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Abstract

We observe various kinds of interesting events occurring in our daily lives, and try to

represent these events in a simple manner. A relational model is one of the de facto

systems used to digitally store these events due to its flexible representation abilities

compared to other data models that have strict predefined structures. We try to

discover interpretable patterns from the relational data, which is a traditional way

to understand the latent characteristic or trend in subjective phenomena. These pat-

terns are employed to recover missing records that have not observed in relational

data. We can obtain better predictions of future events by leveraging the latent

trends than by directly using the observed data. However, in practical data analysis,

we often encounter situations where the relational data are sparse and noisy, which

means that the data contain fewer messy records than the total number of combi-

nations of the attributes. Pattern extraction methods may provide undesired results

due to the lack of information sources.

In this dissertation, we attempt to solve the sparseness and noise problems by de-

veloping data analysis methods that adopt side information to discover interpretable

and useful patterns. There are three essential challenges in this dissertation: (1)

develop a method to merge heterogeneous information of associated relational data

to extract patterns, (2) leverage spatio-temporal structures that can be represented

as graphs or groups of data attributes to encourage latent patterns to be smooth,

and (3) learn dependency for attributes in a data-driven manner and modify spatio-

temporal structures to capture the patterns suitable for prediction problems.

To tackle these challenges, we propose tensor factorization methods that extract

an interpretable pattern by decomposing a tensor into latent factors. For the first

challenge, we develop Non-negative Multiple Matrix Factorization (NM2F), which

decomposes a target matrix and auxiliary matrices simultaneously. As an exten-
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sion of NM2F, we propose Non-negative Tensor Factorization (NMTF) to deal with

higher-order arrays consisting of more than two types of attributes. By modeling

the common latent factors shared between the target and the others, we can extract

factors that are better than those extracted using the existing approaches Moreover,

our approach enables the extraction of shared patterns within and between tensors.

For the second challenge, we propose Structurally-Regularized Non-negative Ten-

sor Factorization, which leverages graph and group structures of data attributes to

impose smoothness on the latent factors. We define a structured regularizer and

propose an efficient minimization procedure to estimate the latent factors for this

method. For the final challenge, we present Autoregressive Tensor Factorization for

spatio-temporal relational data analysis. This factorization method simultaneously

learns latent the factors and factor specific spatial and temporal autocorrelations.

By leveraging extracted factors and autocorrelations, we are able to obtain accurate

spatio-temporal predictions compared to the existing spatio-temporal data analysis

methods.
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Chapter 1

Introduction

When we encounter an interesting event, we often attempt to describe or record it to

share our observation with others. Some may utilize a natural language sentence to

express the event or take a photo snap to save what has happened visually. Others

may check their watch to confirm the time or measure the position to identify the

location of the event. The relational model [34] is one of the general approaches used

to record such events as a set of simple tuples. For example, suppose that we observe

an event in which a person buys a book from a store on a particular day, we can

uniquely record this event by using a tuple containing the values of attributes such

as who,what ,where, and when.

A relational database is a de facto database system for flexibly storing and man-

aging the records of the relational model. After collecting a large amount of records,

one might want to reveal a tendency or a trend in the database for understanding

the objective phenomena. However, relational data consist of a messy and noisy

collection of observed events, and it is hard to grasp such tendencies by checking the

records or counting the appearances on a specific combination of the attribute values.

To overcome this difficulty, pattern extraction procedures, such as clustering, have

been widely utilized for revealing hidden patterns from an unstructured relational

database.

A tensor [61], which is also known as a higher-order array is a common way to

represent relational data numerically. For the aforementioned example where the

number of attributes was four, we can construct a fourth-order tensor consisting

of who, what , where, and when modes, and can represent the event by setting an

17



Tensor/Matrix Factorization

Who What Where When
Bob Book Shop 7 Dec. 

2018
Alice Pen Store 9 Dec. 

2018
Bob Notebook Store 7 Dec. 

2018
… … … …

Relational database Tensor/Matrix
(Higher-Order Array)

KX

k=1
<latexit sha1_base64="eC7LotEENkvQqtqmIoinFjnlslE=">AAACBXicbZA9SwNBEIbn/IzxK2ppsxgEq3AngjZC0EawiWA+ILmEvc1esmR379jdE8JxtX/BVns7sfV32PpL3CRXmMQXBh7emWGGN4g508Z1v52V1bX1jc3CVnF7Z3dvv3Rw2NBRogitk4hHqhVgTTmTtG6Y4bQVK4pFwGkzGN1O+s0nqjSL5KMZx9QXeCBZyAg21up2dCJ66ejay7rpfdYrld2KOxVaBi+HMuSq9Uo/nX5EEkGlIRxr3fbc2PgpVoYRTrNiJ9E0xmSEB7RtUWJBtZ9Ov87QqXX6KIyULWnQ1P27kWKh9VgEdlJgM9SLvYn5X6+dmPDKT5mME0MlmR0KE45MhCYRoD5TlBg+toCJYvZXRIZYYWJsUHNXApEVbSjeYgTL0DiveJYfLsrVmzyeAhzDCZyBB5dQhTuoQR0IKHiBV3hznp1358P5nI2uOPnOEczJ+foFDhuZLg==</latexit><latexit sha1_base64="eC7LotEENkvQqtqmIoinFjnlslE=">AAACBXicbZA9SwNBEIbn/IzxK2ppsxgEq3AngjZC0EawiWA+ILmEvc1esmR379jdE8JxtX/BVns7sfV32PpL3CRXmMQXBh7emWGGN4g508Z1v52V1bX1jc3CVnF7Z3dvv3Rw2NBRogitk4hHqhVgTTmTtG6Y4bQVK4pFwGkzGN1O+s0nqjSL5KMZx9QXeCBZyAg21up2dCJ66ejay7rpfdYrld2KOxVaBi+HMuSq9Uo/nX5EEkGlIRxr3fbc2PgpVoYRTrNiJ9E0xmSEB7RtUWJBtZ9Ov87QqXX6KIyULWnQ1P27kWKh9VgEdlJgM9SLvYn5X6+dmPDKT5mME0MlmR0KE45MhCYRoD5TlBg+toCJYvZXRIZYYWJsUHNXApEVbSjeYgTL0DiveJYfLsrVmzyeAhzDCZyBB5dQhTuoQR0IKHiBV3hznp1358P5nI2uOPnOEczJ+foFDhuZLg==</latexit><latexit sha1_base64="eC7LotEENkvQqtqmIoinFjnlslE=">AAACBXicbZA9SwNBEIbn/IzxK2ppsxgEq3AngjZC0EawiWA+ILmEvc1esmR379jdE8JxtX/BVns7sfV32PpL3CRXmMQXBh7emWGGN4g508Z1v52V1bX1jc3CVnF7Z3dvv3Rw2NBRogitk4hHqhVgTTmTtG6Y4bQVK4pFwGkzGN1O+s0nqjSL5KMZx9QXeCBZyAg21up2dCJ66ejay7rpfdYrld2KOxVaBi+HMuSq9Uo/nX5EEkGlIRxr3fbc2PgpVoYRTrNiJ9E0xmSEB7RtUWJBtZ9Ov87QqXX6KIyULWnQ1P27kWKh9VgEdlJgM9SLvYn5X6+dmPDKT5mME0MlmR0KE45MhCYRoD5TlBg+toCJYvZXRIZYYWJsUHNXApEVbSjeYgTL0DiveJYfLsrVmzyeAhzDCZyBB5dQhTuoQR0IKHiBV3hznp1358P5nI2uOPnOEczJ+foFDhuZLg==</latexit><latexit sha1_base64="eC7LotEENkvQqtqmIoinFjnlslE=">AAACBXicbZA9SwNBEIbn/IzxK2ppsxgEq3AngjZC0EawiWA+ILmEvc1esmR379jdE8JxtX/BVns7sfV32PpL3CRXmMQXBh7emWGGN4g508Z1v52V1bX1jc3CVnF7Z3dvv3Rw2NBRogitk4hHqhVgTTmTtG6Y4bQVK4pFwGkzGN1O+s0nqjSL5KMZx9QXeCBZyAg21up2dCJ66ejay7rpfdYrld2KOxVaBi+HMuSq9Uo/nX5EEkGlIRxr3fbc2PgpVoYRTrNiJ9E0xmSEB7RtUWJBtZ9Ov87QqXX6KIyULWnQ1P27kWKh9VgEdlJgM9SLvYn5X6+dmPDKT5mME0MlmR0KE45MhCYRoD5TlBg+toCJYvZXRIZYYWJsUHNXApEVbSjeYgTL0DiveJYfLsrVmzyeAhzDCZyBB5dQhTuoQR0IKHiBV3hznp1358P5nI2uOPnOEczJ+foFDhuZLg==</latexit>

Latent Factors
(Patterns)

Figure 1.1: Tensor factorization methods extract pattern as latent factors from a
relational database

element of the tensor corresponding with the record to a specific value. When the

number of attributes is one or two, a tensor is equal to a vector or a matrix. Tensor

factorization [51, 104] is an unsupervised machine learning method to automatically

extract latent patterns from a tensor representation of relational data. This method

has been successfully applied in various applicational domains to reveal reasonable

patterns by decomposing a tensor into a few essential latent factors. We illustrate

an example of a tensor factorization in Fig. 1.1.

We often need to analyze relational databases whose values consist of only non-

negative values, such as values representing the number of occurrences of a specific

type of events [48]. In such a case, we can naturally add an additional assumption

for latent factors, that is, the latent factors consists of only non-negative values. To

make such assumptions on factorization methods, Non-negative Matrix Factoriza-

tion (NMF) [63, 64], which is a traditional unsupervised machine learning technique,

has been proposed to decompose a non-negative matrix into a set of base and coef-

ficient factors under a non-negative constraint. Non-negative Tensor Factorization

(NTF) [33] is a generalization of NMF used to deal with a non-negative value tensor.

Thanks to the non-negative constraints, the factors extracted by NMF and NTF re-

veal reasonably interpretable patterns, which help us understand the tendencies and

trends hidden in a relational database easily. NMF and NTF with sparse constraints

are also known for extracting reasonable components from noisy data.
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1.1 Challenges

In practical data analysis, we often encounter situations where a tensor contains

only a few observed elements. This problem often appears because the number of

records in real-world relational databases is less of the combination of the number

attributes. Despite the desired advantage for extracting interpretable patterns as

latent factors from a non-negative relational database, NMF tends to give undesired

results in the case of highly sparse data because the information included in the data

is insufficient to decompose. NTF performs poorly when the tensor is exceptionally

sparse, which is often the case with real-world data and higher-order tensors. In

this dissertation, we propose several approaches to tackle this problem by raising the

following fundamental questions.

1. How can we utilize auxiliary relational database as an auxiliary matrix/tensor

to increase the available information for extracting latent factors?

2. How can we employ the structure information of attributes, such as graphs and

groups of attributes for extracting smooth latent factors from a few records?

3. Is it possible to learn factor-specific dependencies and employ it for extracting

reasonable factors?

A natural approach to deal with the problem of sparseness is to utilize other

data that would record different events having a relationship with the data under

consideration. Our key idea is that we can ease this problem if complementary data

that can be utilized for the estimation of the latent factors are available.

In Chapter 3, we propose a novel matrix factorization method called Non-negative

Multiple Matrix Factorization (NM2F), which utilizes complementary data as addi-

tional matrices that share the row or column indices of the original matrix. The

data sparseness is improved by decomposing the original and additional matrices

simultaneously, since additional matrices provide information about the bases and

coefficients. We formulate NM2F as a generalization of NMF, and then present a

parameter estimation procedure derived from the multiplicative update rule. We

examined NM2F in both synthetic and real data experiments. The effect of the ad-

ditional matrices appeared in the improved NM2F performance. We also confirmed
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Figure 1.2: Multiple tensor factorization for analyzing sparse tensor data.

that the latent factors that NM2F obtained from the real data were intuitive and rea-

sonable thanks to the non-negative constraint. Moreover, in Chapter 4, we propose

Non-negative Multiple Tensor Factorization (NMTF), which decomposes the target

tensor and auxiliary tensors simultaneously. Auxiliary data tensors will compensate

for the sparseness of the target data tensor. The proposed methods allow us to exam-

ine the target data from several different aspects, because we can obtain the factors

of the auxiliary tensors. We confirmed experimentally that NM2F and NMTF per-

forms better than NMF/NTF in terms of reconstructing the given data. In Chapter

4, we demonstrate that NMTF can successfully extract the spatio-temporal patterns

of people’s daily life such as leisure, drinking, and shopping activities by analyzing

the latent factors extracted from online review datasets.

Auxiliary information takes another form to represent the relationship between

tensor attributes. Suppose that we are dealing with a relational database whose

attributes correspond to when and when. Some may naturally consider that a pair

or group of events that occurred within a short duration would contain similar infor-

mation based on common knowledge of the temporal domain. Others can naturally

consider that a set of events would have underlying relationships if these events are

observed within a small radius. We use this sort of common knowledge in our daily

life; however, the existing NTF based methods are not aware of such relationships

between attributes and treat parameters in latent factors independently. Due to this

limitation of the existing NTF methods, they often fall short of learning the latent

factors when a large portion of the missing observation exists in the relational data.

In Chapter 5, we present a novel NTF method for extracting smooth and flat

latent factors by leveraging various kinds of spatial and temporal structures. Our

method incorporates a unified structured regularizer into NTF that can represent
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Figure 1.3: Utilization of the spatio-temporal structures as a regularizer.

various kinds of auxiliary information, such as the order of timestamps, daily and

weekly periodicity, distances between sensor locations, and areas of the locations.

For the estimation of the factors for our model, we present a simple and efficient

optimization procedure based on the alternating direction method of multipliers.

Through missing value interpolation experiments of traffic flow data and bike-sharing

system data, we demonstrate that our proposed method improves the interpolation

performances of the existing NTF methods, especially when there exists a large

portion of missing values.

From the perspective of spatio-temporal relational databases, the analysis of

spatio-temporal data is a common research topic that requires the interpolations

of unknown locations and the predictions of feature observations by utilizing infor-

mation about where and when the data were observed. One of the most difficult

problems is making predictions of unknown locations. Tensor factorization methods

are popular in this field because of their capabilities of handling multiple types of

spatio-temporal data, which deal with missing values, and providing computationally

efficient parameter estimation procedures. However, unlike traditional approaches

such as spatial autoregressive models, the existing tensor factorization methods do

not try to learn spatial autocorrelations. These methods employ previously inferred

spatial dependencies, often resulting in poor performances with regard to the problem

of making interpolations and predictions of unknown locations.

In Chapter 6, we propose a new tensor factorization method that estimates low-

rank latent factors by simultaneously learning the spatial and temporal autocor-
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Figure 1.4: Learning spatio-temporal dependencies for predictions.

relations. We introduce new spatial autoregressive regularizers based on existing

spatial autoregressive models and provide an efficient estimation procedure. By con-

ducting experiments on publicly available traffic transporting data and air quality

observing data, we demonstrate that our proposed method significantly improves the

predictive performances in these problems compared to the existing state-of-the-art

spatio-temporal analysis methods.

We conclude this dissertation in Chapter 7.
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Chapter 2

Preliminaries

Notations: we use a lowercase x as a scalar, a bold lowercase x as a vector, and a

bold uppercase X as a matrix, respectively. A calligraphic uppercase X ∈ RI1×···×IN

denotes anN -way tensor, where In is the number of features of the n-th mode. We use

i = (i1, . . . , iN) to represent an element in a tensor, and Ω = {i | xi is observed in X}
to denote a subset of observed elements. A transpose is denoted as x>. We denote

a n-th mode multiplication of a tensor X with a matrix Y ∈ RIn×J as X ×n Y .

A Kronecker product and a Khatri-Rao product [61] of two matrices X and Y are

represented as X ⊗ Y and X � Y . The n-th mode matricization (unfolding) of X
is represented as X(n) ∈ RIn×Jn , where Jn =

∏
n′ 6=n In′ .

2.1 Non-negative Tensor Factorization

We denote a number of latent factors as K � min(I1, . . . , IN), the k-th factor vector

for the n-th mode as u
(n)
k ∈ RIn , and the n-th factor matrix as U (n) ∈ RIn×K ,

respectively. We represent a set of factor vectors as Θ = {u(n)
k | ∀(n, k)} and Khatri-

Rao products of factor matrices as �Nn=1U
(n) = U (1) � · · · �U (N).

Non-negative Tensor Factorization (NTF) decomposes the observed values of ten-

sor X into K latent non-negative factors. An estimation of an element xi ∈ X is

defined as the sum-product of the latent factor values as follows:

x̂i =
K∑

k=1

N∏

n=1

u
(n)
ink
∈ X̂ . (2.1)
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Figure 2.1: NTF factorizes a tensor X into factor matrices U (1),U (1), and U (3)

Let us denote the element-wise divergence used to measure the discrepancy be-

tween xi and x̂i as d(xi‖x̂i). We define the divergence between the observed tensor

X and its estimation X̂ as a sum of the element-wise divergence on the observed

elements as

DΩ(X‖X̂ ) =
∑

i∈Ω

d(xi‖x̂i). (2.2)

When all the elements of a tensor X are observed, we simply denote the divergence

as D(X‖X̂ ). The divergence is non-convex function with respect to the latent factors

Θ [33], thus the goal of NTF is to obtain a local minimizer Θ∗ under a non-negative

constraint:

Θ∗ = argmin
Θ

DΩ(X‖X̂ ) subject to U (n) ≥ 0, ∀n. (2.3)

An example of NTF with three-order tensor is shown in Figure 2.1. When N = 2,

NTF is equal to the Non-negative Matrix Factorization (NMF).

U (1),U (2) = argmin
U (1),U (2)

DΩ(X‖X̂) subject to U (1),U (2) ≥ 0, (2.4)

where X̂ = U (1)U (2)>.

