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Abstract. Since the Teichmüller space of a surface R is a deformation space of

complex structures defined on R, its Bers boundary describes the degeneration
of complex structures in a certain sense. In this paper, by constructing a

concrete example, we prove that if R is a Riemann surface of infinite type,
then there exists a Riemann surface with a marking on the Bers boundary
that is homeomorphic to the surface R. We also show that such points form

an infinite-dimensional complex manifold on the Bers boundary.

1. Introduction

The Teichmüller space Teich(Γ) of a Fuchsian group Γ is the space of quasiconfor-
mal deformations of Γ. In terms of the corresponding Riemann surface R := H/Γ,
the space Teich(Γ) can be regarded as its deformation space; it is sometimes denoted
by Teich(R). Furthermore, Teich(R) can be considered as a complex manifold, re-
flecting many properties of the Riemann surface R.

The motivation for studying the boundary of the Teichmüller space arises from
the following reasoning: in complex analysis, the structure of the complex manifold
Teich(R) can be examined through the properties of proper holomorphic maps from
the complex disk D := {z ∈ C | |z| < 1} to Teich(R). Moreover, according to the
Fatou–Riesz theorem, a holomorphic function from D to a complex manifold is
characterized by its non-tangential limits at almost all points on the boundary ∂D.
Since the non-tangential limit points lie on the boundary of Teich(R), understanding
the boundary of Teich(R) is crucial for analyzing its complex manifold structure.
Furthermore, the boundary of Teich(R) provides insights into the degeneration of
complex structures on Riemann surfaces, thereby enhancing our understanding of
these surfaces. Therefore, we study a boundary of the Teichmüller space.

Various boundaries of Teich(R) have been considered. We focus on the Bers
boundary ∂Bers Teich(Γ), which is obtained by embedding Teich(R) into a bounded
region of the complex Banach space of all holomorphic quadratic differentials. We
will denote it B(Γ)(cf. Subsection 2.1). The embedding is known as the Bers
embedding B : Teich(Γ) → B(Γ). The Teichmüller space which, when embedded
in this manner, can be seen as the space of deformations of the Fuchsian group Γ
within the representation space R(Γ), where R(Γ) is the space of the conjugacy
classes of discrete and faithful homomorphisms from Γ to PSL(2;C). When R is of
finite type, it has been extensively studied by Bers [4], Maskit [12], and Abikoff [1].
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If R is compact, the Bers boundary consists of Kleinian groups corresponding to
Riemann surfaces that degenerate topologically[4, 12]. When R has finitely many
punctures, the same can be established by modifying the claim appropriately (more
details will be given in Section2.1). This implies that the degeneration of complex
structures leads to that of the underlying topological structure. Some properties of
Hol(D,Teich(R)) have been investigated based on the properties of Kleinian groups
lying on the Bers boundary. They help in understanding the complex manifold
structure of Teich(R)([14, 15], [16, 17]).

This paper concerns the case where R is of infinite type. In this case, Teich(R)
becomes an infinite-dimensional complex manifold. We show that points of the
Bers boundary are homeomorphic to the base surface R. Moreover, these points
can be parametrized by an open subset of a certain Banach space. These results
highlight differences between finite and infinite types. In this paper, we shall call
the Kleinian group corresponding to such a Riemann surface a David-Fuchsian b-
group. A detailed definition is described in Definition 2.1, Definition 2.3, and a
construction is presented in Section 4.

The quasiconformal maps are characterized as the solution of the partial differ-
ential equation called the Beltrami equation fz̄ = µfz considered for a function
µ ∈ L∞(C) with ‖µ‖L∞ < 1. Since the Teichmüller space is the set of all quasi-
conformal deformations of the Riemann surface, a deformation by the solution of
the degenerate Beltrami equation is expected to lie on the Bers boundary. The
degenerate Beltrami equation means that ‖µ‖L∞ = 1. David [5] has studied suf-
ficient conditions on µ ∈ L∞(C) for the degenerate Beltrami equation to have a
homeomorphic solution; its condition is called David’s condition. We construct
a David-Fuchsian b-group by constructing a deformation of the Fuchsian group
Γ, which satisfies David’s condition. To prove that the constructed David defor-
mation of the Fuchsian group Γ belongs to the Bers boundary, it is necessary to
construct a sequence in Teich(Γ) that converges to the point in B(Γ) corresponding
the constructed David deformation. For that, we apply the estimate given by Mc-
Mullen [13, Theorem 1.2]; we impose the condition that short(R) is positive, where
short(R) is the infimum of lengths of essential simple closed geodesics of R. The
first result is as follows.:

Theorem (Theorem 4.4). Let R be a Riemann Surface of analytically infinite type
with short(R) > 0 and infinitely many pairwise disjoint essential closed geodesics
{γ∗n}n≥0 whose lengths are bounded. Then, there exists a David-Fuchsian b-group
on the Bers boundary of Teich(R).

A natural question arising from Theorem 4.4 is whether a family of David-
Fuchsian b-groups can be constructed, and if so, what degrees of freedom are avail-
able in the construction. In this regard, the following results have been obtained.

Theorem (Theorem 5.1). Let R be a Riemann Surface of analytically infinite type
with short(R) > 0 and infinitely many pairwise disjoint essential closed geodesics
{γ∗n}n≥0 whose lengths are bounded. Then, there exists a unit ball D of a Banach
space and a holomorphic map F : D → B(Γ), where F (D) is contained in the
Bers boundary ∂Bers Teich(R), and consists only of David-Fuchsian b-group, and
the dimension of the tangent space of the image is infinite.

In Section 2, we provide the necessary background about quasiconformal maps,
Kleinian groups, and David maps. In Section 3, we compute the variation of the
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injective radius when the cylinders are stretched to apply them to McMullen’s
inequality. In Section 4, we construct a Kleinian group using a David map, and
we prove that the Kleinian group exists on ∂Bers Teich(Γ), that is, we prove that
David-Fuchsian b-group exists. In Section 5, we consider how many David-Fuchsian
b-groups exist on ∂Bers Teich(Γ). In conclusion, it is shown that there exists open
sets D of a certain infinite-dimensional Banach space and a holomorphic map F :
D → B(Γ) such that F (D) is contained in the Bers boundary and consists of
David-Fuchsian b-groups.

Acknowledgment. The author is grateful to Professor Mitsuhiro Shishikura for
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maps. He also extends his appreciation to Professors Hiromi Ohtake and Professors
Katsuhiko Matsuzaki for their valuable discussions and insightful guidance. He also
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2. Preliminaries

2.1. Teichmüller theory and Kleinian groups. Let R be a Riemann surface
whose universal covering surface is D, and let it be represented by a Fuchsian
group Γ acting on D as R = D/Γ. A quasiconformal mapping f : D → D is said
compatible with Γ if Γf := fΓf−1 remains a Fuchsian group. The isomorphism
Γ → Γf , defined by conjugation by Γ 3 γ 7→ fγf−1 ∈ Γf , is referred to as
a quasiconformal deformation of Γ. Note that the deformation of Γ induces a
quasiconformal deformation of the Riemann surface R. Indeed, the map f induces
a quasiconformal map f̃ : D/Γ → D/Γf . Let L∞(Γ) denote the complex Banach
space of all bounded measurable Beltrami differentials for Γ supported on H. Each
element µ ∈ L∞(Γ) satisfies µ ◦ γ · γ′ = µ · γ′ for every γ ∈ Γ. Its open unit ball
Bel(Γ) is the space of Beltrami coefficients for Γ. For each element µ ∈ Bel(Γ), the
unique quasiconformal homeomorphism wµ : D → D with complex dilatation µ that
fixes −1, 1 and i, is compatible for Γ. Two elements µ and ν in Bel(Γ) are said to
be Teichmüller equivalent if wµ|S1 = wν |S1 holds. The Teichmüller space Teich(Γ)
of Γ is the quotient space of Bel(Γ) by the Teichmüller equivalence relation.

In the following, we review how to embed Teich(Γ) into a bounded domain of the
Banach space B(Γ) by a well-known method. B(Γ) is the complex Banach space of

all L∞ hyperbolic holomorphic quadratic differentials φ : D∗ → Ĉ for Γ, where D∗ is
the exterior of {z ∈ Ĉ | |z| ≤ 1}. Namely, the point φ of B(Γ) satisfies φ◦γ·(γ)′2 = φ
for every γ ∈ Γ, and the L∞ hyperbolic norm ‖φ‖B(Γ) := supz∈D∗ |φ(z)|(1−|z|2)2 is
finite. Like Bel(Γ), the space B(Γ) is sometimes considered the space of quadratic
differentials on the conjugate Riemann surface R∗ through the covering map π :
D∗ → R∗. It is denoted as B(R) in such a sense. For each µ ∈ Bel(Γ), define{

µ on D,
0 on D∗.

