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RANK TESTS FOR THE k~SAMPLE PROBLEM

S. SHIRAHATA

Osaka University

l. Introduction. Let us consider k populations Hi, iek

and assume that each Hi has a continuous distribution func-

tion F,. Here by k we denote the set {1,...,k}. Suppose Xij’
. k
jsni be a random sample drawn from Hi and put N= I n, . The
B S i=1

pﬁrpose of this paper is to investigate the asymptotic
properties of rank statistics as N2« in the problem of

testing H_;F._=...=F _=F where the functional form of F is

0" 1 k

unknown. Put X .=n_./N and suppose that 0<lim A, < 1lim A,<0 for
1 1 N—)OO 1= N->o 1

iek.
There are two methods of ranking procedures. The first

method is to combine k samples and then rank the observa-

tions. Define the rank R,. of X.. amongi{X ;sen_, rek} as
ij ij rs r
k “r
Rij = I I U(Xij_xrs)
r=1s=1 -
where u({x)=1 (0) according as x>0 (<0) . Let us call this

ranking procedure as Type I ranking procedure.'The rank sta-

tistics to be considered in Type I is

= . '
S=(Sy,enes Sy)

where S.= I a_(R,.) and a_(.) are score constants satisfy-
i 707N i N .

Lin/ g (¢ (u)-a (1+[uN])) “du = 0
N N . : .

for some non-constant sguare integrable function ¢ with
1 1.2
f0¢(u)du=l—fo¢ {(u)du = 0.
The scores generatingvfunction ¢ is usually chosen to be

. . ewe 1 -
increasing. For example, ¢ (u)= 12(u—§), ] l(u) etc.
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The other method of ranking is to combine Hi and Hj’
{i<j) and then rank the observations, i.e., the rank of st

among (Hi, Hj) is given by
n, n,
3 i
= I u(x X.. )+ I u(x
t=1 I e

ij

R,
is

-X..).

js— s “it

Let us call this ranking procedure as Type II ranking proce-

dure. The rank statistics to be considered in Type II is

II IT _II I1 _II II IT ,
i s = (312,513,...,slk,523,...,szk,...,sk_l'k)
11 3 ij | v '
where S,.= I a (R.2), i<j. Here the scores constants are
=1 ni+nj jt : :

chosen as in Type I.

Tyﬁe‘I ranking procedure is very convenient theoretically
and is studied by many workers, see Hajek & Sidak(1967).
However, the ranking is very tedious in practice when N is
large. Type II ranking procedure has been studied in the

problem of testing H,_ against ordered alternatives by Puri

0
(1965), Jonkheere(1954) and Koziol '& Reid(1977). The procer
I1
dure is also practically inconvenient if we need every Sij

. IT . .
to get a good test. But if some of Sij's are enough, it 1is
very useful in practice. We shall show that it is enough to

consider adjacent part

II II II II
Saa =(S32:5,37--0S4 1k

Our results include Tryon & Hettmansperger (1973) as a special

).

case. When the alternative is not ordered, the word "adjacent"
seems to be meaningless. However,'any arrangement of the

populations will do in not ordered case.

2. Rank statistics. Now suppose that the density function

of Hi exists and is given by f(x;cie). Then we have the foll-

ing theorem. The proof of the theorem ‘is simple and is omitted.
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Theorem 1. Suppose E(x;6)=(3/39)f(x;8) exists in the
neighbourhood of 6=0 and satisfies

lim/|f(x;06)|dx=/|£(x;0)|ax.
f>w
Then the locally most powerful‘Type I rank tests for the

one-sided alternative 6>0 is based on
n

k i
sS(f) = ¢ I c.aN(Ri.;f)
i=1=1 1% 13
I (r..) (r..) (r..)
where aN(rij;f)—E(f(X ij7;0)/£(X" 713" ;0)) and where X " 1ij

is the rij-th order statistic among N observations drawn
from f£(x;0) and the expectation is calculated under £f(x;0).
This theorem implies that it is reasonable torconsider;
tests based on S. In fact the S(f) teét‘gives an aéymptoti—
cally most powerful test.
Now, let us consider the“folIowing’classes of tesfl

statistics which include linear rank statistics.

