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PREFACE

Moreorlesssystematictreatmentsofiterativesystems,i.e.,

regularlyinterconnectedaggregatesofcopiesofamachine,began

withthedevelopmentofhighlystructﾆuredinformationprocessing

machinesandofICorLSItechniques.Theregularityandhomogeneity

ofobjectsarethebasisofseeminglywideapplicabilityofthe

systmes･Thoughtﾆheobjectsarepresentedinarathergeneralform｡

tﾆheexistingtheoriesseemtobenotsogeneralandpowerfu:Lastobe

abletogeneratedeepandfruitfulresults｡

Wetreatthesystemsofone-dimensionalitﾆerativeautomataas

awholethroughseveralselectedtopics.Bytheseefforts,more

generalwaysoftreatingthesystemsarehopedtobeestablished｡

Thecontentsofthisthesisareasfollows｡

InChapter1,ageneralintroductiontothestudiesofiterative

automataorcellulararraysisgivenbyshowingtheclassifiedproblems

inthefieldswithhistoricaldevelopmentsinmind.Thenatureofour

researchandtheprincipleswehaveadoptedarealsoexplained.

which゛e｡hope.ﾀi:LIbeanAriadne'Sthreadthroughoutthestudies｡

,.Rigorousdefinitionsofthesystemswearegoingt0investigate

aregiveninChapter2withseveralusefulconceptsandnotations｡

Certainstatesetswhicharesupposedtobesomecharacteristic.

setsofstatesinthesystemsaretﾆreatedfirst.Themainresults

inChapter3saythateachsetoftﾆhetreatﾆedstateconfigurations

constitutesaregularsetundersomeappropriateboundarycondition.

Theproofsareconstructiveinthatcorrespondingfinitestateautomata

acceptingeachstatesetareshown.Arelateddecidabilityproblem

isalsorevealed｡

Next,weturntoamorespecificcharacteristicofthesystems.

i.e.,informationtransmission.InChapter4,weclassifythesystems

ofone-dimensionaliterativeautomataintothreecategoriesaccording

totherightt0leftﾆinformationtransmissioncapabilityofthesystems

･
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andrevealsomeofthefundamentalpropertiesofeachclass.A

relatedunsolvabilityresultisalsoshownbyembeddingTuring

machinesintothecellularsystems｡

InChapter5,theproblemsofcontrollingthesystemsare

treated.Thestrongly-connectedness,thesimply-connectedness,the

reachability,andthecontrollabilityarefundamentalconceptsin

finiteautomatatheory.八Wedefineindicesofthesystemsconcerning

theabovementionedconceptsofafiniteautﾆomaton.Relations

betweenanindexandaninitialstate,relationsamongtheindices

arerevealed.Asforcontrolsteps.severalbasicpropertiesare

shown.ﾆ

Arestrictedclassof-systemsareconsidered‘inChapter6;

incasethecardinalityofcellstatesetequalstwo,andhaving

theCyC:Lieboundarycondition.Thetopicistﾆheinformatﾆion

maintencecapabilityinthesystems,andtheequivalenceofthe

capabilityandthepreservabilityoftheparitiesofthenumberof

informationcontainingcellsisthemainresult｡

InthelastﾆChapter,twoexamplesofalgebraictreatmentsofl

thesystemsareshown.Oneisananalysismethodofsuchsystﾆems

thataredefinedviaabeliangroups,whichisageneralizationof

theana:LysismethodoflinearaUtﾆomata.Theother･isanapplication

andanextensionofpairalgebraintheareaofanerroranalysis

inthesystems｡●尚尚'
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C卜が)TERI

INTRODUCTION

:L,l.IteratﾆiveAutomata

Aniterativeautomatonisacollectionofcopiesofafinite

stateautomatoneachofwhichislocatedatalatticepointof

Euclideanspaceandthelimitofinteractionsbetweenthecomponent

automatﾆaishomogeneouslyrestricted.Itisthereforedefinedby

givingthedimensionofthespace,afinitﾆestateautomatonanda

neighborhoodrelationwhichdeterminesthepatternofinteractions

betweenthecomponentautomata.Theidentﾆicalcomponentautomata

aresometimesreferredtoas'cellautomata'orsimply'cells゛and

theautomatoncomposedtherofas゛cellularautomaton'.Thesenames

havetheorigininstudiesofiterativeautomataasmodelsofcellular

structureinbiology｡

Themostfundamentﾆalfeatﾆurecharacterizingthesystemsof

iterativeautomataseemstﾆobethestructuralandfunctionalhomo-

geneity.Thecellautomatalocatedregularlyatthelatticepoints

arethesameintheirfunctionsandthesameneighborhoodrelation

isappliedtoeachcellautomaton｡

Nowletusexamineseveralconceptsconcerningthemodelsof

itﾆerativeautomatﾆa.Thesearerelatedwiththemodelsofcell

automataandthesystemsthemselves｡

Asforcellautomata,theymaybecombina七ionalorsequeれtもa1.

Systemsofcombinationalcellularautomataareinvestﾆigatedingreat

detailbyHennie[16].Aunilateralone-dimensionaliterativearray

oflogicalcircuitscanbeconvertedtoasequentialmachinebya

time-spacetransformation.Accordingly,aunilateral･one-dimensional

-1-



iterativeautomatoncomposedofsequentialcellsmaybetransformed

toatwo-dimensionaliterativeautomatoncomposedofcombinatﾆional

cells.]:ncasecellsaresequentialmachines,theymaybeofUoove

切PeorMeal!jtype･Asintheordinarytheoryoffinitestate

automata,eachofthetwotypesofcellscouldbeconvertedequiva-

lentlytotheothertypeinthesensethatoneisasimulatorofthe

other.Theremayexistsomedifferencesdependingwhichtypeofcells

isusedinconsideringcertainproblems.]:nwhatfollows,liooretype

cellisusedexC:Lusively,foritseemstotheauthorthehandiestto

treat｡

Further,theremaybecomparisonsofSyれchroれりusCe:LIto

αs!yれa八vonouscell,ofdetevmiれえ8七もetﾆoれandetermもnもstもcandof

detevmiれistietovvohabもlistic,Mostoftheworkshithertoreported

dealwithsynchronousanddeterministiccells,andsodoesinwhat

foliows｡

Severalimportantconceptspertainingtothedefinitionsof

thesystemsareinorder."First,finitenessVs｡それfもれiteness.The

distinctionbetweenfinitenessandinfinitenessisnotforthenumber

ofstatﾆesofacell(i.e.finite-stateorinfinitﾆe-stateofacell)

butisconcernedwiththenumberofcellsexistinginthespaceready

foroperations.Thatis,whetherthenumberofce:Llsneededfora

specifiedbehaviorisfixedfiniteatthebeginningoftheoperation

orinfinitelymanycellsareassumedtobeexistingfromtheoutset.