Then, there exists a unique quasiconformal mapping fµ : Ĉ → Ĉ such that

bel(fµ)

(
:=

(fµ)z̄
(fµ)z

)
=

{
µ on D
0 on D∗ , fµ(z) = z + o(1/z) (near z = ∞).
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The Schwarzian derivative of fµ is defined on D∗ as

S(fµ|D∗) =

(
f ′′µ
f ′µ

)′

− 1

2

(
f ′′µ
f ′µ

)2

.

The mapping B : Teich(Γ) 3 [µ] 7→ S(fµ|D∗) ∈ B(Γ) is well-defined and holo-
morphic. The map is also a biholomorphic map onto its image, called the Bers
embedding. As a known fact, its image is a bounded domain in B(Γ). Therefore,
the boundary can be defined via the Bers embedding. This is called the Bers
boundary ∂Bers Teich(Γ) := ∂B(Teich(Γ)). Next, we summarize the holonomy ho-
momorphism defined at each point in B(Γ). For each a point φ ∈ B(Γ), then there

exists a unique, locally univalent holomorphic map Wφ : D∗ → Ĉ such that

S(Wφ) = φ, Wφ(z) = z + o(1/z), near z = ∞.

Then, for every element γ ∈ Γ, there exists a unique Möbius transformation g such
that

Wφ ◦ γ = g ◦Wφ.

We denote the mapping γ 7→ g by χφ : Γ → PSL(2;C), called a monodromy
homomorphism. If Wφ is univalent, χφ(Γ) is also discrete. Bers proved that if φ is
contained in Cl(Teich(Γ)) := Teich(Γ)∪∂Bers Teich(Γ), the functionWφ is univalent
[4, Theorem 5]. Then, we classify φ according to the properties of χφ(Γ).

Definition 2.1 (Classification of elements in Cl(Teich(Γ))). Let a quadratic dif-
ferential φ be in Cl(Teich(Γ)). The group χφ(Γ) or the differential φ is called

• a quasiFuchsian group if the function Wφ can be extended to a homeomor-

phic map on Ĉ,
• a cusp if there exists a hyperbolic element γ ∈ Γ such that χφ(γ) is a
parabolic element, and

• a totally degenerate group if χφ(Γ) is not a cusp and Wφ(H∗) ⊂ Ĉ is an
open and dense subset.

Accola [2] has shown that when considering the Teichmüller space of a Fuchsian
group Γ of the first kind, which is not necessarily finitely generated, the three
conditions appearing in the above definition provide a classification of the elements
of Cl(Teich(Γ)).

Bers [4] and Maskit [12] proved that if a finitely generated Fuchsian group Γ
is of the first kind, quasiFuchsian b-groups do not lie on the Bers boundary. The
following are known.

Theorem 2.2 ([4] and [12]). Let R be a Riemann surface whose Fuchsian group Γ
is finitely generated of the first kind. If a quadratic differential ψ ∈ ∂Bers Teich(S)
is not a cusp, it is a totally degenerate group. Moreover, if a quadratic differential
φ ∈ Cl(Teich(Γ) is a quasiFuchsian group, then φ is in Teich(Γ).

In this paper, we prove that quasi-Fuchsian groups can lie on the Bers boundary
when R is of infinite type. In other words, we show that Theorem 2.2 does not hold
in the case of infinite type. For the sake of clarity, we define the following terms.

Definition 2.3. In this paper, we call the group χφ(Γ) or the differential φ a topo-
logical quasiFuchsian b-group if φ ∈ ∂Bers Teich(Γ) and φ is a quasiFuchsian group.
In particular, when the function Wφ satisfies a David condition (see Definition 2.4),
we call χφ(Γ) or the quadratic differentials φ a David-Fuchsian b-group.
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Tanigawa [16, Proposition 4.4] and Yamamoto [19, Theorem 3.1] also discuss
Kleinian groups that lie on the Bers boundary in the case where R is not of an-
alytically finite type. The comparison and the relationships with our results are
summarized in Section 6.

2.2. David map. This section summarizes the notion of David maps, character-
ized as solutions to the degenerate Beltrami equations. In particular, we discuss
the results studied by David [5]. Since quasiconformal maps are characterized as
solutions of Beltrami equations, David maps can be considered as an extension to
quasiconformal maps.

Definition 2.4. Let µ be a measurable function on an open set U ⊂ C and |µ(z)| <
1 for almost all z ∈ U with respect to the Lebesgue measure. We say that µ satisfies
a David condition, if there exist α > 0, C > 0 and ε0 > 0 such that, for each
0 < ε < ε0,

(2.1) |{z ∈ U | |µ(z)| > 1− ε}|sp ≤ C exp
(
−α
ε

)
,

where | · |sp is the shperical measure on Ĉ. Moreover, if Kµ(z) :=
1+|µ|(z)
1−|µ|(z) satisfies

exp(Kµ) ∈ Lploc for some p ∈ (0,∞), then µ is said to have exponentially Lploc
integrable distortion.

Remark. (1) When the support of µ is contained by a bounded domain in the
plane, then the Lebesgue measure can replace the spherical measure in
(2.1).

(2) Suppose that supp(µ) ⊂ Cl(D) and Kµ ∈ Lp(D), then µ satisfies the David
condition by Chebychev’s inequality,

|{|µ| > 1− ε}|Leb =

∣∣∣∣{Kµ + 1 ≥ 2

ε

}∣∣∣∣
Leb

≤ exp(−2/ε)

∫
D
exp(Kµ(z) + 1) dxdy.

Hence, the exponentially Lploc integrable distortion condition implies the
David condition.

Theorem 2.5 (Generalized Riemann mapping theorem, [5]). Let µ be a measurable
function on C satisfies the David condition, then the Beltrami equation fz̄ = µfz
has a homeomorphic solution fµ ∈ W 1,1

loc (C) which is unique up to postcomposition
of a conformal map.

Remark. Let Ω be an open subset in Rn for some n ≥ 2. A map f : Ω → Rn
is called mapping of finite distortion if f ∈ W 1,1

loc (Ω,Rn), Jf ∈ L1
loc(Ω), and there

exists a measurable function Kf : Ω → [1,∞) so that

|Df(x)|n ≤ Kf (x)Jf (x) a.e.,

where Jf is the jacobian of f , Df is the matrix of partial derivative, and |Df(x)|
is the operator norm. A homeomorphic solution of the Beltrami equation with a
coefficient µ which satisfies David condition, is an example of mappings of finite
distortion. For more details, see [3, 8].

Definition 2.6. Let µ ∈ L∞(C) satisfy |µ(z)| < 1 for almost everywhere z ∈ C. A
homeomorphism f : C → C is called the principal solution to the Beltrami equation
with coefficient µ if the map f satisfies the following conditions:
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• f satisfies the partial differential equation fz̄ = µfz a.e.,
• there exists a discrete set E ⊂ C such that f ∈W 1,1

loc (C \ E).
• around the point at infinity, f has the Laurent expansion f(z) = z+ a1

z +· · · .

Theorem 2.7 ([3, Theorem 20.4.7]). Let µ be a measurable function on C with
|µ| < 1 a.e.. If there exist p > 1 and a measurable function K such that

(2.2) exp(K) ∈ Lp(D), |µ(z)| ≤ K(z)− 1

K(z) + 1
χD,

where χD is the characteristic function of D, then the Beltrami equation fz̄ = µfz
admits a unique principal solution f ∈W 1,2

loc (C).

The following proposition can be obtained by rewriting the proof of the existence
theorem for solutions of the degenerate Beltrami equation slightly [3, Theorem
20.4.7]. In [3, Proof of Theorem 20.4.7], it uses a specific sequence of approximations
for µ. Still, any sequence of approximations that satisfies the appropriate conditions
is sufficient.

Proposition 2.8. Let µ be a measurable function, which satisfies the assumption
of Theorem 2.7. Suppose that a sequence (µn) satisfies

‖µn‖L∞ < 1, µn(z) → µ(z) a.e., |µn| ≤ |µ|.

Then, the sequence of the principal solutions of µn has a subsequence that locally
uniformly converges to the principal solution of µ.

Proof. For the Beltrami differential µn and µ, there exist BMO functions (Kn)
∗

and K∗ respectively, and

Kµn
≤ (Kn)

∗, Kµ ≤ K∗

holds. In particular, |µn| ≤ |µ|, so we can see that (Kn)
∗ ≤ K∗ is satisfied.

