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Chapter 1

Introduction

1.1 Overview

Convergence of stochastic processe is one of basic and important themes
in probability theory, which is defined as the weak convergence of prob-
ability measures on path spaces. The most typical and important limit
theorem is the so-called Donsker’s invariance principle Donsker [29], which
states that random walks on Z? converge to the Brownian motion on R?
in some proper scaling limit. There are a long history and a numbers of
results of convergence of stochastic processes. For example in recent stud-
ies, in Stroock—Varadhan [78], Stroock-Zheng [79] and Burdzy—Chen [21],
they studied approximations of diffusion processes on R? by discrete Markov
chains on Z?. In Bass-Kumagai-Uemura [11] and Chen-Kim-Kumagai [22],
they investigated approximations of jump processes on proper metric spaces
by Markov chains on discrete graphs, and on ultra-metric spaces in Suzuki
[84]. In Stroock—Varadhan [78], and Trevisan [87, 88|, they studied sta-
bility with respect to coefficients of martingale problems. In Ogura [69],
he considered convergence of Brownian motions on Riemannian manifolds
converging in the sense of Kasue-Kumura’s spectral convergence [51]. In
Albeverio and Kusuoka [1], they considered diffusion processes associated
with SDEs on thin tubes in R? shrinking to one-dimensional spider graphs.
In Kumagai—Sturm [60], they constructed diffusions by I'-limit of non-local
Dirichlet forms. In Croydon [27, 28], he studied convergence of random
walks on trees converging in the sense of the measured Gromov-Hausdorff.
In Athreya-Lohr-Winter [8], they studied convergence of diffusions on trees
converging in the sense of the measured Gromov—Hausdorff. In Kotani—
Sunada [58], and Ishiwata—Kawabi-Kotani [45] (see references therein for



complete references), they studied invariance principles of random walks
on crystal lattices. There are many studies about scaling limits of random
processes on random environments (see, e.g., Kumagai [59] and references
therein). See, e.g., Billingsley [14] for more historically comprehensive arti-
cles.

By recent development of geometric analysis, one can deal with differ-
ential calculus on non-smooth spaces which appear, e.g., in limit spaces of
smooth Riemannian manifolds. These spaces are no more manifolds, but
have some metric measure structures and one can consider differential ge-
ometric objects such as gradients, Laplacians, heat equations, curvatures
and so on (see, e.g., Villani [90] and Heinonen—Koskela—Shanmugalingam-—
Tyson [39] for comprehensive descriptions). In these studies, it is impor-
tant to know stability of these analytical objects on varying metric spaces,
such as spectra of Laplacian (Fukaya [33], Cheeger—Colding [23, 24, 25],
Kuwae—Shioya [62, 63], Shioya [77], Gigli-Mondino-Savaré [35]), heat ker-
nels (Kasue-Kumura [51, 52]), and various analytical objects (Honda [40,
41, 42, 43]). From probabilistic view points, most of such analytical objects
have rich connections to Markov processes (see, e.g., Bakry—Gentil-Ledoux
[10]), and it is natural to consider stability of Markov processes (or, stochas-
tic processes in general) under varying metric spaces.

In this thesis, we deal with convergence of stochastic processes on vary-
ing metric spaces in the sense of measured Gromov-Hausdorff and in the
sense of Lipschitz. We have two objectives in this thesis. The first, which
will be discussed in Chapter 4, is to show equivalence between the measured
Gromov—Hausdorff convergence of metric measure spaces and the weak con-
vergence of the laws of Brownian motions under the Riemannian curvature
dimension condition (Theorem 4.4.1). The second, which will be discussed
in Chapter 5, is to formulate a notion of convergence of stochastic processes
on varying metric spaces in the Lipschitz sense, and study topological prop-
erties of this new topology. As preparation for Chapter 4 and Chapter 5,
we study basics of convergence of stochastic processes in Chapter 2 and the
Riemannian curvature dimension condition in Chapter 3.

1.2 Convergence of stochastic processes

Given a continuous stochastic process S on a complete separable metric
space X with a probability space (€2, F,P), the process S becomes a measur-
able map from {2 to the space of continuous paths C([0,00); X). Thus S in-
duces a probability measure S on the space of continuous paths C([0, 00); X)



as the push-forwarded measure S,, = SxP. A sequence of stochastic pro-
cesses Sy, converges to S if S, converges to S weakly as probability measures
on C([0,00); X). In other words, S,,(f) — S(f) for any bounded continu-
ous function f on C([0,00); X ), where S,,(f) means the integral of f with
respect to S,,. We sometimes call it the weak convergence of S, to S.

To show the weak convergence of {S, },cn, usually we have two steps.
The first is to show relative compactness of {S,, },en, or in other words, exis-
tence of a converging subsequence. The second is uniqueness of limit points.
The relative compactness is equivalent to tightness, that is, for any € > 0,
there exists a compact set K C C(]0,00); X) so that inf, S, (K) > 1 —e. If
all S,,’s are Markov processes, one of sufficient conditions for tightness is a
priori heat kernel estimate. On the other hand, uniqueness of limit points
can be obtained by the weak convergence of finite-dimensional distributions
(abbreviated as CFD). If all S,,’s are Markov processes associated with sym-
metric Dirichlet forms &,,, the CFD follows from Mosco convergence of &,
(Mosco [67, 68], Kuwae—Shioya [62, 63], Gigli-Mondino—Savaré [35]).

1.3 Riemannian Curvature Dimension condition

To define any types of curvatures of spaces, we usually need twice differen-
tiable structures because we use information of Hessian of metrics. Recent
geometric analysis, however, enables us to investigate curvatures on more
general spaces, which do not have necessarily usual differentiable structures.
In particular, various generalized notions that Ricci curvatures are bounded
from below were introduced by several authors such as Sturm [82, 83], Lott—
Villani [65], Bacher-Sturm [9], Ambrosio-Gigli-Savaré [4], Erbar-Kuwada—
Sturm [30] and Ambrosio-Mondino—Savaré [7], or Ollivier [70], Bonciocat—
Sturm [19] and Bonciocat [18]. A basic idea for these generalization of
Ricci curvature bound is to use convex analysis on the space of probabil-
ity measures on the underlying spaces. They characterize “Ricci > K” by
“Convexity of entropy on the space of probability measures”, and the latter
notion do not need to assume the twice differentiable structure on spaces.
The RCD* (K, N) (Riemannian curvature dimension) condition was first
introduced by Erbar-Kuwada—Sturm [30] and Ambrosio-Mondino—Savaré
[7], which is the class of metric measure spaces satisfying the reduced curva-
ture dimension condition CD*(K, N') (Bacher—Sturm [19]) with the Cheeger
energies being quadratic. Roughly speaking, RCD*(K, N) condition is a gen-
eralization of Ricci curvature is bounded from below by K and dimension
is bounded from above by N to non-smooth metric measure spaces. When



we consider complete Riemannian manifolds, the RCD* (K, N) condition is
equivalent to the condition that Ricci curvature is bounded from below by
K and dimension is bounded from above by N (Sturm [82, 83]). We will
recall the precise definition of the RCD*(K, N) in Section 3.3.

Typical examples for RCD* (K, N) spaces are measured Gromov—Hausdorff
limit spaces of N-dimensional complete Riemannian manifolds with Ricci >
K, and N-dimensional Alexandrov spaces with curvature > K/(N — 1) (see
Kuwae—Machigashira—Shioya[61], Petrunin [72] and Zhang—Zhu [91]). Note
that the Sierpiriski gasket (K, py, 1) equipped with the harmonic geodesic
metric py and the Kusuoka measure p does not satisfy the CD*(K, N) con-
dition (see Kajino [48]).

As in the case of Riemannian manifolds whose Ricci curvatures are
bounded from below, RCD*(K, N) spaces also have many useful functional
inequalities or estimate of geometric quantities such as Poincaré inequality,
Sobolev inequalities, Bishop—Gromov inequalities and Bonnet—-Myers diam-
eter estimates. We recall these inequalities in Section 3.3. In RCD*(K, N)
spaces, we have a canonical energy form, called Cheeger energy. This energy
form becomes strongly local regular symmetric Dirichlet forms and induces
a unique diffusion process. We call it Brownian motions.

1.4 Convergence of Brownian motions on RCD
spaces converging in the mGH sense

Brownian motions are canonical Markov processes in the sense that they are
characterized only by metric measure structures of the underlying spaces.
The one-dimensional Brownian motion B is, for example, a unique Markov
process associated with the following energy form:

1
B / IV f|?dz, (1.4.1)
2 R

where V means the usual differentiation and dx means the Lebesgue mea-
sure. On a complete Riemannian manifold (M, g), the Brownian motion
is defined by unique Markov process associated with the following energy
form:

1
B e / |V, f)2dmy, (1.4.2)
2 /m

where V, denotes the gradient operator and mg, denotes the Riemannian
volume measure associated with the metric g. A more general framework



is the class of metric measure spaces X = (X,d,m) satisfying the RCD
condition. The Brownian motion on X is defined by a unique Markov process
associated with the following Cheeger energy:

1
(Brownian motion) B « / IVf|2dm (metric measure structure),
2 /x

(1.4.3)

where |V f|,, means the minimal weak upper gradient of f (Ambrosio—-Gigli—
Savaré [4]). We refer the reader to Fukushima—-Oshima-Takeda [34] as a
standard reference of Markov processes and energy forms.

The correspondence (1.4.3) means that the Brownian motions are char-
acterized only by information of metric measure structures of the underlying
spaces. Therefore some properties of the Brownian motions and of the un-
derlying metric measure spaces must be related to each other.

In Chapter 4, we focus on relations between convergence of the underly-
ing spaces and convergence of the Brownian motions. The following is the
main questions in this chapter:

Does convergence of the laws of Brownian motions follow from some
g
geometrical convergence of the underlying spaces (or, vice versa)?

Since there is no standard notion of convergence of stochastic processes
on varying spaces, we should clarify in what sense the convergence of the
Brownian motions in the question (Q) is. See the statement (ii) of Theorem
4.4.1 for the precise meaning.

As one of the main results of this theses, which will be stated in The-
orem 4.4.1 in Chapter 4, we show that the weak convergence of the laws
of Brownian motions in some common space is equivalent to the measured
Gromov—Hausdorff convergence of the underlying metric measure spaces un-
der the RCD*(K, N) condition with uniform diameter bounds.

1.5 Convergence of stochastic processes on metric
spaces convergene in the Lipschitz distance

One of main themes in this these is to formulate a convergence of continuous
stochastic processes on compact metric spaces converging in the Lipschitz
distance.

For compact metric spaces X and Y, the Lipschitz distance dp(X,Y) is
defined to be the infimum of € > 0 such that an e-isometry f : X — Y exists.



Here a bi-Lipschitz homeomorphism f : X — Y is called an e-isometry if
[log dil(f)| + | log dil(f )| < ¢,

where dil(f) denotes the smallest Lipschitz constant of f, called the dilation

of f:
() — sup AT
z,yeX d(.%’ 3 y)
TFY

Let M be the set of isometry classes of compact metric spaces. It is
well-known that (M, dy) is a complete metric space. See, e.g., Burago—
Burago-Ivanov [20] and Gromov [37] for details of the Lipschitz distance.
We say that X,, converges to X in the sense of Lipschitz if dy(X,, X) — 0
as n — oo.

The main object of this chapter is to introduce a new distance among
pairs (X, P) where X is a compact metric space and P is the law of a
continuous stochastic process on X. Let PM be the set of all pairs (X, P)
modulo by an isomorphism relation (defined in Section 5.2). We will define
(in Section 5.2) a new distance on PM, which we will call the Lipschitz—
Prokhorov distance dpp, as a kind of mixture of the Lipschitz distance and
the Prokhorov distance. The Lipschitz distance is a distance on the set of
isometry classes of metric spaces, which was first introduced by Gromov (see
e.g., [37]).

We summarize our results as follows:

(A) (PM,drp) is a complete metric space (Theorem 5.2.5 and Theorem
5.2.7);

(B) Relative compactness in (PM,drp) follows from bounds for sectional
curvatures, diameters and volumes of Riemannian manifolds and uni-
form heat kernel estimates of Markov processes (Theorem 5.3.4);

(C) Sequences in a relatively compact set are convergent if the correspond-
ing Dirichlet forms of Markov processes are Mosco-convergent in the
sense of Kuwae-Shioya [62] (Theorem 5.3.9);

(D) Examples for

e Brownian motions on Riemannian manifolds (Section 5.4.1);

e uniformly elliptic diffusions on Riemannian manifolds (Section
5.4.2).
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We use heat kernel estimates by Kasue-Kumura [52] to show tightness
and use Mosco convergence to show the weak convergence of the finite-
dimensional distributions of the Brownian motions.

1.6 Notation

Let N={0,1,2,..} and N := NU {oo}. Let R be the set of real numbers.

Let (X, d) be a complete separable metric space. We denote by Z(X)
the family of all Borel sets in (X, d). We write B,(z) = {y € X : d(z,y) < r}
for a open ball centered at x € X with radius r > 0.

Let C(X) denote the set of real-valued continuous functions on X. Let
Cy(X), Co(X) and Cps(X) denote the subsets of C'(X) consisting of bounded
functions, functions with compact support and bounded functions with
bounded support, respectively. We denote by By(X) the set of real-valued
bounded Borel-measurable functions on X. Let P(X) denote the set of
Borel probability measures on X.

We say that « : [a,b] — X is a curve on X if 7 : [a,b] — X is continuous.
A curve v : [a,b] — X is said to be connecting x and y if v, = z and vy, = y.
A curve v : [a,b] — X is said to be a minimal geodesic if

s—1
d(ye,7s) = Md(%,%) a<t<s<b.

In particular, if % can be replaced to 1, we say that v is unit-speed.

Let (Y, dy) be a complete separable metric space. For a Borel measurable
map f: X — Y, let fum denote the push-forward measure on Y:

fam(B) =m(f~1(B)) for any Borel set B € Z(Y).

For f € LY(X,m), we sometimes write m(f) := [ f dm.
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Chapter 2

Convergence of continuous
stochastic processes

In this chapter, we study convergence of continuous stochastic processes
on a fixed underlying space. We refer the reader to Billingsley [14] for a
standard reference. In the case of cadlag processes, we refer the reader to
Jacod—Shriyaev [46] and Ethier—Kurtz [32].

2.1 Weak convergence of probability measures

Let (X, d) be a complete separable metric space. Recall that Cy,(X) denotes
the set of bounded continuous functions on X and P(X) denotes the set of
Borel probability measures on X.

A sequence of probability measures P,, € P(X) converges weakly to P €
P(X) if

/dePn—>/deP Vf € Cy(X).

We sometimes write P(f) := [  JdP shortly. In this notation, P, converges
weakly to P if P,(f) — P(f) for any f € Cp(X). We note that the weak
convergence is a topological notion. This means that the weak convergence
does not depend on specific metrics d on X, but depends only on the topol-
ogy generated by d. The weak convergence gives rise to a topology in P(X)
and this topology is metrizable. There are several ways to equip metrics (see,
e.g., Bogachev [17, Theorem 8.3.2]). We recall the so-called Lévy—Prokhorov
metric (or, just Prokhorov metric):

12



Definition 2.1.1 (Lévy—Prokhorov metric) For ui, us € P(X), the Lévy—
Prokhorov metric dp(u1, u2) is defined as follows:

dp(p1, p2) = inf{e > 0: 1 (A) < p2(A%) + &, pa(A) < p(A%) + €},
where A® := {z € X : d(x, A) :=infycad(z,y) < e}

The Prokhorov metric dp induces the equivalent topology of the weak con-
vergence. In other words, dp(pn, ) — 0 if and only if pu, — p weakly. Note
that, without the condition of separability of (X,d), the topology induced
by dp is stronger than the weak convergence (see [32, Chapter 3, Theorem
3.1]). It is known that (P(X),dp) becomes a complete and separable metric
space whenever (X, d) is complete and separable (see, e.g., [32, Chapter 3,
Theorem 1.7]).

The notion of the weak convergence can be realized as the almost-sure
convergence of random variables on a certain probability space.