VJhenaninfinitecellspaceisconsidered,however,itiscommonto

deviseasocalled'quiescentstatﾆe'andassumethatallbutafinite

numberofcellsareinthequiescentstates.[8,35]Acellinthe

quiescentstatestaysthesamestateatthenexttimestepifthe

statesoftheneighborhoodCe1:Lsareallquiescentﾆ｡

ThoughtheinfiniteCe:LIspaceappearstoyieldsomesystematic

treatmentsofthesystem,itshouldberestrictedinsomesense,e.g･

asforcomputationtime,aslongasthecapabilitﾆyofthewholesystem

isconcerned.Forevenaone-dimensionaliterativeautomatonwith

infinitecellssufficestosimulateaTuringmachine.

- 2-



Incaseswhereafinitﾆenumberofcellsisconsidered,our

interestliesmoreonasystﾆemofitﾆerativeautomatﾆaobtﾆainedby

collectingarbitﾆrarybutfinitenumberofcellsthanoneachofthe

iterativeautomatacomposedofsomefinitﾆelyfiχednumberofcells.

Indeed,itispossibletoembedaniterativeautomatonwithfinite

numberofcellsintoaninfinitecellspace.Forexample,aninfinite

cellspacecanbeconstﾆructedbyduplicatﾆingthestatesetoftﾆhe

origina:Lfinitecellspaceandusingtheaddedstatesasboundary

statesofthefiniteparttobesimulatﾆed｡

Generallyspeaking,thefinitemodelseemstobeinlinewith

engineeringmotivationinthatacellmaybeaddedonebyone,and

theinfinitemodel,ontheotherhandseemstobenaturalandmathemat-

icalowingtotheaprioriexistenceofaninfinitespace｡

VJhensystemswitﾆhfinitenumberofcellsareconsidered,it

isnecessarytospecifybouれ&Zr!yCｸ刀ditiりれSinordertocompletethe

definitionsofthesystems.Theremaybevariousboundaryconditﾆions

suchasthefixed,thecyclic,thevariableboundaryconditionsand

soforth,whosedetailedexplanationswillbegiveninthefollowing

chaptﾆer｡

Itisalitt:Ledifficultaproblemingeneraltodefinerigorous-

1ywhatistﾆherealdもmeれ8もonofacellularstructureifasingle

neighborhoodrelationisnotassumedtobeappliedtﾆoeverycell･

Thus,thehomogeneityofthespaciallocatﾆionsandinterconnections

(i.e.neighborhoodrelations)ofcellsbecomesaprerequisiteto

settletﾆheproblem.Itseemsnaturaltoplacecellautomataatﾆ

latticepointsofann-dimensionalEuclideanspace｡

Next,letusconsiderthetypesofinputかutputoftheiterative

automatﾆa.工tﾆisoffundamentalimportancetonotethedimensionof

theinput(outputﾆ)inconnectionwiththatofthewholesystem.The

conceptwillbeillustratedontheinputstoone-dimensionalsystems･

Fortﾆheoutputandhigher-dimensionalsystems,similarconsiderations

mayalsobeapplied.

-
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(i)aut:onomousCi.e.noinputfromoutsideofthesystem)
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Thecloserthedimensionofaninputtothatofthesystem,the

moreeasilycouldthesystembecontﾆrolledfromoutsideofit.Hennie

treatedmainlysystﾆemswithinput/outputoftype(iii)andweare

goingtotreatthatoftype(ii),Cole'sproblemoflanguagerecogni-

tion[9]issetuponthen-dimensionalsystemwith0-dimensional

input.0ntheotherhand,Fischer[121constﾆructedanautonomousone-

dimensionalsystemwith0-dimensionalout!)utwhichproducesprime

numbersinrea:Ltime｡

Astoinput/output,notonlythedimensionofitbutalsothe

locationinthesystﾆemandtheamountofinformationtobeinjected

ordrawnoutofthesystemplayanimportantroleinhandlingthese

systems｡

Aれeidhhovhoodrelationiらasmentionedbefore.oneofthemost

importantfeaturesinthesystemsofiterativeautomatainthatit

specifiesbywhichcells'informationacell'sbehaviorisdetermined.

Itseemstobenaturalthatnoextrawindingsshouldbemadebetween

nonadjacentcells.Thatis,anyinformationshouldbetransmitted

- 4-



throughadjacentcells,whichNeumannutilizedintﾆhefamoustwo-

dimensionalitﾆerativeautomatﾆaforself-reproduction[35].Wewill

alsousetﾆhesoca1:Led'Neumannneighborhood'inthistﾆhesis.Codd

[8]presentedasimulationmetﾆhodofasystﾆemwitﾆhfewernumberof

ce1:Lstatesbutlargerneighborhood.Hennie'sunilatﾆeralandbilatﾆer-

alcells[16]arebutﾆanotherexpressionsfortypicalneighborhood

relations.

Lastbutnotleast,cellsmaybedesignedfoてsingle-purpose

o1:nλIti-purpose.Thereareseveralwaystﾆomakeacelloperatefor

multi-purposeandsomeoftﾆhemarelistﾆedbelow.

(i)Tousevariablecellstructure･

a)Cutpointcell[30]

b)Se:Lectanoperationbytheinitﾆia:Lstate

c)Selectanoperationbytheprimaryinput

(ii)TOvaryboundaryinputstofitﾆforseveralpurposes･

(iii)Tochangeanoutputfunctﾆionorthelocationofanoutput

cell.

(iv)Combinationsoftheabove(i)to(iii).

Incase(i),awholesystemisoftencapableofinteracting

witﾆhtheoutsideworld(i.e.inputdimension=systeindimension),

whereasincase(ii),t:heinputﾆdimensionisapttobelessthanthe

systemdimension.Touseasystemformulti-purposebychangingan

initialstate((i)b))resemblesinprincipletowriteaprogram

inordertodoaparticularjobbyageneralpurposedigitalcomputer.