Next, let fn be the principal solution for µn. Then, from the general theory of
the Beltrami equation, we get

(2.3) ‖(fn)z − 1‖L2(D) = ‖(fn)z̄‖L2(D) ≤ 4‖K∗‖L2(D),

(see [Proof of Theorem 20.4.7] in [AIM]). In particular, since µ satisfies the assump-
tion of Theorem 2.7, there exists a constant M > 0 such that, for any R > 0,∫

∆(0;R)

|Dfn|2 dxdy ≤ 4πR2 +M.

From modulus inequarity([3, Theorem 20.1.6]), for any a, b ∈ D,

|fn(a)− fn(b)|2 ≤
π
∫
∆(0;R)

|∇fn|2 dxdy

log
(
e+ 1

|a−b|

) ,

the sequence (fn) has a convergent subsequence. Moreover, from (2.3) and the
weak sequential compactness of W 1,2(C), by taking a subsequence, we may assume
fn → f locally uniformly and Dfn → Df weakly in L2

loc. Thus, we obtain

fz̄ = µfz a.e..

Finally, it remains to be shown that f is the principal solution of µ. Let gn be
the inverse map of fn, and then gn has the following modulus of continuity: for
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a, b ∈ C,

|gn(a)− gn(b)| ≤ 16π2 1 + |a|2 + |b|2

log
(
e+ 1

|a−b|

)‖Kµn
‖L1(D),

which is in [3, Lemma 20.2.3]. Therefore, (gn) has also a convergent subsequence.
Since the limit function g is continuous and g ◦ f = idC, the function f is a home-
omorphic. Moreover, because fn are conformal around ∞ ∈ Ĉ, the function f is
also conformal around ∞ ∈ Ĉ. In particular, the Laurent expansion of f is

f(z) = z +
a

z
+ · · · .

□

3. Deformation of a family of cylinders

3.1. A result of McMullen.

Theorem 3.1 ([13, Theorem 1.2]). Let R be a Riemann surface with short(R) > 0,
where short(R) denotes the infimum of the lengths of all essential simple closed
geodesics on R. Let [µ] be a point in Teich(R), and ν be a unit-norm Beltrami
differential in the tangent space T[µ] Teich(R) at [µ]. If the support of ν is contained
in the part of fµ(R) of the injectivity radius less than L < 1/2, where the injectivity
radius is measured using the hyperbolic metric of fµ(R). Then, the image of ν
under the derivative of Bers’ embedding B : Teich(R) → B(R) has norm at most
C(L log 1/L)2, where the constant C depends only on short(R).

Remark. In the original paper [13], it seems that R is assumed to be of analytically
finite type, but it is easy to see that his proof works without the assumption that
R is to be of analytically finite type.

Applying this theorem, we estimate the distance in B(Γ) between two points
arising from a quasiconformal deformation in a thin region of R. Specifically, we
show the following:

Theorem 3.2. Let R be a Riemann surface with short(R) > 0. For [µ0], [µ1] ∈
Teich(R), there exists a curve µt : [0, 1] → Bel(R) such that

νt := lim
h→0

1

h
bel
(
fµt+h ◦ (fµt)

−1
)

has its support contained in the region of fµt(R) where the injectivity radius satisfies
Lt < 1/2. Moreover, if there exists a constant k such that |νt| ≤ k < 1 for all
t ∈ [0, 1], then

‖B([µ0])− B([µ1])‖B(R) ≤ C1

(
L0 log

1

L0

)2

,

where C1 depends on short(S), and K = 1+k
1−k .

Remark. In the paper [13], there is a part where the main result is implicitly proven
using the statement of Theorem3.2.

Proposition 3.3. Let R,S be hyperbolic Riemann surfaces, and f : R → S be a
K-quasiconformal map. Then, there exists a constant c := c(K) > 1 such that, for
all p, q ∈ R,

min

{
1

c
dR(p, q),

(
1

c
dR(p, q)

)K}
≤ dS(f(p), f(q)) ≤ cmax{dR(p, q), dR(p, q)1/K},
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where dR and dS denote the hyperbolic distances on R and S, respectively.

Proof. Gehring–Osgood [6, Theorem 3] obtained how the quasi-hyperbolic distance
of the hyperbolic domain in plane changes under K-quasiconformal mapping. In
more detail, let D1, D2 be simpley connected hyperbolic domains in the plane and
f : D1 → D2 be a K-quasiconformal map, then there exists a constant c := c(K) >
1 such that, for all x, y ∈ D1,

dq,D2
(f(x), f(y)) ≤ cmax{dq,D1

(x, y), dq,D1
(x, y)1/K},

where dq,Dj
are a quasi-hyperbolic distance for j = 1, 2. Note that the quasi-

hyperbolic distance of the upper half plane dq,H coincide with the hyperbolic dis-
tance dH from the definition.

Moreover, let πR : H → R be an universal cover of R, then

(3.1) inf
p̃∈π−1(p)

q̃∈π−1(q)

dH(p̃, q̃) = dS(p, q).

Finally, since dH and d
1/K
H are continuous,

max{dH, d1/KH }
is also continuous. Therefore,

(3.2) inf
p̃∈π−1(p)

q̃∈π−1(q)

max{dH(p̃, q̃), dH(p̃, q̃)1/K} = max{dS(p, q), dS(p, q)1/K}.

From (3.1) and (3.2), we obtain

(3.3) dS(f(p), f(q)) ≤ cmax{dR(p, q), dR(p, q)1/K}.
The inequality on the left-hand side of the claim can be obtained by applying (3.3)
to the inverse map of f .

□

Proposition 3.4. Let R,S be hyperbolic Riemann surfaces, and f : R → S be a
K-quasiconformal map. Then there exists a constant c′ := c′(K) > 0 such that, if
rR(p) < 1,

rR(p) ≤ c′rS(f(p))
1/K ,

where rR(p) and rS(f(p)) are the injectivity radii at p and f(p) with respect to
hyperbolic metrics R and S, respectively.

Proof. Let r′ < rR(p). The set {q ∈ R | dR(p, q) < r′} is simply connected. Since
f is a homeomorphism, f({q ∈ R | dR(p, q) < r′}) is also simply connected. Now,
if f(q) ∈ f({q ∈ R | dR(p, q) < r′}), then

dS(f(p), f(q)) ≥ min

{
1

c
dR(p, q),

(
1

c
dR(p, q)

)K}
=

(
1

c
dR(p, q)

)K
,

from Proposition 3.3 and 1
cdR(p, q) < 1. Thus, set r := r′K/c, then {z ∈ S |

dS(f(p), z) < r} is simply connected. Therefore,

1

c
r′ ≤ rS(f(p)).

Hence, set c′ := c1/K , we obtain r′ ≤ c′rS(f(p))
1/K .

□
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Proof of Theorem 3.2. By using the curve µt, it follows from standard calculations,
Theorem 3.1 and Proposition 3.4 through the following computation.

‖B([µ0])− B([µ1]‖B(S) ≤
∫ 1

0

∥∥∥∥ ddtB([µt])
∥∥∥∥ dt ≤

∫ 1

0

‖d[µt]B‖‖νt‖ dt

≤ kC

∫ 1

0

(
Lt log

1

Lt

)2

dt

≤ kC

(
L
1/K
0 log

1

L0

)2

≤ kC

4

(
L0 log

1

L0

)2

,

where C is the constant given in Theorem3.1. So, we set C1 := kC
4

□

3.2. Variation of injectivity radius in stretch deformation. We denote by
St(H) := {ζ ∈ C | | Im ζ| < H}, C(H) := St(H)/〈x 7→ x + 2π〉, where H > 0.
This cylinder is biholomorphic to {z ∈ C | 1/eH < |z| < eH}. In particular, the
modulus is H/π. The simple closed curve [0, 2π] 3 x 7→ x in C(H) is called the core
curve. Let H > 0 and 0 < a < 1. In the following, we consider a quasiconformal
deformation of St(H) in which the subdomain St(aH) is stretched by a factor of two
and St(H)\St(aH) is shifted vertically. This quasiconformal deformation induces a
deformation of C(H). That is, the quasiconformal map ψH : C(H) → C ((1 + a)H)
and homotopy ψH,t : C(H) → C ((1 + at)H) we are dealing with are as follows:

(3.4) ψH : x+ iy 7→


x+ iy + aHi aH ≤ y < H

x+ 2yi |y| ≤ aH

x+ iy − aHi −H < y ≤ −aH
,

and, for each t ∈ [0, 1], we define

(3.5) ψH,t : x+ iy 7→


x+ iy + atHi aH ≤ y < H

x+ (1 + t)yi |y| ≤ aH

x+ iy − atHi −H < y ≤ −aH
.

