax{z}) satisfies

Mg (

uln, , (axtey) = a:log [t +Olloglog|t]™) (¢ —0),

where a, € Q. Set H = 77, NU and A, = 11 (A x {z}). It suffices to show that
0

a = a, is independent of the choice of z € A™~!, and the equation of currents
dd‘u = adg

holds on U.
Since 0u = 0, Ju is a holomorphic 1-form on M3, . Let z € A™'. Since (u|a,)(t)—
a. log |t|? is a harmonic function on A, \ {z} and it satisfies

(ula.)(t) — a:log [t|* = O(loglog [t ), (6.4.4)

it extends to a harmonic function on A,. Moreover a, is the residue of du|_ at t = 0.
Since a, € Q and a, depends continuously on z € A™ ! g = a, is independent of the
choice of 2 € A™"!. By (6.4.4), there exists a non-negative function C'(z) on A™™!
which is not necessarily continuous such that

lu(t, z) — alog [t|*] £ C(2)loglog ||

holds on U. By [82, Proposition 3.11.], we have dd“u = ady, and the proof is completed.
O

6.4.3 The invariants for the case where r(M;) < 17 and gMd_ is
irreducible

Set ]\70 = My © Ze. Then ]\70 is an admissible sublattice of Ly = Lgs @ Ze. Let
K € KT(M,) be a natural Kahler-type chamber.

Assumption 6.4.10. We assume that r(M,) < 17, and .@MOL is irreducible.

By [87, 11.3] and [28, FIGURE 1], there exist 23 types of primitive hyperbolic
2-elementary sublattice of Lgs which satisfy the above assumption.
By Corollary 6.4.4, we have an isomorphism

¢ : MMO — MMO,K'

We define a real-valued smooth function o3z . on M3, by 037 = T3z © ¢. Namely,
it is defined by
JMOK(y’ o) = TMO,K(Y[Q}; 0[2])

for any 2-elementary K3 surface (Y,0) of type My. By Theorem 6.3.9 and by [82,

Theorem 5.6.], the function log (UMO o 7']?4(579)> is a pluriharmonic function on Mg, .
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Lemma 6.4.11. The function log (Uﬁo c 7']?4(5_9)> satisfies (6.4.3).

Proof. The proof is straightforward from [82, Theorem 6.5] and Theorem 6.2.7. O

Theorem 6.4.12. If r(M,) < 17 and .@MOL is irreducible, then there exists a constant
C' depending only on My such that

Tirguc (Y, 0®) = Oy (Y, 0) 72079

for any 2-elementary K3 surface (Y, o) of type M.

Proof. We show that v = log (JMOK . 754(;"79» is a constant function on Mj, . By

Lemma 6.4.9, the equation of currents

ddu = adg (6.4.5)

0

holds on Myy,. We choose an irreducible projective curve C' on My, that satisfies the
following conditions:

M C My, 2CNGy #0 (3) SingCN Py =10

(4) C intersects @MOL transversally.

Let n : C — C be the normalization. Note that 7*0u is a meromorphic 1-form on C
and that its residue at p € n~1(C'N D) is equal to a by (6.4.5) and (4). By the
residue theorem, we have

Z a=0.

pen_l(cm@]\/jd_)

Thus we obtain a = 0, and u extends to a pluriharmonic function on Mj,. Since
r(My) = 17, we have codim M3, \ My, = 2. Therefore u extends to a pluriharmonic
function on M3, by [34, Satz 4]. Since M}, is compact, u is constant. O

6.4.4 The invariants for the case where M; = (2)

In Subsection 6.4.4, we always suppose that r = r(My) = 1 and ¢ = —17. Hence
M,y = Zh with h? = 2. Set My = My ® Ze. By Example 6.4.5, KT(MO)/FMO consists
of two classes, one natural and the other non-natural. Let K & KT(]T/[/U) be a natural
Kéhler-type chamber and let X' € KT(Z\A/fO) be a non-natural Kéahler-type chamber.

Lemma 6.4.13. Let f: (2°,1) — S be a family of K32 -type manifolds with antisym-
plectic involution of type (Mo, K'), and let g : (¥ ,0) — S be a family of 2-elementary
K3 surfaces of type My such that

X, =elmy, o, (Y?), and 1, = elmy,,, ()

S
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for each s € S. For the definitions of eleS/JS<Y;[2]) and elmys/as(af]), see Example
2.2.2. The following equality of (1,1)-forms on S holds:

c r—= 6—* *
—dd lOgTJTJO,/C/,%/S =2(r—9) { 1 MY Mag, + JMO’gya/Sw_Ag} .

Proof. By Theorem 5.3.11, we have

] t+1)(t+7
—dd lOgTM K2)8 = *Cl(f*K%/S,hLQ)_'_WH'({%"L/S). (646)

Let h: (2,0) — S be a family of K3/?-type manifolds with antisymplectic involution
of type (Mg, K) such that
Z, =Y

2 and 6, =

for each s € S. Then we have
X =elmy, /o, (Zs), and 3= elmy, /o (6;)

for each s € S. Since the birational transform Z; --+ X, does not change the period
([36, Proposition 25.14]), we have

Cl(f*Kgg'/S, hL2> = Cl<h*K;g/S, hL2) = 27?7\40(,0/\41”0. (6.4.7)
On the other hand, since Y; /o, = P? for all s € S, we have

wH-(g{L/S) = WH‘(E}:’”"/S) = 2(7’ — Q)Jleo,??U/SwAg' (648)
Combining (6.4.6), (6.4.7) and (6.4.8), we obtain the desired result. O
We set
*I{dEAUWWdQE(M?WL AT ={de AMy);d/2 & (My)"},
deA*
By [87, 11.3.] and [28, FIGURE 1.}, .@MOL consists of two connected components ;.
and 9]\_40

By Corollary 6.4.4 and Theorem 6.4.6, we have the isomorphisms
¢ Muy = My o and P M, = Mg
We define real-valued smooth functions o3; - and o3 . on My, by o3z o =757 00
and o3 o, = Tip o © ¢, Namely, they are deﬁned by
UMO,IC(Y> o) = Tk, (Ym o), UMO,IC/(Y7 o) = TMOK/(elmy/U(Y[?]),elmy/g(ap]))

for any 2-elementary K3 surface (Y, o) of type My. By Theorem 6.3.9, Lemma 6.4.13
and [82, Theorem 5.6.], the functions log (UM © Tﬂ/g 9)> and log (JM o TM(:; 9)> are

pluriharmonic functions on My, .
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Lemma 6.4.14. The functions log (JMO’,C : 7']%4(5_9)> and log (JMOJC, : Tﬁg_g)) satisfy

(6.4.3).

Proof. The proof is straightforward from [82, Theorem 6.5.] and Theorem 6.2.7. [

Theorem 6.4.15. There exist positive constants Cy,Cy > 0 such that for any 2-

elementary K3 surface (Y, o) of type My = (2), the following identities hold:
TMO,K(Y[2]’ o2y = Oy, (Y, 0) 7209,

Tz, o (emy o (YP), elmy o (0)) = Comagy (Y, 0) 7207

Proof. We follow [52, Lemma 8.7]. We set u = log (a% o Ti}g*g» or log (a% o T,%}Zig)).

It suffices to show that u is a constant function on M7, . By Lemma 6.4.9, the equation
of currents

ddcu = (1(5 7, bé 55—
thld- + Qk[d—

holds on M, where a,b € Q. Therefore we have
dd“u = bd5-

Mg
o+
as currents on My, \ @M&'

Let U C |Op2(6)| be the space of smooth plane sextics, and let V' C |Opz(6)| be
that of sextics with at most one node. By [75], the geometric quotient U/ PGLj is
contained in V/PGL3 as an open subset, there is an isomorphism U /PGL3 = Mj,,
and it extends to an open embedding V/ PGLs — My, \ 7, .

Let f:V — My \ ‘@J\J}i be the composition of the quotient map V' — V/PGL3
0 —
and the open embedding V/ PGL3 — My, \ 9;} .. We have the equation of currents
0
dd’ f*u = l/l)(5f*@;{0l (6.4.9)

on V', where v € Z-.
Note that the codimension of |Op2(6)|\V is 2. There exists an irreducible projective
curve C' in |Opz2(6)| such that

(HCccVv (2)0n f*@;%i 40 (3) SingC N f@ﬂ;& =0
(4) C intersects f*@]\} , transversally.
0
Let ) : C' — C be the normalization. Note that n*f*du is a meromorphic 1-form on C

whose residue at p € n71(C' N f*.@]\}l) is a positive multiple of vb, say m,vb, m, > 0.
0
By the residue theorem, we have

Z mprb = 0. (6.4.10)

pen1(CNf* T 1)
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By (6.4.10), we have b = 0 so that f*u is a pluriharmonic function on V' by (6.4.9).
Since codim o) (|Op2(6)|\ V) = 2, f*u extends to a pluriharmonic function on |Op2(6)|
by [34, Satz 4]. Thus f*u is a constant function on |O(6)|, and w is also constant. [

6.5 The singularity of us-equivariant Quillen met-
rics

In this section, we determine the singularity of ps-equivariant Quillen metrics for one-
parameter degenerations of projective manifolds, and we prove Theorem 6.5.4, which
was used in the proof of Proposition 6.1.4.

