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On solving a system of algebraic equations

by using a Grobner basis
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Abstract

This paper proposes a new algorithm to reduce a system of algebraic
equations by using a Grobner basis with total degree ordering. The reduced
system by this method is suitable for numerical calculation, reducing the
accumulation of errors largely. Timing data are presented, showing the
superiority of the nev} method to the conventional method using Grobner bases

with lexicographic ordering.
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1. Introduction

The Grobner basis method is very powerful for solving a system of algebraic
equations([3]), and a number of packages have been implemented([l],[4]). The
reported results of computation show, howévery that problems which can be solved
by the present computers are restricted to small-sized ones and that the
algorithm must be improved.

This paper considers how to reduce a given system of algebraic equations
and how to solve more complicated problems. In the next section, we review the
well-known methods and discuss advantages and disadvantages of them. In section
3, we present a new algorithm which meets the requirements for computational
efficiency and numerical computation. The timing data show that the new method
is actually superior to the straightforward calculation of a Grobner basis with

lexicographic ordering when the problem size is not small.

2. Conventional methods
2.0 Preparation

We assume that the polynomials are in a ring R = K[x;,x2, - - - ,Xp], With K
a number field, and that the variable ordering is x{>x2> - - - >x, . We abbreviate
"lexicographic ordering” to ">, " and “total degree ordering” to ">r°, and we

follow to [3] for other basic notations and definitions.

2.1 Trinks’ algorithm
The following theorem[9] gives an essential property of Grobner bases with

>L.

Theorem [Trinks]

Let G be a Grobner basis with >_, then

ideal(®) N K[xi, - - - ,%q] = ideal (G N K[x;, « = = yXn]) (1=Vi=n)
provided x1>x2> - - - >X,
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This theorem shows that the variables are "triangulated” in G and that G
has only one polynomial that belongs to K[x,]. On the basis of this theorem, the
following algorithm is obtained as "Method 6.10" in [3]. (Algorithms in this

paper are written in a REDUCE-like language.)

~Algorithm 2.1 [Trinks] [Solving a system of algebraic equations]
% input :@ polynomials {fi, - - -,fs} in K[x;, - -,%a]
% output @ all solutions of the system of algebraic equations ;

% {fi=fo=---=f=01};

G := a reduced Grobner basis of (fi, - - - ,fs) with >;
p(x,) := the polynomial in G N K[x.];
X = {(@) | p(a) =0}
for 1 := n down to 2 do
begin X;-y = ¢;
for all (a;,- - -,a,) €X; do
begin H :={g(xi-1,Qi, * * + ,qp) |
g & GNK[xi-1, - - - T] =Kxis = - -H%])}s
p(xi-1) = GCD(H);
Xi-t = Xiat U {(a,ai, - - -han) Ipl@) = 035

end;

end;

return Xi;

This method/is'very elegant and simple but has disadvantages.
(i) Numerical solution a; has an error which propagates and
accumulates as the computation proceeds.
(i) The complexity of computation of Grobner basis with >, is very

large, therefore, only small-sized problems can be solved.
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Table 1 shows the computation time of Grobner bases with >, using the

package implemented by the author in SLISP-REDUCES3.0[5] [6] [7] on FACOM M380.

- Table 1 CPU time (milliseconds) with >

Problem Order (1) Order (2) Order (3) Order (4)
KATSURA1 20 19 19 20
KATSURAZ 61 52 - 58 51
KATSURA3 >3,600, 000 924 | >3,800,000 44
KATSURA4 sokfotokok sefotofokok ****** ******
The Problems are taken from [1][7]. “skAkkk”  shows overflow of memory

storage (8 M bytes). Variable ordering is‘ decided as follows.

