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1 INTRODUCTION

For 2D turbulence on an infinite plane, Kraichnan' and Leith® theoretically predicted the
energy spectrum that has two power laws of £~ in the normal enstrophy-cascading range and of
k~3/% in the upward energy-cascading range. Since then many numerical experiments have been
done to examine several aspects of the 2D turbulence theory®~>. One of the most remarkable
feature of the flow field obtained in the numerical experiments is the emergence of isolated
coherent vortices in decaying 2D turbulence®. Characteristics of these coherent vortices have
been investigated in detail using a surprisingly high-resolution model with 10242 grids’.

A geophysical application of the 2D turbulence theory was firstly done by Rhines® with a
numerical model on a J-plane to investigate the effect of the rotation of planets on the 2D turbu-
lence. He showed that the upward energy cascade ceases roughly at a characteristic wavenumber
ks = 1/3/2U, where U is the r.m.s. velocity and [ the meridional gradient of the Colioris param-
eter f. The conversion from turbulence into Rossby waves takes place around the wavenumber
k. He also found that the flow field becomes anisotropic and a zonal band structure which con-
sists of alternating easterly and westerly jets emerges owing to the J-effect. Another numerical
experiment on decaying 2D turbulence on a F-plane was done by Holloway & Hendershott®
to investigate the validity of their closure model. They showed that the flow field has a strong
zonal anisotropy in the range of £ < ké’ = [3/Z, where Z is the r.m.s. vorticity. This tendency
of the anisotropy in the range of k < k3 was also obtained by Basdevant et al.'° in the numer-
ical experiments on the forced 2D turbulence on a [F-plane. The flow field obtained by them is
rather anisotropic in zonal direction in the high-wavenumber range of k 2 k; as well as in the
low-wavenumber range. Later, Shepherd'' numerically studied the 2D turbulence on a (3-plane
under the existence of an imposed large-scale zonal jet. He showed that the disturbance energy
is transferred into the range of k£ < k5 owing to the shear-induced spectral transfer, and that the
disturbance flow field becomes meridionally anisotropic in this low-wavenumber range.

Recently, Maltrud & Vallis'? numerically studied the forced 2D turbulence on a F-plane with
a high-resolution model ( 2562 or 5127 grids ) under recent advanced computing facilities. In
their experiments with low-wavenumber forcing, the anisotropy of the flow field increases as
the strength of the /j-effect increases, although the energy spectrum in the enstrophy-cascading
range remains relatively unchanged ( steeper than £~ ). An energy spectrum nearly propor-
tional to k/% was also observed in the energy-cascading range in their experiments with high-
wavenumber forcing. Vallis & Maltrud'® showed that the obtained zonal band structure is ex-
tremely robust and persistent, and that the meridional scale of the obtained zonal jets becomes
small as the strength of the (J-effect increases. Similar zonal band structure that is robust and
persistent was also found in the numerical experiments on a quasigeostrophic two-layer /3-plane
turbulence'® forced by an imposed unstable vertical shear. In these experiments, the westerly
jets are narrower and sharper than the easterly ones.

On the subject of the spectral anisotropy, Vallis & Maltrud'"® proposed a couple of transi-
tion curves from turbulent motion to wave-like behavior ; one of them is the “wave-turbulence
boundary” obtained by equating the reciprocal of the eddy turnover time with the Rossby wave
frequency. The curve of this boundary exhibits a characteristic dumbbell shape in the wavenum-
ber space (k, ), and the 2D energy spectral density in their experiments with high-wavenumber
forcing shows qualitatively similar dumbbell shape.

Nature of the 2D turbulence in spherical geometry is interesting because of the finiteness of the
domain without any artificial lateral boundary, in addition to a possible application to planetary
atmospheres. Williams'> did a series of numerical experiments on the forced 2D turbulence on
a rotating sphere, and he reproduced a zonal band structure similar to that of Jovian atmosphere
for experimental conditions appropriate to Jupiter. However, the computational domain was
restricted to 1/16 of the entire sphere under the assumptions of longitudinal periodicity and
equatorial symmetry, and the forcing function he adopted was not isotropic. Hence, the obtained
band structure in the flow field might be influenced by the assumed boundary conditions and
the anisotropic vorticity forcing. Another numerical experiment on the forced 2D turbulence
on a rotating sphere was done by Basdevant er al.'’ to investigate the predictability properties
of the flow field. In their experiments, however, the obtained flow field did not show such a
strong zonality as that of Williams'®. Recently, Yoden and Yamada'® did a series of numerical
experiments on the decaying 2D turbulence on a rotating sphere to investigate the effects of
rotation and sphericity. They found an easterly jet in high latitudes for large rotation rates under
the existence of Rossby waves, and the obtained flow field exhibits zonal anisotropy in all the
latitudes. The initial flow in their experiment has a maximum of energy spectrum at a relatively
low wavenumber n = 10 compared with that of the forcing ( n ~ 50 ) used by Williams'?, so that
the energy transfer in their decaying turbulence may be largely different from that in Williams’
forced turbulence. In these studies on the spherical geometry, the spectral anisotropy was not
investigated very much.

In this thesis, studies are intended to get deep understanding of the basic dynamics on the
forced 2D turbulence on a rotating sphere. A series of numerical experiments is performed us-
ing a high-resolution full spherical model with a homogeneous and isotropic vorticity forcing.
The sensitivity of the zonal band structure as well as that of the energy spectrum to two ex-
perimental paremeters of the rotation rate and the forcing wavenumber is studied. The forming
process of the zonal band structure is investigated by dividing the flow field into zonal-mean and
disturbance fields'”. The anisotropic distribution of the 2D energy spectral density is examined
on a spherical geometry'®. The dependence of the spectral anisotropy on the F-effect is investi-
gated by calculating the 2D energy density for the flow field which is orthographically projected
on a tangential -plane'®. The numerical procedure is described in section 2, and results are
given in section 3. Discussion is given in section 4, and conclusions are in section 5.

