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DEFINABLE MORSE FUNCTIONS ON  DEFINABLY COMPACT 

MANIFOLDS IND-MINIMAL STRUCTURES 

MASATO FUJITA AND TOMOHIRO KAWAKAMI 

ABSTRACT. Consider a definable completed-minimal expansion (F, <, +, •, 0, 1,...,) 
of an oredered field F. Let M be a definably compact definable crsubmanifold 
of Fn and 2::::; rく oo.We prove that the set of definable Morse functions is 
open and dense in the set of definable er functions on M with respect to the 
definable C2 topology. 

1. INTRODUCTION 

In Morse theory the topological deta of a space can be described by Morse 
functions defined on the space. We refer the readers to a famous book by J. Milnor 
[11] for Mose theory on compact C00 manifolds. 
Let M = (F, +, •,<,...)bead-minimal expansion of an ordered field F. Every-
thing is considered in M, the term "definable" is used in the sense of "definable with 
parameters in M", each definable map is assumed to be continuous and 2：：：：： r<⑳ 
Definableび Morsefunctions in an o-minimal expansion of the standard struc-
ture of a real closed field are considered in [12], [7]. 
In this paper we consider definable er Morse frunctions on a definably compact 
definable submanifold ind-minimal expansions of an ordered field when 2：：：：： r < exふ
These structures are generalizations of o-minimal expansions of real closed fields. 
Definable compactness is a generalization of compactness. If F =政，thenfor a 
definable subset of田，itis definably compact if and only if it is compact. 
Definable er manifolds are studied in [12], [1] [7]. 
Theorem 1.1 (Theorem 2.14) is our main result. 

Theorem 1.1. Consider a d-minimal expansion of an ordered field F = (F, < 
, +, ・, 0, 1,...). Let M be a definably compact炉 submanifoldof pn. Then the 
set of all definable Morse functions on M is open and dense in the set炉(M)of 
ザ．functionsof M. 
Theorem 1. 1 is a generalization of [7]. 

2. PRELIMINARY AND PROOF OF THEOREM 1.1 

Recall the definitions of d-minimality and definably completeness. 

Definition 2.1. An expansion of a dense linear order without endpoints F = (F, < 
,...) is definably complete if any definable subset X of F has the supremum and 
infimum in F U｛土oo}([9]). A definably complete expansion Fis d-minimal if for 
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every m and definable subset A of pm+l, there exists an NE  N such that for every 
x E pm the set {y E FI (x, y) E A} has non-empty interior or a union of at most N 
discrete sets ([3], [10]). 

The definition of dimension is found in [5, Definition 3.1]. 

Definition 2.2 (Dimension). Consider an expansion of a densely linearly order 
without endpoints F = (F, <,...). Let M be a nonempty definable subset of F凡
The dimension of M is the maximal nonnegative integer d such that 7r(M) has a 
nonempty interior for some coordinate projection 7r : pn→炉． Weconsider that 
F0 is a singleton with the trivial topology. We set dim(M) = -oo when M is an 
empty set. 

Definition 2.3 ([6]). Consider a definably complete expansion F = (F, <, +, •, 0, 1,...) 
of an ordered field. Let r be 1 ~ rく 00.
(1) A definable subset X of pn is ad-dimensionalザ submanifoldof pn if each 
point x E X there exist an open boxに ofX in pn and a vr diffeomorphism如
from Ux to some open box Vx of pn such that如(x)= 0 and U x n Y = ¢；；；刈pdnVx),
where pd C炉isthe vectors whose last (n -d) components are zero. 
(2) A function f : X→F is a vr function if for any x E X and the open box 
in (1), f o幻isa vr fuinction. 

Definition 2.4. For a set X, a family K of subsets of X is called a filtered collection 
if, for any B1, B2 EK, there exists B3 EK with B3 ~ B1 n B2. 
Consider an expansion of a dense linear order without endpoints F = (F; <,...). 
Let X and T be vr manifolds. The parameterized family {SthET of definable 
subsets of X is called definable if the union UtET{ t} xふisdefinable in T x X. 
A parameterized family { SふETof definable subsets of X is a definable filtered 
collection if it is simultaneously definable and a filtered collection. 
A definable space X is definably compact if every definable filtered collection of 
closed nonempty subsets of X has a nonempty intersection. This definition is found 
in [8, Section 8.4]. 

Definition 2.5. Consider ad-minimal expansion of an ordered field whose universe 
is F. Let 7r : pn→戸 bea coordinate projection. A vr submanifold M of pn 
of dimension d is called a vr multi-valued graph (with respect to 71") if, for any 
x E M, there exist an open box U in pn containing the point x and a vr map 
T : 7r(U)→杓 suchthat Mn  U = T(7r(U)) and 7r o Tis the identity map defined 
on 7r(U). 