This section is based on the idea of Ken-Ichi Yoshikawa, and we follow the appendix
of [43]. (See also Sections 3 and 4 of [85] for the case of general compact group actions.)

6.5.1 Smoothness of us-equivariant Quillen metrics

Let .# be a complex manifold endowed with a holomorphic ps-action and let B be a
complex manifold endowed with a trivial ps-action. Let w : .# — B be a us-equivariant
proper holomorphic submersion. Assume that there is a ps-equivariant relatively ample
line bundle O _4(1) on . Let F' — .4 be a py-equivariant holomorphic vector bundle.
We set M, = 7 1(b) and F}, = F|y, for b € B. Then puy preserves the fibers M;, and F,
and 7 : .# — B is a family of projective manifolds endowed with us-action. We define
(R, F')+ as the sheaf on B associated to the presheaf

U— Hq(ﬂ'il(U), F’ﬂ_l(U))i7

where Hi(w 1 (U), F|z-1())+ is the (£1)-eigenspace of H(w *(U), F|z-1(1)) with re-
spect to the t-action. Then Rim, F = (R'm.F); & (Rm.F)_.

Lemma 6.5.1. Let K C B be a compact subset. Then there exist a complex of -
equivariant holomorphic vector bundles Fy : 0 — Fy — Fy — -+ — F,, — 0 on
a neighborhood of 7 *(K) and a homomorphism i : F|-1x) = Fy of pa-equivariant
vector bundles satisfying the following conditions:

(1) The sequence of vector bundles 0 = F|r(x) = Fo = F1 = -+ = F, = 0 is
exact.

(2) HY(My, Fi|p,) =0 forallqg>0,i20 and b € K.

Proof. We follow [70, Sect. 7.2.7]. For v € N, we set £, = 1.0 4(v). Since O 4(1)
is relatively ample, there exists an open neighborhood U of K and mg € N such that
E, is a ps-equivariant vector bundle over U and such that the evaluation homomor-
phism mFE, = O_4(vV)|z-1@w) — 0 is surjective and po-equivariant for v = my. Con-
sidering its dual, we get a us-equivariant injective homomorphism of vector bundles
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0 = Oylrrwy = (7*EY)(v). Tensoring with F, we get a py-equivariant exact se-
quence of vector bundles 0 — F|—1) = (7*E)) ® F(v)|z-1) over 7 1(U), where
F(v) = F® O4(v). Weset Fy = (m*E)) ® F(v)|z-1@1). Then there exist an open
neighborhood U; of K and m; € N such that for v = my, HY (M, F(v)|n,) = 0
(Vg > 0,¥b € Uy). Applying the same construction to Fy/F, we obtain an open neigh-
borhood U, of K with K C Uy C Uj a ps-equivariant vector bundle Fy on 7~ !(U,) and
an exact sequence of ps-equivariant vector bundles 0 — F \7,_1((]2) — F0|,,_1(U2) — F
on m1(Us) satisfying (2) for Fy and Fy. Repeating this m — 1 times, we get the exact
sequence 0 — F|7r*1(Um) — F0|7r*1(Um) — Fllﬂfl(Um) — e = Fm—1|7r*1(Um) defined
on an open neighborhood U, of K with K ¢ U,, Cc U,,_1 C --- C Uy C U, where
m = dim M,. Then we set F,, = F,,_1/F,_> and we get the exact sequence of pa-
equivariant holomorphic vector bundles 0 — ¢ — Fy — F} — --- — F,, — 0 on
7~ YU,). By construction, H?(M,, Fi|p,) =0 forall g >0,0<i<m—1and b € U,,.
Then HY(My, Fp,|p,) = 0 for all ¢ > 0 and b € U,,. O

By Lemma 6.5.1, m,F, : 0 — 7w, Fy — mFy — -+ — mF,, — 0 is a complex of
Lo-equivariant locally free sheaves of finite rank over K such that for all ¢ = 0,

Rim . F|g = Y n. F,) = Ker{m.Fy = m.F1} /Im{m.F,_y — m.F,}. (6.5.1)

Let (m.F;)+ be the (£1)-eigensubbundle of 7, F; with respect to the ps-action. Since
(6.5.1) is an isomorphism of po-equivariant sheaves on K, we have the following canon-
ical isomorphism of coherent sheaves for all ¢ = 0

(Rqﬂ'*F)i’K = %q((W*F.)i>. (652)

For any coherent sheaf F on B, one can associate the invertible sheaf det 7 on B
([47], [15]). We define

Ae(F) = @gzo(det(RIm F)e) ", A (F) = A (F) @ A_(F).

Since there is a canonical isomorphism det(m, Fy)+ | = det F°((m,.Fy)+) on K (cf. [47,
p. 43 b)]), we deduce from (6.5.2) the canonical isomorphism of line bundles on K (see
also [15, p.337-p.338)]) 4

Ae(F) = @z (Fy) "

Let Z, C Op be the ideal sheaf defining b € B. Since (7,.F;)+ ® (Op/Ly,) = HY(M,, F;)+
forallb € K and ¢ = 0 by Lemma 6.5.1 (2), we have the following canonical isomorphism
of lines for all b € K:

AL(F)y = AL(F) @ (Op/Ty)
~ @20\ (F) V' @ (Op/T,)
= @izo(det(m F) 1)V @ (Op/T)
= @;zo(det HO(My, Filar,) )"
> ®,zo(det HY(Mp, Fag,)2) "
= A (Flag)-

(6.5.3)
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Let h 4 be a ps-invariant Kahler metric on .# and let hr be a ps-invariant hermi-
tian metric on F. Via the canonical isomorphism (6.5.3), A, (F) is endowed with the
equivariant Quillen metric || - [|g,,, () (¢) With respect to h_z|7.4/5, hr such that for all
be B,

1 @, 2 ()(0) = [ - lQr, (73 (1)

For an open subset U C B, a holomorphic section 0 = (o4, 0_) is called admissible
if both o, and o_ are nowhere vanishing on U.

Proposition 6.5.2. Let U C B be a small open subset such that X\, (F)|y admits
an admissible holomorphic section 0 = (04,0_). Then log ||U||?Q7)\#2(F)(L) is a smooth
function on U.

Proof. Since U is small, we may assume by Lemma 6.5.1 that there exists a complex
of ps-equivariant holomorphic vector bundles F, and a ps-equivariant injective homo-
morphism i : F|-1) — Fp satisfying Lemma 6.5.1 (1), (2). We have the canonical
isomorphism of line bundles on U

01 AL (F) 2 ®gz det (1, F)2) TV 2 @m0As (F) Y

Shrinking U if necessary, we may assume that there exist admissible holomorphic sec-
tions o; = ((07)+, (0;)—) of Ay, (F;) defined on U such that ¢4 (0y) = ®@g(0i)$1)l.

Let hp, be a pg-invariant hermitian metric on F; and let || - |lg.,,(r)(¢) be the
equivariant Quillen metric on A, (F;) with respect to the po-invariant metrics h 4,5 =
hoy|r.w)p and hp,. Let ch,(F,F.) € A(.#") be the Bott-Chern secondary class (Theo-

rem 1.2.5) such that

dd°ch,(F,Fo) = > (=1)'ch,(F;, hy,) — ch,(F, hp).

120

By Theorem 1.2.8, we get the following equation of functions on U

) -~ (0)
108 01,0 (1) = S (=1 0g 02l ) () + |7 AT (T B)chu(F, Fu)}

>0

= (=1 loglaillf.s,, () (+)  mod C*(U),
i20

(6.5.4)

where T.#/ /B = (T.# |B,h.4/5), F = (F,hr) and [a]®? denotes the component of
degree 2d of a differential form «. Since m : 7~ 1(U) — U is a proper holomorphic
submersion and since b — h%(My, F;|p,) is a constant function on U, it follows from
[15, Th.3.5] that 10g||0i||22,,\u2(m)(b) is a smooth function on U. This, together with

(6.5.4), implies the result. O
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6.5.2 Singularity of equivariant Quillen metrics

Let ¢ be the generator of us. Let 2" be a projective manifold endowed with a holomor-
phic po-action. Let C' be a smooth projective curve endowed with a trivial us-action.
Let m : 2 — C be a us-equivariant surjective holomorphic map. Hence puy preserves
the fibers of m. Let ¥, = {z € Z;dn(x) = 0} be the critical locus of 7 and let
A, = w(X;) C C be the discriminant locus of 7. Assume that there exists a po-
equivariant ample line bundle on 2". We set X, = 77!(s) for s € C' and

C°=C\A,, Z2°=n1C°, =°=n|g..

Then 7° : Z° — C° is a family of projective algebraic manifolds with us-action.

Let T2 /C be the po-equivariant subbundle of T'Z7| 45, defined by T2 /C =
Ker m,|9\5,. Let ha be a po-invariant Kahler metric on 2™ and set hy)c = h 2 |ra /C-
Let ¢ — 2 be a ps-equivariant holomorphic vector bundle on 2  endowed with a
fo-invariant hermitian metric he. We set & = £|x, for s € C.

