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A large conceptual gap separates the theory of low-dimensional chaotic dynamics from the infinite-dimensional 
nonlinear dynamics of turbulence. Recent advances in experimental imaging, computational methods, and 
dynamical systems theory suggest a way to bridge this gap and make a fundamental breakthrough in our 
understanding of turbulence. It has recently been discovered that recurrent coherent structures observed in 
wall-bounded shear flows (such as pipes and boundary layers) result from close passes to weakly unstable invari­
ant solutions of the Navier-Stokes equations. These 3D, fully nonlinear solutions (equilibria, traveling waves, and 
periodic orbits) structure the state space of turbulent flows and provide a skeleton for analyzing their dynamics. 
We calculate a hierarchy of invariant solutions for a canonical wall-bounded shear flow and use these solutions 
(1) to develop a quantitative description of the flow's turbulent dynamics, and (2) to predict, directly from the 
fundamental equations, physical quantities such as bulk flow rate and mean wall drag. We use a combination 
of novel and proven numerical and analytical techniques, such as periodic orbit theory, group representation 
theory, nonlinear search methods and variational solvers, and computational fluid dynamics. All results and 
numerical software are disseminated through through our group's collaborative e-book ChaosBook.org[1] and 
open-source CFD software and invariant solution database Channelflow.org[2]. 

Long-term averages in low-dimensional dynamical systems can be expressed as averages over invariant state­
space sets (equilibria, periodic orbits, partially hyperbolic invariant tori). In this technical presentation we 
focus on this aspect of the theory, and speculate as to how such theory might work for moderately turbulent 
flows[3, 4, 5, 6, 7, 8]. 

Acknowledgments 

This work was supported in part by the National Science Foundation grant DMR 0820054. P.C. thanks Glen 
Robinson Jr. for support. 

References 

[1] P. Cvitanovic, R. Artuso, R. Mainieri, G. Tanner, G. Vattay and others, Chaos: Classical and Quantum 
advanced graduate e-textbook ChaosBook. org (Niels Bohr Institute, 2011; Oxford Univ. Press, to appear) 

[2] J. F. Gibson and P. Cvitanovic, Geometry of turbulence in wall-bounded shear flows: A stroll through 61,506 
dimensions, ChaosBook. erg/tutorials (Georgia Tech 2010) 

[3] J. F. Gibson, J. Halcrow and P. Cvitanovic, Visualizing the geometry of state space in plane Couette flow, 
J. Fluid Mech. 611, 107-130 (2008); arXiv:0705.3957. 

[4] J. F. Gibson, J. Halcrow and P. Cvitanovic, Equilibrium and traveling-wave solutions of plane Couette flow, 
J. Fluid Mech. 638, 243 (2009); arXiv:0808.3375. 

[5] J. Halcrow, J. F. Gibson, P. Cvitanovic and D. Viswanath, Heteroclinic connections in plane Couette flow, 
J. Fluid Mech. 621, 365 (2009); arXi v: 0808.1865. 

[6] P. Cvitanovic and J. F. Gibson, Geometry of turbulence in wall-bounded shear flows: Periodic orbits, inS. 
I. Abarzhi and K. R. Sreenivasan, eds., Turbulent Mixing and Beyond, Proc. 2nd Int. Conf. ICTP, Trieste, 
Phys. Scr., to appear (2010). 

[7] P. Cvitanovic, R. L. Davidchack, and E. Siminos, On state space geometry of the Kuramoto-Sivashinsky 
flow in a periodic domain, SIAM J. Appl. Dyn. Syst. 9, 1 (2010); arXiv:0709.2944. 

[8] E. Siminos and P. Cvitanovic, Continuous symmetry reduction and return maps for high-dimensional flows 
Physica D 240, 187 (2011); arXiv: 1006.2362. 