Proposition 2.1.2 (Skorokhod representation theorem) Let P,, P €
P(X) forn € N. Assume that P,, converges weakly to P. Then there exists a
probability space (2, F,Q) on which are defined X -valued measurable maps
Ry, and R with each distributions Ry, 4Q = P, and R4Q = P so that

lim R, =R Q-a.s.

n—o0

Here recall that # means the push-forward. See [32, Chapter 3, Theorem
1.8] for a proof.

To show the weak convergence, the following equivalent statements are
sometimes useful, called Portmanteau theorem:

Proposition 2.1.3 (Portmanteau theorem) Let P,,P € P(X). Then
the following are equivalent:

(1) P, converges weakly to P, that is, for any f € Cy(X),
Pu(f) = P(f).
(ii) For any bounded uniformly continuous real-valued function f on X,

BPa(f) = P(f)-

(iif) For any closed set A C X,

limsup P,,(A) < P(A).

n—oo
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(iv) For any open set B C X,

liminf P,(B) > P(B).

n—oo
(v) For any subset C C X satisfying P(0C) =0,

lim P,(C) = P(C),

where OC' denotes the boundary of C, i.e., 0C := C \ C.

One of the important question is which kind of subsets in P(X) are
compact, or relatively compact (sometimes called precompact) with respect
to the topology of the weak convergence. Here we mean that a subset
S C P(X) is relatively compact (or, precompact) if, for every sequence
{P,}nen C S, there exists a converging subsequence { P, },veny C {Pn}tnen
and P’ € P(X) (P’ is not necessarily required in S) so that

P, St P,
We define a notion of tightness for a subset S C P(X).

Definition 2.1.4 A subset S C P(X) is tight if, for any € > 0, there exists
a compact set K C X so that

inf P(K)>1—e.
pesS

The following Prokhorov theorem states that tightness implies relative com-
pactness. If, moreover, (X,d) is complete and separable, then a subset
S C P(X) is relatively compact if and only if S is tight.

Proposition 2.1.5 (Prokhorov theorem) Let (X,d) be a metric space.
The following statements hold.

(i) A subset S C P(X) is relatively compact if S is tight.

(il) If (X,d) is complete and separable, S is relatively compact if and only
if S is tight.

See [32, Chapter 3, Theorem 2.2, Corollary 2.3] for proofs.
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2.2 Convergence of continuous stochastic processes

In this section, we recall convergence of continuous stochastic process. The
convergence of continuous stochastic processes is defined as the weak conver-
gence of probability measures on the space of continuos paths C(]0, 00); X) :=
{w : [0,00) — X, continuous}.

Let (X, d) be a complete and separable metric space. We equip C([0, 00); X)
with the following metric:

p(w,v) = /OO e T sup (d(w(t),v(t)) A1))dT,
0 t€[0,T

where a A b := max{a,b}. We sometimes write d = d A 1 for short. The
metric p induces the topology of the uniform convergence on compacts. It
is known that (C([0,00); X), p) is a complete and separable metric space.

Let (2, F, P) be a probability space. A family of maps {S;}:>0 is said
to be stochastic process on X if Sy : Q@ — X is F /% (X )-measurable for any
t > 0. Recall that Z(X) denotes the family of Borel sets in X, and F /% (X)-
measurable means that S, L(A) € Fforany A € #(X). A stochastic process
{St}+>0 on X is said to be continuous if there exists a measurable set 2y € F
so that P(£) =1 and

Si(w) is continuous in t for any w € Q.

Given a continuous stochastic process S, without loss of generality, we
may assume that S. is continuous for any w € Q by replacing (2, F, P)
to (0, Flay, Plo,) where Flg, == 0{ANQy : A € F} and P|q, is the re-
stricted measure of P on Flg,. We note that the definition of continuous
stochastic processes does not assume that S. is a random variable from €2
to C([0,0); X), i.e., S7L(C) € F for any C € B(C(]0,00); X)). However,
under the assumption of the separability of (X,d), if {S;}+>0 is continuous,
then S. becomes automatically a C(]0, 00); X )-valued random variable.

Proposition 2.2.1 If {S:}1>0 is a continuous stochastic process, then S. is
a C([0,00); X)-valued random variable.

Proof. By the separability of (X, d), we have that C([0,00); X) is also sep-
arable under the topology of the uniform convergence on compacts. Thus
it suffices to show that, for each closed ball B, (v) := {w € C([0,00); X) :
p(v,w) <1} C C([0,00); X), it holds that S~1(B,(v)) € F. Since

STHBr(v)) = {w € Q: S.(w) € Br(v)} = () {w:d(Sy(w),v(q)) <7},

q€Q4
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(Q4 means the set of non-negative rationals and d := d A 1) and Sy is
measurable for each ¢ by the definition of stochastic processes, we have the
desired result. 0

By Proposition 2.2.1, we can consider the push-forward measure of P
by S.. We denote the push-forward measure of P with respect to S. by
S. 4P, ie., S.yP(A):=P(S71(A)) for A € B(C([0,00); X). The probability
measure S.x P on C([0,00); X) is called the law of {St}>0.

Definition 2.2.1 (Convergence of continuous stochastic processes)
Let { S} }+>0 and {S; }+>0 be continuous stochastic processes on X with prob-
ability spaces (2, Fp, Py) and (2, F, P) respectively. We say that {S}'}+>0
converges to {S}i>o if

the laws S”, P" converges weakly to S., P

in P(C([0,00); X)). We sometimes say that {S}'}i>0 converges in law to
{St}>o0.

2.3 Probability measures on C([0,00); X)

As we have seen in the previous section, the convergence of continuous
stochastic processes is defined as the weak convergence of their laws in
C([0,00); X). Thus, to study convergence of stochastic processes, we need
to know topological properties about the weak convergence of probability
measures on C([0,00); X).

It is sometimes useful to consider subclass of Borel o-fields instead of the
whole Borel o-fields. A determining class D C ZB(C([0,00); X)) means that,
for any two probability measures P, Q on C([0,00); X), if P(A) = Q(A) for
any A € D, then P = (). A determining set D says that it suffices for
coincidence of P and @) to see values only on D.

We recall the class of cylinder sets. For k € Nand 0 <t <ito < - <
ty < 00, let Ty, 4y 1, : C([0,00); X) — X* be defined by

Tty b2, 5tk (’LU) = (w(t1)7 ’w(tg), ) w(tk))'
Let C be class of cylinder sets, i.e.,
Co={my 1 (A):Ac B(X"), kEN, 0<t; <ty <-- <t <oo}.

The following Proposition states that the class of cylinder sets in C(]0, 00); X)
is a determining set.

16



Proposition 2.3.1 Let P and Q be Borel probability measures on C([0,00); X).
If P(A) = Q(A) for any A €C, then P = Q.

See [14, Example 1.2, 1.3] for a proof.

For a probability measure P on C([0, 00); X ), the class of push-forwarded
probability measures 7y, 4,.....1;, , P on X ¥ is called finite-dimensional distri-
butions of P. To show the weak convergence of P, to P in P(C([0,00); X)),
it is not enough to show the weak convergence of finite-dimensional dis-
tributions th,tQ,..,,tk#Pn — th,tQ,,.,,tk#P (see, e.g., [14, Example 1.3, 2.5]).
However, if we know that {P, },en is relatively compact, it suffices for the
uniqueness of limit points of { P, },en to show the weak convergence of finite-
dimensional distributions.

Proposition 2.3.2 Let P, and P be probability measures on C([0,00); X).
Assume the following:

(1) {Pn}nen is tight

(ii) each finite-dimensional distributions of P, converges weakly to those of
P, i.e., for any k € N and tq,t, ..., t; € [0,00),

weak

. k
7Tt1,t2,---,tk#Pn - 7Tt17t27---7tk#P in P(X").

Then P, converges weakly to P.

Proof. By the equivalence of tightness and relative compactness from Propo-
sition 2.1.5, there exists a convergence subsequence (we also write { Py, }nen)
to some P’. By the assumption (ii), P’ = P on the class of cylinder sets
C. By Proposition 2.3.1, the class of cylinder sets C is a determining class.
Thus we conclude P’ = P. We finish the proof. 0

2.4 Tightness of the laws of continuous stochastic
processes

In Proposition 2.3.2 in the previous section, we see that tightness and the
weak convergence of finite-dimensional distributions imply the weak conver-
gence. The main objective in this section is to characterize tightness of the
laws of continuous stochastic processes and give some sufficient conditions.

For v € C([0,00); X), T > 0 and 0 < 6 < T, the modulus of continuity
m(v, 6, T) is defined by

m(v,0,T) := sup{d(v(s),v(t)) : t,s € [0,T], |t —s| < I}.
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Proposition 2.4.1 A sequence {P,}nen C P(C([0,00); X)) is tight if and
only if the following two statements hold

(i) For any € > 0, there exists a positive real number a and some xo € X
so that
sup P, (v : d(v(0),z0) > a) <e.
neN

(ii) For anyn >0 ande >0 and T > 0, there exists a positive real number
0<d<T and ng € N so that

sup Pp(v:m(v,6,T) >¢) <.

n>ng

See [14, Theorem 8.2] for a proof. A key for the proof is to apply the
Ascoli-Arzea theorem.

We note that, by Proposition 2.4.1, when we consider the laws {S,, },en
of continuous stochastic processes {{S}' }+>0 : n € N} with probability spaces
(Q, Fn, Pr), the sequence of the laws {S,, },en is tight if and only if

(i) for any € > 0, there exists a positive real number a and some zp € X so
that

sup P (w : d(Sy (w), o) > a) < ¢;
neN

(ii) for any 7 > 0 and € > 0 and T > 0, there exists a positive real number
0 < d < T and ng € N so that

sup Pp(w:m(S.(w),0,T) >¢e) <.

n>ng
A useful criteria for tightness is to estimate moments of processes.
Proposition 2.4.2 The laws {Sy, }neny C P(C(]0,00); X)) is tight if
(1) the initial distribution is tight, i.e.,
the laws of {S§ tnen is tight in P(X);
(ii) for each T > 0, there exist constants C' > 0, v > 0, o > 1 so that, for
any t € [0, T

sup B, (d(SPy, SP)Y) < Ch* (0 < Vh <1).
neN

Here we mean that Ey, is expectation, i.e., En(f) = [o f(w)dPp(w).
Recall d :=d A 1.
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See [14, Theorem 12.3] and [32, Chapter 3 Corollary 8.10].

Remark 2.4.3 In application, we often consider stochastic processes to be
Markov processes. In this case, if we know a priori heat kernel estimate,
we can check the moment estimate (ii) of Proposition 2.4.2. In Chapter
4, we use Gaussian heat kernel estimate to show tightness of Brownian
motions on RCD*(K, N) spaces. See Lemma 4.5.1 for precise arguments. In
Chapter 5, we use a kind of general heat kernel estimate to show tightness.
See Theorem 5.3.4. Moreover, if we know Mosco convergence of Dirichlet
forms, or equivalently, L2-convergence of semigroups, we can show the weak
convergence of finite dimensional distributions of the corresponding Markov
processes. See Lemma 4.5.2 in Chapter 4, and Theorem 5.3.9 in Chapter 5.
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Chapter 3

Riemannian Curvature
Dimension conditions

In Erbar-Kuwada-Sturm [30] and Ambrosio-Mondino—Savaré [7], they in-

troduced Riemannian Curvature Dimension conditions (RCD*(K, N)) for

metric measure spaces. These conditions generalize the notion of Ricci cur-

vatures bounded below and dimension bounded above by using convex anal-

ysis of Entropy on Wasserstein spaces. In this section, we recall the definition

of RCD*(K, N) spaces and state properties satisfied by RCD*(K, V) spaces.
In this chapter, we say that (X, d, m) is a metric measure space if

(i) (X,d) is a complete separable metric space;

(ii) m is a non-zero Borel measure on X which is locally finite in the sense
that m(B,(z)) < oo for all x € X and sufficiently small r > 0.

Let supp[m] = {z € X : m(B,(z)) > 0, Vr > 0} denote the support of m.

3.1 L?’-Wasserstein Space

Let (X;,d;) (i = 1,2) be complete separable metric spaces. For p; € P(X;),
a probability measure ¢ € P(X; x X3) is called a coupling of 1 and pg if

migq=p1 and Touq = ue,

where 7; (i = 1,2) is the projection 7; : X1 x X9 — X; as (z1,22) — x;. We
denote by II(u,v) the set of all coupling of p and v.
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Let (X,d) be a complete separable metric space. Let P2(X) be the
subset of P(X) consisting of all Borel probability measures p on X with
finite second moment:

/ d*(z,T)du(r) < co for some (and thus any) Z € X.
X

We endow P2(X) with the quadratic transportation distance Wa, called
L?-Wasserstein distance, defined as follows:

W(u,v) = (_int / d2(aj,y)dq(ac,y)>l/2. (3.1.1)
q€ll(py) J x x x
A coupling q € II(p, v) is called an optimal coupling if q attains the infimum
in the equality (3.1.1). It is known that, for any p, v, there always exists an
optimal coupling ¢ of u and v (e.g., [90, §4]).
It is known that (P2(X), Wa) is a complete separable metric space (e.g.,
[90, Theorem 6.18]).

3.2 Cheeger’s L*-energy functional

In this subsection, we follow [5] to define Cheeger’s L?-energy functional on
metric measure spaces.

Let (Z,dz) be a complete separable metric space and I C R be a non-
trivial interval. A curve I 3 ¢ — 2, € Z is absolutely continuous if there
exists a function f € L'(I,dt) such that (dt denotes the Lebesgue measure
on I)

S
dz(zt,2s) < / flrydr Vt,sel, t<s. (3.2.1)
t
For an absolutely continuous curve z;, the limit limj,_,q W exists
for a.e. t € I and, this limit defines an L!(I,dt) function. We denote
limy, 0 W by |Z¢| called the metric speed at t. Note that the metric

speed |#/| is the minimal function in the a.e. sense among L' (I, dt) functions
satisfying (3.2.1) (see [6]). We denote by ACP(I; Z) the set of all absolutely
continuous curves with their metric derivatives in LP(I). Let C(I; Z) denote
the set of continuous functions from I to Z. Define a map

. [, it 5 e st 2),
- I

+o00 otherwise.

C(I;Z) Sy &
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Given an absolutely continuous curve u € AC(I; (P2(Z), Wa)), we denote
by |f| its metric speed in the space (P2(Z), W2). Let e; : C(I;Z) — Z be
the evaluation map ei(y) = v. If 7 € P(C(I; Z)) satisfies (e¢)pm = p for
any t € I, it is easy to see that

[ ilat < [ &xplin(s)

Let (X,d,m) be a metric measure space. We now recall notions of test
plan, weak upper gradient, Sobolev class and Cheeger energy on (X,d, m).

Definition 3.2.1 ([4]) (test plan)
We say that m € P(C([0,1]; X)) is a test plan if there exists a constant ¢ > 0
such that

(er)gm < cm  for every te[0,1], /52[’)/]6571'(’7) < 0.

Definition 3.2.2 ([4]) (weak upper gradient, Sobolev class and Cheeger
energy)

(i) For a Borel function f : X — R, we say that G € L?(X,m) is a weak
upper gradient of f if the following inequality holds:

[ 1560 = swlany //G%vmmw> (3.2.2)

for every test plan .

(ii) We say that f belongs to the Sobolev class S?(X,d,m) if there exists
G € L?*(X,m) satisfying (3.2.2). For f € S?(X,d,m), it turns out
that there exists a minimal (in the m-a.e. sense) weak upper gradient
G and we denote it by |V fl.

(iii) For f € L?(X,m), the Cheeger energy Ch(f) is defined by

Ch(f) = ;/!Vﬂﬁ,dm, if feL*(X,m)nS*X,d,m),

400, otherwise.
(3.2.3)

Note that Ch : L?(X,m) — [0,+0c0c] is a lower semi-continuous and
convex functional but not necessarily quadratic form. Let W2(X,d, m) =
L?(X,m) N S%(X,d,m) endowed with the following norm:

|flwrz = /1122 +2Ch().
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Note that (W12(X,d,m), || -|w12) is a Banach space, but not necessarily a
Hilbert space.