We denote by bel(ψH,t) the Beltrami differntial (ψH,t)z̄/(ψH,t)z. Then,

(3.6) bel(ψH,t)(x+ iy) =

{
− t

2+t |y| ≤ aH

0 the other.

and

(3.7) lim
h→0

1

h
bel(ψH,t+h ◦ ψ−1

H,t)(x+ iy) =

{
− 1

2+2t |y| ≤ (1 + t)aH

0 the other.

Note that this Beltrami coefficient and infinitesimal Beltrami coefficient are inde-
pendent of the height H of the cylinder and the constant a.

Denote by ρt the hyperbolic metric on C((1+at)H) and by rρt(p) the injectivity
radius of C((1 + at)H) at p ∈ C((1 + at)H).

Proposition 3.5. Taking a = 1/2, if H > 2π2, we obtain

(3.8) sup
p∈C((1+t)aH)

rρt(p) ≤ 1/2,
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for all t ∈ [0, 1]. Hence, the path [0, 1] 3 t 7→ bel(ϕH,t) satisfies the assumption of
Theorem 3.2. In particular,

(3.9)
supp∈C(3H/4) rρ1(p)

supp∈C(H/2) rρ0(p)
≤ 2

√
2

3
(< 1).

Similarly, we denote the lengths l0, l1 of the shortest simple closed geodesics in C(H)
and C(3H/2), respectively, then we get

(3.10)
l1
l0

=
2

3
.

Proof. Note that the hyperbolic metric on C((1 + at)H) is

π

2(1 + at)H cos
(

π
2(1+at)H Im z

) |dz|.
First, consideing the closed curve g : [−π, π] 3 x 7→ x+ (1 + t)aHi, we get

(3.11) sup
p∈C((1+t)aH)

rρt(p) ≤
1

2
lengthρt(g) =

π2

2(1 + at)H cos
(
a(1+t)
2(1+at)π

) .
Since we take a = 1/2,

π2

2(1 + at) cos
(
a(1+t)
2(1+at)π

) =
π2

(2 + t) cos
(

1+t
4+2tπ

) ≤ π2,

for all t ∈ [0, 1]. Therefore, if H > 2π2, then

sup
p∈C((1+t)aH)

rρt(p) ≤
1

2
.

Next, we estimate supp∈C(aH) rρ0(p). Since the geodesic through 0 ∈ C(aH)

with respect to ρ0 is g0 : [−π, π] 3 x 7→ x ∈ C(aH) and its length is closed shortest
geodesic in C(aH), we get

π2

2H
=

1

2
lengthρ0(g0) ≤ sup

p∈C(aH)

rρ0(p).(3.12)

Moreover, for the same reason as (3.11), the following inequality is obtained

sup
p∈C(3H/4)

rρ1(p) ≤
1

2
lengthρ1(g1),

where g1 : [−π, π] 3 x 7→ x+ 3
4Hi. Therefore,

(3.13)
supp∈C(3H/4) rρ1(p)

supp∈C(H/2) rρ0(p)
≤ 2H

π2
· π2

3H cos
(
π
4

) =
2
√
2

3
.

Finally, the shortest closed geodesics of C(H) and C(3H/2) are [−π, π] 3 x 7→ x,
so their lengths are π2/H and 2π2/3H respectively. Then, the ratio is 2/3.

□

From Theorem 3.2 and Proposition 3.5, we get

(3.14) ‖B([bel(ψH,0)])− B([bel(ψH,1)])‖B(C(H)) ≤ C1

(
L0 log

1

L0

)2

.
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Moreover, (3.9) and (3.10) ensure that the assumptions of Theorem 3.2 are satis-
fied even when the same stretching deformation (3.6) is applied repeatedly. See
Subsection 4.1.

4. Construction of David-Fuchsian b-groups

We would like to construct a topological quasi-Fuchsian b-group on the Bers
boundary by repeatedly using the inequality (3.14) for a family of cylinder domains.
To do so, we

• investigate whether a sequence ([τn])n∈N given by a stretch deformation
converges in the topology that defines Bers boundary in Subsection 4.1,

• construct the Beltrami differential µ so that it satisfies the David condition
in Subsection 4.2,

• show that the Schwarzian derivative S(fµ) of the constructed David map
fµ is not an interior point in Subsection 4.3, and

• see that it is the limit µ of the sequence of points that can be constructed by
repeatedly applying the stretch deformation (slightly modifying the above
sequence) in Subsection 4.4.

4.1. The deformation of a family of cylinders. We show that the same as-
sertion as Proposition 3.5 holds for a union of pairwise disjoint cylinder regions.
Assume that R has infinitely many essential closed geodesics {γ∗n}n≥0. On Riemann
surfaces, the following theorem gives a way to pick out cylinders from the family of
essential simple closed curves.

Theorem 4.1 (The collar Lemma, [9, Theorem 3.8.3]). Let R be a Riemann sur-
face. For an essential simple closed curve γ in R, we denote the geodesic which is
homotopic to γ as γ∗. For a positive δ > 0, we define the domain Aδ(γ) := {x ∈
R | d(x, γ∗) < δ}. Then, the following holds: Considering an (even infinite) set
of essential simple closed curves {γ1, γ2, · · · }, if each geodesic is disjoint from the
others, then the domains Ah(li)(γi) are biholomorphic to cylinders and are mutually

disjoint, where li is the length of the geodesic γ∗i and h(x) = 1
2 log

cosh(x/2)+1
cosh(x/2)−1 .

Remark. The height of Ah(li)(γi) is h(li). The function h is monotonically decreas-
ing such that h(l) → ∞ as l → 0.

Let {Cyln}n≥1 be a family of cylinder regions whose core curves are homotopic
to γ∗n. Here, each Cyln is not necessarily one obtained by applying Theorem 4.1.
For simplicity, we assume that each Cyln is conformal to a cylinder C(H) whose
height is H > 0. We also assume that the injectivity radius of C(H) is less than
1/2. For each n ≥ 0, we fix a holomorphic embedding ηn : C(H) → Cyln. See
Figure 1. Denote by U the union of the cylinders Cyln.

The sequence of quasiconformal deformations of {Rj}j∈N is defined inductively as
follows: First, for each Cyln, consider the quasiconformal deformation ft : R→ Rt
determined by the Beltrami coefficient τt obtained by

τ1 :=

{
(ηn)∗(bel(ψH)) on Cyln
0 on R \ U

, τt :=

{
(ηn)∗(bel(ψH,t)) on Cyln
0 on R \ U.

.

Also, let Cyl(n,t) := ft(Cyln) for each t ∈ [0, 1]. From the definition, the following
holds.
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Figure 1

Claim 1. The map η
(t)
n := ft◦ηn◦ψ−1

H,t is a holomorphic embedding from ψH,t(C(H))
to Cyl(n,t).

Proof. It is easy to see that (η
(t)
n )z̄ = 0 from the definitions. □

The following can be proven.

Claim 2. The injectivity radius of each component in the support of

lim
h→0

1

h
bel(ft+h ◦ f−1

t )

is less than 1/2.

Proof. First,

supp

(
lim
h→0

1

h
bel(ft+h ◦ f−1

t )

)
=
⋃
n≥0

η(t)n

(
supp

(
lim
h→0

1

h
bel(ψH,t+h ◦ ψ−1

H,t)

))
=
⋃
n≥0

η(t)n (ψH,t(C(H/2))).

For each x ∈ η
(t)
n (ψH,t(C(H/2))), from Schwarz–Pick’s lemma,

rρRτt
(x) ≤ rρt((η

(t)
n )−1(x)) ≤ sup

p∈C((1+t)H/2)

rρt(p) ≤
1

2
.

The last inequality is from (3.8) in Proposition 3.5.
□

Next, we construct the j-th deformation. Consider a deformation of the standard
cylinder C(H) repeated j times. In detail, using the notation from Subsection 3.2,
we take the quasiconformal map

(4.1) ψ(j) := ψ(3/2)jH ◦ · · · ◦ ψ3H/2 ◦ ψH .
In addition, we denote the injectivity radius in Rjof the support of bel(ψ(3/2)jH)
as L′

j . From (3.9) in Proposition 3.5, for each j ≥ 0, we get

(4.2) L′
j ≤

2
√
2

3
L′
j+1.

Using the quasiconformal map ψ(j), we define

(4.3) τj :=

{
(ηn)∗(bel(ψ

(j))) on Cyln (n ≥ j)

0 on R \
⋃
n≥j Cyln

.
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Figure 2

Note that we stop deforming Cyln for j > n. We write the quasiconformal map
determined by τj as fj : R → Rj , the image of Cyln by fj as Cyl(n,j), and the
injectivity radius of the support of τj as Lj . See Figure 2. Moreover, for each
t ∈ [j − 1, j], we define

ψ(t) := ψ(3/2)jH,t−(j−1) ◦ ψ(3/2)j−1H ◦ · · · ◦ ψ3H/2 ◦ ψH
= ψ(3/2)jH,t−(j−1) ◦ ψ(j−1)

(4.4)

and

(4.5) τt :=

{
(ηn)∗(bel(ψ

(t))) on Cyln (n ≥ j)

0 on R \
⋃
n≥j Cyln

.