Let 0 € A, be a critical value of 7. Let (S, s) be a coordinate neighborhood of C
centered at 0 such that SN A, = {0}. We set X = 771(S5) and S° = S\ {0}.

For s € S°, let 7,,(X;,&5)(¢) be the equivariant analytic torsion of (X, &) with
respect to hx, = hy|x, and he, = he|x,. Let A4, (€) be the equivariant determinant of
the cohomology of £&. Then A,,(€)|co is equipped with the equivariant Quillen metric
| - [[@ruy(6) () With respect to the po-invariant metrics hy /o, he. Let o be an admis-
sible holomorphic section of A,,(§)|s. By Proposition 6.5.2, log ||0'(S>||22’/\u2(5)(b) is a

smooth function on S°. In this subsection, following Bismut [12] and Yoshikawa [83],
we determine the behavior of log ||0—(S)||2Q:)‘u2 © (L) as s = 0.

Let I' € 2 x C be the graph of m. Then I' is a smooth divisor on 2" x C' preserved
by the po-action on 2" x C. Let [I'] be the us-equivariant holomorphic line bundle on
2" x C associated to I'. Let ¢p € H(Z x C,[I']) be the canonical section of [I'] such
that div(sr) = I'. We identify 2" with I" via the projection I' — 2.

Let i : I' — %2 x C be the inclusion. Let p; : 2 xC — Z and py: Z x C — C
be the projections. By the ps-equivariances of i, pq, pa, we have the exact sequence of
lo-equivariant coherent sheaves on 2~ x C,

0= Opwc([I]7! @ pi&) =5 Oy vc(pié) = i.0r(pi€) — 0. (6.5.5)

Let A, (1), A\w (U171 @ pié) and A, (€) be the equivariant determinants of the
direct images R(p2).O(p;€), R(p2)«Oa xc([[]7t @pif), Rm.O4 (€), respectively. Under
the isomorphism pi¢|r = ¢ induced from the identification p; : I' — 27, we define the
holomorphic vector bundles A,,, Ay on C' by

)‘uz = )\#2([1—‘]_1 ®pT£) ® )\m(pff)_l ® Auz(f) = A DA,
Ar =X ([I]71 @ pi€) @ Ax(pi€) ' @ A (€).

Since A4 is the determinant of the acyclic complex of coherent sheaves on C' obtained as
the (£1)-component of the long exact sequence of direct image sheaves on C' associated
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to (6.5.5), A is canonically isomorphic to O¢ ([11], [17], [47]). The canonical nowhere
vanishing section of Ay is denoted by (o xpr)+. Then we set oxpr = ((0kar)+, (Orar)—)-
Let U C S be a relatively compact neighborhood of 0 € A, and set U° = U \ {0}.
On X = 7n71(9), we identify 7 (resp. drn) with s o (resp. d(so)). Hence 7 € O(X)
and dr € H°(X, Q%) in what follows.
Let hyry be a po-invariant C'°° hermitian metric on [I'] such that

Im(w) —t* if (w,t) € (U) x U,

1 it (w,t) e (2 \X)xU (6.5.6)

Py (e, sr)(w, t) = {
and let hyrj-1 be the metric on [I']7! induced from Aypy.

Let [ - [, (e)(¢) be the equivariant Quillen metric on A, (§) with respect to hg/c,
he. Let || - |, (r1-1epie)(¢) (resp. || - H'QAM(},T&)(L) ) be the equivariant Quillen metric
on A, ([I]7' @ pi€) (resp. A, (pi€) ) with respect to hy, hyrj—1 ® he (vesp. hg, he ).
Let [ - lg,x,, (¢) be the equivariant Quillen metric on A, defined by the tensor product
of those on A ([T]~ ® IE), M (P1E), A (€).

Let IT: P(T2")Y — 2 be the projective space bundle over 2~ with fibers P(T' 2")) =
P(T,2)Y. Let U — P(TZ)" be the universal hyperplane bundle and set H =
T2 JU. As before, we have the following exact sequence of holomorphic vector
bundles on P(T'2")¥ :

S:0-U—=II'"TZ —H —0.

We define the Gauss map v : 27\ ¥, = P(TZ")" by v(x) = [T, Xr(y)]. Then we have
the equality of vector bundles T.2"/C = v*U on 2"\ ¥,. Let
0 (2, B) = (2,5)

be a resolution of the indeterminacy of v such that 7 = vog extends to a morphism from
2 to P(TZ)V. Here E = ¢ '(3,) is the exceptional divisor of g, whose ideal sheaf is
defined by Zp = ¢*Zx, . In this way, 7*U is viewed as an extension of T2 /C| 5, to

a vector bundle on f Set
Ey=ENqg(Xo).

Let 2" C Z be the set of fixed points of . Then we have the decomposition
X =Z5U 2y,
where 27 is the horizontal component and 2y is the vertical component. Namely,

any connected component of 2% is flat over C' and 27 C 7 *(A,). Let % C Z be
the proper transform of Z7%.
We define a topological invariant of the germ (7 : (27, Xo) — (5,0),&) by

L f1-Tdp)
o (Xo6) = [ - {T} ¢ (Td(T2)eh, (€)}

- / Td, (T2 )ch, (€).
2N X0

In the next theorem, for functions f, g on U°, we write f = g if f — g € C°(U).
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Theorem 6.5.3. The following identity of functions on S° holds:
log lokarllgon,, (1) = (X0, ) log [s]*.

Proof. We follow [12, Sect.5], [82, Theorem 6.3], [83, Theorem 5.1]. The proof is quite
parallel to that of [83, Theorem 5.1]. The major differences stem from the fact that
2 consists of the horizontal component 27 and vertical component 2% and these
components give different contributions to the singularity of log [|oxa|[?), Ay (0)-

Step 1 Let [X] = [I']|x, be the holomorphic line bundle on 2" associated to the
divisor X,. The canonical section of [X,] is defined by ¢; = ¢r|2 sy € HY(Z, [ X))
Then div(ss) = X,. Let is : Xy — 2 be the natural embedding. By (6.5.5), we get
the exact sequence of ps-equivariant coherent sheaves on 2,

0= Op (X' @) 22 0 () = (15).O0x,(€) — 0 (6.5.7)

and the canonical isomorphism (\,,)s = A, ([Xs] 7' @ &) @ A\ (§)7H @ A, (&s).

Set hix,] = hyry|2°x{s}, which is a pp-invariant hermitian metric on [X,]. Let hjx -1
be the po-invariant hermitian metric on [X,|™" induced from hix,). Let Ny = Nx, /o
(resp. N, = Ny ,,) be the normal (resp. conormal) bundle of X, in 2". Then
dr|x, € H°(X,, NY) generates NY for s € S° and dr|x, is po-invariant (cf. [11, (2.2)]).
Let any be the pio-invariant hermitian metric on N} defined by any (dn|x,,dr|x,) = 1.
Let ay, be the po-invariant hermitian metric on Ny induced from ayv. We have the
equality ¢;(Ns,ay,) = 0 for s € U°. By [83, Proof of Theorem 5.1 Step 1], the puo-
invariant metrics hx,-1 ® he and he verify assumption (A) of Bismut [10, Definition
1.5] with respect to ay, and he|,,.

Step 2 Let & be the exact sequence of ps-equivariant holomorphic vector bundles

on X, defined by

E:0-TX, > T2 |x, » Ns— 0.
By Theorem 1.2.4, one has the Bott-Chern class fvdL(gs; hx. ha,an,) € leé such that

dd°Td,(Es; hx.,, ha, an.) = Td(T X, hx,)Td(Ny, ay.)

xi = Td(TZ  hy).

Here, to get the equality 7'd,(Ns,an,) = Td(Ns,an,)
po-action on Ng|x.. Set

x:, we used the triviality of the

(Xp)s = ZHNX,.

Applying the embedding formula of Bismut [11] (see also [12, Theorem 5.6]) to the
pe-equivariant embedding is @ Xy — 2 and to the exact sequence (6.5.7), we get for
all s e U°

TdL(T'/%/'7 h%)ChL(Sa hE)
log HUKM(5>||2 (¢) :/ - log h[r}((rygr)
@Az (2 x (s x {5)) Td([T'], hyry)
. / Tdt(gs; th> hf&’a aNs)ChL(ga hf)
(X4)s Td(Ns, an,)

+C,
(6.5.8)
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where C' is a topological constant independent of s € U° (see Theorem 1.2.7 and its
proof). Substituting (6.5.6) and ¢;(Ns, ay,) = 0 into (6.5.8), we get for s € U°

log loscar(s) |2, (1) = — / Td,(T X hy)chi(€, he) log | — |2
X hx{s}

- {/ TdL(T%‘)ChL(f)} log |S|2 - / 7/:211,(85; h’X57 h%? a‘Ns)ChL(gv h{)
(ZENXo)x{s} (

L

H)S

- {/ TdL(T%)ChL(€>} log |5|2 - / ﬁb(gs; tha h’%a aNs)ChL(€7 hE)a
%LQXO ( ;{)9

(6.5.9)

where we used the equalities hry(sr, sr)|xox(sy = |8]* and 2 N~ HU) = 23 N Xy to
get the first equality and [83, Theorem 9.1] to get the second equality.