In addition to the non-negative constraint, we often utilize additional regularizers

for incorporating prior knowledge of data attributes into latent factors. We define a
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loss function for NTF with additional regularizers as:

f(Θ) = DΩ(X‖X̂ ) +
N∑

n=1

K∑

k=1

g(n)(u
(n)
k ), (2.5)

We use g(n)()̇ to denote a penalty function for the n-th mode factor vector. The

goal of NTF with regularizers is to obtain a local minimizer Θ∗ of the loss under a

non-negative constraint:

Θ∗ = argmin
Θ

f(Θ) subject to u
(n)
k ≥ 0 ∀(n, k). (2.6)

2.2 Generalized Kullback-Leibler Divergence

The choice of the divergence d(xi‖x̂i) critically affects the final performance of NTF.

There are a number of candidate divergences for NTF, including Euclidean diver-

gence, Itakura-Saito divergence, and the generalized Kullback-Leibler divergence.

However, there is no definitive way of choosing the divergence. When we are inter-

ested in discrete value observations such as stars in product reviews, we choose the

generalized Kullback-Leibler (gKL) divergence, which is formulated as follows:

d(xi‖x̂i) = −xi log x̂i + xi + xi log x̂i − xi. (2.7)

Since it is known that minimizing the gKL divergence is equivalent to maximizing

the log likelihood of the NTF model, if we assume that the observations are Poisson

distributed, which is a natural choice for a discrete value observation [33].

2.3 Graph Laplacian Regularizer

The graph regularized Non-negative Matrix Factorization [19] employs a graph Lapla-

cian regularizer [86, 96] to represent the smoothness of the latent factors. The adja-

cency matrix for the n-th mode features is denoted as W (n) ∈ RIn×In , which repre-

sents a graph whose nodes and capacities of edges correspond to the features of the

n-th mode and the similarity measures between the two features, respectively. The

Laplacian matrix can be denoted as L(n) = D(n) −W (n), where D(n) is a diagonal
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matrix whose elements are the sums of each row of W (n). Then, a graph Laplacian

regularizer can be defined as follows:

g(n)(u
(n)
k ) = u

(n)
k

>
L(n)u

(n)
k . (2.8)

This regularizer penalty function encourages smoothness because its formulation

equals putting a weighted quadratic term on the difference between the adjacency

elements.
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Chapter 3

Non-negative Multiple Matrix

Factorization

3.1 Introduction

Non-negative matrix factorization (NMF) [63] is a matrix factorization method that

is widely used in various fields including audio processing [95], text mining [115],

image analysis [56, 63] and brain signal analysis [30]. The non-negative constraint

of NMF is known to reveal intuitive and reasonable factorization results in many

applications. NMF with sparse constraint [24, 56] provides good performance for

decomposing noisy data [1, 37]. In general, however, matrix factorization methods

including NMF perform poorly when the data to be factorized are very sparse and

not sufficiently informative [2].

Recently, the variety of sensored data and human-generated data is increasing

greatly. An event can be observed as, for example, sounds, movies, geo-locations,

text messages, annotations, and action histories. These features can often be high

dimensional, and the problem of data sparseness is not negligible [13, 62, 69]. One

convincing solution for this problem is to combine a different set of data and analyze

them simultaneously. We expect these different data to be correlated with each other

because they are different representations of real-world events. Thus the analysis of

these data could be improved by utilizing another set of data as complementary

information, and vice versa.
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Our key idea is that the factorization of the original data could be improved if

complementary data are available. Actually, the effectiveness of this approach has

been confirmed in item recommendation tasks based on collaborative filtering. In

that field, matrix factorization methods have been used in many studies such as [62].

To deal with sparsity, some researchers (e.g. [74, 87, 108]) increase the available

information for factorization by adding additional data related to the original data

matrix. These methods improved recommendation accuracy, however, these previous

studies ignored the non-negative constraint. As described above, the non-negative

constraint plays an essential role for obtaining intuitive and understandable data

decomposition results.

In this chapter, we propose a novel matrix factorization method called Non-

negative Multiple matrix factorization (NM2F) that utilizes complementary data

for non-negative matrix factorization. NM2F integrates complementary data as ad-

ditional matrices that share rows or columns with the original data matrix. NM2F

decomposes all matrices simultaneously, and this greatly improves the decomposition

performance under sparse data scenarios. In contrast to previous work on collabora-

tive filtering, NM2F is formulated under the non-negative constraint. Therefore we

can expect more intuitive and understandable decomposition results. In this chapter,

we formulate NM2F as a generalization of the original NMF and derive parameter

estimation rules to obtain a local optimal solution. Experimental results revealed

the good performance of the proposed NM2F under sparse data situations, both in

synthetic and real-world datasets.

3.2 Related Work

Non-negative Matrix Factorization (NMF) [63] is an unsupervised matrix factoriza-

tion method. NMF is designed to minimize the loss (distance) between a non-negative

observed data matrix and its low rank decomposition. In this decomposition, the

observed data matrix is represented as the weighted linear sum of bases with a

non-negative constraint. The non-negative constraint of decomposed bases and coef-

ficients make the parameter estimation non-convex. Instead, we obtain sparse bases

and coefficients that enable us to easily understandable their meaning in many ap-

plications.
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There are many kinds of loss employed in NMF such as Euclid distance, I-

divergence and Itakura-Saito distance [30] which belong to the α divergence family.

NMF with I-divergence has been proved to be equal to Probabilistic Latent Semantic

Analysis (pLSA)[38, 55]. There are also a number of model estimation methods yield-

ing a local optima of NMF, such as the multiplicative update rule [64], Alternating

Least Squares (ALS) [29], and Gibbs sampling [93]. Non-parametric Bayes exten-

sions of NMF have also been proposed including Ga-P NMF [54] and iFiHMM [80].

In many applications, NMF exhibits good performance and extracts understandable

patterns thanks to its non-negativity [18, 71]. Furthermore, the calculation could

be safely accelerated with distributed processing [70] and online learning meth-

ods [22, 109].

Many matrix factorization techniques have been used in item recommendation

tasks (e.g. [62]). Among them, the Probabilistic Matrix Factorization (PMF) method

developed by [92] has become a seminal technique in the field. PMF has been ex-

tended in two ways. One incorporates topic information using LDA [108]. The other

augments PMF using link information available from social networks [74, 78, 85]. In

one recent paper [87] the authors combine both ingredients in their model. Also,

related models have been used in the document analysis research [97]. Our model is

closely related to these researches in a technical sense. However, the target domains

and goals are very different. These recommendation studies often ignore the non-

negative constraint. In this section, we propose a matrix factorization method with

additional matrices under the non-negative constraint for intuitive and reasonable

decomposition results.

3.3 Non-negative Multiple Matrix Factorization

3.3.1 Problem Formulation

Before describing the model, let us explain data structure, notations, and an overview

the problem.

Our proposed method defines three matrices called the original matrix, row wise

additional matrix and column wise additional matrix. Let us denote an index of

features as i ∈ {1 · · · I} and an index of data as j ∈ {1, · · · , J}. Let xi,j be the

observed value of feature i in the j-th data. Then let X = {xi,j} ∈ RI×J be the
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Figure 3.1: The original matrix X is factorized to the bases W and the coefficients
H with the row wise additional matrix Y and the column wise additional matrix Z.

original matrix. Let us denote an index of additional features as n ∈ {1, · · · , N}.
Then yn,j denotes the additional observed value of feature n in the j-th data. Then

we denotes Y = {yn,j} ∈ RN×J as the row-wise additional matrix. Let us denote

an index of additional data as m ∈ {1, · · · ,M}. Let zi,m be the observed value

of feature i in the m-th additional data. Then let Z = {zi,m} ∈ RI×M be the

column-wise additional matrix. Figure 3.1 shows matrices X, Y and Z.

The aim of this chapter is to estimate appropriate bases and coefficients. Our

method takes additional matrices Y and Z into account when seeking bases and

coefficients. Furthermore, our method simultaneously estimates patterns of Y and

Z. For example, in Section 3.4, we undertake an experiment to factorize a matrix X

consisting of the number of users listening artists with Y comprising tags annotated

on the artists and Z consisting of information about a user’s network of friends.

3.3.2 Proposed Framework

This subsection describes our proposal, Non-negative Multiple Matrix Factoriza-

tion (NM2F). NM2F factorizes the observed matrix into a set of bases and coeffi-

cients. This method requires the data, the bases and the coefficient matrix to be

non-negative. Non-negative constraints yield sparse solutions for the bases and the

coefficient matrix, which are preferable for interpretation.

The key idea of our method is to augment the available information by employing

additional matrices. NM2F employs two types of additional data in order to factorize

30



original data X. The row-wise additional matrix Y is assumed to share coefficients

matrix H with X, and the column-wise additional matrix Z is assumed to share

bases matrix W with X.

Let K be the number of bases. Let wi,k be the value of the feature i in the

k-th basis. We denote W = {wi,k} ∈ RI×K as the basis matrix. Let hk,j be the

coefficient of the k-th basis in the j-th data. We denote the coefficient matrix as

H = {hk,j} ∈ RK×J . Let an,k be the value of the k-th basis for additional feature

n. We denote A = {an,k} ∈ RN×K as the additional basis matrix. Let bk,m be

the coefficient of the k-th basis in the m-th additional data. We denote additional

coefficient matrix as B = {bk,m} ∈ RK×M .

NM2F minimizes the divergence between the given matrices {X,Y ,Z} and their

factored matrices {W ,H ,A,B} with scaling parameters α, β:

argmin
W ,H,A,B

D(X,Y ,Z‖W ,H ,A,B;α, β)

s.t. W ,H ,A,B ≥ 0, α, β ≥ 0, (3.1)

where D is a divergence. Let us denote x̂i,j,ŷn,j and ẑi,m as the approximated values

of xi,j, yn,j and zi,m obtained from sums of bases weighted by coefficients:

x̂i,j =
K∑

k=1

wi,khk,j, ŷn,j =
K∑

k=1

an,khk,j, ẑi,m =
K∑

k=1

wi,kbk,m. (3.2)

Then a divergence between the model and data is defined as

D(X,Y ,Z‖W ,H ,A,B;α, β)

= D(X‖W ,H) + αD(Y ‖A,H) + βD(Z‖W ,B)

=
∑

i,j

d(xi,j‖x̂i,j) + α
∑

n,j

d(yn,j‖ŷk,j) + β
∑

i,m

d(zi,m‖ẑi,m), (3.3)

where α and β satisfying α ≥ 0, β ≥ 0 are scaling parameters to balance three

divergences, and d (·) specifies an element-wise divergence. We employ the gKL-

divergence in our model. The gKL-divergence is widely applied to NMF, but other

distances such as the Euclid distance and Itakura-Saito distance could be used as

alternatives.
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3.3.3 NMF Framework

The goal of NMF is to seek a basis matrix W and a coefficient matrix H that

minimize the distance between the estimated parameters W ,H and the original

matrix X, subject to W ,H ≥ 0.

argmin
W ,H

D(X‖W ,H) s.t. W ,H ≥ 0 (3.4)

If we set α = 0, β = 0 in Eq.(3.3), we have

D(X,Y ,Z‖W ,H ,A,B;α, β) = D(X‖W ,H). (3.5)

Therefore, NMF is regarded as a special case of NM2F.

3.3.4 Parameter Estimation

We derive multiplicative update rules of NM2F, similar to the case of NMF. The

objective of the parameter estimation is to minimize the divergence. Let us denote

auxiliary variables as ri,j,k, sn,j,k, ti,m,k (
∑

k ri,j,k = 1,
∑

k sn,j,k = 1,
∑

k ti,m,k = 1) .

By Jensen’s inequality, an upper bound F of D is derived as below.

D(X,Y ,Z‖W ,H ,A,B;α, β)

≤
I∑

i=1

J∑

j=1

(
x̂i,j − xi,j

K∑

k=1

ri,j,k log
wi,khk,j
ri,j,k

)

+ α

N∑

n=1

J∑

j=1

(
ŷn,j − yn,j

K∑

k=1

sn,j,k log
an,khk,j
sn,j,k

)

+ β

I∑

i=1

M∑

m=1

(
ẑi,m − zi,m

K∑

k=1

ti,m,k log
wi,kbk,m
ti,m,k

)
, F.

We have equality if and only if ri,j,k =
wi,khk,j∑K

k=1 wi,khk,j
, sn,j,k =

an,khk,j∑K
k=1 an,khk,j

, ti,m,k =
wi,kbk,m∑K

k=1 wi,kbk,m
. A partial differentiation of F for wik is

∂F

∂wik
=

J∑

j=1

(
hk,j − xi,j

ri,j,k
wi,k

)
+ β

J∑

j=1

(
bk,j − zi,m

ti,m,k
wi,k

)
. (3.6)
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We obtain the multiplicative update rule of wi,k:

wnewi,k = wi,k

(
∑

j∈Ji
xi,j
x̂i,j
hk,j + β

∑
m∈Mi

zk,m
ẑk,m

bi,m

)

∑
j hk,j + β

∑
m bk,m

. (3.7)

We can derive the multiplicative update rule for other parameter in a similar way.

In summary, we obtain the local minimum of NM2F by iterating update rules of

W , H , A and B as shown below:

wnewi,k = wi,k

(
∑

j∈Ji
xi,j
x̂i,j
hk,j + β

∑
m∈Mi

zk,m
ẑk,m

bi,m

)

∑
j hk,j + β

∑
m bk,m

, (3.8)

hnewk,j = hk,j

(
∑

i∈Ij
xi,j
x̂i,j
wk,j + α

∑
n∈Nj

yn,j

ŷn,j
an,k

)

∑
iwk,j + α

∑
n an,k

, (3.9)

anewn,k = an,k

∑
n∈Nj

yn,j

ŷn,j
hk,j∑

j hk,j
, bnewk,m = bk,m

∑
m∈Mi

zi,m
ẑi,m

wi,k∑
iwi,k

. (3.10)

For speeding up the calculation, let us denote Ij as sets of indices of non-zero entries

on the j-th column. Let Ji, Mi, Nj similarly as sets of indices of non-zero entries

on the i-th row in X, the i-th row in Z and the j-th row in Y . We denote
∑

i∈Ij as

to sum up only non-zero entries of the j-th column, and so on.

3.3.5 NM2F as probabilistic generative model

We can rewrite NM2F with gKL divergence as a probabilistic generative model with

a Poisson distribution, as with NMF. The log likelihood of NM2F can be rewritten

as

ln p(X, αY , βZ‖W ,H , αA, βB)

= ln p(X, ‖W ,H) + ln p(αY ‖H , αA) + ln p(βZ‖W , βB)

=
∑

ij

ln p(xi,j‖x̂i,j) + α
∑

n,j

ln p(yi,j‖ŷi,j) + β
∑

i,m

ln p(zi,j‖ẑi,j)

= D(X,Y ,Z‖W ,H ,A,B;α, β) + const, (3.11)

33



Figure 3.2: Graphical model of Non-negative Multiple Matrix Factorization. X and
Z are generated from the same bases W but different coefficients H and B. Y is
generated from bases A and coefficients H shared by X.

where p denotes the Poisson distribution. Minimizing the divergence of NM2F is

equivalent to maximizing the log likelihood of probabilistic generative models. The

graphical model of NM2F is shown in Figure 3.2.

3.4 Experiments

In this section, we present experimental validations of the proposed method on syn-

thetic dataset and real world dataset.

3.4.1 Evaluation Measures

Though our primal objective is to obtain intuitive decomposition of the data matrix,

a quantitative measure would help us understand and compare behaviors of several

models. In the sparse data scenario, we are often only interested in non-zero entries of

the data matrix, as well non-zero highest values in decomposed bases and coefficients.

Therefore, modeling precision of non-zero entries is a reasonable measure for the

factorization models.

Specifically, we employ the log likelihood for a test dataset, randomly picked up

from non-zero entries of the original data matrix X as our quantitative measure.

Model parameters were estimated by a 5-fold cross validation. A higher test log

likelihood indicates better modeling of the data structure.
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Table 3.1: Comparison on the average test log likelihood of non-zero entries among
different sparseness. Means and one standard deviations of four data sets are pre-
sented.

Sparse NMF VBNMF PMF NM2F

0 % −1.24 ± 0.21 −2.72± 0.03 −2.47± 0.239 −1.03 ± 0.09
9 % −19.39± 2.82 −8.49± 0.60 −13.00± 2.74 −0.99 ± 0.08
99 % −42.45± 6.30 −14.55± 1.40 −16.25± 6.05 −1.07 ± 0.25

99.9 % −43.25± 33.45 −15.30± 6.30 −12.85± 11.20 −0.86 ± 0.55
ine

3.4.2 Synthetic data experiment

This experiment evaluates the performance of NMF, VBNMF (NMF with sparse con-

straint) [24], PMF [92] and NM2F. These models are examined for several sparseness

datasets. We also conducted a grid search for α and β to assess the effect of the scal-

ing parameters α and β,

A synthetic dataset was obtained from the probabilistic model with Poisson dis-

tribution shown in Section 3.3.5. We set the size of matrices X, Y , A and B as

I = J = N = M = 100. We used values of 0%, 0.9%, 9% and 99% for the sparseness

of the synthetic dataset. We compared the means of the test log likelihood for each

model. The parameters α and β were set to at the values that present the highest log

likelihood for the training dataset. Before the verification, we iterated the parameter

estimation 50 times. Note that, if α = β = 0 then NM2F is reduced to the original

NMF.

Results

The test log likelihood values are presented in Table 3.1. As is evident from these

results, the proposed model improved the test log likelihood for all datasets.

The results in Table 3.1 confirm that NM2F achieves good performance by making

use of additional matrices. Figure 3.3 shows the result of grid searches over α and β.

With a dense X (0% sparse), the scaling parameters α and β scarcely contributed

to the improvement of the log likelihood. This result means that if X is dense then

additional matrices are not so useful for improvement. On the other hand, the log

likelihood is affected by the choice of scaling parameters as the original data become

more sparse. Therefore we conclude that when the observed matrix is highly sparse,

additional matrices and appropriate scaling parameters yield better factorization.
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Figure 3.3: The test log likelihood versus the scaling parameters α (horizontal) and
β (vertical).

Optimal Parameters

X (NMF) X+Y

X+Z X+Y+Z

3.4.3 Real Data Experiment

Next, we evaluate the proposed model on two real datasets. VBNMF and PMF are

omitted from these experiments due to their high computational costs.

