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PREFACE

More or less systematic treatments of iterative systems, i.e.,
regularly interconnected aggregates of copies of a machine, began
with the development of highly structured information processing
machines and of IC or LSI techniques. The regularity and homogeneity
of objects are the basis of seemingly wide applicability of ﬁhe
systmes. .Though the objects are presented in a rather general form, .
the existing theories seem to be not so general and powerful as to be
able to generate deep and fruitful results.

We treat the systems of one-dimensional iterative automata as
a whole. through several selected topics. By these efforts, more
general ways of treating the systems are hoped to be established.

The contents of this thesis are as follows.

In Chapter 1, a general introduction to the studies of iterative
automata or cellular arrays is given by showing the classified problems
in the fields with historical developments in mind. The nature of our
research and the principles we have adopted are also explained,
which we hope.will be an Ariadne's thread throughout the studies.

Rigorous definitions of the systems we are going to investigate
are given in Chapter 2 with several useful concepts and notations. ‘

Certain state sets which are supposed to be some characteristic
sets of states in the systems are treated first. The main results
in Chapter 3 say that each set of the treated state configurations
constitutes a regular set.under some appropriate boundary condition.
The proofs are constructive in that corresponding finite state automata
accepting each state set are shown. A related decidability problem
is also revealed.

Next, we turn to a more specific characteristic of the systems,
i.e., information transmission. In Chapter 4, we classify the systems
of one-dimensional iterative automata into three categories according

to the right to left information transmission capability of the systems
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and reveal some of the fundamental properties of each class. A
related unsolvability result is also shown by embedding Tur ing
machines into the cellular systems.

In Chapter 5, the problems of controlling the systems are
treated. The strongly-connectedness, the simply~connectedness, the
reachability, and the controllability are fundamental concepts in
finite automata theory. We define indices of the systems concerning
the above mentioned concepts of a finite automaton. Relations
between an index and an initial state, relations among the indices
are revealed. As for control steps, several basic properties are
shown.

A restricted class of systems are considered in Chapter 6;
in case the cardinality of cell state set equals two, and having
the cyclic boundary condition. The topic is the information
maintence capability in the systems, and the equivalence of the
capability and the preservability of the parities of the number of
information containing cells is the main result.

In the last Chapter, two examples of algebraic treatments of
the systems are shown. One is an analysis method of such systems
that are defined via abelian groups, which is a generalization of
the analysis method of linear automata. The other ‘is an application
and an extenéion of pair algebra in the area of an error analysis

in the systems.
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CHAPTER 1

INTRODUCTICN

1.1. Iterative Automata

An iterative automaton is a collection of copies of a finite
state automaton each of which is located at a lattice point of
Euclidean space and the limit of interactions between the component
automata is homogeneously restricted. It is therefore defined by
giving the dimension of the space, a finite state automaton and a
neighborhood relation which determines the pattern of interactions
between the component automata. The identical component automata
are sometimes referred to as 'cell automata' or simply 'cells' and
the automaton composed therof as 'cellular automaton'. These names
have the origin in studies of iterative automata as models of cellular
structure in biology.

The most fundamental feature characterizing the systems of
iterative automata seems to be the structural and functional homo-
geneity. The cell automata located regularly at the lattice points
are the same in their functions and the same neighborhood relation
is applied to each cell automaton.

Now let us examine several concepts concerning the models of
iterative automata. These are related with the models of cell
automata and the systems themselves.

As for cell automata, they may be combinational or sequential.
Systems of combinational cellular automata are investigated in great
detail by Fennie [16]. A unilateral one-dimensional iterative array
of logical circuits can be converted to a sequential machine by a

time—space transformation. Accordingly, a unilateral one-dimensional
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iterative automaton composed of sequential cells may be transformed

to a two-dimensional iterative automaton composed of combinational
cells. 1In case cells are sequential machines, they may be of Moore
type or Mealy type. As in the ordinary theory of finite state
automata, each of the two types of cells could be converted equiva-
lently to the other type in the sense that one is a simulator of the
other. There may exist some differences depending which type of cells
is used in considering certain problems. In what follows, MMoore type
cell is used exclusively, for it seems to the author the handiest to
treat.

Further, there may be comparisons of synchronous cell to
asynchronous cell, of deterministic to nondeterministic and of
deterministic to probabilistic. Most of the works hitherto reported
deal with synchronous and deterministic cells, and so does in what
follows.

Several important concepts pertaining to the definitions of
the systems are in order. First, finiteness vs. infiniteness. The
distinction between finiteness and infiniteness is not for the number
of states of a cell (i.e. finite-state or infinite-state of a cell) .
but is concerned with the number of cells existing in the space ready
for operations. That is, whether the number of cells needed for a
specified behavior is fixed finite at the beginning of the operation
or infinitely many cells aré assumed to be existing from the outset.
When an infinite cell space is considered, however, it is common to
devise a so called 'quiescent state' and assume that all but a finite
number of cells are in the quiescent states. [8,35] A cell in the
quiescent state stays the same state at the next time step if the
states of the neighborhood cells are all quiescent.

Though the infinite cell space appears to yield some systematic
treatments of the system, it should be restricted in some sense, e.g.
as for computation time, as long as the capability of the whole system
is concerned. For even a one~dimensional iterative automaton with

infinite cells suffices to simulate a Turing machine.
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In cases where a finite number of cells is considered, our
interest lies more on a system of iterative automata obtained by
collecting arbitrary but finite number of cells than on each of the
iterative automata composed of some finitely fixed number of cells.
Indeed, it is possible to embed an iterative automaton with finite
number of cells into an infinite cell space. For example, an infinite
cell space can be constructed by duplicating the state set of the
original finite cell space and using the added states as boundary
states of the finite part to be simulated.

Generally speaking, the finite model seems to be in line with
engineering motivation in that a cell may be added one by one, and
the infinite model, on the other hand seems to be natural and mathemat-
ical owing to the a priori existence of an infinite space.

Vhen systems with finite number of cells are considered, it
is necessary to specify boundary conditions in order to complete the
definitions of the systems. There may be various boundary conditions
such as the fixed, the cyclic, the variable boundary conditions and
so forth, whose detailed explanations will be given in the following
chapter.

It is a little difficult a problem in general to define rigorous-
ly what is the real dimension of a cellular structure if a single
neighborhood relation is not assumed to be applied to every cell.
Thus, the homogeneity of the spacial locations and interconnections
(i.e. neighborhood relations) of cells becomes a prerequisite to
settle the problem. It seems natural to place cell automata at
lattice points of an n~dimensional Euclidean space.

Next, let us consider the types of Input/output of the iterative
automata. It is of fundamental importance to note the dimension of
the input(output) in connection with that of the whole system. The
concept will be illustrated on the inputs to one-dimensional systems.
For the output and higher-dimensional systems, similar considerations

may also be applied.



(i) autonomous(i.e. no input from outside of the system)

OO SRSIRIEPIPTSS SRR S T Y |

(ii) dinput dimension<system dimension

leemcsaseamesvemmesss retcoseoacsemecnmmnssemanmnnnnesaromnad

(iii) input dimension=system dimension

The closer the dimension of an input to that of the system, the
more easily could the system be controlled from outside of it. Hennie
treated mainly systems with input/output of type (iii) and we are
going to treat that of type (ii). Cole's problem of language recogni-
tion [9] is set up on the n-dimensional system with O-dimensional
input. On the other hand, Fischer [12] constructed an autonomous one-
dimensional system with O-dimensional output which produces prime
numbers in real time.

As to input/output, not only the dimension of it but also the
location in the system and the amount of information to be injected
or drawn out of the system play an important role in handling these
systems.

A neighborhood relation is, as mentioned before, one of the most
important features in the systems of iterative automata in that it
specifies by which cells' information a cell's behavior is determined.
It seems to be natural that no extra windings should be made between

non adjacent cells. That is, any information should be transmitted
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through adjacent cells, which Neumann utilized in the famous two-
dimensional iterative automata for self-reproduction [35]. We will
also use the so called 'Neumann neighborhood' in this thesis. Codd
[8] presented a simulation method of a system with fewer number of
cell states but larger neighborhood. Hennie's unilateral and bilater-
al cells [16] are but another expressions for typical neighborhood
relations.
Last but not least, cells may be designed for single-purpose
or multi-purpose. There are several ways to make a cell operate for
multi-purpose and some of them are listed below.
(i) To use variable cell structure.
a) Cutpoint cell [30]
b) Select an operation by the initial state
¢) Select an operation by the primary input
(ii) To vary boundary inputs to fit for several purposes.

(iii) To change an output function or the location of an output
cell.

(iv) Combinations of the above (i) to (iii).

In case (i), a whole system is often capable of interacting
with the outside world (i.e. input dimension=system dimension),
whereas in case (ii), the input dimension is apt to be less than the
system dimension. To use a system for multi-purpose by changing an
initial state ( (i) b) ) resembles in principle to write a program

in order to do a particular job by a general purpose digital computer.

1.2. Classification of Problems with Brief Historical Notes

In this section, we will classify research problems around the
theory of iterative automata into five categories and explain them
with brief historical notes. They are, though not necessarily mutual-
ly exclusive, listed as follows;

(1) Construction Problem :



To construct a cell for a particular purpose.
(2) Decision Problem :

To present and answer, if possible, decision problems
concerning cellular systems.

(3) Synthesis Problem :

To show a synthesis method of cellular system for a class
of functionms.

(4) Analysis Problem :
To analyze some characteristics of cellular systems.
(5) Characterization Problem :

To characterize structures and functions.

(1) Construction Problem : This type of problems can be stated
as follows; Is there any iterative automaton which has some specified
particular properties ? If the answer is in the affirmative, show it
by constructing such an iterative automaton.

Thus, an answer to a construction problem is a kind of an
existence proof in mathematics. One of the most outstanding results
in this category is the existence of a self-reproducing (and at the
same time computation and construction universal) two-dimensional
cellular space shown by von Neumann. He constructed a particular
cell with-29 states and planned to embed in his cellular space a
self-reproducing automaton, which was completed and edited by Burks
[35] and was neatly formulated by Thatcher [44). Then, Codd [8] show-
ed that an 8-state cell is sufficient for the purpose and Banks [3]
reduced the number of states of a cell to four.

In this way, researches in this category tend to proceed from
any existence proof by construction toward an optimal solution in
some sense. Another typical example along this line is the firing
squad synchronization problem posed by Myhill [32]. Goto was the
first to give the minimal time solution but with a huge number of
states and Waksman [47] and Balzer [2] endeavoured to seek a minimal
state solution. Then the problem was generalized and some applications
were suggested by Varshavsky [46].

The construction problems also exist in the applications of
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iterative systems to data processing fields. For example, Unger [45]
constructed two-dimensional, bilateral iterative combinational switch-
ing circuits which detect some of the characteristics of two-
dimensional patterns.

Fischer [12] constructed a one-dimensional sequential iterative
automaton which generates in real time the binary sequence represent-
ing the set of prime numbers.

Construction problems are of value when the answer to the problems
itself has any practical or theoretical importance or when the way to
the solutions gives rise to such general methods, ideas or concepts
that are useful for the studies of iterative systems.

(2) Decision Problem : As is well known [20], Turing machines
could be embedded even in one-dimensional unilateral iterative
systems. Accordingly, any decision problems concerning the computa-
bility of Turing machines may be translated into that for iterative
systems. Of course we are concerned not with such kinds of decision
problems but with ones which reflect some characteristics of iterative
systems.

As to the systems composed of combinational cells with or without
intercell delays, Hennie [16] posed several fundamental decision
problems relating to the potentiality of the systems and solved them
mostly not in the affirmative. That is, he demonstrated that general
analysis procedures for the systems in question do not exist, and
suggested that attention be concentrated on developing practical
synthesis techniques for dealing with various important classes of
problems. Kilmer [19] treated stability problems of the systems and
solved some of the decision problems posed by Hennie.

There have been not so many works involved in decision problems
other than cited above. 1In the following chapters, we propose some
decision problems for the systems of one-dimensional iterative automata
(e.g., as to an information transmission capability of systems,
controllability of systems and so on).

When a decision problem turns out to be unsolvable, as are the
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most of the problems related to iterative systems, there remains a
way to seek a less general algorithm of the problem for some restrict-
ed class of objects.

(3) Synthesis Problem : The term 'synthesis' used here means
to show some general procedures for constructing a class of iterative
systems. Though it is sometimes difficult to distinguish synthesis
problems from construction problems, the former has pfeference on
generality contrasted with speciality of the latter.

One of the most typical examples belonging to this category is
the realization problem of logical functions by an iterative array of
combinational cells. Maitra [29] considered cascaded switching
networks of two-input flexible cells where flexible means that each
cell may be adjusted at will to one of the sixteen possible functions
of the primary and lateral inputs. Reduction of the number of
available cell functions was carried out by Minnick [30], who also
treated the problem for two-dimensional systems. Sklansky [40] showed
a synthesis procedure realizing a given truth function when no a
priori assignment of the variables to input terminals was specified.
Maitra (single-rail) cascades were generalized to two-rail cascades
of which Short [39] showed the logical completeness for the realiza-
tion of an arbitrary Boolean function. Yoeli [50] devised group-
theoretic approaches for the synthesis of multi-rail cascades. Works
and results along this line are summarized and reviewed by Mukhopadhyay
and Stone {33], and Elspas [11].

When the problem of realizing Boolean functions is to be solved
by seeking a univefsal cellular logic, it may be classified in the
construction problem.

@) Analysis'Problem : The problems in this category include
analyses in general of the structure and function of iterative systems
and those of the systems for some specified characteristics. There
have been little works, except those by Yamada and Amoroso [487,
which devote themselves to the analysis of iterative systems in their

full generality. One of the reasons why it is so seems to be the
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existence of the very difficulty that hinders general treatments of
the systems.

On the other hand, there are several topics on which analyses of
the systems have been conducted. For example, Eyxwrta6 [6] investi-
gated the real-time computation ability of functions by one-dimensional
iterative automata, which was reviewed in Nishio [36].

There are problems concerning the language recognition by
cellular automata. Because of the computation universality of the
systems of iterative automata in general, most of the problems are
set up on the basis of real-time recognition. Cole [9] showed that
languages accepted in real-time by the systems of (n+l)-dimensional
iterative automata properly include those accepted by the systems of
n-dimensional iterative automata. Smith [41] discussed these problems
with slightly different model of recognition to that of Cole, and
several models of language recognition are compared on their recogni-
tion ability by Kasami and Fujii [17].

Several other themes which may deserve special attentions include
analyses of the redundancy or stability of the systems, an information
transmission through the systems, control of the systems from the
outside world, reverberation phenomena occurring in the systems and
so forth. Some of these will be treated in later chapters.

(5) Characterization Problem : Though it may be viewed as a
part of analysis problems, 'characterization problem' here termed
is intended to mean that some characteristics directly related to
the global transition diagrams for the systems are treated.

By definition, the global transition diagram of an iterative
automaton should completely characterize the behaviors of the
automaton. Thus any problems of the systems of iterative automata
have something to do with their transition diagrams. But we here
focus our attention on the diagrams themselves and try to characterize
them. As is well known [14], diagrams for linear automata have been
characterized in terms of cycle set, tree height and so on by analyz-

ing the defining matrices. It is difficult, however, to characterize
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similarly the diagrams for iterative automata mainly because of their
non-linearity. And there are few works belonging to this category.
In chapter 3, we are going to characterize the sets of Garden of
Eden configurations, Branching Point configurations, and so on in the
systems of one-dimensional iterative automata with some appropriate

boundary conditions.

1.3. Standpoint of This Research

In the above sections, the concepts and models of iterative autom-
ta have been explained with various research topics classified into
five categories. Now, our aims and approaches in general follow.

In a usual switching and automata theory, it has been customary
to treat the systems from a logical or functional point of view.

Indeed there are many topics related with the implementations of the
systems but little have concerned with the relations between a
structure of the system (e.g., a spacial arrangement of the components,
wire connections among the components, and so forth.) and its function
or behavior as a whole. Our primary concern is to shed light upon
these relations.

A system of iterative automata is chosen because it seems to be
the simplest in structure. The uniformity of the structure may serve
as a model of some natural framework.

In order to clarify the characteristics of iterative systems
and to establish analysis and synthesis methods for them, we have kept
in mind several methodological view points which will be outlined below.

As in any other theoretical problems, it seems to be of prime
importance to establish how to express the characteristics to be
pursued and also the problems themselves. In the studies of iterative
automata, the functions of the component cell automaton, which is
usually rather simple in structure aﬁd has a tractable number of

states, may be completely described in many cases. On the other hand,
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it is sometimes too complex to recognize and express the behavior of
the whole iterative systems composed of rather simple cells. Thus,
considerable efforts should be paid on finding some general way of
expressing the characteristics and behaviors in iterative systems.

In our opinion, some general methods if any may emerge out of
solving specific problems which are expected to be characteristic to
iterative systems. So, in the following chapters we are going to
propose several specific problems not hitherto mentioned elsewhere
and endeavor to solve them.

Though specific problems mentioned above may be chosen arbitrari-
ly, we hope they are not such abstract ones that have little connec~
tions with real objects like living things and electronic computers
etc.. This is one of the points we have in mind when setting up
problems in the systems of iterative automata.

A feature of our approach, which seems to distinguish ours from
those of the other authors, stems from the fact that we are primarily
concerned with a system of iterative automata that is a collection of
an iterative automaton of length n where n is an arbitrary positive
integer. Thus, our main concern lies on the properties of the whole
system rather than that of each iterative automaton of some fixed
length n.

Last but not least, the underlying principle of the iterative
systems under consideration seems to be that a highly structured
aggregate of relatively simple and identical components (cells) does
accomplish rather complex tasks by iterations, i.e., some kind of
repetition of simple operations eventually results in rather complex

outcomes.
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CHAPTER 2

DEFINITIONS OF THE SYSTEMS

In this chapter the systems of iterative automata to be treat-
ed later are defined rigorously, and some of the useful concepts and
notations are introduced. As is mentioned earlier, the researches
reported here are mainly concerned with one-dimensional three-neighbor
systems, and hence the definitions are so restricted, though easy to

make them include broader classes, as to fit for the purposes.

2.1. Cell Automaton and its Transition Function

Let (S,f) denote a cell automaton where S is a finite nonempty
set (of internal states) and f is a mapping (transition function)
from SXSxS into S. (S,f) has the right and the left inputs both of
them taken from the set S and behaves as follows: 1if the state of a
cell at a time is P and the left and the right inputs are o and Y
respectively, the next state B' of the cell is defined by B'=£f(a,B,Y),
where o,B,Y,3'ES.

The cell transition function f is sometimes given in the form of

tables as shown in Fig. 2.1. Let the cardinality of S equals m.

d BIM7r
|
¢

Fig. 2.1. A transition table

Each table is an mxm matrix, and there are m such tables for a fixed f£.

Special classes of the transition functions are given special
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names, some of which will play an important role in later chapters.

RP type : (S,f) is said to be of Right Permutation type
(RP type) if f(a,B,Y)#f(a,B,Y') for any o,B,Y, and Y' in S such that
Y#Y'. Let us regard f(a,B,Y) for fixed a and B as a function of Y
and denote it as faB(Y)' If (S,f) is of RP type, then faB(Y) is a
permutation function on S for fixed o and B.

Similarly, we have the following two types of permutations.

LP type : (S,f) is said to be of Left Permutation type (LP type)
if f(o,B,y)#f(a',B,Y) for any a,a',B, and Y in S such that o#a'.

CP type : (S,f) is said to be of Center Permutation type
(CP type) if f(a,B,Y)#f(a,R',y) for any a,B,B',and Yy in S such that
B#8'.

As the other extreme to the above mentioned permutation type
functions, it is sometimes useful to distinguish the following
unilateral cases.

LU type : (S,f) is said to be of Left Unilateral type (LU type)
if f(a,B,y)=f(a,8,Y') for any o,B,Y, and Y' in S. (S,f) is of LU
type iff* the cell automaton is insensifive at all to its right
inputs.

RU type : (S,f) is said to be of Right Unilateral type (RU type)
if f(a,B,y)=f(',B,Y) for any a,a',B, and Yy in S.

2.2; Iterative Automaton and Boundary Conditions

Copies of a cell automaton (S,f) are assumed to be located at
lattice points of a one-dimensional Euclidean space. Each copy of
(S,f) will be referred by its position and denoted as Ci where i is

the coordinate.

* The notation 'iff' will be used throughout as an abbreviation

of 'if and only if.'
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As shown in Fig. 2.2., an iterative automaton of length n is a collec-

tion of n cells located at from 1 to n, where n is a positive integer.

Cy C, Ca

bgO—-» -—-da—uﬁ b’-— ------- — l—oOb,

Fig. 2.2. An iterative automaton of length n

The left and right inputs of a cell are assumed to be the states
of the left and right neighboring cells respectively.

Let bZ and br(bz,bres) be boundary input signals to the leftmost
cell Cl and the rightmost one Cn respectively. There may be various
kinds of boundary conditions according to the ways how to assign input
signals bZ and br' Some reasonable boundary conditions are listed

below : (See Fig. 2.3.)