2 MODEL AND NUMERICAL PROCEDURE

Two-dimensional nondivergent flow on a rotating sphere is governed by a vorticity equation :

ac 1 :
a_t + a—z'] (i',’,, C) o=

2000 _
a2 9N

F+U(V2+§3)§, (1)

where 1/(), /. 1) is a streamfunction field, C(\, ¢, t) = V*2: vorticity, \: longitude, y: sine lati-
tude, t: time, V2: horizontal Laplacian, J (¢, {): horizontal Jacobian, a: radius of the sphere, :
rotation rate of the sphere, v: Kinematic viscosity coefficient, and F'(\, p,t): vorticity forcing
function. The second term of the viscosity term ( i.e., 2/a” ) is necessary to satisfy the conser-
vation law of the total angular momentum. The radius and the rotation rate of the sphere are
set to those of Jupiter; a = 7.00 x 10’m and Q = Q; = 1.76 x 10 *rad s~'. Time ¢ is mea-



sured by Jovian day; 1 J.day = 27/Q; = 3.57 x 10*s. The kinematic viscosity coefficient of
v =5.00 x 10°m?s~" is adopted as in Williams'?.

For the forcing function F, arandom Markovian formulation is used as in Lilly* and Williams'®:
F(\, p, jA) = REOA\, g1, (G — DAY + (1 = R)VEE(\, p, jAL) )

where R is a dimensionless memory coefficient ( R = 0.98 as in Williams'® ), and F is a
randomly generated vorticity source at every time step. The random vorticity source function is
defined as follows :

- ny+An n £
Fixu, jaty= 3 N EMGYTX, WY, (3)
n=n;—AaAn m=-n
m= 0

where F‘T’;"U) is an expansion coefficient of F with spherical harmonicsY,™ (A, 1), which is de-
termined so that it has random amplitude and phase at every time step j in order to construct a
homogeneous and isotropic forcing. The forcing is given in a narrow range between ny — An
and ny + An with An = 2, and the r.m.s. amplitude is held constant to F = \/ﬁ in each run,
where (- - -) denotes the spherical average. Figure 1 shows an example of the forcing field at a
particular time step with n; = 40.

A pseudospectral method with a triangular truncation of T199 (n < 199 = N ) is used
for the computation of the advection (Jacobian) term ; grids for the spectral transformation are
600 in longitudes and 300 in latitudes. Equation (1) is integrated from an initial condition of
zero velocity field for a period of t = 1000
J.days. The Runge-Kutta-Gill method is used
for the time integrations with At = 0.05 J.day.
All of the computations are done in double
precision.

Table 1 gives a summary of eighteen ex-

FSISETN

periments which will be reported in this pa- |#5C o
per. We perform three series of the experi- [; (YOOV'
ments; three values of the forcing wavenum- ﬁ@ﬁ@i
ber ny = 20, 40, and 79 are chosen. For each %)
forcing wavenumber, six values of the rota- 55 f\
tion rate are chosen: Q/Q; = 0.00, 0.25, b

0.50, 1.00, 2.00, and 4.00. The sphere has
Q/Q; rotations par unit J.day. The r.m.s. am-
plitude of the forcing F is determined by a
method of trial and error to get a similar value
of the total energy (£ ~ 2.45 x 10°m?s~%) FIG. 1. Vorticity forcing field at £ = 100 J.days
in the cases of no rotation, and the value is Wwithn; = 40. Contourintervalis 2.5x 107" s=2
not changed for the runs with the same forcing and negative areas are denoted by dotted lines.
wavenumber. The sequence of random num- The zero contour has been deleted. Ortho-
bers for the amplitude and phase of the vor- graphic projection is used with the center at

ticity source function is unchanged forallthe A = 0° and ¢ = 0°. Meridians and parallels
experiments. are drawn for every 30°.

TABLE 1. Summary of experiments. The column headings are given in the text.

series run# ny Q/Q; (si) (ngs_z) group ng =P K; ST
1 0.00 246 x10° A = = =
2 0.25 2BEEINF B 595 1.205 0.937
3 3 et 0.50 S o s 223%10* B 8.51 1.862 1.288
4 1.00 176107 @ 1237 3136 1.917
5 2.00 gt el € 21852 5652 3.693
6 4.00 397 x102 C 37.06 10.024 6.549
7 0.00 245x10° A - o - =
8 0.25 252x10° B 584 1.255 0.933
. 9 i 0.50 S e 245x10° B 8.31 1.873 1.272
10 1.00 21551927 B 214 2448 1.871
11 2.00 198x10° B 1754 3.761 2.683
12 4.00 1.03x1020 € 29.18 7.695 4.352
13 0.00 243 %107 A = — —
14 0.25 256010 B 582 1.187 0.918
e B8 g OS0E C air S51R 10° B 8.27 1.682 1.290
16 1.00 255>:10% B! 1165 2658 1.922
17 2.00 A0 B 1729 3413 2.747
18 4.00 1.64x10° B 2599 5.079 4.098
3 BESULTS

3.1 Energy spectrum
Figure 2 shows the time-averaged energy spectrum £(n) :
1 nn+1) &

Em) =5 > lvm) 2, 4)

m=-n

az

where 97'(t) is an expansion coefficient of 1) with spherical harmonics ¥, (A, y)

N n

UCHTOED DDA ) SECHDR (5)

n=2 m=—n
and an overbar indicates the time average from 800 to 1000 J.days. For all the experiments, the
slope of the energy spectrum is close to n~* in the enstrophy-cascading range of n 2 n inde-
pendent of the rotation rate 2 and the forcing wavenumber 7. When the forcing wavenumber
is not large ( series I and Il ), however, the slope in this range becomes a little steep as the rota-
tion rate increases. An upward energy-cascading range is also obtained for all the experiments
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except for a few runs of #4-6, and #12. The energy spectra are nearly proportional to n=>/? in
this range, and the slope steepens slightly as £ increases. In the case of no rotation (#1, #7,
and #13), the energy spectrum is steeper than n~>/3 at the low wavenumbers of n < 7 because
the energy is accumulating in this range owing to the finiteness of the spherical domain. For
the experiments with rotation, on the other hand, the spectrum does not obey the power law of
n~>/3 at low wavenumbers (the energy-cascading range becomes narrow), and the spectrum in
this range becomes noisy as £2 increases. Here, a characteristic wavenumber n5 is introduced
in the analogy of Rhines’ k5%
(8)

g =0 **-6:. (6)

where U is the r.m.s. velocity at ¢ = 1000 J.days (U = v/2& ), and (/) is the spherical average
I Q
of §: (B) = 5/ Bdu = %a—. At the horizontal scale of a/7n;, the nonlinear Jacobian term is
-1