Last.fm dataset

The Last.fm dataset is provided by Hetrec 20111. This dataset consists of the user

action history of the Last.fm service: it includes the user’s listening history, tag

information about artists and friend link information among users.

The dataset contains 1, 892 unique users, 17, 632 unique artists and 11, 946 unique

tags. We denote the indices of users, artists, tags and friend users as i, j, n and

m, respectively. Let xi,j be a count of the listening of user i to the artist j. Let

X ∈ R1,892×17,632
+ be the original matrix. Let yn,j denote the count of tags n appearing

for the j-th artist. Let Y ∈ R11,946×17,632
+ be the column-wise additional matrix. Then

zi,m denotes the link state between the ith user and the m-th user, if users are friends

then zi,m = 1 else zi,m = 0. Let Z ∈ R1,892×1,892
+ be the row-wise additional matrix.

We evaluated the performance of NMF and NM2F by factorizing X. Note that

the dataset is highly sparse: only 0.25% (3, 687 elements) of xi,j are non-zero. The

number of bases was set to K = 20 based on preliminary experiments.

1http://ir.ii.uam.es/hetrec2011/
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Social Curation Dataset

In this experiment, we employ a dataset of the curating service Togetter2 that was

established for summarizing Twitter messages into a story [40, 58]. In Figure 3.4,

we present an example of a curated story. This story is entitled “20110311 JAPAN

MEGA QUAKE M8.8 -ENGLISH NEWS TL”, and includes multiple Twitter mes-

sages. Words related to the title such as “quake” and “tsunami” appear several

times. Multiple Twitter users are mentioned in the story; some of them appear mul-

tiple times (multiple posts are included in this story). Our goal with this experiment

was to detect structures of users and stories with additional information.

The dataset contained 1, 823, 184 unique users, 235, 086 stories including 23, 859, 294

tweets and 165, 046 unique words. Let us denote the indices of users, stories, words

and additional features as i, j, n and m, respectively. Let xi,j be the count of

the appearances (equivalently, a number of messages) of user i in a story j. Let

X ∈ R1,823,184×235,086
+ be the core matrix of user story observation. Let yn,j denote

the count of word n appearing in the j-th story. Let Y ∈ R165,046×1,823,184
+ be the

row wise additional matrix. We additionally utilize the Twitter based features of

each user. One is the number of followers and the other is the number of Lists. We

scale these features z̃ by z = log(z̃ + 1). Let zi,m be a score of the user i in a feature

m. Let Z ∈ R235,086×2
+ be a column-wise additional matrix. Note that only 0.0018%

(7, 714, 891 elements) of xi,j are non-zero in the dataset. Furthermore, the dataset is

very large, but parameter estimations of NM2F can be processed in hours by utilizing

dataset sparseness. K was fixed to 200 based on preliminary experiments.

Results

The computed test log likelihood values of non-zero entries are presented in Table 3.2.

It is noteworthy that these two datasets are heavily long-tailed; dynamic ranges of

observed data values are extremely wide. Combined with the severe sparseness, pre-

dicting non-zero entries is a diffuclt task. As evidenced from these results, however,

we confirmed that NM2F achieved better performance than NMF for both datasets.

Additional data and appropriate scaling parameters surely contributed to improving

the validation scores. Though our primal objective is intuitive decomposition, these

2http://togetter.com/
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Figure 3.4: Example of a Togetter story shortened by authors.

scores indicate the modeling capability of the proposed NM2F.

Figures 3.5 and 3.6 present three bases estimated in each experiment. We show

the top 10 highest valued artists W and tags A, and users W and words A in the

figure. The bars in the figure present the value of each basis.

In figure 3.5, we present bases extracted from the Last.fm dataset. W can confirm

that reasonably related artist names and tags appear in the same basis. For example,

basis #1 includes popular women singers such as Britney Spears and Lady Gaga. In

basis #2, classic rock musicians are included. Rap and hip-hop singers are presented

in basis #3.

Figure 3.6 shows examples of learned bases of Social Curation dataset. Ba-

sis #1 consists mass media accounts (Asahi Shakai, nhk tokuho), government of-

ficial (pref iwate), military officials (US7thFlt, JGSDF pr) and a Twitter original

account. In basis #2, professional programmer and open source contributors are ex-

tracted. Finally, basis #3 includes various accounts (from amateurs to professionals)

who post feeds about the Arab Spring headline. This result indicates that NM2F is

able to extract meaningful bases from the highly sparse data.
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Table 3.2: Comparison of average test log likelihood of non- zero entries among
different data sets. Scores are divided by ×10−3

Dataset NMF VBNMF PMF NM2F

Last.fm −6.90± 0.03 N/A N/A −6.17 ± 0.03
Togetter −27.27± 0.23 N/A N/A −12.97 ± 0.48

W

A

Figure 3.5: Artists and Tags with the highest values in bases.

W

A

Figure 3.6: Users and Words with the highest values in bases.k
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3.5 Summary

In this chapter, we proposed Non-negative Multiple Matrix Factorization (NM2F),

which integrates additional matrices in estimating bases and coefficients. Our key

idea is to overcome the sparseness of the original data with complementary data.

We derived a parameter estimation procedure as a multiplicative update rule. We

presented NM2F with the gKL divergence as a probabilistic generative model with

Poisson distributions. We evaluated NM2F experimentally using a synthetic dataset

and two real datasets, and confirmed that NM2F performs better than existing fac-

torization methods in a quantitative measure. We also confirmed that the estimated

bases of NM2F are reasonably intuitive and easy to understand. As a future work, we

need to evaluate NM2F with other divergence choices. Also, finding a way to realize

the automatic tuning of scaling parameters would be another interesting challenge.
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Chapter 4

Non-negative Multiple Tensor

Factorization

4.1 Introduction

As the amount and variety of available data has been grown rapidly in recent years,

there are many tensors consisting of only non-negative data: e.g. ratings of users

× shops × times, and social connections between users × friends × social network-

ing systems. Non-negative Tensor Factorization (NTF) [94, 111] is a generalization

of Non-negative Matrix Factorization (NMF)[63, 64]. We can also regard NTF as

CANDECOMP/PARAFAC decomposition [23, 51] with non-negativity constraints.

NTF factorizes a target tensor consisting of non-negative values into factor matrices

under the non-negative constraints. The non-negativity constraints yield sparse and

reasonably interpretable factorization results [33, 43]. NTF has been applied in vari-

ous fields and preforms well in such applications as signal processing [44, 119], image

analysis [31, 52], text mining [26], brain computer interface [66] and climate exchange

analysis [124]. An advantage of tensor data over conventionally studied matrix data

is their ability to manipulate observations with various attributes. In fact, tensor

factorization techniques have been extended to collaborative filtering [27, 90, 112],

missing value estimation [72] and multi relational networks [59, 83, 84] and have been

proven effective as regards these problems.

In spite of these advantages, data sparseness and computational costs have sig-
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nificantly hampered the application of tensor factorization methods to real world

problems. This problem becomes more serious as the order of the tensor becomes

higher and also causes the predictive performance of NTF to degrade.

The problem of sparseness has also been a serious problem in matrix factoriza-

tion [13, 62]. To deal with this problem, a few solutions have been proposed in the

context of multiple data analysis [74, 78, 85, 87, 108], which have been developed

based on probabilistic matrix factorization [92]. To compensate for the sparseness of

the data matrix, these approaches augment the target matrix by incorporating aux-

iliary matrices in the analysis. Then the target matrix and the auxiliary matrices

are simultaneously factorized. Factorizing multiple matrices simultaneously perfor-

mances better than factorizing a single target matrix. Employing auxiliary data also

seems a promising way to resolve the sparse issue for tensors. However, there have

been almost no attempts to validate the idea of factorizing multiple tensors simul-

taneously. The only exception is described in [120] but this method assumes that

we have multiple tensors of exactly the same size. We cannot apply this method to

ordinary data sets including tensors of different sizes such as commercial purchasing

recordings and social network data.

In this chapter, we propose a novel tensor factorization method called Non-

negative Multiple Tensor Factorization (NMTF), which naturally incorporates aux-

iliary data tensors into standard tensor factorization. The auxiliary tensor shares

indices (axes) with the target tensors, thus NMTF is able to merge information from

multiple tensors and mitigates the problem of sparseness. Furthermore, factoriz-

ing auxiliary tensors simultaneously allows us to examine given data from several

different aspects, because we obtain factors from auxiliary tensors as well. The in-

fluence of auxiliary tensors during factorization can be tuned by employing scaling

parameters. We show that the simultaneous tensor decomposition approach can be

reformulated into the decomposition of a larger (partially observed) tensor. NMTF

is a generalization of NTF and is reduced to NTF in the special case where all scaling

parameters are set at zero (no influence). In this chapter, we employ the general-

ized Kullback-Leibler (gKL) divergence as the metric of NMTF [119, 122], which is

widely used in the context of NMF/NTF. Minimizing gKL divergence is known to be

equivalent to maximizing the Poisson distribution likelihood, which fits particularly

well if the data are discrete values. We employ a three-way tensor in this chapter
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but the extension of NMTF to a N -way tensor is straightforward.

Empirical results showed that NMTF achieved better performance than NTF in a

quantitative way. The synthetic data experiments revealed that the performance im-

provement of NMTF compared with NTF become larger as the target tensor become

sparser. We also found that NMTF factorization results are highly interpretable and

suggestive for the analysis of real-world complex review data. NMTF reveals the

detailed user preferences of beers and spatio-temporal patterns of people’s daily life

such as leisure, drinking, and shopping activity from online review data sets.

4.2 Related Work

Non-negative Tensor Factorization (NTF) was first proposed in [94]. NTF is re-

garded as a generalization of Non-negative Matrix factorization (NMF) [63, 64].

NTF is based on a CONDECAMP/PARAFAC (CP) decomposition [61] and im-

poses non-negative constraints on tensor and factor matrices. There has been a lot

of NTF research concerning sparse factors [32, 53], optimization methods [26, 31, 33]

and acceleration techniques [8, 124]. As explained above, data sparsity becomes a

serious problem for large or high order tensors. However, there have been no study

concerning the data sparsity in NTF.

As we explained in the introduction, combining multiple data matrices has proved

effective in sparse matrix analysis [15, 49, 74, 78, 85, 87]. Therefore combining

multiple tensors is a reasonable idea for solving the sparsity problem. Unfortunately,

to the best of our knowledge, this approach has only been reported in the literature

except for [120], which assumes that we have a collection of tensors of the same size,

for example, EEG data from different subjects. The authors proposed decomposing

this collection of tensors simultaneously to obtain subject-dependent and subject-

independent factors. This appears to be a solution to our sparse problem but actually

this is not applicable for the following two reasons. First, this method assumes that

we have multiple tensors of exactly the same size. Therefore, we cannot apply this

method to data sets consisting of different sizes such as commercial purchasing data

or social network data. This severely limits the areas for which the method can be

applied. Another reason is that the method assumes that data tensors are dense. In

fact, the data sets used in the experiments are small images that are densely filled
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with pixel values. This is inconsistent with our assumption that the data tensor is

extremely sparse.

As we have seen, there are currently no solutions to our sparse data tensor prob-

lem. In this chapter, we propose a novel solution for this problem that uses multiple

additional tensors.

4.3 Proposed Method

Matrix factorization techniques have been extended to make use of multiple auxiliary

matrices. These techniques handle multiple data as matrices and factorize them

simultaneously to ease the problem of sparsity. However, none of these studies have

tried factoring multiple tensors simultaneously. In this chapter, we propose Non-

negative Multiple Tensor Factorization (NMTF), which effectively combines multiple

data tensors under a non-negative constraint. NMTF eases the problem of tensor

sparsity and further allows us to examine given data from several different aspects.

4.3.1 Non-negative Multiple Tensor Factorization (NMTF)

In NMTF, we have a target tensor and a few auxiliary tensors that share one or two

indices (axes) with the target tensor. We want to factorize these tensors simultane-

ously in order to make use of available auxiliary information.

Let us denote the target tensor as Y ∈ RIy×Jy×Ky

≥0 . We denote the n-th auxiliary

tensors as A(n) ∈ RIn×Jn×Kn
≥0 (n = 1, · · · , N). We set N = 3 in this chapter. We

define the three factor matrices of Y as Θy = {Ty, Uy, Vy} where Ty ∈ RIy×R, Uy ∈
RJy×R, and Vy ∈ RKy×R. Let us define the factor matrices of the n-th auxiliary

tensor as Θ(n) = {T (n), U (n),V (n)} where T (n) ∈ RIn×R, U (n) ∈ RJn×R, , andV (n) ∈
RKn×R. We define estimated (reconstructed) tensor values based on factor matrix

elements as follows:

ŷijk =
R∑

r=1

tyiru
y
jrv

y
kr,

â
(n)
ijk =

R∑

r=1

t
(n)
ir u

(n)
jr v

(n)
kr (n = 1, · · · , N). (4.1)
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Figure 4.1: Y , A(1), A(2) and A(3) are included in X . Transparent elements of X
are undefined regions. Factor matrices Uy,Ty,Vy are shared among the target tensor
and additional tensors.

For simplicity, we assume that Y shares first indices with A(1), second indices

with A(2), and third indices with A(3). Note that it is straightforward to extend

our results to cases where auxiliary tensors share two indices with the target tensor.

According to this assumption, we set I1 = Iy, J2 = Jy and I3 = Ky. We set

T (1) = Ty, U
(2) = Uy and V (3) = Vy.

The goal of our NMTF is to factorize the target tensor Y with the auxiliary tensors

A(n) (n = 1, · · · , N) simultaneously. To achieve this goal, we regard tensors Y and

A(n) (n = 1, · · · , N) as parts of a larger tensor X ∈ R(Iy+I1+I2)×(J1+Jy+J3)×(Ky+K2+K1)
≥0 ,

and perform NTF on this larger tensor (see Fig. 4.1).

We augment the target tensor Y into X as follows. First, three axes are aug-

mented by simply concatenating the indices of the target tensor and auxiliary tensors.

For example, the size of the first axis is enlarged from I to Iy + I2 + I3. Given a

large empty tensor X , we place data tensors so as to match all indices as in Fig. 4.1.

Please recall that Iy = I1, Jy = J2, and Ky = K3. As evident from Fig. 4.1, there

are several blocks with no observation, called undefined regions. To encompass these

regions, we introduce the following binary variable mijk:

mijk =





1 xijk is defined,

0 xijk is undefined.
(4.2)

LetM∈ RI×J×K
≥0 be a tensor consisting of mijk. We set undefined regions in X using

M. Let us denote sets My and M (n) (n = 1, · · · , N) consisting of indices of Y and
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A(n) (n = 1, · · · , N).

mijk =





1 if {i, j, k} ∈My

η̂(n) if {i, j, k} ∈M (n) (n = 1, · · · , N)

0 otherwise.

(4.3)

where η(n) ≥ 0 (n = 1, · · · , N) are scaling parameters of A(n) (n = 1, · · ·N). The

elements mijk are set at 0 if the indices do not indicate the observed values in Y
or A(n) (n = 1, · · · , N). Let us denote D̂ as the divergence of Non-negative Tensor

Factorization with an undefined region.

D̂(X‖X̂ ;M) =
I∑

i=1

J∑

j=1

K∑

k=1

mijkd(xijk‖x̂ijk) (4.4)

Then we set T , U , and V as,

T =



Ty

T (2)

T (3)


 , U =



U (1)

Uy

U (3)


 , V =



Vy

V (2)

V (1)


 . (4.5)

Therefore D̂ is rewritten as,

D̂(X‖X̂ ;M)

=

Iy∑

i=1

Jy∑

j=1

Ky∑

k=1

d(yijk‖ŷijk) +
N∑

n=1

[ In∑

i=1

Jn∑

j=1

Kn∑

k=1

η̂(n)d(a
(n)
ijk‖â

(n)
ijk)

]

= D(Y‖Ŷ ; Θy) +
N∑

n=1

D(η̂(n)A(n)‖η̂(n)Â(n); Θ(n))

= D(Y , η̂(n)A(n)‖Ŷ , η̂(n)Â(n); Θ̂, n = 1, · · · , N), (4.6)

where we set factorized matrices as Θ̂ , {Θy,Θ
(n), n = 1 . . . , N} and η̂(n) =

η(n)

InJnKn
. NMTF minimizes the divergence between the given non-negative tensors
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{Y , A(n);n = 1, · · · , N} and those estimated under the non-negative constraints.

min
Θ
D(Y , η̂(n)A(n)‖Ŷ , η̂(n)Â(n); Θ̂, n = 1, · · · , N)

subject to T ,U ,V ≥ 0. (4.7)

Note that if the scaling parameters η(1) = η(2) = η(3) = 0, NMTF is reduced to the

original NTF. And if the non-negative constraints are removed, this model could be

regarded as a multiple tensor version of CP factorization.

4.3.2 Multiplicative Update Rules

In this section, we derive multiplicative update rules for NMTF, similar to those of

NTF. Remember that we set t
(1)
ijk = tyijk, u

(2)
ijk = uyijk and v

(3)
ijk = vyijk. We derive a

multiplicative update rule for tijk as below:

tyir
(new) = tyir

∑Jy
j=1

∑Ky

k=1

[
yijk
ŷijk

uyjrv
y
kr

]
+ η(1)

∑J1
j=1

∑K1

k=1

[
a
(1)
ijk

â
(1)
ijk

uyjrv
(1)
kr

]

∑Jy
j=1

∑Ky

k=1 u
y
jrv

y
kr + η(1)

∑J1
j=1

∑K1

k=1 u
y
jrv

(1)
kr

,

uyjr
(new) = uyjr

∑Iy
i=1

∑Ky

k=1

[
yijk
ŷijk

tyirv
y
kr

]
+ η(2)

∑I2
i=1

∑K2

k=1

[
a
(2)
ijk

â
(2)
ijk

tyirv
(2)
kr

]

∑Iy
i=1

∑Ky

k=1 t
y
irv

y
kr + η(2)

∑I2
i=1

∑K2

k=1 t
y
irv

(2)
kr

,

vykr
(new) = vykr

∑Iy
i=1

∑Jy
j=1

[
yijk
ŷijk

tyiru
y
jr

]
+ η(3)

∑J3
j=1

∑K3

k=1

[
a
(3)
ijk

â
(3)
ijk

t
(3)
ir u

y
jr

]

∑Iy
i=1

∑Jy
j=1 t

y
iru

y
jr + η(3)

∑I3
i=1

∑J3
j=1 t

(3)
ir u

y
jr

. (4.8)

Note that this algorithm is stable. Let us focus on the update of tyir. The updated

tyir is always non-negative because all elements in the r.h.s. of the update equations

are non-negative.