P T T

(fized) (fixed)

<1 [¢ Cy
(ii)Cyclic Boundary FDG ------- _-D—_Dhl
< < =

<

(iv)Reflexive Boundary I"_Dj:{j_ """"" —[@
3 C: G

(v) Variable Boundary b,—-{j-_D——"“"""D"lj—'b" o

(vdridble) (variable)

N

Fig. 2.3. Some boundary conditions

i) Fixed Boundary Coﬁdition

In this case the input signals bZ and br are constant. Behavior
of an iterative automaton generally depends rather heavily on the
constants chosen as bZ and br'

ii) Cyelie Boundary Condition

In this case both boundary cells C, and Cn are connected side by

1
side, thus making the whole system constitute a "ring."
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iii) Open Boundary Condition

When bZ equals the present state of C1 and br equals that of Cn’
the boundary condition is called open.

iv) Reflexive Boundary Condition

The case where bZ equals the present state of C, and bP equals
that of Cn—l is called reflexive boundary condition. Thus there
should be more than one cell in the system when we treat reflexive
boundary condition.

v) Variable Boundary Condition

It is the case where the boundary input signals br and bZ are
given at will from outside the system. That is,the iterative automaton
has inputs from outside in the usual sense. Contrary to this, the
cases i) to iv) make the system autonomous.

It may be possible to consider other boundary conditions than
mentioned above, especially the cases(called mixed boundary condition)
where the right and the left boundary conditions are of different type.
For example, the case where bZ is fixed and br is variable will be

treated in later chapters.

2.3. System of One-Dimensional Iterative Automata

Let AX(S,f,n) denote an iterative automaton of length n, with
boundary condition x. It is abbreviated simply as Ax(n) when S and
f are obvious. In the place of the generic symbol x, we write(bz,br),
c,o and r for the fixed, cyclic, open and reflexive boundary condition
respectively. Some appropriate symbols will be used for mixed boundary
conditions.

Given S and f, AX={AX(n)|n=l,2,3...} will be called a system of
one-dimensional iterative automata with boundary condition x. As is
mentioned earlier, we are concerned with Ax as a whole rather than
with an individual automaton Ax(n).

The arrangement of the states of n cells in an array at timet
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is called a state configuration (of length n at time t). A typical
state configuration of length n is representd by an n—tuple 81858,

where siGS is the state of cell Ci' The state configuration s cee8

s
172
at time t changes into another state configuration s sz.. s at time

i= - = =
t+l, where s! -f(s ) (i=2,3...,n-1), sl f(bZ’Sl’SZ) and sy
f(sn—l’sn

tion of the system. The global transition function of state

-1°%1°%i41
br) The last two equations represent the boundary condi-

conflguratlons under boundary condition x is denoted by F . Fx is

a mapping from s" into s, i.e. F (s,8,...8 ) =s! s .

1%2° 1° 2
As to the above mentioned m1xed boundary condltlon, Fx(slsz...sn)

may be rewritten as sz(s "Sn;br) especially when br is variable.

S, .
Given AX(S,f,n) and inzinitial state configuration SlsZ'°°sn’
the state sequence of some specified cell(s) will be denoted by PX(
slsz...sn). In a fixed boundary condition, the cutput cell is
assumed to be the leftmost cell Cl'

2.4. Homomorphism, Isomorphism, and Symmetry

In this section, some relations between the cell automata are
introduced. Let (SA,fA) and (SB,fB) be cell automata defined in
Sec. 2.1.

Definition 2.1.(Homomorphism) (SA,fA) is said to be homomorphic
to (SB,fB), written (SA,fA) =~ (SB,fB), iff there exists a mapping

h from SA onto SB such that

hi£, (@,8,7)1=f,(R(@), h(B), h() )

holds for any o, B, and Y in 8,

Definition 2.2. (Isomorphism) (SA,fA) and (SB,fB) are said to be
igomorphic to each other iff (SA,fA) = (SB,fB) and (SB,fB) = (SA,fA).
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Let S be an arbitrarily fixed finite set of states. Consider
the set of all state transition functions from S$xSXS into S, which
is denoted by {f}. The above mentioned isomorphism defines an
equivalence relation on {£}. 1In case S={0,1}, possible permutations

are the identity and the cyclic permutation (0 1). Thus, let f, be

A
0 | 0 1 110 1
0 a c 0 e g
1]b d, 1 f h, where a,b,c,d,e,f,and g are in
{0,1}. Then (S,£5) is isomorphic to (S,£,) iff fy=f, or fj is
0 l 0o 1 1]0 1
0| h ¥ 0|d ®
—_ — p— —_ H X = l - .
113 s, 1l 3 (Note: X X.)

Another equivalence relation on {f} is defined as follows.

Definition 2.3.(Symmetry) (S,fA) and (S,fB) are said to be symmetric
to each other iff fA(u,B,Y)=fB(Y,B,a) for any o,B, and vy in S.

Let fA be as before, f_ is symmetric to fA iff fB is

B

0|0 1 1 (0 1
0|l a b 0 e f
1| c d, 1 g h.
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CHAPTER 3

SOME REGULAR STATE SETS IN THE SYSTEMS [24,25]

Consider Ax={Ax(n)|n=l,2,3,......}, a system of one-dimensional
iterative automata with boundary condition x. Since an iterative
automaton Ax(n), where X=(bl’br)’ c, o0 or r, operates autonomously,
its transition diagram has ]SIn nodes and is of the form, for example,

like Fig. 3.1, where each node represents a state configuration of

Fig. 3.1. An example of state transition diagram

length n.

In that figure, nodes marked by @, © , and ® are called Garden-
of-Eden configuration, passive configuration, and branching point
eonfiguration respectively. 1In this chapter, we are going to character-
ize those configurations. That is, each set of those configurations
in AX for given S and f is shown to be regular. As is mentioned
earlier, we are concerned with AX as a whole rather than with an
individual automaton Ax(n).

Before going into the details, we introduce a nondeterministic
finite state automaton associated with a cell (S,f), which will be

utilized throughout this chapter in establishing theorems.
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3.1. N-Automaton

A nondeterministic finite state automaton (abbreviated non-
deterministic fsa) is a 5-tuple A=(Q,Z,6,SO,F), where Q is a finite
set (of states), I is a finite set (of inputs), S0 and F are
designated subsets of Q(sets of initial and final states respective-
ly) and § is a mapping from QXI into 2Q.

Given S and f, we associate the cell structure with a special
incompletely-specified non-deterministic fsa as follows.

Let Q=S2 and I=S. For any pair (a,B)EQ and B'€Z, § is defined
by 8( (a,8),8")={(B,v)[(B,v)eQ, £(a,B,Y)=B"}.

If the right hand side of the above equality is the empty set, input
B' can't be applied to state (&,B). The automaton will be referred
to as an N-automaton and denoted by N(S,f) or N(S,f,So,F). Though
the construction has not yet been completed in that So and F are not
specified, it may be completed when the machine is utilized in

later sections.

In fact, SO and F will be determined according to a boundary
condition x of Ax. For example, when we treat a fixed boundary
condition, S ={(b,,0) | (b;,0)€Q}and F={(a,b,) | (a,b,)€Q}.

Thus, a sequence 8182...8n€Z* may be accepted by the N-automaton if

there exists a sequence of states (ao,al) (al,az)....(an,a where

n+1)’

a0=bz, an+l=br and &¢( (ai_l,ui),Bi)Q (ai,a (i=1,2,...n).
In such a case, notice that F

holds in A

| 1417
(bZ’br) (oclaz. . .ocn)=8182. . .Bn
(n).
(b,,b_)
1°"r

L* is the set of all finite or null sequences on X,

3.2, Set of Passive Configurations
A state configuration slSZ"'sn of Ax(n) is called passive if
its next state configuration equals itself; i.e. Fx(slSZ"'Sn)=Slsz"‘Sn°
Given S and f, let P(AX) denote the set of all passive state configu-
(oo}
rations of AX, i.e. P(Ax)=AglP(Ax(n)), where P(Ax(n) ) is the set of

all passive configurations of Ax(n). Then the following theorems can
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be proved.

3.2.1. Fixed Boundary Condition

Theorem 3.1.

P(A ) is a regular set over the alphabet S.
(bysb,)

Proof
Consider the N-automaton N(S,f,SO,F), and branches leaving state

(¢,B) and entering state (B,Y) with labels B for every (a,B) and
(B,y) in Q. Such branches are called p-branches. Delete from the
N-automaton all branches but for p-branches, the resulting automaton
(isolated states are also deleted) is called an Np—automaton and
designated by Np(S,f,SO,F). The state transition diagram of the

N -automaton is composed of transitions like (a,B) .fl B,Y).

Now, if we let So={(bz,a) | (bZ,a) is a state of Np-automaton}
and F={(a’br) | (a,br) is a state of Np—automaton}, then Np(S,f,SO,F)
accepts just the sequences contained in P(A(b b )). P(A(b b )) is
empty when Np—automaton does not exist. Thus we have estab%isﬁed
Theorem 3.1.(Q.E.D.)

The method of constructing Np(S,f,So,F) used for the proof of

Theorem 3.1 is illustrated in Example 3.1.

Example 3.1.

Let s={0,1}, (bl’br)=(l’l) and f is given as
010 1 110 1
0]1 O 0|0 1
10 1, 1{1 0.

The Np—automaton under consideration has four states, (0,0),(0,1),
(1,0), and (1,1), and so={(1,1),(1,0)}, F={(0,1),(1,1)} as shown
in Fig. 3.2.
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Fig. 3.2. Np—automaton used in Example 3.1
The sequences accepted by the automaton are expressed in the form

P( ))=(10UO)0 {(1100)* U1(1001)*}.

A1,1
Comment 3.1.
In an N-automaton, a branch is called a-branch if it has
label o. For arbitrarily fixed a€S, construct an Na—automaton
composed of O-branches and corresponding states as was done in
construction of an N_-automaton.
= = n =
Let Ia(A(bZ’br))—{slsz...san(bZ,bP)(slsz...sn) o, n=1,2,...},
i.e. Ia(A(b b )) denotes the set of state configurations whose
i . n n —n- R .
next state configuration equals &, where o =00...0. It is easily
seen that Ia(A(b b )) is accepted by the above defined Na and
therefore is a regu{ar set for arbitrary a of S.
Given any pair of A(b b )(S,f) and 0€S, there exists f' such
that L
= ' .
P(A(b ’bp)(s’f) ) IG(A(bZ,bP)(S’f ) ), and there exists also
f" such that

I (A (5,£) )=P(a (S,E™M).
ot v,,b,) (b,,b,)

Comment 3.2.

When S,bz, and br are given, let Pf and P(A(bZ’bp)’f) denote
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the set of p-branches and the set of passive state configurations,
respectively, corresponding to a transition function f. Then it can

be easily seen from the process of proving Theorem 3.1 that

P.DOP_,— P(A

D
£ £ f)DP(A

b ’f')'
(b;b,) (b;,b,)

Therefore a partial ordering > may be defined for the set of the
local transition functions by putting f>f' if PfZDPf,.

3.2.2. Cyclic Boundary Condition

Theorem 3.2.
P(Ac) is a regular set and represented in the form P(Ac)= U Qng
i ’
where Qi designates some regular set and i is an element of some

finite set.

Proof
Consider an Np—automaton with SO=F={(Q,B)}, where (a,B) is any
one of its states. The set of input sequences accepted by the

automaton Np(S,f,SO,F) may be represented in a form Q(a,B)Q*(a,B)

where Q(a B) is the set of sequences which leave state (a,B) and
’
return to the same state for the first time. It is obvious that
. = %
Q(a,B)ls a regular set. Now P(Ac) (agB)Q(a,B)Q @,8)° where the

set union exhausts all states of Np—autdmaton. (Q.E.D.)

Example 3.2.

Assume S and f to be the same as those used in Example 3.1.
The way of getting P(AC) is illustrated here. The Np-automaton used
for this purpose is shown in Fig. 3.3.

In this case, ={0011}, Q(01)={1100}, Q(00)={0110}, and

{1001}.

?10)

Qa1)”
Thus,

P(Ac)=0011(0011)*lJOllO(OllO)*lJllOO(llOO)*lJlOOl(lOOl)*.
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Fig. 3.3. Np—automaton used in Example 3.2

Comment 3.3.
Under the cyclic boundary condition, it can be easily seen

that if a state configuration 185+ 8 belongs to P(AC), then the

SoeesS
172 n-1
Let R denote a binary relation defined in S* by s

also does, and vice versa.

S,+..5_ R
N 172 n
ShS1° 8,1 and R denote the equivalence relation naturally derived

state configuration sns

from R. Using R, the representation of P(Ac) can be reduced to a
simpler form.

In the case of Example 3.2, we can express, for example,
P(Ac)/§%{0011(001l)*}. It seems rather difficult to obtain a
simplified expression P(AC)/ﬁ directly or without enumerating P(Ac)

itself.

3.2.3. Other Boundary Conditions

As to the systems with open or reflexive boundary conditions,
similar reasoning as that of Sec.3.2.1. leads to the conclusions
that P(AX) (x=0 or r.) is also a regular set.

In the case of open boundary condition, let SO=F={(a,a)|(a,a)
is a state of Np—automaton}, then NP(S,f,So,F) accepts P(AO)U{E}
where € is a sequence of length O.

In the case of reflexive boundary condition, let F={(B,a)|(8,a)
is a state of Np—automaton and f(o,B8,0)=R}, and SO={(B,u)}C:F.

The set of sequences accepted by Np(S,f,So,F) except for null
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sequence will be denoted by R(B P(Ar) equals

U

" 8,0t 3,0
which is composed of sequences whose lengths are more than one.

For the cell shown in Example 3.1, P(Ax) (x=0 or r.) can be
written as

P(AO)=(1001LJ01)(1001)* (0110 U 10) (0110)*,

P(Ar)=¢.

Furthermore the set of the passive state configurations for

the system with a mixed boundary condition is also seen to be

regular.

3.3. Set of Garden-of-Eden Configurations

A state configuration s -e8 of A (n) is said to precede a

1 S
state configuration sl 2...s if F (slSZ"'S )= slsz...s .

A state configuration is called a Garden-of-Eden configuration
if it has no preceding state configurations.

Let E(Ax) denote the set of all Garden-of-Eden configurations

in Ax where S and f are assumed to be understood.

3.3.1. Fixed Boundary Condition

Theorem 3.3.
E(A ) is a regular set over the alphabet S.
(b,,b )

Proof
i i HKem =

It will suffice to show that S E(A(b b )) E(A(b b ))
constitutes a regular set. E(A(b b )) is the set of all state
configurations that have preceding sgate configurations.

Consider N-automaton N(S,f,So,F) with So={(bz,a)|(bz,a)€Q}
and F={(a,br)|(a,br)€Q}. As is noted in Sec. 3.1l., a sequence
8182...Bn is accepted by the N-automaton iff F(b b )(alaz...an)
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=8182...Bn for some alaz...anes*. Thus, N(S,f,So,F) accepts just
all the sequences that belong to E(A(bz,b )). (Q.E.D.)

In order to construct an automaton wgich accepts E(A(b b ))
directly, one should in the first place transform the non-déterministic
fsa N(S,f,SO,F) into its equivalent deterministic fsa Nd(S,f,So,F)
(called Nd—automation) as usual. We add a new state U (dummy state)

whenever necessary to make N.—automaton completely specified. Then

d
an automaton which accepts E(A(b b )) is obtained by taking the
b
complement of the existing final states of Nd-automaton.
The process is illustrated by

Example 3.3.
Let S={0,1}, (bl’br)=(l’l)’ and f be

o

0
0,

= O
- = |
- O |
o olo

0.

Figure 3.4 shows the corresponding N-automaton, which may be

transformed into an Nd—automaton as shown in Fig. 3.5. Thus an

automaton accepting E(A(1 1)) can be obtained as in Fig. 3.6.
H

Fig. 3.4. N-automaton used in Example 3.3
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Fig. 3.5. Nd—automaton corresponding to the N-automaton in Fig.3.4

Fig. 3.6. Automaton used in Example 3.3

The set of the sequences accepted by the automaton is represented
as follows.

B(Ay 1y)=[1U0( U10)*11][1 U0(00)* (01U 101 U100(0 U10)*11]*
< [EUO0(00)*(0U11(0UL)Y*].
Comment 3.4.

As is easily seen, if an Nd-automaton has the dummy state u,
the set of the final states of the automaton accepting E(A(b b ))
L]

includes the state u. Thus, in general E(A(b b )) may be writfen in
b

a form RlLJRZS*, where R1 and R2 are both regula¥ sets and the former
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is dependent on the boundary condition br whereas the latter is not.

Further, we have brés E(A(bz,br))=RZS*°

Now, that there are no Garden-of-Eden configurations in A(b b )
means that the state transition diagrams of A(b b )are composedZ
only of cyclic parts. As is well known, it is ecgdable whether
E(A *

( ®.,b )) equals S*, or whether E(A(b b ))1s empty, or not.

So, as a corollary to Theorem3.3 we get

Theorem 3.4.

It is decidable whether every state transition diagram of A(b b))

is composed only of cyclic parts or not.

3.3.2. Cyclic Boundary Condition

Theorem 3.5.
E(Ac) is a regular set and can be written in the form E(Ac)=

S#*-— gQiQi where Qi designates a regular set and 1 is an element of

some finite set.

Proof
As in the case of Theorem3 3, S*—E(A )= E(A ) is shown to be

regular. Consider an N-automaton and let Q(a B)denote the set of
b
all input sequences that start from a state (0,B8) in the N-automaton
and return to the state for the first time, Q(a B)is, of course,
b

a regular set. Then, as before,

E(Ac)-

(0" @B @B)

holds, establishing the theorem. (Q.E.D.)
Example 3. 4.

For cells defined by the same S and f as in Example3.3, Q(a B)'s
b

are given as follows;
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=(0 U 10%0) (0 U11%0),
=(0U 11%0) (0 U10%0),
=0 U 0(00 U 11#00)* (0 U 11*0)1,
=1U0(00 U10%00)* (0 U 10%0)1.

%o,1)
@,0)
%1
'Q(O,O)
As in the case of passive state configurations, it can also be
said that if Slsz"'sneE(Ac)’ then Snsl"'sn—leE(Ac) and vice versa.
Thus one may express E(Ac) in a simpler form by dividing the original
E(A.) by R used in Sec.3.2.2.
The same reasoning as in the derivation of Theorem3.4 leads us

to

Theorem 3.6
It is decidable whether every state transition diagram of Ac is

composed only of cyclic parts or not.

3.3.3. Other Boundary Conditions

E(Ax) is shown to constitute a regular set under the open or
the reflexive boundary condition and even under mixed boundary condi-
tions. Proofs can be carried out much the same as in the proof of
Theorem3.3. Alterations should be made on the definitions S0 and
F of the N-automaton, as we have done for passive state configurations
in Sec.3.2.3.

Similar theorems as Theorems3.4 and 3.6 hold under the above

mentioned several boundary conditionms.

3.4. Branching Point Configurations

A state configuration s s_ of Ax(n) is called a branching

Syeee
172 n
point configuration if it has more than one preceding state configura-
tion. Let B(Ax) denote the set of all branching point configurations

of AX. In what follows, though only the fixed boundary condition is
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treated, similar considerations can be applied to the other boundary

conditions.

Theorem 3.7.

B(A )} is a regular set over the alphabet S.
(bysb,)

Proof
In proving Theorem3.3, we have constructed an automaton which
acceptes E?K?Z_:;_;s, where E?Kz;—:;_;3 means the set of all state
configurations having preceding s%atg configurations. Therefore,
the branching point configuration is a configuration accepted by
this automaton via more than one path.
Consider the following nondeterministic fsa Nb(Q,Z,G,SO,F).
State set - Q consists of the following;
L) [(,B8) (',8"]:
The order of (0,B) and (a)B') is immaterial, i.e.
[(a,B) (a',B')]equals [(a',B" ) (a,B)]. Elements (a,B)
and (o',R') may be identical.'
The states in (1) are meant to designate the cases,
where each sequence that leads to a state of this type
has passed more than one di§tinct state pailr of the N-

automaton.

2) (a,B):
These states are used to indicate that each sequence
leading to one of these states intrinsically passes a single

route in the N-automaton.

(3) o:
This is the initial state. I.e., S ={d}.
=S and § is defined as follows;
1) SB,Y) B',yD1,a)=[(y,n) (v'sn")] when a=£(B,Y,Nn)
=£(B',y',n"). If (B,y)=(B',y') then n=n'.
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(2)  8((B,Y),®)=(Y,n) when a=£(B,Y,n).

S((B,Yv),a)=[(y,n) (y,n")] if o=£(B,Y,M)=£(B,Y,n") and n#n'.
(3) 8(0,0)=(B,Y) when a=£(b,,8,Y) and §(d,0)=[(B,Y) (B',Y")]

if o=f(b;,B,Y)=£(b;,B',v') and (B,V)#(8',Y").

Function § is not defined for the arguments not listed above
and not defined also for the case where right hand side of § is empty.