Lemma 2.6. Consider a d-minimal expansion of an ordered field whose universe is 
F. Let M be a vr submanifold M of dimension d. Let IIn,d be the set of coordinate 
projections from pn onto pd. Let U 1r be the set of points x at which there exist an 
open box U in pn containing the point x and a vr map T : 7r(U)→pn such that 
M n U = T(7r(U)) and 71" o T is the identity map defined on 7r(U). Then U 1r is a 
vr multi-valued graph with respect to 71" and {Uふ EIIn,dis a definable open cover 
ofM. 

Proof. It is obvious that U1r is a vr multi-valued graph with respect to 71". It is also 
obvious that U1r is open in M. The family｛に｝1rEIIn,dis a definable open cover of 
M by [4, Lemma 3.5, Corollary 3.8]. ロ
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Proposition 2.7 (Definable Sard). Consider ad-minimal expansion of an orde柁 d
field F = (F, <, +, ・, 0, 1,...). Let M be aか submanifoldof pm 。fdimension d 
and f = (fi,...,fn): M →pn be aか map. The set of critical values of f is 
definable and of dimension smaller than n. 

Proof. The proposition is trivial when d < n by [3, Lernrna 4.5]. We consider the 
case in which d 2". n in the rest of proof. 
We denote the set of critical values of f by均 Theか manifoldM is covered 
by finitely manyか multi-valuedgraphs Uぃ．．．，応 byLemma 2.6. The equality 

均＝ Uい:Eflu; obviously holds, where flur is the restriction of f to Ui. The 
set均isdefinable if :E flu; is definable for every 1 S i S k. We have dim均＝
max{dim:Eflu; 11 Si S k} by [3, Lemma 4.5]. Therefore, we may assume that 
M is aか multi-valuedgraph with respect to a coordinate projection n. We may 
further assume that 7r is the projection onto the first d coordinates by permuting 
the coordinates if necessary. 
By the definition ofか multi-valuedgraphs, for any a E M, there exists a 
nonempty open box B such that M n B is the graph ofか mapdefined on n(B). 
In particular, the restriction of 7r to M n B is aか diffeomorphismonto n(B). 
The global coordinate functions x1,...,四 arelocal coordinates of M at a. Let 
Df: M →pdxn be the map giving the Jacobian matrix（設）l翠 n,1'.oj'.od・ Set 

ft= {x EM  I rank(Df(x)) < n}. The set「fis definable. The set均isalso 
definable because the equality均＝f(A f) holds, where A f denotes the set of 
critical points of f. 
Assume for contradiction that dim :E f = n. The definable set刃fcontains a 
nonempty open box U. We can take a definable map g: U→切 suchthat f o g 
is an identity map on U. We may assume that g is of classひ by[3, Lemma 
3.14] by shrinking U if necessary. By differentiation, the matrixDJ(g(x)) ・Dg(x) is 
the identity matrix of size n. It implies that Df(g(x)) has rank at least n, which 
contradicts the definition of r f.ロ

Lemma 2.8. Consider a d-minimal expansion of an ordered field F = (F, < 
, +, ・, 0, 1,...). Let 7r be the coordinate projection of pn onto the first d coordi-
nates. Let U be a炉 multi-valuedgraph with respect to n and f : U→F be a炉
map. We can find a1,..., ad E F such that the definable function <I>: U→F given 
by<I>(x1,...,咋） ＝f(x1,...,咋）ー江f=l佑Xiis a Morse function and la1 I,..., la叶
are sufficiently small. 

Proof. Observe that the global coordinate functions x1,...,叩inpn is a local 
coordinate function of U by the definition of multi-valued graphs as proven in 
the proof of Proposition 2.7. Consider the map H : U→戸givenby H(x) = 
囁（x),...，紐(x)). Observe that p0 E U is a critical point of H if and only 
if det(H1)(Po) = det(H<I>)(Po) = 0, where Hi and H<I> are Hessians off and <I》'
respectively. Let (a1,..., a心bethe point in炉＼:EH,where珈 denotesthe set 
of critical values of H. We can choose such (a1,..., a心sothat la1I,..., la』are
sufficiently small because翫 hasan empty interior by Proposition 2.7. It is easy 
to check that <I> is a Morse function. We omit the details. ロ

Lemma 2.9. Consider a d-minimal expansion of an ordered field F = (F, < 
, +, ・, 0, 1,...). Let M be a vr submanifold of pm with O S r < oo. Given a 
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definable closed subset X of M, there exists a Dr function f : M →F whose zero 
set is X. 