QoY

PIIETR in Eq.(1). Figure 2 shows that n5 indicated by an arrow

comparable to the “/j-term”,
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FIG. 2. Energy spectrum averaged from 800 to 1000 J.days. The number in the upper left of each
curve represents the run number. The curves are arranged from left to right in the order of the
forcing wavenumber n, and from top to bottom in the order of the rotation rate /€2, ; each
spectrum is successively shifted down by a factor of 10~*m?s~? for clarity. Thin dot-dashed
lines represent the forcing wavenumber 7, and thick arrows the wavenumber 7 at which scale
the “/-term” is comparable to the nonlinear Jacobian term. A broken line of n~* is added in
the range of ny < n < N = 199 for all runs. Another broken line of n~%/? is also added in the
range of ng < n < ny except for the two runs of #5 and #6.

roughly gives the lower bound of the energy-cascading range. The spectrum does not show any
clear power law in 2 < n < ng, where the “J-term” is larger than the nonlinear term. When the
forcing wavenumber is small and the rotation rate is large (#4-6, and #12), the wavenumber 75
is nearly equal to or larger than n, and the energy-cascading range with n=>/* power low is not
found at all.

The energy flux functions for all runs are shown in Fig.3. The energy flux function I1(n) is
calculated from the energy transfer function 7°(n) :

ST (7)

n'=2

- ¥ {yrt)} Ne, (8)

m==n

I1(n)

T (n)

where N™(t) is the expansion coefficient of the nonlinear Jacobian term, and (---)' denotes
complex conjugate. In the case of no rotation (#1, #7, and #13), the energy flux is nearly constant
in the range of 2 < n < ny, so that the energy is transferred as far as the lowest wavenumber of
n = 2. For the experiments with rotation except for #4-6, and #12, the energy flux function is
parallel to that for no rotation in the energy-cascading range of ng < n < ny indicating that the
effect of rotation is weak in this range, although I'l(n) is slightly steeper than that for no rotation
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FIG. 3. Time-averaged energy flux function for the last 200 J.days. Broken lines are zero lines.
The wavenumbers n ( thin dot-dashed lines ) and ng ( thick arrows ) are the same as in Fig.2.
Arrangement of the curves is identical to that of the curves in Fig.2. The energy flux function
for the run without rotation ( top curves in each panel ) is superimposed on that for the other
runs in the same series ( thin dotted lines ).
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FIG. 4. Streamfunction field at ¢ = 1000 J.days for the runs of series II. Contour interval is

2.5 x 10® m’s~! and negative areas are denoted by dotted lines. Map projection is the same as
in Fig.1.

even in this range for the runs #17-18 with large /€. In the range of 2 < n < ng, on the other
hand, the energy flux function is not parallel to that of no rotation but it has a large decline ; the
energy transfer is largely suppressed in this range beyond n;. When the forcing wavenumber
is small and the rotation rate is large (#4-6, and #12), the energy flux is smaller than that for no
rotation in the range of 2 < n < n; ; the upward energy cascade is strongly suppressed by the
rotation even from the forcing region.

3.2 Flow field

The streamfunction field (A, i, 1) at £ = 1000 J.days is shown in Fig 4 for six values of Q/Q;
in the series Il experiments with n; =40. In the case of no rotation (a), the streamfunction field
has a very large pattern that is characterized by the lowest wavenumber n = 2 owing to the
upward energy cascade as shown in Figs.2 and 3. This flow pattern moves irregularly on the
sphere without changing the pattern largely. For the experiments with rotation (b-f), on the other
hand, zonal band structures become dominant in the streamfunction field. The zonality of the
streamfunction field increases as the rotation rate increases. Although details of the flow patterns
change with time, the zonal structures do not change particularly for large rotation rates. The
amplitude of ¢ is large in high latitudes, forming a circumpolar vortex. The edge of the polar
vortex shifts to higher latitudes as the rotation rate increases. In the rest of the streamfunction
field outside of the polar vortex, the amplitude of ¢/ decreases as €2 increases and the zonal band
structure becomes unclear in middle and low latitudes for the most rapidly rotating case (f).

The relative vorticity field ((\, u, ) at t = 1000 J.days is shown in Fig.5 for the same runs as
in Fig.4 ( series II ). In the case of no rotation (a), several coherent vortices emerge in the flow
field, one of which corresponds to a cluster of negatively large patches near (A, p) = (=107, 30%).
Typical size of the cluster is larger than that of the forcing ( see Fig.1 ) suggesting merging
processes of the vorticity patches. A lot of patches of large vorticity with both signs have a rather
circular structure with similar size as that of the forcing. A lot of filament structures are also
seen in the rest of the vorticity field, indicating that the fluid motions are largely turbulent there.
For the experiments with rotation (b-f), on the other hand, the pattern of the vorticity field is very
different from that without rotation. When the rotation rate is small (b), the coherent vortices in
the flow field get elongated zonally in middle and low latitudes, although a coherent vortex can
be seen in high latitudes because of the weakness of the “F-effect” in the polar region. Patches
of large vorticity are also elongated zonally in middle latitudes. In the cases with moderate
rotation rate (c-e), the elongation takes place in all the latitudes, and the alternating positive
and negative vorticity bands emerge. As the rotation rate increases, the number of the vorticity
bands increases and the width of them decreases in accordance with the formation of zonal band
structures. For large £ (f), the vorticity band structure and the elongated vortices are confined
in high latitudes whereas nearly circular vortices emerge in middle and low latitudes.

(al) #7 Q/0y4=0.00

(b) #8 0/0,=0.25
=z w ;:_..;. 3 :

LG 9 N/0y=0.50

(%10-2s-1)

FIG. 5. Relative vorticity field at t = 1000 J.days for the same runs as in Fig.4, Lambert equal
area projection from the north pole is used and only a part of the northern hemisphere is shown.
Meridians and parallels are shown for every 30°. The central meridian is identical to that in
Fig4.
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FIG. 6. Temporal variation of the zonal mean zonal angular momentum. Time interval is 10
J.days. and the unit of an interval is 2.5 x 10° m*s~'. Westerly zones are in dark blue while
easterly zones in light. The number in the upper left of each figure represents the run number.
The figures are arranged from top to bottom in the order of the rotation rate /€, and from
left to right in the order of the forcing wavenumber 7.