The only concern regarding computational stability is the case where some u and

v take the value 0, then the r.s.h. of the equation becomes 0
0
. But this will never

happens if we handle the data and the model initialization appropriately. First,

ensure that
∑Jy

j=1

∑Ky

k=1 yi,j,k > 0 and
∑J1

j=1

∑K1

k=1 ai,j,k > 0 for all i. This is easily

accomplished by excluding the empty index i′ that violates these conditions. Second,

initialize the model so that ∀ ŷ > 0 and ∀ â > 0 hold.

If the above conditions are satisfied, we can also enjoy fast computation simply

47



by skipping summations part in the numerator. If yi,j,k = 0 or ai,j,k = 0, then we can

simply skip the summation for the corresponding elements. This does not affect the

computation of the numerator, and greatly reduces the computational loads since we

assume severely sparse tensors.

4.4 Parameter Estimation

Multiplicative update rules for other parameters can be derived in the same way. It

should be noted that we set t
(1)
ijk = tyijk, u

(2)
ijk = uyijk and v

(3)
ijk = vyijk. Plugging the

definition of generalized Kullback-Leibler divergence into D(X‖X̂ ), we obtain the

following:

D(X‖X̂ ; ηn, n = 1, · · · , N)

=

Iy∑

i=1

Jy∑

j=1

Ky∑

k=1

[
−yijk log ŷijk + ŷijk

]

+
N∑

n=1

η(n)

{
I(n)∑

i=1

J(n)∑

j=1

K(n)∑

k=1

[
−a(n)

ijk log â
(n)
ijk + â

(n)
ijk

]}
+ const.

'
Iy∑

i=1

Jy∑

j=1

Ky∑

k=1

[
−yijk log

R∑

r=1

tyiru
y
jrv

y
kr +

R∑

r=1

tyiru
y
jrv

y
kr

]

+
N∑

n=1

η(n)

{
I(n)∑

i=1

J(n)∑

j=1

K(n)∑

k=1

[
−a(n)

ijk log
R∑

r=1

t
(n)
ir u

(n)
jr v

(n)
kr +

R∑

r=1

t
(n)
ir u

(n)
jr v

(n)
kr

]}
. (4.9)

Let us denote auxiliary variables as φijkr, ψ
(n)
ijkr (n = 1, · · · , N), which satisfy

∑R
r=1 φijkr = 1,

∑R
r=1 ψ

(n)
ijkr (n = 1, · · · , N). To derive an upper bound F , we

adopt Jensen’s inequality in the logarithm terms of D.

D(X‖X̂ ) ≤ F

,
Iy∑

i=1

Jy∑

j=1

Ky∑

k=1

[
−yijk

R∑

r=1

φijkr log
tyiru

y
jrv

y
kr

φijkr
+

R∑

r=1

tyiru
y
jrv

y
kr

]

+
N∑

n=1

η(n)

{
I(n)∑

i=1

J(n)∑

j=1

K(n)∑

k=1

[
−a(n)

ijk

R∑

r=1

ψ
(n)
ijkr log

t
(n)
ir u

(n)
jr v

(n)
kr

ψ
(n)
ijkr

+
R∑

r=1

t
(n)
ir u

(n)
jr v

(n)
kr

]}
. (4.10)
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We have equality in the above inequality if and only if

φijkr =
tyiru

y
jrv

y
kr∑R

r=1 t
y
iru

y
jrv

y
kr

,

ψ
(n)
ijkr =

t
(n)
ir u

(n)
jr v

(n)
kr∑R

r=1 t
(n)
ir u

(n)
jr v

(n)
kr

(n = 1, · · · , N). (4.11)

A partial differentiation of F with respect to tyir is

∂F

∂tyir
=

Jy∑

j=1

[
−yijk

φijkr
tyir

+ uyjrv
y
kr

]
+ η(1)

J(1)∑

j=1

K(1)∑

k=1

[
−a(1)

ijk

ψ
(1)
ijkr

tyir
+ uyjrv

(1)
kr

]
. (4.12)

We set ∂F
∂tyir

= 0 then Eq. (4.12) can be rewritten as:

t
y (numerator)
ir =

Jy∑

j=1

Ky∑

k=1

[
yijk

R∑

r=1

φijkr

]
+ η(1)

J(1)∑

j=1

K(1)∑

k=1

[
a

(1)
ijk

R∑

r=1

ψijkr

]
,

t
y (denominator)
ir =

Jy∑

j=1

Ky∑

k=1

uyjrv
y
kr +

J(1)∑

j=1

K(1)∑

k=1

uyjrv
(1)
kr ,

tyir =
t
y (numerator)
ir

t
y (denominator)
ir

. (4.13)

Finally, we derive a multiplicative update rule for tijk as Eq. (4.8),

tyir
(new) = tyir

∑Jy
j=1

∑Ky

k=1

[
yijk
ŷijk

uyjrv
y
kr

]
+ η(1)

∑J1
j=1

∑K1

k=1

[
a
(1)
ijk

â
(1)
ijk

uyjrv
(1)
kr

]

∑Jy
j=1

∑Ky

k=1 u
y
jrv

y
kr + η(1)

∑J1
j=1

∑K1

k=1 u
y
jrv

(1)
kr

.

Multiplicative update rules for other parameters uyir, v
y
ir, and tyir are derived in

the same manner. And we derive multiplicative update rules for u
(1)
ir , v

(1)
ir , t

(2)
ir , and

v
(2)
ir in the same way as with NTF.

4.4.1 NMTF as Probabilistic Generative Model

We mentioned that a generalized Kullback-Leibler divergence is equal to a negative

log likelihood of Poisson distribution. NMTF could be interpreted as a probabilistic

generative model. Fig. 4.2 shows graphical models of NMTF. Let us denote a Poisson
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distribution with a parameter ζ as

p(ξ|ζ) = Poisson(ξ|ζ). (4.14)

From the definition, a negative log likelihood of the Poisson distribution is approxi-

mately equal to a generalized Kullback-Leibler divergence as below:

− ln p(ξ|ζ) = dgKL(ξ‖ζ) + const. (4.15)

We denote a log likelihood of a tensor X as:

ln p(X|X̂ ) =
I∑

i=1

J∑

j=1

K∑

k=1

ln p(xijk|x̂ijk). (4.16)

Finally, the probabilistic generative model of NMTF can be written as:

log p(X|X̂ )

= log p(Y|Ty,Uy,Vy) + log p(η̂(1)A(1)|Ty, η̂(1)U (1),V (1))

+ log p(η̂(2)A(2)|T (2),Uy, η̂
(2)V (2))

+ log p(η̂(3)A(3)|η̂(3)T (3),U (3),Vy)

= log p(Y|Ŷ) +
N∑

n=1

log p(η̂(n)A(n)|η̂(n)Â(n))

' −D(Y , η̂(n)A(n)|Ŷ , η̂(n)Â(n); Θ̂, n = 1, · · · , N). (4.17)

Eq. (4.17) indicates that minimizing the divergence in NMTF (Eq. (4.7)) is ap-

proximately equivalent to maximizing the Poisson log likelihood of the probabilistic

model in Fig. 4.2.

4.5 Experiments

We experimentally validate NMTF and the original NTF on synthetic data and real-

world data. We compare NMTF with the original NTF. The real-world data are

public data sets including two or three 3-way tensors.
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Figure 4.2: Graphical model of NMTF. Tensors Y ,A(1),A(2) andA(3) share the factor
matrices U,T and V . Shared factor matrices are employed to generate elements of
both the target tensor and auxiliary tensors.

4.5.1 Evaluation Measure

In our experiments, almost all the tensor elements are equal to zero. This means that

our target tensor is highly sparse. To evaluate the performance of the factorization

results, we focus on the predictive log likelihood for the non-zero elements. We split

the elements of the target tensor for 5-fold cross validation. We employ the average

log likelihood of non-zero elements in the test sets. After optimizing the parameters

of the models for the training sets, we measure the average log likelihood of the test

sets evaluated on the learned model. A higher average log likelihood results in the

better modeling performance. We define the average log likelihood as:

1

M

M∑

m=1

log p(xm|θ), (4.18)

where M is the number of non-zero elements in the test sets and θ is the estimated

parameter of a model.
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4.5.2 Synthetic Data Experiment

In this experiment we evaluate the performance of NTF and NMTF in terms of the

average test log likelihoods on a synthetic data set. Data sets are stochastically

sampled from the probabilistic model described in Fig. 4.2. We set the sizes of

the tensors at Iy = Jy = Ky = 100 and I(n) = J (n) = K(n) = 100 (n = 1, · · · , N),

respectively. The number of factors is set at R = 5, 10, and 20. We set the sparseness

of the auxiliary tensors at 90% (i.e., 90% of all the tensor elements have zero values).

We set the scaling parameters at η(1) = η(2) = η(3) = 1.

In the first experiment, we evaluated the model performance on the sparseness

of the target tensor. We examined cases where the sparseness of the target tensor

was 90%, 99%, 99.9% and 99.99%. In the second experiment, we also evaluated

the effect of using auxiliary tensors. We examined NMTF with different numbers of

auxiliary tensors, N . The scaling parameters were determined by cross-validation.

Note that NMTF reduces to NTF when no auxiliary tensors are available (N = 0).

Table 4.1a, 4.1b, and 4.1c also show the results of the first experiment evaluating

the effect of different data sparseness. The numbers of bases R was set at 5, 10,

and 20, respectively. The average log likelihood for test sets worsens as the data

sparseness increases. We confirmed that NMTF significantly outperforms the original

NTF especially when the target tensor is extremely sparse.

Table 4.2a, 4.2b and 4.2c show the results of the second experiment evaluating the

effects of the number of available auxiliary tensors. It is evident that the average log

likelihoods improve as the number of auxiliary tensors increase. This improvement

indicates that NMTF successfully integrates the auxiliary tensor and target tensor

information into factors.

4.5.3 Real Data Experiments

In this section, we evaluate NMTF and NTF with three public data sets provided

by Beeradvocate1 [76, 77], Yelp2 [106], and MovieLens3. These data sets include the

user’s reviews of, for example, places, beers, and movies with various auxiliary data

such as time-stamp, geolocation, and check-in counts.

1http://beeradvocate.com
2http://www.yelp.com
3http://www.movielens.org

52



Table 4.1: Synthetic data experiment : The average test log likelihood for different
sparseness values of the target tensor Y .

(a) R = 5

Sparseness NTF NMTF

90% sparse −1.72± 0.01 −1.97± 0.02

99% sparse −4.16± 0.28 −4.44± 0.19

99.9% sparse −56.65± 49.61 −6.12 ± 0.59

99.99% sparse −273.65± 237.86 −8.18 ± 3.80

(b) R = 10

Sparseness NTF NMTF

90% sparse −3.23± 0.05 −3.48± 0.06

99% sparse −8.74± 0.38 −8.22± 0.22

99.9% sparse −92.34± 23.32 −12.53 ± 0.75

99.99% sparse −628.25± 514.51 −13.61 ± 5.24

(c) R = 20

Sparseness NTF NMTF

90% sparse −6.20± 0.05 −6.33± 0.06

99% sparse −18.82± 0.48 −14.65 ± 0.12

99.9% sparse −250.02± 43.43 −25.44 ± 1.25

99.99% sparse −628.25± 514.51 −13.00 ± 4.92

The Beeradvocate data set is a collection of consumer beer reviews. We construct

a target tensor Y containing Iy = 66, 051 beers and Jy = 104 styles, and Ky =

465, 654 words. An element yijk represents the term-frequency with which the word

ky appears in reviews of the beer iy that is in the style jy. An auxiliary tensor A(1)

consists of Iy = 66, 051 beers, J (1) = 33, 387 users, and K(1) = 5 rating points. An

element x
(1)
ijk represents the user rating score of the beer iy by user j(1) in the k(1)-th

rating point. Y is 99.9993% sparse and A(1) is 99.9287% sparse. We eliminate 30

stop words from the word vocabulary. The numbers of bases are set as R = 5, 10,

and 20 based on preliminary experiments.

The Yelp data set is a collection of real-world reviews about numerous business

places (e.g. restaurants, department stores, etc) in the greater Phoenix area, Arizona.

We construct a target tensor Y containing Iy = 1, 228 users, Jy = 1, 860 business
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Table 4.2: Synthetic data experiment: The average test log likelihood of the target
tensor Y for different numbers of auxiliary tensors. The sparseness of Y is set at
99%. The numbers of R is set to 5, 10, and 20.

(a) R = 5

Training set NMTF
Y(= NTF) −56.65± 49.61
Y +A(1) −44.47± 2.91
Y +A(1) +A(2) −6.49± 0.52
Y +A(1) +A(2) +A(3) −6.12 ± 0.59

(b) R = 10

Training set NMTF
Y(= NTF) −92.34± 23.32
Y +A(1) −77.10± 16.64
Y +A(1) +A(2) −13.17± 0.98
Y +A(1) +A(2) +A(3) −12.53 ± 0.75

(c) R = 20

Training set NMTF
Y(= NTF) −250.02± 43.43
Y +A(1) −168.08± 7.16
Y +A(1) +A(2) −26.08± 1.79
Y +A(1) +A(2) +A(3) −25.44 ± 1.25

places, and Ky = 7 days of weeks. An element yijk represents the user ij who

reviewed the business places jy on the day ky. We prepared two auxiliary tensors for

the Yelp data set. The first auxiliary tensor A(1) consists of users Iy = 1, 228 user,

J (1) = 235 business categories, and K(1) = 92, 052 words. An element x
(1)
ijk denotes

the term-frequency of the word k(1) about the business category j1 in reviews by

user iy. The second auxiliary tensor A(2) contains I(2) = 63 geolocation grids and

Jy = 1, 860 business places, and K(2) = (24 ∗ 7) = 186 hours of weeks. We assume

an approximately 10km × 10km geolocation grid. An element x
(2)
ijk represents the

check-ins count of at the business place jy within the geolocation grid i(2) on the hour-

time k(2). We eliminate business places and users whose total numbers of reviews

with fewer than 30. Y is 99.9963% sparse and A(1) is 99.9729% sparse, and A(2) is

99.4265% sparse. The numbers of bases are determined at R = 10, 20, and 50 in

preliminary experiments.
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The MovieLens data set is a famous collection of commercial movie reviews. We

construct a target tensor Y containing Iy = 101, 970 movies, Jy = 2, 113 users, and

Ky = 590 weeks. The element yijk represents the rating user jy rating the movie iy

posted in the week ky. As with of Beeradvocate data, we construct one auxiliary

tensor from the MovieLens data set. An auxiliary tensorA(1) consists of Iy = 101, 970

movies, J (1) = 186 locations of movies, and K(1) = 20 genres. An element x
(1)
ijk is set

at 1 if a location j(1) is included in meta-data about the shooting location of a movie

iy, and also the genre k(1) is tagged to the movie. Y is 99.9933% sparse and A(1) is

99.9320% sparse. The numbers of bases are set at R = 10, 20, and 50 by preliminary

experiments.

Our primary goal is to extract an interesting and interpretable hidden factor

structure from the target tensor Y . All evaluation measures are computed by 5-

fold cross validations. Table 4.3 provides the correspondence of target and auxiliary

tensors between these experiments.
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Table 4.4: Real-world data sets: Mean and standard deviation of average test log
likelihoods on the target tensor Y . Large values mean a good estimation of the
hidden structures of Y .

(a) The Beeradvocate data set.

NTF NMTF
R = 5 −24.02± 1.05 −11.91 ± 0.03
R = 10 −28.77± 2.11 −9.13 ± 0.04
R = 20 −30.31± 2.16 −6.72 ± 0.07

(b) The Yelp data set.

NTF NMTF
R = 10 −22.30± 0.39 −17.72 ± 0.32
R = 20 −30.69± 0.69 −18.38 ± 0.30
R = 50 −62.97± 1.94 −21.00 ± 0.37

(c) The MovieLens data set.

NTF NMTF
R = 10 −23.96± 0.09 −23.74 ± 0.12
R = 20 −27.16± 0.30 −24.31 ± 0.12
R = 50 −39.54± 0.44 −26.68 ± 0.37

4.5.4 Results

Quantitative analysis

Before closely examining the learned bases from the real-world data, we conduct

numerical evaluations. The average test log likelihoods for the Beeradvocate data

set, the Yelp data set, and the MovieLens data set are shown in Table 4.4b and

4.4a, and 4.4c, respectively. The scaling parameters are set at η1 = 0.001 on the

Beeradvocate data set, η1 = 0.1, η2 = 0.001 on the YELP data set, and η1 = 0.01

on the MovieLens data set by 5-fold cross-validation. As with the synthetic data

experiments, NMTF performed better than the original NTF with real-world sparse

tensor data.

Qualitative analysis on Beeradvocate data set

Our main reason for using NMTF is to extract interesting patterns of reviews from

several aspects, by combining auxiliary tensors. Now let us examine and evaluate
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the learned basis in the Beeradvocate data set qualitatively.

Fig. 4.3 presents the extracted factors Ty, Uy, Vy, and V (1) for a few bases from

the Beeradvocate data set. Colors used in the figures correspond to the colors of the

factors in Fig. 4.1. In the top left we present a list of the beers with 5 highest values

in Ty as blue bars. In the top right we present a list of words with the 5 highest

values in Uy as blue bars. In the bottom left we present a list of the beer styles with

the 5 highest values in Vy as blue bars. The red line in the bottom right shows the

estimated volumes of rating points T (1).