The Cheeger energy Ch can be defined also as the limit of the integral of
local Lipschitz constants. Let Lip(X) denote the set of real-valued Lipschitz
continuous functions on X. For f € Lip(X), the local Lipschitz constant
IV fl: X — Ris defined as follows:

. |f(y) — f()]
hHl e
VAl@) =4 vor  dly.o)
0 otherwise.

if = is not isolated,

Then, for f € WH2(X,d, m), we have (see [4])

Ch(f) = ;inf{liminf/ IV £ |2dm - f, € Lip(X),/ f — f|2dm — o}.
n—oo X

3.3 RCD*(K,N) condition

In this subsection, we recall the definition of metric measure spaces satisfying
the RCD*(K, N) condition following Erbar-Kuwada—-Sturm [30]. We also
recall several properties satisfied by RCD* (K, N) spaces.
For each 6 € [0,00), we set
sin(vid)  wso
VE
0,(0)=<06 if k=0,
inh(y/—k0
sinh(v—rb) o g,

V=r

and set for ¢ € [0, 1],

%H((t;)) if k0> #0 and Kh? < 7r2,
®)(p) — "
7 (0) =4 ¢ if k62 =0,

+00 if k02> 72

Let (X,d,m) be a metric measure space. Let Po(X,d,m) be the sub-
set of Pa(X) consisting of p € Po(X) which is absolutely continuous with
respect to m. Let Py (X,d,m) be the subset of P2(X,d, m) consisting of
i € Po(X,d, m) which has bounded support.

Definition 3.3.1 ([9, 30, 7]) (CD*(K,N) and RCD*(K, N))
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(1) We say that (X, d, m) satisfies the reduced curvature-dimension condition
CD*(K,N) for K, N € R with N > 1 if, for each pair pg = ppm and
w1 = pim in Py (X, d,m), there exists an optimal coupling ¢ of g
and w1 and a geodesic py = pym (t € [0,1]) in (Px(X,d,m), Wa)
connecting pp and py such that, for all ¢ € [0,1] and N’ > N, we have

o _ NG
/pt N dpuy 2/ [ag/]\?,(d(xo,xl))po YN (20) (3.3.1)
XxX

!

+ 01w (dlzo, 21))py N (1) | dg (o, 21).

(i) We say that (X,d,m) satisfies the Riemannian curvature-dimension
condition RCD* (K, N) if the following two conditions hold:

(a) CD*(K,N)
(b) the infinitesimal Hilbertian, that is the Cheeger energy Ch is
quadratic:

2Ch(u) + 2Ch(v) = Ch(u 4+ v) + Ch(u — v), (3.3.2)
Vu,v € WYX, d, m).

When (X, d, m) satisfies the RCD*(K, N), we define the Dirichlet form
(i.e., symmetric closed Markovian bilinear form) (€, F) induced by the Cheeger
energy Ch as follows:

1
E(u,v) = Z(Ch(u +v) = Ch(u—v)) u,veF=W"3(Xdm). (3.3.3)
By [4], the Dirichlet form (&, F) is strongly local and regular.

Example 3.3.2 We give several examples satisfying the RCD*(K, N).

(A) (Ricci limit spaces) Let M,, = (My,dg,,mg,) be N-dimensional com-
plete Riemannian manifolds with Ricci > K where g, is a Riemannian
metric, dg, is the distance function induced by g,, and my, is the Rie-
mannian measure induced by g, and satisfies mg, € Pa(M,,dy,). Let
X = (X,d, m) be a metric measure space satisfying D(M,,, X') — 0 as
n — 0o. Then X satisfies the RCD*(K, N) condition (see [30]).

(B) (Alexandrov spaces)
Let X = (X, d,mq4) be an N-dimensional Alexandrov space with Curv >
K where my denotes the normalized Hausdorff measure induced by d
(see e.g., [20] for details). By [72, 91], X satisfies CD*((V — 1)K, N).
Moreover, by [61], X satisfies the infinitesimal Hilbertian condition,
and as a result, X’ satisfies RCD*((N — 1)K, N).
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(C) (Weighted spaces) [[30, Proposition 3.3]]
For a functional S : X — [—o00,4+00] on a complete separable metric
space (X,d), let D(S) ={x € X : S(z) < o0} C X. For N € (0,00),
define the functional Uy : X — [0, +00] as follows:

Un(z) = exp (—%S(aj))

Let K € R and N € (0,00). A functional S : X — [—o0,+0o0] is
said to be strongly (K, N)-convez if, for each g, x; € D(S) and every
geodesic v : [0,1] — X connecting xy and x1, the following holds: for
all t € [0,1]

Un (1) > o3 (d(30, 1)) - U (0) + 030 (A0, 7)) - Un ().

Let (X,d,m) be a RCD*(K, N) space. Let V : X — R be continuous,
bounded below and strongly (K’, N')-convex function with [e=Vdm <
co. Then

(X, d, e~ dm) satisfies the RCD*(K + K', N + N').

(D) (Cones) [[57]]
Let us define, for ¢ > 0,

cos(VKt) it K >0,

and
ﬁ sin(vKt) if K >0,
sing(t) =t if K =0,
\/i? sinh(v—Kt) if K <0.

For a metric measure space (X,d,m), the (K, N)-cone is a metric
measure space defined as follows:

e A set Cong(X) is defined as follows:

X x [0,7/VK]/(X x {0,7/VK}) if K >0,

Conge(X) = {X % [0, 00)/(X x {0}) it K <0.
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o A distance dcon,, is defined as follows: for (x,t), (y,s) € Cong(X),

dcony ((2,1), (y; )
cos (cosk (s) cosk (t) + K sing(s) sing (t) cos(d(z, y) A 7))
- if K 0,
/82 4+ 12 — 2st cos(d(z,y) A ) if K =0.

e A measure mgonK is defined as follows:
mgonK = sinf tdt @ m.

Let K > 0 and N > 1. Then, by [57, Corollary 1.3], we have that
(Cong (X)), dcong , Mcony ) Satisfies the RCD*(KN, N +1) if and only
if (X,d,m) satisfies the RCD*(N — 1, N) and Diam(X) < .

We list below several properties of metric measure spaces satisfying the

RCD*(K, N).

Fact 3.3.3 Assume that (X,,d,,m;) (n € N) and (X,d, m) satisfy the
RCD*(K, N) condition. Then the following statements hold.

(i) (Stability under the D-convergence)([30, Theorem 3.22])

If (X, dn, M) — (Xoos doo, Moo) With my, € Pa(Xp, dyp), then
(X oo, doo, Moo) satisfies the RCD*(K, N).

(ii) (Tensorization)([30, Theorem 3.23])

The product space (X1 x Xo,d; ® da, m; ® my), defined by

dl & d2((£7 y)7 (xla ?/))2 = dl(l‘7 I/)2 + d?(ya yl)27
also satisfies the RCD*(K, 2N).

(iii) (Generalized Bishop—Gromov inequality) ([30, Propsition 3.6])

Fix xo € supp[m|. Let us set

v(r) = m(B,(x9)), and s(r)=limsup %m(BH(g(a:o) \ B, (o)),
6—0

where A means the closure of a subset A C X. Then, for each 2y € X
and 0 <7 < R <my/N/(K V0), the following inequalities hold:

o)  Jo Oy @Ndt  s(r) <@K/N(T)>N. (3.3.4)
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(iv) (local uniform volume doubling property) (implied by (3.3.4))
For each open ball Br(xo) C supp[m], there exists a positive constant
Cy = Cy(N, K, R) > 0 depending only on N, K, R such that, for any
B, (z) such that By, (x) C Br(xo),

m(Ba,(x)) < Cym(B,(x)).

(v) (local uniform weak (2,2)-Poincaré inequality) ([38, 74, 75]) For each
open ball Bgr(zg) C supp[m], there exists a positive constant Cp =
Cp(N, K, R) > 0 depending only on N, K, R such that, for any B,(z)
such that Ba,.(x) C Br(zo), and all u € W12(By,(z)),

1 Cpr?

_ uuT2dm§/ Vul|? dm,
m(B;(z)) /Br(x) | = m(Bar()) J By, () IV
(3.3.5)

where WH2(B,(z)) = WY2(B.(2),d|p, (), m|p,(z)) C WH(X,d, m)
defined in Section 3.2 and

1
up,(z) = 7m(Br(m)) /Br(x) udm.

(vi) (The intrinsic distance coincides with d) ([5, Theorem 6.10])
By [5], (€, F) is a strongly local regular Dirichlet form. Let dg denote
the intrinsic distance defined by (&, F):

de(z,y) = sup{u(z) —u(y) : u € Floc N Co(X), |Vuly, <1 m-ae.},
where Fj.. is defined as follows:

Floc = {u € L} (X, m) : for all K C X relative compact,

there exists v € F s.t. u=v on K a.e.}.

Then we have
de = d.

(vii) (Parabolic Harnack inequality) (follows from (iv), (v) and (vi) (see
[80, Theorem 3.5]))
Let A be the non-negative self-adjoint operator associated with the
Cheeger energy Ch. For each open ball Br(zg) C supp[m]|, there
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exists a positive constant Cy = Cy(N, K, R) > 0 such that, for any
ball B,(z) C A satisfying Bs,(x) C Br(zo),

sup u(s,y) < Cgx inf u(s,y), (3.3.6)
(s,y)€Q~ (s:y)eQt

whenever u is a nonnegative local solution of the parabolic equation
%u = —Auon Q = (t—4r%t) x By.(x). Here Q= = (t—3r?,t—2r?) x
B.(z) and QF = (t —r2,t) x B,(z).

(viii) (Holder continuity of the local solutions) (follows from (vii) (see [80,
Propostion 3.1])) Let A be the non-negative self-adjoint operator as-
sociated with the Cheeger energy Ch. For each open ball Br(zg) C
supp[m/], there exists positive constants a = a(N, K, R) € (0,1) and
C = C(N,K,R) > 0 depending only on N, K, R such that for all
T > 0 and all balls B,(z) satisfying Boa,(z) C Br(xo), it holds that,
for all (s,y),(t,2) € Q1 = (T —r%,T) x B,(z),

—t 1/2 d a
u(s.y) —u(t. )| < Csup o (LLHABENT T (55)
Q2 r
whenever u is a local solution of the parabolic equation %u = —Au

on Qg = (T — 412, T) X Bo,(z).
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Chapter 4

Convergence of Brownian
motions on RCD*(K, N)
spaces

In this chapter, we show one of the main results of this theses, that is, we
show in Theorem 4.4.1 that the weak convergence of the laws of Brownian
motions is equivalent to the measured Gromov-Hausdorff convergence of the
underlying metric measure spaces under the following assumption:

Assumption 4.0.4 Let N, K and D be constants with 1 < N < oo, K € R
and 0 < D < oo. For n € N:=NU {oo}, let X, = (X,, dy, my,) be a metric
measure space satisfying the RCD*(K, N) condition with Diam(X,,) < D
and m,(X,) = 1.

In this chapter, we always assume the above assumption.

4.1 Brownian motions on RCD*(K, N) spaces

Let {T;};~0 be the semigroup on L?(X,m) associated with the Cheeger
energy Ch. We say that a jointly measurable function p(¢, z,y) in (0,00) X
X x X is a heat kernel if

Tif(@) = [ pto)fwmldy). feLH(Xom), mac e X.
X
By [81, Theorem 7.4 & Proposition 7.5], the global parabolic Harnack in-

equality implies that there exists a heat kernel p(¢,x,y) which is locally
Holder continuous in (¢,z,y) € (0,00) x X x X satisfying
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(a) (Strong Feller property)
For any f € By(X),

Tf = /f (t,- y)m(dz) € C(X) (¥ > 0). (4.1.1)

(b) (Gaussian estimate)
There exist positive constants C; = C1(N, K, D), C; = C{(N, K, D),
Cy = C2(N, K, D) and C} = C4(N, K, D) depending only on N, K, D

such that

C| ,d(z,y)? Ci d(z,y)?
_— — < 1 0T Y)”
m(B j(z)) exp{ C2 t } <ptzy) < m(B s(z)) exp{ 2 t }’

(4.1.2)
for all z,5 € X and 0 < t < D2

By (a) and (b), we know that {7} };~¢ is a Feller semigroup, that is, the
following conditions hold:

(F-1) For any f € C(X), Tif € C(X) for any t > 0.
(F-2) For any f € O(X), |[Tif — floe =0 110

(Note that the strong Feller property is not actually stronger than the Feller
property because the strong Feller property does not necessarily imply (F-2).
The word strong is just a conventional use.)

In fact, (F-1) follows directly from the strong Feller property (a).

We show the condition (F-2). By the generalized Bishop—Gromov in-
equality (3.3.4), we have the following volume growth estimate: there exist
positive constants v = v(N, K, D) > 0 and ¢ = ¢(N, K, D) > 0 such that,
for alln € N

mn(Br(z)) > er® (0<r<1AD). (4.1.3)

In fact, taking B = Bp(x¢) in (3.3.4) for some xo € X, we have
fg K/N(t)th
B fo Ok /n(t)Ndt

Here we used m,,(X,) = 1 and ¢(N, K,D) = ——2———. Thus we have

Iy O /N (t)Ndt
(4.1.3). Combining with the Gaussian heat kernel estimate (4.1.2), we have

the following upper heat kernel estimate:

M (Byr(z))

ma(Bp(a)) = eV K. D) [ Grc(t) it

C(1 d(.?U,y)Q
< — —(y———— 1.
p(t,l',y) = otV exp{ 02 t }7 (4 1 4)
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for all z,y € X and 0 < t < D?.

For given ¢ > 0, take 6 > 0 such that |f(z) — f(y)| < ¢ whenever
d(xz,y) < §. By the Gaussian estimate (4.1.4), we can choose a positive
number T such that p(t,z,y) < € for any 0 < ¢t < T and any z,y € X
satisfying d(x,y) > §. Then we have that, for any z € X

Ti4(e) = £@)] = | [ ol @mld) - f(a)

< / p(t, 2, 9)| () — F(@)lm(dy)
X

- / p(t, 2, 9) £ () — f(x)[m(dy) + / Pt 2,9)| () — F(@)lm(dy)
By (9)

X\Bx(9)
< e+ 2| flloo-
Thus we have shown that (F-2) holds.

By the Feller property of {T} }+-0, there exists the Hunt process ({P*} e x, { Bt }+>0)
satisfying (see e.g., [15, §1 Theorem 9.4])

E*(f(B(t))) = Tif(x)

for all f € By(X)NL3(X,m), allt > 0and allx € X. We call ({P*},cx, {Bt}i>0)the
Brownian motion on (X, d, m). Since (£, F) is strongly local by [5], B(-) has
continuous paths without inside killing almost surely with respect to P* for

all z € X. See [34] for details.

4.2 Sturm’s D-distance and measured Gromov—Hausdorff
convergence

In this subsection, following [35, 82], we recall two notions of convergences,
Sturm’s D-convergence and the measured Gromov—Hausdorff convergence,
and state when two notions are equivalent.

Let (X,d, m) be a normalized metric measure space, that is,

(i) (X,d,m) is a metric measure space;
(ii) m(X)=1.

Two metric measure spaces (Xi,d;,m1) and (Xa,ds, mg) are said to be
isomorphic if there exists an isometry ¢ : supp[m;] — supp|[ms] such that

Ly = ma.
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4.2.1 Sturm’s D-distance

The variance of (X,d,m) is defined as follows:

Var(X,d,m) = inf [ d?(z,z)dm’(z),
X/

where the infimum is taken over all metric measure spaces (X', d’,m’) iso-
morphic to (X,d,m) and over all z € X’. Note that (X,d, m) has a finite
variance if and only if

/ d?(z,z)dm(zx) < oo,
X

for some (hence all) z € X.

Let X; be the set of isomorphism classes of normalized metric measure
spaces with finite variances. Now we equip X; with a metric called Sturm’s
D-distance ([82]):

Definition 4.2.1 (See [82, Definition 3.2]) For (X1,di,m1), (X2,d2, m2) €
Xla

D((X1, di,m1), (Xa, da,ms)) = mf{(/ ci(m,y)2dq(x,y))l/2 :

X1 ><X2
dis a coupling of d; and da,

q is a coupling of m; and mg},

where a pseudo metric d on the disjoint union X7 U X5 is called a coupling
of di and do if

CZ(J,‘,y) :dl(xay)u xayesupp[mz] (7’: 1’2)
Here we mean that d is a pseudo metric if d satisfies all the conditions of

metric except non-degeneracy, i.e., cZ(x,y) = (0 does not necessarily imply

T =y.
We say that a sequence X, = (X,,,d,, my) is D-convergent to Xo =
(Xoos doo, Meo) if D(A,,, Xso) — 0 as n — oo.