Proof. Consider the closure cl(X) of X in F匹 Thereexists aザfunctionG : 
斤→ Fwith a-1(0) = cl(X) by [10]. The restriction of G to M satisfies the 
requirement.ロ

Lemma 2.10. Consider a d-minimal expansion of an ordered field F = (F, < 
, +, •, 0, 1,...). Let M be a definableザ submanifoldof pm with O ~ r < oo. Let 
X and Y be closed definable subsets of M with X n Y = 0. Then, there exists a'Dr 
function f : M →[O, 1] with f―1(0) = X and f―1(1) = Y. 

Proof. There exist'Dr functions g, h : M → F with g―1(0) = X and h―1(0) = y 
by Lemma 2.9. The function f: M → [O, 1] defined by f(x) = ~ satisfies 
the requirement.ロ

Lemma 2.11. Consider a d-minimal expansion of an ordered field F = (F, < 
, +, •, 0, 1,...). Let M be aザ submanifoldwith O ~ r < oo. Let C and U be closed 
and open definable subsets of M, respectively. Assume that C is contained in U. 
Then, there exists an open definable subset V of M with CこVこcl(V)こu.
Proof. There is a definable continuous function h : M → [O, 1] with h-1(0) = C 
and h-1(1) = M ¥ U by Lemma 2.10. The set V = {x EM; h(x) < ½} satisfies 
the requirement.ロ

Lemma 2.12 (Fine definable open covering). Consider a d-minimal expansion 
of an ordered field F = (F, <, +, ・, 0, 1,...). Let M be a'Dr submanifold with 
0 ~ r < oo. Let {Ui};=1 be a finite definable open covering of M. For each 
1 ~ i ~ q, there exists a definable open subset ¼ of M satisfying the following 
conditions: 
(a) the closure cl(¼) in M is contained in Ui for each l ~ i ~ q, and 
(b) the collection {¼};=1 is again a finite definable open covering of M. 

Proof. We inductively construct ¼ so that cl(¼) C Ui and{[}に了U{U,}いisa 
finite definable open covering of M. We fix a positive integer k with k ~ q. Set 

ck= M ¥ (U冒Ku uf=K+1に）． Theset Ck is a definable closed subset of M 
contained in Uk. There exists a definable open subset Vk of M with CkこVkこ
cl(Vk)こ仇 byLemma 2.11. It is obvious that {¼}ぐ＝1 U {Ui};=k+l is a finite 
definable open covering of M. ロ

Definition 2.13. Let F = (F, <, +, •, 0, 1,...) be a d-minimal expansion of an 
ordered field. Let M be a'Dr submanifold of pn and'Dr(M) be the set of'Dr 
functions. The space'Dr(M) equips the topology defined in [2]. 

Theorem 2.14. Consider a d-minimal expansion of an ordered field F = (F, < 
, +, •, 0, 1,...). Let M be a definably compact炉 submanifoldof pn. The set of all 
definable Morse functions on M is open and dense in炉(M).

Proof. We first prepare several notations and define several sets and maps for later 
use. Set d = dimM. The炉 submanifoldM is covered by finitely many炉 multi-
valued graphs U1,...,仇 byLemma 2.6. Let Ui be a炉 multi-valuedgraph with 
respect to a coordinate projection 7ri : pn→戸for1 ~ i ~ k. Let {V;,}t=l be 
a fine definable open covering of｛に｝t=lgiven in Lemma 2.12. Set Ci = cl(V;). 
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Observe that Ciこに andM = LJ7=1 Ci. The definable set Ci is a closed subset 
of M. It deduces that Ci is definably compact. By Lemma 2.10, we can take a 
definable function入i:M→[O, 1] such that炉(0)= M ¥ Ui and入i1(1)= Ci, 
Let Di be theか vectorfield such that D心）isthe projection image of a/ a叫
onto the tangent space TxM of M at x E M. We can find a subset Ii of {1,..., n} 
of cardinality d such that'Tri is the projection onto the d coordinates (xj I j E Ii)-
The j-th smallest element in Ii is denoted byびi(j).By the definition of multi-
valued graphs, TxM is spanned by (Dj(x) I j E Ii) for every x E Ui and for every 
1 < i < k. 
Let U be the set of all definable Morse functions on M. We first show that U 
is open. We prove a stronger claim for later use. For every nonempty subset I of 
{1,..., k}, we set 

幼：＝｛f Eザ (M)I f has no degenerate critical points on Ci for each i E I}. 