Fig. 4.3a shows decomposed factors for a specific basis (r = 1). The top 5

highest valued beers include Ales and Hefevizen. We found that “lager”, “amber”,

and “smooth” were the highest valued words. The style factor consists of three major

styles, and of these “Vienna Lager” is chosen as the most highest valued style. Taste

and appearance attain higher ratings than other rating points.

Fig. 4.3b shows decomposed factors for another basis (r = 3). The highest valued

beers of this factor include Stouts and dark colored beers. The top 5 words consist of

“coffee”, “roasted”, “stout”, “black”, and “smooth”. These selected words coincide

with the two main beer styles fairly well. The estimated ratings showed a similar

pattern to the first basis.

Fig. 4.3c shows decomposed factors for yet another basis (r = 2). This factor

contains unique beers with names including the words “cherry”, “pumpkin”, and

“oatmeal”. The top 5 word also includes interesting terms such as “fruit”, “wheat”,

and “pretty”. Beer styles “Fruit / Vegetable Beer” and “Herbed / Spiced Beer” also

indicate the types of beers. The rating pattern is different from that of the previous

factors.

From the above analysis, we can safely say that NMTF successfully merged the

target tensor and an auxiliary tensor, and factorized them into interpretable pat-

terns of beers. As a result, we obtained interpretable factors extracted from the

Beeradvocated data set and the improvement in the test average log likelihoods.

Qualitative analysis of YELP data set

We constructed three tensors from the YELP data set including an auxiliary tensor

of geolocations and check-in counts.

Fig. 4.4 show the extracted factors Uy, Vy, T
(1), V (1), T (2), and V (2) of bases
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(c) Factors for “spiced and fruity” beer
basis (r = 3).

Figure 4.3: Extracted factors for three different bases learned from the Beeradvocate
data set.

learned from the YELP data set. The colors in the figures corresponds to the colors

of the factors in Fig. 4.1. The blue bars in the top left show the 10 highest values

in Uy with corresponding the names of business places. The green and pink lines

in the top right show the estimated check-in counts per hour on each day of the

week, namely V (2). The green lines indicate weekday responses while the pink lines

indicate those of weekends. The red bars placed in the middle left present the 10

highest values in T (1) with corresponding business categories. The red bars in the

middle right show the 10 highest values in V (1) with corresponding words. The blue

circles in the bottom left show the locations in Phoenix city, Arizona in Iy, and the

circle size indicates the estimated values in Uy.

Fig. 4.4a shows decomposed factors for a specific learned base (r = 1). Zoo,

museum, and a few parks are selected as representative business places. The esti-
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mated check-in counts hit peaks in the mornings on weekends, which is a reasonable

pattern for these business places. Top categories and words are also easily inter-

pretable in this base. Moreover, it is easy to see that the selected business places

are located across the map. From this evidence, we can imagine that dining and

drinking behavior on weekdays can be extracted in this basis.

Fig. 4.4b shows another extracted basis (r = 2). Restaurants, bars and pubs

are the top-valued business places. The check-in pattern is very different from the

previous basis: there are many check-in counts on weekday evenings and weekend

mornings. The selected categories and words match these business places. The

business places are densely located in the central area of Phoenix. We see that the

going out and drinking patterns of users on weekdays are mainly extracted in this

factor.

Fig. 4.4c shows yet another basis (r = 3). IKEA, Apple store, a toy store, a

gardening store, and a pet shop achieve higher values for the place factor. Users

checked into these business places most frequently at 5 p.m. on Sundays. The 10

highest categories and words include “shopping”, “food”, “store”, and “IKEA”. A

place with a very large location weight is situated in the outer area of the city,

but many other business places are located in the central downtown area. Our

understanding of this basis is that it shows daily purchasing behavior downtown and

occasional shopping on the periphery.

Finally, we present an interesting and completely different pattern in Fig. 4.4d (r =

4). The listed business places serve typical Asian foods such as sushi and noodles.

The check-in counts do not very greatly between weekdays and weekends. The cat-

egories and words are also related to Asian foods such as “Sushi Bar”, “Japanese”,

“roll”, and “fish”. The patterns of users enjoying these typical foods are extracted

in this basis.

The addition of these auxiliary features should yield more interesting and inter-

pretable decomposed factors than the previous experiment. NMTF revealed expres-

sive patterns with geolocation and check-in counts in this experiment.
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Figure 4.4: Factors corresponds to four bases extracted from the YELP data set.
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4.6 Summary

In this chapter, we proposed a novel tensor factorization technique called Non-

negative Multiple Tensor Factorization (NMTF). We formulated NMTF as a gener-

alization of NTF and NMTF includes NTF as a special choice of scaling parameters.

We adopted the generalized Kullback-Leibler divergence as the distance metric be-

tween tensors and we derived a method for parameter estimation based on the multi-

plicative update rule. We evaluated NMTF and the original NTF on both synthetic

and real-world data sets. The performance of NMTF was quantitatively better than

that of NTF. We also confirmed that NMTF successfully extracted informative and

understandable factors from multiple tensors.

We considered a case where each auxiliary tensor shares only one axis with the

target tensor. One natural extension of this work is to allow the tensor to the share

multiple axes. We also assumed that only three-way tensors are available in this

chapter. Decomposing different orders of tensors should allow us to model more

complex and rich data set, for example, factorizing matrices and three-way tensors

or factorize higher 4 or 5-way tensors simultaneously. Other choices of divergence

such as Euclidean distance are also important topics to investigate. Finally, we

mention about the choice of the number of factor bases R. Determining appropriate

R is an unsolved issue in NTF including the proposed NMTF. Though there are no

definitive ways, this is also an important task to investigate.
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Chapter 5

Structurally Regularized

Non-negative Tensor Factorization

for Spatio-temporal Pattern

Discoveries

5.1 Introduction

Spatio-temporal data covering a wide area of a city have become available due to the

commoditization of sensor-monitoring systems and mobile-phone networks. These

monitoring systems observe various types of data, such as vehicle transportation

counts on a road network, bike-renting counts of a bike-sharing system, and the

purchasing records of shops around a city, where missing values often appear due to

the failure of sensor nodes, data transmission errors, and trouble with data recording

systems. We can find rich and bounteous information in such spatio-temporal data.

However, it becomes difficult to grasp what spatio-temporal activities appeared in the

data at a glance. Therefore, understanding of such activities via pattern extractions

is a typical problem of spatio-temporal data analysis, in which the interpretability of

the extracted patterns is regarded as one of the most important property for analysis

methods.
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Figure 5.1: Example for a non-negative tensor factorization method on analysis of
a traffic-flow data set, where latent patterns for location, time, and day modes are
extracted in the latent factor.

Tensor factorization methods have been widely applied to discover spatial and

temporal patterns from various kinds of spatio-temporal data [61]. These methods

represent spatio-temporal data as a higher-order dimensional array, called a tensor

that is a generalization of a matrix. For example, we can represent spatio-temporal

data as a three-way tensor whose first, second, and third modes correspond to sensor

locations, timestamps for 24 hours, and the observed days. We illustrated an example

of a tensor for spatio-temporal data analysis in Fig. 6.1. With this formulation, we

can naturally incorporate an assumption that daily or weekly periodicity can be found

in data and similar spatial patterns appear on different days. We can extract a few

numbers of spatial, temporal, and daily patterns into latent factors by decomposing

the tensor. However, since most existing tensor factorization methods do not consider

the non-negativity of data where observations only contain non-negative values, they

often result in messy and hard to interpret factors.

Unlike those tensor factorization methods, Non-negative Tensor Factorization

(NTF) [33], which leverages non-negativity, is effective for extracting interpretable

patterns from the non-negative data [48, 65]. This method has successively yielded

interpretable factors from various kinds of spatio-temporal data, such as location-

based social network services [50, 100], mobile phone GPS logs [42], log messages of
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network equipment [60], and traffic records of road networks [118]. However, NTF

was not applicable to the existence of missing values. To deal with missing values,

NTF was recently extended to learn the latent factors from a subset of elements

in a tensor, called the non-negative tensor completion [57, 116]. With this NTF,

we can interpolate missing values in data by learned latent factors. However, NTF

methods for the missing value completion problem suffer from overfitting when just

a few observations are available. Because they ignore spatial and temporal contex-

tual information such as the order of time stamps, weekly periodicity, the distances

between sensor locations and treats each feature of the tensor independently.

To incorporate such contextual information, most matrix/tensor factorization

methods have employed a graph Laplacian based regularizer for encouraging the

latent factors to be smooth with spatio-temporal dependencies [88]. The graph reg-

ularized non-negative matrix factorization [19] is a variant of such schemes and has

been widely utilized in many applications, however, it does not consider scenarios

where missing values exist and analyzing higher-order dimensional arrays.

Another choice for representing such auxiliary information is structured regular-

izers [9] that have become popular in the fields of machine learning, signal processing,

and data mining [25, 110]. For example, the fused lasso [103], which is also known as

the total variation, approximates parameters by piecewise-constant values with the

order of parameters. Since its estimated parameters have the same estimated value,

this is beneficial for finding segments of parameters. In a pioneering work [113], the

penalized matrix decomposition was proposed to utilize the fused lasso as a regu-

larizer on latent factors and was applied to a gene data analysis problem. They

presented latent factors easy to find gene segments rather than existing matrix fac-

torization methods incorporated the lasso regularizer. However, this method and its

subsequent works have only considered the fused lasso without incorporating more

general structured regularizer such as spatial dependencies of sensors, and also ig-

nored the non-negative properties and the existence of missing values.

In this chapter, we attempt to solve a problem of extracting latent factors from

spatio-temporal data where a lot of missing values exists. To tackle this problem, we

propose a novel NTF that learns factors by employing spatial and temporal auxiliary

information as regularizers. We utilize this information to represent phenomena of-

ten appear in spatio-temporal data, such as counts of vehicles passed roads smoothly
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grow or decrease or take the same value along with space and time. To exploit such

information, we introduce a regularizer that consists of both a graph-based Lapla-

cian regularizer and structured regularizers that incorporate not only the order of

features but also more general graph and group based structures [12, 101]. With our

regularizer, we can utilize various kinds of auxiliary information into NTF includ-

ing a daily and weekly periodicity, distances between sensor locations, and areas of

locations. Our proposed method is highly robust to the presence of a large portion

of missing values because it encourages latent factors to be smooth and flat with

spatial and temporal structures, where we regard segments of parameters that take

the same value as flat. To estimate the latent factors for our proposed method, we

present an efficient optimization procedure of the alternating direction method of

multipliers [16] that utilizes simple proximity operators of the conjugate gradient

method [88] and a parametric network flow algorithm [46].

We conducted missing value interpolation experiments with real-world traffic flow

data and compared the performance of our proposed method with existing NTF

methods. We demonstrate that our proposed method improved the interpolation

performances from existing NTF methods. We also show that our extracted factors

were interpretable to detect change points. Because our factors have segments, we

can easily find a boundary of segments as a change point.

5.2 Proposed model

We introduce a unified structured regularizer to employ both smooth and piecewise-

constant properties with auxiliary structures:

g(n)(u
(n)
k ) =

3∑

m=1

λmg
(n)
m (u

(n)
k ) + g

(n)
≥0 (u

(n)
k ), (5.1)

where λ1, λ2 and λ3 are the hyperparameters for each regularizer. We employ a Gen-

eralized Fused Lasso (GFL) [17, 114] and a Higher-Order Fused Lasso (HOFL) [101]

as g
(n)
1 and g

(n)
2 , respectively. g

(n)
3 corresponds to the Laplacian regularizer for ex-
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tracting smooth patterns. We use an indicator function for the non-negative region:

g
(n)
≥0 (u

(n)
k ) =





0 ( if ui,k ≥ 0, ∀i)
+∞ (otherwise)

. (5.2)

The GFL penalty is defined:

g1(u
(n)
k ) =

In∑

j=1

In∑

j′=1

w
(n)
j,j′

∣∣∣u(n)
j,k − u

(n)
j′,k

∣∣∣ . (5.3)

The GFL prefers parameters with the same value if they are adjacent on the given

graph, such as distances between sensor locations and temporal lags between time

stamps. The HOFL encourages parameters in a given group to take identical val-

ues [101]. With this regularizer, we can utilize auxiliary information, such as sensors

placed in a specific area that may output similar values and a group of time stamps

when a specific train leaves from a station. We denote the r-th group of features in

the n-th mode as g
(n)
r ⊆ Dn and a set of groups by G(n) = {g(n)

1 , · · · , g(n)
Rn
}, where Dn

and Rn are a set of elements in the n-th mode and the number of groups, respectively.

The weights of each element for the r-th group on the n-th mode are denoted by

c
(n)
r,m = c̄

(n)
r,m if m ∈ g(n)

r , and 0 otherwise, where c̄
(n)
r,m > 0. Then a simplified HOFL

penalty g2(u
(n)
k ) is given:

R∑

r=1

In∑

m=1

c
(n)
r,jm
|u(n)
jm,k
− ū(n)

r,jm,k
|+ θ(n)

r (u
(n)
sr,k
− u(n)

tr,k
), (5.4)

where θ
(n)
r > 0 is a hyperparameter that controls the consistency of the param-

eters in a group. ū
(n)
r,k is defined as ū

(n)
r,m,k = u

(n)
sk,k

(if m ≥ sk), u
(n)
tk,k

(if m ≤
tk) and u

(n)
jm,k

(otherwise) for distinct indices j1, j2, . . . , jIn ∈ Dn that correspond

to a permutation that arranges the entries of u
(n)
k in a non-increasing order. Thresh-

olding indices sr and tr are given as sk = min
{
m′ | ∑m′

m=1 c
(n)
r,jm
≥ θ

(n)
r

}
and tk =

min
{
m′ |∑In

m=m′ c
(n)
r,jm

< θ
(n)
r

}
.

For convenience, we denote ḡ(n)(u
(n)
k ) =

∑2
m=1 λmg

(n)
m (u

(n)
k ) + g

(n)
≥0 (u

(n)
k ). By

adopting our structured regularizers to the loss of NTF, we define the following
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minimization problem for our purpose:

Θ∗ = argmin
Θ

DΩ(X‖X̂ ) +
N∑

n=1

K∑

k=1

ḡ(n)(u
(n)
k ) + λ3g

(n)
3 (u

(n)
k ). (5.5)

Note that when λ1 = λ2 = λ3 = 0, our method is reduced to an original NTF.

When λ2 = λ3 = 0, our method can be regarded as a tensor extension of the graph-

regularized non-negative matrix factorization. Our method includes those methods

as special cases.

5.3 Parameter estimation

We present an efficient parameter estimation procedure for obtaining a local mini-

mizer of our proposed method. We employ a scaled formulation of the Alternating

Direction Method of Multipliers (ADMM) for NTF [57]. The minimization problem

for our proposed method can be rewritten:

min
Θ,Z

DΩ(X‖Z) +
N∑

n=1

K∑

k=1

ḡ(n)(u
(n)
k ) + g

(n)
3 (u

(n)
k )

subject to Z = X̂ ,u(n)
k = a

(n)
k (∀n, k), (5.6)

where Z and a
(n)
k are auxiliary variables, and PΩ is a projection function that only

retains the divergence of the observed elements. To solve our problem efficiently with

keeping both constraints and separability, we define an augmented Lagrangian for

our problem:

Lρ(A,B,Z) = DΩ(X‖Z) +
ρ

2
‖Z − X̂ + P‖2

F

N∑

n=1

K∑

k=1

ḡ(n)(a
(n)
k ) + g

(n)
3 (u

(n)
k ) +

ρ

2

∥∥u(n)
k − a

(n)
k + p

(n)
k

∥∥2

2
, (5.7)

where U and p
(n)
k are Lagrangian multipliers, and ρ is a step-size parameter, re-

spectively. We summarize the minimization procedure for our proposed method in

Algorithm 1. The minimization for ADMM can be efficiently calculated if a simple

minimization operator for each of each u
(n)
k and a

(n)
k exists.
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Algorithm 1: Alternative direction method of multiplier for our proposed non-
negative tensor factorization

Input : X ,Ω, λ1, λ2, λ3, K,U
(W )

Output: set of factor matrices A
1 Initialize parameters
2 Sample A, B, and Z from random distributions
3 repeat
4 Alternatively update parameters;

5 Z ← argminZ DΩ(X‖Z) + (ρ/2)‖Z − X̂ + P‖2
F

6 for n = 1 to N do
7 Update U (n) by solving Eq. (5.8)
8 for k = 1 to K do

9 Update a
(n)
k by solving Eq. (5.9)

10 end

11 P (n) ← P (n) + (P (n) −B(n))

12 end

13 P ← P + (X − X̂ )

14 until convergence;

The loss function with respect to U (n) and a
(n)
k contains the graph Laplacian reg-

ularizer and the non-separable graph-based and group-based penalties, respectively.

Thus the main difficulty with our proposed method lies in the minimization of U (n)

and a
(n)
k , whose minimization problems can be rewritten:

U (n) = argmin
U (n)

ρ

2
‖Z̄n −U (n)Vn

>‖2
2 +

ρ

2
‖U (n) − V̄n‖2

2 + λ3

K∑

k=1

g
(n)
3 (u

(n)
k ) (5.8)

a
(n)
k = argmin

a
(n)
k

ḡ(n)(a
(n)
k ) +

ρ

2
‖v̄(n)

k − a
(n)
k ‖2

2, (5.9)

where Z̄ = Z + U , Vn = �Nn=n′U
(n), V̄n = B(n) −U (n), and

¯
v

(n)
k = u

(n)
k + p

(n)
k . We

efficiently solve the minimization of Eq. (5.8) by using the fact that it corresponds

to the loss function of the graph regularized alternating least squares [88], which

approximately runs in O(nnz(L(n))K) (nnz(·) is the number of non-zero elements).