Similarly, we define Rt, ft, and Cyl(n,t) for τt. At this time, the same thing as
Claim 1 holds.

Claim 3. Let j ≥ 0. For each 0 ≤ t ≤ j and n ≥ j, the map η
(t)
n = ft ◦ηn ◦(ψ(t))−1

is a holomorphic embedding from ψ(t)(C(H)) to Cyl(n,t).

Proof. It is clear in the same way as Claim 1.
□

Claim 4. The injectivity radius Lj−1 of each component of the support of

lim
h→0

1

h
bel(ft+h ◦ f−1

t )

is less than L′
j−1, where j is the nutural number so that j − 1 ≤ t ≤ j.

Proof. For each t ∈ [0,∞), we take j ∈ N with j − 1 ≤ t ≤ j. Then, in the same
way as Claim 4, we get

supp

(
lim
h→0

1

h
bel(ft+h ◦ f−1

t )

)
=
⋃
n≥0

η(t)n

(
supp

(
lim
h→0

1

h
bel(ψ(3/2)jH,t+h ◦ ψ−1

(3/2)jH,t)

))
=
⋃
n≥0

η(t)n (ψ(3/2)jH,t(C(H/2))),
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and, for each x ∈ η
(t)
n (ψ(3/2)jH,t(C(H/2))),

rρRτt
(x) ≤ rρt((η

(t)
n )−1(x)) ≤ sup

p∈C
(

1+t
2 ( 3

2 )
j−1

H
) rρt(p) ≤ L′

j−1,

from Schwarz–Pick’s lemma. Therefore Lj−1 ≤ L′
j−1

□

To summarize the above, we can see that the sequence (B([τj ]))j≥0 converges
with respect to the norm of the Banach space B(R). Indeed, for each j ∈ N, we get

‖B([τj ])− B([τj−1])‖B(R) ≤ C1

(
L′
j−1 log

1

L′
j−1

)2

from Theorem 3.2 and Claim 4. Since the function s(x) = −x log(x) is monotoni-

cally decreasing in the range x > 1/e, L′
j ≤ 2

√
2

3 L′
j−1 and L′

0 ≤ 1/2, we obtain

∑
j≥0

‖B([τj ])− B([τj−1])‖B(R) ≤ C1

∑
j≥0

(
L′
j−1 log

1

L′
j−1

)2

≤ C1

∑
j≥0

(
2
√
2

3

)2j (
log

(
3

2
√
2

)j)2

≤ C1

(
log

(
3

2
√
2

))2∑
j≥0

j2

(
2
√
2

3

)2j

<∞.

(4.6)

Thus, the sequence (B([τj ]))j∈N converges. In the following subsection, we will
discuss a modified version of this construction that provides the existence and
uniqueness of solutions to the Beltrami equation corresponding to this limit, that
is, the David condition in Definition 2.4.

4.2. Construction. As in Subsection 4.1, we assume the existence of infinitely
many essential closed geodesics {γ∗n}n≥0. Let Γ be a Fuchsian model of R acting D
with a universal covering map π : D → R and ω be a fundamental domain of Γ in D.
For every n, we can find a doubly connected domain Cyln of R containing γ∗n such
that Cl(Cyln) is compact in R and n 6= m implies that Cl(Cyln) ∩ Cl(Cylm) = ∅.
For example, we can take a collar of γ∗n. We denote by Tm = π−1(Cylm) ∩ ω. Let
C(H) be a standard cylinder that is biholomorphic to Cyln, and let the holomorphic
ηn : C(H) → Cyln be fixed.

Consider a positive sequence (pj)j∈N such that
∑
j∈N pj <∞.

Lemma 4.2. For any ε > 0, there exists an N ∈ N such that
∣∣⋃

m>N ΓTm
∣∣
Leb

< ε.

Proof. Since D = Γω ⊃ Γ
(⋃

m∈N Tm
)
, one easily sees the Lemma.

□

First, consider the following as the quasiconformal deformation of C(H). In more
detail, considering the quasiconformal deformation given by (4.4) in subsection 4.1,
we define

νj := bel(ψ(j)),
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for each j ∈ N. Then, from Lemma 4.2, there exists a natural number M(j) such
that ∣∣ΓTM(j)

∣∣
Leb

· exp(2Kj) < pj ,

where

Kj :=
1 + ‖(ηM(j))∗νj‖L∞

1− ‖(ηM(j))∗νj‖L∞
.

For simplicity, we select and renumber (γ∗j ). In line with this, the corresponding
cylinder CylM(j) and the region TM(j) should also have their subscripts replaced in
the same way. This is defined so that the product of the maximum dilatation of the
quasiconformal deformation and the area of the support in the universal covering
is less than pj when the deformation that repeats stretch deformation j times is
defined on the j-th cylinder. Now, let µ be defined by

µ̃(z) :=

{
(ηj)∗νj(π(z)) if z ∈ Tj

0 if z ∈ R \
⋃
j∈N Cl(Tj)

=
∑
j∈N

(ηj)∗νj(π(z))χTj .

(4.7)

Here χTj is the characteristic function of Tj . The function µ̃ has exponentially L2

integrable distortion. That is, µ̃ satisfies the assumptions of Theorem 2.7. Indeed,
one can see from the following calculation:

(4.8)

∫
D
exp(2Kµ̃(z)) dxdy ≤ e2π +

∑
j∈N

|ΓTj |Leb · exp(2Kj) ≤ e2π +
∑
j∈N

pj <∞,

where

Kµ̃(z) =
1 + |µ̃|
1− |µ̃|

(z).

Therefore, if we extend µ̃ to be identically zero in Ĉ \Cl(D), the Beltrami equation
for µ̃ has the principal solution fµ̃. Moreover, pushing µ of µ̃ on R under the
covering map D → R induced the homeomorphism fµ : R → fµ(R). It is denoted
by Rµ its image.

4.3. Rµ is not an interior point of Teich(R). It follows immediately from the
following theorem that it is not an interior point.

Theorem 4.3 ([18, Lemma 3.1]). Let f : R→ R be a K-quasiconformal map and
γ be a closed curve on R. Denote by l the length of the hyperbolic geodesic in the
free homotopy class of γ and by l′ the length of the hyperbolic geodesic in the free
homotopy class of f(γ). Then

l/K ≤ l′ ≤ lK.

If Rµ is an interior point in Teich(R), a K−quasiconformal map exists from
R to Rµ. Then, from Theorem 4.3, it follows that the lengths of closed geodesics
fµ(γj)

∗ homotopic to fµ(γj) in Rµ are greater than short(R)/K(> 0). On the other
hand, for each n ∈ N, the length of hyperbolic geodesic of the shortest geodesic in
fµ(Cylj) is less than (

2

3

)j−1
π2

H
,
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from (3.10) in Proposition 3.5 and Schwarz–Pick’s lemma. It means that

lim
j→∞

lengthρRµ
(fµ(γj)

∗) = 0.

It is a contradiction.

4.4. Rµ belongs to the Bers boundary. That Rµ belongs to the Bers boundary
means that the Schwarzian derivative S(fµ̃) of the principal solution fµ̃ is on the
Bers boundary. By the definition of the Bers boundary, it is sufficient to take a
sequence (φn) in B(Teich(R)) so that the sequence converges to φ∞ in B(R) and
φ coincides with S(fµ̃). On the open set U :=

⋃
j∈N Cylj , applying {γ∗j } to the

discussion in Subsection 4.1, we can take the deformation of a family of cylinders
([τj ])j in Subsection 4.1. The sequence converges in Teich(R)∪∂Bers Teich(R) from
(4.6). Now, we denote B([τj ]) by φj ∈ B(R), and the limit of B([τj ]) by φ∞. Since
S(Wφj

) is convergent to S(Wφ∞) with respect to the norm in B(R), the sequence
(Wφj )j is local uniformly converges to Wφ∞ on the lower half plane H∗.