1｡2.ClassificationofProblemswithBriefHistoricalNotes

Inthissection,wewillclassifyresearchproblemsaroundthe

theoryofiterativeautomataintofivecategoriesandexplainthem

witﾆhbriefhistoricalnotes.Theyare,thoughnotnecessarilymutual-

1yexclusive,listedasfollows;

(1)ConstructionProblem:

- 5-



Toconstructacellforaparticularpurpose･

(2)DecisionProblem:

Topresentandanswer,ifpossible,decisionproblems

concerningcellularsystems･

(3)SynthesisProblem:

Toshowasynthesismethodofcellularsystemforaclass

offunctions.

(4)AnalysisProblem:

Toanalyzesomecharacteristicsofcellularsystems･

(5)CharacterizationProblem:

Tocharacterizestructuresandfunctions.

(1)ConstructionProblem;Thistypeofproblemscanbestated

asfollows;Isthereanyiterativeautomatonwhichhassomespecified

particularpropertﾆies?Iftheanswerisintheaffirmative,showit

byconstructingsuchaniterativeautomaton｡

Thus,ananswertoaconstructionproblemisakindofan

existenceproofinmathematics.Oneofthemostoutstandingresults

inthiscategoryistheexistenceofaself-reproducing(andatthe

sametimecomputationandconstructionuniversal)two-dimensional

cellularspaceshownbyvonNeumann.Heconstructedaparticular

cellwith29statesandplannedtoembedinhiscellularspacea

self-reproducingautomatoTV,"WhichwasComp:LetedandeditedbyBurks

[35]andwasneat:lyformulatedbyThatcher[44].Then,Codd[8]show-

edthatan8-statecellissufficientforthepurposeandBanks[3]

reducedthenumberofstatesofacelltofour｡

Inthisway,researchesinthiscategorytendtoproceedfrom

anyexistenceproofbyconstructiontowardanoptimalsolutionin

somesense.Anothertypicalexamplealongthislineistﾆhefiring

squadsynchronizationproblemposedbyMyhill[32].Gotowasthe

firsttogivetheminimaltimeSO:Lutionbutwithahugenumberof

statesandWaksman[47]andBalzer[2]endeavouredtoseekaminima:L

statesolution.Thentheprob:Lemwasgeneralizedandsomeapp:Lications

weresuggestedbyVarshavsky[46]｡

Theconstructionproblemsalsoexistintheapplicationsof

-6-



iterativesystemstodataprocessingfields.Forexample,Unger[45]

constructedtﾆwo-dimensional,bilateraliterativecombinationalswitch-

ingcircuitswhichdetectsomeofthecharacteristﾆicsoftwo-

dimensionalpatterns｡

Fischer[12]constﾆructﾆedaone-dimensionalsequentia:Literative

automatonwhichgeneratesinrea:Ltimethebinarysequencerepresent-

ingthesetofprimenumbers｡

Constructionproblemsareofvaluewhentheanswertotheproblems

itselfhasanypractﾆical0rtheoreticalimportanceorwhenthewayto

thesolutionsgivesrisetosuchgeneralmethods,ideasorconcepts

thatareusefulforthestudiesofiterativesystems｡

(2)DecisionProblem:Asiswellknown[20],Turingmachines

couldbeembeddedeveninone-dimensionalunilateraliterative

systems.Accordingly,anydecisionproblemsconcerningthecomputa-

bilityofTuringmachinesmaybetranslatedintothatforiterative

systems.Ofcourseweareconcernednotwithsuchkindsofdecision

problemsbutwithoneswhichreflectﾆsomecharacteristicsofiterative

systems｡

Astothesystemscomposedofcombinationalcellswithorwithout

intercelldelays,Hennie[16】posedseveralfundamentaldecision

problemsrelatingtothepotentialityofthesystemsandsolvedthem

mostlynotintheaffirmative.Thatis,hedemonstratedthatgeneral

analysisproceduresforthesystemsinquestiondonotexist,and

suggestedthatattentionbeconcentﾆratedondevelopingpractical

synthesistechniquesfordealingwithvariousimportantclassesof

problems.Kilmer[19]treatedstabilityproblemsofthesystemsand

solvedsomeofthedecisionproblemsposedbyHennie｡

Therehavebeennotsomanyworksinvolvedindecisionproblems

otherthancitedabove.Inthefollowingchapters,weproposesome

decisionproblemsforthesystemsofone-dimensionaliterativeautomata

(e･g･,astoaninformationtransmissioncapabi:Lityofsystems,

controllabilityofsystemsandsoon)｡

Whenadecisionproblemturnsouttobeunsolvable,asarethe

● 7-



mostoftheproblemsrelatedtoiterativesystems,thereremainsa

waytoseekalessgeneralalgorithmoftheproblemforsomerestrict-

edclassofobjects.

(3)SynthesisProblem:Theterm'syntﾆhesis'usedheremeans

tﾆOshowsomegeneralproceduresforconstﾆruetingaclassofiterative

systems.Thoughitissometimesdifficu:Ltﾆtodistinguishsynthesis

problemsfromconstructionproblems,theformerhaspreferenceon

generalitycontrastedwithspecialityoftheLatter.

OneofthemoSt:typicalexamplesbelongingtothiscategoryis

therealizationproblemoflogicalfunctionsbyaniterativearrayof

combinationalcells.Maitﾆra[29]consideredcascadedswitching

networksoftwo-inputflexiblecellswhereflexiblemeansthateach

Ce:LImaybeadiuStﾆedatwilltooneofthesixteenpossiblefunctﾆions

oftheprimaryandlateralinputs.Reductionoftﾆhenumberof

availablecellfunctionswascarriedoutbyMinnick[30],whoalso

treatedtheproblemfortwo-dimensionalsystems.Sklansky[40]showed

asynthesisprocedurerealizingagiventﾆruthfunctionwhennoa

prioriassignmentﾆofthevariablestoinputterminalswasspecified･

Maitra(single-rai:L)cascadesweregeneralizedtotwo-railcascades

ofwhichShortﾆ[39]showedthelogicalcompletenessfortherealiza-

tionofanarbitraryBooleanfunction.Yoeli[50]devisedgroup-

theoreticapproachesfortﾆhesynthesisofmulti-ral:Lcascades.Works

andresu:LtsalongthislinearesummarizedandreviewedbyMukhopadhyay

andStone[33],andElspas[n].