The set of accepting states is composed of [(a,B) (a',B')]'s
where (0,B) and (o',B') are both accepting states of the automaton
which accepts ETK;Z‘?Z;;S. I.e., F={[(a’br) (B’br)]}'

B(A(b b )) is the set of sequences accepted by the above
mentioned b-automaton. (Q.E.D.)

Example 3.5.

b
in Example3.3 is shown in Fig3.7. 1In order to simplify the diagram,

An N, -automaton which accepts B(A(1 l)) for the same cell as
b

state (0,B) is designated by a decimal number corresponding to

a binary number af.

Fig. 3.7. Nb—automaton used in Example 3.5
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If we consider only, for example, the sequences of length
4, 0000, 0010, 0001, and 0100 are the branching point configurations.
It can also be verified that B(AX) (x=c, o0 or r) is a regular

set.

3.5. [Iterative Array Viewed as Special Case of GSM Mapping

We can consider our system Ax as a special case of gsm (general-
ized sequential machine) mapping. Using established results on
the gsm mapping, some theorems of Sections 3.2 and 3.3 are proved
here again.

The behavior of a one-dimensional iterative array is simulated

by a gsm as roughly illustrated in Fig. 3.8.

t
4 5;5;8,0+{6 sm=oss-s;

a) Iterative Array b) Gsm Mapping

Fig. 3.8. Simulation of one-dimensional iterative array by a gsm

In words, the state configuration S189+ 8, is interpreted as the

input string of length n to a gsm, whose output is sls)...s'.

's
172 n
To make it precise and settle problems depending on each boundary
condition, we need some elaboration.

A gsm. (mapping) is formulated generally as follows:
8=(Q,Z,4,6,A, q ), where

Q is a finite set of states,

2 is a finite alphabet of input symbols,
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A is a finite alphabet of output symbols,
§ is a mapping QxI-Q (the transition function),
A is a mapping QxI>A*(the output function)
and 4 is an element of Q, the initial state.
To apply this formulation to our problem, let
(3.1) r=A=sU{E},

where E is the distinguished symbol denoting the end marker, which
does not belong to S.

3.5.1. GSM Mapping for Fixed Boundary Condition

(3.2) Q={q }U{q Jo€s}U {q g]o,Bes].

6(qoaa)=qa9 €S

(3.3) G(qa’8)=qa83 OL,BGS;
G(an"Y)=qBY, o,B,YES;
6(q,E)=q_, q€Q.

Mg ,a)=€, 0€S;
>\(qo‘,B)=f(bZ,0L,B), o.,BES;
(3.4) Maygr¥)=£(a,B,Y), ,B,YES;
K(qa,E)=f(bZ,a,br)E, QES;
A(an,E)=f (a,B,bP)E, 0., BES;
A(qo,E)=€.

where bZ and br are the left and the right boundary conditions
respectively.

Equations (3.1) - (3.4) define our gsm mapping g:IL*>L*, where
¥=SU{E} is the common alphabet of the domain and the range and
8(q,e)=q and A(q,e)=€ for every q in Q. Figure3.9 shows our gsm
for the iterative array of Example3.3 with fixed boundary condition
(1,1). '

In using this mapping, we restrict the domain to the set S*E

or to the input strings having one and only one E at their ends.
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E/OE

Fig. 3.9. Gsm for iterative array of Example 3.3 with x=(1,1)

Then from Eqs.(3.3) and (3.4) the set of outputs for inputs S*E {s
a subset of S*E, or g(S*E)C S*E. Since each gsm mapping preserves
regular sets in general, g(S*E) is a regular set.

From Lemma 3.1 below, which we do not prove here, it is seen

that G={x|xE€g(S*E),x€S*} is a regular set.

Lemma 3.1,
Let A be a subset of S* and E be a symbol not belonging to S.
Denote AE={x|x=yE, yEA}. Then, if AE is a regular set over SU{E},

A is regular over S.

Now it is easily seen that S*-G=E(A(b b )), where S*-G means
the set of all strings of S* which do not %elgng to G. Since the
complement of a regular set is also a regular set, another proof of
Theorem3.3 has been obtained.

Secondly, let Ra=a* for any alof S. Since each inverse gsm
mapping preserves regular sets, g (RaE) is regular. On the other
hand, it is seen from the definition of Ia in Comment3.1l of Sec.3.2

that
-1
Ia(A(bZ,br))={x|xE€g (RaE)}.

With Lemma 3.1, this gives another proof of the regularity of Ia'

- 33 -



By Comment3.1l on the relationship between Ia(A(b b )) and
b
P(A ), Theorem3.1l is proved again. L
;D)

Comment 3.5. :

Though general results on the gsm mapping were thus useful in
proving the regularity of a set of state configurations, they alone
are not sufficient for the study of iterative arrays. It is a
special case, where special treatments are required. An N-automaton
has been devised for this study and shown to be more powerful than
the gsm in obtaining the concrete forms of the above mentioned
regular sets. In higher dimensional cases, the ordinary language

theory is obviously not of use.

3.5.2. GSM Mapping for Cyclic Boundary Condition
(3.5) Q={qo}U{quloces}U{qagla,ses}U{qa.e,,asla',s',a,ees}.

6(q ,2)=q,, O€S;

G(qa,8)=qa8, a5 BRES;

a(an’Y)=an,BY’ a,B,YES;

8(ayrgr oprY)=dy gt gy 00" 5B,B87,YES;
6(q,E)=q_, q€Q;

§(q,e)=q, q€Q.

(3.6)

A(qo,a)=€, €S

Aqy,B)=e, a,BE€S;

AMaygsV)=f(,B,Y),  a,B,YES;

(3.7) A(th'B',O(.B’Y)=f(a’B’Y)’ OL,OL',B,B', YES;
)\(an,E)=f(OL,B,(X)f(B,C(,,B)E, OL,BGS;

A(qrx'B' ,aB’E)zf (G"B,a')f(B,a' ’B')E: (X.,a' ,BQB‘GS;
A(q,,E)=f(a,0,0)E, 0€S;

X(QO’E)=€-
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I ' -
If Fc(sl ..sn) $185+ S5 then from Egs.(3.1) and (3.5)-(3.7)
L | I ]
3..snle.

We define the cyclic shift operation t for each nonnull element

S,-
—_—e !
g(slsz...snE)—szs

SheeS_S.

% .
of S§* as follows: t(sl 9S4+ 8.8

sz...sn)=s

-1 _
t (slsz...sn)—s S,...5

nl n-1°

Lemma 3.2.

The cyclic shift operation t and t_lpreserve regular sets.
That is, let A be a subset of S* and denote t(A)={xlx=t(y),y€A}
and t—l(A)={xly=t(x),y€A}. If R is a regular set, then t(R) and

t—l(R) are regular sets.

This lemma is proved by constructing a sequential transducer,

which realizes the cyclic shift operation using an end marker.

Now E(AC)=S*—t_1({x[erg(S*E)}). By Lemmas 3.1 and 3.2,
E(Ac) is regular, which is another proof of Theorem3.4.

Secondly, Theorem3.2 is proved again by Ia(Ac)={x|xE€g—l(RaE)}.
Note that t(Ru)=Ra'

3.5.3. GSM Mapping for Open and Reflexive Boundary Conditions
Regularity of passive and Garden-of-Eden configurations for the
open and the reflexive boundary conditions can be proved by the

following equations through similar reasoning.

Open Boundary
Q and § are defined by Eqs.(3.2) and (3.3) respectively.
A(qo,a)=€, QES;
K(qa,8)=f(a,u,8), a,BES;
(3.8) MagygsY)=f(e,B,Y), @,B,YES;
A(qa,E)=f(a,a,a)E, aES;
AgygsE)=f(a,B,B)E, «,BES.
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Reflexive Boundary
Q and § are defined by Eqs.(3.2) and (3.3) respectively.
A(qo,a)=e, 0€S;
(3.9) A(q,,B)=£(B,a,B), «,BES;
Aayg,7)=f(a,B,7), ,B,Y€S;
A(an,E)=f(a,B,a)E, a,BES.
Note that the gsm mapping for this case is defined for the

input string of length more than one.

3.6. Concluding Remarks

It has been shown that each set of all passive, Garden-of-Eden
and branching point state configurations constitutes a regular set
and this regularity holds for various kinds of boundary conditions.

In order to characterize the autonomous behavior of Ax in more
detail, we should investigate the cyclic and the transient part of
the transition diagram. Let C(Ax) and T(Ax) denote the set of all
state configurations that belong to the cyclic and the transient part
respectively. (C(Ax)lJT(Ax)=S* and C(Ax)r1T(Ax)=¢.) Then E(AX) and
P(Ax), whnich have been proved to be regular, are special subsets of
T(AX) and C(Ax) respectively. To determine the language classes of
C(Ax), T(Ax)’ and C(AX) ﬂB(Ax) is a challenging problem but is still
unsettled. Mr. H.Takahashi of our group suggested that C(Ax) equals
essentially the "maximal invariant set of the gsm mapping', or the
largest set MCS* such that g(M)=M and found a nonregular C(Ax) for
a unilateral fixed boundary array, which can be simulated by a
complete finite automaton instead of a gsm. That is, C(Ax) and T(AX)
are not always regular sets. About the periods of C(AX), little has
been known.

While we have restricted ourselves to the one-dimensional case,
our problem to characterize the sets of state configurations may be

naturally extended to higher dimensional cases. In fact, the passive
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and the Garden-of-Eden configurations were treated on the two-
dimensional cellular automata.[8,31] The main difficulty is to
obtain the notion of the regular set for the higher dimensional case.
In connection with the picture processing algorithm, several grammat-
ical methods have been developed by many researchers.[7,13]

We are interested in such a grammatical definition, if any, of the
regular-like set for the two-dimensional configurations that makes

regular the above mentioned state sets.
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CHAPTER 4

INFORMATION TRANSMISSION CAPABILITY OF THE SYSTEMS [21,26,27]

4.1, Introduction

In a system of iterative automata, a cell communicates only
with its neighborhood cells which are usualiy located at the nearest
neighbor to the cell in question. As such, it is important as well
as interesting to ask how far a system of iterative automata could
transmit information through the system via local communications
defined by the neighborhood relation and @ local transition function.
Right to left information transmission through a system of one-
dimensional iterative automata is treatéd in this chapter.

In the beginning,there are two points that must be clarified in
considering the problems of information transmission: the first is
how to represent "information' itself and the second is to clarify
the meaning of "transmission'" of information. In our problem,
"information" is given as an initial state setting to the rightmost
part of cells, and "transmission'" of (particular) information to the
leftmost cell (called an output cell) means that one could detect
any difference of initial state settings to the rightmost part of
cells (i.e. information) by observing state transition sequences of
the output cell.

A classification of the systems of one-dimensional iterative
automata with respect to the above mentioned information transmission
capability is proposed. We divide the set of all systems into three

classes, reveal the characteristics of each class, and show several

lemmas for the classification. Further, a related undecidability

result is also shown.

As in before, we are interested not in an automaton composed of
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a fixed number of cells, but rather in a system of such automata
that is obtained by varying the number of cells.

When a state configuration a=ala2....an(ai€s, i=1,2,....n) is
concerned, it is assumed that there exists an iterative automaton of
length n and that a state of cell Ci corresponds to ai. Given a
state configuration «, let P(«¢) denote a time sequence of states
of the leftmost cell (Cl) which is considered to be an output cell,
when a system in question operates autonomously starting with initial
configuration «. Fb ’br (q)ﬁd' means that a state configuration «
becomes @', where a'=aiaé....a&(ai€8 i=1,2,....n), at the next time
step under boundary condition (bl’br)‘ In such situation, we can
write P(a)=alP(d') by the definition of P(a).

Now, let us consider the following classification of the set
of all systems of one-dimensional iterative automata {A (s,£)}

by ,b,
according to their (right to left) information transmission capability.

Class 1 (CI)
Ab b (S,f) belongs to class I iff there exists a positive
»Op
Vo €s(i=1,2,....,k) and Vges*, P (o0l e + -0y )

=P(ala2....akﬁ) (s* is a free monoid, S being a generator).

integer k such that for

When a system belongs to Class I, the minimum of k satisfying

the above relations will be referred to as k-value of the system.,

Class 11 (CII)

AbZ br(s’f) belongs to Class II iff it does not belong to CI

and there exist a positive integer k and aies (i=1,2,....k) such

that

= v *
P(alaz....ak) P(alaz....aka) for ' BES*,

Class III (CIII)

Ab b (S,f) belongs to Class III iff for any positive integer k
and VaiéS(€=l,2,....k), there exists 8182""BZ€S* such that
P(alaz....ak)#P(alaz....akBlBZ....BZ).
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Note that the above mentioned three classes constitute a partition
(i.e., mutually exclusive and exhaustive) of {Ab b (s,£)} -
l,’r

If Abz,b (S,f) belongs to, for example, Class I, we say that
r
f belongs to Class I (write fGCI) for brevity when S, bZ’ and br

are understood.

4,2, Lemmas for Classification

Several lemmas for classification of the systems, showing such
and such f's do or do not belong to a particular class, are listed
here. Most of them are straightforward and will be given without

proof.

Lemma &4.1.

1f £(0,B,v)=£(a,B,8) for Va,B,Y,8€S, then f€C; under arbitrary
boundary values (bl’br)' In this case, k-value equals 1.

Lemma 4.1 notes that there exists a (unilateral) iterative
automaton where states of a cell do not affect those of a cell to

the left, which belongs to Class I.

Lemma 4.2,

If for Vyes andHBES, f(bZ,B,Y)=B and if there exists €S such
that f(bz,a,a)=f(a,a,a)=a and f(bz,a,8)=f(a,a,8)=8, then £€C ;.

The first condition guarantees the existence of such a particular
state to be used at the leftmost cell (91) that could not be changed
by any states of the remaining cells and the second, that of a
specific state configuration through which the above mentioned state

propagates itself from right to left.

Proof
It is clear that there exists f which satisfies conditions of
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the lemma. Note that P(R)=P(8B')=(B) for B'€S* and P(an8)=un8....
(n is any positive integer), where () means an infinite repetition of
B, and o means o0.-.. 0. These two relations satisfy the requirments

for f to be in Class II.(Q.E.D.)

Lemma 4.3. v
If f(a,B,‘Y)#f(CﬂsBad) forvoc,B,Y,SGS(Y#S), then feCIII for (bl’br.)'
The condition of Lemma 4.3 assures any information in a cell
to be transmitted to the left side cell, which means that f belongs
to Class III.
It can be seen by the above mentioned three lemmas that each
of CI’ CII and CIII is not an empty set.
Lemma 4.4.

If f(bZ,B,Y)=f(bZ,B,6) forVB,Y,Ges, then f€CI and whose k-value

equals 1.

Lemma 4.5.

For any YES, if there exists BES such that f(bZ,B,Y)=B,

then f¢ CIII'

Lemma 4.6.

'If there exist B and R'in S such that f(bZ,B,B')=8 and
£(B,8",Y)=R' for Vy€S, then fEC ..

Lemma 4.6 could be easily generalized to cases where condition

part reads "if there exist 8162..., and Bn".

Lemma 4.7.

Let b,=b =B and if there exists a€S(a#B) such that a part of

the transition table corresponding to £ includes

oo B B| o
aloa o and al o s then f€CI .
Bla B Bl o
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In fact, P[(aB)naa]=(aB)na.... for the cells mentioned in Lemma 4.7.

Lemma 4.8.
'If there exist distinct states o and B in S such that a part of

the transition table corresponding to f includes

alo B
ola B , then fGCI.
bla B8

In this case, P(an8)=an8 .....

All of the abdvé mentioned lemmas are valid for cells with the
number of states m being greater than or equal to 2. Now, let us

see some cases where S is fixed to be {0,1}.

Lemma 4.9.

If bl=l and if £ is given by
o 0 1 110 1
0|l *# 1 and 0] # 1 {*¥ means O or 1), then feCIII'
1] = 1 1{0 1

Proof

Let P(alaz....an lll)=p1p2....pt.... The (n+3)rd output Pn+3
equals 1 for Valaz....anes*. On the other hand, the (n+3)rd output

*
laz....anes . Thus P(alaz....anllO)
#P(alaz....unlll), which guarantees f to be in Class III. The lemma

holds whether br equals 0 or 1.

of P(alaz...anllO) equals 0 for Vg

Lemna 4.10.
If bZ=1 and if f is given by

0j]0 1 1]0 1
0| * * and 0/0 0 , then f€C .
111 1 110 1

Proof

Letting o=1 and R=0 in Lemma 4.8, we see that f$(ﬁr On the
other hand, P(0 1 B)=(0 1) for VpGS*, which means feCIII' Thus,
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we have feCII'

4.3. Simplification Theorem for Class I

4,3.1., Simplification Theorem

Lemmas listed in the preceding section determine that £ belongs
to or does not belong to a particular Class if the function £
satisfies conditions of one of them. But it is clear that we can't
classify an arbitrarily given f by these lemmas even if the number
of states m is restricted.

So, in this section, we investigate the characteristics of our
classification mainly through a "simplification theorem" for Class I.

By definition, a system of Class I with k-value k is that output
sequences thereof do not depend on the initial states of cells
located at the right of the k-th cell (i.e. Ci’ i>k+1l). The definition
can be reduced considerably, yielding a finitary conditions. That is,

we have the following simplification theorem.

Theorem 4.1. (simplification theorem)
If there exists an integer k>0, agd if P(alaz....ak)=P(ala2...
V 1= =
akB) holds for aiGS(l 1,2,...,k) and"BES, then P(alaz....ak) P(a1

Voo
az....a ) for ‘pes%.

kP
The theorem says that for any system under investigation to

belong to Class I, it is not necessary to compare all possible

output sequences adding an infinite number of cells, but adding only

one cell to the original system.

Proof
It suffices to show that P(alaz...ak6182)=P(ala2....akﬁl) for
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V81,8268 when the hypothesis of the theorem holds. Let Fb b (alaz
Z’
=y "o ! tp 1! =

c.y B18))=a,"a," . 0 "B, "B, and we have P(alaz....akslsz§ o P

t., 1! tn v 1t
) ....ak Bl 62 ). On Ehe other hand, Fb ,br(ala2""ak§l) can
be written as al'azf...ak'Bl' by an appropriate choice of Bl €S.

= 1y ° CER] 1y ot 13 1

Then, P(alaz....akBl) alP(al az ....ak 1 ), where P(OLl oy ....ak 1)°
in turn, equals P(al'az'....ak'Bl') by the hypothesis. Thus, we have

= 1 ' ! '
P(alaz....aksl) oclP(a1 a2 ....ak 1 ).

The above process shows that the first output states of P(0L10L2

....akBle) and P (o ....akBl) are identical and that the remain-

o
172
ing part of the output sequences are represented by P(al'az' ceas

] 1 1 ] 1] 1 1] :
ak Bl 82 ) and P(OLl o, ....ak Bl ) respectively. So, the same
procedure can be applied to the latter pair of output sequences,

ensuring the validity of the theorem. (Q.E.D.)

Comment 4.1.

Notice that the hypothesis of the theorem contains a clause
laz....akB) holds for Vaies(1=l,2,....k) and

...". If we adopt HOL'iGS instead of VaiGS in this clause, the corre-

L1 —_
if P(alaz....ak)—P(a

sponding proposition '"If there exists an integer k>0, and if P(OLlcx2
= q P v

....ak) P(alaz....akB) holds for ai€S(1 1,2,....k) and "R€S, then

P(a

..ak)=P(u ....akﬁ) for Vpes*" is not always true. That

1% 1%
is, no simplification procedure similar to that of Theorem 4.1 could
be generally applied for Class II-like systems.

A counterexample exhibiting the above mentioned situation is

shown as follows:

Counterexanple Let $={0,1} and bZ=br=l° Let f be given by
010 1 110 1
o0l1 1 0j]0 1
1j1 1 and 10 1 .
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Then, P(10)=P(100)=P(101)=10(1) and P(1010)=1010(1). Thus P(10)#
P(1010).. 1In fact, the system belongs to CIiI'
Comment 4.2.

~ As the converse to Theorem 4.1 obviously holds, Ab b (S,£)
belongs to Class I iff the if part of Theorem 4.1 is true. ~The
equivélent condition for a system to belong to Class I, however,
could be replaced by a weaker one, if the process of the proof is
carefully followed. That is to say, it suffices to demand that for
all B in S, P(alaz....akB)'s are identical. That is, the following
proposition holds. If there exists an integer k>0, and if P(0L10L2
....akB)=P(ala2....akB') for V&ies(i=l,2,....k) and VB,B'€S, then
P(alaz....ak )=P(a1a2....ak8).

Comment 4.3. . .
Further, the following characteristics can be observed. If a
system belongs to Class I with k-value more than or equal to 2, there

. . _ ' '
exist aiGS (i=1,2,....k-1), akGS and o GS(ak#ak )} such that P(ala

k
— 1]
....ak_luk)—P(aluz....uk_lak ). For, there exist somé elements

v,8,e,€"(e#€') in S such that £(y,$8,e)#£(y,8,€'). (If this is not

2

true, the system under consideration becomes Class I with k-value 1.
See Lemma 4.4.) Further, as the system belongs to Class I, P(Ble
~ A
= ' = -
""Bk—ZY S 8)—P(8182....8k_zy § e') for Bi(i 3:2,....,k 2).
Let Fb b (8182....Bk_2 vy 6 €)=ala2....ak_2ak_lak€ and Fb b (8182

Lor LA 17 AL
....Bk_zy S € =00 e e 0y 0 TET . Then, P(alaz....ak_laks)—P(a

k 1%2
ak—lak'g') holds, which assures that P(QlGZ""ak—lak)=P(ala2"'ak-lai)
where ak#Aak'.