Finally, we need to prove the sequence Wφj is local uniformly convergent to
fµ̃. Indeed, from the uniqueness of the limit, we find Wφ∞ = fµ̃. It is sufficient
to prove that the sequence of π∗τj satisfies the assumptions of Proposition 2.8.
For each j, the Beltrami coefficient τj induses the quasiconformal deformation in
which Cyln is stretched j times for each 1 ≤ n ≤ j and Cyln is stretched n times
for each j < n. From the definition, τj is coincide to µ̃ in

⋃
1≤n≤j Cyln. Thus,

the following statement holds: for each z ∈ π−1(U), there exists j ∈ D such that
z ∈ Γ(

⋃
1≤n≤j Tn), so |π∗τj(z) − µ̃(z)| = 0. Since supp(π∗τj), supp(µ̃) ⊂ π−1(U),

the sequence (π∗τj) satisfies the assumptions of Proposition 2.8. Therefore, the
sequence of the principal solutions of π∗τj is locally uniform convergent to fµ̃, from
Proposition 2.8. That is, fµ̃ and Wφ∞ are the limit of the sequence (Wφj

). Hence
fµ̃ = Wφ∞ . Therefore S(fµ̃) = φ∞. The following conclusions follow from the
above:

Theorem 4.4. Let R be a Riemann Surface of analytically infinite type with
short(R) > 0 and infinitely many pairwise disjoint essential closed geodesics {γ∗n}n≥0

whose lengths are bounded. Then, there exists a David-Fuchsian b-group in the Bers
boundary of Teich(R).

Proof. From the assumption that R has infinitely many pairwise disjoint essential
closed geodesics {γ∗n}n≥0 whose lengths are bounded, there exists a quasiconformal
mapping f : R→ f(R) such that the set {f(γ∗n)∗} of geodesics homotopic to f(γ∗n)

satisfies the conditions; their lengths are constant l and satisfy h(l) > 2
√
2π2. In

addition, [f(R), f ] is an element of Teich(R). From the above, we can apply the
discussion so far to f(R) and the set {f(γ∗n)∗}.

□

Remark. The condition short(R) > 0 in Theorem 4.4 is essential to ensure the
existence of a convergent sequence that approaches the point constructed on the
Bers boundary. For instance, even if short(R) = 0, one may be able to construct a
Beltrami differential µ ∈ L∞(Γ) satisfying the David condition, but proving that it
lies on the Bers boundary appears to be nontrivial.
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5. A holomorphic family of David-Fuchsian b-groups

5.1. Construct a holomorphic family of David-Fuchsian b-groups. The
main purpose of this section is to prove the following:

Theorem 5.1. Let R be a Riemann Surface of analytically infinite type with
short(R) > 0 and infinitely many pairwise disjoint essential closed geodesics {γ∗n}n≥0

whose lengths are bounded. Then, there exists a unit ball D of a Banach space and
a holomorphic map F : D → B(Γ), where F (D) is contained in the Bers boundary
∂Bers Teich(R), and consists only of David-Fuchsian b-group, and the dimension of
the tangent space of the image is infinite.

Claim 5. Let f be the principal solution to the Beltrami equation with coefficient
µ which satisfies the assumption of Theorem 2.7. Then, for each u ∈W 1,2

loc (C), the
composition u ◦ f−1 belongs to W 1,1

loc (C).

Proof. We will explain why the above argument is valid. First, from [8, Theorem

5.2], we get f−1 ∈ W 1,1
loc (C) and there exists a measurable function Kf−1 : C →

[1,∞) so that

|Df−1|2(z) ≤ Kf−1(z)Jf−1(z) a.e.,

where Df−1 is the matrix of partial derivative, |Df−1| is the operator norm and
Jf−1 is the Jacobian of f−1. That is, f−1 is a mapping of finite distorition (see
Remark of Theorem 2.5). Moreover, Gill [7, Theorem 1.1] has shown that we can
assume K ∈ L1

loc(C). Finally, applying to [8, Theorem 5.13] with p = 1, q = 2, we

get, for each u ∈W 1,2
loc (C), the composition u ◦ f−1 is in W 1,1

loc (C).
□

Proof of Theorem 5.1. To prove Theorem 5.1, we use partial deformations on R.
Applying the same arguments as in the proof of Theorem 4.4, we may assume that
the lengths of the geodesics {γ∗n}n≥0 are constant. For each n, we consider the

subcylinder C̃n of the collar γ∗n, whose center is γ∗n and height is h(l)/2. Since
the lengths are constant, their modulus are constant. Let R2 be the union of the

tubular neighborhoods {C̃n} of {γ∗n}n∈N. Appalling {γ∗n}n≥0 to the discussion in
Subsection 4.2, we take the Beltrami differential µ which induces a David–Fuchsian
b-group. From the construction of µ, the support of µ is contained in R2. Then, the
complex structure of R1 := R\R2 can still be deformed. Moreover, the deformation
space of R1 is still an infinite-dimension space. By deforming the complex structure
on R1, we construct a map such that Theorem 5.1 is satisfied.

(5.1) Pµ : Bel(R1) 3 τ 7→ S(f(µ+τ)) ∈ B(R).

Here, µ+ τ is precisely µχR2 + τχR1 . These Beltrami differentials satisfy the David
condition. Indeed, let π : D → R be an universal cover, and µ̃ and τ̃ be lifts of µ
and τ , respectivily. Set

Kµ̃+τ̃ (z) :=
1 + |µ̃+ τ̃ |
1− |µ̃+ τ̃ |

.
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We get∫
D
exp(2Kµ̃+τ̃ (z)) dxdy

≤ e2π +

(∫
supp(µ̃)

+

∫
supp(τ̃)

)
exp(2Kµ̃+τ̃ (z)) dxdy

≤ e2π +

∫
supp(µ̃)

exp(2Kµ̃(z)) dxdy +

∫
supp(τ̃)

exp(2Kτ̃ (z)) dxdy <∞.

However, since the supports of µ and τ are already included in R2 and R1, respec-
tively, the characteristic functions are omitted hereafter. The image of Pµ is almost
evident that the image of this map is contained in the Bers boundary. Indeed, we
consider the sequence {τj + τ} with the sequence τj converging to µ in Subsection
4.2. From Proposition 2.8, we can prove S(fµ+τ ) lies on the Bers boundary. In addi-
tion, the Fréchet differentiability of Pµ at other points in Bel(R1) can be computed
in the same manner as the derivative of the standard Bers embedding. Therefore,
to complete the proof of Theorem 5.1, we shall prove that Pµ is Fréchet derivatible
at 0 ∈ Bel(R1) and the image of its tangent map is an infinite-dimensional subspace
in TS(fµ)B(R). From the construction (4.7), the Beltrami differential µ satisfies the

exponential integrability condition (4.8), so fµ+τ is in W 1,2
loc (R) from Theorem 2.7.

Therefore, the tangent map at µ on Bel(R1) is represented by

(5.2) d0P
µ[ν](z) = − 6

π
(fµ+0)

2
z(z)

∫
R

ν(ζ) · (fµ+0)
2
z(ζ)

(fµ+0(ζ)− fµ+0(z))4
dξdη, (ζ = ξ + iη)

in the same manner as the calculation for Bers embedding. For detailed calculations,
see Claim 6 and Claim 7 given later. Briefly stated, since fµ+0 belongs to W 1,2

loc (C),
the coordinate transformation by the function fµ+0 can be done by multiplying the
Jacobian of fµ+0 by the function under integration. In Subsection5.2, we discuss
the image of the tangent map of Pµ.

□

Claim 6. Let R be a Riemann surface, R2 its sub-surface (but not necessarily
connected), and R1 := R \R2, and let µ be the Beltrami differential whose support
is contained in R2, and the Beltrami equation of µ has the homeomorphic solution
fµ. Suppose the homeomorphic solution is an element of W 1,2

loc (R). Then the map
defined in (5.1)

Pµ : Bel(R1)) 3 τ 7→ S(fµ+τ ) ∈ B(R).

is differentiable, and its derivative at 0 ∈ Bel(R1) is the formula (5.2):

d0P
µ[ν](z) = − 6

π
(fµ+0)

2
z(z)

∫
R

ν(ζ) · (fµ+0)
2
z(ζ)

(fµ+0(ζ)− fµ+0(z))4
dξdη.

Proof. The following calculations are well known when µ is in the Bel(Γ) (cf. [10,
Theorem6.11]).