It is known that (X, D) becomes a complete separable metric space (see
[82]).
We know the following equivalent statement:

Proposition 4.2.2 (See [5, Proposition 2.7]) Let (Xn,dn,my) € Xy for
n € N. Then the following are equivalent:
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(1) (X, dn, M) > (Koo oo, Mioo) a5 1 — 00;

(ii) There exists a complete separable metric space (X,d) and isometric
embeddings tp, : supp[my] — X for n € N such that

Wa(tngMn, toopMoo) — 0.

4.2.2 mGH-convergence

Now we recall the measured Gromov—Hausdorff convergence (mGH-convergence).
Since we only consider compact metric measure spaces in this chapter, we
give the definition only for compact metric measure spaces. (For the non-
compact case, see e.g., [35, Definition 3.24] for the definition of the pointed
measured Gromov—-Hausdorff convergence.)

Definition 4.2.3 ([33]) Let (X,,d,, m,) be a sequence of compact met-

ric measure spaces for n € N. We say that (X,,d,, my,) converges to
(X0, doo, Moo) in the sense of the measured Gromov-Hausdorff (mGH for
short) if there exist £, — 0 (n — 00) and Borel measurable maps f,, : X;,, —
X for each n € N such that

(1) Supx,yEXn ’dn($7y) - dOO(fn(x)a fn(y))’ < En;
(ii) Xoo C Be, (fn(Xn));
(iii) for any ¢ € Cy(Xo), it holds that

The map f), is called an e, -approzimation (an £,-isometry is also a standard
name).
4.2.3 Relation between two convergences

In general, the mGH-convergence is stronger than the D-convergence and
pmG-convergence. However, if a sequence (X,,, d,, my,) has c-doubling prop-
erty for a positive constant ¢ > 0 and supp[me] = X, these three notions
of convergences are equivalent. Here we mean that, for a positive constant
¢ > 0, a metric measure space (X, d, m) satisfies c-doubling property if

m(Bar(z)) < em(Br(z)) Vxe X, Vr>D0. (4.2.1)

Note that the condition (4.2.1) implies that supp[m,] = X,, for all n € N.
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Proposition 4.2.4 (See [35, Proposition 3.33]) Let (X, dn, my,) be a se-
quence of normalized metric measure spaces. Under the following two con-
ditions, the mGH-convergence and the D-convergence are equivalent:

(1) (Xn,dn, my) has c-doubling property for some ¢ > 0 where c is indepen-
dent of each n;

(ii) supp[meo] = Xoo-

In the setting of Assumption 4.0.4, we can check both of (i) and (ii) of
Proposition 4.2.4. In fact, as we will state in Fact 3.3.3, we have the uniform
global volume doubling property when Diam(X,) < D. This implies (i) of
Proposition 4.2.4. Since the RCD*(K, N) is stable under D-convergence (see
(i) of Fact 3.3.3), we have that (X, deo, Moo) also satisfies the RCD*(K, N)
with Diam(X.,) < D. This implies that (Xoo, doo, Mmo) satisfies the global
volume doubling property, and we have supp[meo] = Xoo.

We give a useful equivalent statement for later use.

Proposition 4.2.5 For n € N, assume that (X,,d,, my) are metric mea-
sure spaces satisfying that each (X,,,dy) are embedded isometrically into a
complete separable metric space (X,d), and

(i) sup,, o5 Diam(X,) < D < oo;

(ii) the uniform volume doubling property: there exists C' > 0 independent
of n € N such that my(Ba.(z)) < Cmy(B,(x)) for any z € X,, and
0<r< D

(iii) m,, converges weakly to Mmoo;
(iv) mn(X,) =1 forn € N.
Then X,, converges to Xoo in the Hausdorff sense in (X, d).

Proof. Note that, by the doubling property (ii), we have supp[m,| = X, for
all n € N. It suffices to show

(1) for any e > 0, there exists nyg € N such that, for any n > ng, we have

Xoo C X5

(2) for any £ > 0, there exists ng € N such that, for any n > ng, we have

X5 D Xn.
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The statement (1) follows only from the condition (iii) as follows: We show
(1) by contradiction. Assume (1) does not hold. Then there exists g9 > 0
such that, for any n € N, we have Xoo € X2°. Then there exists 2, € Xoo
such that d(z,, X,) = inf.cx, d(zn, 2z) > 0. By the compactness of X,
we can take a subsequence (also denoted by ;) converging to zo € Xoo.
Take ng such that, for any n > ng, d(zn, ) < €0/2. Then, by the triangle
inequality, we have

d($waXn) > d(men) - d(xooawn) > 650

Thus we have B(Zo,£0/2) N X,, = 0 for any n € N. Since supp[meo] = Xoo,
we have
lim inf my, (B(Zc0,€0/2)) = 0 < Moo (B(Ts0,£0/2)).

n—o0

This contradicts the condition (iii). We finish the proof of (1).

Now we show (2) by contradiction. Assume that (2) does not hold. Then
there exists 9 > 0 such that, for any n € N, we have XZ0 2 X,,. Then there
exists x, € X, such that d(z,, X«) := inf,cx_ d(zn,2) > 9. By (ii) and
(iv), we have

D D
1= mn(B(an, 2 7% 050/2)) < O 82 5y, (B(2n, 20/2)).
Since €g, D, C are independent of n, we have

. —1-log, 2
mgmn(B(mn,eo/Q)) >C 0 > 0. (4.2.2)
ne

Let A = UpenB(xn,0/2) denote the closure of UpenB(zy,0/2). Then
we have AN Xy, = 0 for any n € N and, by and (4.2.2), we have

limsup mp(A) > 0 = mu(A).

n—0o0

This contradicts (iii). We finish the proof. 0

4.3 Mosco convergence of Cheeger energies

In Gigli-Mondino-Savaré [35], they introduced L?-convergences on varying
metric measure spaces and showed a Mosco convergence of the Cheeger
energies. We recall their results briefly.
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Definition 4.3.1 (See [35, Definition 6.1]) Let (X, d,, my) be normalized
metric measure spaces. Assume that (X, d,, m,) converges to (Xoo, doo, Moo)
in the D-distance, or pmG-sense. Let (X, d) be a complete separable metric
space and ¢, : supp[my] — X be isometries as in Proposition 4.2.2. We
identify (X, dp, my,) with (0,(Xp), d, tngmy,) and omit ¢,.

(i) We say that u, € L*(X,m,) converges weakly to us € L*(X,ms) if
the following hold:

sup/ |un|? dm, < co and /qﬁun dm,, — /¢um dmes V¢ € Cps(X),
neN

where recall that Cps(X) denotes the set of bounded continuous func-
tions with bounded support.

(ii) We say that u, € L*(X,m,) converges strongly to us € L*(X,mso) if
Uy, converges weakly to us, and the following holds:

limsup/]un|2 dm, < /|uoo|2 dmee.

n—oo

Theorem 4.3.2 (See [35, Theorem 6.8]) Let (X, dn, my,) a sequence of
normalized compact metric measure spaces satisfying the CD(K, 00) for all
n € N. Assume (X, dn, mp) = (Xoo, doo, Moo) in the sense of D-convergence
or pmG-convergence. Let (X,d) be a complete separable metric space as in
Proposition 4.2.2. Let Ch,, be the Cheeger energy on L*(X,m,) for n € N.
Then Ch,, Mosco-converges to Chy,, that is, the following two statements
hold:

(M1) for everyu, € L*(X,m,) converges weakly to some us € L*(X, Mwo),
the following holds:

lm inf Chy, () > Chio (ueo).

n—oo

(M2) for every us € L*(X,ms), there exits a sequence u, € L*(X,m,)
such that u, converges strongly to us and the following holds:

lim sup Chy, (uy) < Choo (Uoo)-

n—oo

Note that, under the infinitesimal Hilbertian condtion (3.3.2), we have CD*(K, N) <—
CD¢(K,N) = CD(K, c0) (see [30, Theorem 7 & Lemma 3.2]). Thus The-
orem 4.3.2 holds for RCD*(K, N) spaces.
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The Mosco convergence of the Cheeger energies implies the convergence
of the Heat semigroups. Assume the same conditions as in Theorem 4.3.2
and Ch,, are quadratic (3.3.2) for any n € N. Let {T*};~0 be the L?(X, m,)-
semigroup corresponding to the Cheeger energy Ch,,.

Theorem 4.3.3 (See [35, Theorem 6.11]) Assume the same conditions as in
Theorem 4.3.2 and Ch,, are quadratic in the sense of (3.3.2) for any n € N.
Then, for any u, € L*(X,my) converging strongly to us € L*(X, my), we
have

T{ uy, converges strongly to Ty ues  (Vt > 0).

Note that, in [35, Theorem 6.11], the above Theorem 4.3.3 was stated with-
out the condition of the infinitesimal Hilbertian. In this case, {T}" }+~¢ means
the L2-gradient flow of Ch,, (see e.g., [35, §5.1.4]).

4.4 Equivalence of convergence of Brownian mo-
tions and mGH-convergence of the underlying
spaces

We state our first main result in this thesis precisely:

Theorem 4.4.1 Suppose that Assumption 4.0.4 holds. Then the following
statements are equivalent:

(i) (D-convergence of the underlying spaces)

X, converges to Xy in the Sturm’s D-distance.

(ii) (Weak convergence of the laws of embedded Brownian motions)
There exist

a compact metric space (X, d)
isometric embeddings t,, : X, — X (n € N)
r, € X, (n €N)

such that
by (BM)4Prr — 10o(B>) 4P weakly in P(C([0,00); X)).

We note that, under Assumption 4.0.4, Sturm’s D-convergence is equivalent
to the measured Gromov-Hausdorff convergence (Sturm [82], which will be
stated in Proposition 4.2.4).

As a corollary of Theorem 4.4.1, the following holds:
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Corollary 4.4.2 Suppose that Assumption 4.0.4 holds. Then the following
(i) implies (ii):

(i) (D-convergence of underlying spaces)

(X, dn,my) converges to (Xoo, doo, Moo) in the Sturm’s D-distance;

(ii) (D-convergence of continuous path spaces with the laws of Brownian
motions)

(C([0,00); X), 0, Bl 4 Pi) converges to (C([0,00); Xoo), 0oo, B ,PLs?)
in the Sturm’s D-distance for some sequence x, € X,.

Remark 4.4.3 We give comments to several related works.

(i) In [69], Ogura studied the weak convergence of the laws of the Brow-
nian motions on Riemannian manifolds by a different approach from
ours. He assumed uniform upper bounds for heat kernels, and the
Kasue-Kumura spectral convergence of the underlying manifolds M,,.
He push-forward each Brownian motions on M,, to the Kasue-Kumura
spectral limit space My, with respect to e,-isometry f, : M,, = M,
and show the convergence in law on the cadlag space of the push-
forwarded Brownian motions on My, with time-discretization. In his
approach, since €,-isometry f, is only ensured to be measurable, the
time-discretization is necessary for each push-forwarded Brownian mo-
tions to belong to the cadlag space.

(ii) In [1], Albeverio and Kusuoka considered diffusion processes associated
with SDEs on thin tubes in R? shrinking to one-dimensional spider
graphs. They studied the weak convergence of these diffusions to one-
dimensional diffusions on the limit graphs. We note that their setting
does not satisfy the RCD*(K, N) condition because Ricci curvatures
are not bounded below at points of conjunctions in spider graphs.

4.5 Proof of Theorem 4.4.1 and Corollary 4.4.2

4.5.1 Sketch of proof of Theorem 4.4.1

Sketch of (i) = (ii). It is enough to show tightness (Lemma 4.5.1) & conver-
gence of finite-dimensional distributions (CFD) (Lemma 4.5.2). Tightness
follows from the upper Gaussian heat kernel estimate (4.1.4), which follows
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from Sturm [81] with the Poincaré inequality (Rajala [75]) and the Bishop—
Gromov inequality (Sturm [82]). The CFD follows from the following three
steps:

(1) Mosco convergence of Cheeger energy (Gigli-Mondino—Savaré [35, The-
orem 6.8]).

(2) We extend the semigroups T;"f on each X, to the whole space X
preserving Holder continuity. We denote the extended semigroups by
T f ((viii) of Fact 3.3.3 & Lemma 4.5.4 & Lemma 4.5.5).

(3) We show stability of the extension operator ~ under the Hausdorff
convergence of X, to X ((c) in the proof of Lemma 4.5.5).

Sketch of (ii) = (i). We get information about the underlying measure m,,
from the Brownian motion {B}'};>0 as equilibrium states as ¢t — oo by the
ergodic theorem (Lemma 4.5.6). The key point is to exchange liminf,,
and limy ,».. We show this by the spectral gap estimate inf,cy AL > 0,
which follows immediately from the Poincaré inequality (Rajala [75]).

4.5.2 Proof of Theorem 4.4.1

Proof of (i) = (ii) in Theorem 4.4.1
By Proposition 4.2.2, there exist a complete separable metric space (X, d)
and a family of isometric embeddings ¢, : X,, — X such that

Wa(LngMn, toopMeo) — 0. (4.5.1)

By Proposition 4.2.5, we have that ¢,(X,) converges to too(Xoo) in the
Hausdorff sence in (X, d). Since each X,, are compact with Diam(X,,) < D,
we can take X as a compact set (e.g., see the proof of [5, Proposition 2.7]).
Let z,, € X,, be a sequence satisfying ¢, (Zn) = too(Zeo) in (X, d) (such
sequence always exists because of the Hausdorff convergence of ¢,(X},)). For
n €N, let
B, == tn(B") 4Py,

which is a sequence of probability measures on P(C([0,00); X)).
Hereafter we identify ¢, (X,,) with X,,, and we omit ¢y,.
To show B,, — B weakly, it is enough to show (see e.g., [14, §6])

(A) {B,}nen is tight in P(C(]0, 00), X)) with respect to the weak topology;
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(B) Convergence of the finite-dimensional distributions: For any k € N,
0=ty <tg <ty <- -+ <ty <ooand gi,92,..,9r € Cp(X), the
following holds:

E™(g1(B}) - - - gi(BLL)] "= E™[g1(B°) - - gr(B2)].  (4.5.2)

We first show (A), that is, the following statement holds:
Lemma 4.5.1 {B,},en is tight in P(C(]0,00),X)).

Proof. Since x,, converges to x in (X, d), the laws of the initial distributions
{By 4Py tnen = {6z, tnen is clearly tight in P(X). Thus it suffices for (A)
to show the following (see [14, Theorem 12.3]): for each T' > 0, there exist
8 >0,C >0and 6 > 1 such that, for all n € N

E™[d(BY,BL,)] <Ch’, (0<t<T and 0<h<1), (453)

where d(z,y) := d(x,y) A 1. Take 8 > 0 such that 5/2 — v > 1, and set
0 = /2 — v. By the Markov property, we have

L.H.S. of (4.5.3)

— [ bt a2 )P g Sy (02)
XnxXn
§/ Pty T, y)pn (b, y, 2)dP (y, 2)mp (dy)may (dz). (4.5.4)
XnxXn
By the Gaussian heat kernel estimate (4.1.4), we have

/ Pn($, 9, z)dﬁ(y, z2)mp(dz)

n

dn, 2
< O [ ep(- Uy, ym (a2

v
CS Xn

C dn(y, 2)?
=& (- iy oy a2)
_ _ dn(y, 2)?\B/2 dn(y, 2)?
< 1~2/B _B/2—v ) . )
< Cie 0y s mp(Xn) y,ilell))(n{ (C’g . ) exp( Cy . > }
< C1671C;/6M585/271/
= Cys?/27V, (4.5.5)
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where M := sup;~q t%/2 exp(—t) and Cy = C4(N, K, D, ) = Clc_ng/BMg >
0 is a constant dependent only on N, K, D (independent of n). Note that,
in the fifth line in (4.5.5), we used m,,(X,) = 1 for all n € N.