WhentheproblemofrealizingBooleanfunctionsistobeSO:Lved

byseekingauniversalcellularlogic,itmaybeclassifiedinthe

constructionproblem.

(4)AnalysisProblem:Theprob:Iemsinthiscategoryinclude

analysesingeneral0fthestructureandfunctionofiterativesystems

andthoseofthesystﾆemsforsomespecifiedcharacteristics.There

havebeenlittleworks,exceptthosebyYamadaandAmoroSO[481,

whichdevotethemselvestotheanalysisofiterativesystemsintheir

fullgenerality･Oneofthereasonswhyitissoseemstobethe
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existenceoftheverydifficultythathindersgeneraltreatmentsof

thesystﾆemS｡

0ntheotherhand,thereareseveraltopicsonwhichanalysesof

thesystemshavebeenconducted.Forexample,EyxujTaS[6]investi-

gaじedthereal-timecomputationabilityoffunctionsbyone-dimensional

iterativeautomata,whichwasreviewedinNishio[361｡

Thereareproblemsconcerningthelanguagerecognitionby

cellularautﾆomata.Becauseofthecomputationuniversalityofthe

systemsofiterativeautomatﾆaingeneral,mostoftheproblemsare

setuponthebasisofrea:L-timerecognition.Cole[9]showedthat

languagesacceptedinreal-timebythesystemsof(n+1)-dimensional

iterativeautomataproperlyincludethoseacceptedbythesystemsof

n-dimensionaliterativeautﾆomata.Smith[41]discussedtheseproblems

withslightlydifferentﾆmodel0frecognitiontothatofCole,and

severalmodelsoflanguagerecognitionarecomparedontheirrecogni-

tionabilitybyKasamiandFujii[17]｡

Severalothertﾆhemeswhichmaydeservespecialattentionsinclude

analysesoftheredundancyorstabilityofthesystems,aninformation

transmissiontﾆhroughthesystems,control0fthesystemsfromthe

outsideworld,reverberationphenomenaoccurringinthesystemsand

soforth.Someofthesewillbetreatedinlaterchapters｡

(5)CharacterizationProblem:Thoughitmaybeviewedasa

partofanalysisproblems,'characterizationproblem'heretermed

isintendedtomeanthatsomecharacteristicsdirectlyrelatedto

tﾆheg:Lobaltransitiondiagramsforthesystemsaretreated｡

Bydefinition,theglobaltransitiondiagramofaniterative

automatﾆonshouldcomp:Letelycharactﾆerizethebehaviorsofthe

automaton Thusanyproblemsofthesystemsofiterativeautomata

havesomethingtodowiththeirtransitiondiagrams.Butwehere

focusourattﾆentiononthediagramsthemselvesandtrytocharacterize

them.Asiswellknown[14],diagramsforlinearautomatahavebeen

charactﾆerizedintermsofcycleset,tﾆreeheightandsoonbyanalyz-

ingthedefiningmatrices.Itisdifficult,however,tocharacterize
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similarlythediagramsforiterativeautﾆomatamainlybecauseoftheir

non-linearity.Andtherearefewworksbelongingtothiscategory｡

Inchapter3,wearegoingtocharacterizethesetsofGardenof

Edenconfigurations.BranchingPointconfigurations,andsooninthe

systemsofone-dimensionaliterativeautomatﾆawithsomeappropriate

boundaryconditions.

1.3.StandpointofThisResearch

Intheabovesections,theconceptsandmodelsofiterativeautﾆom-

tahavebeenexplainedwithvariousresearchtopicsclassifiedinto

fivecategories.Now,ouraimsandapproachesingenera:Lf0110w｡

Inausualswitchingandautomatatheory,ithasbeencustomary

totreattﾆhesystemsfromalogical0rfunctiona:Lpointofview.

工ndeedtherearemanytopicsrelatedwiththeimplementationsofthe

systemsbutﾆlittlehaveconcernedwiththerelationsbetweena

Stﾆructureofthesystem(e･g･,aspacia:Larrangementofthecomponents,

wireconnectﾆionsamongthecomponents,andsoforth.)anditsfunction

orbehaviorasawhole.Ourprimaryconcernistoshed:Lightupon

theserelations｡

Asystemofiterativeautomataischosenbecauseitseemstobe

thesimplestinstructure.Theuniformityofthestructuremayserve

asamode:Lofsomenaturalframework｡

Inordertoclarifythecharacteristicsofiterativesystems

andtoestab:lishanalysisandsynthesismethodsforthem,wehavekept

inmindseveralmethodologicalviewpointswhichwillbeoutlinedbelow｡

AsInanyotﾆhertheoreticalproblems,itseemstobeofprime

importancetoestab:Lishhowtoexpressthecharacteristicstobe

pursuedandalsotheproblemsthemselves.Inthestudiesofiterative

automata,thefunctionsofthecomponentcellautﾆomaton,whichis

usuallyrathersimpleinstructureandhasatractablenumberof

states,maybecompletelydescribedinmanycases.0ntheotherhand.
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itissometimestoocomplextorecognizeandexpressthebehaviorof