We will use the notation fµ instead of fµ+0 to simplify the notation. For the
sake of proof, everything is lifted by the universal covering π : D → R with Γ in the
Fuchsian group model. The lifts of µ, R1 and R2 by the projection π are written
as µ̃, R̃1 and R̃2, respectively. Let ν̃ be an element in L∞(Γ) and its support be
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contained in R̃1. We will show that the limit

lim
t→0

1

t
(S(ftν̃+µ̃)− S(fµ̃))

exists, where ftν̃+µ̃ and fµ̃ are the principal solution of the Beltrami equation of
tν̃+ µ̃ and µ̃, respectively. We define µ̃t := µ̃+ tν̃. Since supp(µ̃)∩ supp(ν̃) = ∅, µ̃t
satisfies the David condition, so we denote the principal homeomorphism solution of
the Beltrami equation of µ̃t by f̃t. Moreover, set gt := ft◦f−1

µ̃ , we get gt ∈W 1,1
loc (C)

from Claim 5 and

(fµ̃)z

(fµ̃)z

µ̃t − µ̃

1− ¯̃µµ̃t
◦ f−1

µ̃ =
(fµ̃)z

(fµ̃)z
· tν̃

1− (tν̃ · ¯̃µ+ |µ̃|2)
◦ f−1

µ̃

=
(fµ̃)z

(fµ̃)z
· tν̃ ◦ f−1

µ̃ .

So, the norm of the Beltrami differntial of gt is less than 1, for sufficietntly small.
Therefore, gt is quasiconformal with respect to the complex structure of fµ̃(Ĉ).
Applying gt to the standard argument (cf. [10, Theorem6.10]), we can show that
the following limit exists:

lim
t→0

1

t
S(gt|fµ̃(D∗)).

In addition, we get the represent formula:

lim
t→0

1

t
S(gt|fµ̃(D∗))(z) = − 6

π

∫
fµ̃(D)

Lµ[ν](w)

(w − fµ̃(z))4
dudv (w = u+ iv),

where

(5.3) Lµ[ν] =
(fµ̃)z

(fµ̃)z
· ν̃ ◦ f−1

µ̃ .

Note that supp(µ̃) ∩ supp(ν̃) = ∅. Since bel(gt) = tLµ[ν] + δ(t) satisfies that
‖δ(t)‖L∞ → 0 as t→ 0, we get

S(ftν̃+µ̃) = S(gt|fµ̃(D∗))(fµ̃)
2
z + S(fµ̃).

Thus we obtain

lim
t→0

1

t
(β(tν̃ + µ̃)− β(µ̃)) = − 6

π

∫
fµ̃(D)

Lµ[ν](w)

(w − fµ̃(z))4
dudv · (fµ̃)2z

Finally, by substituting fµ̃(ζ) for w in the above integral, we obtain the repre-
sentation formula (5.2). Note that from the assumption that fµ̃ is an element of

W 1,2
loc , substitution by fµ̃ can be computed using the Jacobian of fµ̃, and that is

|(fµ̃)z|2 − |(fµ̃)z̄)|2.
□

5.2. Image of the tangent map d0P
µ. The remaining tasks to prove are: first

that d0P
µ is a bounded linear operator, and second, that the image of d0P

µ is
infinite-dimensional. From the definition of the tangent space in L∞(R),

T0Bel(R1) ∼= L∞(R1, R),

where
L∞(R1, R) = {µ ∈ L∞(R) | µ = χR1µ}.

Next, from (5.2), we get the following claim:
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Claim 7. The operator d0P
µ is bounded.

Proof. Let C ⊂ Ĉ be a Jordan curve and Ω∪Ω∗ = Ĉ\C be connected decomposition.
In addition, if necessary, we apply a Möbius transformation to make ∞ ∈ C. For
each ζ ∈ Ω∗,

(5.4)

∫
Ω

∣∣∣∣ 1

z − ζ

∣∣∣∣4 dxdy ≤ 42πρ2Ω∗(ζ),

where ρΩ∗ is the hyperbolic metric on Ω∗. Indeed, we obtain∫
Ω

∣∣∣∣ 1

z − ζ

∣∣∣∣4 dxdy ≤
∫
Ĉ\∆(0;dist(ζ;C))

1

|z|4
dxdy(5.5)

≤ 2π

∫ ∞

dist(ζ;C)

1

r3
dr

≤ π(dist(ζ;C))−2.(5.6)

In addition, from Koebe’s 1/4 Theorem, dist(ζ;C)−1 ≥ 4ρΩ∗ . Thus, we get
(5.4). Therefore, for each ν ∈ d0Λµ(T0(Bel(R1))),

π

6
‖dµβ(ν)‖TS(fµ(R))B(R) = sup

z∈D∗

∣∣∣∣∣
∫
fµ̃(D)

Lµ[ν](w)

(w − fµ̃(z))4
dudv · (fµ̃)2z(z) · ρ−2

D∗ (z)

∣∣∣∣∣
= sup
ζ∈fµ̃(D∗)

∣∣∣∣∣
∫
fµ̃(D)

Lµ[ν](w)

(w − ζ)4
dudv · ρ−2

fµ(D∗)(ζ)

∣∣∣∣∣
≤ 42π‖Lµ[ν]‖L∞ = 42π‖ν‖L∞ .

□

Finally, we only need to consider

(5.7) d0P
µ(T0Bel(R1)) ∼=

(
L∞(R1, R)

ker(d0Pµ) ∩ T0Bel(R1)

)
.

It is sufficient to prove that the right side of (5.7) is an infinite-dimensional closed
subspace. From (5.2) and [10, Chapter 7.2.3], we obtain

ker(d0P
µ) =

{
ν ∈ L∞(R)

∣∣∣∣∣
∫
fµ(R)

Lµ(ν) · φ dξdη = 0(∀φ ∈ Q(fµ(R1), fµ(R)))

}
,

where

Q(fµ(R1), fµ(R)) = {φ ∈ Q(fµ(R1)) | ∃Φ ∈ Q(fµ(R)) s.t. Φ|fµ(R1) = φ}.
For our purpose, we use the well-known fact:

Theorem 5.2 ([10, Theorem 7.5 and Chapter 7.2.3]). The mapping L∞(fµ(R1)) →
A∗(fµ(R1)) given by

Θµ : Q(fµ(R1)) 3 φ 7→
∫
fµ(R)

µφ dξdη ∈ C

induces an isomorphism from L∞(fµ(R1))/N(fµ(R1)) onto Q
∗(R1), where

N(R1) :=

{
µ ∈ L∞(R1)

∣∣∣∣∣
∫
fµ(R1)

Lµ(ν) · φ dξdη = 0(∀φ ∈ Q(fµ(R1))

}
.
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We find ker(dµβ) is a closed subspace in N(fµ(R1)) from the definition. More-
over, Q(fµ(R1), fµ(R))) is also a subspace of Q(fµ(R1)), but is not generally closed.
Then, there exists the natural surjection ι∗ from Q∗(fµ(R1)) to Q

∗(fµ(R1), fµ(R))).
Note that Q∗(fµ(R1), fµ(R))) is a Banach space, and ι∗ is a bounded operator. As
above, from the universal property of the cokernel and the Hahn–Banach theorem,
we get the following isomorphism in the sense of Banach spaces:

ker(d0Pµ)∩T0Bel(R1)
N(R1)

� � // L∞(R1, R))/N(R1)

Θ∼ =

��

coker // L∞(R1,R)
ker(d0Pµ)∩T0Bel(R1)

∃Θ̃∼ =

��
Q∗(fµ(R1))

ι∗ // Q∗(fµ(R1), fµ(R))

⟳

Moreover, there exists a natural linear isomorphism:

(5.8) η : Q(fµ(R)) 3 Φ 7→ Φ|fµ(R1) ∈ Q(fµ(R1), fµ(R)))

from the identity theorem. So we obtain dimQ(fµ(R1), fµ(R))) = ∞. (Remark
that η is not generally bounded. If µ = 0, it becomes bounded. See Subsection5.3) It
means that d0P

µ(T0Bel(R1)) is an infinite dimentional closed space. This completes
the proof of Theorem 5.1.

5.3. The boundedness of the operator η. Let R be a Riemann surface of an-
alytically infinite type, and let R1 be an open subset of R. In this Subsection, we
consider the sufficient conditions on R and R1 for the operator

η : Q(R) 3 Φ 7→ Φ|R1
∈ Q(R1, R)

to be bounded. The following is the results.