3.3 Formation of a zonal band structure

Temporal variation of the zonal mean zonal angular momentum [ M ]=[ u | @ \/1 — 2

1 — 12 9y

a E? 1
denotes the zonal mean. In the cases of no rotation (#1, #7, #H group A), the easterly ( light

blue ) or westerly ( dark blue ) flow grows in width as the time goes by, and it dominates over a
hemisphere by ¢ = 600 J.days or so. The easterly or westerly bands largely vary their positions
with time, corresponding to the irregular movement of the large pattern of i’ as seen in Fig.4
(a). For the cases with rotation, on the other hand, the alternating easterly and westerly zonal
bands are already discernible in early stages by ¢ = 100 J.days or so, and do not change their
positions largely after the establishment of the band structure. They become clear and robust
as the rotation rate increases. These zonal band structures can be classified into two groups:
one is the alternating easterly and westerly zonal band structure in all the latitudes (#2-3, #8-11,
#14-18 ; group B), and the other is the circumpolar easterly jets in high latitudes and weak zonal
flow in middle and low latitudes for the experiments with a small forcing wavenumber and a
large rotation rate (#4-6, #12 ; group C). For the group B, the number of the bands increases
and their width decreases as the rotation rate increases. For large Q (#9-11, #17-18), several
mergers of westerly bands take place and the width of the bands increases during such events.
As the time goes by, there is a tendency that the width of easterly bands becomes broad while that
of westerly becomes narrow. For the group C, on the other hand, position of the circumpolar
easterly jets shifts to higher latitudes with an increase in the rotation rate. The width of the
easterly flow becomes broad with time as in the group B.

Figure 7 shows the time-averaged zonal mean zonal angular momentum [ M ] (broken line),

is shown in Fig.6 for all runs, where u(A, p, 1) = — is a zonal velocity, and [ - - - ]
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FIG. 7. Meridional distributions of zonal mean zonal angular momentum ( broken line ), zonal
mean potential vorticity ( dot-dashed line ), meridional gradient of zonal mean potential vorticity
( solid line ), and that of the planetary vorticity ( thin dotted line ) for typical three runs of (a)
#7, (b) #10, and (c) #12 in series II. Averaged time is from 800 to 1000 J.days.
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zonal mean potential vorticity [ ¢ | = [ (] + 2Qu (dot-dashed line), and meridional gradient

: o oadkame ST i
of zonal mean potential vorticity [ ¢ ], = ——— gq ] (solid line) for typical three runs of
: a U
#7( group A ), #10 ( group B ), and #12( group C ) in series II. In group A without rotation

(a), the intensity of [ M ] is not very large and the region of the easterly or westerly flow ex-
tends over a hemisphere as seen in Fig.6. The zonal mean potential vorticity and its meridional
gradient is very small in all the latitudes. Although the alternating easterly and westerly jets
emerge in all the latitudes in group B (b), the zonal mean potential vorticity [ ¢ | increases with
monotonously because of the dominance of the planetary vorticity 2Q.. The meridional gradient
of the potential vorticity my is, therefore, positive in all the latitudes indicating that the jets are

barotropically stable. The meridional gradient of [ ¢ ] largely deviates from that of the planetary

2Q
vorticity —4/1 — 2 ( thin dotted line ), and s L S . oy i
(f

| —es— n=20

T e —

this deviation is equivalent to a curvature of
[ M ]. Thus the westerly jet is narrow and
steep while the easterly is broad and gentle.
In group C in which the circumpolar easterly
jets are dominant (c), the meridional gradient
of my 1s nearly equal to that of the planetary
vorticity in the middle and low latitudes (out-
side of the circumpolar easterly jets) while it
becomes nearly constant in high latitudes ; a

large gap of [ ¢ ], exists around p ~ £55°.
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\
\

JIE
10

= =G A :

NUMBER OF

The dependence of the number of jets on

the rotation rate is shown in Fig,8. As seen o = [

in Fig.6, the number of jets increases with 2 0 1 2 3 4
except for the runs in group C, in which the Q/0y

zonal mean flow is weak in middle and low
latitudes. For the experiments with the same
rotation rate, the number of jets is nearly in-
dependent of the forcing wavenumber n; as
far as the alternating easterly and westerly jets
emerge in the flow field.

FIG. 8. Dependence of the number of jets on
Q/€Q; for the runs of series I (solid circles
connected by solid line), for those of series I
(squares connected by dotted line), and for those
of series III (xs connected by broken line).

3.4 Zonal-mean and disturbance fields

In the previous subsections of 3.2 and 3.3, the zonal band structure is dominant in the flow
field for the experiments with rotation. Division of the energy spectrum and the flow field into
the zonal-mean and disturbance components is, thus, useful to investigate the formation of zonal
band structure in detail. Time-wavenumber sections of the energy spectrum for the disturbance
FEp(n,t) and the zonal-mean components Ez(n,t) are shown Fig.9 for the same three runs as in
Fig.7, where the two energy densities are defined as follows :

1 n(n+1)
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FIG. 9. Time-wavenumber section of energy spectra for the same three runs as in Fig.7. Upper
figures show the energy spectrum for disturbances and lower ones for the zonal-mean compo-
nents. Dotted lines indicate the forcing wavenumber ( n; = 40 ) and broken lines the wavenum-
ber ngs.

In the case of no rotation (a), the disturbance energy cascades towards the lower wavenumbers
as the time goes by, and the spectrum has a maximum at the lowest wavenumber n = 2 by
t = 600 J.days or so. The zonal energy also cascades upward and the spectrum has a peak
at n = 2 after that time, consistent with the time evolution of [ M ] ( see Fig.6 ). For the
experiment with the rotation £2; in group B (b), on the other hand, the energy spectrum for the
disturbance components has a maximum around n ~ 10 after ¢ ~ 200 J.days or so, and the
distribution of it does not change largely. The upward cascade of the disturbance energy ceases
around the wavenumber ns. The distribution of Ez(n,t) is largely different from that without
rotation: the spectral components of the zonal energy, particularly in the low wavenumber range
of 2 < n < np, begin to increase when the disturbance energy begin to accumulate around
the wavenumber n;. The zonal energy increases with time at several fixed components of the
spectrum consistent with the robustness and the persistence of the meridional distribution of
[ M ] as seen in Fig.6. For the run #12 with large €2 of group C (c), the time evolution of
Ep(n,t) and Ez(n,t) is rather similar to those in #10 (b). However, the energy upward cascade
for the disturbance components is hard to occur because the wavenumber 74 is very close to the
forcing wavenumber n;. Hence, Ep(n,t) has a maximum around the wavenumber n; for the



whole integration period. The disturbance
energy penetrates into the low wavenum-
ber range of 15 S n < nj and the inten-
sity of it varies with time in this range. The
number of spectral components at which
the zonal energy is dominant is larger than
that in #10.