We prove that幼isopen. Take an arbitrary definable Morse function h : M→F. 
We set h1 = D叫）hfor 1 ~ jさ dand i EI. We set Hi= det(Da;(ji)Da;(h)h)区］1,12:Sd・
They are definable continuous functions defined on M. Since h has no degenerate 
critical points on Ci for i E I and the coordinates互（1),...'互 (d)give a local coor-

dinate of Mat XE ui, the function Gi:=四1=1lh;l+IHil is positive on Ui for i EI. 
In particular, we can find a positive Ki E F such that Gi>瓦onthe definably com-
pact definable set Ci for i EI. We can take Li > 0 so that ID叫）Da;(j,)hl< Li 
on Ci. Take a sufficiently small c > 0 so that d! ((Li + c) d -Lf) + de < Ki for every 
i E I. Consider the open set 

vh,s = {g Eザ (M)I lg -hi < c, IDj(g -h)I < c (1 ~ j ~ d), 

IDj1凡(g-h) I < c (1 ~ j1, j2 ~ d)} 

in炉 (M).We can verify that冗1=1IDa,(j)gl + I det(Da,(j1)砂(j,)g)均1,12::odl> 0 
on Ci for every i EI and g E vh,s・ It deduces that vh,Eこ幼 and幼isopen. 
We next show that U is dense in炉 (M).We first take arbitrary h Eザ (M).
We define an open set Vh,s for positive c E F in the same manner as above. Since 
M is definably compact, every positive definable continuous function is bounded 
from below by a positive constant. This deduces that {Vh,s}s>O is a basis of open 
neighborhoods of h in炉 (M).
Fix an arbitrary positive c E F and set E:1 = s/k. We have only to construct a 
function g E U n Vh,s so as to show that U is dense in炉 (M).Set払：＝uu,...,i}
for 1 ~ i ~ k for simplicity. We construct gi E ui n vh,is'. It is obvious that 
g := gk E u n vh,s・ 
We construct gi by induction on i. We may assume that'Tri is the projection onto 
the first d coordinates by permuting the coordinates if necessary. We first consider 
the case in which i = 1. We can find a1,..., ad such that laj I < s'for 1 ~ j ~ d 
andg心） ＝h(x)+Ef=l aixi is a Morse function by Lemma 2.8. It is obvious that 
g1 E U1 n vh,s'・ 
We next consider the case in which i > 1. We can find gi-1 E ui-1 nvh,(i-l)s'by 
induction hypothesis. We construct gi E Ui n V9;-i,s'. Such a gi obviously belongs 
to Ui n Vh,is'. We have already shown that U□ is open. Therefore, we can find 
6 > 0 such that V釦ー1,8こui-1n v9i-1,E'because {V釦ー1,s"}s">O is a basis of open 
neighborhoods of gi-l in炉 (M).
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Set gi := gi-1＋心（江f=1a凸）fora1,..., ad E F. We want to choose a1,..., ad E 
F satisfying the following conditions: 

(1)外：＝gi-1十冗f=1aixi has no degenerate critical points in Ui. 
(2) gi EV釦ー1,8・ 

We check that gi belong to Ui n V針 1,c;'whena1,..., ad satisfy the above conditions 
(1) and (2). It is obvious that gi E V9i-i,c'by the inclusion V9i-i,o <;;;; V9i-i ,c'• The 

inclusion v9i-1,8こU□ impliesthat gi has no degenerate critical points on Ci for 
1 :S j :S i -1. Since入iis identically one on Ci, we have gi = g~ on Ci. Condition 
(1) implies that gi has no degenerate critical points in Ci. We have shown that gi 
has no degenerate critical points on Cj for 1 :S j :S i, and this means gi E Ui・
The remaining task is to find a1,..., ad E F so that conditions (1) and (2) are 
satisfied. The following inequalities are satisfied: 

d k 

lgi -gi-1 I :::::ど |al||入心l|< k.ど|ajl
l=l j=l 

d k 

ID晶—g曰） 1 ：：：：：ど |al||DJ（入山）I＜ k.ど |aJ|
l=l j=l 

d k 

叫 D12(9i-9i-i)I SどlazllDj1凡（入江l)|<k.ど|ajl
l=l j=l 

Finitely many definable continuous functions|入ixzl,IDj(入江z)Iand 1Dj1凡（入山）1
defined on M appear in the above calculation. Since M is definably compact, we 
can find O <KE  F such that these functions are bounded above by K in M. We 

k 
used this fact in the calculation. We can find (a1,..., ad) so that K • Lj=l la」<6 
and g: has no degenerate critical points in Ui by Lemma 2.8. This (a1,..., a心
satisfies conditions (1) and (2). ロ
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