tﾆhewholeiterativesystemscomposedofrathersimplecells.Thus,

considerableeffortsshouldbepaidonfindingsomegeneralwayof

expressingthecharacteristicsandbehaviorsiniterativesystems｡

Inouropinion,somegeneralmethodsifanymayemergeoutof

solvingspecificproblemswhichareexpectedtobecharacteristicto

iterativesystems.So,inthefollowingchapterswearegoingto

proposeseveralspecificproblemsnothit:hertomentionedelsewhere

andendeavortosolvethem｡

Thoughspecificproblemsmentionedabovemaybechosenarbitrari-

ly,wehopetheyarenotsuchabstractonesthathavelittleconnec-

tionswithrealobjectslike:Livingthingsandelectroniccomputers

etc..Thisisoneoftﾆhepointswehaveinmindwhensettingup

problemsinthesystemsofiterativeautomata｡

Afeatureofourapproach,whichseemstodistinguishoursfrom

thoseoftheotﾆherautﾆhors,stemsfromthefactthatweareprimarily

concernedwithasystemofiterativeautomatathatisacollectionof

aniterativeautomatonoflengthnwherenisanarbitrarypositive

intﾆeger.Thus,ourmainconcernliesonthepropertiesofthewhole

systemratherthanthatofeachitﾆerativeautomatonofsomefixed

lengthn｡

Lastbutnotleastﾆ,theunderlyingprincipleoftheiterative

systemsunderconsiderationseemstﾆobetﾆhatahighlystructured

aggregateofrelativelysimpleandidenticalcomponents(cells)does

accomplishrathercomplextﾆasksbyiterations,i.e.,somekindof

repetitionofsimpleoperationseventuallyresultsinrathercomplex

outcomes.
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CHAPTER2

DEFINITIONSOFTHESYSTEfiS

Inthischapterthesystemsofiterativeautomatatobetreat-

edlateraredefinedrigorously,andsomeoftheusefu:Lconceptsand

notationsareintroduced.Asismentionedearlier,theresearches

reportedherearemainlyconcernedwithone-dimensionalthree-neighbor

systems,andhencethedefinitionsaresorestricted,thougheasyto

makethemincludebroaderclasses,astofitforthepurposes.

2｡1.CellAutomatonanditsTransitionFunction

Let(S,f)denoteace1:LautomatonwhereSisafinitenonempty

set(ofinternalstates)andfisamapping(transitionfunction)

fromSxSxSintoS.(S.f)hastherightandtheleftinputsbothof

themtﾆakenfromthesetSandbehavesasfollows:ifthestateofa

cellatatimeis6andtheleftandtherightinputsareaand'Y

respectively,thenextstate叩ofthecellisdefinedbyB'=f(a,3,Y),

wherea,3,Y,S'es｡

Thecelltransitionfunctionfissometimesgivenintheformof

tablesasshowninFig.2｡1.LetthecardinalityofSequalsm.

☆▽
Fig.2.1.Atransitiontab:Le

Eachtableisanm)くmmatrix,andtherearemsuchtablesforafixedf.

Specialclassesofthetransitﾆionfunctionsaregivenspecial
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names,someofwhichwillplayanimportﾆantroleinlaterchapters.

RPt!ype:(S,f)issaidt:obeofRightPermutationt:ype

(RPtype)iff(a,3,Y)7^f(a,3,Y')foranyaβ,Y,andy'inSsuchthat

Y≠Y≒Letusregardf(a,B,Y)forfixedaandSasafunctionofY

anddenoteit8sf邱(Y)']:f(S.f)isofRPtype,thenfa6(Y)1S8

permutationfunctﾆiononSforfixedaand6.

Similarly,wehavethefollowingtwotypesofpermutations･

LPtype:(S,f)issaidtobeofLeftPermutationtype(LPtype)

iff(a,3,Y)≠f(a',B,Y)foranya,a',3,andyinSsuchthata≠a'.

CPtype:(S,f)issaidtobeofCenterPermutationtype

(CPtype)iff(a,3,Y)≠f(a,B',y)foranya,B,3',andYinSsuchthat

6≠P.

Astheotherextﾆremetotheabovementionedpermutationtype

functions,itissometimesusefultodistinguishthefollowing

unilateralcases.

LUtype:(S,f)issaidtobeofLeftUnilateraltype(LUtype)

iff(a,e,Y)=f(o･,B,Y')foranya,3,Y>andY'inS.(S,f)isofLU

typeiff大thecellautomatonisinsensitiveatalltoitsright

inputﾆs.

RUt!me:(S,f)issaidtobeofRightUnilateraltype(RUtype)

iff(a,3,Y)=f(a',B,Y)foranya,a',B,andYinS.

2｡2.IterativeAutomatonandBoundaryConditions

Copiesofacellautomaton(S,f)areassumedtobelocatedat

latticepointsofaone-dimensionalEuclideanspace.Eachcopyof

(S,f)willbereferredbyitspositionanddenotedasC.whereiis

thecoordinate.

IThenotation'iffwillbeusedthroughoutasanabbreviation

of゛ifandonlyif｡゛
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AsshowninFig.2.2.,aniterativeautomatonoflengthnisaCO:Llec-

tionofncellslocatedatfromlton,wherenisapositiveinteger.

CiC2Cn

b以βΓ……→

[卜

Ob,

Fig.2.2.Aniterativeautomatonoflengthn

TheleftandrightﾆInputsofacellareassumedtobethestates

ofthe:Leftandrightneighboringcellsrespectively｡

Let&7andh(b^,bGS)bebo叩d゛yinputsignalstotheleftmostﾆ

cellClandtheri､ghtmostoneCnrespectively.Theremaybevarious

kindsofboundaryconditionsaccordingtothewayshowtoassigninputﾆ

signalsZ)ZandZﾌr°Somereasonableboundaryconditionsarelisted

below:(SeeFig.2.3.)

(i)FixedBoundaり ご7に卜[さ‾{卜[尚昌

(ii)C!dieBoundary

(fCら､

(iii)OpenBoundaり 匹四jｺ
(iv)Reflexi>eBoundary 彭づ〕ｮ
(≫)VariableBoundarv ごｺﾞyにﾄ{ﾄ[大旨

Fig.2.3.Someboundaryconditions

吋･
1
1 μ

i)FixedBoundar!jCondもtion

Inthiscasetheinputsignalsb乙811dbrareconstant.Behavior

ofaniterativeautomatongenera:Llydependsratherheavilyonthe

constantschosenash.811dbr゛

ii)CyclicBouれdar!jCondi七そon

InthiscasebothboundarycellsClandCnareconnectedsideby

side,thusmakingthewholesystemconstitutea"ring."
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iii)OpenBoundaryCondi七そon

VJhenZﾌ Zequa:IsthepresentstateofC^andろrequalstﾆhatofCn゛

theboundaryconditioniscalledopen.

iv)Reflexi-ueBoundai?!jCoれditioれ

Thecase＼゛hereb乙equalsthepresentStﾆ8tﾆeofC2andZﾌrequals

tﾆhatof^n-1iscalledreflexiveboundarycondit:ion.Thusthere

shouldbemorethanonecellinthesystemwhenwetreatreflexive

boundarycondition.