Figure 10 shows the relative vortic-
ity field for the disturbance components
¢* and the zonal mean zonal angular mo-
mentum [ M ] at ¢ = 1000 J.days for
the same runs as in Figs.7 and 9, where
(++)"=(-)— [+ ] denotes the distur-
bance field. In the case of no rotation (a),
the disturbance vorticity field is homoge-
neous and isotropic. The vortex filaments
are elongated in various directions insen-
sitive to the distribution of [ M ]. For the
experiment with the rotation £ in group B
(b), on the other hand, the disturbance vor-
tices are elongated by the shear in the mean
zonal flow in the whole sphere. This vor-
tex elongation with systematic alignment
brings the intensification of the alternating
easterly and westerly zonal jets, suggesting
the energy conversion from the disturbance
to the zonal-mean components. For the ex-
periment with large 2 of group C (c), the
disturbance vortices have nearly circular
shape in middle and low latitudes, where
the shear of [ M ] as well as the intensity
of it is not very large. Thus the zonal mean
zonal flow is not intensified. In high lati-
tudes, on the other hand, the vortices elon-
gated by the strong shear of [ M ], and the
circumpolar jet ( , or the polar vortex ) is
intensified.
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FIG. 10. Relative vorticity field for the disturbance
components ( left ) and zonal mean zonal angular
momentum ( right ) at# = 1000 J.days for the same
three runs as in Figs.7 and 9. Map projection is the

same as in Fig.1.
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3.5 Two-dimensional energy spectrum on a sphere
Figure 11 shows the 2D energy spectral density E(m, n) :

I R e

E(m,n) = | em(t) |2, (11)

B3 |

gl
-

in the range of n < 50 for the same three runs as in Figs.7, 9, and 10. The energy density has
the symmetry of F(—m,n) = E(m,n) due to ¥ € R, so that it is shown only for m > 0. In the
case of no rotation (a), the energy density increases by the upward energy cascade as the total
wavenumber n decreases. The isopleths of E(m, n) is nearly independent of the zonal wavenum-
ber m indicating that the flow field is homogeneous and isotropic as theoretically pointed out by
Boer'?. For the experiments with rotation (b,c), on the other hand, large amount of the energy
is found around m = 0 at the low wavenumbers of n < ng and the energy density E(m,n)
decreases with an increase in m for fixed n. There is little energy in a segment-shaped region
near the lower edge of the triangle, and this region becomes wide as the rotation rate increases
(c¢). Here, the “wave-turbulence boundary” is introduced in the analogy of that in VM for the
[3-plane turbulence : X

]

m = -2;%0712(11 +1). (12)

2Qm
On this curve, the Rossby wave frequency T_-T—I) is equal to the reciprocal of the vorticity
n(n
advection time Un/a. The curve expressed by Eq.(12) is also drawn in Fig.11 (b,c). The bound-

ary of the segment-shaped region has qualitatively similar shape to this curve, although these
two curves quantitatively disagree. Even in the range of n 2 ng, the isopleths of £(m, n) is not
horizontal in this diagram but it has a gradual gradient with m.

Figure 12 also shows E(m,n) in the full wavenumber range for other three runs of #1, #3,
and #6 in series I with the forcing of small wavenumbers. In contrast to the runs in Fig.11, these
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FIG. 11. Two-dimensional energy density averaged from 800 to 1000 J.days for the same three
runs as in Figs.7, 9, and 10. Low-wavenumber region of 0 < m, n < 50 is shown. Thick arrows
represent the wavenumber n3. Solid curves indicate the “wave-turbulence boundary™ at which
the inverse of the vorticity advection time is comparable to the Rossby wave frequency.
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FIG. 12. Two-dimensional energy density averaged from 800 to 1000 J.days for typical three
runs of (a) #1, (b) #3, and (c) #6 in series 1. Full components are shown,

are chosen here to clarify the spectral anisotropy in the high-wavenumber region far away from
the forcing. In the case of no rotation (a), the isopleths of E(m,n) is nearly independent of
m, so that the flow field is homogeneous and isotropic in all the wavenumber range. For the
experiments with rotation, on the other hand, the isopleths has a gradient with m even in the
high-wavenumber region. When the rotation rate is large (c), the isopleths of E(m, n) is nearly
vertical in this diagram and most of the energy is confined in the wavenumber region of m < 50
indicating a strong zonal anisotropy for all the range of n.

3.6 Two-dimensional energy spectrum on a tangential plane

In this subsection, we compare local feature of the 2D turbulence on the spherical geometry
with some numerical results obtained on a -plane'’ by introducing a square tangential plane
whose center is (A, ©.) and side is equal to the radius of the sphere a. The flow field on the
sphere is orthographically projected on the plane. Twenty-five tangential planes are selected
to cover all around the sphere considering the ratio of areas : nine planes in the equatorial
region (. = 0°) with equal longitudinal difference of AA. = 40°, twelve in the middle latitudes
(. = £45°) with A\, = 60°, and four in the polar region (. = +90°) with two different
orientations ( 45°) for each pole. The streamfunction field ¥’(z, i, 1) on an equatorial tangential
plane atf = 1000 J.days is shown in Fig.13 (a) for the run #7, where x and y are the abscissa and
ordinate of the plane, respectively. If the energy density is calculated from this streamfunction
field, discontinuity of 1(x, y,t) at the boundaries brings an aliasing error to the spectrum. To
reduce the effect of the discontinuity, a modified streamfunction W(z, y, t) is defined as follows :

vz, y,t) — Uz, y,t)
S, 1,6 — b, 1,0 F)

where i(z,y,1) is a regression plane obtained from the streamfunction 2(z, y,?) by the least
squared method, and ((- - -)) indicates the area average on the tangential plane. The modified
streamfunction field W(x, y, t) exhibits a normalized deviation of {'(z, y, t) from the regression

