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On Non—rtadially Symmetric Bifurcation in the Annulus

SONG—SUN LIN, Department of Applied Mathematics
Hsin—chu, Taiwan, Republic of China

1. Introduction. In this paper we study the multiplicity of radially symmetric positive
solutions and the non—radially symmetric bifurcation of these solutions 6f the following
{Gel'fand) equation:
Au(x) + 2/\eu(x) =0, x €, (1.1)
u(x) = 0, X € &, (1.2)
where  is the annulus |

2 2 2 .
Q =, = {x=(x;x)) €R% a° < x] + x< ;313}’ a €(01) A>0. In 3],

Gel'fand found that (1.1) is invariant with respect to the group of transformations
ufr,a) = a+ uO(r exp(g)) |

Le., if uo(r) is a solution of (1.1), ‘then for any « € Rl, u(r,a) 1s also a solution of (1.1).

" Using this property, we can prove that there exists z\*(a) > 1 such that there exist

exactly two radially symmetric solutions for A € (0, /\*('a)), one for A = A*(_ a) and none

for A > z\*(a). These solutions can be written explicitly and z\*(a) is computable.

Taking the ad#antage of knowing the explicit formula of radially symmetric solutions

u A(r) (upper branch of solutions), we are able to understand its linearized problem
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Aw(x) + 22 * ‘wix) =0, x€Q, (1.3)

wix) =0, x € K. (1.4)
*
More precisely, we prove that there exists a decreasing sequence {A (_k,a)}kil with

,\*(k,a) - () as k + w, such that the equation

! |

0 + Lo () + (e XD B =0, real) (15)
I

a) = 0= ¢f2) C(16)

has a non—trivial solution pk(r) if and only if A = z\*(k,a), k=1,23, ---. For these
z\*(k,a), the solution sets of (1.3), (1.4) are spanned by gok(r)coskﬂ and gak(r)sink(}.

«pk(r) can also be written explicitly.

* ,
To obtain the local non—radially symmetric bifurcation results at A (k,a), we

shall verify a Crandall-Rabinowitz type transversality condition [1].

This paper is organized as follows: In section 2, we study the radially
symmetric solutions. In section 3, we study the linearized problem (1.5), (1.6). In

section 4, a Crandall-Rabinowitz type transversality condition is verified.

2. Radially symmetric solutions. In this section we shall study the existence and
multiplicity problems of (1.1), (1.2) in the class of radially symmetric solutions, i.e., |
we consider the equation
u'(r) + %u’(r) + 22e™0) = 0, 1€ (a,%—), | (2.1)
u(a) = 0 = u(d) (2.2)
where a € (0,1).
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By a classical transformation: x = log r and v(x) = u(r) + 2log r, (2.1), (2.2)

are transformed into
v'(x) + 22" = 0, x € (-A,A)
v(—A) = —2A and v(A) = 2A,

where A = —loga > 0.

The following lemma characterizes the solutions of the problem.

Lemma 2.1. The solutions of (2.3), (2.4) are given by
, o ,
i o) = s LK
’ (14Km e )
where K > 0, 2> 0 and YK ﬂsatisﬁes

il 1 Frlkmf
== and oo =m
(14Km")

(14K)
and m=a “.

HHwesett= b’z )«_1, then (2.6) are transformed into more compact forms

(K __1 ..  tKmP __
(1+K)2 ™ (14+KmP)2

Now, taking t > 0 as a parameter, we can solve (2.7 ) in terms of t as follows:

(2.5)

(2.6)

(27)

Lemma 2.2. The solutions of (2.7) are given by two functions A (-): [4m,») ~ (0,),

Pyl t))Q

4m

)

-1, 1
A () = (g og

where

P (1) = PY(t)Py(t), P_(t)=F (t)Py(t), Py(t) = (t-2m) + (t*~4mt)!/?

P (1) = (t-2m) — (*—4mt) /%, Py(t) = (mt-2) + (m**~4mt)
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Then we can obtain the following result:

Theorem 2.3.

(i)  For any a € (0,1), there exists a number A'(a) (= A*(m)) such that (2.1) (22)
has exactly two solutions for A € (0, z\*(a,)), exactly one at A = z\*(a) and none
for A > A"(a).