V)VariableBoundar!jCondition

]:tisthecasewheretheboundaryinputsignalsZ)『 andZﾌZare

givenatwillfromoutsidethesystem.Thatis,theiterativeautomaton

hasinputsfromoutsideintheusualsense.Contrarytothis,the

casesi)toiv)makethesystemautonomous｡

Itmaybepossibletoconsiderotherboundaryconditionsthan

mentionedabove,especiallythecases(calledmixedboundarycondition)

wheretherightandtheleftﾆboundaryconditionsareofdifferenttype.

Forexample,thecasewhereろZ

treatedinlaterchapters.

isfixedandZ)isvariablewillbe
r

2.3.SystemofOne-DimensionalIterativeAutomata

LetAχ(S,f,n)denoteaniterativeautomatonoflengthn,with

boundaryconditionx.Itisabbreviatedsimply3SA
χ
(n)V゛henSand

fareobvious.工ntheplaceofthegenericsjmibolX,wewrite(bPb
r)゛

c,oandrfor･thefixed,cyclic,openandreflexiveboundarycondition

respectively.Someappropriatesymbolswillbeusedformixedboundary

conditions.

GivenS゛df'A
X°{AX(11)111°1,2,3..゜}willbecalledasystemof

one一d-imensionaliterc比佃e(以七〇matawithhoundawoondもt-iona:.Asis

mentionedearlier,weareconcernedwithAasawholeratherthan
χ

withanindividualautomatonA
χ
(n)゜

Thearrangementofthestatesofncellsinanarrayattimet
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iscalleda8七面eCC肌μ卯lヽ面も0れ(oflengthnattimet).Atypical

stateconfigurationoflengthnisrepresentdbyann-tup:LeSIS2‘゜゜Sn

wheresXSisthestateofCe1:LCi°ThestateconfigurationS:LS2°゛゜Sn

attimetchangesintoanotherstateconfigurationq's'S'attime

t+1,wheres1°f(si-1'si'si+1)(i°2'3°..,n-l),s|°f(≒'S1's2)811dsご

f(sn-1゛snφΓ)゜Thelastt゛oequationsrepresenttheboundarycondi-

tionofthesystem.Theglobaltransitionfunctionofstate

configurationsunderboundaryconditionxisdenotedbyFX゛Fxis

8mappingfro°SIlintoS≒i°e'FX(SIS2‥'Sn)゜sis;‥'s;゜

Astotheabovementionedmixedboundarycondition゛FX (ss゜Sn)

mayberewrittenaS町Z(Sls2°'゜s;b)especiallywhenb･isvariable｡

GivenA(S,f,n)andaninitialstateconfigurations:Ls2°゜゜Sn゛

thestatesequenceofsomespecifiedcell(s)willbedenotedbyPX(

SIS2゛‥Sn)゛Inafixedboundarycondition,theoutputcellis

assumedtobetheleftmostce11C1'

2｡4.Homomorphism,Isomorphism,andSynmetry

Inthissection,somerelationsbetweenthecellautomataare

introduced.Let(SA'fA)811d(SB'fB)becelLautomatadefinedin

Sec.2.1.

Definition2'1°(Homomorphism)(SA'fA)issaidtobehomamovvhio

to(Sf),゛ittel1(SA'fA)5(SB'fB)'iffthereexistsamapping

hfromSA ontoSBsuchthat

h[fA(o‘,B,Y)]゜f(h(a),h(B),h(Y))

holdsforanya.6'8゛dYinSA゛

D好inition2.2･(一ｴsomorpliism)(SA'fA)311d(SBμB)゛esaidtobe

isomcﾌrphiぴtoeachotheriff(SA･fA)ﾐ(SB･f_)and(S_,f_)^(S.,f,)

-

16-



LetSbeanarbitrarilyfixedfinitesetﾆofstates.Consider

thesetofa11statetransit:ionfunctionsfromSxSxSintoS,which

isdenotﾆedby{f}.Theabovementionedisomorphismdefinesan

equivalencerelationon{f}.IncaseS={O,l},possiblepermutations

aretheidentityandthecyclicpermutation(01)゜Thus'letfAbe

wherea,b,c,d,e,f,andgarein

{O･l}.Then(S･fB)iSisomorphicto(S,f)ifffB°fA01°fB1S

(Note:又=1-x.)

Anotherequivalencerelationon{f}isdefinedasfollows

D好仇もtion2゛3°(Symmetry)(S,f^)and(S,fg)aresaidtobesymmet゛祐

toeachotherifffA((Xβ'Y)゜fB(Υβ'(功foranya,B,andY1゛S

LetfA beasbefore,f,, issymmetrictofAifffBis
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CHAPTER3

SOMEREGULARSTATESETSINTHESYSTEMS[24,25]

ConsiderAX°{AX(n)ln°1,2,3,.゜'･‘'}｀asystemofone-dimensional

iterativeautomatawithboundaryconditionχ.Sinceaniterative

automaton･A(n),wherex°(ろ Zし､)9c,oorrﾀoperatesautonomously､
χ""&'

itstransitiondiagramhas|s| nodesandisoftheform,forexamp:Le,

likeFig.3.1,whereeachnoderepresentsastateconfigurationof

lengthn.

T
芯

Fig.3.1.Anexampleofstatetransitiondiagram

Inthatfigure,nodesmarkedby●,○,and⑧areCa:LiedGardeれ-

of-EdeれGonfもguvation･passも1)econfもguratioれ3atvdhvanohingpoint

CQnfigiiratioれrespectively.Inthischapter,wearegoingtocharacter-

izethoseconfigurations.Thatis,eachsetofthoseconfigurations

inAxforgivenSandfisshowntoberegular.Asismentioned

earlier,weareconcernedwithAasaWho:Leratherthanwithan
χ

individualautomatonAχ(n)゜

Beforegoingintothedetails,weintroduceanondetﾆerministic

finitestateautomatonassociatedwithacell(S,f),whichWi1:Lbe

utilizedthroughoutthischapterinestablishingtheorems.
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3.1.N-Automaton

Λnondeterministicfinitestateautﾆomaton(abbreviatednon-

deterministicfsa)isa5-tupleA°(Q'Σ,6,S,F),V゛hereQis3finite

set(ofstates),Σisafinitesetﾆ(ofinputﾆS)･゛SoandFare

designatedsubsetsofQ(setsofinitialandfinalstatesrespective-

ly)and6isamappingfromQxΣinto2Q.