The minimization problem in Eq. (5.9) corresponds to the calculation of the

proximity operator, which is defined as: proxγh(θ) = argminθ h(θ) + 1
2γ
‖θ̂ − θ‖2

2. We

present a minimization procedure for Eq. (5.9) by leveraging the properties of the

proximity operator, and obtaining a minimizer for the sum of the non-negative indi-

69



cation function and other convex functions by the following property [102]: proxḡ(n) =

prox
g
(n)
≥0

◦ prox
λ1g

(n)
1 +λ2g

(n)
2

. Thus, if we have a minimizer for λ1g
(n)
1 + λ2g

(n)
2 , we can

attain the exact minimizer for ḡ(n) by setting negative parameters to zeros. A mini-

mizer for λ1g
(n)
1 +λ2g

(n)
2 can be simply calculated by employing a submodular function

minimization procedure. Because the penalty functions of GFL and HOFL are the

Lovász extensions [73] of the graph-representable submodular functions [45], we can

attain a minimizer for the sum of functions λ1g
(n)
1 + λ2g

(n)
2 by an efficient paramet-

ric network flow algorithm [25, 101, 114]. We show the details of our minimization

procedure for this function in the appendix.

5.4 Related Works

There has been a lot of articles in which NTF was applied to analyze spatio-temporal

data. Kimura et. al proposed a special NTF that decomposes a three-way tensor

into two-factor matrices and a three-mode tensor for extracting log messages related

to network failures [60]. Yang et. al proposed a combination of NTF without

regularizers and post-processing for modeling user activities [118]. Koh et. al pro-

posed an NTF that simultaneously decomposes multiple tensors to extract patterns

appeared among different tensors[100]. NTF was used to extract spatio-temporal

patterns from human-flow data [42]. However, all of those methods did not employ

regularizers into NTF and their methods were not applicable to missing values. One

exception is a paper of Sun et. al [99], in which they proposed a probabilistic non-

negative Tucker decomposition for discovering interactions among factors. However,

they did not incorporate the spatial and temporal structures into regularizers. Han

et. al proposed an extension of NTF for predicting future observations [50]. However,

they did not consider spatial structures. Our method can be applied to their frame-

work to utilizing spatial and temporal regularizers. The estimation procedures of

them were based on the multiplicative update rule and EM algorithm. Our proposed

method can utilize graphs and groups of spatial and temporal features to regularize

parameters and also employ ADMM as an estimation procedure.
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5.5 Experiments

We conducted missing value completion problems with a traffic flow data set provided

by City Pulse [3] and two bike-sharing system data sets recorded in Washington D.

C.1 and New York2 [3].

The traffic flow data consist of the numbers of cars that passed at 419 locations

every thirty minutes in Arhus City, Denmark. We picked 30 days from August 2nd

to 31st 2014, and constructed three-way tensor X ∈ R48×30×441 whose modes corre-

sponded to 48 daily time points, 30 days, and 441 observation locations, respectively.

From the bike-sharing system data in Washington D.C. and New York, we employed

15 days from April 1st to the 15th with 351 and 344 bike stations. We constructed

three-way tensors X ∈ R24×15×351 and X ∈ R24×15×44 whose values were the numbers

of bikes returned to the station in an hour. For the time mode, we utilized the adja-

cency of the time points as a graph. For the day mode, we employed the adjacency

of days and the days of the week as a graph and groups. For the location mode,

we used the inverse of the Euclid distance of GPS locations and clusters attained by

k-nearest neighbors (k = 5, 10) for a graph and groups.

We exploited the Euclid distance as the divergence in experiments. We com-

pared our proposed method (Proposed 1) and our proposed method with only the

graph Laplacian regularizer (Proposed 2, λ1 = λ2 = 0) with NTF estimated by

ADMM [57] (ADMM), NTF with the graph Laplacian regularizer [19] estimated by

a multiplicative update rule considering missing values (Multi+Lap) [36], and NTF

estimated by the multiplicative update rule (Multi). We set the proportion of ob-

servations to p = {0.1, 0.01, 0.005, 0.001}. By five-fold cross validation, we selected

K and other hyperparameters from K = {3, 5, 10} and {0.1, 1, 10}. We utilized the

normalized RMSE (NRMSE) and the normalized deviation (ND) as error measure-

ments:

NRMSE =

√
(1/|Ω|)

∑

(p,t)∈Ω

(xp,t − x̂p,t)2/Q, (5.10)

ND = (1/|Ω|)
∑

(p,t)∈Ω

|xp,t − x̂p,t|/Q, (5.11)

1https://www.capitalbikeshare.com
2http://www.citibikenyc.com/

71

https://www.capitalbikeshare.com
http://www.citibikenyc.com/


Table 5.1: NRAME for the traffic flow data of our proposed method (Proposed 1), our
proposed method with the graph Laplacian regularizer (Proposed 2), NTF estimated
by ADMM (ADMM), NTF with the graph Laplacian regularizer estimated by the
multiplicative update rule (Multi+Lap), and NTF (Multi)

p = 0.1 p = 0.01 p = 0.005 p = 0.001

Proposed 1 0.50 (0.00) 0.99 (0.03) 1.49 (0.03) 1.87 (0.01)
Proposed 2 0.51 (0.00) 1.12 (0.05) 1.49 (0.03) 1.89 (0.01)
ADMM 0.51 (0.00) 1.15 (0.03) 1.50 (0.02) 1.91 (0.00)
Multi+Lap 0.52 (0.00) 2.98 (1.86) 2.92 (1.00) 11.9 (11.7)
Multi 0.52 (0.00) 2.89 (2.22) 3.27 (1.80) 5.98 (6.24)

Table 5.2: NRAME for the bike-sharing record data of Washington D.C.

Method p = 0.1 p = 0.01 p = 0.005 p = 0.001

Proposed 1 1.67 (0.02) 2.14 (0.02) 2.21 (0.04) 2.43 (0.02)
Proposed 2 1.68 (0.01) 2.14 (0.05) 2.22 (0.05) 2.62 (0.08)
ADMM 1.68 (0.02) 2.21 (0.05) 2.32 (0.03) 2.47 (0.01)
Multi+Lap. 1.69 (0.01) 2.72 (0.22) 2.76 (0.24) 11.2 (4.62)
Multi 1.70 (0.01) 299.1 (405.7) 8.25 (4.87) 16.3 (3.13)

here Q = (1/|Ω|)∑(p,t)∈Ω |xp,t|. We ran our experiments five times with randomly

selected different missing values.

The results are shown in Tables 5.1, 5.2, 5.3, 5.4, 5.5 , and 5.6, where the left and

right values in a cell correspond to the average and the standard deviation of those

values. We confirmed that our proposed methods showed the best performance in

every setting. Our proposed method was robust to the appearance of a large por-

tion of missing values for every data set p = {0.01, 0.005, 0.001}. Our proposed

method with both the graph-based Laplacian and structured regularizer (Proposed

1) showed better or competitive performance with our proposed method with the

graph-based Laplacian regularizer (Proposed 2). Furthermore, our proposed method

with the graph-based Laplacian regularizer (Proposed 2) always outperformed the

same model estimated by the multiplicative update rule (Multi+Lap). This result

was caused by the benefits of simultaneously combining graph-based and structured

regularizers with graph and group structures. Thus our proposed model and param-

eter estimation procedure both contributed to the improvements on missing value

interpolations. The existing methods resulted in poor performances with settings

where a large portions of tensor elements were missing.

To check the qualitative performances of the interpretability, we showed the ex-
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Table 5.3: NRAME for the bike-sharing record data of New York

Method p = 0.1 p = 0.01 p = 0.005 p = 0.001

Proposed 1 0.98 (0.00) 1.28 (0.02) 1.42 (0.01) 1.62 (0.01)
Proposed 2 0.98 (0.00) 1.30 (0.03) 1.44 (0.01) 1.63 (0.01)
ADMM 0.98 (0.00) 1.34 (0.02) 1.49 (0.01) 1.65 (0.01)
Multi+Lap 1.00 (0.02) 27.2 (41.3) 5.68 (3.22) 1.86 (0.17)
Multi 1.00 (0.02) 53.7 (22.0) 26.6 (29.4) 3.04 (1.03)

Table 5.4: ND for the traffic flow data of our proposed method (Proposed 1), our
proposed method with the graph Laplacian regularizer (Proposed 2), NTF estimated
by ADMM (ADMM), NTF with the graph Laplacian regularizer estimated by the
multiplicative update rule (Multi+Lap), and NTF (Multi)

Method p = 0.1 p = 0.01 p = 0.005 p = 0.001

Proposed 1 0.27 (0.00) 0.46 (0.01) 0.70 (0.01) 0.92 (0.01)
Proposed 2 0.28 (0.00) 0.51 (0.02) 0.71 (0.02) 0.94 (0.00)
ADMM 0.28 (0.00) 0.53 (0.01) 0.73 (0.01) 0.94 (0.00)
Multi+Lap 0.28 (0.00) 0.61 (0.08) 0.78 (0.02) 1.19 (0.16)
Multi 0.28 (0.00) 0.60 (0.08) 0.81 (0.04) 1.18 (0.24)

tracted factors of proposed method (Proposed 1) and existing NTF with the Lapla-

cian regularizer (Multi+Lap) from traffic flow data in Figs. 5.2, 5.3, 5.4, 5.5, 5.6,

and 5.7, where p = 0.1. The degree of freedom (DoF) in Figures corresponded the

number of segments in a factor matrix. Thanks to the Laplacian and structured reg-

ularizers, proposed method extracted the interpretable latent factors in which both

smooth and flat properties appeared, whose DoF of parameters in factor matrices

were extremely less than that of NTF with the Laplacian regularizer. Our factors

with low DoF were easy to find change points. For example, the blue factor had a

change at 3 am and gradually grew until 6 am. Then it took the constant values until

3 pm in Fig. 5.2. This factor also has the same value from day 2 to day 6 and from

day 8 to day 13. Thus, we can easily understand that the blue factor in Figs. 5.2

and 5.4 corresponded to activity that occurred in weekday during daylight with a

spatial pattern in Fig. 5.6. However, NMF with the Laplacian regularizer resulted

in messy factors. We also showed that of bike-sharing data in Washington D.C. in

Figs. 5.8, 5.9, 5.10, 5.11, 5.12, and 5.13. Our proposed method also extracted more

interpretable patterns than existing NTF. For example, the yellow factor of ours in

Fig. 5.8 had a change point at 8 am. After it had taken a peak at 12 am, it kept

the same value from 1 pm to 5 pm. Then its value gradually decreased to zero. The
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Table 5.5: ND for the bike-sharing record data of Washington D.C.

Method p = 0.1 p = 0.01 p = 0.005 p = 0.001

Proposed 1 0.81 (0.00) 0.91 (0.01) 1.04 (0.02) 1.04 (0.08)
Proposed 2 0.81 (0.01) 0.91 (0.00) 1.04 (0.02) 1.05 (0.09)
ADMM 0.81 (0.01) 0.91 (0.01) 1.10 (0.01) 1.20 (0.01)
Multi+Lap 0.81 (0.00) 1.19 (0.05) 1.51 (0.15) 1.99 (0.54)
Multi 0.81 (0.00) 9.70 (6.91) 1.44 (0.10) 2.56 (0.31)

Table 5.6: ND for the bike-sharing record data of New York

Method p = 0.1 p = 0.01 p = 0.005 p = 0.001

Proposed 1 0.60 (0.00) 0.72 (0.01) 0.81 (0.01) 0.93 (0.01)
Proposed 2 0.60 (0.00) 0.73 (0.01) 0.82 (0.01) 0.93 (0.01)
ADMM 0.60 (0.00) 0.74 (0.01) 0.84 (0.01) 0.94 (0.01)
Multi+Lap 0.60 (0.00) 2.13 (1.48) 1.53 (0.21) 1.05 (0.05)
Multi 0.60 (0.00) 4.48 (0.79) 2.51 (0.95) 1.21 (0.07)

yellow factor in Fig. 5.10 had the same high value on day 2, 3, 9, and 10. Thus,

we confirmed that this factor indicated a weekend afternoon activity with a spatial

pattern in Fig. 5.12. Similar interpretations can be obtained from other factors of

ours.

5.6 Summary

In this chapter, we proposed a structurally regularized non-negative tensor factor-

ization that incorporated both the graph Laplacian and the structured regularizers

on latent factors. For the structured regularizer, we employed the generalized fused

lasso and the higher-order fused lasso to represent both graph-based and group-based

information in time and space. We introduced a flexible and efficient parameter esti-

mation method based on the alternating direction method of multipliers and showed

a proximity operator for our unified structured regularizer. With experiments on

a missing value imputation problem of three data sets, we confirmed that our pro-

posed method showed the best quantitative performance and successfully extracted

more interpretable latent factors than the existing non-negative tensor factorization

methods.
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5.7 Appendix

Although the issue in Eq. (5.9) is a general problem containing the previous prob-

lems [17, 101, 114] as special cases, we can solve it in a similar manner as these

works. We first briefly introduce the parametric optimization method for a non-

decreasing set function. Let α ∈ R≥0, and define set function lα(S) = l(S)− α1(S)

(∀S ⊂ V ), where 1(S) =
∑

i∈S 1. Then if l is a non-decreasing submodular function,

then there exists a set of r + 1 (≤ |V |) subsets: S∗ = {S0 ⊂ S1 ⊂ · · · ⊂ Sr}, where

Sj ⊂ V , S0 = ∅, and Sr = V , and r + 1 subintervals Qr of α: Q0 = [0, α0), Q1 =

[α1, α2), · · · , Qr = [αr,∞), such that, for each j ∈ {0, 1, · · · , r}, Sj is the unique max-

imal minimizer of hα(S),∀α ∈ Qj. A minimizer of Eq. (5.9) t∗ = (t∗1, t
∗
2, · · · , t∗|V |) is

then determined: t∗i =
f(Sj+1)−f(Sj)

1(Sj+1\Sj)
, ∀i ∈ (Sj+1 \ Sj), j = (1, · · · , r). We introduce

two lemmas [79] to see that l is a non-decreasing submodular function.

Lemma 1 (Lemma) For any η ∈ R and submodular function h, t∗ is an op-

timal solution to mint∈B(l) ‖t‖2
2 if and only if t∗ − η1 is an optimal solution to

mint∈B(l)+η1 ‖t‖2
2.

Lemma 2 (Lemma) Set η = maxi=1,··· ,|V |{0, l(V \ {i})− l(V )}, and then l+ η1 is

a non-decreasing submodular function.

With Lemma 2, we solve

min
S⊂V

f(S)− ẑ(S) + (η − α)1(S), (5.12)

and apply Lemma 1 to obtain a solution to the original problem. With fixed α,

we can efficiently attain the optimal of Eq. (5.12) because this is a minimum cut

problem.

Proposition 1 The problem in Eq. (5.12) is equivalent to a minimum s/t-cut prob-

lem.

Proof 1 Each component in f is graph-representable. The graph is obtained due

to the additive property of the graph-representative submodular functions, where the

groups of parameters are represented with hyper nodes uk1, u
k
0 that corresponds to each

group, and the capacities of the edges between hyper and ordinal nodes vi ∈ V .

75



The attained graph includes both of the GFL and HOFL graphs as spacial cases.

As a consequence, we can attain a sequence of solutions for all α of the parametric

s/t minimun-cut problem (5.12) using an efficient parametric-flow algorithm, such

as [46], that runs in O(|V ′||E ′| log(|V ′|2/|E ′|)) as the worst case and |V ′| and |E ′|
are the number of nodes and edges of the graph.
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Figure 5.2: Time factors of Proposed 1 on the traffic flow data
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Figure 5.3: Time factors of Multi+Lap on the traffic flow data
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Figure 5.4: Day factors of Proposed 1 on the traffic flow data
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Figure 5.5: Day factors of Multi+Lap on the traffic flow data
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Figure 5.6: A spatial pattern of the blue factor of Proposed 1 on the traffic flow data

Figure 5.7: A spatial pattern of the blue factor of Multi+Lap on the traffic flow data
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Figure 5.8: Time factors of Proposed 1 on the bike-sharing data of Washington D.C.
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Figure 5.9: Time factors of Multi+Lap on the bike-sharing data of Washington D.C.
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Figure 5.10: Day factors of Proposed 1 on the bike-sharing data of Washington D.C.
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Figure 5.11: Day factors of Multi+Lap on the bike-sharing data of Washington D.C.
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Figure 5.12: A spatial pattern of the yellow factor of Proposed 1 on the bike-sharing
data of Washington D.C.

Figure 5.13: A spatial pattern of the yellow factor of Multi+Lap on the bike-sharing
data of Washington D.C.
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Figure 5.14: Minimum s/t-cut problem of Problem (5.12). Given graph G = (V ′, E ′)
for our proposed method, capacities of edges c(v′i, v

′
j) are defined as: c(s, uk) = θk,

c(vi, vj) = wi,j, c(uk, vi) = ck,i, c(s, vi) = zi − (γ − α) if zi > γ − α, and c(vi, t) =
(γ−α)−zi if zi < γ−α. Nodes uk k = (1, · · · , K) are hyper nodes that correspond to
the groups gk. And s, t, and vi are source, sink, and parameters nodes, respectively.
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Chapter 6

Autoregressive Tensor

Factorization for Spatio-temporal

Predictions

6.1 Introduction

High-resolution spatial-temporal data covering a wide area have become available

due to highly effective and inexpensive sensor monitoring systems, which provide rich

and complex information about our cities and its civic activities. Spatio-temporal

data analysis, which is a common research topic for understanding specific phenom-

ena by inspecting such data, has been considered in various fields, including spatial

statics [75], spatial economics [5], climatology [41, 126], remote sensing [35], spatial

ecology [47], and public health [105, 107]. A unique property of spatio-temporal

data is providing where and when the data were observed. By utilizing this prop-

erty, researchers have tried to interpolate observations of unknown locations from

known locations and predict future observations from past time points. The most

challenging problem in such analysis is to predict observations of unknown locations

because that requires methods that simultaneously capture spatial and temporal

dependencies and leverage them. Such predictions must be beneficial for detecting

spatial and temporal demands, for example, helping taxi allocation services dispatch

vehicles. Sharing economy services starts forecasting consumer demands for sharing
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bikes, rides, or the accommodations of new service locations.

