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1. Introduction.

Let A(p) denote the class of functions

f(z) = zP + I az
n=p+1l n

which are analytic in the open unit disk E = {z:|z|< 1}. A function f(z)eA(p) is

n

called p-valently starlike with respect to the origin if and only if

zf' (2)

W>O in E.

Re

We denote by S(p) the subclass of A(p) consisting of functions which .are p-valent-
ly starlike in E. Krzyz [1] showed by a counterexample that if f(z)eA(l), the
condition Re f'(z) > 0 in E does not imply f(zieS(l). In [3], Mocanu proved the
following theorem.

Theorem. If £(z)eA(l) and
larg £'(2) | < ooy = 0.968... in E, -

where o,= 0.6165... is the unique root.of the equation
2 tan T(1 - o) +7(l - 20) =0,
then f(z)eS(1).
Definition. ILet F(z) be analytic énd univalent in E and;éuppose that F(E)
= D. If f(z) is analytic in E, £(0) = E(Q), and f(B) D, then we say that f(z) is
subordinate to F(z) in E, and we writék |

f(z)< F(z) .
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2. Preliminaries.

we shall use the following lemma to prove our results.

lemma 1. Tet B* = 1.218... be the solution of 78 = 31/2 - tan 8 and let

a=a() =8+ (2/m)tan 18, for 0 < B < B* . If p(z) is analytic in E, with p(0)

l+z )

p(z) + zp' (2) <(l+z) = p) <

We owe this lemma to [2, Theorem 5].

3. Main theorem.

Theorem 1. Let p > 2. If f(z)eA(p) and

(1) larg £ P (2)| <Z o =1.249... inE,

where o = % 2 tan_l

0.795... , then f(2)eS(p) or f£(z) is p-valently star-

=
N

like in E.

Proof. If we put

(p-1)
__f (2)
p(Z) - p!Z ’
then we have -
p@) +2p'(2) = = £ (2)
and p(0) =
From the assumption (1), we have
|arg(p(z) + zp' (@))| = |arg £P ()| <T oy inE.
Then, from Lemma 1, we have '
(p-1) (p— )
f (z)y _ (z) 1r .
(2) |arg _'—EG—Z'— = |arg —————Z—[ in E.
On the other hand, we easily have
(p—-2) ‘
(3) f 5 (z) _ lzfz £p-1) (t) dt
VA z 0
(p—l)
r £ (t) o dp

=2]

wherez=rele, 0 <r <l,t=peleand0=<0;r-
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From. (2), we easily have

£ @1 (5

in E,
z

lz|| = Jarg

(p-1)
f (z) T

and the same is true of its integral mean of (3) ( see e.g. [5, Lemma 1] ).

Therefore we have .

(p—2) (p-1)
z r 0
(p-1)
£ (t)
= larg[ T ———EL 5 qp]
[
< %- in E.
From (2) and (4), we have
larg zf(p—l)(z) _ Iarg f‘p—l)(z) 22, |
f(p—2) (2) z f(p"2) (z)
(p-1) £(P-2)
< larg I 4 jarg 2
Z
< g- in E.
This shows that
(p-1)
Re —z-f—(-—i)—(ﬂ >0 - in E.
£'P74) (2)

Applying the same method as in the proof of [4, Theorem 5], we have

zf' (z)

—.—f.TZ—)-—>O in E.

Re

This shows that f(z) is p-valently starlike in E.

Theorem 2. Let p > 2. If f(z)eA(p) and

(5) rRe £P)(z) > 0 in E,
then we have

zf!' (Z)l n

|arg ) in E

where o, = 0.638... is the solution of the equation

_ 2, -1
—B+;T-tall B.



Proof. Applying the same method as in the proof of Theorem 1 and from the
assumption (5), we have

f(p—l‘) (z)l o

(6) |arg - <5 a2 in E.

Applying the same method as in the proof of Theorem 1 and from (6), we have

(p-2)
|arg £ -
Z

oo in E.

ENE

Repeating the same method as the above, we have

£ (2) 1l .
(7) larg '——-ZE)_—I——I (—2— O2 in E
and
' f .
(8) 7 |‘arg z(;) | <% 2 in E.

Then from (7) and (8), we have

f'(z) f' (z) f(z)
larg 22| < |arg | + |arg ——]
- f(2) = zp—l zp
L - . .
< —2— 2(12 in En
This completes our proof.
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