Step 3 Let L be the tautological line bundle on P(Q),®@7*T'C'), which is canonically
identified with a line bundle on P(7°.2")". The vector bundles ¢ and L are endowed with
the hermitian metrics induced from the one on II*7"Z" via the inclusions U — II'T'Z"
and £ — II*(Q} @ 7*T'C), respectively. Namely, hyy = (IT*hy )|y and he = IT*(hY, @
™he)|z. Write U = (U, hy) and L = (L, he).

Let hy, be the hermitian metric on N induced from hgy by the C°° isomorphism
N, = (TX,)*. Let ﬁ(NS; an.,hn,) € Ax, be the Bott-Chern secondary class such that

dd°Td(Ny; ay., hy.) = Td(Ns, ay,) — Td(Ny, hy,).
x:, we deduce from [32, Propositions 1.3.2 and 1.3.4] that

Since p9 acts trivially on N

ﬁL(gs; h’Xs7h5DV7a/NS> Td (887 hX 7h’f7 thg + Td (TXS7 h’X )Td(NS; aNg? thg)

— 1— Td
T b g B, )+ T, ([ { (£) } log ld|Ploxs .

[ TS e T ) + {Td@ Td((ﬁ)“))}logudwuﬂ i
(6.5.10)

We used [83, (13)] and (T'X,, hx,) = v*U|x, to get the second equality and we used
the relation (& hx,,ha,hn,) = v*(S;hy, [I*hy, hy)|x, and the functoriality of the
Bott-Chern class (Theorem 1.2.4) to get the third equality. Set © = 7o g. Substituting
(6.5.10) into (6.5.9) and using the fact that [(W\@;)*w] (©) = 0 for any smooth differential

form w on Eflz, (cf. [4, Theorem 1]), we deduce from the same argument as in [83, p.74

1.1-1.13] that
- {/ TdL(T%)ChL(f)} log [s[?
%‘;QXO

Td(~c\(L)) - Y
—C (E)

log [lokr(s) [, (4)
(6.5.11)

+(7

7 o {raa@ e e o anl?)
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By [83, Corollary 4.6] applied to the second term of the right hand side of (6.5.11), we
get

log [losar(5)l[G .0, (¢)

_ {/ TdL(T%)chL(S)} log |s|*
2HNXo

. TdH) -1 .
R clu(a)] log s
=0 (X, ) log s

+

where the last equality follows from the identity 7'd,(U)Td(H) = II*T'd,(T'Z"). This
completes the proof. O

Theorem 6.5.4. The following identity of functions on S° holds:
2 — 2
log ||U||Q,>\H2(§)(L) = a,(Xo,§) log |s|”.

Proof. There exist admissible holomorphic sections

a=(ag,a-) € (U N, (pIE)), B =(B+,8-) € T(U N\ (L] @ pi6))

such that oy =R a ' ®o on U, ie., (oxm)s = Br ® ai' ® 0. Then we have
+

log HOHé,Auz(ﬁ)(L) = log ”JKMHz),A#Q (¢) +log HO‘HéAuQ(p{g)(L) — log HﬁHQQ,)\HQ([F]*%Z)pTg)(L)
= o, (Xo, &) log |s)?

by Proposition 6.5.2 and Theorem 6.5.3. This proves the theorem. O



Chapter 7

The invariant 7,/ x and the BCOV
invariant

In this chapter, we compare our invariant 7); x with the BCOV invariant of Calabi-Yau
4-folds of Camere-Garbagnati-Mongardi [24]. In some cases, we give an explicit formula
for the BCOV invariant of these manifolds.

7.1 Comparison between 7y and Tpcov

7.1.1 Calabi-Yau 4-folds of Camere-Garbagnati-Mongardi and
their BCOV invariants

Throughout this section, we fix an admissible sublattice M of L, and a Kahler-type
chamber I € KT(M).

Let (X,:) be a manifold of K3/Z-type with involution of type (M, K). The fixed
locus is denoted by X*. The blowup of X along the fixed locus X* is denoted by X.
The involution + : X — X induces an involution ¢ : X — X of X. By Camere-
Garbagnati-Mongardi [24, Theorem 3.6], the quotient X /7 is a Calabi-Yau 4-fold and
we set _

Z =X/l
Definition 7.1.1. The manifold Z is called a Calabi- Yau manifold of Camere-Garbagnati-
Mongard;.

Let f: (Z,1) — S be a family of K3Z-type manifolds with involution of type
(M,K). Let X, = f~'(s) be the fiber at s € S. The fixed locus of ¢ is denoted by

2 and the blowup of 2" along 2™ is denoted by 7 : 2" = Bly.(Z) — 2. The
involution ¢ induces an involution 7 of 2" and its quotient is denoted by 2 = 27 /i. The
morphism induced from 2~ = 2 Iy Sis denoted by h: Z — S. By [24, Theorem 3.6],

each fiber Z, = h™1(s) is a Calabi-Yau 4-fold and h : 2 — S is a family of Calabi-Yau
4-folds.

135
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Let hy s be an t-invariant hermitian metric on the relative tangent bundle 72" /S
which is fiberwise Kahler. Since dim H?(X,, Q% ) is independent of s € S, R?f.Q, /s
is a locally free sheaf and we regard it as a holomorphic vector bundle on S. By Hodge
theory, R?f. 0, /s is equipped with the ¢-invariant hermitian metric. This metric is
called the L?-metric and is denoted by hzs.

Let hy,s be a hermitian metric on 72°/S which is fiberwise Kéhler. In the same
manner as above, the holomorphic vector bundle R, Y, /s is equipped with the L?
metric, which is denoted by hj2.

Define a function 7pcov,# /5 on S by

Teoov,#/s(8) = Tecov(Zs) (s € S).
By Theorem 4.2.4, Tpcov,#/s satisfies the following curvature equation on S:

8

dd® 10g TBCOV,# /S = %(—1)kak — %MWP, (7].].)
where
Wk = Z pcl(th*Qg,/S,hLz) and  wwp = c1(hK x5, hr2). (7.1.2)
p+q=k

In the next subsection, we show that 7y x, 25 satisfies the same equation (7.1.1).

Theorem 7.1.2. The following equation on S holds:
8

c X
dd®log Tarxc, 275 = Z(—l)kwm - EWWP-
k=0

7.1.2 Proof of Theorem 7.1.2
Lemma 7.1.3. The following identity holds:

8 3
> (—Dfwge =2 (=1)%e1 (RN QY g, hrz2) — 4 {er(h O, hy) + e (RO, hp2) }
k=0 q:l
Proof. Since each fiber Z; is a Calabi-Yau 4-fold, we have
th*Q}/S =0 (7.1.3)

for (p,q) = (1,0),(2,0),(3,0),(0,1),(0,2),(0,3),(1,4),(2,4),(3,4), (4, 1), (4,2), (4, 3).
By (7.1.2) and (7.1.3), we have

Wygo = O, Wyt = O, Wyg2 = Cl(th*Q}@()/S, hL2),

7.1.4
wis = c1(R°h.Qly g, hiz) 4+ 2¢1 (R Q% /g, hy2). (7.1.4)
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By the Serre duality (Lemma 5.4.1), we have ¢ (R*h.Q% g, hi2) = —c1(R?h.SY% /g, h2).
Therefore
c1(R?h.Q% g, hi2) = 0. (7.1.5)
By (7.1.2), (7.1.3), (7.1.5) and by the Serre duality (Lemma 5.4.1), we have
(.UH4 - Cl(Rgh QQ"/S? hLQ) + 261(R2h Qf/57 hLQ) + 361(R1h Qg/s, hLQ) + 461(R0h*Q}/S, hLQ)
= —261(R3h QJ/S’ hL2) - 401(R4h QQ‘/S? hLz),
wis = 2c1(R°h Q% /g, hr2) + 3c1(R?hQ g, hr2)
- _201<R h*QfZ{’/S, hLQ) - 361(R2h*QQ‘)/Sa hLQ),
Wge — 301(R3h*Q%7/S, hL2) = _301(R1h*9}03‘/57 hL2)7
wr =0,  wpgs = 41 (R QY g, hi2) = —der(h O, hyp).
(7.1.6)
By (7.1.4) and (7.1.6), we obtain the desired result. O

Let X be a fiber of f : 2" — S. The blowup of X along the fixed locus X* is
denoted by 7 : X — X. The involution of X induced from ¢ is denoted by . Then the
quotient Z := X /U is a fiber of h : & — S. Let E be the exceptional divisor and let
j: E < X be the inclusion. Let H1(X, 0% )1 and H1(X, QP %)+ be the (&1)-eigenspaces

of H1(X, k) and Hq(X, Qi’() with respect to the ¢ and Z-action, respectively. By [80,
Theorem 7.31], we have

7@ ju(r]p)" s HUX, Q%) @ HOH(X', Q%) = HI(X, Q%) (7.1.7)

where j, : HI"Y(E, Q") — Hq()N(,Q%) is the Gysin map. Since 7 : X — X is a
[o-equivariant map with respect to ¢ and 7 and since ps acts trivially on X* and F, the
isomorphism (7.1.7) induces the isomorphism of eigenspaces