(ii)  The solutions are of the form
u(r) = log 22 kw2
(1+Kmﬂl 21])3?r2 )

where

K = K(t) = NOE A=A, = () B=B(t) = omlo8 g

t 2 4m and Po(t), P (t) are given in Lemma 2.2.
B
3. Linearized eigenvalue problems. From last section, we know that for any m

(= lg) > 1, there are two smooth branches of radially symmetric solutions of (1.1),
a

(1.2) in ('0,/\*( m)), namely, the upper (maximal) branch u 3 and the lower (minimal)
branch uy It is well-known that the minimal branch u ) can be obtained by

monotone iteration starting from 0 and are stable, and u /\(r) <u A( r) in ( a,%—) for any

X € (0,2 (m)).

Let pl(/\) be the principal eigenvalue of linearized eigenvalue problem of (1.1),
{1.2) at uy Le., pl(/\) be the least eigenvalue of

UA(T) ) .
Aw(x) + 2)e w(x) = —pw(x), x €, | (3.1)

w(x) =0, x € d0, ' (3.2)
Due to the convexity of e, it has been shown by Crandall and Rabinowitz [2] that
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p( A) < 0 for any A € (0,/\*(111)). Therefore it is possible that there is a bifurcation

from the upper branch u It

By the method of separation of variables in polar coordinates, (3.1), (3.2) can be

reduced to
w1 uy(r) 2 , 1y .
¢'(1) + 297 (r) + (2)e ";g)‘P(f) = —;zk,p)w), re(az), (3.3)
Wa)=0= o), (3.4)

k=0,1,2 -, £=1,2 ---.

By several changes of variables, we can bring (3.3), (3.4) into a more desirable
form. First, set x = logr, ¥{(x) = ¢(r) and v(x) = u(r). Next, set y = fx,
Uy) = Wx), c=gty RO) =K S1+K ) and ¥(5) = ¢ THy) where
K, = Km?2 Finally, set X = K¢’ and &(X) = ¥(y). Then (3.3), (34) with

M = 0 are transformed into

it 1+2C 2 A R
$'(X) + (X)) + X)=0, Xe(L,R), ‘ 3.5)
| (X) -x—‘q‘ (X) m‘p( ‘ (L,R) {
$(L) = 0 = $(R), (3.6)

where L= K and R = Km'B
Set s = —2c, Xs = %ﬁ, 8 € (0,1). Then it can be proved that

X—-X s
s X
<I>1(X) =X3T and QQ(X) = ms T XXs—l)

are two linearly independent solutions of (3.5). Then we have:

Lemma 3.1. (3.6) has a non—trivial solution if and only if
(L—X_)(RX_~1)R® — (R—X NLX ~1)L* = 0. (3.7)

Furthermore, (3.7) is equivalent to the following system

0
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- H(t,s,k) =0, and s&t) = 2k, ' (3.8)
where ;
H(t,s,k) = (L-X )(RX,~1)m?¥ — (R—X )(LX -1).
The corresponding eigenfunction can be taken as

1 .
B(X) = SRLFINHT) {(L—Xs)(XXs—-l IXE~(X—X )(LX 1 )LS}. (3.9)

Lemma 3.2. For any k > 0, there exists a unique solution (t(k), s(k), k) of (3.8).

Furthermore, t(k) and s(k) are smooth in k and lim t(k) = w.

k-

' From Lemma 3.1 and 3.2, we obtain

Theorem 3.3. For any k €(0,») there exists a unique A*(k)>0 such that
iy (A" (K) = 0. The function A'(+) : (0w) = (0,A"(m)) is smooth and has the
fol)lowing properties: |

() lim AV =2 (m), (i) lim A (k) =0.

~00

Theorem 3.4. The linearized problems -

uy(1)
Aw + 2e A

w=20,1n Q,
w =0, on {2,
*
have a non—trivial solution if and only if A = A (k), k=0, 1,2, ---. Furthermore, for

each k > 1, the corresponding eigenspace is spanned by gok(r)coskG and ¢k(r)5£nk9,

where ¢, (1) = ®,(X) and &) (X) is given in (3.9) with X = KmP/%P
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4. Symmetry Breaking. In this section we shall prove that there are non—radially
, , \
symmetric solutions which bifurcate from the upper branch uy at every A(k), k=1,

2, +--. We shall apply a bifurcation theorem of Crandall and Rabinowitz [1].