4.3.2. Systems with External Input

In this subsection, let us consider a system with external input;
we assume that bZ is fixed as before, while br may vary at discrete
time step as Xy xz....xt....,i.e., we have an external input to the

rightmost cell.
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o ....aA) ' ' denote a state sequence of the
172 N X XpeeesX, ooes

leftmost cell (Cl)’ whe% %he system under consideration is fed an

Let P(a

external input sequence KqyKpeeeoX voen, starting with an initial
state configuration a,0,....0 .
& 172 n

Systems with and without external input (the latter means a fixed

boundary condition here) are compared concerning the above mentioned

simplificétion theorem, obtaining the following

Theorem 4.2.
Let k be a positive integer and if P(aiaz....ak)=P(ala2....ak)x

for VdieS(i=1,2,....,k) and Vx 1

XeeooKpoonn lx2°"'xt""’ then

- v v, .
P(aluz....ak)—P(alaz....akB) for uiGS, BES, and vice versa.

Proof
First, the converse part of the theorem is shown.

= [P '
Let Fb x (alaz....ak) S TERR Then, P(alaz....ak)
_ 1

._alPﬁaf ai"fak.)xz...xt..... :

X1X2. . .Xt

By assumption, P(&laz....ak)=P(ala2....akxl) holds, and the right-
. . L | ) | 1

hand side expression equals alP(alaz....ak X ) for an appropriate

xl'€S. Then, applying the assumption once again, P(ulaz....ak)=

1]
alP(al'a t....0,"'). One step of P(a ....ak)x and

2 k 1%2 P2
P(ulaz....ak) proceeds as such, P(alaz....ak)=P alaz....ak)x oK e

is seen to hold by noting that the underlined expressions preserve
the similar pattern as before and that the same process may be taken
recursively.

. Next, let us assume P(alaz....dk)=P(a1a2....ak)xlx ""xf'; .
for any sequence X Xpeo oK eonns Let Fy ,br(alaz....ak%)=al'a2'..--
....ak'B' for arbitrarily fixed BES. Then P(alaz....uk8)=a1P(al'u2'
....ak'B'). On the other hand, )

P(ala25"'ak)=P(ala2""ak)8x2x3....xt....
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\i
9 ....ak )x2x

L
L ).

=q P(a o
X eeoe

3 X,
= ' '
alP(al az .

Comparing the underlined two expressions, 4 similar reasoning
as before leads us to the conclusion that P(alaz....ak)=P(ala2....
akB). (Q.E.D.)

By Theorem 4.1 and Theorem 4.2, Ab b (S,f) belongs to Class I

Z’

iff for some positive integer k, P(a ‘.2 ) P(a

for Vu (i=1,2,.... k) and Vx

1 2""ak)xlx2....

This means that

1%2

RERE NRERE
ceen 1%2
iE Ab b (s, f) belongs to Class I, then a modlfled system with

external input does not change the validity of k-value, that is, it
is useless to consider more than k cells (as long as the leftmost cell
is regarded as an output cell).

As a corollary to Theorem 4.2, we have

Corollary 4.1.
if Ab 5 (S,f) belongs to Class I, then Ab b 1 (S,£) also

belongs to Class I for any bP'GS, and has the sime’k-value.

4.4, Characterization of Classification via State Partition

Let Abz(n) denote an iterative automaton of length n, whose
left boundary input is fixed to bZ and has external inputs to the
rightmost cell. Several state partitions of the state set of Ab (n),
which is composed of m elements, are utilized to characterize
our classification of {Ab b (s,£)}.

Some definitions and no%atlons are given first.

4.4,1. Definitions on Partitions

Let T={B ,B.,...,B_} denote a partition of the state set of
1’72 T ‘
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some Ab (n). Assume that Fi(Bj) is the set of all states into which

a state in Bj transits by an application of input i, i.e.,
= v
Fi(Bj)é{qilFbZ,i(p) a;5 VpEB, J.

A partition m is called a preserved partition (P.P.) if for any
block B, of m, there exists a block B_ of 7 such that U F.(B,)CB_*.

SN S . ies 1 1 s

An ordering is given naturally in the set of all partitions of
a set. That is, for partitions ﬂ={Bl,B2,....,Br} and ﬂ'={Bl',B2',...,
Bt'}, 4
n<n'<> For any Bj of m, there_exists Bi' of 1' such that BjC:Bi'.

The minimum and the maximum partitions are written 7(0) and m(l),
respecti&ely. A

A P.P. derived from a partition 7 is the one that is the smallest
of the preserved partitions greater than m. It is clear that such a
P.P. is uniquely determined from m. The P.P. derived from w(0)} is
denoted by Tg. By definition, an element of the state set of Ab (n)
is a string gomposed of n elements of S. Let n(u(}&(%?...,u(v))z
denote a partition every block of which contains strings whose left
side v components are identical.

An operator a is a function from the set of partitions on the
state set of Ab (n)_into that of Ab (n+l) as follows. Let ﬁ={B1,Bz,
""Br} be a pa%tition on the stateZset of Ab (n). Then aﬂ={Bl',Bz',
...,Br'}, where Bi' is composed of any string% of the form xo such
that x is a string (of length n) in Bi and o is an element of S.
Thus, the cardinality of Bi' is m times that of B,. »

In what follows, a partition on the state set of Ab (n) is

distinguished from the others by superscript n, as ﬂ(n) L

* Note that a usual definition.of -a P.P. is less restrictive than

ours. For example, see [5].
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4.4,2. Characterization of Class 1
When n§2, a relation K is defined on the state set of Ab (n),
A

that is on Sn, as follows:

al=81, and

0 0n.e...0 KB B ....B
172 n 172 ne{_ ", _
f(uz,al,az)_f(bz,sl’sz)‘

K is obviously an equivalence relation, and the partition
defined by K is written as ﬂk(n). When n=1, ﬂk(l) is defined to be
71 0.

Then, we can characterize Class I of our classification in

terms of partitions by the following

Theorem 4.3.
AbZ b (S,f) belongs to Class I with k-value less than or equal
L L’ r(n) | . (n) | (n),... (n)
to n iff mg is a refinement of e s ieew, g fﬂk .
Proof
This proof is divided into two parts according to whether
n=1 or not.
I) n=1; It is clear from Theorem 4.2 that A (S,f) belongs
W_ D gy ofr
to Class I with k-value 1 iff wg " "=7 (0). This is the case

corresponding to Lemma 4.4.

II) n>2; Let nﬁ(n)fnk(n). Given any initial state configuration
0.0,....0 and external input sequence X,X,....X_....,there exists
172 D1 2 . 172 En)
a sequence B-, B, B",...,B ,....0f blocks of = , such that
0
alaz....an€B )
F(alaz....an) < EB
1
t : t
F (0 0neeeeC ) €R ,
172 : DX Ky e oo o Xy
£ .
where F (0,0 e00s.0 ) means the latest state configuration
172 N X XpeeeeX
reached by an applica%ion of external input sequence X,X.....X, to

172
the initial state
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configuration o ....0 . As long as the initial state configuration

a
172 n ()

10+ e e o0 the sequence of blocks of “ﬁ mentioned above

remains the same for any external input sequence xl'xz'..Q.x

because n—ﬁn) (n)<ﬂ (n)

T k

Bl',....Bg',.... of blocks of T (n)’ corresponding to the sequence
L

B°, B',....B"....of nﬁ(“) such that B® ¢ BY (£=0,1,2,....). Thus,

equals o

1]
t s s e sy

is a P.P.., As m_- , there exists a sequence B '

0 .1 ¢ k

we have for an arbitrary input sequence X Xpe...X coee,

QyOness c Bo',
" 1
\}
F (OLlOLZ . : . an )xle B ’
t . t!
F (0,0 e0ee0 ) €B ,
172 NOX Xge oo o Xy
which means, as the construction method of nk(n)indicates, that
P(OLlOLZ'"'O‘n)xlxz....x ....=P(ala2""an)xl'x '....xt'....for any
xl'xz'...xt'...;.. Thérefore, Ab b (s,£f) be%ongs té Class I with
k-value less than or equal ton b% Tﬁeorem 4.2,
Conversely, let us assume that A (5,f) belongs to Class I

b

with k-value less than or equal to n(né

,b
2)? Then, by Theorem 4.2,

an output sequence of cell C, cannot be changed by varying the

external input sequence of A; (n). Thus, state configurations in
a block of ﬂi(n) should produ%e the same output sequence, hence
nﬁ(n)gnk(“). (Q.E.D.)

Theorems hitherto mentioned dealt with an iterative automaton
of length n and gave sufficient conditions for the corresponding
system to belong to Class I with k-value less than or equal to n.
Another sufficient condition applying to an automaton of length n is
provided here that decides whether the system in question belongs
to Class I with k-value less than or equal to (n-1), and with
Theorem 4.3, is given a characterization of Class I with k-value
eéual to n.

Consider (n), and let nﬁﬂn) denote a P.P. derived from

7 -
n(n)(u(l)’ u(2) ,....u(n ;)). Then, we have the following
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Theorem 4.4,

Ab b (S,f) belongs to Class I with k-value less than or equal
to (n—l% it nﬁfn)snk(n), where n>3.
Proof

Assume a system belong to Class I with k-value less than or

equal to (n-1). Then, n%é—l)fﬁk(n_l)

then afq,<aq, by the definition of a, thence ams
1=7 72 ' R

by Theorem 4.1, If ﬁ££ﬂ2,
(n-l)faﬂk(n- )

(n-l)zﬂ(n)(u(l)’u(Z) ..u(n—l))’

As aﬂ—(n—l)

R yos
anﬁ(n-l)gnﬁﬂn)is obtained. On the other hand, am (n_1)=ﬂ (n) in

(@), () ¢ )
<R *

is a P.P. and anﬁ

case m»3. Thus e

(n) __ (n) n-1
Conversely, let X fﬂk . - For any ulaz....ah_les and

for any R and B'(i? S, GIQZ""Gh—lB(zgd alaz....un_lB' rest in the
same block of Li- 3N and so do of The . Thus, P(alaz....dh_ls)
=P(°icb""“n—18 'Y holds, which assures us that the system under
consideration belongs to Class I with k-value less than or equal to
(n-1). (See Comment 4.2 of Theorem 4.1.) (Q.E.D.)

Theorems 4.3 and 4.4 are combined to the following

Theorem 4.5.

Abl,br(S,f) belongs to Class I with k-value n iff NR‘n)fﬁk(n)

and ﬂﬁ(n)¥ﬂén), where n23.

4.4,3, Sufficient Condition for Class II

Here a sufficient condition for Ab b (S,f) to belong to Class II

7r
is given.

A subset T={B, B ceesBy } of a partition W={B1,B2,....Br}

il, 12,' s
on some state set of an automaton, where {il,i ..,is}‘:{l,Z,...,r},

27"
is called a partial P.P., of 7 if T constitutes a P.,P. disregarding

the states not appearing in the blocks of ®. Let (Wﬁ(n)) denote a
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(n)

partition on a subset of Sn that is composed of blocks of TR

(n).

contained in any one of the blocks of,ﬂkb Theﬁ, we have a

sufficient condition for a system to belong to Class II as foliows.

Theorem 4.6.
(n) (n) i . e
If (ﬂﬁ )%ﬂi for any positive integer n, and if there exists

a positive-integer n such-that (ﬂﬁ(n)) contains a partial P.P. of
(@)
R ,
(S,f) belongs éo €1ass 11 satisfying these conditions, then gb b
' (Al c

, then Ab b (S,f) belongs to Class II. Further, if Ab ’br

(S,f) also belongs to Class II for any br'es.

Proof
Let (ﬂ—(n))={B ,B,...,B } denote a partial P.P. of ﬂ~ﬂn)
R (n)l 2 e R
contained in‘(ﬂi ). Consider F(alaz....an)x KX e

172 Tt

where a,Q,....0 1is assumed to be in some Bi(lfife) and X Xp.eo X oo

172
is an arbitrary external input sequence. Then, there exists a

sequence BO, Bl,....Bt.... of blocks of (ﬂﬁ(n)) such that

0_
alaz....aneB —Bi,

F(alaz;...an)x €B

1

l bl
t . t
F (0,0, ¢ee.0_) €8,
1 2: NIX Xy e e Xy
As each block of {Bl,Bz,...,Be} is contained in some block of

1, tr (n)

(n)
k ’ ..,B '....0of blocks of “k

such that Bt < gt (t=0,1,2,....). This is equivalent to say that
all of the P(a

there exists a sequence B"',B

)
» laz....an)x EoeenoBpenns s for amy x,X,....X ....are
;dentlcal, which in turn implies P(alaz....an)=P(ula2....anﬁ) for
pesx. Besides, the result obtained is valid for any b_€S. On the
@, (@) @)y, ()
other hand, TR $ﬂk for_any n by the fact that (ﬂ§ )#ﬂﬁ .
Thus, by Theorem 4.3, the system in question does not belong to Class

1. (Q.E.D.)
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4.5. D-Set and its Decision Problem
A configuration QUyQlyevs ol is called a D-configuration if
= v
P(alaz....ak)—P(alaz....akﬁ) for

that an output sequence is determined solely by that part of an

Bes*. D stands for definite in

initial configuration. Given Ab b (S,f), the set of all D-
bl

(s,f) wiil Be denoted by AD(S,f,b ,o.)
Z,br ARG
or simplv AD when S,f,bZ , and br are understood.

configurations in Ab

AD’ which is called a D-set, characterizes our classification
of {Ab , (s,£)} as follows;
1’"r

Class 1 <———>Hk>0, A.DD Sk.

Class II <> AD#¢ and there exists no k>0 such that AD:)Sk.

Class III <> AD=¢.

It seems to be an interesting problem to investigate properties
of D-sets. In this section, it is shown to be recursively unsolvable
whether arbitrarily given Oylyeee el belongs to the D-set of an
arbitrarily given Ab b (S,f). The undecidability result is obtain-
ed by embedding a Turing machine (TM) into a system of iterateve
automata.

As a step to the goal, a classification of the systems of
iterative automata with an infinite number of cells in regard to the
right to left information transmission capability is defined, and

the relations between this new classification and that of {AB

. ' Z’br
(S,f)} are mentioned.

4.5,1. Classification of Systems of Half-Infinite Iterative Automata
A system of half-infinite iterative automata is a collection

of an infinite number of cells arranged as in Fig.4.l, where the

transition function f of each cell is a mapping from S3 into S as

before. 1In order to assure finiteness of an operation, it is assumed
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that there exists a special state SOEZS, called a quiescent state,

such that f(so, S so)=so in any (S,f).

Cy C, Cn

Fig. 4.1. System of half-infinite iterative automata

As shown in Fig. 4.1, the left boundary condition is fixed to bZ s,
When an initial state configuration 0y Qe evel is concerned, it is
assumed that the state of cell Ci corresponds to ai(i=l,2,...,n),
and the other cells Ci(i>n) are given the quiescent state s,
Let Pi(a) denote an output sequence of Cl’ given an initial state
configuration.a=ala2....an.
Being connected with a D-configuration, let us define an ID-
configuration in the system of half-infinite iterative automata as

follows;

alaz....ak is an.ID—conflguratlon<:>Pi(ala2....ak)=Pi(ala2....akp)

for pES*.

Given S,f, and bZ’ the set of all ID-configurations AID(S’f’bZ) or

shortly AID may be used to define a classification of the systems

of half-infinite iterative automata. That is, replace AD by AID in
the reformulation of the classification of {Ab b (8,f)} cited in

this section. The classification thus obtained ggain represents

the right to left information transmission capability of the systems
of half-infinite iterative automata, whose classes are distinguished
by subscript i, as Classes Ii, IIi and IIIi.

As a result of Theorems 4.1 and 4.2, (S,f) with quiescent state
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belongs to Class I for some bZGS iff Ab b (S,f) belongs to Class I.
The follow1ng lemma plays an important role in the rest of

this section.

Lemma 4.11.
For any (S,f) with quiescent state, if 00, .akes* is a
D-configuration for some bZ’br € S, then it is also an ID-configu-

ration for the same bZ'

Proof'
Assume that Oq Qe e s e Oy is not an ID~configuration. That is,
assume that there exists a configuration 8182....8m such that

Pi(alaz....ak)#Pi(alaz....akBle....Bm). Let tobe the time when

Pi(alaz....ak) and Pi(alaz....akBIBz....Bm) produce different
o]
10+ e 0 S so..ffgo)#

l to — , . .
P(alaz....akBlBZ....Bm so....so), which contradicts the hypothesis

that aluz....ak is a D-configuration. Hence the lemma holds.

(Q.E.D.)

It can be easily seen by the above mentioned lemma that if (s,f)

outputs for the first time. Then, P(qa

belongs to Class IIIi, then it also belongs to Class III. Whether

the converse of Lemma 4.11 holds or not is open.

4.5.2. Embedding a Turing Machine

It is well known that any T could be simulated by an equivalent
TM which operates on a potentially half-infinite tape. Now, let us
consider a system of half-infinite iterative automata embedding such
a T™M that operates on a half-infinite tape.

Following Davis [10], let us define a (simple) TM by a finite
nonempty set P of quadruples of the forms (1) qiS Skq 2 qiS RqZ

(3) q S LqZ, where 9y and q_ are in the set Q= {ql, q2,...,q }

A
of lnternal states, and Sj is an element of the set K—!B,Sl,...,St}

of tape alphabet. As for further details of TM, see Davis [10].
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Let us consider a cell (S,f) arranged as in Fig.4.2, where
B : blank tape

e : absence of the head of TM
Cy C, Cy

e

Fig. 4.2. System of half-infinite iterative automata

simulating a Turing machine

s=kx(QU{el}), e€Q, and f is a mapping from 83 into S, simulating

essentially the behavior of the above mentioned TM as follows;

(1) 1In case q SjSquGP,

o S. By y_ /S v
f( (e)’ (qi), (e) )—(q%) for YosB EK.
(2) 1In case qiSquZGP’
o S, Byy_ S, S, o Byy o (&
F(Qs (D (=D and £(D, Q) (=P

for Va,BeK.
(3) 1In case qiSquZ € P,
ay ,S. Byyo ¢S a By (Siyy=(B
FQL @Dy (I=Q) mnd £(Q, Q=)
for Va,REK.
(4) 1In the other case where at least one of x and y both in
Q U{e} equals e,
o B Yyyo (B v
f((x), (e), (y))—(e) for ‘o,BEK.

If there exists, in an initial state configuration, one and
only one element of Q(in a form (Z), g€Q) then the system of half-
infinite iterative automata composed of the above mentioned (S,f)
with bl=(2) simulates step by step the behavior of the given TM.
Though the system of infinite iterative automata thus constructed
is indeed a simulator of a TM under the above mentioned restriction,

what happens if the restriction is removed? That is, we should
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consider a case where there are many elements of Q in an initial
state configuration, which is necessary in treating the system
generally. The situation in question corresponds to the case where
there are many TM's defined by the same P scanning a tape at
different squares independently. In such a case, the T's may collide
each other, which will result in confusion.

In order to avoid the circumstances, it is assumed a priori
that the actions of the left side cell are dominant when two TM's are
side by side in our system of half-infinite iterative automata. For
example, if q, OLRqZ and q, Bqu are in P, f should be defined as

f((a), &, )= (g) and £CCQ, (a), (§)=(q) for Vyex.
13

A cell (S,f) constructed in such a manner is said to correspond

to a TM.

4.5.3. Halting Problem of TM and ID-Configuration

Here we explain the relation between the halting problem of
TM and the decision problem whether given aluz....ak is an ID-
configuration or not.

First, let us construct a TM T' from an arbitrarily given TM T

as follows:

Behavior of T':

T' is assumed to be scanning the leftmost symbol at the start
of its action, and then moves to the right until the first block
between the symbol A's is found. After finding the block, T' ;cts
like T regarding the block as its initial tape. While simulating
the behavior of T, if T' happens to scan the left side A, T' shifts
the contents of the block (including the right side ) one square
to the right. Thus T' does not go to the left of the leftmost
A in simulating T. If T' happens to scan the right side A, it only
shifts the A one square to the right ignoring what happens to the
right part of the tape. If and only if T halts, then T' moves to
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the left through the leftmost A and halts at the leftmost square of
the tape.

When T' is given an initial tape containing more than one
A at anywhere except the leftmost square of the tape, then the follow-
ing lemma holds.

Lemma 4.12.

Under the assumption of the dominating lefthand side head of
TM, when there are more than one head of TM, the following relation
holds.