HY(X, Q% )x @ HI7H (X 501 =2 HY(X, 0% ). (7.1.8)
Note that the pullback of the projection X — Z induces an isomorphism
H’q(X,Q];Z)Jr =~ HYZ, ). (7.1.9)
By (7.1.8) and (7.1.9), we have the canonical isomorphism
HI(X, Q%) @ HIY(X Q5 =2 HY(Z,08). (7.1.10)

(See [24, proof of Theorem 4.1].)
Let (R e Q%/s) be the (£1)-eigenbundles of RYf, Q"

isomorphism of holomorphic vector bundles

0 (R0, 5) @ RO, = R,

28" By (7.1.10), we have an
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Similarly, we have an isomorphism of holomorphic vector bundles
v (R, /S) & RO RO

In the category of C'* complex vector bundles on S, we can identify R?f, 0%, 28 with

the C*° complex vector bundle whose fiber is the space of harmonic (p, ¢)-forms. Sim-
ilarly, R1* £, Q0 /S and R, /s can be identified with C* complex vector bundles

whose fiber is the space of harmonic forms. Let c : (R fx Qx/s) (R I« QJ/S>

: RILLQ0 /s — RP1£Q%) bog and ¢ @ RIBQY, o — RPh,QY, ¢ be the homomor-
phlSIIlS of O complex vector ‘bundles induced from the complex conjugation of har-
monic forms. Then the following diagram of C'*° complex vector bundles commutes:

(1. Qj/s) ® RV RIBQT, (7.1.11)

! L

_ P
(ngzm) ® R LO% ) Ron QY

Lemma 7.1.4. The following identity of (1,1)-forms on S holds:

1 (RS g hie) — e (RP,SYy g e

((qu QJ/S> hLQ) s ((R fo/S) hp)

+ e (R g hue) — el (RP L% g e,

Proof. Let aq,...,qa, be a local holomorphic frame of (R fx Qx/s) D Rq—lf*QﬁZ 1/5

and let fy,..., [, be a local holomorphic frame of <Rpf Q%/s) @ R, Q%b/s We
define smooth functions ¢ (¢) and ¢&;(¢) by

det((¢(v), p(ay))r2)

det((¢(8:), 9(8;)) r2)
det({ay, o)) 2) |

det((Bi, Bj) 12)

Then ¢,(¢) and ¢ () are independent of the choices of holomorphic frames ag, ..., a,
and fi,..., [, and are globally defined on S. Note that ¢;(¢) and ¢ (1) are the Bott-
Chern secondary forms such that

and ¢ (1) = log (7.1.12)

¢1(¢) = log

1 (RN g hye) — ((R £.90, /S) hLz) — (RO hy) = —dd°E (6),

c1(RPh.QY g, hi2) — ((R 1.0, /S) hp) — (RPN g hyp) = —ddE ().
(7.1.13)
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Note that ¢(ay), . .., c(a,) are local C* sections of (Rpf*Qig/S)Jr@Rp_lf*Q?;}/S and

are not holomorphic sections. Similarly, ¢(¢(aq)), ..., c(¢(a,)) are local C™ sections of
RPh.QY, /g and are not holomorphic sections. Let €' = (¢ij) be a r x r-matrix defined

by

r

C(Oéi> = Z Cijﬁj- (7114)

=1

Then ¢;; are C*° functions. By the above commutative diagram (7.1.11), we have

r

c(p(ew)) = ¥(c(oy)) = Z cij (B5)- (7.1.15)
By (7.1.14), we have
({aus o) 12) = (i, ) 12) = ({elw), e(ay))12) = C - (B, By)iz) - °C.
Therefore
det({ay, a;)r2) = | det C|* - det ({5, B;) 12). (7.1.16)
Similarly, by (7.1.15), we have
det((¢(w), d(ay))rz) = | det C|* - det((¥(5i), (B))) 12)- (7.1.17)
By (7.1.12), (7.1.16) and (7.1.17), we have

¢1(¢) = log

)
det({¢(5:), #(5;)) ) (7.1.18)
)

By (7.1.13) and (7.1.18), we have
Cl(th*Q{%ﬂ/S7 hLZ) — C1 ((qu*QIL;,”/S>+ s hL2) — Cl(Rq_lf*Qij}/Sd hLQ)
= —dd°¢(¢)
= —ddG (1)
= ey (RPh, g, hiz) — 1 ((RP £.00, /S)+ , hL2> — (R QL By,

which completes the proof. Il
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Lemma 7.1.5. The following identities hold:
Cl(th*Q}@f’/S, hL2> = 01<R2h*(c X Os, hL2)7

1 1
Cl(R2h*Q}@n/S, hL2> = 5 {Cl(le*Ong7 hLQ) - Cl(f*Q,l%”L/Sp ]’LLZ)} + §C1<R3h*(c & Os, hLQ).
Proof. By (7.1.3), the first identity holds. Since R3*h,C® g is endowed with the Hodge

filtration
RRARCROs=F >F'>F*>F>F' =0

with
FPJFP = RPPhQY,

we deduce from (7.1.3) that
Fl=F=RhC®0s, F=F'=0. (7.1.19)
By the short exact sequence

0 — FP*H — FP — R*PhQY, o — 0,

we have
ci(F hp2) — ey (F? hy2) = cl(RZh*Qfof/S,hLz), (7.1.20)
c1(F? hps) — e (F ) = cl(th*Q}/S,hLz).
By (7.1.19) and (7.1.20), we have
1 (R’h.C ® Og, hy2) = ¢ (R*h.Qly g, hiz) + e (R'hQ% g, hyz). (7.1.21)
Since the fibers of f : 2" — S are manifolds of K3P-type, we have
R0, s =0 (7.1.22)

for p,q with p+ ¢ =1,3,5 or 7. Then we get

cl(RQh*Q%/S,hLz)

1 1
=3 {c1 (R g, hy2) — c1 (RTh V% )6, hy2) } + §cl(R3h*(C ® Og, hz2)

1

+l{c(R1f(9 hpz2) — 0l h E R¥h,C® Og, h

5 14 O, hyz) — e fs 2)8 L2)} + 201( C®Og,hp2)

1 1

= 5 {01<R1f*033ﬂ, hL2) — Cl(f*Q(lggL/S7 h,L2)} —+ icl(Rsh*C X Os, hL2>>

where the first equality follows from (7.1.21), the second equality follows from Lemma
7.1.4, and the last equality follows from (7.1.22). This completes the proof. O
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Let hx be an t-invariant Ricci-flat Kahler metric on X with Kahler form wy . It
is locally written as

i 0o 0
WX,0:§Zh (83 aZk)dz]/\dz

Ik

The Riemannian metric associated with hx  is denoted by g. The hermitian metric on
APAT* X attached to the Ricci-flat Kahler metric is also denoted by hx g
Let I be the complex structure of X. Since (X, g) is hyperkéhler, there are complex
structures J and K of X such that (X, I,¢), (X, J,g) and (X, K, g) are manifolds of
K3P-type and IJ = —JI = K. The Kahler forms with respect to J and K are given
by
WJ:g(_v‘](_))v and wK:g(_vK(_))7

respectively. Set o; = wy + iwg. This is a holomorphic 2-form on X (cf. [36, §23]).
Since H(X, Q%) = Cn, there exists a complex number A € C such that n = 30;. Note
that the L?-norm of n? is given by

4
o WX,0 _
)17 = hxo(n ”)—== [ n* A7,
A1 X

and the volume of (X, wx ) is defined by
w
\/vOl(‘XV7 on) = —X70.
’ x 4!

Since wy o is Ricci-flat, it follows from [36, Corollary 23.9] that

1 1
2 \ wio/4! 2 \Vol(X,wxp)) o

Similarly, there exists a complex number y € C such that 6§ = £6; in H*(X,Ox). We
identify the cohomology class # with its harmonic representative. The L?-norm of 62 is

given by
61 = [ xal?. 550 = [ 020

1

1 16°]17. 2
2 _ 2 "2 AR2 ) 1.24
|’u’ 2 <VOI(X, wX,O) <7 )

Lemma 7.1.6. For any o € AYY(X), the following identity holds:

and we have

hxo(n AN a,nAa) = |)\|2hX70(oz, Q).
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Proof. Fix p € X. Since (X, g) is hyperkéhler, the real tangent space T,gX at p is
equipped with the structure of a quaternionic hermitian vector space (see [36, §23.2]).
Therefore, there exist two tangent vectors e, f € T, g X such that

67 ’[67 Je? Ke? f7 If7 Jf7 Kf
form an orthonormal basis of (T, g X, g). Set

e —ile —Ke—ilJe f—ilf —Kf—iJf
b U2 - —7 /U3 - ) U4 -~ -
2 2 2 2

V1 =
Then vy, vy, v3, v4 are of type (1,0) with respect to the complex structure I and form a
C-basis of the holomorphic tangent space 1, X at p. Moreover, we have

1
h)go(l)i, ’Uj) = 55”

Let v',v2, v3, v* be the dual basis. Then we have
hxo(v',v7) = 26,5, and o= ivt Aot 4 ivd At
Let a =43, av' A0/ € AMTrX. Then we have
hxolor No,or A a) = 42 lvj|? = dhxo(a, @),
2%
which completes the proof. O
Lemma 7.1.7. The following identities hold:

1 ((le*g}%/s)_,hp) - <(Rsf*9}%/s)+,hp>

21 —t 21 —t
— ci(R f.Ogp hps) — — log Vol(Z" /S, w),

4
e (R0 ys)_ohu) = o1 ((RU1.9% ) , Pz )
21 — ¢t ) ol —t
=—— a(fely s, hiz) — Tdd log Vol(Z" /S, w).