By (4.5.5), we have

R.H.S. of (4.5.4) < C,hP/2 /X P (t, T, y)my (dy)

< C4hP2v, (4.5.6)
Thus we finish the proof. 0

Now we show (B), that is, the following statement holds:

Lemma 4.5.2 For any k € N, 0 = t5g < t1 < tg < -+ <t < 0 and
91592, -, gk € Cp(X), the following holds:

E*[g1(B}) - - (B )] "= EP=[g1(BfY) - - - gr(B{2)]- (4.5.7)
Proof. Recall in §4.1 that we have
T f(z) = B f (Bu(8)],
for all z € X, and f € L*(X,,,my) N By(X,,). For g € Cyp(X), we set

g on X,,
9" = glx, = §
0 otherwise.

By mn(X,) = 1, we have ¢ € L*(X,m,) for all n € N. Now we show
g™ — ¢(>°) strongly in the sense of Definition 4.3.1.

Lemma 4.5.3 For any g € Cy(X), it holds that g™ converges strongly to
g(®) in the sense of Definition 4.3.1.

Proof. Since g is bounded and m,,(X,) =1 for all n € N, we have

sup [l || 2,y < 00 (4.5.8)
neN
The remainder to show are the following;:

/ g™ pdm,, — / g™ pdms,  for any ¢ € Chs(X), (4.5.9)
X b's

and
/ 1™ 2dm,, — / FSUR (4.5.10)
X X
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Noting, for any n € N,

/ o™ ey, — / godm,
X X

nd
/ 9™ 2dm,, = / g%,
X X

and g¢ and |g|? are both in Cy(X), we obtain the desired result by using
My, — Moo weakly in P(X).

a,

[l
Now we resume the proof of Lemma 4.5.2.
Proof of Lemma 4.5.2: For g € Cy(X), we have
Eirlg(Bf)] = Eir g™ (B = T7'9™ (x4).

By using the Markov property, for all n € N, we have

E* [g1(B) - - - gr(B,)]

= Tﬁ_to <g§n)Tg_t1 (gén) e th—tk_lglgjn))) ()

=T (zn)- (4.5.11)

By the Holder continuity of the local solutions (viii) of Fact 3.3.3, we
have that T}"g is Holder continuous on (X, d,) (1}*g is a global solution of
%u = Lu with ug = g), and

C
sup (Holder constant of T"g) < sup —||13"gl| o
neN neN T

C
<sup —||glloc <00 (0 <r < D),
neNT

where 0 < a < 1 and C' > 0 are constant depending only on N, K, D. Thus
we have

C
sup (Holder constant of 7.") < sup — || 74"l
neN neN re

C
< — || ge T
< 751211\31 a 195 TR oo

k
C
<sup — | I llgilloo =: H < o0. (4.5.12)
neN T i=1
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Our objective is to show the uniform convergence of 7;* to 7,>° in the
whole space X, but 7;" are defined only on each X,,. Thus now we extend

T to the whole space X preserving its Holder regularity. Let ’7;” be the
following function on the whole space X

T (x) = sup {T7(a) — Hd(a,z)*} =€ X, (4.5.13)

where H and « are the same Holder constant and exponents as those of
the original function 7,". Then we have that 7," is a a-Holder continuous
function on the whole space X with its Hélder constant H such that 7, =
Tt on X

Lemma 4.5.4 (Holder extension) Nk" is a a-Holder continuous function

on X with its Holder constant H such that T, = Tt on X,,. Here o and H
are the same Holder exponent and constant as those of T,.

Proof. For x € X, the supremum of (4.5.13) is attained at = because of the
Hélder continuity of 7, on (X, dy). Thus 7" = 7" on X,,.
We now show the a-Holder continuity of 7,". We may assume 7, (x) —

ﬁ”(y) > 0 (in the case of ﬁ"(m) - ﬁ”(y) < 0, we can do the same proof).
Then we have

Ti'(z) = Ti'(y) = sup {T{"(a) — Hd(a,2)*} — sup {T3"(b) — Hd(b,y)"}

aceXn be Xy,

< sup {7y (a) — Hd(a, 2)* — (Ty"(a) — Hd(a,y)")}

— H sup {d(a,y)" — d(a, 2)"}
acXn

< Hd(z,y)“,

where in the last inequality, we used the triangle inequality with (u+v)* <
u® +v® for u,v >0and 0 < a < 1.
Thus we finish the proof. 0

Now we resume the proof of Lemma 4.5.2. B B
Proof of Lemma 4.5.2: It suffices for the desired result to show 7" — T,
uniformly. In fact, we have

E*[g1(By}) - - - gr(By,)] = E*><[g1(BY) - - - ge(By)]
T (xn) — Fm(woo)‘ B

T (@n) — T (@) + | T7° (2n) — T (7o)

=: (I),, + (II),,-
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The quantity (I),, goes to zero as n — oo because of T (z,) = ﬁ"(mn) (by
xn € X;,) and the uniform convergence ’7;” — 7~7€°°.

The quantity (II),, goes to zero as n — oo because of of T,°(zs) =
7~7€°° (o) and the continuity of ’7~7€°°.

Thus we now show 7?” — ’7;@00 uniformly.

Lemma 4.5.5 ’7~7€" — 7~7§°° uniformly.
Proof. It suffices to show
(a) T,» — T,>° strongly in the Definition 4.3.1;

(b) {ﬁn}neN is a family of uniform Hélder continuous functions (i.e. Holder
exponents/constants are independent of n), and sup,,cy || 7 ||oo < 00.

(c) If a subsequence 7~Z“ converges uniformly to some function F} as n; —
o0, then

—_—~—

Filx. = F\. (4.5.14)

Here the extension ™ is taken ~with respect to the same Holder expo-
nents/constants as those of {7, }nen.

In fact, by (b), using Ascoli-Arzeld theorem, {ﬁ”}neN has a converging
subsequence with respect to the uniform topology and limit functions are
Holder continuous with the same Holder exponents/constants as those of
{7 }nen. Let {7~'kﬂ1 }n, and {7."? }n, be two subsequences with these uniform
limits F} and F» as n; — oo and ny — 0o, respectively. By using (a) and
continuity of the limit functions F; and F5, we have

Filx.(z) = Blx_(z) = T(x) Yz € Xeo. (4.5.15)

By (4.5.14) and (4.5.15) , we have F} = Fy = ~k°° on the whole space X and

thus every subsequence of {ﬁ”}neN converges to the same limit ’7~7€°°.

We first show (a) by induction in k. By Lemma 4.5.3, we have gYL) —

g%oo) strongly. Thus by Theorem 4.3.3, the statement (a) is true for k = 1.

Assume that (a) is true when k£ = [. By noting (with Theorem 4.3.3)
T =T, (0 T):

it suffices to show gl(ﬁ)l’ﬁ” — gl(ri)’ﬁoo strongly. This is easy to show because

(n) (c0)

T," — T,>° strongly (the assumption of the induction), g;,7 — g;,; strongly
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(by Lemma 4.5.3), and 7," and gl(z)l are bounded uniformly in n. Thus (a)
is true for any k € N.

We show (b). By |779|loo < ||9lloo, we have

k
sup | T loo < ] llgillo < o0
neN i=1

The uniform Hélder continuity follows from (4.5.12) and Lemma 4.5.4.
Now we show (c). Let 7" be a subsequence converging uniformly to F

as np — oo. It suffices for (c¢) to show ﬁ’a(m) converges to Fi|x_ (z) for all
z € X. We have

7 @) = Filx (2]

—_—— —_—

< |7 @) = Filxe, ()] + [Filx, ()~ Filx. @

sup {T{" (a) — Hd(a,2)"} — sup {Fi|x,, (b) — Hd(b,x)"}

annl bGan
+ | sup {F1|Xn1 (¢) — Hd(c,x)*} — sup {Fi|x. (d) — Hd(d,z)"}
Cean deXoo
— | sup {77 (@) - Hd(a,2)*} — sup {Fy(b) — Ha(b, )"}
aEan beX'nl
+| sup (Fi(e) - Hd(e,0)*} — sup {Fi(d) — Hd(d,z)")
c€Xn, deX o

= (D, |+ [(AD),,, -

Since we have
— sup {|F1(b) = T, (b)|} < — sup {Fi(b) — T, (b)}
bEXn, bEXn,

< sup {7, (a) — Hd(a,z)*} — sup {Fi(b) — Hd(b,x)"}

an”l beX'nl

< sup {7, (a) — Fi(a)}

aGan

< sup {|7."(a) - Fi(a)|},

ann1

the quantity |(I),, | goes to zero because 77;’” converges uniformly to Fj.
We show that the quantity [(II),, | goes to zero as n; — oco. Let

L() == () — Hd(-, 2)".

45



Let ¢, € Xy, and d* € X such that

L(cy,) = sup L(c), L(d") = Sup L(d).
c ny oo

Since X is a closed set (by the compactness of X)), there exists z,, €
Xoo such that d(c ,zn,) = d(c,, Xoo). Since X, converges to Xo in
(X,d) in the Hausdorff sense by Proposition 4.2.5, we have d(c}, , zn,) =
d(cy,,Xo) — 0 as ny — oo. Thus, by the uniform continuity of L(:)
(implied by the compactness of X and the continuity of L(-) on X), we have

(I),,, = L(ch,) — L(d*) < L(c},,) = L(zny) — 0. (4.5.16)

On the other hand, by the same argument, there exists wy,, € X,, such
that d(d*,wy,) = d(d*, X,,). By the Hausdorff convergence of X,, to Xw,
we have d(d*, wy,) = d(d*, X;,,) — 0. Thus we have

(IT),,, = L(ck,) — L(d*) > L(wp,) — L(d*) = 0. (4.5.17)

By (4.5.16) and (4.5.17), we have |(II),, | — 0 as n; — oo, and we completed
the proof. O

Now we resume the proof of Lemma 4.5.2.
Proof of Lemma 4.5.2: By Lemma 4.5.5, we completed the proof of Lemma
4.5.2. 0O

Now we resume the proof of (i) = (ii) in Theorem 4.4.1.
Proof of (i) = (ii) in Theorem 4.4.1:
By Lemma 4.5.1 and Lemma 4.5.2, we have completed the proof of (i) =
(ii) in Theorem 4.4.1. 0

Proof of (ii) = (i) in Theorem 4.4.1:

Recall that we identified ¢, 4my with m,, and we consider m,, as measures
on X. Since X is compact, m, — M weakly if and only if m, — m
in the Whs-distance. Thus, by Proposition 4.2.2; it suffices for the desired
result to show m,, — me, weakly. To show m,, — mq, weakly is equivalent
to show

liminf m, (G) > ms(G) VG C X  open. (4.5.18)

n—oo

The key point for the proof is how to get information about m,, from the
Brownian motions B}'. The following ergodic theorem gives us information
about m,, as a equilibrium state of Bj* as t — oo.
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Lemma 4.5.6 For any open set G C X,
EZ" (16(Bp)) “=5° / 1gdmy, (4.5.19)
X

where 1 denotes the indicator function on G.

Proof. By the ergodic theorem of Markov processes (see e.g., [34, Theorem
4.7.3 & Exercise 4.7.2]), it suffices for the desired result to check that the
Brownian motion ({P}},cx, ,{B} }+>0) is irreducible and recurrent.
Irreducibility:
We show that, for any 7)'-invariant set A C X,,, it holds either m,(A4) =0,
or mp(Xy \ A) = 0. Let A be a T*-invariant set, that is, (see [34, Lemma
1.6.1))

T (1af) =0, mp-a.e. on X, \ A,

for any f € L?(X,, my) and any ¢t > 0. Assume that neither m,(A) = 0
and my, (X, \ A) = 0 hold. Then, taking f = 14, by the Gaussian estimate
(4.1.2), we have, for each z € X, \ A4,

TP (1af)(x) = /A Pt 2, y)mn(dy)
Ci ,d(m,y)2
1 /Aexp{—C2 . }mn(dy) (4.5.20)

— ma(B 4 (2))
> 0.

This contradicts the Ti-invariance of A, and we finish the proof of the irre-
ducibility.

Recurrence: Let f : X,, — R be a non-negative measurable function such
that m,({z : f(¥) > 0}) > 0 and [y |f|dm, < oco. By [34, Lemma 1.6.4],
it suffices to show

Gf(z) :== lim tTt”f(a:)dt =00 mMmp-a.e. . (4.5.21)
0

t—o00

Since mn (B, () = mn(X;) =1 for any ¢ > D?, we have

G1(@) > jim [ mn(gjz(x)) [ e~ ™ pm, ay) = oo

Thus we have (4.5.21) and the desired result is obtained.
Thus we finish the proof. 0
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Now we resume the proof of (ii) = (i).
Proof of (ii) = (i): By (ii), we have the convergence of the finite-dimensional
distributions of B}, and thus the following holds

liminf PP (BY € G) > P (B € G). (4.5.22)

n—oo
It suffices for the proof to show that liminf, ., and lim; .., are exchange-
able:

liminf lim P;» (B} € G) = lim liminf Py (B} € G). (4.5.23)

n—oo t—oo t—00 n—oo

In fact, by (4.5.18)-(4.5.23),

liminf m,,(G) = liminf lim Pi" (B € G) = lim liminf Py (B} € G)

n—00 n—oo t—oo t—00 n—oo

> tlg?o Pi= (B € G) = moo(G).

Thus we now show (4.5.23). To show (4.5.23), it suffices to show that,
for each Brownian motions, rates of convergences to the equilibrium states
are controlled uniformly in n. This is done by an uniform estimate of the
spectral gaps because rates of convergences to the equilibrium states are
controlled by the spectral gaps. We now show it concretely.

By the Cauchy—Schwarz inequality, we have

|Pﬁ@ﬂ1€(?)—7nn@%|=|EﬁU{KBf»-/;1Gmnn

S/ pn(t, 2, y) — 1|1gdmm

< m(G) 2|t 2. ) = | 2m)
< |lpat:2,) = Ll 2(m,)- (4.5.24)

Let AL be the spectral gap of Ch,,:

Chy (f)

AL = inf{ — L
1£1Z2 ()

. f € Lip(X,) \ {0}, / fdmn =0}, (4.5.25)

The following is a well-known fact (easy to obtain by using the spectral
resolution):

ITEf = mn ()] 22(mny < €U = ma( )l L2 () (4.5.26)

for f € L?(X,,, my,) and any t > 0. Here we mean m,,(f) := Jx, fdma.
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By (4.5.26) and the Gaussian estimate (4.1.4),

I (t, 2, ) = Ul 2m,) = (T3 = ma())pn(t = 5,2, ) £2(m,)
< e pult = 5,2,7) = M (pa(t = 5,2, )| L2(m)
= e |pplt — 5,2, ) — U2m,) (O<s<t, e:=t—s)
< C(N, K, D)e— -9, (4.5.27)

where C(N, K, D) > 0 is a positive constant depending only on N, K, D. To
show the desired result (4.5.23), it suffices to show

limsupe Mt =0 (t — 00). (4.5.28)

n—oo

In fact, by the ergodic theorem, we have

lim liminf Py (B} € G) — hm 1nf hm P (B € G)

t—00 N—00

= hm (liminf PZ" (B} € G) — lim inf hm }P’x"(Bt €q))

—00 T N—00 n—oo

= lim (liminf P5" (B} € G) — hm 1nf mn(B €@))

t—00 ' n—o0

= tlggo( )i

By (4.5.24) and (4.5.27) with the sub-linearity of limsup,,_,., (or the super-
linearity of lim mfn_,Oo , we have

)
—hmsup( PI(B} € G

)) — limsup(—m,(B}' € G))
n—oo n—oo
< limsup(-Pp*(By € G) + my (B} € G))
n—oo

< C(N, K, D) limsup e*)‘}m(t*f),

n—o0

and
(0, = limint (P37 (B} € G) — ma (B} € G))
> C(N, K, D) lirginf(—e*&(tfs))
—C(N, K, D)limsup e~ Mn(t—e)

n—o0

Thus the statement (4.5.28) implies lim¢ o (I), = 0, that is, the desired
result (4.5.23).
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Thus we now show (4.5.28). For (4.5.28), it suffices to show lim inf,, o AL >
0, which follows immediately from the uniform Poincaré inequality (v) in
Fact 3.3.3 (in fact, we have inf,cny AL > 0. See [47] for detailed estimates of
AL).

We finish the proof of (ii) = (i) in Theorem 4.4.1.