Theorem 4.1. Let X, Y be Banach spaces, V a neighborhood of 0 in X, X, ¢ in k! and
F:(A—, T4+e) x VY
have the properties |
| (a)  F(X,0)=0for X € (T—¢, X+¢),
(b) the partial derivatives F v Fo Fag exist and are continuoué, ’
() N(F(X0))and Y/R(F (%,0) are one—dimensional,
(d) FAu('X,O)WO ¢ R(Fu('X,O)), where N(Fu('X,O)) = span{wo}.
{ 7 is any complement of N(F(%,0)) in X, then there is a neighborhood U of (%,0) in
R x X, an interval (—4,6), and continuous functions
P59,y (=587
such that ¢(0) = 0, ¥(0) = 0 and ‘
FL0) nU = {(oa),awy+ar(@): |a] <8} U{(1,0): (A0)EV}.

To apply Theorem 4.1, we need to rewrite (1.1), (1.2) as a nonlinear operator

equation on an appropriate function space. We shall work on Hélder spaces.

Denoted by C(1)+7(_Q-) the set of continuously differentiable functions on 0

which vanish on 0 and whose first order derivatives are Holder continuous in @ with

exponent v € (0,1).

Then (1.1); (1.2) is equivalent to F(Au) =0, where F(Au) : (O,A*(m)) x

7
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CLA@) + CLFYT) is defined by F(Au) = u+uy + 2)Ci(utuy) with G = A7
and f(u) = e_u. ‘The linearized ope;ator Fu( A,0): C(1)+7(?7) 40(1]+7(§) is given by
F (A0)w = w +23G(e *w) and the mixed derivative F (A0 R et @) -
CI (@) is given by B (30w = G {ﬁmeu*)w}.

Let 6(1)+7(§) = {u € C(l)+7(ﬁ) : u(—xl,xg) iu(xl’XQ}' By Theorem 3.4, the
kernel of Fu(/\,O) is non—trivial if and only if A = A (k), for some k 2 1. If we restrict
(1.1), (1.2) on ééﬂ(ﬁ) then for any k > 1, |

Ker F (1"(k),0) n Ct (@)
span {yp, (r)cos k6} if k is even

span {p) (r)sin ké} ifkis odd.
Therefore, with this setting the conditions (a), (b), (c) of Theorem 4.1 are satisfied and
(d) is

A=A*(k) dr # 0. (4.6)

ﬁrpﬁ(r)gx{/\eu)‘(r)}
a

Lemma 4.2. For k > 0, we have

(i) %ﬁ-‘ﬁ <0,
1
(ii)E rgoz(r)gx{)\euf\(r)}

Proof. For A € (O,A*(m)) and k € (O,m), let u(Ak) and ¢(r,A k) be the principal

A-“—/\*(k) dl' < 0.

eigenvalue and principle eigenfunction of linearized eigenvalue problem

uA(r)

1 1 ... k2 _ 1
P+ 1o+ (@ VT —Eun) = et rea.d),
' r : ; .
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Ha) =0 = ¢(2),
1
where ¢(r,],k) is normalized by JE ripz(r,,\,k) dr = 1.
a

Denote by W(r,Ak) = 9¢(r, k) and V(rAk) = J&rAk).
Then W and V satisfy second order ordinary differential equations and (2.2). Then, we

have

1 ' 1
d 3 2 110 for D) Ou 3l 2
Ak) = -f rr A0 d2%e * Vdr and 2 k) = zkf- (r,\k) dr > 0.
al . o for and 3 al

Since ;l(/\*(k),k) = (, using Theorem 3.3, we have
» K7 * *
O a0k + 2070 =0

and the results follow.
Using Theorem 4.1 and Lemmas 4.2, we obtain the following theorem:

Theorem 4.3. The upper branch u, of radially symmetric solutions of (1.1), (1.2) has a
non—radially symmetric bifurcation at each /\*(k), k=1,2 --.. Furthermore, in a

neighborhood of ( A*(k), uA*(k ), the dimension of the set of bifurcating asymmetric

solutions is two.

Remark 4.4. By using the global bifurcation theorem of Rabinowitz [7], we can obtain

the following global results:

Denote by S the solution set of (1.1), (1.2) and R the set of radially symmetric

solutions of (1.1), (1.2). Let C be the closure of {(O,A*(m)) x 6(1)+7(§)} N (S\R).

9



192

*
Then, for any k > 1, the connected component Ck of CU{(X (k),u/\*(k)} to which

(A*(k),u/\* . ) belongs is either unbounded or meets ( A*(l),u/\* ) for some positive

integer £# k.
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