T halts for some initial tape. <=T' returns back to the leftmost

square for some initial tape.
Proof
>If T halts for an initial tape 5182"'82’ then T' with
initial tape a;a,...0,AB,8,..8;% where a, % A (i=l, 2, ...,k),

returns back to the leftmost square by the construction of T'.

<Let there be in general more than one head of T'. The head
scanning the leftmost square of the initial tape moves to the right
erasing the encountered heads if any (by the assumption of the
dominating lefthand side head) until the first A is found. After
finding the first A, it still moves to the right erasing the encounter-
ed heads if any until the second A is found, and then it returns to one
square right to the first A, beginning the simulation of T. According-
ly, the head returns back to the leftmost square of the tape only if
T halts for the tape contained between the two A's. The behavior of
heads if any scanning the right part to the second A does not influence
the simulation of f because the heads in question can move to the left
through the second A only in halt state of T which merely propagates
to the left without rewriting the symbols on the tape and eventually

vanishes by encountering the above mentioned head simulating T.(Q.E.D.)

Given any TM T, let us construct a TM T' from T and consider a
cell (S,f) corresponding to T'. Let OOy + v oy denote an initial
state configuration for systems composed of the above mentioned cells,

where a; e(K—{A})qu (ql is the initial state of T') and o €(K-{A})xe
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(i=2,3,....,k). Then, we have the following

Lemma 4.13.
v
% !
Pi(alaz. .0 ) P, (a o kﬁ) for pES* iff any head of T

never returns back to the leftmost square of a tape with initial

configurations corresponding to Glaz....akﬁ for VBGS*.
Proof
Let af 02'....Gk' be an initial tape for T' where o;' corresponds

to the symbol part of Q, (1 e., O —( i ), x€Q U{e}). By the assump-
tion, a.' does not equal to A for i=1,2,...,k, and the head of T'
goes on mov1ng to the right. Accordingly, P, (alaz....ak)-al( 1’ )
( l ). ( l )
_ al' all (all)
On the other hand, P. (al 9 .akﬁ)—al(e )(e ) e ceen
iff any head of T' never returns to the leftmost square of the tape.

(Q.E.D.)
By Lemmas 4.12 and 4.13, we have

Theorem 4.7.
Let (S,f) and o,&,....0, be as in Lemma 4.13.

172 k v
...ak)=Pi(u ) for pes* iff T does not halt for any

Pi(a laz....akﬁ

1%2°
initial tape.

4.5.4. Decision Problems

First,for (S,f) and o ++0..0, used in Theorem 4.7, the converse

l 2
to Lemma 4.11 is shown to hold.

k

Lemma 4.14.

Let (S,f) and alaz....ak be as in Theorem 4.7. alaz....ak is

. — = %
a D~configuration if P, (a ....ak) Pi(afxz....akﬁ) for pesS*.

1%2

Proof
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Assume that OOy e e e is not a D-configuration. Then, there
exists a configuration 6182....Bn such that P(a ak)#P(al 9
..akBle....Bn), where br is assumed to be (e). By a 51m1i?r g
reaszz;?g as 1nT;E: p;j;faof Lemmi#;;lS, P(ulaz....ak) al(e%) (e%)
cees ceens , 1 e e e O alaz....aksle....Bn) iff given
0y u ey B B ' ...Bn' as an initial tape for T', the head never
goes off to the rlght of the square containing Bn', and does return
back to the leftmost square of the tape. For the head to return

back to the leftmost square, it is necessary that there exist at

least two A's in 81'82'....8n' and that T halts for the leftmost

part of B 'B '....B ' packed between two A's as an initial tape.

If this condltlon holds, then P (a ak)#P (al 9 .akBlBZ----Bn),
which contradicts the hypothe51s of the lemma. (Q.E.D.)

By Lemmas 4.11 and 4.14, we have

Theorem 4.8.

Let (S,f) and a ....0. be as in Theorem 4.7. Then, o 1% e e s

1%2 k
is a D-configuration iff it is an ID-configuration.

As is well known, given an arbitrary TM T, it is undecidable
whether or not there exists a tape for which T halts, that is,
whether T does not halt for all initial tapes. Accordingly, we are

in a position to state the following results.

Theorem 4.9.
Given an arbitrary cell (S,f) corresponding to a TM, there exists
a configuration 00y ool GS* such that it is undecidable whether

P(OLl 2....ak)—P(ala2 . akﬁ) for ﬁes

Theorem 4.10.
Given an arbitrary cell (S,f) and a configuration alaz....akes*,

it is undecidable whether Oy Oy eee sOy is a D-configuration or not.
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4.6, Concluding Remarks

Ve proposed a classification method of the systems of one-
dimensional iterative automata with respect to their (right to left)
information transmission capability and revealed some characteristics
of each class.

Although generalizations and variations of the problem are
possible (e.g., as to the higher dimensional systems, boundary
conditions, locations of output cells, and so forth), we confined
ourselves to the model presented in view of a clear presentation
of the concepts and methods of our problem.

It should be noted that the unsolvability result in 4.5 does
not directly imply the unsolvability of the classification problem,
which is shown elsewhere [42]. In passing, it is decidable by Theorem
4.1 that given (S,f), bZ’br’ and a positive integer n, whether or

not the system belongs to Class I with k-value n.

We have beén trying the classification of {A(b b )(S,f)}
for $={0,1} and bZ=br=l' It is rather hard to accomplish the task
even for this simplest case. By virtue of the lemmas and the theorems
in this chapter, and of some ingenious calculations, we have classi-
fied 200 of the total 256 kinds of 2-state cells; 124 cells are in

C 47 cells are in CII’ and 29 cells in C . And of the cells

b III
which are known to be in CI’ the maximum k-value equals 7. The
detailed classification results are listed in the Appendix A.
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CHAPTER 5

INDICES CONCERNING CONTROLLABILITY OF THE SYSTEMS [28]

5.1. Introduction

In the studies of the systems of iterative automata, analysis
and synthesis of the systems have the two main features; the former
problem is.to seek what kinds of characteristics the systems have or
how a system behaves when the component cell automaton is given,
while the latter is to show how to construct a component cell automaton
when some characteristics or behaviors of the systems are specified.
In both cases, the key point is what should be treated as ''character-
istics or behaviors of the systems' and how to represent them. For
example, we have adopted in the previous chapters 'reguia;ity of
certain state sets' and 'information transmission capability' of
the systems as such features. In this chapter, we investigate the
problem of controlling the systems from the outside of them.

It is fundamental in view of control as well as finite automata
theory, whether an automaton is strongly-connected or simply-connected.
And if a particular state is specified, whether every state may be
reached from the state (reachability) and whether the state may be
reached from every state (controllability) are also the important
marks for an automaton.

Here in this chapter we define indices of the systems of one-
dimensional iterative automata, concerning strongly- and simply-
connectedness, reachability, and controllabitity by the limits
how these properties are maintained when a cell automaton is added
one by one to a system. Relations between an index and a particular
state, relations among the indices and the time steps needed for the

control are revealed. Examples of some values of the indices are
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also shown.

5.1.1. Definitions

Let M=(X,Q,\) denote a finite state automaton (without outputs),
where X and Q are finite nonempty sets (of inputs and of states,
respectively) and A is a mapping from Q X X into Q (state transition
function). Let X* be the free semigroup with identity generated by
X. Then A may be easily extended to a mapping from Q x X* into Q.
That is, by repeated applications of A(q,x'x'")=A(A(q,x"'),x"),
where q€Q and x',x"€X*,

A state q'€Q is said to be reachable from a state q€Q (written
qR'q') if there exists an input sequence x€X* that carries q to q',
i.e., A(g,x)=q'. Let R(q) denote the set of all reachable states
from q, i.e., R(q)={q'|qR'q'}.

Definition 5.1. (Strongly-connectedness of M)
M is strongly-connected iff q'€R(q) for Vq€qQ and Vq'GQ.

The strongly-connectedness is also defined for a pair of states

in Q. The states q and q' are said to be strongly-connected if qR'q'

" q'. RSt is an equivalence rela-

tion on Q, and whose index (the cardinality of the quotient set Q/Rst)

and q'R'q, which is denoted by q RS

will be written as mst(M). The above mentioned definition of the

strongly-connectedness of M is equivalent to mst(M)=1.

Definition 5.2. (Simply-connectedness of M)
M is simply-connected iff for VqGQ and Vq'eQ, there exists a
= =q'
sequence of states qlqz....qp(ql q, qp q') such that qi+l€R(qi) or
inR(qi+l) (i=1,2,....,p-1) holds.

Now, the relation R' is reflexive and transitive, but not
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symmetric. So, let RSp be the equivalence relation on Q derived from
R*, and let the index of Rsp be msp(M)° The definition of the
simply-connectedness of M is equivalent to msp(M)=1.

In the above definitions, each state of M has equal weight in
that no specific state plays a particular role. But in the follow-
ing definitions of reachability and controllability, they are made

with respect to some particular state.

Definition 5.3. (Reachability of M with respect to qs)
M is reachable with respect to q for a given state qSGQ iff
R(qs)=Q. Concerning the reachability of M, the state qq is referred

to as an initial state of M.

Definition 5.4. (Controllability of M with respect to qd)
M is controllable with respect to 94 for a given state qdeQ
iff quR(q) for VqGQ. Concerning the controllability of M, the

state 4y is referred to as a target state.

Now, let us consider an iterative automaton of length n with a
mixed boundary condition. Each cell and its behavior are defined
by (S,f) as usual. The left boundary condition is fixed to bZ and the
right boundary condition is variable, which 1is considered to be an

input. (See Fig.5.1.)

C C Cs3 Cn

bf’dl‘_'o(z'_“dg"' """" ~ Ay - X

Fig. 5.1. Iterative automaton of length n with a mixed boundary condi-
tion

For fixed n, the automaton will be denoted by AbZ(S,f,n) or

simply AbZ(n) when (S,f) is understood. Formally, AbZ(S,f,n) is a

finite state automaton represented by a triple (Sn,S,Fb ) where
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Fb is a global transition function of an iterative automaton compos-
ed of cells (S,f). Thus, we are able to discuss the strongly-
connectedness of Ab (S,f,n), the controllability of AbZ(S,f,n) with
respect to some target state, and so forth., The system of iterative
automata under consideration is Ab (S,f)={Ab (S,f,n)|n=1,2,3,....}.
We are concerned how the above menéioned fou% properties of a finite
state automaton reveal themselves if we vary n, the number of cells
in the system of iterative automata.

When we are dealing with Ab (n), the corresponding R', R, Roes
n n

» Rge

and RSp are distinguished by a superscript n, as R'n, R st

n .
and RSp s, respectivelyv.

5.2, 1Index of Strongly-Connectedness
Regarding the strongly-connectedness of a system of iterative

automata, the following simple theorem is of fundamental importance.

Theorem 5.1.

For any given (S,f,bz), the following relation holds.

limst(Abz(n))émst(AbZ(n+l)) n=1,2,.....

As Ab (n) is not generally equal to a homomorphic image of Ab (n+l),
A

Theorem 5.1 seems to be not self-evident.

Proof

The left hand side of the inequality is obvious.

+
Let [a" l]R n+l be such a block of the partition defined by

n+1 n+l St

’ . n+l_ .
Ree on S of Abz(n+l) that contains « SO0y e e Q4 (0 68, 1=

1,2,....,n+l). Let d denote an operator which acts on a configuration

of any length and produces a shorter configuration by deleting the
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rightmost element of the original configurations For example,

d(ala2'"anah+1)=ala2"'ané For a set of configurations B, the operator
is defined by dB={x|dy=x, “y€B}.

n+l_ ~.oon+l_ .
Let a —alaz...an+1and B _8182'°'Bn+l (ai, BiGS, i=1,2,....,

n+lR,n+l n+l

B , then dan-*-1

n+l). In a system of iterative automata, if «

"1 holds. Thus, if gPtlera™tt

ﬁn+1 and ﬁn+1R,n+1an+l’

hold. So we have dﬁn+l G[dan+l

1

R'"dp
an+lR,n+l

]R n+l, which is equivalent to

Stn+l n+1 n+lR,n

then da R'ndﬁ and dp an+l

d

n, which means that d[an+l]R n+l
st St
Stn. Now we can define a mapping ¢n+l from Abz(n+1)/Rstn+l

into Ab (n)/Rstn by ¢n+l([an+l]R n+l)=[dan+l]R
7 st st
Next, let us consider [an]R n for an arbitrarily fixed an=ala2
st
--0 . By the afore mentioned result, d[ana]R n+l C:[an]R n
st st
is an onto mapping and the theorem is

Ir

n+
c[da ]R

n.

v
holds for 'a€S. Thus, ¢n+1

established. The equality of the right hand side of the relation
holds iff ¢n+l is one to one. (Q.E.D.)

As corollaries to Theorem 5.1, we have the followings.

Corollary 5.1.
Given (S,f,bz), if Ab (n) is strongly-connected, then so is

Abz(n—l), where n>2. z

Corollary 5.2.

Given (S,f,bz), if Abz(n) is strongly-connected, then so is AbZ
(k) (1gkgn), and if Abz(n) is not strongly-connected, then Ab (k)
(k>n) is not so either. z

By this corollary, we are able to see that there may exist a
critical number of cells such that the iterative automata of length
up to the number are all strongly-connected and if we add still one

cell to the automaton composed of the critical number of cells, the
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automaton thus constructed is no longer strongly-connected and never
afterwards. The number is defined as the index of strongly-connected-

ness of a system of iterative automata as follows.

Definition 5.5. (Index of strongly-connectedness)

In a system of iterative automata AbZ(S,f), if Abz(n) is strongly-
connected and A, (n+l) is not, then n is called the index of strongly-
connectedness o%zthe system, and is written Nst(s’f’bl) or simply
N . Nst=0 iff Ab (1) is not strongly-connected, and Nst=°° iff

st
Ab (n) is strongly-connected for any positive integer n.

l
Nst=°° iff Ab (1) is strongly-connected and ¢n+l is one to one
(n=1,2,3,....). %t can be easily seen that ¢n+l is one to one iff
aa's for all 0€S fall into the same block of Ab (n+l)/R2tl.
Though a more general characterization of a staté transition function
f that meets the condition is open, we have the following sufficient

condition.

Theorem 5.2.

Given (S,f), if f(a,B,v)#f(a,B,Y"') for any a,B,y, and y'(y#y")
in S, then Nst(S,f,bZ)=oo for any bZGS.

Proof
For any (S,f) satisfying the condition of the theorem, it suffices
to show that Ab (n) is strongly-connected for any positive integer

n, which will bé done by mathematical induction..
Ab (1) is obviously strongly-connected.

Let Ab (n) be strongly-connected. To show that Ab (n+l) is

strongly-connected, it suffices to see that ¢n+l is one to one.

Consider arbitrarily fixed a“es“ and any o, BE€S. By the hypothesis

of the induction, there exists a sequence x=x ....xtGS* such that

X
172
Fb (dn, ax)=dn. Then, by the condition of the theorem, there exists

JA _ i - ‘=
a sequence y=y;y, REED 0 ) such that f(ocn ,xi,yi+1)—xi+l(1—0,l,2,
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=R, and anl is the rightmost state of F, ",

«.sot), where x0=a, X
R'n+lan8.

e+l 2
). Thus, F, (@ o,y)=a"B, i.e., a"o
R,n+l

OX. KXo esX, As O gnd

172 i-1

. . l
B are arbitrarily chosen, "B «"0 also holds, and a"o and "B

n+l .
belong to the same block of Ab (n+1)/Rst , which shows that ¢n+l

/A

is one to one.(Q.E.D.)

5.3. Indices of Reachability and Controllability

In the previous section, an index of strongly-connectedness for
Ab (S,f) has been defined. Can we validly define an index of
reachability or controllability similar to that of stronglv-connected-
ness for a system of iterative automata? That is, can a theorem
similar to Theorem 5.1 be established?

The question can not be answered generally without referring
to some particular (initial or target) state configurations. First,

ve make the following definitionm.

Definition 5.6. (Admissible state sequence)

Consider a sequence of state configurations Fd={al,a2,....an,...},
where a is a state configuration of length n. For a given Ab (s,f,n),
let an be an initial (a target) state configuration. Fd is said to
be admissible for reachability (controllsability) iff reachability
(controllability) of Ab.(nfl) implies that of Ab (n).

[A l
By means of the above mentioned admissible state sequences for

reachability and controllability, we are in a position to define the

corresponding indices as follows;

Definition 5.7. (Indices of reachability and controllability)
In a system of iterative automata Ab (S,f) with an admissible
state sequence Fa={al,a2,....,an,....}, i% Ab (n) is reachable

(controllable) with respect to dn and Ab Cn+l§ is not so with respect
7
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to « then n is called the index .of reachability (controllability)

of tﬁzlsystem with respect to Ty, and is written Nr(ru;s,f,b ) (Nc(
TaiSi£,b,)) or simply N (Ig) (N (Ig)). N, (T)=0 (N_(rq)=0) iff
Abl(l) is not reachable (cqntrollable) with respect to dys and
Nr(Fa)=m (Nc(ra)=w) iff Abz(n) is reachable (controllable) with

respect to 2y for any positive integer n.

For a given Ab (S,f), there exist wvarious kinds of admissible
state sequences. Fér example, there is such a sequence that is
admissible for reachability but not for controllability. So, in
what follows, we restrict ourselves to the 'standard' sequences
instead of taking into account all the possible admissible sequences
for reachability or controllability. As is shown later, the restric-

tion loses almost nothing essential.

Definition 5.8. (Standard state sequence)
A sequence of state configurations Pa={al,a2,....an,....} is

standard iff ¢ (n+1) (a(n+l)€S, n=1,2,....),

n+l %p®

In a standard sequence, a state configuration of length n+l
is obtained by adding any one of the cell states to the right of a

configuration of length n. In other words, dan+1=an for n=1,2,..,

One of the-typical standard sequences used in later examples
is T0={0,00,000,....., 000....0,....}.

As to the standard sequences, the following theorem holds.

Theorem 5.3.

For any Ab (S,f), a standard sequence is admissible for both
reachability ané controllability.

Proof

It is shown that a standard sequence Ta={dl,d2,...,an,... }
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of Ab (S,f) is admissible for reachability. Let an=ala2....an and

an+l=ala2'°"anan+l' Assume that Ab;(n+1) is reachable with respect

s ' . . L, P

to @ ;- Consider any configurations ﬁn—Bl 2""Bn and Bn+l Blﬁzé....
Rt ‘ ,
Sn8n+l' holds, hence da_,, R

By the assumption, « R'n+l
. . oy _ . PR .
dﬁn+l i.e., an R pn. Thus, Abz(n) is reachable with respect to an,

n+l Pat1
which is to be shown.

As for controllability, the theorem can be proved similarly.
(Q.E.D.)

Note that for a fixed Ab (§,f), the converse of Theorem 5.3,
i.e., "a sequence admissible %or both reachability and controllability
is standard" is not correct. See the following counterexample where

Py is admissible for both reachability and controllability but not

standard.
Counterexample
Let $={0,1} and bZ=l. Consider
| 1]0 1
0]1 1

0
f: 0
1

= = o
I P e

, 1|0 0, and T ={0, 11, 000, 0000,....}.

Given Ab (s,f), Nr(Fa) may be determined for each admissible
sequence for reachability (not necessarily standard) Tg. Let'_Nr
be the maximum of such Nr(Fa)'s, and let Ty be a sequence such that

Nr(Fa)=ﬁ¥. Then, we have the following

Theorem 5.4.
There is a standard sequence that meets the requirements of

I'g for reachability.

Proof
Let'Nr=n. Then, there exists at least one configuration an=

alaz.{..an with respect to which Ab (n) is reachable. Construct

l
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F—={a ,a PP ..} by letting « 7% ..ai(i=l,2,.....,n)

grees 1%
and lor a, (1>n) da, di. Thus, I'z is standard and gives the

i+l
max1mnm value Nr' (Q.E.D.)
A similar argument is possible for controllability. Let NC
denote the maximum value of’Nc(Tﬁ)'s for a given AbZ(S,f) and for
all admissible sequences for controllability Fﬂ' FF denotes a

sequence such that NC(FF)iﬁC. Then, we have

Theorem 5.5.
There is a standard sequence that meets the requirements of FF

for controllability.

5.4. Index ‘of Simply-Connectedness
An index of simply-connectedness may also be defined by means

of the following fundamental

‘Theorem 5.6.
For any given (S,f,bz), the following relation holds.

l:msp(Abi(n))imsp(AbZ(n+l)?f n=1l,2,....,

Proof
The argument here parallels that used in the proof of Theorem
5.1. First, the left hand side of the relation is obvious. For

the right hand side of the relation, we are going to define a mapping

n+1l
from Ab (n+l)/Rg sp

into Ab (n)/RSp , and to show that it is
n+l

]Rspn+l bé a block of Ab (n+1)/Rsp
n+l n+1]RSp l, then there exists a sequence

€l
_ ot _ ntl ,n+1
--Tp(Tl—a , Tp-p ) such that 7.R Tyl

lpn+l
a surjection. Let [a

+
containing o l. If B

of states Tl,r ,73,..