Thus we finish the proof of Theorem 4.4.1. 0

4.5.3 Proof of Corollary 4.4.2

Now we prove Corollary 4.4.2
Proof of Corollary 4.4.2: Assume (i) in Corollary 4.4.2. By Theorem 4.4.1,
there exists a compact metric space (X, d) satisfying

tn(B")4Prm — 100 (B) 4P%  weakly in P(C([0,00); X)),

for some x,,. Let By, := 1,,(B") 4P for any n € N. By Proposition 4.2.2, it
suffices to show
W5(B,,, Boo) — 0.

Since Diam(X,) < D and X, Hausdorff-converges to X« in (X, d), we
have Diam(C'([0,00), X)) < oo with respect to the local uniform distance §.
It is known that the Ws-convergence is equivalent to the weak convergence
and the convergence of the second morment (see [90, Theorem 6.9]):

/ 52 (z, o) dBy (z) — 2z, 20)dBus(z)  (4.5.29)
(10,5, %) O(10.00),%)

for some (thus any) zp € X. By Diam(C([0,00), X)) < oo, the function
d(+, o) is a bounded continuous function and thus the weak convergence of
B,, implies (4.5.29). We finish the proof. 0O
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Chapter 5

Convergence of continuous
stochastic processes on
compact metric spaces
converging in the Lipschitz
distance

In this chapter, as one of the main results in this thesis, we formulate a new
notion of convergence of stochastic processes on varying metric spaces in the
Lipschitz sense, which is called Lipschitz—Prokhorov distance in Section 5.2,
and study topological properties of this new topology in Section 5.3.

5.1 Lipschitz distance

Recall the Lipschitz distance. We say that a map f : X — Y between two
metric spaces is an isometry if f is surjective and distance preserving. Let
M denote the set of isometry classes of compact metric spaces. Let X and
Y be in M. For a bi-Lipschitz homeomorphism f : X — Y, the dilation of
f is defined to be the smallest Lipschitz constant of f:

) = s AU @), @)

For ¢ > 0, a bi-Lipschitz homeomorphism f : X — Y is said to be an
e-isometry if

|log dil(f)| + |log dil(f )| < e.
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By definition, O-isometry is an isometry. The Lipschitz distance dp(X,Y)
between X and Y is defined to be the infimum of € > 0 such that an e-
isometry between X and Y exists:

dr,(X,Y)=inf{e > 0:3f : X - Y e-isometry}.

If no bi-Lipschitz homeomorphism exists between X and Y, we define dz.(X,Y) =
o0o. We say that a sequence X; in M Lipschitz converges to X if

dL(XZ‘,X) —0 (Z — OO)

We note that (M, dy) is a complete metric space. This fact may be known,
but we do not know any references and, for the readers’ convenience, we will
prove the completeness of (M, dr,) in Proposition 5.1.1. Note that (M, dr,)
is not separable because the Hausdorff dimensions of X and Y must coincide
if dr,(X,Y) < co. See Remark 5.1.2. We refer the reader to e.g., [37, 20] for
details of the Lipschitz convergence.

Proposition 5.1.1 (M,dy) is a complete metric space.

Proof. Let {X; :i € N} be a d-Cauchy sequence in M. It suffices to show
that there are a compact metric space X € M and ¢;-isometries f; : X; — X
with ¢; — 0 as ¢ — 0.

The construction of X: Let f;; : X; — X be an g;;-isometry for ¢ < j
where €;; — 0 as i, j — oo. Take a subsequence such that €; ;41 < 1/2i. Let
fij : X; — Xj be defined by

fii = ficvgo fimag10--0 fign (i <), (5.1.1)

and &;; = Z{:—Zl €11+1. Then ﬁj is an &;;-isometry and &;; — 0 as 7,5 — oo.
Since every compact metric space is separable, there is a countable dense
subset {zl : @ € N} C X;. We define, for any i > 1,

ol = fu(zd).

Since fh is a homeomorphism, the subset {z¢ : i € N} is dense in X; for
each i. Fix «a, 8 € N, and consider the sequence of the real numbers

{d(al,,2) : i € N}. (5.1.2)

Since {fh : 1 € N} has a bounded Lipschitz constant and the compact metric
space X is bounded, we have that (5.1.2) is a bounded sequence:

d(x, o) < supdil(fi;)d(z}, ah) < oo.
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Thus we can take a subsequence of (5.1.2) converging to some real number,
write r(«, 3). We can check that r becomes a metric on {a : @ € N}. In
fact, if r(«, ) = 0, we have o = /3 because

1 S
0< —————d(zL, 2L) < d(zt, z%). 5.1.3
spy 1Y) (g, p) < d(xg, xp) (5.1.3)
By definition, r(a,a) = 0 and r is symmetric and non-negative. It is easy
to see the triangle inequality. Let (X,d) be the completion of the metric
space ({a : a € N},r). The compactness of (X,d) will be shown later in
this proof.
The construction of €;-isometries f;: We define a map f; : {z%, : a €
N} — X by '
fi(xl) = a.
Now we extend the map f; to the whole space X;. Since dil(ﬁj) is bounded,
we have
d(fi(xh), fi(xf)) = d(a, B) = lim d(a, x}) = lim d(fi;(2?), fij(5))
j—00 j—o00

< sup dil(};j)d(:ng,xfg) < 00. (5.1.4)
J

Let a:fl(n) — 2' € X; as n — oo. By the inequality (5.1.4), we have that
limy, o0 fi(:cié(n)) exists. This limit does not depend on the way of taking

sequences converging to z° (use the triangle inequality to check it). Thus
we define

fila') = lm fi(ag ),
and this is well-defined. Thus we have extended the map f; to the whole
space X;.
Now we check that f; is bi-Lipschitz. We have
d(fi(ah), fi(ay) = d(@, B) = lim d(ah, o) = lim d(Fi(wh). T ()

J]—00
1

sup; dil(f;;")
Note that 0 < sup; dil(ﬁ;l) < 0. By the inequality (5.1.5), we see that f;
is bijective. By the inequality (5.1.4) and (5.1.5), we have f; is bi-Lipschitz.
Since f; is a homeomorphism and X; is compact, we see that X = f;(X;) is
compact. Thus X € M.
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Finally we check that f; is an g;-isometry for some ¢; — 0 as i — oc.
We set

e; = max{|log(sup dil(f;"))|, | log(sup dil(f;;))|}.
J J

Then, by the inequality (5.1.4) and (5.1.5), we can see that f; : X; — X is
an g;-isometry with ¢, — 0 as ¢ — oo. Thus we have shown that X is the
dr-limit of X;. We have completed the proof. 0

Note that, in the above proof, we have that

fiofij = fi (5.1.6)
We use (5.1.6) in the proof of Theorem 5.2.7.

Remark 5.1.2 Note that (M,dy) is not separable. This is because of the
following two facts:

(a) if dp.(X,Y) < o0, the Hausdorff dimensions of X and Y must coincide;

(b) for any non-negative real number d, there is a compact metric space X
whose Hausdorff dimension is equal to d.

See, e.g., [20, Proposition 1.7.19] for (a) and [76] for (b). Let X € M and
Mx ={Y e M :d(X,Y) < oo}. We also note that there is a X € M
such that even when we restrict dy to Mx, the metric space (Mx,dr) is
not separable. See [89].

We consider the case of Riemannian manifolds. For a positive integer
n and positive constants K,V, D > 0, let R(n, K,V, D) denote the set of
isometry classes of n-dimensional connected compact Riemannian manifolds
M satisfying

|sec(M)| < K, Vol(M)>V, and Diam(M) < D. (5.1.7)

Here sec(M), Vol(M) and Diam(M) denote the sectional curvature, the Rie-
mannian volume and the diameter of M, respectively. We write R shortly
for R(n, K,V, D). Note that, by the Bishop inequality, there is a constant
V'’ such that Vol(M) < V' for all M € R. Now we give a criterion for
precompactness by Gromov [37, Theorem 8.19] and Katsuda [55] (see also
[13, Theorem 383]).

Proposition 5.1.3 R(n, K,V, D) is precompact in (M, dr).
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5.2 Lipschitz—Prokhorov distance

In this section, we introduce a distance dypp on PM, called the Lipschitz—
Prokhorov distance and show (PM,drp) is a complete metric space.

Now we introduce the Lipschitz—Prokhorov distance. For a continuous
map f: X =Y, we define & : C(X) — C(Y) by

Dp(v)(t) = fu(t)) (vel(X),tec]0,T]).

Let (X, P) be a pair of a compact metric space X and a probability measure
P on C(X). Note that

P is not a probability measure on X, but on C(X).

We say that two pairs of (X, P) and (Y,Q) are isomorphic if there is an
isometry f : X — Y such that the push-forward measure ®y #P is equal
to . Note that <I>f#P = ( implies <I>f71#Q = P and thus the isomorphic
relation becomes an equivalence relation. Let PM denote the set of isomor-
phism classes of pairs (X, P). Let (X, P) and (Y,Q) be in PM. Now we
introduce a notion of an (e, §)-isomorphism, which is a kind of generalization
of e-isometry. A map f: (X, P) — (Y,Q) is called an (e, d)-isomorphism if
the following hold:

(i) f:X — Y is an e-isometry;
(ii) the following inequalities hold:

Oy, P(A) < QA™) + ¢, Q(A) < By, P(A™) +b¢7,
;1,Q(B) < P(B%) +6¢°, P(B) < (I)f—1#Q(B‘$6€)+5eE, (5.2.1)
for any Borel sets A C C(Y) and B C C(X).

We now define a distance between (X, P) and (Y, Q) in PM, which is called
the Lipschitz—Prokhorov distance.

Definition 5.2.1 Let (X, P) and (Y, Q) be in PM. The Lipschitz—Prokhorov
distance between (X, P) and (Y, @) is defined to be the infimum of e+ > 0
such that an (e, d)-isomorphism f : (X, P) — (Y, Q) exists:
drp((X,P),(Y,Q)) =inf{e +6>0:3f: (X, P) — (Y,Q) (¢, 0)-isomorphism}.
If there is no (g, §)-isomorphism between (X, P) and (Y, Q), we define

drp((X,P),(Y,Q)) = oco.
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Remark 5.2.2 If we replace e to 1 in the inequalities (5.2.1), then the
triangle inequality fails for dy,p.

Remark 5.2.3 If we start at metric measure spaces, it may seem to be
more natural than (X, P) to consider triplets (C(X),d¢, P) where X € M
and P is a probability measure on C(X). It is, however, not suitable for our
motivation because the Lipschitz convergence of C(X;) does not imply the
Lipschitz convergence of X; in general.

It is clear by definition that dpp is well-defined in PM, that is, if (X, P)
is isomorphic to (X', P’) and (Y, Q) is isomorphic to (Y’,Q’), then
dLP((Xa P)7 (Y7 Q)) = dLP((X,7 Pl)? (Y/7 Q,))

It is also clear by definition that drp((X, P), (X, P)) = 0, and drp is non-
negative and symmetric. To show that dyp is a metric on PM, it is enough
to show that dy p satisfies the triangle inequality and that (X, P) and (Y, Q)
are isomorphic if de((X, P), (Y, Q)) = 0. Before the proof, we utilize the
following lemma:

Lemma 5.2.4 Let f: X — Y be an e-isometry. Then ®; : C(X) — C(Y)
is also an e-isometry with respect to the uniform metric de. As a byproduct,
for any a > 0 and Borel set A C C(Y'), we have

(IDJ?l(A“) C @;1(/1)“5 and <I>J71(A)“ C @;1(/1“65),
and, for any Borel set B C C(X), we have
®;(B*) C ®;(B)* and ®;(B)* C ®;(B).

Proof. We first show that ®; : C(X) — C(Y') is an e-isometry. Since f is
homeomorphic, it is clear that ®; is a homeomorphism. It is enough to show
that dil(®f) = dil(f) and dil(®}') = dil(f~!). Let v,w € C(X). By the
compactness of [0,7] and the continuity of v,w and f, there are ¢y € [0, 7]
and sp € [0,7] such that

de(v,w) = d(v(to),wite)) and  de(®(v), @5 (w))=d(f(v(s0)), f (w(s0)) ).

Then we have

de(®1(0),05(w) _ A(F((50). Fw(s0)))
dc(U,w) - d(v(to),’w(to))
< dil(f) d(v(so), w(so))

d(v(to), w(to))
< dil(f).
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Thus we have dil(®y) < dil(f). For z € X, let ¢, € C(X) denote the
constant path on x, that is, ¢, (t) = x for all ¢t € [0,T]. Then we have

d(f(2), f(y) _ de(®(ca), Ps(cy))
d(z,y) de(cz, cy)

Thus we have dil(®;) = dil(f). By the same argument, we also have
dﬂ(cb;l) = dil(f~!). These imply that ®; is an e-isometry.

We second show the inclusions in the statement. It is enough to show
one of the inclusions, say, ®;(B%) C ®;(B)* for a > 0 and any Borel sets
B C C(X). Let v € ®¢(B*) and y € B* such that ®;(y) = x. Since ®; is
an e-isometry, we have

< dil(®).

de(z, ®(B)) < dil(®y)de(y, B) < e“dc(y, B) < ae”.
Thus we have x € ®;(B)*" and finish the proof. 0

Now we show that dj,p is a metric on PM.
Theorem 5.2.5 di,p is a metric on PM.
Proof. Tt is enough to show the following two statements:
(i) dpp satisfies the triangle inequality;
(if) drp((X,P),(Y,Q)) = 0 implies that (X, P) and (Y, Q) are isomorphic.

We first show the statement (i). Let (X, P),(Y,Q) and (Z,R) € PM
such that there are (g1, d1)-isomorphism f; : X — Y and (g2, d2)-isomorphism
fo: Y — Z. Tt suffices to show that fyo f; : X — Z is an (g1 4+ €2, 1 + d2)-
isomorphism. In fact, this implies

dLP((X, P), (Z, R)) < €1 +é2 +51 + (52.

By taking the infimum of £; +9; and €2+ d2, we have the triangle inequality.

Thus we now show that foo f1 : X — Z is an (g1 + €92,01 + 02)-
isomorphism. We know that fo o fi is an (g1 + €9)-isometry (see e.g., [20,
Theorem 7.2.4] ). For any Borel set A C C(Z), we have

©pofy 4 P(A) = (1, , P) (27 (A))
< QU (A7) + e

< Q1AM 4 5
< R(AMCTTER) L Gye%t 4 Gpe
< R(ACHRITR) 4 () 4 g)etiten,
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The inequality of the third line follows from Lemma 5.2.4. The other di-
rections of (5.2.1) can be shown by the same argument. Thus we have that
fao fiis an (g1 + 2,01 + d2)-isomorphism. We have the triangle inequality.

We second show (ii). We show that there is an isometry ¢ : X — Y such
that @, : (C(X),P) — (C(Y),Q) is a measure-preserving map, that is, for
any real-valued uniformly continuous and bounded function u on C(Y'), we
have

/ uo®, dP = / u dQ. (5.2.2)
C(X) cy)

Let f; : X — Y be an (g;, d;)-isomorphism with &;,0; — 0 as ¢ — oo. Since
the dilations of {f; : ¢« € N} are uniformly bounded, by the Ascoli-Arzela
theorem, we can take a subsequence from {f; : i € N} converging uniformly
to a continuous function ¢. Since &; — 0 as ¢ — oo, we have that ¢ is an
isometry from X to Y, and, for any € > 0, there is an ig such that, for any
i < i, we have d(u(x), fi(x)) < e for all z € X. See e.g., [20, Theorem 7.2.4]
for details. By this fact, we have

de(®,(v), s, (v) <e (Vi > ig, Vv € C(X)).

By the uniform continuity of u, we have
‘/ wod, dP — [ wo qsfidp‘ <PEX)) =0 (i —00). (5.2.3)
e(X) c(x)

Since dp((pfi#P, Q) — 0 as i — oo, we know that <I>fi#P converges weakly
to @ as i — oo (see e.g. [14, §6]):

/ uo®y dP = / u d(®f, , P) — / ud@ (i—o00). (5.24)
C(X) c(y) cy)

By (5.2.3) and (5.2.4), we have the equality (5.2.2) and we finish the proof.
U

Remark 5.2.6 When we take X =Y, by definition, we have dp(P,Q) >
de((X, P), (X, Q)) The relation between dp and dy,p is as follows:

dLP((X’ P), (X, Q)) = f:;(n_f»( dP((I)f#Pv Q). (5.2.5)

isometry

The following example shows that df, p((X ,P), (X, Q)) = 0 does not imply
dp(P,Q) = 0: Let X = S! with the metric d where d is the restriction of
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the Euclidean metric in R%. Let z,y € S! with # # y. Let ¢y, ¢, € C(S1)
denote the constant paths on x and y, that is, ¢;(t) = = and ¢, (t) = y for
all t € [0,7]. Let d., and 0., be the Dirac measures on c, and c,. Let
f:S' — S! be the rotation which rotate z to y. Then, by (5.2.5), we have

dLP((Sl76C;c)7 (517601,)) S dP(Qf#(SC$756y> =0.