¥,y )= . (13)

15

FIG. 13. (a) : Streamfunction field v(z,y) at t = 1000 J.days for the run #7. The streamfunc-
tion is orthographically projected on an equatorial tangential plane. Meridians and parallels
are drawn for every 10°. Contour interval is 2.5 x 10® m?s~! and negative areas are shaded.
(b) : Modified streamfunction field ‘¥(z, y) ; deviation of the streamfunction ¢/(z, y) from a re-
gression plane 1 (z, y), which is calculated from 1) by the least squared method. The amplitude
of ¥ is normalized as the area average of ¥? becomes unity ( see text for definition ). Contour
interval is 5 x 10~ and negative areas are shaded.

plane ¥.(z, y,t). In addition, the sides of the tangential plane are normalized to 27. Figurel3
(b) shows the modified streamfunction field ¥ (z, y. ¢) obtained from v (z, ¢, ¢) in Fig.13 (a).
The 2D energy spectral density E'(k,[) is calculated from the modified streamfunction field
Y(z,y,1) as follows :
B2
2

Ek.]) = | ¥E@) |, (14)

where & and [ are 2- and y-wavenumbers, respectively, and Wf(t) is an expansion coefficient
of Fourier transformation of ¥(x, y,1) :

2r 2w !
W () = fo [ ¥,y e Wdady . (15)

The numbers of grid points are 967 on the tangential plane,

so that the truncation wavenumber is 48. For this res- 1

olution, the forcing wavenumbers n; = 20, 40, and 79

on the sphere roughly correspond to the wavenumbers

Ky = [k} +15 = 3, 6, and 12, respectively. Figure 14

shows the time-averaged 2D energy density E(k, ) for the

same run as in Fig.13 without rotation ( group A ). Twenty-

five energy densities for each plane are also averaged. The

energy density E(k, [) roughly shows a homogeneous and

isotropic distribution, although the effect of the aliasing FIG. 14. Two-dimensional energy

error remains around the lines £ =0 and [ = 0. density calculated from the mod-
The modified streamfunction fields W(z,y,t) at t = ified streamfunction field for the

1000 J.days are shown in Fig.15 (a-c) for the run #10 same run as in Fig.13. Time aver-

with moderate rotation rate ( /Q; = 1.00 ; group B ). ages from 800 to 1000 J.days and

On equatorial- and mid-latitude tangential planes (a,b) the ensemble averages of 25 cases of

zonal band structure is dominant, although the bands have the tangential planes.
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FIG. 15. (a-¢) : Modified streamfunction field W(z,y) at ¢ = 1000 J.days for the run
#10. The center of the tangential plane ()., .) is indicated on the top of each figure.
(d-f) : Two-dimensional energy density calculated from the modified streamfunction field for
the run #10. The number in the upper right of each figure represents the central latitude . of
the tangential plane. Time averages from 800 to 1000 J.days and ensemble averages of (d) 9
cases, (e) 12 cases, and (f) 4 cases. Shading is done by the same color code as in Fig.14.

a little curvature in middle latitudes (b). On the other hand, a coaxial circular structure domi-
nates on a polar tangential plane (c). Figure 15 (d-f) shows the 2D energy density m for this
run. In the tangential planes in low and middle latitudes (d,e), the energy distribution is rather
anisotropic owing to the 3-effect ; the energy around k = 0 is large and the isopleths of E(k 1) is
elongated in the direction of [-axis. The energy density is large on the horizontal lines of [ = %1
nearly independently of the wavenumber k. The difference of the spectral anisotropy is not sig-
nificant between equatorial region (d) and middle latitudes (e). In the polar tangential planes (f),
on the other hand, the distribution of the energy is clearly isotropic except for the aliasing. This
isotropic distribution of £(k, /) is rather different from that for #7 without rotation ( Fig.14 ) ;
the energy is confined into smaller wavenumber region.

The the modified streamfunction field (a-c) and energy density E(k,[) (d-f) for the run #12
with large rotation rate ( /€, = 4.00 ; group C ) are shown in Fig.16. The spectral anisotropy
is evident in the equatorial region (d) and the energy density E(k, [) shows clear dumbbell shape
at the low wavenumber region. The dumbbell shape reminds us of the original finding by VM in
their F-plane experiment. The energy has a maximum at relatively large meridional wavenum-
bers around [ = +£5 corresponding to the zonal band structure in the streamfunction field (a).

Similar spectral anisotropy is obtained in middle latitudes (e) except for the dumbbell shape.
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FIG. 16. As in Fig.15 but for the run #12.

4 DISCUSSIONS

For the 2D turbulence with the effect of differential rotation, Maltrud & Vallis'? have already
studied the energy transfer in their numerical experiments on a §-plane. They showed that the
transferred energy accumulates near k5 owing to the suppression of the upward energy cascade
by the rotation, and that the power law in the energy-cascading range remains nearly proportional
to £3/3. Although the wavenumber n; we used is not identical to k;, these features of the energy
spectrum influenced by the rotation are obtained in our experiments with small and moderate
rotation rates ( Fig.2 ). For the cases with larger rotation rate ( £2/€; > 2.00 ), the process of
the energy interchange is largely influenced by the rotation and the energy is accumulating even
in the energy-cascading range. Hence the energy spectrum in this range becomes steeper than
n~3/3 as shown in Fig.2 ( #11, #17 and #18 ). When the forcing wavenumber is small and the
rotation rate is large, on the other hand, the wavenumber 1 is nearly equal to or larger than the
forcing wavenumber ny, and the upward energy cascade is largely suppressed by the effect of
rotation as shown in Fig.3 (#4-6, and #12). The enstrophy cascade is also suppressed, because
the normal enstrophy cascade is strongly connected with the upward energy cascade. Thus the
energy spectrum is steeper than 7~ in the enstrophy-cascading range for these experiments.