R'n+lTi holds for i=1,2,...., p~l. So, there exists a

or Tin
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sequence of states dTl, !

r dt, . R'7, holds for i=1,2 -1. Thus, g™ efdd™™)

o) 141 ; ho s for i=1, ,..?p . us, dp a Rsp
n+;l]R n+l.C [dar.l+l]R n. '

' sp sp

A mapping'wn+l can be defined by wn+1([a

. _ o_, o+l _qq0tl : :
dfz, ...,dTp (dflfdd s dTp dp ) such that

n+l

r'D '
dTi” dri+l n

and hence, dia

n+l

n+1)=[da?+1]R a .

sp : sp

Ix

Next, consider [an] .. n for an arbitrarily fixed an.Then, d[anu]R n+l

Rsp sp

C:[an] n for VaeS, which assures that is an onto
: Rsp n+l
mapping. (Q.E.D.)

Corollary 5.3.

Given (S,f,bz), if Ab (n) is simply~connected, then so is

Ab (n-1), where n>2. Z
Now, we are in a position to define the index of simply-connect-

edness. .

Definition 5.9. (Index of simply-connectedness)
In a system of iterative automata Ab (s,f), if Ab (n) is simply-.
connected and Ab (n+l) is not, then n is éalled the inéex of simply-

connectedness onthe system, and is written Nsp(s’f’bl) or simply

N . N =0 iff A, (1) is not simply-connected, and N__=w iff
sp sp bZ sp

Ab (n) is simply-connected for any positive integer n.
A .

5.5. Illustrative Examples

In the previous sections, we defined four indices concerning the
controllability of the systems from outside world; they are of‘thé
strongly—connectedness, the reachability, the,controllability, and
the simply-connectedness. As an iilustrative example, we use the
following cell (S,f), and see how large these indices are for this

case.
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Let $={0,1} and bl=1’ Consider a transition function f

defined by 010 1 and 1{0 1
0]0 1 O1 1
111 O 1(1 O

A standard sequence P0={O, 00, 000,...... } is

and the target states. Figures 5.2 (1) - (6)
diagrams of the systems Ab (S,f,n) for n=1 to
By these diagrams, the indices for the system
N =3, and N__=5.
r sp

As for the other cells with S={0,1}, the
the Appendix B.

adopted as the initial
show the transition
6, respectively.

are determined as

indices are listed in

n=1 n=2
0|1 | o] 1
00 10 11
of1y0 or| o1 | o1
111 10 11 10
11 01 00
st.C
1 C notSt.C.
R. not. C.
@ Sp.C R.
Sp.C.
0 1
N,
Fig.5.2(1) Fig5.2(2)

Transition diagrams for a system of length n
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000 | 100 | 101
001 | 111 | 111
010 | 011 | 010
011 | 011 | 010
100 § 110 | 111
101 | 101 | 101
110 y 011 | 010
111 | 001 | 000

not St.C.
not C.
R.

Sp.C.

Fig.5.2 (3)

Transition diagrams for a system of length n
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11 11
15| 14
15| 14

12| 13
15| 15
11| 10
11{ 11|10
12
13
14
15

O 00 N O B &~ W N O
w
v

not St.C.

(=
o

not C.
not R.
Sp.C.

= W L O
O N U

Fig. 5.2(4)

Transition diagrams for a system of length n
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_9L_

Fig.5.3(5)

Transition diagrams for a system of length n

not St.C.
not C.
not R.

Sp.C.
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5.6. Relations Among Indices
Let Ty be an arbitrary standard sequence of configurations.

For any fixed Ab (s,f), the following relations are self-evident.

l
N pgN 2N (TzN_ - (5.1)

N 2N, 2N >Ny, e (5.2

If an automaton A (S f n) is reachable and controllable with
respect to the same sta%e conflguratlon a > then it is at once

strongly-connected. Thus,"

'Nst;miﬁ(Nr(ra), NT). (5.3)

Let NC(Td)gNr(Fd). By (5.1) and (5.3), we have

N (Ta) >N >m1n(N T N (T))=N (Ta)

Therefore N (F )= N _ ,
In: case N (F )>N (F ), we obtain by (5.2) and (5. 3)

(F )>N >m1n(N T N Tz N Ty

So in this case, N (T, ) N . Thus, the following theorem is
established.

Theorem 5.7
For any Ab (S,f) and any standard sequence [y, one of the follow-

ing two cases occurs:

N, (TN, (T =N, or N_(T)2N_(T)=N

st st”’

As a corollary to Theorem 5.7, we haﬁe'the following .

CoroZZary'S 4, _
_N (Ta)==?N (Fa) N for any standard Ty or N Tp= N

—N Tz )==>N (Pa)-N for -any standard Ta or N (T—) N

Next, let us con51der .two standard sequences F and Tﬁ, for

which N (TH>N (Pﬁ) holds. “If Nr(F )>Nr(rﬁ)>Nst’ then Nc(Fa)-
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Nc(rﬁ)=Nst by Theorem 5.7. 1If Nr(rd)>Nr(F$)=Ns
2N )N o
imi if : T, : (T )=N__ .
. Similarly,: if ‘we have Nc(Fa)>Nc(-§), then Nr(TB)er(Ta) Nst'

These relations are summerized in

e then NC(Ta)=Nst.
In both cases, NC(P oo

Theorem 5.8.

For any Ab (5,f) and any standard sequences Fa and Fﬁ ,
A _ ,

Nr(Fa)>Nr(F )=¢-NC(Fﬁ)§Nc(Fa)=Nst,

B

Nc(ra)>N¢(FB

> = .
)=¢-Nr(Fﬁ)=Nr(Pd) NSt
5.7. Remarks on Control Steps
Hitherto, we have not touched on a problem: how many time
steps does it take to transit from state ¢ to p ? In this section,
a pseudo-distance function d(a,B) is defined and some of its

elementary properties are discussed.

Definition 5.10. (Control step function) ,
For a given iterative automaton Ab (S,f,n), dn(an,pn) is the

A

minimum time steps to go from o to ﬁn. In other words, dn(an,pn)=
min {]x]] Fb (an,x)=gn, x€s*}., If ﬁn is not reachable from an,
dn(an,ﬁn) is"assumed to be infinity. dn(,,.) is called a control

step function 6f Ab (s,f,n), several properties of which are listed

below. L
P.1. dn(.,.) is a pseudo-distance function:
o d"(d",8™)20 for Va",g es";

o d"(@",pM)=0=>a"=p" ;

0 dn(an,rn)gdn(an,ﬁn)+dn(ﬁn,rn) for Van,gn,rnesn ;

b

o In general, dn(an,ﬁn)#dn(ﬁn,an).
n, n .n

P, 6" @3N . @=|s]).

P.2. d(a",pM)<od

P.3. "1™, diM<d™ (M),
P.4. For any'anesn, there exists'ﬁnesn such that an(an,Pn)zn.
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Proof
Let Nl(an) denote the number of reachable states from a" by the
inputs of length i. Generally, Nl(an)gml, where mi equals the number

of possible inputs. Thus,

n-1 i n n=1 1 D1
£ = n
igo N (¢ ) = iEO m =< o (m22).

Thus,an can not reach all the states of Ab (n) whose number equals

mp, by up to (n-1l) steps. (Q.E;D.) l

P.5. If(S,f) is of RP type(See 2.1.), then forVan and Bn there

exists €S such that dn+l(ana, pn6)=dn(an,pn) for VBeS.

Proof
By P.3, dn+l(ana,ﬁn8);dn(an,pn). To complete the proof, it is

necessary to show that dn+l(ana,pn8)§dn(an,pn). Assume that Fb (an,

x)=ﬁn, KSR Xpee oo Xy and t=dn(an,ﬁn). Let Q=X - Then, as in the proof
of Theorem 5.2, there exists a sequence y=y Yoereo¥ for each BeS

n n n+ n nt n,n n
such that Fb (¢ a,y)=p B, which implies d (¢ a,p BI<d (@ »f7).

(Q.E.D.)

A4
P.6. If (S,f) is of RP type, dn(an, n)_<_n for an, “est.
ps

Proof
n_ : n-1'_ n

Let « =00y eesQ 10 and « —Fb (da ,an).

— =11
First, let us show that dn(an,ﬁn)gdn 1(an 1 ,dpn)+l. There

1t -1 =1t
exists o such that dn(an 1 a,ﬁn)=dn 1(an 1 ,dpn) by P.5, and dn(an,pn)
n,n n-1' n, n-1'

<d (¢ ,a o)+d (¢ "o, ﬁn) by P.1. As (S,f) is of RP type,

= 11

dn(an,an 1 a)=1 and the above mentioned inequality is shown to hold.
As to the proposition that dn(an,ﬁn)gn, it can be proved by the

1
mathematical induction on n, noting dl(a} pl)=1 for Va ', ﬁ1€S. (Q.E.D)

P.7. If (S,f) is not of RP type, there exist «" and ﬁn for n>2
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such that d"(a",p")>n.

Proof
As (S,f) is not of RP type, there exist a,B,Y, and Y'(Y#Y')
in S such that f(a,B,y)=f(a,B,Y'). Let ¢'=a.a

I XREERRI N
=a and an=8. A state configuration reached fromAan by the

o_ where
n

Q

n-1
application of an input sequence XyXpe oo Xy will be denoted as al(i)
(1) (1) .
0y RERI (See Fig.5.3).
O, O, eceosveecs
172 %1 % *1
1 1 1 !
a oy e o ol x,
(n) _(n) (n) _(n)
o (¢} ce e
1 %2 %n-1 %n
Fig. 5.3. State configurations reached from a"
Consider ak(z) (k+7=n+1) 7=1,2,....,n, which is determined
uniquely by a” and x,. By the choice of an, there exists at least

1
one state (let it be Bn) that could not appear as an' through

any choice of x As for o there exists some state Bn_ which

. _1°
could not appeai at the placz,lbecause un' may take at most %m—l)
kinds of states. By a similar reasoning, there exists Bk which could
not appear as ak(l) (k+1=n+1) for k=n, n-1,....2,1. Let ﬂn=8182....
Bn, then it can't be included in the set of states that are reachable
from a" by up to n steps. (Q.E.D.)

By P.6 and P.7, we obtain a characterization of RP type cell in
terms of a control step function. That is, (S,f) is of RP type iff

there exists an integer n;Z such that dn(an,pn)gn for Van,ﬁnGSn.
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P.8. If (S,f) is of RP type, for Va" and Bn, there exists exactly

. n n._n
one input sequence X =X,X ....xn of length n such that Fb (¢ ,x)

172
n 7
=ﬁ_
Proof v
As in the proof of P.7, let an=ala2....aﬁ and define al(l)az(l)
....an(l) as before. The uk(z)'S*(Z+k§n) are determined solely by

(nfl)

™. 1In order to reach ﬂ?=8182....8n at step n, 0, ‘should satisfy

f(bz,al(n_lZGZ(n_l))=8

(S,f) is of RP type. Further, such oy

1° which is possible by the condition that
(n-1) is determined uniquely.
Similarly, ai(n_l)'s(i=3,4,...,n) are uniquely determined one by one,
and x_ is also determined uniquely so as to satisfy f(an_l(n—l),
an(n_ ), xn)=Bn. Continuing these processes upward (see Fig.5.4),

. . n . , . .
a unique input sequence X =X;X,....X ~1is obtained. It is evident

that by this xn, o goes to ﬁn by exactly n steps. (Q.E.D.)

n-1 “n 1
1 1 . \ 1
% 9% R )
(n-1) _(n-1) (n-1) (n-1)
(xl az ...... an—l O‘n Xn
By By e Bn—l B_

Fig. 5.4. a" goes to ﬁn by n steps

5.8. Concluding Remarks

In order to investigate characteristic behaviors of the systems
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of one-dimensional iterative automata, we proposed four quantities

which reveal how much an input sequence can control the state

transitions of the systems. Those indices defined in this chapter

not only seem to be interesting for its own sake but also have some

connections with the other problems. For example, the indices may

be helpful when we consider a realization problem of a finite state

automaton in the form of our one-dimensional iterative automaton,

and want to select the possible candidates of cells. The classifi-

cation problem treated in the previous chapter also is, though not

so direct, relevant to the indices; a relation between the infor-

mation transmission capability and the controllability of the systems.
Further details of the relations among the indices, the relations

between an initial state sequence and the indices, and such applica-

tion topics that are mentioned above are left to be solved.

- 83 -



CHAPTER 6

INFORMATION MAINTENANCE CAPABILITY OF THE SYSTEMS

6.1. Introduction

It seems interesting and important to treat the behaviors of
cellular systems in the presence of noise or error in some sense.
There are several works which deal with fault-detection experiments
in cellular logic, where two-dimensional (unilateral) combinational
cells are considered. [18,49] And there has been little work concern-
ing noises, errors, or information in the systems of iterative
automata.

In this chapter, we analyze the effect of noises appeared in
one-dimensional iterative automata, where the term 'noise' means
that a state of a cell has suddenly been changed to another one,
though the functions of each cell are normal. We are concerned with
a comparison between the behavior of the system with noise and that
of the system which ought to be.

As is clear from the above context, the term noise may be read
as the injection of information. The difference is whether we regard
the effect as desirable or not. So, in later sections, the problem

will be formalized as that of information maintenance.

6.2. Definitions

Let AX(S,f) denote a system of one-dimensional iterative automata
composed of cell (S,f) with an appropriate boundary condition x. 3§
is a finite nonempty set of cell states and f is a state transition

function from S3 into S as before. The cardinality of S(denoted |S|)
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is assumed to be m.
Let S' C S. A function g from S' into S is said to be (ni,no),
where n; and n_ are positive integers such that |S'|=ni and |g(s")|

=n . The set of (ﬁ.,n )-functions will be denoted by F .
o : i’o . (ni’no)

When we speak of an (ni,no)-function, mZniino is evident by
the definition. An (ni,l)—function is a constant function and an
(m,m)-function is a permutation function.

Consider an iterative automaton, belonging to a system AX(S,f),
whose initial state configuration contains an (ni,no)-function g at
some fixed cell. The states of the other cells are assumed to be
elements of 5§, i.e., (ni,l)—functions.[37,38] The behavior of an
iterative automaton in such a situation may be interpreted as follows.
The cell containing g acts as if it had ng different kinds of initial
states {g(S')}. The other cells behave as usual, and information g
may propagate through cells in a suitably modified form.

It is clear that if we assign an (ni,no)-function as an initial

state, there appears no (n'i,n'o)—function in the system, where

n'.>n,.

i7i

There may occur two cases, which dichotomizes the systems of
iterative automata according to their information maintenance
capability. They are : (1) at any time step, there remains at least
one (ni,no)—function in the system, and (2) at some time step, there
are no (ni,no)—funtions in the system., If the case (1) occurs, for
every (ni,no)-function g and every combination of (ni,l)-functions

as an initial state, the system AX(S,f) is said. to be(ni,no)—preserving.

Next, we define parity-preserving characteristics. Let us assume

into {0,1} defined as

no=2. Consider a mapping w from SlJF(ni,z)
_0 if €S
w(@=1y  Jf qer .
(ni’z)

The function w is called a parity function when the domain is extended

to {SUF }+ as follows :

(ni,2)
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w(aa)=w(a)+w(a) (mod 2), where de{SUF( 2)}+
Let F (*) denote a global transition function of A (S,f). If w(a)=
+
}

w(Fx(a)) holds for every state configuration aG{SUF( , we

‘ n,,2)
say that the system is p-preserving (parity—preserving}. The main

objective of this chapter is to establish the relations between the

(ni,no)—preservability and the p-preservability.

First, we summarize the properties of the (ni,no)—preservability.

6.3. (ni,no)—PreserVability "

The following lemmas are easily obtained.
Lemma 6.1. Any system AX(S,f) is (ni,l)—preServing.

Lemma 6.2, 1If a system'Ax(S,f) is (ni,no)—preserving, it is

(n,,n' )-preserving where n' <n .
i’" o o- o

Lemma 6.3. -If a system AX(S,f) is (ni,no)—preserving, it is
! - i >n'.>n .
(n i’no) preserv;ng where n.>n’ . >n
From Lemma 6.2 and Lemma 6.3, we have

Theorem 6.1. If a system AX(S,f) is (ni,no)—preserving, it is

oLt : >n! >n'!
- where n.2n" ,2n
(n {0 o) preserving §20042n .

Lemma 6.4. 1f a system AX(S,f) is (ni,ng-preserving, it is

(n',,n )-preserving where m>n'.>n..
i’"o iTi

Theorem 6.2. 1f a system A (5,f) is (n.,n )-preserving, it is
1 1 - < < ! < .
(n.i,n o) preserving when n,< n'.<m and n oSn,
The results of Theorem 6.1 and Theorem 6.2 are dlagramatlcally

illustrated in Fig.6.1.
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(2,1) (2,2)
(3,1) (3,2) (3,3)

N NN
Tl/l'\-l (JsJ) ~ o
Th.?2 o
N
~
~
~
(m,1) (m,2) (m,3) (m,j) ___________Lmlm_z

Fig.6.1. If AX(S,f) is (i,j)-preserving, it is (i',j')-preserving

if (i',j") is within the border line.

6.4. P-Preservability . (|S|=2) .

In this section, we examine p-preservability when |S|=2,
and extract necessary and sufficient conditions for AC(S,f) to be
p-preserving where c denotes the cyclic boundary condition.

Let S={0,1}. A transition function f may be represented by a

table as follows :

o
[
(]

a,b,c,d,e,f,g,h €S.

~ oo
o

a 0

.

R oflm
oo

oo |-

An extended transition table is a transition table of [2],[3],
[8],[1], where the first and the second row of each state vector act
independently under the rule f. [2] and [é] may be identified as
x and ¥, respectively where x, §€F(2’2). [g] and [i] may also be

identified as constant functions 0 and 1, respectively where
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0,1€F(2 1) The vector notation and functional notation of the

9

extended state will be used interchangeably. »
As an example, a general extended transition table for x and X

is shown in Table 6.1.

X 0 1 X X X 0 1 X X

a c a c e g e g
ol g1 1 g1 L] o| [51 121 1 3

b d b d £ h f h
S 05 R i B 56 I 9 N S I S I SR R
3 I 5 I O I S I x| 01 81 131 [§]
= b d b d - £ h f h
S I GO R SO R SO B Oy 3 I 0 B 5 T 0 I 0

Table 6.1. An extended transition table for x and X.

We denote by W(x) a matrix whose i-j component is w(o) where

o is the i-j component of an extended transition table for x.
W(x)=[w ]4 i.e. w[a]=w w[c]=w etc.
ij 4’ > e 11° g 12
The following four lemmas can be easily obtained.

Lemma 6.5.

If AC(S,f)‘is p-preserving, Wy1=Voe
. Proof

_ra _rd e _
From Fc(x)—[h] and Fc(xl)—[h] [h],‘ye get a#h and d#e by the p

. - @1 rd
preserving condition. Then, wll—w[e]—w[a] w[h] Woge

Lemma‘6.6.

If AC(S,f) is p-preserving, then
_ _ a;_rd, .
wll—wzz_l: [e]—[h] s
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W117%p=0 = [2]*[31'
Proof

When w =1 holds, a#e, and d#h. Further, we have a#h and

=W
11 "22
d#e from the proof of Lemma 6.5. Then, a=e=d and e=a=h. The second

case can be proved similarly.

Lemma 6.7.
If AC(S,f) is p-preserving, Wio=Wog
Proof
_c€q (b c _tby ey e
Note that Fc(l X 0)—[g] [f] [d] and FC(O X l)—[d] [g] [f]‘
If b#f then (e=g and c=d), or (e#g and c#d) holds.
In both cases, c#g can be established by the fact d#e shown in

the proof of Lemma 6.5. If b=f then c=g can be obtained similarly.

Lemma 6.8.
If AC(S,f) is p-preserving, then

) =p,=l = [$1=12] ;

11722 giTlgd 3
_ _ c b
Proof
_ra7 4, ra _rfy dy (8

Note that FC(O X 0)—[c] [e] [b] and Fc(l x l)—[h] [h] [h].

In case Wll=w22=l, a#e and d#h assure that b=c and f=g.
The other case can be shown to hold similarly. _
Thus, we obtained four necessary conditions for AC(S,f) to be
p-preserving. They are

C.1. W11Vo0 3

c.2. s1=121=10]

V11722
— — a d .
Wll_w22_0=>[e]#[h] ’
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C.3. w12=w21 3

_ c,_b
C.4. —l==>[g]—[f] s

Y1172
_ _ c b
117V 0 = [ 1A L]

Lemma 6.5 to Lemma 6.8 afe‘summarized as

Theorem 6.3.

If AC(S,f) is p~preserving, then C.1, C.2, C.3, and C.4 hold.

In the latter part of this section, we will show that the converse

of Theorem 6.3 is also true.

Let M be a 4%4 matrix as shown in Fig.6.2.

11 12 14
| ><
M1 :><:“bz | M3 "24
M=\ _T___ o= —H———_—_—_-——
™31 ) M33 T34

Fig.6.2. Diagonal pairs of M

A pair of elements of M connected by a right (left) upward line
is called a right (left) diagonal pair of M. For example, m 4 and
My o is a left diagonal pair and m, 4 and Mg, is a right diagonal pair
of M. A pair of right and left diagonal pairs whose connecting lines

intersect is said to correspond to each other.