We see, however, that dp(de,,0dc,) = d(x,y) # 0. See also Figure 5.1 below.

N

Figure 5.1: dpp = 0 does not imply dp = 0.

Now we show that the metric space (PM,drp) is complete.
Theorem 5.2.7 The metric space (PM,drp) is complete.

Proof. Let {(X;,P;) : i € N} be a drp-Cauchy sequence in PM. 1t is
enough to show that there are a pair (X, P) € PM and a family of (g, d;)-
isomorphisms f; : (X;, P;) — (X, P) with &;,0; — 0 as i — oo.

The existence of X: The existence of X follows directly from the com-
pleteness of (M,dr). In fact, since {(X;, P;) : ¢ € N} is a dpp-Cauchy
sequence, the sequence {Xj : i € N} is a dp-Cauchy sequence in M. By the
completeness of (M, dy) (see Proposition 5.1.1), there is a compact metric
space X such that

dr(X;, X) =0 (i = o0). (5.2.6)

The existence of P and f;: Since {(X;, P;) : i € N} is a dpp-Cauchy
sequence, there is a family of (g5, 0;;)-isomorphisms f;; : X; — X for i < j
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with €;; — 0 and d;;; — 0 as i,j — oo. Take a subsequence such that
€ii+1 t (5,'72‘_;,_1 < 1/2i. Let fij X, — Xj be defined by

fis = fimvgo fimzgor0- -0 fiin (i <), (5.2.7)

and €;; = Z{:—; €11+1, and gij = Z{:—: 91,141 By the proof of Theorem 5.2.5,
we see that ﬁj is an (@j,&-j)—isomorphism and &j,gij —0asi,j — oco. By
the proof of Proposition 5.1.1 (see also the equality (5.1.6)), there is a family
of g;-isometries f; : X; — X such that ¢; — 0 as i+ — oo and

fio fji = fj.
This implies that

We now show that {®y, , F; : i € N} is a dp-Cauchy sequence in P(C(X)).
Let us set ) s
€= €(i,j) = (5ij + 5ji)65ij+5ji+5i+ej.

Note that € — 0 as i,j — oo. It suffices to show that, for any Borel set
A CC(X),

q)fi#Pi(A) - (I)fj#Pj(As) <€, (I)fi#Pi(Aa) - (bfj#Pj(A) <e.
We only show the left-hand side of the above inequalities (the right-hand

side can be shown by the same argument). For any Borel set A C C(X), we
have

(I)fi#Pi(A) - q)fj#Pj(As)

= (25,4Pi(4) ~ (I)fwfﬁ#Pj(AE)) + ((I)fiofji#Pj(AE) B @ijﬁj#R(A))
(207, Li(A) = @, , Py (A7)
=: (I) + (II) + (III).

Since f;, 1 X — X is the (g, gji)—isomorphism, we have

(1) = (BOY(A) — (B7 P))@;Y(A%)) < djie™ <.

Fiig'd

60



By the same argument, we also have (III) < e. For the estimate of (II), by
Lemma 5.2.4 and (5.2.8), we have

Pi)(q);jl(A)) < Pj ((1)51(14)51.].@%3‘) _i_gijegij
)) + gz’jeg”

) + b

(I)ijfij#Pi(A) - ((I)ﬁ'j#
—1/ pd;:e5ii e

< P ((I)f]- (A%°

igTe;

_ p(F—1 —1/ 40;;€°
_PJ(@Ei 0@t (A%

= P;(A%) +e.

fiofji#

We used Lemma 5.2.4 in the second line and (5.2.8) in the third line. We
have (II) < e. Thus {®f,,F; : i € N} is a dp-Cauchy sequence. By the
completeness of (P(C(X)),dp), there exists a probability measure P on C(X)
such that

dp(q)fi#Pi,P) =0 (i— o0). (5.2.9)

We finally show that f; : (X;, P;) — (X, P) is an (g;, §;)-isomorphism for
some sequence §; — 0 as i — oo. By (5.2.9), there is a sequence §; — 0 as
¢ — oo such that

by, Pi(A) < P(A%) 46 and  P(A) < &5, P(A%) +6;,  (5.2.10)

for any Borel set A C C(X). By the inequalities (5.2.10) and Lemma 5.2.4,
we have

®,1 P(B)=P(®1(B) <&, P(® 1 (B)) +6

f1 # fi7 f’;
< Py(®7' o @inil (B%)) + d;e
< Pi(B%) 4+ 8¢5t (VB C C(X;) : Borel).
(5.2.11)
By the same argument, we also have
Pi(B) < infl#P(BéieEi) + 8¢5 (VB C C(X;) : Borel). (5.2.12)

Note in (5.2.10) that

P(A%) +6; < P(A%) 4 5ie% and @, , Pi(A%) +6; < O, , PBi(A%) + §je™,
(5.2.13)
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Thus, by (5.2.10), (5.2.11), (5.2.12) and (5.2.13), we have

Oy, Pi(A) < P(A%) + 6ie%, P(A) <y, , Bi(A%) + 5™,
® fifl#P(B) < Py(B%") + 8¢, Pi(B) < ® fifl#Pi(B‘sieEi) + 0ieft,
(5.2.14)

for any Borel sets A C C(X) and B C C(X;). Since f; : X; — X is an
g;-isometry with &; — 0 as ¢ — 0, the inequalities (5.2.14) means that
fi+ (Xi, P;) — (X, P) is an (g, d;)-isomorphism with ¢;,9; — 0 as i — oc.
We therefore have the desired result. 0

Remark 5.2.8 The metric space (PM,drp) is not separable. This is be-
cause (M,dr) is not separable as in Remark 5.1.2. Let X € M and
Mx ={Y € M : d(X,Y) < oo}. Let PMx be the set of isomor-
phism classes of pairs (Y, P) where Y € Mx and P € P(C(Y)). By [89],
there is a X € M such that (Mx,dr) is not separable. Thus, for such X,
(PMx,drp) is not separable.

By the proof of Theorem 5.2.7, we have the following:

Corollary 5.2.9 Let (X;, P;),(X,P) € PM for all i € N. The sequence
(X, P;) converges to (X, P) in dpp asi — oo if and only if there is a family
of g;-isometries f; : X; — X with ¢; = 0 as i — oo such that

Op P — P weakly (i — oo).

5.3 Relative compactness

In this section, we first give a sufficient condition for subsets in PM to be
relative compact in the case of Markov processes on Riemannian manifolds.
Roughly speaking, this sufficient condition consists of two conditions: one is
a boundedness condition of Riemannian manifolds for sectional curvatures,
diameters and volumes with a fixed dimension, and the other is an upper
heat kernel bound for Markov processes uniformly in each manifolds. Sec-
ond we give a sufficient condition for sequences in a relatively compact set
to be convergent. This sufficient condition will be stated in terms of the
generalized Mosco-convergence introduced by [62].

We explain Markov processes considered in this section. Let (£, F) be
a regular symmetric Dirichlet form on L*(M,Vol) and {Ti};e(0,00) be the
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corresponding semigroup on L2(M,Vol). We say that {p(t,z,y) : =,y €
M,t € (0,00)} is a heat kernel of {T}}4c(0,0) if P(t, 7,y) becomes an integral
kernel of Ty: for f € L*(M;Vol)

T f(x) = /M F)p(t, z,y)Vol(dy) (va € M).

Assumption 5.3.1 The following conditions hold:
(i) (&, F) is astrongly local regular symmetric Dirichlet form on L?(M, Vol);

(ii) the corresponding semigroup {7} }:c (o o) is @ Feller semigroup and has
a jointly continuous heat kernel p(¢,z,y) on (0,7] x M x M.

See, e.g., [15, Theorem 1.9.4] for the Feller property.

Remark 5.3.2 We assumed the joint-continuity and the Feller property of
the heat kernel only for simplicity. The following arguments can be modified
by excluding null-capacity sets with respect to (€, F) if we need to remove
the Feller property assumption. The joint-continuity of a function ¢ which
will be taken in (5.3.3) is assumed for the same reason.

By [15, Theorem 1.9.4], there is a Hunt process

(Q’ M, {M(t)}te[(),oo)a {P*}eems {X(t)}te[o,oo)) (5.3.1)
such that, for any bounded Borel function f in L?(M, Vol), we have
E*(J(X (1)) = Tuf (&) (¥t € (0,00),a € M).

By the locality of (£, F), we know that X(-) has continuous paths almost
surely. By the strong locality and the compactness of M, we know that
X(t) € M for all t € [0,00) almost surely. Thus we see that X : Q — C(M)
almost surely and the law of X lives on C(M). We refer the reader to e.g.,
[34] for details of Dirichlet forms and Hunt processes.

Let u be a probability measure on M. Let P* denote the probability
measure with the initial distribution u:

PH(A) = Aqu(dx) (VA C M : Borel). (5.3.2)
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Now we introduce a main object in this section, a subset PyR(n, K, V, D)
of PM determined by a certain function ¢. Let ¢ : (0,7 x [0, D] — [0, 00)
be a jointly continuous function satisfying that, for any € > 0,

lim sup ¢(&r) =0,
A=0r>e,6€(0,0] (&) (5.3.3)

where D > 0 is the uniform bound of diameters of elements in R = R(n, K, V, D).

Definition 5.3.3 For a function ¢ satisfying the above conditions, the set
PyR(n,K,V,D) is defined to be the set of isomorphism classes of pairs
(M, P) where M € R and P is the law of P* for an initial distribution
p and a Hunt process on M associated with (€, F) satisfying Assumption
5.3.1 and that the heat kernel p(¢,z,y) is dominated by ¢ in the following
sense: there exists a 7 > 0 such that for all t € (0,7 AT, all z,y € M and
all M e R,

p(t,z,y) < o(t, du(z, y)). (5.3.4)
We also write Py R shortly for PyR(n, K,V, D).

Then we have the main theorem of this section:

Theorem 5.3.4 The set PR is relatively compact in (PM,drp).

Remark 5.3.5 Let PyR be the completion of PyR with respect to drp.
As a byproduct of Theorem 5.3.4, we see

(PyR,drp) is a compact metric space.

Let R be the completion of R with respect to dy,. In general, M € R has a
Cl@_Riemannian structure for any 0 < a < 1. See, e.g., [13, Theorem 384].

Proof of Theorem 5.5.4: Since any metric spaces satisfy the first axiom
of countability, it is enough to show that any sequence (M;, P;) € PgR has
a subsequence converging to some (M, P) € PM. Since R is relatively
compact with respect to dy (see Proposition 5.1.3), the sequence M; € R
has a converging subsequence (write also ;) to a compact metric space M
with respect to dy. Thus there is a family of &;-isometries f; : M; — M with
g — 0as 1 — oo.

By Corollary 5.2.9, the proof is completed if we show {®, #Pi 11 € N}
is relatively compact in (P(C(M)),dp). By [14, §5], it is equivalent to show
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that {Cﬁfi#Pi : 1 € N} is tight. That is, for any € > 0, there is a compact set
K C C(M) such that

¢y, P(K)>1—e (VieN).

Let (&;, F;) and p; be a strongly local regular Dirichlet form and its initial
distribution associated with P;. Let a Hunt process induced by (&;, F;) be
denoted by

({Mi()}eeio,00) {F Yees {Xi() Hefo,00))-

By [2, Theorem 1] (see also [26, Proposition 4.3]), it suffices for tightness of
{®f,, P : i € N} to show the following two statements:

(i) for some fixed m € M, it holds that, for each positive 7, there are a > 0
and 79 € N such that

q)fi#Pi(’U :d(v(0),m) >a) <n (Vi>io);

(ii) for any positive constants v and ¢, there is A > 0 such that

lim sup éfi#Pi(v : osup  d(u(s),v(t)) >v) <¢ (Vte[0,T —))).

1—>00 sit<s<t+A

(5.3.5)

We show the statement (i). Since f; is an g;-isometry, we have that, for
any a > 0,

@fi#Pi('U :d(v(0),m) >a) < Pi(v: d;(0(0), f; Y (m)) > ae%).

Since Diam(M) < D for any M € R, if we take a sufficiently large a such
that sup; ae™% > D, we have

P;(v:di(v(0), £ 1(m)) > ae™") = 0.

This concludes (i).
We show the statement (ii). Since ®y, is an g;-isometry, we have

O Pi(v: sup  d(v(s),v(t) >7) < Pi(v: sup  di(v(s),v(t) > ve ).
s:it<s<t+A s:it<s<t+-A
(5.3.6)
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By the Markov property, we have, for any ¢ € [0, — A],

PP( sup  di(Xi(s), Xi(t)) > ve ™)
s:it<s<t+A\

= Eg(PiXi“)( sup di(Xi(s—t),Xi(o))>ve*€f)) (5.3.7)
s:t<s<t+A

< sup Pix( sup  di(Xi(s —1t),x) > 76_‘”).
zeM; s:it<s<t+A
Define a {M;(t) : t € [0, T]}-stopping time S; as
S; =1 Ainf{t € [0,1) : d;(X;(t), X;(0)) > ve =i}

By the strong Markov property, we have
. e "

-
= B7 (15,07 (4:(Xi 00 - ), X,(0)) > 1)

(5.3.8)

s:S¢> )

By (5.3.8), we have, for any ¢ € [0,T — )],

P

(2

7N

sup d; (Xi(s —t), x) > 'ye_E’L) =P’ (S,; < )\>

s:t<s<t+A

v

< P (X0, Xi0) 2 25 + P (4600, X:0)) < 25,5 < )

e &

762_&) +Pix(di(Xi()\)7Xi(Si)) > 7 5 1751‘ < )\)

Y

< Pr(di(Xi(V), Xi(0))

IN
Y

2

.,
<2 sup Pf(di(Xi(g),Xi(O)) > 762 )
IGM'Lv £€(O,A}

<2 sup / pi(§, ,y)Vol(dy).
xzeM;, £€(0,\] J B(z,ye ¢i/2)¢
(5.3.9)

Since the Riemannian volumes of M € R are bounded by V', by (5.3.7),
(5.3.9) and (5.3.4) of Definition 5.3.3, for any ¢ € [0,7 A T — )] taking A
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sufficiently small as 0 < A < 7 AT, we have

PZ»<1) : sup d; (U(S)vv(t» > Ve_ai)

s:t<s<t+A

:/ P;’”( sup di(Xi(S),Xi(t))>’Y€_Ei)ﬂi<dx)
M;

s:t<s<t+A

<2 sup /
xEMiv 66(07)‘] B(x7'ye_5i/2)‘3

<2 sup / ¢(&, di(x,y)) Vol (dy)
-Z’EMZG 66(07)‘] B(Iﬂ/e*Ei/Q)C

< 2 sup ¢(§7 dl ([IZ, y))VOIMz (B(.%', 767&;/2)0)
l“,yGMi, 56(07)‘}7
di(z,y)>ve™ /2

<2v’ sup P(&,di(x,y)) < oo.
xvyeMiv fe(O,A],
di(x,y)>~'>0

pi(§, x,y) Vol (dy)

The constant v’ is taken to be 4/ = liminf; ,, ye % /2 in the last line. The
last inequality follows from the boundedness of ¢ on (0, A] x [y, D], which
follows from the joint-continuity of ¢ and the condition (5.3.3). By (5.3.3),
we have

lim lim sup sup (&, di(x,y))
A=0 oo myeM;, £€(0,)],
d;(2,y)>v'>0

< lim sup o, r)=0.
A=06€(0,M], r>v/>0

This implies (5.3.5) and we complete the proof. 0

We start to consider the second objective in this section, that is, a suffi-
cient condition for sequences in P4R to be convergent. Let (M;, P;) € PgR .
By Theorem 5.3.4, we know that there is a subsequence (M, P;s) converging
to some (M, P) in the completion mdm with respect to dpp. Hereafter
we consider under what conditions, the whole sequence (M;, P;) converges
to (M, P).