(i) Order(1) : - - ->Us>UpUs>U>U>Uy

(i) Order(@ : Up>- - ->Us>UpUs>Up>Us

(i) Order(3) : Up>Ui>U>U>Up>Us> - - -

(iv) Order(4) : "Heuristically Optimized” following [1].
KATSURA1 : Up>Up , KATSURAZ : Ux>Up>Up , KATSURAS : Us>Up>Ux>Ui
KATSURA4 © Up>UpsUs>Up>Uy, KATSURAS : Us>UpsUp>Us>Ua>Us
N.B. For KATSURA4, UpUpU>Us>Up is a good ordering([4]) and a

Grobner basis was obtained in 1,083,899 milliseconds:

2.2 Buchberger’s algorithm
If we can choose freely the ordering in the Grobner bases construction, we
better choose >r when the size of problem is not small. Timing data of

computation of Grobner bases with >; for the same problems as above are shown in

Table 2.
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Tbble 2 CPU time (milliseconds) with >t

Problem Order (1) Order (2) k Order(3) Order (4)

KATSURA1 21 19 19 21
KATSURAZ2 66 60 61 57
KATSURA3 804 695 813 688
KATSURA4 28,407 31,096 36,584 29,849
KATSURAS 2,292,003 | >3,600,000 2,633,969 | >3,600,000

23

Given a Grobner basis, where the ordering may be any one, we can calculate
a univariate polynomial belonging to the ideal by the method of "undetermined
coefficients[2] . The following algorithm is an improvement of "Method 6.11" in

[3], because a system of linear equations has to be solved only once.

Algorithm 2.2 [Finding a univariate polynomial pel ]

% input : a Grobner basis G of I =(f1, -+ +,fs)
% output : a univariate polynomial pel with the least degree ;

S
N :=[[deg(s:); % upper bound of deg(p) by Bézout's theorem;
el

for i := 0 : N do p; := NormalForm(G , x.);

solve the equation dgpg + - - - + dypy = O;
p i=dy + dixy + - -+ + dyz;

if the solution (dp, - -

then determine them so that the degree of p may be minimal,;

- ,dy) has arbitrary constants

return p;

Using Algorithm 2.2, the following algorithm is obtained. (Cf. "Method
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6.12" in [3].)

Algorithm 2.3 [Buchberger] [Solving a system of algebraic equations]

% input @ polynomials {fi, - -« - ,fs} in K[x1, - -,xa] ;

% output : all solutidnS’of the system of algebraic equations ;

% {fi=fo=--=Ff =01},

G := a reduced Grobner basis of (fy,: - -,fs) with >7;

p(x,) = the polynomial in ideal(G) N K[x,] obtained by Algorithm 2.2;

Xn = {(@) | pla) = 0};

for i1 := n down to 2 do
begin X;-1 = @;
for all (a;, - - -,a,) €X; do
begin H :={g(x1, * « * »Ti-1,Qi> - = =) | g € G};
H := a Grobner basis of H with >7;
p = the polynomial in ideal(H) N K{xi-1];
Xi-t = Xist U {(@,ai5 - - -san) Ip(@) = 0}
end;
end;
return Xi;

From the viewpoint of computational efficiency, this algorithm is much
better than Algorithm 2.1 as Tables 1 and 2 show. Nevertheless, this method has

also disadvantages.

(i) Numerical accuracy is not maintained. This 1is the same in
Algorithm 2.1 also.
(ii) Nested calculation of Grobner bases with >r in Algorithm 2.3 is

wasteful .

3. New method
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In the new algorithm to be stated below, the above disadvantages are
removed. That is,

(i) The reduced system is suitable for numerical calculation, that
is, it does not suffer from error propagation and error
accumulation.

(i) Calculation of a Grobner basis with >r is performed only once.

Unfortunately, we must set a restriction in applying the new algorithm,
which we think 1is not so serious because most problems can be transformed to

satisfy it by changing the order of variables.

| Assumption

Let the solutions of an n-variable system of algebraic equations be
(cf”, - - ,ef?y (1=i=31), where multiple roots are counted only once. Then, we
assume Vi=j, ciV=c{) . ;

d

If this assumption is satisfied, we can reduce the original system of

equations into the following form:

{x1 — hi(xp) =0, « -+, Tn1 — hpt(xn) =0, hp(xp) = 0}

h; ¢ K[x,] (1=1i=n)
When this system is passed into numerical calculation, error occurs at only

two steps : (i) solving the univariate equation h,(x,) =0; (ii) evaluating the
polynomials h;(x,) (1=i=n-1). Therefore, it is much more advantageous than
Algorithm 2.1 and 2.3 from the viewpoint of numerical accuracy. A Grobner basis
with >. under proper variable ordering may be of such a form, but we construct
this by means of a Grobner basis with >7.