Proof. The first identity is proved in Lemma 5.3.5. We prove the second identity in the
same manner as in Lemma 5.3.5.

Let X be a fiber of f : 2~ — S. Since X is a manifold of K3®-type, it follows
from [36, Proposition 24.1] and [37, Main Theorem] that the cup product induces a
le-equivariant isomorphism

Sym* H*(X,C) = H*(X,C).
Since the involution ¢ : X — X is antisymplectic, we have the canonical isomorphism

HY(X,Qy)- @ H'(X,0%) 2 H'(X, Q%)+ a®@n—ain
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Therefore, we have an isomorphism of holomorphic vector bundles
(R ys) © [ s = (R £ s) , - (7.1.25)
Set N = 2=, Let s1,..., sy be a local holomorphic frame of (le*QiK'/k?),' Then

sy A -++ A sy is a nowhere vanishing local holomorphic section of det (Rl 18, /s) .
Let 1 be a nowhere vanishing local holomorphic section of f,3%. ss- By (7.1.25), 51 A
n,...,sy An are local holomorphic frame of (le*Qing/S) and (s An)A---A(syAn)
+
is a nowhere vanishing local holomorphic section of det (Rl £y, s)
It suffices to show that
—log|[(s1 Am) A= A (s An)llE

_l’_

N4

N (7.1.26)
= —;log 172|132 — log |[s1 A -+ A sy||32 + log <2N Vol(Z'/S,was) > )

We may assume that S consists of one point, and we set X = 2.

By Lemma 5.4.2, the L%metrics on H'(X, Q%) (p = 1,3) and H°(X, Q%) depend
only on the choice of the Kéhler class [wx] and are independent of the Kéhler form wx
itself. Therefore we may assume that wx = wx is Ricci-flat.

By Lemma 7.1.6, we have

hxo(nAa,nAa)=[APhxo(a,a)
for each a € AM(X). By integrating both sides, we have
In A allZs = [ARllaZ:.
Therefore we have an isometry
(det H*(X, Q%) _, AN det hy2) = (det HY(X, Q% )4, det hyz).
By the formula (7.1.23), we obtain the formula (7.1.26). O
Lemma 7.1.8. The following identity holds:
(RO, hpp) = =1 ([ g, hee).

Proof. Recall that 7 : X — X is the blowup of 2" along 2. Let 7 : X — ¥ = f/[
be the natural projection. Set f=for: 2 — S. For s € S, the fiber of f, f and h

are denoted by X,, X, and Z,, respectively. Since h%*(X,) = h%*(X,) = h%*(Z,) = 1,
R*f.04, R*f.O - and R*h,Oy are invertible sheaves.

Let a € H*X,,Ox,). Since 1, is an antisymplectic involution on X;, « is t,-
invariant and 7*a € H4(XS>OXS) is ig-invariant. Therefore, there exists a unique

element 8 € H*(Z,,0z,) such that
T"a = T1"p. (7.1.27)
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The correspondence from « to § induces a natural isomorphism of holomorphic line
bundles on S

R*f,04 = R*h, 0. (7.1.28)

Since 7 : 2~ — % is a double cover, we have

_ 1 . 1 B 1
18117 = g BAB= 5/)2 AT = 5/ aNa = EuauiQ, (7.1.29)

where the third equality holds by (7.1.27). By (7.1.28), (7.1.29) and the Serre duality
(Lemma 5.4.1), we have

(RO, hpp) = ct(R .00 hyp) = =1 (£ /g, hee),
which completes the proof. O]

Lemma 7.1.9. The following identity holds:

21 —
4

t
Cl(RBh*Qiﬁg/S, hLz) = — Cl(f*Qf%/S, hLQ) - cl(f*Qzﬁbl/'L/S, hLQ)-

Proof. By the Serre duality (Lemma 5.4.1) and Lemma 7.1.4, we have

c1(RPh.Qy g, hre)
1
=5 {c1(R*n.QYy g, h2) — (R g, h2) }

= e ((R1.9 ), huz) = er (R0 6) )} (7.1.30)
+ % {c1(R*f.Og, hr2) — Cl(f*QiﬁyL/Sa hiz)} .
By Lemma 7.1.7 and the Serre duality (Lemma 5.4.1), we have
o (B ), hae) —er ((RA.Q%s) , hus) = =2 (£.00 5, he).
(7.1.31)
By the Serre duality (Lemma 5.4.1), we have

(R [0y, hy2) = =1 (feQ% g, hi2). (7.1.32)
Substituting (7.1.31) and (7.1.32) into (7.1.30), we obtain the desired formula. O

Lemma 7.1.10. The following identity holds:

201(R2h*C & OS, hL2) - cl(R3h*C & Os, hLQ) = —4Cl(h*0g‘, hLQ).
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Proof. By [25, proof of Proposition 5.9], we have

8
> (=1)fkey (RFB.C @ Og, hy2) = 0.

k=0
By (7.1.3), we have
c1(R*1,C ® Og, hp2) = c1(R"h,C ® Og, hy2) =0

By the Poincaré duality, we have

C1(R4h*c & Os, hLQ)

Cl(R5h*C®Os,hL2> Cl( h*C®OS,hL2)7

C1(R6h C® Og,hp2) = —1(R ’h, C® Og,hr2),

Cl(R h C & Os, hLQ) = —Cl(h C & Os, hLQ) = —Cl(h*Og, hLQ).

Substituting (7.1.34), (7.1.35) into (7.1.33), we obtain the desired formula.

Recall that wg-(27/g) is defined by

wir(215) = 1 (f Qg huz) = c1(R' foOgri, hyz) — 201 (fo K e, o).

Proposition 7.1.11. The following identity holds:

i 29
Z(—l)kwm = a(felly g hie) — Wi 2es)-

k=0
Proof. By Lemmas 7.1.5 and 7.1.9, we have
3

23 (1) (Rn.QYy g, hr2)

q=1
21 —
9 Cl(f Q%/Sv hi2)
- {Cl(f*Qgg”L/&hL?) - Cl(le*O%u hL2) - QCl(f*KL%/S, hLZ)}

- {201(R2h*<C ® Os, hLQ) — Cl(Rgh*C (029 Os, hLz)} .
Substituting (7.1.36) and Lemma 7.1.10 into (7.1.37), we have

3
2> (=1)%i(Rn.SQYy g, hyp) =

q=1

21

By (7.1.38) and by Lemmas 7.1.3 and 7.1.8, we have

8

29 —t
Z(—l)kwm = a(fe ¥ /g, hi2) — wi(ares),
k=0

which completes the proof.

145

(7.1.33)

(7.1.34)

(7.1.35)

(7.1.36)

(7.1.37)

a1 (fy g, hir) — wiraeys) + 41 (B Oy, hyz).

(7.1.38)
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For a compact Kéahler manifold M, we set

hP4(M) = dim HY(M, %)),  bp(M) = dim H*(M,C), x(M) = Z(—l)kbk(M).

k>0

Let X and Z be the fibersof f : 2" — Sand h : & — S, respectively. Let H7(X, Q%)+
be the (+1)-eigenspaces of H(X, Q) with respect to the up-action induced from ¢ :
X — X. Set

WPI(X)x =dim HU(X, %)z, be(X)e= Y hPI(X)y.
ptq=k

Recall that ¢t = Tr(s*|g1.1(x)). Therefore
WX =B (X)- =t hPH(X)4 4+ hHH(X) - = hPH(X) = 21,

and

21 — ¢
RPH X)) = — (7.1.39)

21+t

hl’l(X)+ 9 )

By [24, proof of Theorem 4.1], we have

HY(X, %), & HIY(X, Q%) =2 HY(Z,QY).

Since
e(Z)= > hi(2)= > (WPUX)y+ B HXY)) = be(X) 4 + bra(XY),
we have
X(Z) = (= 1)Fe(X) 4 + x(XY). (7.1.40)
k=0

Proposition 7.1.12. The following identity holds:

32+ 717
Proof. By [6, Theorem 2], we have
t* 423
X(X*) = J; : (7.1.41)

By [37, Main Theorem], we have by (X) =0 for k = 1,3,5,7, and

b(X)e =0 (k=1,35,7). (7.1.42)
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Recall that ¢ is antisymplectic. By (7.1.39), we have
bo(X)+ =bs(X)4 =1,

21 + ¢ (7.1.43)
b2<X)+ - hl’l(X)_i_ - T - b6(X)+
On the other hand,
25 — ¢
ba(X)_ = W2O(X) + WM (X)_ + 2 (X) = 52 | (7.1.44)

By [36, Proposition 24.1], the cup product induces a po-equivariant isomorphism
Sym* H*(X,C) = H*(X, C).