Some clear band structures are emerged in the flow field in this study using the full spherical
model and the isotropic vorticity forcing function. Nearly two decades ago Williams' studied
the forced 2D turbulence with a longitudinally cyclic boundary condition and an anisotropic
forcing function, and he showed an impressive clear band structure. However, the zonality of
the flow field he obtained is much stronger than that obtained in this study for similar experi-
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mental parameters as shown in Fig.4 (d); thus his result is more or less influenced by the cyclic
boundary condition and by the anisotropic forcing function. Basdevant er al.'’ did a few nu-
merical experiments on the forced 2D turbulence on a full sphere, but such a clear zonal band
structure as shown in Fig 4 (d,e) did not emerge because of the smallness of the rotation rate and
of the introduction of low-wavenumber dissipation in their experiments.

Yoden & Yamada'® showed the emergence of strong circumpolar vortices with easterly jets in
the numerical experiments on decaying 2D turbulence on a rotating sphere starting from many
initial flow fields with the energy spectrum that has a maximum at a low wavenumber n = 10.
Similar flow pattern is obtained in this study for the experiment with the forcing wavenumber
ns = 40 and a large rotation rate 2/Q; = 4.00 as shown in Fig.4 (f), and it emerges even for
the cases with smaller rotation rate for the smaller forcing wavenumber n; = 20 (#4-6 in Fig.6).
Thus the emergence of the strong circumpolar vortices with easterly jets in their experiments
might be due to the smallness of the wavenumber where the energy spectrum has a maximum
initially. On the other hand, the most poleward jet ( i.e., circumpolar jet ) obtained here is
easterly for all the runs as seen in Fig.6. Hence the emergence of easterly circumpolar jets in
high latitudes seems to be a general feature of both decaying and forced 2D turbulence on a
rotating sphere.

The alternating easterly and westerly zonal band structure was found in the numerical exper-
iments on a 2D J-plane turbulence by Vallis & Maltrud™® as well as in the experiments on a
quasigeostrophic two-layer -plane turbulence by Panetta'. Both experiments showed that the
westerly flow is narrower and sharper than the easterly. Similar difference between the westerly
and the easterly flow is also seen in this study; the westerly flow becomes narrow and sharp
while the easterly becomes wide and gentle as the time goes by ( Figs.6 and 7 ). The zonal
band structure with narrow westerly and wide easterly is a common feature for the forced 2D
turbulence both on a (-plane and on a rotating sphere. Furthermore, in Fig.6, we can see another
difference between the westerly and the easterly flow that several mergers of the westerlies take
place but merger of the easterlies does not occur in the time evolution of the zonal flow field.
These difference between the easterly and the westerly flows might be produced by meridion-
ally propagating Rossby wave packets, which may redistribute the zonal mean zonal angular
momentum to maintain the band structure resulting in such a remarkable difference.

In the present study, the zonal band structure is formed in early stages and then it becomes
robust and persistent for the cases with rotation in group B as shown in Fig.6. After the estab-
lishment of the band structure (¢ 2 200 J.days ), the disturbance energy is transferred into the
zonal mean flow owing to the distortion of the disturbance vortices by the shear in the zonal
mean flow as studied by Shepherd'! in the numerical experiments on 2D turbulence on a -
plane under the existence of an imposed large-scale zonal jet. This straining of the disturbance
vortices by the shear seems to be a fundamental dynamics of the formation and maintenance of
the band structure for the cases in group B as shown in Figs.9 and 10.

For the runs with small rotation rates, the flow field has an alternating easterly and westerly
zonal band structure and number of zonal jets as well as width of them is nearly independent
of the forcing wavenumber if the value of the rotation rate is identical ( e.g. #2, #8, and #14 in
Fig.6 ). On the other hand, the emerged structure is very sensitive to the forcing wavenumber
when the rotation rate is large: the alternating zonal bands emerge for the runs with large forcing
wavenumber in group B while strong circumpolar easterly jets and weak westerly flow in middle
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and low latitudes emerge for the runs with small forcing wavenumber in group C. In group B,
vortex straining by the shear in the mean zonal flow is dominant in the whole sphere as in the
cases with small rotation rate. In group C, however, simple Rossby-wave propagation without
strong interactions with the mean zonal flow is dominant in middle and low latitudes as seen in
Fig.5 (f) and Fig.10 (c). This difference in the flow field between group B and group C suggests
the importance of the effect of rotation even in such a small scale of the vorticity forcing.

The 2D energy density diagnosed on the spherical domain shows anisotropic distribution for
the experiments with rotation ; there is little energy in a characteristic segment-shaped region
near the lower edge of the triangular wavenumber space ( Fig.11 (b,c) ). The spherical version of
the “wave-turbulence boundary” introduced by Vallis & Maltrud'® exhibits qualitatively similar
segment shape. However, the boundary largely overpredicts the outline of the energy distribu-
tion as seen in Fig.11 (c) in contrast with the case on a [-plane. Thus some modification of the
“wave-turbulence boundary” is necessary for the spherical geometry.

Boer & Shepherd® analyzed the global FGGE dataset to investigate several aspects of large-
scale turbulence in the atmosphere on the basis of the homogeneous and isotropic 2D turbu-
lence on a sphere. Vertically integrated kinetic energy spectrum in their results shows a similar
segment-shaped region in which little energy exists at the low-wavenumber region of m,n < 5
as seen in the present study ( Fig.11 (b,c) ). This correspondence suggest the two-dimensional
Rossby-wave / turbulence nature of the large-scale atmospheric motion.

The spectral anisotropy is also found in high wavenumber region of the triangular wavenum-
ber space as well as in low wavenumber region ( Fig.12 (b,c) ) ; the energy density decreases as
the zonal wavenumber / increases. This tendency of the zonal anisotropy in high wavenumbers
was already obtained by Holloway & Hendershott” and Basdevant er al.'” in their experiments
on the 2D turbulence on J-planes. Thus the spectral anisotropy in zonal direction is a common
feature of the 2D turbulence on a rotating sphere and on a F-plane. It is necessary to investi-
gate the reason why the energy density distributes anisotropically even in the high-wavenumber
region where the effect of rotation is very small.

As seen in Fig.14, the 2D energy density calculated from the local flow field projected on
a tangential plane shows the isotropy of the energy distribution in the case without rotation,
because the flow field is homogeneous and isotropic. The isotropic distribution of the 2D energy
density is also obtained for the runs with rotation in the polar tangential plane ( Fig.15 (f) and
Fig.16 (f) ). In this case, however, a circumpolar vortex is dominant in the flow field, so that the
flow field is isotropic with respect to the center of the vortex as seen in Fig. 15 (c) and Fig.16 (c).