In modern situations, the number of observed locations in an area covered by a

sensor monitoring system exceeds hundreds or thousands, and each sensor is equipped

with multiple types of data sources. New observations are sent every hour or less

often over several weeks or months. For example, a bike-sharing service in New York

City consists of three hundred bike stations and observes the number of bikes at

the station every 30 minutes. An air quality monitoring system contains dozens of

monitoring posts covering Beijing City and every hour provides multiple types of

observations, such as, PM25, PM10, NO2, temperature, and humidity [125]. Unfor-

tunately, it remains difficult for a monitoring system to cover an entire region of a

city with moderate resolution, because a trade-off exists between the number or type

of sensors and the size of the covered area. On the other hand, because inexpensive

monitoring systems are not robust, these data almost always contain observation

failures due to errors of sensor equipment, data transmissions, or storage malfunc-

tions [67]. Therefore, not only the size and multiple types of data but also dealing

with missing values are problematic for analyzing the current spatio-temporal data.

A vector autoregressive model (VAR) and Gaussian processes (GP) [89] are com-

mon choices to make a prediction from a multivariate time-series. These methods

incorporate linear or non-linear spatial and temporal correlations into predictions.

However, when we attempt to analyze a multivariate time-series, VAR and GP need

exponential computational costs [11, 14]. Thus, these models are infeasible to analyze

large-size spatio-temporal data.

Alternatives for large-scale spatio-temporal data analysis are matrix/tensor fac-

torization techniques [11, 21, 67, 88, 121]. These methods employ tensor formulation

X for multiple types of a multivariate time-series, whose first, second, and third

modes correspond to the number of P univariate time-series, time-stamps T , and M

observation type, and decompose the tensor into a few latent factors. Tensor factor-

ization methods scale linearly as with P , T , and M and easily handle the missing

values in the data. We illustrate a tensor formulation for spatio-temporal data on the

left of Fig. 6.1. When we attempt to predict the future taxi demands of new business

locations by analyzing past trip records, the problems can be regarded as estimating

three-colored blocks from existing business district data (white block X ). The inter-

polation problem is to estimate the past demands of the new locations (blue block
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Figure 6.1: Tensor factorization for multiple types of spatio-temporal data. Blocks
X1, X2, and X3 correspond to problems of interpolation of unknown locations, pre-
diction of known locations, and prediction of unknown locations, respectively.

X1). Similarly, the task of predicting the existing business districts corresponds to

estimates of the green block X2. The outputs are predictions for the future demands

of the new business locations (red block X3).

To incorporate spatial and temporal dependencies into decomposition, most exist-

ing factorization methods have adopted graph-based regularizers [88] that encourage

latent factors to be smooth with auxiliary graph representing spatial and tempo-

ral structures. These methods demand a previous inference of weighted spatial and

temporal graph matrices, however, there is almost no unified guideline for mak-

ing such matrices [4, 121]. Thus, the performance of those methods heavily relies

on the choices of weights and graph structures. Furthermore, these methods fall

short in cases where negative correlations appear. Yu et al. [121] recently proposed a

novel method called temporal regularized matrix factorization (TRMF), which intro-

duced an autoregressive regularizer into factorization frameworks. By simultaneously

learning latent factors and temporal dependencies, TRMF showed considerable im-

provement on predicting the future observations of known locations. However, they

did not consider the problem of learning spatial dependencies. Thus, the question

remains open whether we can make accurate interpolations and predictions for un-

known locations.

In this chapter, we tackle the problem of interpolating and predicting the future

observations of unknown locations. To solve it, we propose a new tensor factoriza-

tion method that decomposes a tensor into latent factors by simultaneously learning

the spatial and temporal autocorrelations in each latent factor. We introduce spa-
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tial autoregressive regularizers based on traditional autoregressive models, known as

the two-dimensional autoregressive model [39] and the simultaneous autoregressive

model [7]. By combining our spatial autoregressive regularizer and temporal reg-

ularizers [121], we can predict the feature observations of unknown locations. In

addition, by utilizing a property that all observations in data take only non-negative

values, we can extract more robust and interpretable latent factors from spatial-

temporal data. To estimate factor matrices and coefficients for spatial and temporal

autoregressive models, we show a computationally efficient procedure. We experi-

mentally assess the predictive performances of our proposed method on five publicly

available spatio-temporal data sets and demonstrate how it significantly improved

the predictive accuracy on interpolating and predicting the observations of unknown

locations.

6.2 Preliminaries

6.2.1 Tensor factorization methods

We represent spatio-temporal data observed from P locations with T time-stamps

and M types of data sources as a three-way tensor, X ∈ RP×T×M . A set of ob-

served elements in X is represented as Ω = {(p, t,m) | xp,t,m is observed.}. We

denote a rank-K factor matrix for each mode as U (1) ∈ RP×K , U (2) ∈ RT×K , and

U (3) ∈ RM×K where K � min(P, T,M). We employ CP decomposition as a tensor

factorization model in this chapter, because the computational costs of the Tucker

decomposition model are much higher than CP decomposition. An empirical loss

function of a tensor factorization (or completion) method with regularizers is defined

as:

L(U (1),U (2),U (3))

=
∑

(p,t,m)∈Ω

(
xp,t,m −

K∑

k=1

u
(1)
p,ku

(2)
t,ku

(3)
m,k

)2
+

2∑

n=1

λngn(U (n))

=
∥∥PΩ(X − C ×1 U

(1) ×2 U
(2) ×3 U

(3))
∥∥2

2
+

2∑

n=1

λngn(U (n)), (6.1)
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where we denote gn, λn, C ∈ RK×K×K and PΩ(·) as a penalty function, a hyperpa-

rameter for the n-th mode, a unit diagonal core tensor, and a projection function

that only retains the entries of observed values, respectively. The first term of the

above equation represents the discrepancy between actual observed value xp,t,m and

its estimation x̂p,t,m =
∑K

k=1 u
(1)
p,ku

(2)
t,ku

(3)
m,k ∈ X̂ . The second term is a sum of the

regularizer functions that encourage factor matrices to represent specific structures.

The goal of the tensor factorization (completion) method is to learn optimal factor

matrices Θ that minimize the empirical loss function:

argmin
Θ

L(U (1),U (2),U (3)). (6.2)

We can attempt to solve the predictive problems in Fig. 6.1 by utilizing extracted

factor matrices. The estimation for interpolation (blue block X1) can be obtained

by an inner product of C ×1 U
(1)

new ×2 U
(2) ×3 U

(3). Similarly, the predictions of

known locations (green block X2) correspond to C ×1 U
(1) ×2 U

(2)
new ×3 U

(3). To

predict the future observations of unknown locations, we estimates red block X3 by

C ×1 U
(1)

new ×2 U
(2)

new ×3 U
(3).

A common choice for penalty function gn is absolute function ‖U (n)‖1, also known

as the lasso, that takes sparsity assumptions into the factor matrices. However, this

regularizer is not appropriate for spatio-temporal data analysis because it indepen-

dently imposes absolute loss on each parameters without considering the spatial and

temporal dependencies among the features. It is invariant to permutations of the

features on each mode.

Another popular choice of penalty function is a indicator function onto the non-

negative region P≥0(U (n)), which can be defined as:

P≥0(U (n)) =





0 if (u
(n)
i,k ≥ 0,∀(i, k)),

+∞ otherwize
. (6.3)

Non-negative tensor factorization methods [33, 117] employ this function to put an

assumption that latent factors of a tensor whose elements have only non-negative

values should be also non-negative. With this regularization, non-negative tensor

factorization prevents overfitting and results in more interpretable factor matrices

than tensor factorization methods without this regularizer [48].
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A graph Laplacian regularizer has been widely applied to tensor factorization

methods to adopt spatial and temporal dependencies on its decomposition. Denote

a weighted adjacency matrix for the n-th mode factor matrix as W (n) ∈ RIn×In .

Laplacian matrix L(n) can be defined as: L(n) = D(n) −W (n), where D(n) is a

diagonal matrix whose elements are the sums of each row of W (n). Then the graph

Laplacian regularizer can be represented as:

gn(U (n)) =
K∑

k=1

u
(n)
k

>
L(n)u

(n)
k

=
K∑

k=1

In∑

i=1

In∑

j=1

w
(n)
i,j (u

(n)
i,k − u

(n)
j,k )2. (6.4)

When we set a large weight value in the adjacency matrix, the penalty function

prefers that the adjacent parameters in a factor matrix take similar values. Thus, we

can induce smoothness with the auxiliary structures by this regularizer. Although it

has been shown useful in spatio-temporal analysis, however, the construction for the

weights of the adjacency matrix depends on the user’s choice. A common problem

is that explicit dependency information, like spatial and temporal features, is not

available, even if we have such information, these pre-constructed weights are not

suitable for the latent factors. Moreover, this formulation cannot capture the negative

correlation among locations or time-stamps.

6.2.2 Autoregressive models

The vector autoregressive model (VAR) employs the autocorrelations of a multivari-

ate time-series to predict the future observations. Denote a multivariate time-series

yt ∈ RK , lag set L, and weights A = {Al ∈ RK×K | l ∈ L}. A VAR model

approximates vector yt by a weighted sum of previous ones with Gaussian noises

εt: yt =
∑

l∈LAlyt−l + εt. Yu et al. [121] proposed a temporal regularizer that

corresponds to this AR model:

1

2

T∑

t=L̄

∥∥yt −
∑

l∈L

Alyt−l
∥∥2

2
+
η

2

T∑

t=1

‖yt‖, (6.5)
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where L̄ = 1 + max(L) and η is a weight parameter for `2 norm term. To prevent

overfitting, they considered diagonal Al that reduced the VAR model to a univariate

AR model.

In the field of social economics, the simultaneous autoregressive (SAR) model

is a popular method to analyze spatial data [7] by incorporating spatial autocorre-

lations into regression frameworks in a different way from the 2D-AR model. We

denote weighted adjacency matrix W ∈ RP×P whose row vector is normalized to
∑P

p′=1wp,p′ = 1. Thus W is a single stochastic matrix. SAR can be defined as:

y = ρWy + ε, (6.6)

where ρ ∈ R is a parameter for modeling a spatial gap among sensor locations.

The two-dimensional autoregressive (2D-AR) model [39] was proposed in the

field of computer vision to take into account the spatial autocorrelations in image

analysis. Denote vector y ∈ RP whose element yp corresponds to an observed value

of the (i, j)-th pixel in an image. We represent a spatial lag set with L-th order as

E = {(r, s) | 1 ≤ r < L ∪ 1 ≤ s < L} and weights as Θ = {br,s | (r, s) ∈ E}. The

2D-AR model assumes that an observed value of y is a weighted sum of its neighbors

with Gaussian noise:

yi,j =
∑

(r,s)∈E

br,syi+r,j+s + ε. (6.7)

The 2D-AR model has been successful in various tasks, such as estimating the ob-

servations of an image. However, because this method was designed for computer

vision, it is only applicable for a set of locations having a grid shape.

6.3 Proposed method

6.3.1 Autoregressive tensor factorization

The tensor factorization method decomposed a tensor into K latent factors in which

different spatial and temporal patterns were extracted. Thus, it is natural to sup-

pose different spatial and temporal dependencies or autocorrelations also exist in

each factor. To incorporate this idea, we propose a tensor factorization method
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that incorporates autoregressive regularizers as penalty functions on the spatial and

temporal modes. We define our proposed method as:

L(U (1),U (2),U (3))

= ‖PΩ(X − C ×1 U
(1) ×2 U

(2) ×3 U
(3))‖2

2 +λ1g1(U (1), A) + λ2g2(U (2), B), (6.8)

where g1 and g2 are our spatial autoregressive regularizer and the temporal autore-

gressive regularizer [121]. In addition, when all of the observed elements of tensor

X are non-negative, we can add the non-negative constraints on factor matrices by

putting the indicator function onto the non-negative region as:
∑3

n=1P≥0(U (n)). We

denote the parameters of the spatial and temporal regularizers for each factor as A

and B. Note that this formulation can be generalized to more higher-order tensors.

For learning the spatial dependencies of latent factors, we propose two variants of

spatial regularizers based on the spatial autoregressive models that were introduced

in Section 6.2.2. The main advantage of this formulation is that our proposed method

does not demand previous inference of the spatial and temporal dependencies. This

method can learn the individual dependencies suitable for each latent factor.

6.3.2 Spatial autoregressive regularizer

Unlike the existing assumption of the 2D-AR model, the locations of sensors are not

always placed in a grid shape due to the topological condition of the road networks

or the purpose of the sensors. Thus, this method is inapplicable to spatio-tempral

data analysis. The SAR model is a common choice for dealing with such non-grid

locations of sensors. However, since its parameter consists of a single scalar ρ, its

capability to detect the spatial dependency is limited.

To solve these problem, we propose a directed autoregressive (DAR) regularizer

that is a generalization of both the 2D-AR model and the SAR model. Our key

assumptithat there is a direction based dependency among sensor observations and

thus an observation of a sensor can be approximated by a sum of these coefficients,

distance based weights, and observations of its neighbors. We illustrate the main

idea of our DAR in Fig. 6.2. We split the 2π angle into N discrete directions and

define the coefficient parameters for each direction.

Denote the coefficients for our DAR model as B = {bk,n | ∀(k, n)}, the k-nearest
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Figure 6.2: Two-dimensional autoregressive model and our directed autoregressive
model. Our method splits the 2π angle into N discrete parts.

neighbors of the p-th location as Ep, and the normalized weights between the p-th

location and its neighbors as wp,p′ ∈ R≥0 where
∑

p′∈Ep
wp,p′ = 1. We define a penalty

function of our DAR regularizer as:

gDAR(U (1), B) =
K∑

k=1

P∑

p=1

(
u

(1)
p,k −

∑

p′∈Ep

bk,np′
wp,p′u

(1)
p′,k

)2

+
η

2
‖u(1)

k ‖2
2, (6.9)

where np′ indicates the direction from the p-th location to the p′-th location. The

normalized weights can represent the inverse distance between locations and, in ad-

dition, avoid the problem when all of its neighbors are in the same direction as SAR

model.

We add the `2 loss term with parameter η to assure strong convexity for our

penalty function, which can be rewritten in simple formulation:

gDAR(U (1), B) =
K∑

k=1

∥∥∥u(1)
k − B̄ku

(1)
k

∥∥∥
2

2
+
η

2
‖u(1)

k ‖2
2. (6.10)

We denote matrix B̄k ∈ RP×P whose elements are set to:

b̄k,p,p′ =




bnp′ ,k

wp,p′ (if p′ ∈ Ep),
0 (otherwise)

. (6.11)

In a similar way, we introduce a spatial autoregressive regularizer (SAR) employing
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the simultaneous autoregressive model:

gSAR(U (1), ρ) =
K∑

k=1

∥∥∥u(1)
k − ρkW (1)u

(1)
k

∥∥∥
2

2
+
η

2
‖u(1)

k ‖2
2. (6.12)

6.3.3 Parameter estimation

We propose an alternative minimizing procedure to attain a minimizer for our pro-

posed method by rewriting our loss function as a constrained minimization prob-

lem [20]:

min
Θ,Θ1,Θ2

‖Z − C ×1 U
(1) ×2 U

(2) ×3 U
(3)‖2

2 + λ1g1(U (1),Θ1) + λ2g2(U (2),Θ2)

subject to PΩ(X − Z). (6.13)

Since our loss function is multi-convex, which means that the loss function is non-

convex but convex as with each block parameter, we can easily alternatively update

each block parameter in an efficient manner.

Updating Θ1: From the definition, penalty function gDAR for bk = (bk,1, . . . , bk,N)>

takes the following form:

gDAR(Bk) =
P∑

p=1

(
u

(1)
p,k −

∑

p′∈Ep

bk,np′
wp,p′u

(1)
p′,k

)2

+
η

2
‖u(2)

k ‖2
2. (6.14)

This is a convex quadratic function, and thus we can obtain a minimizer by solving

an ordinal least square problem:

b∗k = (SS> + ηIN)−1Su
(1)
k , (6.15)

where we denote a diagonal matrix with the N dimension as IN . We use matrix

S ∈ RN×P to denote sn,p =
∑

p′∈En,p
wp,p′u

(1)
p′,k, where En,p = {p′ | p′ ∈ Ep ∪ np′ = n}.

Penalty function gSAR for ρk equals a loss function of the SAR model:

gSAR(ρk) =
K∑

k=1

‖u(1)
k − ρkW (1)u

(1)
k ‖2

2 +
η

2
‖u(1)

k ‖2
2. (6.16)

There are many parameter estimation methods for the SAR model. The cheapest
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solution is an ordinal least square solution; however, since this solution is biased [6],

we use a maximum likelihood solution as an optimal parameter for ρk.

Updating Θ2: A parameter estimation problem for wl equals solving the ridge

regression problem [121], which we can solve by Cholesky factorization whose com-

putational cost is O(|L|3 + T |L|2).

Updating U (1): The minimization problem for U (1) can be defined as:

min
U (1)
‖Z1 −U (1)V >‖2

F + λ1

K∑

k=1

‖u(1)
k −Gku

(1)
k ‖2

2 +
η

2
‖u(n)

k ‖2
2, (6.17)

where V = U (2) ⊗ U (3) and Gk is set to Bk or ρkW . Because this is a convex

minimization problem, we alternatively update each factor vector u
(1)
k by solving a

least square problem:

min
u
(1)
k

‖Ẑ1 − u(1)
k vk

>‖2
F + λ1‖u(1)

k −Gku
(1)
k ‖2

2 +
η

2
‖u(n)

k ‖2
2, (6.18)

where we use Ẑ1 to denote Z1 −
∑

k′ 6=k u
(1)
k vk

>. By setting the gradient of the loss

function in Eq. (6.18) to zero, we get a linear equation:

Hku
(1)
k − Ẑ1vk = 0, (6.19)

where Hk = (vkvk
>+λ1)IP −λGk. In this chapter, we employ a conjugate gradient

method [88]. For the above equation, the computational complexity of each step

of it is O(nnz(Hk) + P ), where nnz is the number of non-zero elements in Hk.