GivenSandf,weassociatethecellstructurewithaspecial

incompletely-specifiednon-deterministicfsaasfollows.

LetQ=S2andΣ=S.Foranypair(a,6)eQandP6Σ,6isdefined

by5((a,6),6')={:(6,Y)|(3,Y)eQ,f(a,3,Y)=B'}.

Iftherighthandsideoftheaboveequalityistheemptyset,input

Pcan'tbeapp:Liedtostate(a,3).Theautomatonwillbereferred

toasanN-automatonanddenotedbyN(S,f)or°N(S,f,SF)゜Though

theconstructionhasnotyetbeencompletedinthatSoandFarenot

specified,itmaybecompletedwhenthemachineisutilizedin

latersections｡

Infact,SandFwillbedeterminedaccordingtoaboundary

conditionxofAX゛Forexample,whenwetreatafiχedboundary

condition,S♂{(≒･o‘)I(&7,a)eQ}andF°{((ちb
『
』|((｀らb『』eQ}゜

Thus'8sequenceS162‥JnGΣ*maybeacceptedbytheN-automatonif

thereexistsasequenceofStateS((XO゛(X1)((Z1゛(X2)'‘'‘((χn゛an+1)゛Where

aOそP(゛n+1せrand6(((゛i-1'(yL)βi)9((゛i'a1十i)'(i°1,2,...n)゜

工nsuchacase,noticethatﾆF

holdsinA(b

Pbr)(ll)‘

(bPbr)(a1(12'･･%)゜611321°'6゛

Σ大isthesetofallfiniteornullsequencesonΣ

3.2.SetofPassiveConfigurations

AstateconfigurationSIS2･゜゜SnofA(n)iscalledpassiveif

itsnextstateconfigurationequalsitﾆself:i.e.FX(Sls2゛゜゛Sn)゜SIS2°¨Sn

GivenSandf'letP(Aχ)denotethesetofallpassivestateconfigu-

rationsofA,i.e.P(A

㎜㎜- i)゜y^P(A(n)),whei:eP(A(n))isthesetof

allpassiveconfigurationsofAX(n)'Thenthefollowingtheoremscan
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beproved.

3.2.1.FixedBoundaryCondition

Theorem3.1

P(A
(かZ'V

)isaregularsetoverthealphabetS

Proof

ConsidertheN-automatonN(S,f,S,F),andbranchesleavingstate

(a,B)andenteringstate(B,Y)withlabels6forevery(a,3)and

(B,Y)inQ.Suchbranchesarecalledp-branches.Deletefromthe

N-automatonallbranchesbutforp-branches,theresultingautomaton

(iso:Latedstatesarealsodeleted)iscalledanNp‾automatonand

designatedbyNp(S'f'SO'F)'Thestatetransitiondiagramofthe

N-automatoniscomposedoftransitionslike(a,3)三(B,Y).

Nov"ifweletSO゛{(ゐP(゛)|(≒'(X)iS8stateofNp‾811toII18tol1}

andF°{(a,£
『

』I(a,fc)is8stateofNp‾8゛ltoII18tol1}'thellNp(S'f'So'F)

acceptsjustthesequencescontainedinP(A
)

P(A

喘ぺｰ｡ぶUI;
emptywhenNP‾automatondoesnotexist.Thuswe

Theorem3.1.(Q.E.D.)

ThemethodofconstructingN(S,f,S

Theorem3.1isillustratedinExample3.1

Example3.1

昌

,F)usedfortheproofof

LetS={O,1>,(b.,b)=(1,1)andfisgivenas

00

Z

l

r
101

ThNutmt

⊃

id

⊃

;

ftat(00)(01)

(1,0),and(1,1),andS°{(1･1)･(1･O)}･F°{(O･1)･(1･1)}assho゛l

inFig.3.2･.
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Fig°3‘2‘Np‾automatonusedinExample3°1

Thesequencesacceptedbytheautomatonareexpressedintheform

P(A(1,1) )=(10UO)O{CL100}1U1(1001)吋.

Comment3.1｡

InanN-automaton,abranchiscalleda-branchifithas

labelCX‘Forarbitrarilyfixeda6S,constructanN-automaton

composedofa-branchesandcorrespondingstatesaswasdonein

constructionofanN-automaton.

LetI
Cz
(A

i.e･恥､､(A

p

(b?b
『

』)゜{s 1s2‘'゛s゛IF(bPbr)(sls2°'゜%)゜c゛≒゛゜1,2,...},

配､.)denotestheSe万〇fstateCO�!gurationswhose

nextstatecぶjilこationequalsa,wherec占daT.Ta.Itiseasily

seenthatIO･(A(b｡b))isacceptedbytheabovedefinedNand

thereforeisarぶgularsetforarbitraryaofS.

that

Given°yp゛lirofA(b
Pbr)
(S,f)andaes,thereexistsfsuch

P(A(石油)(S'f))゜ICX(A(b
l､b)(S'f'))'andthereexistsalso

f"suchthatrZr

I
(z
(A(Zﾌ

P七)(S'f))゜P(A( 1'rヽ)

(S'f¨))

Coiraneれt3.2.

WhenS'ゐPandZ7r゛egiven,letPfandP(A(Zﾌ

- 21-
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thesetofp-branchesandthesetofpassivestateconfigurations,

respectively,correspondingtoatransitionfunctionf.Thenitcan

beeasilyseenfromtheprocessofprovingTheorem3.1that

Pf⊃Pf' →P(A (bPbr)'ﾁﾞ)⊃P(A(bPbr)'fl)

Thereforeapartialordering≧maybedefinedforthesetoftﾆhe

localtransitionfunctionsbyputtingf≧f゛ifPf⊃Pf"

3.2.2.CyclicBoundaryCondition

Theorem3.2.

P(A

c
)iSaregularsetandrepresentedintheformP(Ac)゜?QiQt,

whereQidesignatessomeregularsetandii芦anelementofsome

finitﾆeset.