The polynomial h,(x,) is obtained by Algorithm 2.2, and polynomials
x; — hi(x;) can be computed by the method of undetermined coefficients like

Algorithm 2.2.
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Algorithm 3.1 [Calculating a polynomial p of the form x;-h;{xn) ]

% input : a Grobner basis G of I, index i1 of variable x; ;

% output : a polynomial p = x; — h;{(xn);

M = degth,(x,)) — 1;
for j :=1 : Mdo p; 1= NormalForm(G , x);
solve the equation NormalForm(G , x;) + dopo + -« -+ dypy = O;

pi=xi +do+ dixn + - - + dyxl;

return p;
O
The new algorithm is described as follows.
A.Lgorithm 3.2 [New method for solving a system of algebraic equations]
% input :@ polynomials {fi,- - -,fs} in K[xy, -+ -,%.]
% output : all solutions of the system of algebraic equations ;
% fr=fo=---=f =03
G := a reduced Grobner basis of (fi, - - - ,fs) with >7;
hp,(x;) := the polynomial in G N K[x,] computed by Algorithm 2.2;
for i :=1 . n-1 do compute x; — h;(x,) by Algorithm 3.1;
X = {(hi@,+ + - shpa(@),a) | ha(a) = 0};
return X;
O

Example

2 . 2 - 2=0, 22 - y=0}. AGrobner

Let the system of equations be {x
basis with >7 and x>y is -y, ¥+ y — 2} .

Since y does not satisfy the Assumption, we construct a univariate
polynomial of x. Applying Algorithm 2.2,
dixt + daz® + dox® + dix + dp = 0 ~ di(-y + 2) + dsxy + doy + dix + dp = O,
therefore, dy =ds =0, d=d =1, dy = -2, and we obtain
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2+ -2 -.(i).

Applying algorithm 3.1,

3 2

y + d3x® + dox® + dix + dop =0 — y + dsxy + dby + dix + dyp = O,

therefore, dy =d; =d3 = 0, do = -1, and we obtain y — 2% - - - (ii).

Numerical solutions are computed as follows. Solving (i) = O,

x =1, /21 . Substituting them to (i), we obtain
(x, v =(x1,1), (xv2i, -2).

| O

Timing data for the same problems (Order(1)) as in section 2.1 are given in
Table 3. Systems of linear equations were solved by the SOLVE package of

REDUCE3.O0.

Table 3 CPU time (milliseconds) of New method

Problem G-Basis Transform Total
KATSURA1 21 166 187
KATSURA2 66 324 390
KATSURA3 804 1,834 2,638
KATSURA4 28,407 69,056 97,463
KATSURAS 2,292,003 | 20,091,180 | 22,383,183
"Transform” means computation of Algorithm 2.2 and 3.1.

4. Conclusion

It is concluded from timing data that Grobner bases with >7 are more

advantageous than >, for large-sized problems. Comparing Table 1 with 3, it is

confirmed that the new algorithm has more practical efficiency than the
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straightforward calculation of Grobner bases with > .
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The results of Algorithm 3.2 for a series of Katsura’s problems are shown.

Long expressions are omitted leaving first several terms.