In our method, since P � nnz(Hk), the complexity for all of the latent factors

approximately equals O(
∑K

k=1 nnz(Hk)). When we put the non-negative constraint

on factor matrices, we obtain a minimizer by applying a projection function to the

outputs of the conjugate gradient method:

u
(n)
p,k =




u

(n)
p,k (if u

(n)
p,k ≥ 0),

0 otherwise
. (6.20)
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Updating U (2) and U (3): The minimization problem for U (2) can be defined as:

min
U (2)
‖Z2 −U (2)V2

>‖2
F + λ2

K∑

k=1

u
(2)
k

>
L

(2)
k u

(2)
k +

η

2
‖u(n)

k ‖2
2, (6.21)

where V2 = (U (1)⊗U (3)) . Since this problem belongs to a class of graph regularized

alternating least squares, we can obtain a minimizer by applying a conjugate gradient

descent algorithm [88] that runs in O(nnz(L
(2)
k )K). Then, we utilize the projection

function if we employ the non-negative constraint. We update factor matrix U (3) in

a similar manner.

Algorithm 2: Alternative minimization algorithm for our proposed method

Input : X ,Ω, λ1, λ2, K,N,Ep,W
(1), L, η

Output: U (1),U (2),U (3)

1 Initialize parameters
2 for n = 1 to 3 do
3 Matricization X to obtain Xn
4 Initialize U (n) and Θn with random values

5 end
6 repeat
7 Alternatively update parameters;

8 Update Z by X̂ + PΩ(Z − X̂ )

9 Update U (1) by Eq. (6.19)

10 Update U (2) and U (3) by Eq. (6.21)
11 for n = 1 to 2 do
12 if λn > 0 then
13 Update Θn by Eq. (6.15), (6.16), or [121]
14 end

15 end

16 until convergence;;

6.4 Related works

A vector autoregressive model (VAR) is a common choice to make a prediction from a

multivariate time-series. When we attempt to analyze a multivariate time-series that

consists of P locations and T time stamps, a VAR model with L time order contains

O(LP 2) parameters and its estimation needs O(TL2P 4) computational costs. Thus,
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VAR models are infeasible to analyze large-size spatio-temporal data [121]. Another

popular method for spatio-temporal data analysis is Gaussian processes (GP) [89],

which incorporate non-linear spatial and temporal correlations into predictions. For

the interpolation problem, the computational complexity of the exact GP amounts

to O(P 3T 3) [14]. An inexact GP using a subset of data points can handle spatio-

temporal data with moderate sizes of T and P . However, this method often falls

short because of the difficulty of capturing spatio-temporal dependency from a small

subset. This method needs an additional procedure so that practitioners carefully

choose the kernel functions.

Graph-based regularizers, such as a Laplacian regularizer [96], have been suc-

cessfully utilized in tensor factorization methods [19, 68, 81, 88]. For example, Cai

et al. proposed a tensor factorization method that employed such a regularizer to

encourage smooth latent factors with spatial dependencies [21]. To represent the

temporal smoothness of factors, this method employed the multi-linear dynamical

systems [28, 91, 98]. However, the orders of the temporal dependencies for these

methods were restricted to very small values, for example, L = 1 [21], thus these

methods result in poor performance for long-term prediction problems.

Yu et al. [121] recently proposed a state-of-the-art method called temporal regu-

larized matrix factorization (TRMF), which introduced an autoregressive regularizer

into matrix factorization frameworks. By simultaneously learning latent factors and

temporal dependencies, TRMF showed considerable improvement on predicting the

future observations of known locations. However, all of aforementioned methods

including TRMF only utilized a previously inferred spatial weighted matrix to en-

courage spatial smoothness of the spatial factor matrices.

Bahadori et al. proposed a fast multivariate spatio-temporal analysis method

based on tensor regression frameworks [11], in which a VAR model and a graph-based

regularizer were combined with tensor factorization methods. By employing higher-

order VAR models, this method showed considerable improvement on the predictions

of known places and interpolations from existing analysis methods, including the

multi-task Gaussian process [14]; however, it only employed a prefixed spatial matrix

to represent spatial dependencies.
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6.5 Experiments

In this section, we evaluate the performance of our proposed method by predicting

and interpolating experiments with five publicly available data sets.

6.5.1 City traffic demand prediction experiments

We employed a taxi transportation record data set provided by the NYC Taxi and

Limousine Commission1 and two bike-sharing system data sets [123] recorded in New

York2 and Washington D. C.3. With the taxi data set, we conducted a task that

predicted the number of customers dropped off by taxis in NY. Since, the records

included in this data set consists of GPS locations, we constructed grids whose areas

correspond to 500m2. The problem for the bike-sharing system data sets were to

predict the number of customers who returned bicycles to bike stations. The number

of observing locations for the taxi data, bike-sharing system data in D.C. and NY

were 640, 351, and 344, respectively. Observations were sent every 30 minutes.

We used the records for the two weeks in each data set. We picked each of

past seven days as a test day and the seven days before the test day as training

data. Then we randomly selected 10% of the locations as unknown test locations

and used the remaining locations as known training locations. We used our pro-

posed method with the DAR regularizer (DAR), the DAR regularizer with the non-

negative constraints (DAR+NN), the SAR regularizer (SAR), and the SAR regu-

larizer with the non-negative constraints (SAR+NN). We compared our proposed

method with Gaussian processes (GP) [89], the fast multivariate spatio-temporal

analysis method (FAST) [11], and temporal regularized matrix factorization (TRMF) [121].

Because FAST is not able to make predictions of unknown locations, we first inter-

polated observations of unknown locations and then made predictions.

For the spatial regularizer W (1) of our proposed method, we employed the k-

nearest neighbor graph whose weight was set to a Gaussian similarity measure wp,p′ =

exp(−‖rp − rp′‖2
2/σ

2) [82], where rp is a GPS location for the p-th sensor and σ is

a scaling parameter, and then normalized each row. Since the difference of GPS

locations are relatively small, we set σ = 100. For FAST and TRMF, we utilized

1http://www.nyc.gov/html/tlc/html/about/trip_record_data.shtml
2http://www.citibikenyc.com/
3https://www.capitalbikeshare.com
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the fully connected graph laplacian matrix whose elements were set to a Gaussian

similarity measure. For our proposed method with the DAR regularizer, we set the

number of angle divisions N to 4 or 8 and the number of nearest neighbors K of

locations with the Euclid distance to 4 or 8. HYper parameters λ1 and λ2 were set

to {0, 0.1, 1.0, 10.0}. We tuned the hyperparameters by five-fold cross validation.

For GP, we used 5, 000 randomly sampled data points for training and optimized

the hyperparameters by the maximum likelihood estimation procedure. We used

publicly available matlab codes for the GP, FAST, TRMF, and tensor calculus [10].

The performances of each method were assessed on three different types of pre-

dictive tasks. The first task predicted future observations on unknown locations (X3).

The second predicted future observations on already known locations (X2). The last

interpolated observations on unknown locations (X1). Based on previous work [121],

we utilized the normalized deviation (ND) and the normalized RMSE (NRMSE) as

error measurements: ND = (1/|Ω|)∑(p,t,m)∈Ω |xp,t,m− x̂p,t,m|/Q, NRMSE =
(
(1/|Ω|)

∑
(p,t,m)∈Ω(xp,t,m − x̂p,t,m)2

)1/2
/Q, where Q = (1/|Ω|)∑(p,t,m)∈Ω |xp,t,m|. The results

are shown in Tables 6.1, 6.2, and 6.3. The left and right side values in each cell

correspond to the average and standard deviation of the ND and NRMSE obtained

from seven runs on different test days. The boldface numbers indicates the minimum

average errors among all the methods.

From these results, we confirmed that our proposed method with the DAR reg-

ularizers outperformed other methods on the task that predicted the feature obser-

vations and the interpolations of unknown locations for the whole data sets. Our

proposed method with both the DAR regularizer and the non-negative constraints

showed better performances without the non-negative constraints because this con-

strain can avoid overfitting. As with ND for the first task, the improvements of our

DAR regularizers from the comparisons were 42.9%, 9.8%, and 18.3% for the NY

taxi data, the bike-sharing system on NY data, and that on Washington D.C. data,

respectively. Similarly, the improvements as with NRMSE were 26.9%, 3.1%, and

13.4%. The improvements of our proposed method on the first task were caused by re-

ducing the predictive errors on the task of interpolating the observations of unknown

locations, because our proposed method can learn different spatial dependencies for

each latent factor by utilizing our spatial autoregressive regularizers. However, the

existing methods cannot simultaneously learn spatial and temporal dependencies.
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FAST showed the best performances on the task of predicting the future observa-

tions of known locations with the experiments of the bike-sharing system data sets.

Our proposed method with the SAR regularizer showed superior performances to

the existing methods, however its performance was poor than that with the DAR

regularlizer. The reason is that the SAR model only had a scalar parameter and

cannot capture complex dependencies among latent factors.
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To check the qualitative performances of our proposed method, we illustrate the

estimated predictions of the DAR regularizer with the NY taxi data set in Fig. 6.3

and the bike-sharing system in NY in Fig. 6.4. The red and blue lines are the

predicted values and the ground truth, respectively. The solid black line indicates

the end of the training period. From these figures, we confirmed that our proposed

method accurately predicted observations of known locations by capturing the tem-

poral dynamics. It also performed well on the predictions for unknown locations.

These results support the effectiveness of learning both spatial and temporal depen-

dencies by our proposed DAR regularizers.

Furthermore, we illustrated the extracted temporal and spatial factors with the

NY taxi data and the bike-sharing system data in NY in Figs. 6.5 and 6.6. We

also showed temporal factors extracted from without the non-negative constraint by

gray lines in these figures. From Figs. 6.5a and 6.6a, we confirmed that different

dynamics were extracted in each temporal factor and that the spatial factors with

the non-negative constraints obtained smooth and easy to interpretable shapes than

without that constraints. From the blue temporal factor and its corresponding spatial

factor 6.5b, we can easily understand that this factor appears in every afternoon

and near to Empire State Building. The red temporal factor and its corresponding

spatial factor 6.5c indicate a daily transportation occurring in the night on both

Manhattan and Brooklyn. From Fig. 6.6, we also confirmed that our proposed

method successfully extracted smooth spatial patterns from non-gird locations.

6.5.2 Air quality prediction experiments

We conducted air quality predicting experiments with air quality and meteorology

data set provided by Zheng et al. [125] We employed five types of air quality

observations from this data set including PM25, PM10, NO2, temperature, and

humidity, all of which were observed in Beijing and Shanghai, China. The number

of sensor locations of Beijing and Shanghai were 32 and 11, respectively. Each

observation were sent in every hour.

We constructed three-way tensors whose modes corresponded to locations, time

stamps, and types of sensors. Seven consecutive days were used for the training data,

and the following day was used for the test data. Because the numbers of locations

in these data sets were not aboundant, we randomly picked two locations for the test
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(a) Predictions of known locations

(b) Predictions and interpolations of unknown locations

Figure 6.3: Examples of results of NY taxi data (backgrounds with green, blue, and
red correspond to X2, X1, and X3, respectively)

data for each period. Unlike the previous three data sets, these data sets contain

observation failures due to sensor troubles and network corruptions. Thus, we needed

to predict observations by treating the missing values. We compared our proposed

method with the multi-task Gaussian process [14] and the tensor extended TRMF.

FAST was omitted from the result because it was not applicable to deal with missing

values. Hyperparameters were selected by the same way of the previous experiments.

The results are shown in Tables 6.4 and 6.5. We confirmed that our proposed

method showed the best performance Prediction problems in these experiments.

Since the number of locations were smaller than the previous experiment, our pro-
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(a) Predictions of known locations

(b) Predictions and interpolations of unknown locations

Figure 6.4: Examples of results of bike-sharing system data in NY (backgrounds with
green, blue, and red correspond to X2, X1, and X3, respectively)

posed method with the SAR regularizer and GP showed the best performance on

predictions on known location for Beijing data and interpolations for Shanghai data,

respectively. Examples of predictions and interpolations are shown in Fig. 6.7. On

both the tasks of prediction on a known location and an unknown location, our

method performed well, but its predictions on temperature were worse than the

other data sources, because the dynamics of temperature were different from the

others. These results indicated that our proposed method was effective for analyzing

tensor data including multiple types of sensors.
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(a) Temporal factors (the yellow background corresponds to the test period)

(b) Spatial factor 1 (blue) (c) Spatial factor 2 (red) (d) Spatial factor 3 (yellow)

Figure 6.5: Temporal and spatial factors extracted with our proposed method
(DAR+NN) from NY taxi data
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(a) Temporal factors (the yellow background corresponds to the test period)

(b) Spatial factor 1 (blue) (c) Spatial factor 2 (red) (d) Spatial factor 3 (yellow)

Figure 6.6: Temporal and spatial factors extracted with our proposed method
(DAR+NN) from bike-sharing system data in NY
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6.6 Summary

We proposed a tensor factorization method that simultaneously learns data-driven

spatial and temporal autocorrelations from spatio-temporal data and incorporates

these dependencies as regularizers for estimating latent factors. With experiments

of traffic transportation data and air quality monitoring data, we demonstrated that

our proposed methods significantly improved the performance of predicting feature

observations of unknown locations and interpolating the observations. We believe

that our result is beneficial for many applications that demand previous predictions of

spatial and temporal observations with large-scale data, such as demand forecasting

for sharing economy services.
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(a) Predictions of a known location

(b) Predictions and interpolations of an un-
known location

Figure 6.7: Examples of results for air quality data in Beijing (backgrounds with
green, blue, and red correspond to X2, X1, and X3, respectively)
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Chapter 7

Conclusion

In this dissertation, we considered a problem of extracting interpretable patterns from

highly sparse and noisy relational data with rising three fundamental questions:

1. How can we utilize auxiliary relational database as an auxiliary matrix/tensor

to increase the available information for extracting latent factors?

2. How can we employ the structure information of attributes, such as graph and

groups of attributes for extracting smooth latent factors from a few records?

3. Is it possible to learn factor-specific dependencies and employ it for extracting

reasonable factors?

We developed three approaches based on Non-negative Matrix and Tensor Factor-

ization methods. Our findings from these approaches can be summarized as follows:

1. To overcome the sparseness of the original data, complementary data can be

regarded as useful information sources by employing multiple tensor factoriza-

tion procedures. The extracted factors resulted in interpretable within and

between data patterns.

2. Incorporating both the graph Laplacian and structured regularizers helps us

extract smooth and flat latent factors. This approach showed better perfor-

mances for interpolation problems with spatio-temporal data.
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3. We can learn data-driven spatial and temporal autocorrelations from spatio-

temporal data and incorporate these dependencies as regularizers. This ap-

proach is advantageous for spatio-temporal prediction problems.

For the first approach, we proposed a matrix factorization technique called Non-

negative Multiple Matrix Factorization (NM2F) and its tensor extension Non-negative

Multiple Tensor Factorization (NMTF). Our key idea was to integrate additional

matrices and tensors for estimating the latent factors. We adopted the generalized

Kullback-Leibler divergence as the distance metric between tensors and latent fac-

tors. We derived a method for parameter estimation based on the multiplicative

update rule. We showed a connection between NMF by providing that NM2F is a

special case of NMF with undefined regions. We evaluated NM2F experimentally

using a synthetic dataset and two real datasets, and confirmed that NM2F performs

better than the existing factorization methods in terms of a quantitative measure.

We also confirmed that the estimated bases of NM2F are reasonably intuitive and

easy to understand. To enable NM2F to deal with higher-order arrays, we formulated

NMTF as a generalization of NTF, and showed that NMTF includes NTF as a special

choice of scaling parameters. The performance of NMTF was quantitatively better

than that for NTF on experiments with both synthetic and real-world data sets. We

also confirmed that NMTF successfully extracted informative and understandable

factors from multiple tensors, which cannot be done by NM2F.

For the second approach, we proposed Structurally Regularized Non-negative

Tensor Factorization, which incorporated both the graph Laplacian and structured

regularizers for the latent factors. For the structured regularizer, we employed the

generalized fused lasso and the higher-order fused lasso to represent both graph-

based and group-based information in time and space. With this regularizer, we can

encourage latent factors to be temporary and spatially dependent. This constraint

helps in learning smooth and flat patterns from highly sparse spatio-temporal data.

By performing missing value imputation experiments with three real-world data sets,

we confirmed that our proposed method showed the best quantitative performance

and successfully extracted more interpretable latent factors than the existing meth-

ods. We also checked the interpretability of the extracted patterns qualitatively.

Finally, we proposed Autoregressive Tensor Factorization, which simultaneously

learns data-driven spatial and temporal autocorrelations from spatio-temporal data
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and incorporates these dependencies as regularizers for estimating the latent factors.

By learning factor independent autocorrelations, our method can flexibly extract spa-

tial patterns and their underlying dynamics. Experiments with traffic transportation

data and air quality monitoring data showed that our proposed methods significantly

improved the performance of predicting feature observations of unknown locations

and interpolating the observations.

7.1 Future Work

As a future work, we would like to provide some directions for pattern extraction

methods based on tensor factorization methods.

First, all of the methods considered in this dissertation utilized the sum-product

of latent factors as an estimated value of tensors. Our methods showed better per-

formances in the experiments by utilizing simultaneous factorization procedure and

various regularizers into the linear formation of estimated values. However, in real-

world data sets, there exists a possibility that latent patterns have more complex

interactions that a linear model cannot represent. To deal with such complex in-

teractions, the extensions of our methods with a non-linear function should be deal

candidates for increasing the representativity of the tensor factorization methods and

improving its performance for the real-world data applications. However, once we

employ a non-linear function in tensor factorizations, it is not clear whether simple

non-negative constraints remain the interpretability of factors as the existing meth-

ods. Therefore, obtaining a balance between the non-linearity and interpretability

of factorization methods would become another problem.

With the rise of big data and deep learning, relational data including spatio-

temporal domains have become denser than during the last ten years, and non-linear

low-rank approximation methods, including autoencoders, have received considerable

attention. However, similar to our autoregressive tensor factorization, data-driven

approaches that simultaneously learns latent representations and their dependencies

have not been established. There would be a significant potential to improve the

performance of spatio-temporal data analysis by leveraging both the power of data

sizes and model flexibility if we can smoothly incorporate our knowledge on spatio-

temporal domains into such models.
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