T(S) ={h(S): h is continuous},

IT II IT II
T(S ) ={h"(S"7); h." is continuous}
and o S L : ‘
I1 IT IT I1 . . .
T(gad)-—{had(gad), had is CQntlnuous}.
It is clear that T(giék:T(g;I). The statistic gig is more

. . . I
convenient in practice than both S and:'S I.

I

d). In

. . 4 ' II ' I
3. Asymptotic equivalence of TAS),T(S ) and T(Ea

this section we shall show that the three classes of rank
statistics are asymptotically eqguivalent in the following

sense. Let § be an element of, say, T(S), then there exist

Sf:T(gII) and S2ET(§i3) such that §, Sl and S2 are asympto-~

tically ecuivalent in probability each other under H0 and

the contiguous alternatives.



The foundamental relations to establish the above asser-

tion are

k
(3.1) Si"Yi-)‘j_ X Y,
‘ j=1 ]
and i A, 2 Y Y Y
3.2 - i -
( ) Sij”Yj T ” (Y +Y ) )\ +>‘
n, J
i
where Y.,= I ¢(F(Xit)). These._ are given by Hajek & Sidak(1967).
t=1 )

The signvxn__Yn implies,{n(xn-Yx)*O in probability. The foll-
owing theorem which was shown by Koziol & Reid(1977) is an
easy consequence of (3.1) and (3.2).

Theorem 2. Under H_ and the contiguous alternatives,

0
IT
Sij L S —A S, )/(A +A ) -

Theorem 2 implies that T(S cT(S) It is already stated
that T(gadx:T(Ek ) and hence the following theorem proves
our assertion.

Theorem 3. Under H, and contiguous alternatives,

0
T(S)C T(§§é). More precisely, Si is asymptotically equivalent
to a linear function of SII is1’ iek-1.
Proof. Sinc SII . (X;s -2 )/(A +A )
—_— € i,i+1 ~ ivi+1- 1+1 i
- s » 7
T Y _ L. W
512 al 1 a1 0 ) 0 S1 ‘
T v . .
S23 O Tay - . . S, \
-~ : : - . . : o -
II .
“ ¢ v - 1- S
| Sg-1, | ©° ° qk-1 fk-1 k-1
LO J \l 1 . & . 1 1 ) \Sk
where ai /(A +A. +l). The determinant of the matrix above

is not zero. Thus, the theorem is proved.

From Theorems 2, 3 and the results of Hajek & Sidak(1967),

' . . IT1
the asymptotic normality of §, EII and Ead can be shown,
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. IT1 .
It will be found that ESi =ESij = 0 under HO and the asymptotic
covariance matrices can be found.

Let us again consider the alternative

-1/2
(3.3) £, (x) = £(x;c,/N /%),
i i

From the following two theorems given in Hajek & Sidak(1967),
it can be shown that any linear combinations a's, é'g and
=, IT . . .
a Ead are asymptotically normal with the same asymptotic

variances as in HO under the above alternative. The asympto-

tic means of them will be found too.

Theorem 4. Suppose flf(x;e)ldx and f(f(x;G))z/f(x;G)dx

are continuous at 0=0. Then

n.
k i, -1/2 ,
LN:= LI f(X..;ci/N )/f(Xi.;O)
i=1j=1 +J )
n,
k i
- . 2
~ —-N 1/2 I I cif(xi.;O)/f(Xi.;O) - o /2
i=13=1 J 3
under HO where
k ‘
2 ]
62 = 5 a,c2r(E(x;0))2/8(x;0) ax .
. ivi
i=1
Theorem 5. If a statistic S and L_ = are asymptotically

N—

L2 2 2 . . ;
N(p,6 ) and N(-0 /2,07), respectively and if (S,LN) is
asymptotically bivariate normal with asymptotic covariance

2
o then S is asymptotically N(u+012,6 ) under (3.3).
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