Lemma 6.9.

If C.1, C.2, C.3, and C.4 hold, then the elements of each
(right and left) diagonal pair of W(x) are the same.

Proof

From the conditions C.1 and C;3, we have w and w

11722 127V21°

As for the other pairs, see Table 6.2 below. .
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In case wll=w22=l, i.e. In case wll=w22=0, i.e.
d b d b
[21=[11,051=[]1 afe D11, 1A a=e
| & d#¢h & d=h
W13, a=g — d=a=g=f a=g — d=if_=f
d=f — a=d=f=g d=f — a=d=f=g
w31=w42 a=f — d:a:f:g a=f — d=a= =g
d:g N a=d=g=f . d:g —_ a=—=—g-=f
w33=w44 a=h — d=a=h=e a=h -— d=a=h=e
d=e — a=d=e=h d=e — a=d=e=h
w14=w23 c=e — b=c=e=h c=e —> b=c=e=h
b=h — c=b=h=e b=h — c=b=h=e
Wao=W, 0 c=h — b=c=h=e c=h — b=c=h=e
b=e — c=b=e=h b=e — c=b=e=h
Y3,=Va c=f — b=c=f=g¢ ' c=f — b=c=f=g
) b::g b d c=b=g=f b:g —> c:_—.-B:—:f
Table 6.2. Proof of Lemma 6.9.
Lemma 6.10.

If ¢.1, C.2, C.3, and C.4 hold, then the equality and inequality of
the elements of a right diagonal pair means the equality and inequal
ity, respectively of the elements of the corresponding left diagonal

pair in the extended transition table for x.

Proof

From the conditions C.2 and C.4, the Lemma is true for the upper-
left part of the table for x. As to the other parts of the table,
c=b holds when the elements of a right diagonal pair are the same.
Then, wll=w22=l must hold fromC.l1l,C.3,and C.4, ensuring a=d, e=h, and
g=f. Thus the elements of a left diagonal pair are the same.
Conversely, if the elements of a left diagonal pair are the same, those

of a right diagonal pair are shown to be the same by a similar reasoning.
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Lemma 6.11.

If ¢.", C.2, C.3, and C.4 hold, then the equality and inequality
of the left diagonal pair of the upper-left part of the table for x
means the equality and»inequality, respectively of the other diagonal

pairs in the table for x.

Proof
a,_.d c b
Let [e]—[h]. From C.2 and C.4, [g] equals [f]'

e 214001, then a#d by C.2.

Lemma 6.12.

oL, e Wi3:314, (i=1,2,3,4) ;
V13TV € WayTv,ge (51,2,3,4)
Proof

We here show that wll=w12:=# W13=Wl4'

As w[2]=w[;], two cases must be considered; 1) a=e, c=g, and

2) at#e, c#g.

. In case 1), W[Z]=w[i]=w[:]. In case 2), W[Z]=W[§]=W[2]=W[:].

The other relations are similarly proved.

Lemma 6.13.
Let 2X2 matrices Wi (i=1,2,3,4) be minors of a matrix W(x)
arranged as W(x)=(3l¥2). If a pair of the four minor matrices is
3.4

the same, the remaining pair is also the same.

Proof

Let wl=w2. Then e=g and f=h hold by the relations w[2]=w[2]
b,_ b . a,_.ra b. b c._ €
and W[f]_w[h]’ respectively. Thus w[f]—w[h], w[e]—w[g], w[h]-w[f],

and W[Z]=W[Z]’ i.e., W3=W4. The other cases can be proved similarly.
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Lemma 6.15.
If C.1, C.2, C.3, and C.4 hold, possible patterns of W(x) are
limited to the following 8 types. ’

Tl T2 T3 Tlf
f9  Toue F111 fras fs3 foon fgz  f17
1 0fo0 1! 1 0|1 O 0 1[0 1 0 1|1 O
0 1|1 o 0 1|0 1 1 0|1 0 1 0|0 1
0 1|1 0, |1 o|lL o 1 0|1 o 0 1|1 o
1 olo 1] Jo 1]o 1 0o 1]o0 1 1 0|0 1

T5 T6 T7 T8
f105 fiso f15 faug fs1 fa0s fgs  F170
T 170 0 1 11 1 0 01 1 0 00 0
1 10 o 1 1)1 1 001 1 0o 0|0 o
0 0.1 1 1 1)1 1 0 0|1 1 1 11 1
0o 0l1 1 i 101 1 0o ol1 1 1 11 1

(As for the numbers accompanving f, see Appendix.)

Proof
Utilize the results of Lemmas 6.9 and 6.12. Notice that w33=1
(i.e., a#h) is assured by C.1l and C.3.

We have hitherto considered several properties of the extended
transition table for x and W(x), under conditions C.1 to C.4.
Matrices W(X), W(0), and W(1l) are related to W(x) by

Lemma 6.16. - (1) w

/wll W
Y21 Y22
Y41 Y42

Y31 Y32

12 714
24
44

34

13
23
43
33

A\ Y

W(x)=

w w

£ & = 5

w w

- 93 -



(ii) Under conditioms C.1, C.2, C.3, and C.4 ;

0 0 W, Wy 0 0 w4¥,
wo)=| O 0 Vi Vi lwayd 0 0 W5 W,
149140 0 139130 0
16 Y14 0 0, V13 V13 0 0/,
(in case wlléw22=l)
0 0 wygwg
0 0 w w
w()=w(n)= | _ 13 Y13
w13 w13 0 0
W.,w..0 0
13 Y13 , o
(in case wll—w22—0)

Proof  Omitted.
Now we ‘are in a position to show the converse of

Theorem 6.3. That is, we have

Theorem 6.4.
If C.1, C.2, C.3, and C.4 hold, then AC(S,f) is p-preserving.

Proof

An outline of the proof is shown as follows ; By Lemma 6.15,
we know that possible patterns of W(x) are limited only to the 8 types,
if the conditions hold. Further, we can get the corresponding W(X),
W(0), and W(1) by Lemma 6.16.

Thus, if suffices to see the p-preserving property for all the
8 types of ka). We show it by mathematical induction with respect
to the number of cells in a system. As a typical example, the type
Tl of W(x) listed in Lemma 6.15 is used. That is, we treat the follow-

ing four matrices;
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1 0 0 1 1 0 1 0
W(x)= 0 1 1 0 W(R)= 0 1 0 1

0 1 1 0 1 0 1 0

1 0 0 1/, 0 1 0 1/,

0 0 0 O 0 0 1 1
W(0)= 0 0 0 O W(l)= 0 0 1 1

0 0 0 O 1 1 0 0

0O 0 0 0/, and 1 1 0 O

Let £(0,B,Y)=B'. The weight of B' is calculated by

w(B")=w(B) when B=0,
w(B")=w () +w (Y)+w (B) when B=1,
w(B')=b(a)+b (Y)+w(B) when B=x, and
w(B")=a (a)+a (Y)+w (B) when B=%,

where a and b are characteristic functions for {O,X} and {0 E},
respectively. For example, a(0)=1, a(X)=0 etc.. Note that
a(a)+b(a)=w(a) for any a€{0,1,x,X}. Then we can see that w(B') is

represented by a single formula as

w(B")=(1+a(B)) (a(@)+a(¥))+(1+b(B)) (b(a) +b(Y))+w(B)
=w () +w (B)+w (Y)+a (B) (a (0)+a (1) )+b (B) (b (@)+b (1))
If there exists only one cell in the system, the p-preservability
is assured by the 3-3 elements of W(x) and W(X). Assume there are

r cells, and the p-preservability holds. In other words, w(OLl o

+
= 1) 1 *
o )=w(aja....al) for any @ & ...0 and @ja) ....0! in {SLJF(Z,Z)}
such that F (OLloc2 e )=ai aﬁ....a;. Now, let us consider (r+l)-cell
. X +
system and any configuration alaz....a o, in {SLJF(Z,Z)} Let
} 1] 1] .
F (aloc2 .a a ) al az .ar a Ll If alaz .a a 41 €S, it is

L
10 W0y )W (ag O

..ur ar+1)=0. The remaining case is that there ex1sts at least

obvious that the p-preservability holds as w(a, o

one cell containing an element of F(2 2) (i.e.,x or X). Let
b
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. EF . i~ ...
oy € 2,2) Drop the i-th cell and let FC(OLloc2 O 0y 105 41% 00
="' ! ' Tt "o 1 :
..ar+l) Op Gpeeey o O 4 OF 0 0L geeel! oo Then w(oalcxz...oai_zai_l
= "t " " oy ,
Ogp1®g4p0 e Oppy)SW(O] OgreeQyp G5 ) Ogiy Opypee+@pyy) by the
induction hypothesis. Observe the following two reductions.

w(alaz. . 0 Y=w(a

r%r+1 109+ %5104 - - Op )T (0

= [ ' t " " ' e v
wOg 0gee0y o 01 %51 Faptt Opap) W)

)

= 1 1 ' '
wog 0., Of 5 O oeee

1" ”"
@y p 0y,

1
& r+l

wiog af...al ol )=w(e) aje..al ot ol )
tw(al ;.o ai+1)'
‘As w(ai)=l, it is sufficient to show w(a;_l a;+l)+l
=w(a£_1 ai oci_'_l) if we are to see w(oclocz...arocr;_l)=w(oci 0L2' ..ocx’. 0‘1':+l)'

Recall the above mentioned formula for w(B'), and we are able to

calculate W(a;; u;+l)+l and w(di_l ai a£+1) as follows;

1

W‘“E-1)=W(°‘i_zW@yﬁ”“ﬂﬁ“ @) (@@, @, 1))
#(y ) ()b, ))
W@ gm0y ey )y ) ta @, ) (@@ g )ra @ ,)) b @, )
X (b )b (@) |

+  1=1

w(oc'i'__l 0‘;+1)+1=,1+w (ai_2)+w(oci+2‘)+a (oci_l)a (ai_2)+a (ai+l)a(ai+2)

+b (ai_l)b (ai_2)+b (ai+l)b:(o‘i+_2)' .
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w(ai—l)=w(ui—2)+w(ai—l)+l+a(ai-1)(a(ai-2)+a(ai))+b(ai—l)(b(ai—2)+b(ai))
w(a))=w (’ai_'l)+1+w (ai+l)+a (@) (ala;_)+ao,  ))+b(;) (bley ;)

+b(a, , ))

i+l

wlog, d=lhwlo, )ty p)talag ) (alog)+aley ,))+b (g, ) (b(oy)

+) +b(ai+2))

5 ! v = ( .
wlay_y of af )=l twleg )tal; j)ale; ,)ta(ay j)aly,,)

+b(ai_l)b(ai_2)+b(ai+l)b(a ).

i+2
1" " = A\ 1 ] ] _ s y
As w(oci_l ai+l)+l w(OLi_l ai ai+l)’ the p-preservability is

established for (r+l)-cell system. The other seven cases (Tz—-TS)

are shown to hold similarly.

6.5. (2,2)-Preservability (!S|=2)

In this section, we are going to show that if AC(S,f) is (2,2)-
preserving, then conditions C.1l, C.2, C.3, and C.4 hold. To establish
such a theorem, we collect several lemmas which comprise the

contrapositive proposition to the theorem as follows.

Lemma 6.17.
If C.1 does not hold, then AC(S,f) is not (2,2)-preserving.

Proof

By the assumption w[Z]#w[g], we have two cases to be considered,
i.e., 1) a=e and d#¢h, and 2) afe and d=h. As F_(x)=[7], A_(S,f) is
not (2,2)-preserving when a=h. So let us assume a#h. 1In case 1,
observe Fc(x0)=[z][:], and note that a=h=d. In case 2), observe
Fc(xl)=[§][§],»and note that e=a=h. Thus, in both cases AC(S,f) is

not (2,2)-preserving.
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Lemma 6.18.
If C.2 does not hold, then AC(S,f)_is not (2,2)-preserving.

Proof
Let wll=w22=l, and assume [:]#[ﬁ]. Then a#e, d#h, and a#d mean
a d \
a=h. If wll=w22=0 and [e]=[h], then a=e, d=h, and a=d also imply a=h.

The relation a=h in turn means that AC(S,f) is not (2,2)-preserving

as cited in the previous proof.

Lemma 6.19.
If C.1, C.2, and C.4 hold, and C.3 does not, then A (S,f) is

not (2, 2) -preserving.

Proof
If Wi Voo™ 1, then [ ] [ ] by C.4, and a fortiori wlg 91
As W), #Wyy, Wyy and Wy, eq“al 0. Thus, [ ]#[ ] and [ 1#[;] by c.2

and C.4, respectively. In view of the 1somorphlsm and symmetry

mentioned earlier, we have to consider the following two cases,

(1 {aecgf; bdh} and (2) {aecgb, fdh}, where the elements are in the

same block of a partition if and only if they have the same value.
_¢b c e _ra a a

Observe FC(O X l)—[d] [g] [f] for case (1), and FC(O X 0)—[C] [e] [b]

for case (2), which assure that AC(S,f) is not (2,2)-preserving.

Lerma 6.20.,
If C.1 and C.2 hold, and C.3 and C.4 do not, then AC(S,f) is not

(2,2)-preserving.

Proof.
In case Wy =Wy o= =0, C.4 for this part should hold because if not,
[c]=[b] which contradicts the assumption vy %w 1 So this case is

1ncluded in Lemma 6.19, and we have to con51der only the ‘case Wy TV 2
=1 and [ ]#[ J. As in the proof of Lemma 6.19, there are two typical
cases to be treated; (1) {abcdg, efh} and (2) {acdgf, ebh}. As for
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case (1), see that FC(O X l)=[g] [;] [?]. The case (2) is further
divided into two cases according to the assignment of the values
0 and 1 to each block. If a=0, note that Fc(l x 0)=x % 0, and
Fc(i X 0)=0 0 0. While a=1, note that FC(O 1l x0)=lxx X, and
Fc(l XxxX)=1011.

Lerma 6.21.
If C.1, C.2, and C.3 hold and C.4 does not, then AC(S,f) is

not (2,2)-preserving.

Proof
Let w,.=w,.,.=0 and [C] [b] As [a]#[d] holds in this situation
11722 gl tgle el”th
by C.2, there are three typical cases to be considered; (1) {aebcgf,
dh} (2) {aebe, gfdh} and (3){aegf, bcdh}l. 1In cases (1) and (2),
note that F (0 x 0)= [ ] [ ] [ ] As for case (3), F (1 0x 0)=
e[ ] [ ] [ ] assures that AC(S f) is not (2,2)- preserving Let
W11V =1 and [ ]#[ ] [ ] [ ] holds by C.2 and W19V by C.3,

there are two typlcal cases to be considered; (1) {adcg,bfeh}
(2) {adct, ehgb}. For case (1), note that FC(O 0 x 1)=b[i] [;] [?].
As for case (2), if a=0, observe that Fc(l 1x0)=1x%X0, Fc(l XX
0)=1 01 0,_and if a=1, Fc(l 0x 1)=1x%O0, Fc(l xX0)=0101,
which show that AC(S,f) is not (2,2)-preserving.

From Lemmas 6.17-6.21, we have the following

Theorem 6.5,
If SC(S,f) is (2,2)-preserving, then C.1, C.2, C.3, and C.4 hold.

As it can be easily recognized that if AC(S,f) is p-preserving,
then it must be (2,2)-preserving, we have as a conclusion of this

chapter,

Theorem 6.6.

For a given (S,f) the following three propositions are equivalent:
(1) AC(S,f) is (2,2)-preserving.
(2) AC(S,f) is p~preserving.
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(3) (S,f) satisfies C.1, C.2,C.3, and C.4.

Proof =~ See Fig. 6.3.

(2,2)-preserving

. evident

« U > —
p-preserving Th.6.3 c.1, c.2, C.3, and C.4

Th.6.4 ¢«—————

‘ Fig.6.3. Relations between three propositions of Theorem.6.6

6.6. Cohcluding Remarks

 We propo;éd a metﬁod'td représent noises or information appeared
in a Eeliular space and discussed several propertiés concerning the
conservationvpf the effecté in the system.' Most of our effort is péid
to the systemg of one—dimensional two-state iterative automata with
cyclic'boundary condition. v ; ,

In particular, we showed that the parity-preservability is a
necessary and sufficient condition for such a system to be information
preserving. In order to show the équivalence, we utiiiéed some con-
ditions for the extended transition table.

As for p-preservability, it is not so clear what is meant by
sﬁch property,‘though it is a handiér fool to treat our problem.

As is felt by the process of the proofs in this chapter, it seems
essential for the validity of our method that systems under consider-
ation are with cyclic boundary condition.

Generalizations of our method and propositions to the systems
of a higher dimensional cellular space, and of more than two-state-

cellsvafe left hntoﬁched;
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CHAPTER 7

SOME ALGEBRAIC TREATMENTS OF THE SYSTEMS

As is mentioned earlier, it seems to be hard to establish some
general method for the analysis and synthésis of iterative systems.
In this'chapter,vwe are going to present some algebraic treatments
of the systems, which may be a step to a unified treatment for a
restricted class of the objects or for some specified characteristics.

First, an algebraic method of analyzing an iterative automata
composed of cells whose transition function is defined via an abelian
group is proposed. The approach resembles that for linear systems,
and in fact, makes itself a generalization of the latter.

In'the latter half of this chapter, the pair algebra of Hartmanis

and Stearns [15] is utilized for analysis and synthesis of the systems.

7.1. Analysis of Systems Defined via Abelian Group [23]

Let S ={0,1,2,....,m~1} be a finite state set of a cell automaton.
The set S with an additive operation (denoted by +) is assumed to
form an abelian group in which 0 is the neutral element. A cell
automaton (S,f) is said to be defined via abelian group if S is an
abelian group and f is defined by the operation of the group as
f(a,B,y)=a+B+Y, f(a,B,Y)=20+B8+Y, etc., where 2a means o+o.

As shown below, systems of iterative automata composed of cells
defined via abelian group may be divided into two classes; one is

the systems that can be analyzed as that of linear automata, and the

other that can not.
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It is well known [4] that a finite abelian group S of order m
may be represented as a direct pro&uct of subgroups as follows;

Let n1=plrl p2r2...ptrt where Py » Py s::..pP are the distinct primes
and ri's are positive integers. Then S has a subgroup P; of order
piifor each i (i=1,2,...,t) and is represented as a direct product
Pl X P2 XeooaX Pt.

Further, let the invariant of an abelian group of order pr be
(pql,qu,...,qu) where p is a prime number, and r, UREEREE
are p031t1ve 1ntegers such that r= ql-i-q2 ""+qkf
If qy=qy= e e e=q = 1, then an iterative automaton defined via the

group P can be analyzed as a usual linear automaton regarding P as

GF( pr). If otherwise, there remains cyclic groups to be analyzed
whose orders are of the form pq. An iterative automaton defined
- q

via cyclic group of order p* may be analyzed much the same as a

linear automaton as shown below.

7.1.1. 1In Case S is a Cyclic Group of Order pq

Let S be a cyclic module of order pq where p is prime and q is
a positive integer greater than one. By definition, a transition
function of a cell automaton may be written in its most general form

as f(a,B,Y) =.n Ot HBB + n y+ n.» where s Do and nY are integers,

B
and n, € S.

An essential point of our method is that S should be regarded

as a factor ring Z/( pq) of the integral ring Z.

C C, Cs Cn

bl—’ 'dl Le—o] dz fe—> d3 e e e mme e —a dll fe— X

Fig. 7.1. Iterative automaton of 1ength n with a mixed
boundary condition

As shown in Fig. 7.1, iterative automata with a mixed boundary

condition (i.e., bZ being fixed, and br variable) are treated in this
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section. Let Fb ( ceeels x) = al . a be the global

o
1%2 1 2
transition function for the system composed of the above mentioned

cell (S,f). Then, the mapping of a.o ..e0 tO ol o

)
1%+ 1 2""an can be

written in the form

/

N
\
N
~
7/

1)l | »w 1w Necccecmmn.
(Xl ne nY 0 0 al 1 1 0
1 . P
% | | ™y © R 2 el T B AP
=] : ! : + : n + : b + . )
! ! el
| UL L]
| ! ! i 5
0 ()_-_--_:__.na nB n E 1 0 0
o' 0 0---mcemm 07 n nY o 1 0 1 ’
. 8 "] ™ .
N N 7N S~ >

where additions and multiplications are thought to be those of
z/ (Y.

Let a (t) denote a state of an iterative automaton of length n
at time t, and el the unit column vector all of its n elements equal
0 except the i- th element. If an nxn matrix of the above equation
is written as Tn’ Eq. 7.1 may be rewritten as

_ 1 n
an(t+l)—Tnan(t)+lnc+enbl+enx(t) (7.2)

Solving Eq. 7.2, we get

t= l k 1b )+ Tt k l n

a (t) =t a(0)+( T ) (ln +e (k), (7.3)

where Tk =T -Tk-1 and T0 is the nxn unit matrix.
n n n n
The three terms of Eq. 7.3 from left to right represent the
effects of an initial state configuration, the constant inputs n
and bZ’ and an input sequence to the rightmost cell, respectively.
And an autonomous behavior is determined by the matrix Tn.
Although analyses of the system parallel those for linear systems,

it should be borne in mind that a matrix Tn is defined on a ring.
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For example, the non-singularity of a Tn is determined depending on
whether the determinant of Tn (denoted as |Tn|) is a unit element
or not.