Let (M;,g;) be a sequence of Riemannian manifolds with Riemannian
metrics g;. Assume that M; converges to some M € M in the Lipschitz
distance dj, with ¢;-isometries f; : M; — M. We know that the limit space
M has a structure of the n-dimensional C1®-Riemannian manifold for any
0 < a < 1. That is, M is a n-dimensional C'*°-manifold with a Ch*-
Riemannian metric g. See, e.g., [13, Theorem 384]. Let Vol; and Vol be
Riemannian volumes induced by g; and g.
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Let (&, F;) be a sequence of Dirichlet forms on L?(M;; Vol;) and (€, F)
is a Dirichlet form on L?(M;Vol) both satisfying Assumption 5.3.1. We
consider a convergence of Dirichlet forms (&;, F;) to (€, F), which is a special
case of [62, Definition 2.11]. Let us set &(u) = &(u,u) for u € F; and
Ei(u) := oo if u € L?(M;; Vol)\ F; (we also treat (£, F) in the same manner).
For u € L*(M;), we define the push-forward fiyu € L*(M) by fiyu(z) =
uo f; ' (z) for x € M. We can check fizu € L?(M) because of the following
inequality:

e~ ™Vol < f; . Vol; < e™*Vol. 5.3.10
#

The above inequality follows from the definition of an g;-isometry. By this
inequality, we have that f;, Vol; are absolutely continuous with respect to
Vol. Similarly, for v € L?(M), we define the pull-back fi*u by u o f;(z) for
any x € M;. We can also check f;*u € L?(M;) by the same argument of
fiygu € L*(M).

Now we define a convergence of Dirichlet forms, which is a special case
of [62, Definition 2.11](see also [22, Definition 8.1]).

Definition 5.3.6 We say that (&, F;) converges in the Mosco sense to
(€, F) if the following statement holds: there is a family of ¢;-isometries
fi : M; — M with e; — 0 as i — oo satisfying

(i) for any u; € L*(M;) and u € L*(M) satisfying f;4u; converges weakly
to u in L?(M), we have
liminf & (u;) > E(u);
1—00
(ii) for any u € L?(M), there exists a sequence u; € L?(M;) satisfying that
figui converges to u in L?(M) and
limsup & (u;) < E(u).
1—+00
Note that the notion of the Mosco-convergence does not depend on a specific
family of e;-isometries f; in the following sense: if (&;, F;) converges in the
Mosco sense to another Dirichlet form (£, F') with respect to another family
of g;-isometries ¢g; : M; — M’', then there is an isometry ¢ : M — M’
satisfying
E(u,v) = E(Fu, v)  (Vu,v € D(E)).

Let {G;(a) }a>0 and {G (@) }a>0 be the resolvents corresponding to (&;, F;)
and (&, F), respectively. We have the following statement, which is a special
case of [62, Theorem 2.4] (see also [22, Theorem 8.3]):
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Proposition 5.3.7 The following statements are equivalent:
(1) (&, Fi) converges in the Mosco sense to (€,F);
(ii) there is a family of e;-isometries f; : M; — M satisfying
figTi(t) fi*u — T(t)u in LQ(M),
for any u € L>(M) and the convergence is uniformly in t € [0,T).
(iii) there is a family of €;-isometries f; : M; — M satisfying
fi#Gi(a)fi*u = G(a)u in LQ(M),
for any o > 0 and any u € L*(M).

Proof. Modify the proof of [22, Theorem 8.3] as mu = ffu for u € L?(M)
and Eju = fiyu for u € L?(M;). Noting the inequality (5.3.10), we can do
the same argument in [22, Theorem 8.3] and have the desired result. 0

Assumption 5.3.8 Fori € N, let (M;, P;) € PyR for (&;, F;) with an initial
distribution p; = ¢;Vol; where ; € L?(M;). Let (M, P) be an element in
the completion PyR with respect to dpp and assume P to be the law of P
for a Hunt process associated with (£, F) satisfying Assumption 5.3.1 with
an initial distribution u = ¢Vol with ¢ € L?(M). Assume that there is a
family of maps f; : M; — M satisfying the following conditions:

(i) fi is an g;-isometry with ¢; — 0 as i — oo;
(ii) f; satisfies (i) and (ii) of Definition 5.3.6;
(iil) fiyxpi converges to ¢ in L*(M).

Theorem 5.3.9 If Assumption 5.3.8 holds, then (M;, P;) converges to (M, P)
as i — oo in the sense of dyp.

Proof of Theorem 5.3.9. By Corollary 5.2.9 and Theorem 5.3.4, it suffices
to show that the finite-dimensional distributions of ®, #B converge weakly
to those of P.

Since M is compact, any bounded continuous functions on M are square-
integrable. Thus it suffices to show that, for any £ € N, any 0 =ty < t; <
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to < ... <t <T and any bounded Borel measurable functions g1, g2, ..., g
in L?(M),

Ei(ffg10 Xi(t1) f; g2 o Xi(ta) - - - f7 gk 0 Xi(tr))

— E(g10 X (t1)gao X(t2) - - gk o X(tg)) (i — 00). (5.3.11)

Let us set inductively

WY = gre BETN) = gun () fin Tt — toen) FREC), o
hi () = g1() fiy Ti(ta — 1) fFRZ (),

and

W =ge, B"H) = g1 ()T (b — i) R (), ooy
W) = ()T (t2 — t1)R*(:).

By Proposition 5.3.7 and boundedness of g, we have

1P~ = BE M e ary = Nlgn—1() figTiCte — ti1) £7REC) = g1 (T (b — te—1)B" ()l 2y
—0 (i — o00). (5.3.12)

Inductively, we have
1B =% = BE2 | 2
= llgr—2(-) fig Ti(temr — to—2) [i () = o2 ()T (tk—1 — tra) " ()l z2(ar)
< Nlgr—afigTi(teos — the2) [FDE ™" = goafig Ti(thor — te2) F7 0" Ml p2(any

+ lge—2figTilth—r — tr—a) f; WF 7 = guaT (b1 — te—2) D" L2 (ar)
< Nlgr-allooll fiseTi(th—1 = tr—2)lop L FF R = FER* M2y

+ gr—2llool fig Ti(thr — troa) [i W1 = Tty — tre2) D" r2(ar)
—: (1), + (D),
where || f; 4 Ti(tr—1—tx—2)|lop means the operator norm of f; , T;(tx 1 —tr—2) :
L2(M;) — LA(M).

The quantity (IT); converges to 0 as ¢ — oo by (ii) of Assumption 5.3.8
and Proposition 5.3.7.

We estimate (I);. By the inequality (5.3.10) and the contraction property

of the semigroup {7;(t)}:>0, we can check easily that there is a constant C
independent to ¢ satisfying

I fieTi(tr—1 — te—2)llop < C. (5.3.13)
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By (5.3.12) and the inequality (5.3.10), we have
£ = £ R ey = 0 (6 — 00). (5.3.14)

Thus we have (I); — 0 as i — oc.
By using the above argument inductively and the Markov property, we
have

1hi =AMl L2
- HEf (fl gro Xi(t)fi g2 0 Xilt2) -+ fi g © Xi(tw))
o E””(gl 0o X(t1)gzo X(t2) - gr o X(tkz))) L2(M)

=0 (i — o00). (5.3.15)

On the other hand, by the inequality (5.3.10), we have that

d(fi#VOIi)

Vol 157 uniformly, (5.3.16)

where 17 means the indicator function on M. By the fact (5.3.16) and (iii)
of Assumption 5.3.8, we have

d(fiy(piVol;))
HT ollr2

Thus, by (5.3.15) and (5.3.17), using the Schwarz inequality, we have

|Ei(ffg1 0 Xi(t1) ffgao Xi(ta) - - - figr 0 Xi(t))
— E g1 oX(t1)92 o X(ta) - gk oX(tk))‘ (1 — 0)

/ Ef fz g10 Xi(t1) fig2 0 Xi(t2) - - - fgr o Xi(tr)) fiy(iVoly)(dzx)

)y =0 (i—o0). (5.3.17)

/ E* (91 o X(t1)gao X(tg) - gxo X(tk))go(:z:)Vol(da;)‘

d( fin(piVol;))

/ Ef figio Xi(t) figao Xilta) - -+ figr o Xi(ty)) Vol

(x)Vol(dz)

- /M E* (g1 0 X(t2)g2 0 X (t2) -~ g 0 X (1)) p(a) Vol(d)
—0 (i — 00).

We therefore have shown (5.3.11) and we have completed the proof. 0
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5.4 Examples

5.4.1 Brownian motions on Riemannian manifolds

In this subsection, we consider the case when a state space M is in R =
R(n,K,V,D) and a probability measure P is the law of the Brownian mo-
tion, which is the Markov process induced by the Laplacian on M. In this
case, the convergence of processes should follow only from the convergence
of state spaces. We show that the convergence in dyp follows only from the
convergence in dy,.

Let (M,g) be in R. Let V denote the gradient operator induced by g.
Let (£, F) be the smallest closed extension of the following bilinear form on
L?(M; Vol):

1

E(uv) = /M g0 (V, vv)VO&M)vOudx) (w,v € C°(M)).  (5.4.1)

We write Vol(dz) = Vol(dz)/Vol(M).

Definition 5.4.1 The set LR (n, K,V, D) is defined to be the set of isomor-
phism classes of pairs (M, P) where M € R and P is the law of P* for a
Markov process on a time interval [0, 7] associated with (€, F) defined in

(5.4.1) with an initial probability measure p = Voly;. We denote LR shortly
for LR(n, K,V, D).

We show the relative compactness of LK.

Proposition 5.4.2 The set LR is relatively compact in (PM,drp).

Before the proof, we recall the uniform heat kernel estimate of [52, §4].
Let par(t,x,y) be a heat kernel of the standard energy form (£, F) with
respect to the normalized volume measure Vol for M € R. We know that
Par(t, x,y) is jointly continuous in (¢, x,y) and has the Feller property (see,
e.g., [36, Theorem 7.16 & 7.20]). By [52, §4], we have the following heat
kernel estimate:

‘W), (5.4.2)

Da(t < c
pate ) < o

for all z,y € M and 0 < t < D?, where v = v(n,K,D) > 2 and C =
C(n, K, D) > 0 are positive constants depending only on n, K and D. The
important point is that v and C do not depend on each M € R. Note that
if we have |Sec(M)| < K for K > 0, we have Ric(M) > —K.
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Now we show Proposition 5.4.2.

Proof of Proposition 5.4.2. Let pas(t,z,y) be the heat kernel of the
standard energy form (€, F) with respect to the Riemannian volume measure
Vol (not with respect to Vol). Note that

Pt z,y)

Vol(M) =pu(t,x,y). (5.4.3)

It suffices to show that there is a jointly continuous function ¢ : (0,77 x
[0, D] — [0, 00) satisfying (5.3.3) and dominating pas(¢,z,y) as (5.3.4). In
fact, if we show this, we have

LR C ’P¢'R.

Since PyR is relatively compact by Theorem 5.3.4, we obtain the desired
result. The existence of ¢ satisfying (5.3.3) and (5.3.4) follows from [52].
In fact, by (5.4.2), (5.4.3) and the lower-bounds V' of the volumes, we have
that there is a constant C' = C'(n, K,V, D) > 0 such that

!

dM z,y 2
pM(taxay) S tl'f‘l/eXp<_())7

o (5.4.4)

for all M € R, all t € (0, D?] and all 2,5y € M. Note that the constant
C’ does not depend on each M € R. Thus we have checked (5.3.4) with

T = D2 Let
C/ 7“2

P(&,r) = flﬁ exp(—ﬁ).

Then we can check easily that ¢ satisfies (5.3.3). Thus we have completed
the proof. 0

Let (M;, P;) € LR and assume M, converges to some M € ﬁdL where

ﬁdL denotes the completion of R with respect to dy. As stated in Section
5.3, the limit space M has a C'““-Riemannian structure. Such manifolds
are in the class of Lipschitz—Riemannian manifolds (see, e.g., [62, §3]). In
this framework, we have a Riemannian volume Vol; induced by a C<-
Riemannian metric g and the standard energy form (£,F) defined by a
similar way to (5.4.1) with respect to the weak derivative. See the detail in
[62, §3] and references therein.

Let P be a law of Markov process on M associated with the above (£, F)
whose initial distribution is the Riemannian volume Voly;. Then we have
the following;:

73



Proposition 5.4.3 If M; converges to M in dy,, then (M;, P;) converges to
(M, P) in drp.

Proof. By Theorem 5.3.9, it is sufficient to check that Assumption 5.3.8
are satisfied. Since we assume that M; — M in djy, there is a family of
g;-isometries f; : M; — M with ¢; — 0 as i — o0o. By the inequality
(5.3.10), we can easily check that there is a function A : [0,00) — [0, c0)
with lim,_,0 h(r) = 0 satisfying the following inequalities (see [62, §3]): for
any u € L2(M) and u; € L*(M;),

L ull 2y — Nl zzean| < Ble)llull 2,

|E(fiu) = E(u)] < hle)E(u),

|Ei(ui) — E(figui)| < hiei)Eilus).
By these inequalities, we can check easily that the conditions of Definition
5.3.6 are satisfied with f; (see [62, Proposition 3.1]). Since we take p; =
Volys, and g = Volps in this section, there is nothing to check about (iii)

of Assumption 5.3.8. Thus the conditions in Assumption 5.3.8 are satisfied
and we finish the proof. 0

By Proposition 5.4.3, we know what is the completion TR™ of LR
with respect to dr,p. We define the subset LR™ consisting of pairs (M, P)
where M € R™ and P is the law of P* where P is the Brownian motion
associated with the standard energy form (€, F) defined in (5.4.1) with the
initial distribution p = Volyy.

Corollary 5.4.4 We have the following:
LR = [R™.

Proof. We first show LR™" ¢ LR™. Let (M,P) e LR™" . Then we have a
sequence (M;, P;) € LR such that (M;, P;) — (M, P) in drp. Thus M; € R
converges to M in dy, and M € R, By Proposition 5.4.3, we have that
P is the law of the Brownian motion associated with the standard energy
form on M with the initial distribution u = Volys. Thus (M, P) € LR™.
We second show ZR™" > LR™. Let (M,P) € LR™. Then we have
a sequence M; — M in dy. Let P; be the law of the Brownian motion on
M; associated with the standard energy form with the initial distribution
p = Volys. Thus, by Proposition 5.4.3, we have that (M;, P;) — (M, P) in
drp and thus (M, P) € LR™". 0
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5.4.2 Uniformly elliptic diffusions on Riemannian manifolds

In this subsection, we consider (M, P) where (M,g) € R and P is a law
of a Markov process associated with another smooth Riemannian metric h
comparable to the given Riemannian metric g, that is, there is a constant
A > 1 satisfying

A g <h<Ag. (5.4.5)

The generator associated with h is a second order differential operator having
smooth coefficients with the uniform elliptic condition in local coordinates.

To be precise, let V}, denote the gradient operator induced by h satisfying
(5.4.5). Let Vol;, be the volume measure associated with h. Let (£, F") be
the smallest closed extension of the following bilinear form on L2(M; Voly):

M (u,v) = % /M ha (Vi th)vohll(m\/olh(dﬂ:) (u,v € C(M)).

(5.4.6)
We write Voly,(dx) = Vol (dz)/Vol,(M).

Definition 5.4.5 For A > 1, the set LAR(n, K,V, D) is defined to be the
set of isomorphism classes of pairs (M, P) where (M, g) € R and P is the
law of P* for a Markov process on [0, T] associated with (£, F") defined in
(5.4.6) for h satisfying (5.4.5) with an initial probability measure u = Voly,.
We denote LA R shortly for LAR(n, K,V, D).

We show the relative compactness of LA R.
Proposition 5.4.6 The set LAR is relatively compact in (PM,drp).

Proof. By [52, §4], we have the same heat kernel estimate as (5.4.2) for
(", FM). Note that, of course, the positive constant C' in (5.4.2) depends
also on A in this case. Thus the proof follows from the same argument of
Proposition 5.4.2. O
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