Theorem 5.3. Suppose that R is of analytically infinite type with short(R) > 0
and infinitely many pairwise disjoint essential simple closed geodesics {γ∗n}. Let R1

be a complement of an union of tubular neighbourhoods C̃n of γ∗n whose core curve
coincides with γ∗n. If there exist positive numbers m and M so that

m < H(C̃n)/H(Cn) < M,

where Cn is the collor neighbourhood γ∗n, then there exists a constant Cq depending
on R and R1 such that,

(‖Φ‖L1(R1) =)

∫
R

|Φ| ≤ Cq(R)

∫
R1

|Φ|,

for all integrable quadratic differentials Φ on R, that is the operator

η : Q(R) 3 Φ 7→ Φ|R1 ∈ Q(R1, R),

is bounded.

The following lemma is a crucial complement to the proof of Theorem 5.3.

Lemma 5.4 (Puddings Lemma). Let A = {1 < |z| < R} and Ã = {r1 < |z| < r2}
with 1 < r1 < r2 < R. Then, there exists a constant Ca = C(r1, r2, R) > 0 such
that

‖f‖L1(Ã) ≤ Ca‖f‖L1(A\Ã),

for each a holomorphic function f : A → C.
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Proof. Let 1 < r0 < r1 and r2 < r3 < R. Then, we obtain, for each z = reiθ in
Dr2 \ Cl(Dr1),

f(z) =
1

2πi

∫
∂Dα+∂Dβ

f(ζ)

ζ − z
dζ,

where r0 < β < r1, r3 < α < R. Hence,

|f(z)| ≤ 1

2π

∫ 2π

0

α
|f(αeiη)|

|αeiη − reiθ|
dη +

1

2π

∫ 2π

0

β
|f(βeiη)|

|βeiη − reiθ|
dη,

≤ 1

2π

1

α− r

∫ 2π

0

α|f(αeiη)|dη + 1

2π

1

r − β

∫ 2π

0

β|f(βeiη)|dη.

Next, both sides are multiplied by r and integrated.∫ r2

r1

|f(z)|rdr ≤ 1

2π

∫ r2

r1

r

α− r
dr

∫ 2π

0

α|f(αeiη)|dη + 1

2π

∫ r2

r1

r

r − β
dr

∫ 2π

0

β|f(βeiη)|dη,

≤ 1

2π

∫ r2

r1

r

r3 − r
dr

∫ 2π

0

α|f(αeiη)|dη + 1

2π

∫ r2

r1

r

r − r0
dr

∫ 2π

0

β|f(βeiη)|dη,

≤ C(r1, r2, r3)

2π

∫ 2π

0

α|f(αeiη)|dη + C(r0, r1, r2)

2π

∫ 2π

0

β|f(βeiη)|dη,

(5.9)

where

C(r1, r2, r3) :=

∫ r2

r1

r

r3 − r
dr, C(r0, r1, r2) :=

∫ r2

r1

r

r − r0
dr.

Third, integrate (5.9) from 0 to 2π for θ.
(5.10)

2π‖f‖L1(Ã) ≤ C(r1, r2, r3)

∫ 2π

0

α|f(αeiη)|dη + C(r0, r1, r2)

∫ 2π

0

β|f(βeiη)|dη.

Finally, integrate (5.10) from r3 to R with respect to α and from r0 to r1 with
respect to β, we get

2π‖f‖L1(Ã) ≤ (C(r1, r2, r3)(r1 − r0) + C(r0, r1, r2)(R− r3)) ‖f‖L1(A\Ã).

To make a constant C that depends on 1, r1, r2, and R, we can take r0 and r3
as, for example, 1+r1

2 and r2+R
2 , respectively. Further calculations lead to

C(r1, r2, r3)(r1 − r0) + C(r0, r1, r2)(R− r3)

= −r1 − 1

2
· r2 +R

2
log

r3 − r2
r3 − r1

+
R− r2

2
· 1 + r1

2
log

r2 − r0
r1 − r0

≤ R2 log
2r2 − 1− r1
2r1 − 1− r1

≤ R2 log
2r2
r1 − 1

.

Therefore, Ca := 1
2πR

2 log 2r2
r1−1 .

□

Remark. The constant Ca in the above Proposition 5.4 depends on the modulus of
the annulus A and the annulus Ã and their relative positions. For example, if the
core curves of A and Ã coincide, we know it depends on the modulus ratio.
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Proof of Theorem 5.3. For each m, let Cylm be the collar of γ∗m, then R1 contains

Cylm \C̃m. From Proposition 5.4, by using local coordinates if necessary, there
exists a constant Ca such that

‖Φ‖
L1(C̃j)

≤ Ca‖Φ‖L1(Cj\C̃j)
,

for each j ∈ N. Therefore, we get∫
R

|Φ| =
(∫

R1

+

∫
R2

)
|Φ| =

∫
R1

|Φ|+
∑
j

∫
C̃j

|Φ|,

≤
∫
R1

|Φ|+ Ca
∑
j

∫
Cylj \C̃j

|Φ| =
∫
R1

|Φ|+ Ca

∫
⋃

Cylj \C̃j

|Φ|,

≤
∫
R1

|Φ|+ Ca

∫
R1

|Φ| = (Ca + 1)

∫
R1

|Φ|.

Thus, we define Cq as Ca + 1. □

6. Comparison with previous studies

Theorem 6.1 ([19, Theorem 3.1]). Let R ∼= H/Γ be a Riemann surface whose
Fuchsian group is finitely generated Fuchsian group of the second kind. If ψ ∈
∂Bers Teich(S) is not a cusp, then there exists a finitely generated quasi-Fuchsian
group of the first kind G such that the limit set of G contains the limit set of χψ(Γ).

Theorem 6.1 is similar to Theorem 5.1, but the assumptions regarding the second
kind and finite generation are different. In the case of the second kind, the free
boundary part creates a gap in the limit set, and by connecting it appropriately, a
first-kind finitely generated quasi-Fuchsian group is constructed.

Compare the following assertions about finite type Riemann surfaces and infinite
generated Fuchs groups. In an earlier work by Tanigawa[16], the following assertion
was considered:

Let R be a Riemann surface such that the Fuchsian group of R
is infinitely generated of the first kind. Then, there exists a 1-
dimensional analytic subset in ∂Bers Teich(R) consisting of Kleinian
groups whose limit set is homeomorphic to S1.

The statement is similar to our Theorem 5.1. The results are similar because
the limit set of David-Fuchsian b-group is homeomorphic to S1. However, in the
present article, we have chosen a different way of proof to establish Theorem 5.1.
The main reason is that a claim [16, Propositon 4.4] on the existence of non-
tangential limit for holomorphic maps from D to Teich(R), utilized in the earlier
work, has a counterexample below. Therefore, the author must figure out how to
prove the aforementioned statement now.

Eg. Let f : D → Teich(D) be a holomorphic map into the universal Teichmüller
space defined by f(λ) = [λ]. Here, λ ∈ D is identified with the function on D taking
constant value λ. Then, f does not have a non-tangential limit at any point in ∂D.

Proof. For each λ ∈ D, the homeomorphism fλ on Ĉ corresponds to λ via the
quasiconformal map z 7→ z + λz for z ∈ D and z 7→ z + λ/z for z ∈ C \ Cl(D).
Hence its schwarzian derivative S(fλ) is

−6λ

(z2 − λ)2
.
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We get

‖S(fλ)− S(f1)‖B(D) = 6 sup
z∈Ĉ\Cl(D)

∣∣∣∣( (λ− 1)(z4 − λ)

(z2 − λ)2(z2 − 1)2

)
(|z|2 − 1)2

∣∣∣∣
= 6|λ− 1| sup

z∈Ĉ\Cl(D)

∣∣∣∣ z4 − λ

(z2 − λ)2

∣∣∣∣ ∣∣∣∣ (|z|2 − 1)2

(z2 − 1)2

∣∣∣∣
≥ 6|λ− 1| sup

x>1

∣∣∣∣ x4 − λ

(x2 − λ)2

∣∣∣∣ .
Moreover, hλ(x) :=

x4−λ
(x2−λ)2 (λ ∈ [0, 1), x ∈ (1,∞)) is bounded below by 1/|1− λ|.

Indeed, since

h′λ(x) =
4x3(x2 − λ)2 − 4x(x4 − λ)(x2 − λ)

(x2 − λ)4

=
4λx(1− x2)

(x2 − λ)3
,

hλ has extrema at x = 0,±1. From h′(x) < 0 (∀x > 1), it follows that hλ has
maximum value at x = 1, hence

‖S(fλ)− S(f1)‖B(D) ≥ 6|λ− 1| sup
x>1

|hλ(x)| = 6|λ− 1|hλ(1) = 6.

Finally, for each eiθ ∈ ∂D, composing the rotation z 7→ e−iθz with freiθ , we can
prove that

‖S(freiθ )− S(feiθ )‖B(D) ≥ 6

in the same manner.
□
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