% —— — ————
%herele KATSURA'S PROBLEM (1) %%%%%
===== JNPUT POLYNOMIALS =====
2 2
F(l)=2+xU1 + U0 - U0
F@2)=2+U1 + U0 - 1
2
FF(0)=U0 - 4/3«U0 + 1/3
FF(1)=U1 + 1/2«00 - 1/2
o

%orilorere KATSURA'S PROBLEM (2) %%%%%
===== JNPUT POLYNOMIALS =====

2 2 2
F(1)=e+l2 + 2+U1 + U0 - U0
F(2)=2+xU2xU1 + 2+«U1xU0 - Ul
F(3)=2xU2 + 2«U1 + U0 - 1
===== REDUCED SYSTEM =====

4 3 2
FF(0)=U0 - 46/21+xU0 + 34/21+U0 - 10/21+U0 + 1/21
3 2
FF(1)=U1 + 21/2+xU0 - 71/4+«U0 + 17/2+U0 - 5/4
3 2

FF(2)=U2 - 21/2xU0 + T71/4+U0 - 8xU0 + 3/4

%)%l KATSURA'S PROBLEM (3) %%%%%
===== INPUT POLYNOMIALS =====

2 2 2 2
F(H)=2+U3 + 2«02 + 2x«U1 + U0 - U0
F(2)=2xU3+U2 + 2+«U2+«U1 + 2+U1+U0 - Ul

-2

F(3)=2+U3xU1 + 2«U2+U0 - U2 + Ul
F(4)=2+U3 + 2xU2 + 2+«U1 + U0 - 1
===== REDUCED SYSTEM =====

8 7 6 5

FF(0)=U0 - 332/77+«U0 + 5492/693«U0 - 151772/18711xU0 + 25786/
r .

3 2 :

5103xU0 - 109940/56133+«U0 + 956/2079+xU0 - 3340,/56133«U0 +

181,/56133
7 6

FF(1)=U1 + 51602265,/3424+U0 - 188085645/2996+U0 + 2600257707/
5 3

4
23968+xU0 - 300968973/29%6+xU0 + 1284187269,/23968+U0
2
49010579/2096+U0 + 62902081 ,/23968+U0 - 505167,/2996
7 6

FF(2)=U2 - 45940851 /1712+xU0 + 1220593131,/11984xU0 - 1917921807/
5

4 3
11984+UC  + 201995835/1498+U0 - 786765853,/11984+U0 +
2
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220481943/11984xU0 - 32737193/11984+U0 + 984531 ,/5392
FF(3)=U3 + 402'79437/8424*U07 - 468250‘551/11984>|<U06 + 1235585907/

23968*U05 = 1030%97/2996*U04 + 289344449/23968*U03 -

2443%27/11984*U02 + 2084289/23968+U0 + 22807/5992

%%%%% KATSURA'S PROBLEM (4) %%%%%
===== INPUT POLYNOMIALS =====

2 2 2 2 2
F(1)=2«U4 + 2+U3 + 2«02 + 2«U1 + U0 - UO
F(2)=2xU4+U3 + 2xU3«U2 + 2+U2xU1 + 2xU1+U0 - Ul

2

F(3)=2xU4xU2 + 2xU3xU1 + 2xU2+U0 - U2 + Ul
F(4)=2xU4xU1 + 2xU3+xU0 - U3 + 2xU2xU1
F(5)=2xU4 + 2xU3 + 2+xU2 + 201 + U0 - 1
===== REDUCED SYSTEM =====

16 15 14
FF(0)=U0 - 1948/231«U0 + 466850/14157«U0 - - .....
FF(1)=U1 + 91312004234665124713556835730089441/

15
68905785701353855630672+U0 - .....
FF(2)=U2 - 31779053995517251891801453894 78624691 /
15

137811571402707711261344+U00 + .....
FF(3)=U3 - 28974685419577271262621330833418183/
15
34452892850676927815336xU0 + .....
FF(4)=U4 + 251065332760704024813517281592118541/
15
137811571402707711261344+00 - .....

o
%%%%% KATSURA'S PROBLEM (B) %%%%%
===== INPUT POLYNOMIALS =====
2 2 2 2 2 2
F(D)=2«U05 + 2404 + 2«U3 + 2xU2 + 2«xU1 + U0 - U0
F(2)=2xUoxU4 + 2+U4xU3 + 2xU3xU2 + 2xU2«U1 + 2xU1+U0 - Ul
2
F(3)=2«U5+U3 + 2+U4+U2 + 2+«U3xU1 + 2+«U2+«U0 - U2 + Ul
F(4)=2+Ub+U2 + 2xU4xU1 + 2+«U3«U0 - U3 + 2xU2xUl
_ 2
F(5)=2xUb«U1l + 2«U4«U0 - U4 + 2xU3«U1 + U2
F(6)=2«U5 + 2+U4 + 2+U3 + 2+U2 + 2«U1 + U0 - 1
===== REDUCED SYSTEM =====
32 31 30
FF(0)=U0 - 73352/4389+«U0 + 2744754641,/20369349+xU0 - .....
FF(1)=U1 -