Therefore
H*(X,C), = Sym® H*(X,C), @ Sym* H*(X,C)_,

and, by (7.1.43), (7.1.44), we have
e L R C I G RYACOR

2 2 (7.1.45)
P —4t+579
1 :
By (7.1.42), (7.1.43) and (7.1.45), we have
8
t? 4671
S () = (7.1.46)
k=0
Substituting (7.1.41), (7.1.46) into (7.1.40), we have
3t? 4+ 717
x(z)=22 00
This completes the proof. n

Proof of Theorem 7.1.2. By Lemma 7.1.8 and by Propositions 7.1.11 and 7.1.12,
we have

8

Z(_l)kwm - 1_XzWWP

k=0

29—t

~ 9 Cl(f*Qéz'/& hi2) — wir(2/s) —
(t+D)(t+7)

== _1—601('}[‘*@4‘%/‘9’ hL2> — (,d}[({g{n/g).

By (7.1.47) and by Theorem 5.3.11, we have

2 4 239 7.1.47
T c1(hK/s, hy2) ( )

8
01<f*Q45{/S, hLz) — wH-(ggﬁ/S) = kz_%(—lngHk — 1—X2(,UWP.

This is the desired result. O

t+1D)(t+7)

dd° log TM,IC,%/S = — 16
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7.1.3 The BCOYV invariant of the Calabi-Yau fourfolds 7

Let M, be a primitive hyperbolic 2-elementary sublattice of Lgs. In this subsection,
we assume that

(1) rk(M,y) = 17.
(2) .@MOL is irreducible.

Here My denotes the orthogonal complement of My in Lgsz. As before, we define a
sublattice My of Ly = Li3 @ Ze by

]/\\4/0 = Mo@Ze.

Then MO is an admissible sublattice of Ly. Let K C KT(MO) be a natural chamber.
Let (Y, o) be a 2-elementary K3 surface of type My. Then (Y o)) is a manifold of

K3Pl-type with involution of type (M, K). We set (Xy,ty) = (Y, o). The blowup
of Xy along the fixed locus XY is denoted by )f(\;/, and the involution of ),(\;/ induced
from ¢y is denoted by iy. The Calabi-Yau 4-fold of Camere-Garbagnati-Mongardi is
denoted by .
Zy = Xy /ly.
Recall that M3, = My, \‘@MOL is a coarse moduli space of 2-elementary K3 surfaces
of type My. We define a function u on M3, by

U(Y, 0’) = TBCOV(ZY) : TM@,IC(XY’ Ly)il ((Y, 0') S M?\/[O).
Lemma 7.1.13. The function logu on My, is pluriharmonic.

Proof. Let HMOL ; QMOL — My, be the natural projection. It suffices to show that
117, Lu is a smooth function on Q. \ Zy;+ and log I}, Lu is a pluriharmonic function

Let © € Qye \ Dy and set p = Il (z). Let (Y,0) € Tu (p). By the local
Torelli theorem, we may assume that the Kuranishi space S := Def(Y,0) is an open
neighborhood of z in QMOL. Its Kuranishi family is denoted by ¢ : (#,0) — S. Let
f:(2,1) — S be the family of K3[-type manifolds with involution of type (]\70, K)
such that

<X37 Ls) = (XY97 LY@)

for each s € S. Let h : Z — S be the family of Calabi-Yau 4-folds constructed in the

same manner as in §7.1.1.

Then (H}hyﬁ) ls = TBCOV,Z/S * Since both 7gcov,# /5 and il k.27 /5 Are

-1
Tz\%,ic,%/s'
smooth functions on S, so is <H7V[0¢U> |s. By (7.1.1) and Theorem 7.1.2, log (ij&u> ls

(z log Tpcov,# /s — log TR0, 2 s) is a pluriharmonic function on S. Il
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Let C be an irreducible projective curve on M3, such that C' satisfies Assumption
6.2.5. Namely, C' is not contained in Py, UM, \ My, ). Let p € CNZ), 1 and assume
that p is a smooth point of C'. By Proposition 6.2.6, there exists a smooth projective
curve B, a morphism ¢ : B — Mj,, a smooth projective variety 2~ of complex
dimension 5, an involution ¢ : &~ — £, and a surjective morphism f : 2 — B such
that

(1) »(B) =C.

) for=1

(3) There exists a Zariski open subset B° # () of B such that o(B°) C M3, and for
each b € B°, the fiber (f~1(b),t|;-1¢)) is a manifold of K3®-type with antisym-
plectic involution of type (M, K) with period ¢(b).

(4) f: Z — B is a normal crossing degeneration. Namely, its singular fibers are
simple normal crossing divisor on 2.

Let ¥y = {s € Z7;df (x) = 0} be the critical locus of f and let Ay = f(X;) be the
discriminant locus of f. The fixed locus of ¢ is denoted by 2. Write

X=X,

where any connected component of 2% is flat over B and 27 C f~1(Ay).

The blowup of 2 along 2}, is denoted by 2. Let i be the involution of 2~
induced from ¢. Set 2 = % / t and let h : & — B be the morphism induced from
2 -5 B. By [24, Theorem 3.6] and (3), h|p-1(gey : h~1(B°) — B° is a family of
Calabi-Yau 4-folds.

Let 0 € B\ B° and let (A’,t) be a local coordinate on B centered at 0 such that
A"\ {0} € B°. We define functions 7gcov,#,p and ik k.2°/8 O1 B° by

Tacov,z/5(0) = Tacov(Z),  Tiz .8 (0) = Tag, (Ko, 1) (b € B?),

Then ¢*u = Tpcov,#/B * T]T_/[} K2 /B By Theorem 4.2.5 and Theorem 6.2.4, there exists
05/
ap € Q such that
log p*u|ar(t) = aglog |t|* + O(loglog |t| ™) (t — 0). (7.1.48)

Let (4,s) be a local coordinate on C' centered at p such that A* C M§, . Since
¢ : B — Cis a finite map with ¢(0) = p, there exists v € Z-( such that p*s = t"=(t),
where £(t) € C{t} is a unit. Replacing ¢ with te(t)», we may assume () = 1. Namely,
©*s =t. Then, by (7.1.48), we have

logu|a(s) = alog|s|* + O(loglog |s| ™) (s — 0), (7.1.49)
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where a = ag/v.
Since 9y, is irreducible, it follows from (7.1.49) and Lemma 6.4.9 the equation of
currents on My,

dd°logu = aé@MOﬂ (7.1.50)
where 5@M | is the Dirac delta current with support QMOL.
0

Theorem 7.1.14. If r(M,) < 17 and ‘@MOL is irreducible, then there exists a constant
Ch, depending only on My such that

Tacov(Zy) = CumyTig, o (Xvs ty)
for any 2-elementary K3 surface (Y, o) of type M.

Proof. We show that logu is a constant function on My, . Since r(My) = 17, we have
codim M7, \ My, 2 2. Therefore, we can choose an irreducible projective curve C' on

*

3, that satisfies the following conditions:

(1) CcMy, (2)CNDyy #0 (3) SingCN Py =10

(4) C intersects @MOL transversally.

Let ¢ : C' — C be the normalization. Note that ¢*0logu is a meromorphic 1-form on
C and that its residue at p € ™' (C'N Zy;1) is equal to a by (7.1.50) and (4). By the
residue theorem, we have

Z a = 0.

pew‘l(Cﬂ%/IOL)

By (2), we obtain a = 0, and log u extends to a pluriharmonic function on M. Since
r(Mo) = 17, we have codim M7, \ My, = 2. Therefore log u extends to a pluriharmonic
function on M7, by [34, Satz 4]. Since M3, is compact, logu is constant by the
maximal principle. This completes the proof. Il

By Fu-Zhang [30, Theorem A}, the BCOV invariant of Calabi-Yau manifolds is a
birational invariant. After the result of Fu-Zhang [30, Theorem A| and Theorem 7.1.14,
we expect that the invariant 7y x of K32-type manifolds with involution of type (M, K)
is also a birational invariant.

Conjecture 7.1.15. Let M be an admissible sublattice of Ly and let Ky, Ky € KT(M)
be Kihler-type chambers. Let (X1,¢1) and (Xs, 1) be manifolds of K3Z-type with
involution of type (M, ;) and (M, Ks), respectively. If there exists a uo-equivariant
birational map between (X1, ¢1) and (Xo, t2), then 7o i, (X1, t1) = Tari, (Xa, ta).
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7.2 Some examples

By Theorems 6.4.12, 7.1.14 and 4.1.10, the BCOV invariant of the Calabi-Yau 4-folds
of Camere-Garbagnati-Mongardi can be expressed as the Petersson norm of an explicit
automorphic form. In this section, we prove that the BCOV invariant of the Calabi-
Yau 4-fold Z of Camere-Garbagnati-Mongardi is expressed as the Petersson norm of
a Borcherds lift if every small deformation of Z remains to be a Calabi-Yau 4-fold of
Camere-Garbagnati-Mongardi.