When the flow field is projected on an equatorial tangential plane, the 2D energy density shows
clear dumbbell shape in low wavenumber region as in VM for the runs with large rotation rate
(Fig.16 (d)). The wavenumber k3 estimated for the equatorial tangential plane with the value of
/3 at the equator ( the second last column in Table I ) is somewhat larger than the wavenumber of
the boundary on the £-axis, and this tendency of overprediction is also obtained by VM. For the
flow fields projected on mid-latitude tangential planes, on the other hand, the 2D energy density
does not show such clear dumbbell shape even in the runs with large rotation rates (Fig.16 (e)).
In these cases, the modified streamfunction field has a little curvature, particularly in higher
latitudes as seen in Fig.16 (b). Furthermore, the J-plane approximation is not so good. Thus the
energy density may not exhibit clear dumbbell shape.



5 CONCLUSIONS

In this thesis, the studies were intended to get deep understandings of the nature of the forced
two-dimensional turbulence on a rotating sphere by numerical methods. A series of numerical
experiments on the forced 2D turbulence on a rotating sphere were done with a high-resolution
barotropic model which has the term of homogeneous and isotropic vorticity forcing. The for-
mation of the zonal band structure and the spectral anisotropy were investigated by sweeping
two experimental parameters of the rotation rate and the forcing wavenumber.

For the runs without rotation, the energy is transferred to the lowest wavenumber of n = 2
and it accumulates around this wavenumber owing to the finiteness of the spherical domain. For
the runs with rotation, on the other hand, the upward energy cascade ceases around a character-
istic wavenumber 7z at which the “/f-term” due to the planetary rotation is comparable to the
nonlinear Jacobian term, and the transferred energy accumulates in the range of n < ng. As
the rotation rate increases, the energy-cascading range becomes narrow, although the slope in
this range remains close to n~5/3. When the wavenumber 1 is nearly equal to or larger than
the forcing wavenumber 7, the upward energy cascade is strongly inhibited by the effect of
rotation.

In the cases of no rotation ( we called group A ), the streamfunction field shows a very large
flow pattern because the energy cascades upward to the lowest wavenumber, so that the easterly
or westerly flow dominates over a hemisphere. In the vorticity field, a lot of vorticity patches
with circular structure are dominant. For the experiments with rotation ( group B ), on the other
hand, a zonal band structure which consists of the alternating easterly and westerly jets becomes
dominant in the streamfunction field. Width of the jets decreases and number of them increases
as the rotation rate increases. The band structure is already discernible in early stages of the
tuime integration from the initial condition of no flow field, and it is robust and persistent for
the integration period of 1000 Jovian days. The easterly jets become broad and gentle while
the westerly ones becomes narrow and sharp. In the vorticity field, patches of large vorticity
get elongated zonally and the alternating positive and negative vorticity bands emerge. For the
experiments with small forcing wavenumber and large rotation rate ( group C ), the zonal band
structure is confined in high latitudes with the emergence of the circumpolar vortex with strong
easterly jets. The position of the circumpolar easterly jets shifts into high latitudes as the rotation
rate increases. Outside of the polar vortex, mean zonal flow is weak westerly in middle and low
latitudes, and nearly circular vorticity patches are dominant in the vorticity field.

The process of the formation of a zonal band structure is studied by dividing the vorticity field
and the energy spectrum into the zonal-mean and disturbance components. For the runs without
rotation, the energy for disturbance components as well as that for the mean zonal flow is trans-
ferred to the lowest wavenumber of n = 2. For the runs with rotation, on the other hand, the
upward cascade of the disturbance energy ceases around the wavenumber n;. The transferred
disturbance energy is converted to several components of zonal energy in the low wavenumber
range of 2 < n < ng. This energy conversion corresponds to the straining of disturbance vor-
tices by the shear in the mean zonal flow, and the elongated vortices with systematic alignment
intensify the alternating easterly and the westerly zonal jets.

The 2D energy density in the spherical domain exhibits the isopleths independent of the zonal
wavenumber m for the runs without rotation, indicating that the flow field is homogeneous and
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isotropic. In the case with rotation, on the other hand, large amount of energy is in the range of
2 < n < ng with m = 0, while little energy is found in a characteristic segment-shaped region
near the lower edge of the triangular wavenumber space. The segment-shaped region becomes
wide as the rotation rate increases. The 2D energy density in the high wavenumber region also
shows anisotropic distribution as well as in the low wavenumber region ; most of the energy
is confined in the lower zonal wavenumbers for all the range of n. The confinement becomes
more evident as the rotation rate increases.

For some experiments, the flow field on the spherical geometry was projected orthographi-
cally on some tangential planes to compare the energy density distributions in 2D wavenumber
space with those obtained in some [7-plane experiments. In the case without rotation, the 2D en-
ergy density shows the homogeneous and isotropic distribution. For the runs with rotation, on
the other hand, the distribution of the 2D energy density largely depends on the value of [ at the
center of the plane. In the equatorial tangential planes, the 2D energy density shows anisotropic
distribution. The isopleths is elongated elliptically in the direction of meridional wavenumber,
and the energy is accumulated within small zonal wavenumbers. There are other accumulations
along constant meridional wavenumbers due to the emergence of a zonal band structure in the
flow field. The 2D distribution in low wavenumbers shows the characteristic dumbbell shape of
little energy density as shown in Vallis & Maltrud"®. Similar anisotropic features are obtained
in the mid-latitude tangential plane except for the dumbbell shape in the low wavenumber re-
gion. In the polar tangential plane the distribution of 2D energy density is isotropic, because the
circumpolar vortex dominates over the plane.

All of the studies in this thesis were made through intensive discussions with the author’s su-
pervisor, Dr. S. Yoden. Hence, it is rather difficult to separate the author’s original contribution
in each study. However, basic ideas on the division of the energy spectrum and the flow field
into the zonal-mean and disturbance components (subsection 3.4) and the analysis of the 2D
energy spectral density on the tangential planes (subsection 3.6) were got by himself. All of the
computation were done by the author.
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