Let us examine, as an illustration, a case in which n, =ng =

nY =1. Then we have the following recursive relation and the initial

conditions;

=)
I

n lTn-ll - lTn-2| (2 3),
’ =1, and |T2l =0.
Solving the above equation, we get

|T3k_l| =0 (k=1,2,3,cc0nnec),
_ {1 (k=2,4,6,.....)

|T
pd-1  (k=1,3,5,.....).

3| = | Tawen |

As pq—l and 1 are the unit elements of Z/(pq), the Tn under
consideration is non-singular for all n2l, except the case n = 3k-1
(k=1,2,.....). Accordingly, the autonomous transition diagrams for
the system with n, =0, bZ =0, and x(t) = 0 (t=0,1,2,....) are composed
only of the cyclic parts if the length of the system is not equal to
3k-1 (k=1,2,.....). ’

7.1.2. 1In Case S is a Module of Type (P,Pjscsss-5P)

When S is a module of order pq

whose invariant is (p,p,---sP)»
then it may be treated as GF(pq). Equation 7.1 is also valid in
this case with Tn being regarded as defined on GF(p). This is a
usual linear automaton.

Some different aspects between the above mentioned two cases
are illustrated by the following examples.

Let s = {0,1,2,3}, and consider Z/(22) and,GF(22), whose

additive operations are shown below.
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+ 0 1 2 3 + 0 1 2 3

0 0 1 2 3 0 0 1 2 3

1 1 2 3 0 1 1 0 3 2

2 2 3 0 1 2 2 3 0 1

3 3 0 1 2 3 3 2 1 0
2/ (2% cr(2%)

For each above mentioned abelian group, assume f(a,B,Y)=0+B8+Y
and bZ =0. The autonomous behaviors (i.e., in case x(t)=0 for t=0,
1,2,..... ) of the systems of length two and three with corresponding
TE'S are shown by Figs. 7.2 (1)-(4).

Fig. 7.2(2) GF(2%) n = 2
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oo > BE
SO
SOOOL

110 2221 301'3 4 0
T=|111 T7=12 3 2 T"=11 31 T = 0
011 122 310 1

Fig.7.2(3) Z/(2%) n=3 {3[1] 2[2] 14[4]}

OO+
oOr O
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Fig.7.2(4) GF(2%) n=3 {3[1] 6[2] 12[4]}



7.2, Analysis of Error in Terms of Pair Algebra [22]

There have been several approaches appeared in the literatures
[ 1, 34, 43 ] for treating the problems of errors or mal-functions
of an automaton. One of them is to seek effectively some error
detecting input sequences. Another approach concerns itself with
constructing easily diagnosable circuits. Still another is related
with probabilistic treatments in such a way as to design a highly
reliable circuit from less reliable components.

An analysis method of a system of iterative automata composed
of cells with redundancies is presented in this section. First, a
tolerable error partition on a state set S is assumed to be given.
That is, we are assumed to know in advance the types of errors
tolerated at the output cell. Then the problem treated here is
to limit the types of errors that may occur at the other cells and
that are tolarated at the output cell.

In what follows, a system of iterative automata composed of RU
type cells is treated first (f(+, o, B) will be denoted as g(o,B).),
and then extended to the cases of ordinary three neighbor cells.
The leftmost cell (Cl) is assumed to be an output cell as usual.

Several definitions are now in order.

Definition 7.1. (tolerance partition ; ﬂt)

A tolerance partition T is a partition on S with the following

t
interpretation : only an error that is within a block of T, is
assumed to be tolerated. That is, we are able to observe only A(s)'s,
s€5, where A is a mapping from S onto ﬁt(S) (Moore type output

function), and an operation of A is assumed to be error free.

Definition 7.2. (error partition ; M)

An error partition p is also a partition on S which specifies
a pattern of errors supposed to happen in a cell. That is, errors
are assumed to be reflexive and transitive, and an occurence of an

error means that a state o of a cell at a time is not equal to what
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it ought to be (let the state be B ). And states & and B are in the
same block of an error partition U . An error partition of cell Ck

is denoted by u(k).

Definition 7.3. (similarity onu ; H )

Let A = (S ) and B = (S,gB) be two cell automata defined on

'8

the same state seﬁ S. Then A is similar to B on an error partition

U (written A ¥ B) iff gA(a,B) = o' implies a' = gB(a,B)(u) for any

@ and B in S. The relationlﬁ is an equivalence relation and defines
classes of cell automata induced by u. Thus an error partition

specifies structural as well as behavioral error types.

Definition 7.4. ( u(k)-tolerable )
Given (S, g), Tes and u(k) a system of iterative automata
composed of the cells (S, g) is said to be u(k)-tolerable if any

error in u(k) is tolerated by Wt at the output cell.

7.2.1. Applications of Pair Algebra

Hartmanis and Stearns utilize a pair algebra of the partitions
on the state set and/or the input output symbol set of a sequential
machine in order to establish a structural decomposition theory of
machines [15]. The pair algebra used by them essentially describes
various inforﬁation flows in a sequential machine, and some applica-
tions to an error analysis are also mentioned in the cited reference.

Here we define a pair algebra and give in terms of it a necessary
and sufficient condition for given (S, g) and ﬂt to be ui(i)—tolerable
(i=1,2,....n).

First, let us define an S-S pair and an I-S pair following
Hartmanis and Stearns [15]. As for notations and further details,

see the reference.
Definition 7.5. (S-S pair, I-S pair)
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Given a cell (S, g). Let m, and s be partitions on S.

A
S-S pair
An ordered pair T, and T, is an S-S pair (written (ﬂA
. _ LB _ ) v
"ﬂB)s_S) iff § = t (m,) implies g(s,a) = g(t,a)(ﬂB) for 'a€s
‘and’ s, t€S. : : .
I-S pair

An ordered pair Ty and s is an I-S pair'(writteh
( B)I S) iffu=v (ﬂA) implies g(o, u) = g(a, v)(HB)'for
Vues and u, v € S. o

Now we introduce another partition pair called an array

pair as follows.

Definition 7.6. (array pair ; [my, m51)
Let (S, g), ﬂA, and WB be as before. An ordered pair ﬂA and T

B
is an array pair (written [ﬂA WB] ) iff u=sv (ﬂA) and s = t (WB)
imply g(s,u) = g(s,v) = g(t,u) = g(t,v) (my) where u, v, s, and

t are in S.

Ve can easily verify the following

Lemma 7.1.

Two partitions 7, and m_, constitute [W ] iff (ﬁB ki )

A B B’ S- S
and (W ﬂB)I

s’

Proof

The 'only if' part of the lemma is obvious. The remainder is
shown as follows. Let u=v (ﬂA) and s = t (ﬂB). Then g(s,u) =g
(t,u) (ﬂB) and g(s,v) = g(t,v) (ﬂB) hold from'(ﬂ )
g(s,u) = g(s,v) (ﬂB) holds to establish [ﬂA WB].

mplg_g BY (Ty Tp)i g

Let L denote the set of all partitions on S, and L' the set of
all partitions T such that T and T is an S-S pair for given (S,g).
That is, L' ={ w|(m ﬂ)s_s}.
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Given (S,g) and let A be the set of all array pairs for (s,g).

Then we have

Lemma 7.2.

A ={ [WA ﬂE]} is a pair algebra on LxL'.

Proof
First, note that QS-S (the set of all S-S pairs) and QI—S
(the set of all I-S pairs) are both pair algebras.
] 1
Let [ﬂA ﬂB]GA and [WA ﬂB] €A. By Lemma 7.1, we have (WB nB)S—S’

(m, 7)) o, (m! 7). ., and (W] T') Noting the structure of
S A

A B'I- B B”S-S B’ I-S°
] 1 ] 1]
QS-S and QI—S’ we get (ﬂBﬂB ﬂBﬂB)S-S and (ﬂAWA HBHB)I—S’ which is
. ] ] . . 1 1
equivalent to [WAﬂA ﬁBwB]eA. Similarly, [HA+NA ﬂB+wB]€A is established
from (mw_+mw! m_+m! and (m,+mw! m_+7! The next step is to see

B B B B’S-S A A B B I-S°
that [m I]EA and [0 7m']€EA forVmeL and VTT'GL' where I and Q0 are the

maximum and the minimum elements of L' and L respectively. By
definition, (I I)S—S and (m I)I—S for VTreL, which means that [m 1I]
€A. The relation [0 7']€A holds as (m' “')S-S and (0 ﬂ')I_S for
Vr'eL'. (Q.E.D.)

Now we are in a position to state the following

Theorem 7.1.

An iterative automaton of length n, A(S, g, n) is ul(l)—tolerable,
u2(2)—tolerable, ceesss, and un(n)-tolerable with respect to given Wt
AEE wpgm, Dy wly T wplseeens DU w15 and (W) W )g oo

Proof

The "if" part of the theorem may be obvious. The "only if'" part
can be established step by step as follows. As A(S,g,n) is ul(l)—
tolerable, it is necessary that ulgﬂt for the cell C1 is assumed to
be an output cell. At the same time, it is u2(2)—tolerable, which

necessitates []J2 ul]. Similarly, the ui(i) and ui+l(i+l) tolerability
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i+1
(Cn) receives inputs from the outside world and no errors are assumed

demands that [u ui] where i=2,3,.....,0-1. As the rightmost cell
in this step, (un un)S—S is the only requisite for Cn to be un(n)—
tolerable. (Q.E.D.)

- (S,g) is said to have h-property with respéct to m, a partition
on S, iff there exist h: S-m(S) and gy ° m(S)xmw(S)>m(S) such
that

g, (@), T(8)) = h(g(,)) for "a,pes.

‘As to the h-property, we have the following

Lemma 7.3.

- .~ (S,g) has h-property with respect to T iff [1 wlEA.

“"Proof
Let (S,g) has h-property with respect to m. Let u = v(m) and
s=t (m), i.e., m(u) = m(v) and 7w(s) = m(t) respectively. By

definition of h-property, we have

il
]

m(g(s,u)) = hig(s,u)) = g, (7(s), m(u)),

m(g(s,v)) = h(g(s,v)) = gh(ﬂ(S), m(v)),

m(g(t,u)) = h(g(t,u)) gh(ﬂ(t), m(u)), and

T(g(t,v)) = h(g(t,v)) = g (n(t), m(v)).

As the rightmost terms in the above equations are the same, we
obtain g(s,u) = g(s,v) é g(t,u) = g(t,v) (m), which means that [m ﬁ]
€A.

Conversely, let [m m]E€A. Define h and 8 as follows;

h(a) = m(n) 0€S,
g, (@), m(B)) = m(g(@,p)) o,BES.

The remaining thing to do is to see that gy, is well defined.

Consider any o' and B' in S such that m(a) =m(") and T(B) = w(R").
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By the fact that [m w]€A, g(a,B) = g(a',B") (M, i.e., m(g(a,B)) =
m(g(a',B')). This completes the proof. (Q.E.D.)
Noting Lemma 7;3, the above mentioned Theorem 7.1 may be regarded
as a generalization of the concept of h-property.
Now, an algorithm of deriviﬁg'ui's satisfying Theorem 7.1 is in
order.
For given (S,g) and Tes
(1) Find the elements of L' and draw an ordering diagram of the
lattice L'.

(2) Add the diagram an arrow from m_ to Ty iffA[TrA wB]eA where T

B
and m_ are in L'.

(3) Let uf be a maximal point in L' such that MysT. -

(4) As My being a starting point, go upward along an arrow
(i.e., to larger partitions), if possible, in the diagram of L'.
The sequence of points in L' traversed constitutes ui's.
An illustrative example of the above process is given as follows;

Let S = {0,1,2,3} and let g be

, B The elements of L' are
0t 2 3 0=(0 1723,
0 1 1 3 1 “l=(61.§ 3,
o 10 1 3 0 ﬂ2=(617 3),
2 1 o 3 2 ﬁ3=(_I§ 2), and
3 3 3 1 3 1=(0123).
g(a,8)

A diagram of L' is shown in Fig. 7.3.

The set of array pairs A is given by

- 1
A={10,x], xeL', [m m1, [m m,], [m s, [my msl, [my w1},
which is also shown by arrows in Fig. 7.3. (Arrows corresponding
to [0,x]'s are omitted.)
Then, for example, let ﬂt = ( 012 3). The sequence “1’ “2’

...._satisfyihgnTheorem 7.1 will be Tos Tas Moy Maseces o
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If ﬂt = (01 2 3), the only possibility of the H; sequence is

Tis Mps Myeeenns

T, T,

T

o

Fig. 7.3. A diagram of L'

7.2.2. Analysis for Three Neighbor Cells

Though we have hitherto treated a system of iterative automata

composed of RU type cells, it is easy to extend the theory to fit a

system composed of ordinary three neighbor cells. Some necessary

modifications on the above mentioned definitions are explained here.

The S-S pair and I-S pair in Definition 7.5 are modified as
follows:

Definition 7.6. (S-S pair, If—S pair, IZ—S pair)

Given a cell (S,f). Let “A and HB be partitions on S.

S-S pair
An ordered pair Ty and ﬂB'ls én S-S pair (written (ﬂA WB)S—S)
iff s =t (WA) implies f(o,s,Y) = f(a,t,Y)(ﬂB) for Va,YES and s, t€S.

I,-S pair
An ordered pélr WA and "B is an IP—S pair (written (WA ﬂB)Ir—S)
iff u=v (ﬂA) implies f(a,B,u) = f(a,B,v)(ﬂB) for Vo,BES and u, veES.
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I;-8 pair
An ordered pair LN and Ty is an IZ_S pair (written (ﬂA “B)I —S)
iff p = q (m,) implies f(p,8,Y) = £(q,B,Y)(my) for VB,YES and p, q€S.

As for the array pair in Definition 7.6, we have

Definition 7.7.(array triple ; [TTA s TrC]A )

Consider (S,f) and let m,, T_, and WC be partitions on S. An

B

ordered triple m,, m,, and T. is an array triple (written [ﬂA Ta ﬂc])

A’ B C
iff p =q (M), s =t (M), and u =v (T,) imply f(p,s,u) = £(p,s,v)
= f(p,t,u) = f(p,t,v) = f(q,s,u) = f(q,s,v) = f(q,t,u) = £(q,t,Vv)
(NB) vhere p,q,s,t,u, and v are in S.

Corresponding to Lemma 7.1, we have

Lemma 7.4.
Three partitions Tys Tpo and Te constitute [WA ﬂB ﬂC] iff
(Mg Tlg_g» (Mg Tp)q _g» and (T4 Tp) ;-

The proof is omitted as it could Ee carried out like in that of
Lemma 7.1.
With these modifications in the definitions, Theorem 7.1 may be

generalized to

Theorem 7.2.

An iterative automaton of length n, A(S,f,n) is ul(l)-tolerable,

t
iff Uli'ﬂ't, [Ul UZ UB]’ [uz U3 UA]’ *es 0y [un_z Un_l un], (un_l un)IZ—S’

u2(2)-tolerable, «e..y and un(n)—tolerable with respect to given T

and (un un)S—S'
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7.3. Concluding Remarks

The two approaches treated in this chapter are not so general
in that the former is applicable only for a limited class of cells
and the latter is concerned with a specified feature of the systems.
Regrettably, however, there seems to be no general enough and at the
same time fruitful ways of handling iterative systems as yet. Thus
our approaches should be regarded as a step toward such a unified
theory.

In this chapter, already existing mathematical concepts like
an abelian group, a factor ring, a lattice, a pair algebra, and so
forth are utilized. In order to accomplish the above mentioned tasks,
however, suéh novel mathematical concepts and tools if any should be

invented that reflect some essential structures of the systems.
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Appendix A.

Classification of {AX(S,f)} by their right to left information
transmission capability, where S = {0,1} and x = (1,1). (See Chapter
4.) ‘

Let f be given by 0(0 1 110 1
O0la ¢ Ot e g
l1]b d and 1| f h , where

a,b,c,d,e,f,g,and h are in S. With each f is associated an integer
which is the decimal equivalent of a binary number abcdefgh. 1In the
following table, numbers O to 255 represent the transition functions,
and I, II, and III in the entries signify Classes I, II, and III,
respectively. The k-values are indicated in brackets.

The results are summed up as follows.

Number of Classified Cells Number of Unclassified Cells
I (k-value) 0o
IT: III not I | not III| information|total

1|21 3(4|5|61]7

64134119 | 5110|147 29 29 3 24 56

- 122 ~




f Class f Class £ Class f Class
0 I (1) 32 I (1) 64 I (3) 96
1 I1 33 IT 65 II 97 not I
2 I (1) 34 I (1) 66 I (&) 98
3 II 35 I1 67 not I 99 I1I1
4 I (2) 36 I (2) 68 I (3) 100
5 I (1) 37 I (L) 69 I (2) 101 I (2)
6 I (2) 38 I (2) 70 102 III
7 I (1) 39 I (1) 71 I (3) 103 I (3)
8 I (1) 40 I () 72 not I 104 not I
9 IT 41 II 73 not I 105 I1I
10 I (1) 42 I (1) 74 I (4) 106 I (7)
11 11 43 I1 75 IT 107 I1
12 I (2) 44 I (2) 76 III 108 III
13 I (1) 45 I (1) 77 IT 109 II
14 I (2) 46 I (2) 78 I (&) 110 not III
15 I (1) 47 I (1) 79 I (2) 111 I (2)
16 II . 48 III 80 I (1) 112 I (1)
17 II 49 III 81 IT 113 IT
18 II 50 IIT 82 I (1) 114 I (1)
19 II 51 III 83 not I 115 III
20 11 52 84 I (2) 116
21 I (2) 53 I1 85 I (1) 117 I (1)
22 not III 54 III 86 118 not I
23 I (2) 55 II 87 I (1) 119 I (1)
24 I (3) 56 88 I (1) 120 I (1)
25 IT 57 JIIT 89 not I 121 not I
26 I (3) 58 90 I (1) 122 I (1)
27 1T 59 III 91 not I 123 III
28 I 60 ITI 92 I (3) 124
29 I (2) 61 II 93 I (1) 125 I (1)
30 I (4) 62 94 126 not I
31 I (2) 63 11 95 I (1) 127 I (1)
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f Class ‘f Class f Class f Class
128 I (1) 160 I (1) 192 111 224 .1 (3)
129 11 161 II 193 not I 225 not I
130 I (1) 162 I (1) 194 226 | 1 (3)
131 II 163 11 195 III 227 not I
132 I (2) 164 | I (2) 196 228 not I
133 I (1) 165 I (1) 197 I (2) 229 |1 (2)
134 I. (2) | 166 I (2) 198 111 230
135 I (1) 167 I (1) 199 I (3) 231 1 (3)
136 I (1) | 168 I (1) 200 not I 232 I1I
137 11 169 11 201 111 233 not I
138 | ‘1 (1) 170 I (1) 202 I (3) 234 I (3)
139 11 171 IT 203 | II 235 1 S
140 I (2) 172 I (2) 204 111 236
141 I (1) 173 I (1) 205 II 237 II
1420 1 (2) 174 I (2) 206 II 238 I (3)
143 1 (1) 175 I (1) 207 I (2) 239 I (2)
144 1I 176 208 I (1) 240 I (1)
145 not I 177 not I 209 11 241 II
146 178 not I 210 I. (1) 242 I (1)
147 111 179 111 211 not I 243 I1I
148 180 I (5) 212 ; 244
149 I (3) 181 1 (2) 213 I (1) 245 I (1)
150 111 182 214 246 I (3)
151 1 (&) 183 I (2) 215 I (1) 247 I (1)
152 184 I (3) 216 | I (1) 248 I (1)
153 I1I 185 not I 217 not I 249 not I
154 | not III |186 | I (3) 2108 | 1 @ |25 | 1
155 II .187 III 219 not I 251 III
156 III 188 : 220 252 I1T
157 | 1T 189 I (2) 221 I (1) 253 | I (1)
158 I 190 222 254 | 1 (2)
159 I (3) 191 | 1 (2) 223 1 (1) 255 1 (1)
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Appendix. B.
Indices concerning controllability of {Ab (5,f)} , where § =

{0,1} and bZ =1, and the initial and target state sequence being

' Tg ={o, 00, 000,....... }. (See Chapter 5.)

In the following tables, N Nr’ Nc’ and NSp stand for the

st’
indices of the strongly-connectedness, the reachability, the control-
lability, and the simply-connectedness, respectively. * is a symbol
signifying 'more than or equal to 10.'

The results are summed up as follows.

Number of cells having a specified index

O [1 |2 [3 14 |5 16 7 |8 * | o

9
N (112 72|44 11} 1 /////// 16
st
2

Nr 64186168121 1 /// 16
Nc 64| 56 | 31 |16 : 12 31 2 391 31
NSp 16127115} 8} 9 21 2 2 1411 34
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