71583122840841918346554068716337031 83234 1443288969033380489408951 1583335
48949555431 135517621 3824591 407652333505032025565409 7663 7941490421 8328822
T26521791893184868923333035800434037522491 735002202636 75573056 7251412107
6271146959771835357585695437562372385880636138709417744173242082261 32303

96243020244071318225302713644140937500

/
350566325837 750222023658221 340099528551 2323771 1992300091 0014304646571 507
9155233385044'717865068828530081098137921 163004 1224222381 3924606909 770564
342038683439329991 1406352241 0992976982928624 14379271 08023959550038032808
859342389891 39873895378386 7057481 1853624 1 7973963806851 875638365356484 9522

20026402789
31
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U0 + ...,
FF(2)=U2 +
7008866631939526026708100627016440731 0685421 29563400167381 22574692802059
33780086773038709618341 1 1669310257140102602083005895090366285583906452036
Q03670634721664537903374269461 9782201 707885580543561 4976751 7010846569757
522054551532276121 25801 933403803921 90034950834531 89015971 0801 707999691 75
25048300253566321 949670581 8402500000

/
48022784361 33064685255592073152048336318251741 36880823164403157050097956
048662189732153132201209387805629881 907008630701 7016846 76609050561 329540
19457353895738628923374688234236954771 135102388757138085473391 09641 140834
054'716424508765395827101 18774997422652386023831 3792491 447100895294314414
096252093
31
«U0 - ...,
FF(3)=U3 +
B684297581391937492001725756940802671 0008331 15526608474 10448294 7025947223
17704537354006764725780455727821 12762230327308295046334 1 2068986366821 955
717659972751 027921 035367265 778720121 340071895860307525192551 133664014006
13964389251913821 72467293461 4891 7408778160025 7557375802281 38734660734439
6009396155331 711 165852333381 76773384375

: /
7011326516755004440473164426801 93057102464 754239846001 820028609203143015
83104879700824357301 376570619621 9627584232600824484459627849021 3819541 128
B8407736687865098228127044821 98535306585 724948 7585421604731 91 00076065617
7198859797827 74TT907o677341 149623707248859479381 37037512767307129699044
58052805578

31

L0 - .....

FF(4)=U4 -
7276931932681 1 158584195254365693638819854581518928246704620861693105400
5198650820105999632001 023544497018553462627434.1665830124832452371 2284260
114323607337853765265091 398181 1923857886980 7960700601 170550465971 25015567
42756651220333436440101933802588745721 4208665529530693 7614508321 24747442
818381943693774633216568208726484375

/
3B045968722671293705111841463040966 72636503482 737616846328306314100195912
09732437346430626440241877561 125976381401 7261 4034033693532181 01 122653080
38914707791597257848749376468473309542270204 77 T5142761709478219282281668
10943284801 75307916542023 7549334845304 77204 7662 7534882894201 7905886283828
192504186

: 31
(M0 + .....
FF(B)=Ub -
2927943141 12856760857779817546936503127950779794751 120388916351 062591475
252257519183820665368 720076846891 171463623507783440346232653042452820718
T859729518530451034601 147936430058461 773734401 11344303581222051 103602316
39511433122828351 7508705928625666951 32921 0176291 05954551 5932873603628457
53464110576573488097 70687405691 11875000

/
350566326837 150222023658221 340099528551 2323771 1 992300091001 4304646571507
9155233985044717865068828530981 098137921 163004 1224222981 3924606909770564
342038683439320991 140635224 1 0992976982328624 74379271 08023959550038032808
859842080891 39873805378386 7057481 1853624 1797396906851 8756383653064849522
29026402789
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