7.2.1 The BCOV invariant of the universal covering of the
Hilbert scheme of 2-points on an Enriques surface

Example 7.2.1. Consider an Enriques surface S. Its universal covering S is a K3
surface and the covering involution o : S — Sis antisymplectic. By [63, Theorem 4.2.2],
the o-invariant sublattice H2(S,Z)° of H2(S,Z) is isomorphic to My := U(2) ® Es(2)
(see Section 2.1.1 for the notation). Therefore (S, ) is a 2-elementary K3 surface of
type My. By [66, Theorem 3.1] and [24, 6.1], Zg = SP, where SP is the universal
covering of the Hilbert scheme of 2-points on the Enriques surface S.

By [24, Theorem 5.1 and A], we have

dim H'(Z5,T7,) = dim H*(Z3, Q) = 10.

Therefore the dimension of the Kuranishi space of Z3 is equal to that of S and every
small deformation of Zz is induced from a small deformation of S.

Let us recall the construction of the Borcherds ®-function [20]. Set A = U & Eg(2).
Then Mg = U(2) @ A, where the orthogonal complement is considered in Lgs. An
element of My is denoted by (m,n, \), where m,n € Z and X € A.

Set

Er = {s € Ag;2* > 0}.
The tube domain Ar + i%, can be identified with the period domain 2 M via the
isomorphism
As +i%) = Q L v
R+ 10N = Myl Y K?—an)l -
Set p = (0,1,0),p" = (1,0,0) € A. The connected component of €, whose closure
contains p is denoted by €.

Let H be the upper half plane. Set ¢ = ¢*™" for 7 € H. The Dedekind n-function is

defined by
n(r) =g [[(1-q").
n>0
Let {¢(n)}n>—1 be the series defined by the generating function

w_ 27
2 = i
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Set
" =Z.op U {r € A; (p,r) > 0}.

We define the infinite product ®(y) by

D(y) = e2mi(py) H (1 . 6271'7;(7-7:[/))(—1)(7"’/)*/)/)0(?) ‘

rellt

By [20, Theorem 3.2] and [21, Theorem 13.3 and Example 13.7], ®(y) converges ab-
solutely for y € Ag + 1%, with (Imy)? > 0 and extends to an automorphic form on
QF (= Ag +i%)) for OT (M) of weight 4 with zero divisor Dyt N Qr ..

0 0

Fix a vector [, with 3 = 0. Set

For an automorphic form f on QX/[ | for OT(Mg") of weight w, recall that the Petersson
0
norm || f|| is defined by
£ (DI = Ba(l=])"|f (DI
Then || f| is a C* function on M3, = QLOL/O*(MOL).

Theorem 7.2.2. There exists a constant Cyy, depending only on My = U(2) & Eg(2)
such that

—

poov (SPI) = Cg | 2([S])|

for any Enriques surface S, where | ®([S])|| is the Petersson norm of the Borcherds
®-function evaluated at the period of S.

Proof. Note that M5, can be regarded as a coarse moduli space of Enriques surfaces.
By [61, (1.10)], D ;- is irreducible. Moreover, we have rk(My) = 10 £ 17. By Theorems
7.1.14 and 6.4.12, there exist constants C;, Cy depending only on My = U(2) & Eg(2)
such that

Tacov(S®) = Cirip (Xg.15), i, (X5 05) = Comag (S, 0) ™ (7.2.1)

for any Enriques surface S. By [82, Theorem 8.3], there exists a constant C3 depending
only on My = U(2) & Ex(2) such that

Ty (S, 0) = Ca|| @ ([S])]| 2 (7.2.2)

for any Enriques surface S. Combining (7.2.1) and (7.2.2), we obtain the desired result.
[
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7.2.2 The case where Y7 is a union of rational curves
Example 7.2.3. Let £ =1,...,6 and set

Ay =1, & Loik(—1),

where Iy is a positive definite odd unimodular lattice of rank N. Namely, Ay is an odd
unimodular lattice of signature (2,10 — k). Let

MO = Ak<2)J_
Here the orthogonal complement is considered in Ly3. We define
(r,1) == (rk(My), dimz, ((My)"/My)) = (10 + k,12 — k)

and
g:=11—

2

By Proposition 4.1.4, the fixed locus Y7 of a 2-elementary K3 surface (Y, o) of type
My = Ag(2)* is the union of k-rational curves. In this case, .QMOL is also irreducible by
[87, 11.3] and [28, FIGURE 1].

By [24, Theorem 5.1 and A], we have

dim H'(Zy, Tz, ) = dim H*(Zy,Qy ) = 10 — k.
On the other hand, we have
dim Q0 =10 — k.

Therefore the dimension of the Kuranishi space of Zy is equal to that of (Y, o). Hence
every small deformation of Zy is induced from a deformation of the 2-elementary K3
surface (Y, o) of type M.

Let us recall the automorphic form constructed in [84, Theorem 4.2] and [35, The-
orem 5.4]. For k=1,...,6, we set

Lk - Il @ —[9,]6.

Then Ay = U(—1) & L;. An element of Mg = Ax(2) is denoted by (m,n,l), where
m,n € Z and | € L. Set
%Lk = {l’ € LkR;l'Q > 0}

Note that €2, is canonically isomorphic to 2 M- The tube domain Ly + %7, can be
identified with 24, via the isomorphism

2
Lig + i€, — Qa, y— K% 1,y)] . (7.2.3)
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Let {h,d;,...,dy_} be a basis of L;(2) such that
h2 = 1, (h, dl) = 0, (dl,d ) 51j‘
Set , 1
Ok = 5(3h — dl — e — dgfk) € Lk(2)v = Lk(§)

and
I, = {d € Ly(2); &> = -2, (o, d) = 1}.
Let Wy be the Weyl chamber of 67,2y = {z € Lyg;2* > 0} containing g;. By [84,
Proposition 4.1], we have
Wi = {v € Ly(2) @ R;v? > 0, (v,d) > 0 for all d € II;,}.
Let ‘KLJ; be the connected component of 67, containing Wy. The connected component
of Qy, corresponding to Ly g + 1€}, via (7.2.3) is denoted by Qf .
We define the series {c,(fo)(l)}lez and {c,(cl)(l)}le x.z by the generating functions

(27)80A1+ (7)* Y 77(47)89Al++%(7')’C
20 =Sy 2 O = e

l€Z. le¥+z

where

A++ Z q (nt3

nez

We define the infinite product ®4(y) by

(I)k( 2m (Pr>y) H H 27rz Ay) (>(%)7

56{0 1} )\enz(‘s)

where
I = (A € dop + Li(2); A2 2 2(5 — 1), (A, 0) > 0 for all v € Wy}

By [21, Theorem 13.3], ®;(y) converges absolutely for y € Ag + W, with (Imy)? > 0
and extends to an automorphic form on Q7 (= Qf = Ay @ R+i%} ) for OF (M) of
0

weight k& + 4 with zero divisor Z. N Q7 .. In fact, &y is identified with a Borcherds
0
product by [87, Example 8.7].

Theorem 7.2.4. There exists a constant Cy, depending only on My = Ax(2)* such that
Tacov(Zy) = Cil @YD

for any 2-elementary K3 surface (Y, o) of type My, where ||Pr([Y])| is the Petersson
norm of @y evaluated at the period of (Y, o).
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Proof. By Theorem 7.1.14 and 6.4.12, there exist constants Cj 1, C 2 depending only
on My = Ax(2)* such that

TBCOV(ZY) = CkvlTMO,IC (Xy, Ly), TMOJC(Xy, Ly) = Ck,ZTMO (Y, O')i2(k+1) (724)

for any 2-elementary K3 surface (Y, o) of type My. By [84, Theorem 4.2.(1)] and [87,
Theorem 0.1], there exists a constant Cj, 3 depending only on My = Ax(2)* such that

Tary (Y, 0) = Cigl| @ ([Y]) ] 72 (7.2.5)

for any 2-elementary K3 surface (Y, o) of type My. Combining (7.2.4) and (7.2.5), we
obtain the desired result. ]

According to the genus one mirror symmetry conjecture ([26, Conjectures 1 and
2]), for a Calabi-Yau manifold, the BCOV invariant of its mirror family is conjecturally
equivalent to a certain generating series of the genus one Gromov-Witten invariants of
the Calabi-Yau manifold. For Calabi-Yau hypersurfaces in the projective spaces, this
conjecture is verified by Zinger [89] [90], Fang-Lu-Yoshikawa [27] in dimension 3, and by
Zinger [89] [90], Eriksson-Freixas i Montplet-Mourougane [26] in arbitrary dimension.
For Enriques surfaces, an analogue of the genus one mirror symmetry conjecture holds
true by Oberdieck [65] and Yoshikawa [82].

At least to the author, it is unclear what is the mirror of the Calabi-Yau 4-folds in
Examples 7.2.1 and 7.2.3. According to Camere-Garbagnati-Mongardi [24, Corollary
5.8], even if (Y, ) is a lattice theoretic mirror of a 2-elementary K3 surface (Y, o) of
type My, the Hodge diamond of Zy- is not mirror to the one of Zy. Namely, h'(Zy) #
h*(Zy).

Let Z be the Calabi-Yau 4-fold in Examples 7.2.1 and 7.2.3. By Theorems 7.2.2
and 7.2.4, we expect that if there exists a mirror Calabi-Yau 4-fold of Z, then its genus
one Gromov-Witten invariants are encoded by a power of ® or @, in a certain way.
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