Proof

ConsideranN-automatonwithS.､゜F°{(o･β)}､where(a,3)isany

oneofitsstates.Thesetofinputsequencesacceptedbythe

automatonN(S,f,S,F)mayberepresentedinaformQ(O･β)(?((χβ)

゛゛hereQ((X,お)isthesetofsequenceswhichleavestate(a,B)and

returntothesamestateforthefirsttime.Itisobviousthat

Q(o･β)is81°egularset°･No｀゛P(Ac)゜(心6)Q(aβ)(?(a,6)'゛he17ethe

setunionexhaustsa1:LstatesofN-automaton.(Q.E.D.)
p

Effiomple3.2.

AssumeSandftobethesameasthoseusedinExample3.1.

ThewayofgettingP(A)isil:Lustratedhere.TheNp‾automatonused

forthispurposeisshowninFig.3.3.

Inthiscase,Q(10)゜{00:L1}'Q(01)べn00}'Q(00)゛{0110}'゛d

Q(11)'{1001}゜

Thus,

?(Ac)゜0011(001:L)゛U0110(0110)iU1100(1100)刈｣1001(1001)゛.
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Fig°3°3°Np‾automatonuSedinExample3.2

Commeれt3.3.

Underthecyclicboundarycondition,itcanbeeasilyseen

tﾆhatifastateconfigurationSIS2'゛゜SnbelongstoP(A),thenthe

StﾆateconfigurationSnSIS2゛゜゜%-lalsodoes,andviceversa‘

LetRdenoteabinaryrelationdefinedinS大bySls2¨‘SnR

r心
SnS1゛゜゜ViandRdenotetheequivalencerelationnaturallyderived

fromR°UsingR,therepresentationofP(Ac)canbereducedtoa

simplerform.

InthecaseofExample3.2,wecanexpress,forexample.

)/R={0011(0011)*}.Itseemsratherdifficulttoobtaina
'C"｀'‾‾｀‾‾‾‾'J'‾‾‾‾‾‾'‾‾‾‾"‾‾‾‾‾‾‾‾‾‾"｀″｀'｀"｀'‾“｀‘

simplifiedexpressionP(A)/RdirectlyorwithoutenumeratingP(A
c
)

itself.

3｡2.3.OtherBoundaryConditions

Astothesystemswithopenorreflexiveboundaryconditions,

similarreasoningasthatofSec.3.2.1.leadstotheconclusions

thatP(AX)(x'oorr.)isalsoaregularset°

Inthecaseofopenboundarycondition,letSo°F°{(a,a)I(a,a)

isastateofNp‾゛toll゛to゛}'thel1N(S,らS,F)acceptsP(Ao)U{巳}

whereeisasequenceoflength0.

工nthecaseofreflexiveboundarycondition,letF={(6,a)|(6,a)

1SastateofNp‾automatﾆonandf(a,B,a)=6},andS

ThesetofsequencesacceptedbyNp

. ●

o°{(6･a)}⊂F°゜

(Sj
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sequencewillbedenotedbyR(6,(X)ﾄP(Ar)eq゛81s(6,M)6pR(6,a)'

whichiscomposedofsequenceswhoselengthsaremorethanone.

ForthecellshowninExample3°1,P(Aχ

writtenas

)(x=oorr.)canbe

P(Ao)゜(1001U01)(1001)゛U(0110U10)(0110)゛,

P(Ar)吋゜

Furthermorethesetofthepassivestat‘econfigurationsfor

thesystemwithamixedboundaryconditionisalsoseentobe

regular.

3｡3.SetofGarden-of-EdenConfigurations

Astateconfigurationsls2°゜‘snofA(n)issaidtoprecede'a

stateco�igurations's'..゜SI;ifFX(SIS2°‥Sn)゜sis'...s;.

AstateconfigurationiscalledaGopden-of-Edeれconfigure比も匹

ifithasnoprecedingstateconfigurations.

LetE(Aχ)denotethesetofa11Garden-of-Edenconfigurations

inAxwhereSandfareassumedtobeunderstood.

3.3.1.FixedBoundaryCondition

Theorem3.3

E(A
(bPbr)

)iSaregularsetoverthealphabetS

Proof

ItwillsufficetoshowthatS*-E(A

constitutesaregularset.E(A

configurationsthathavepreced stateconfigurations.

IConsiderN-aUtomatonN(S'f'SO'F)゛'ithSO°{(≒'0‘)|(≒'0‘)eQ}

゛dF°{(a･b)|(a･ら)6Q}‘AsisnotedinSec.3.1.,asequence

ら.62‥'6nisacceptedbytheN-automatoniffF(Zﾌ

24-
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directly,oneshouldinthefirstplacetﾆransformthe

fsaN(S,f,S

E(A(≒,%))

non-deterministic

,F)IntoitﾆsequivalentdeterministicfSaNd(S'f'So'F)

"o｀(1"'○"
(calledNd‾autﾆomation)asusual.Weaddanewstatey(dummystate)

whenevernecessarytomakeNd‾automatoncompletelyspecified°Then

anautomatonwhichacceptsE(A (bl､Tv)isobtainedbytakingthe

a1乙statesofNd‾autoIIlaton‘complementoftheexistingfinal

Theprocessisillustratedby

Ea:canple3.3.

LetS={O,1},(.h Pb?)゜(1,1),andfbe

Figure3.4showsthecorrespondingN-automaton,whichmaybe

transformedintoanNd‾automatonasshowninFig°3°5°Thusan

auto°atonacceptingE(A(1,1))canbeobtainedasinFig.3.6.

0

1

Fig.3.A.N-automatonusedinExample3.3
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Fig.3°5°Nd‾automatoncorrespondingtotheN-automatoninFig.3.4

Fig.3.6.AutomatonusedinEχample3.3

Thesetofthesequencesacceptedbytheautomatonisrepresented

asfo1:Lows.

E(A
(:L,l)
)=[1UO(OU1O)*11][1UO(00)゛(01U101U100(OU:LO)*:L1]゛

･[e:UO(OO)*(OUll(OUl)*].

Commeれ:t3.4.

Asiseasilyseen,ifanNd‾automatonhasthedummystateU゛

thesetofthefinalstatesoftheautomatonacceptingE(A.,､b))

includesthestateu.Thus､ingenera1E(A(≒､玖.))1113ybewrittenin

aformR1

χkﾉ゛7i&ﾉﾉ

UR2S大,where＼andR2arebothreg

4
1j:setsandtheformer
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isdependentontheboundaryconditionbwhereasthelatter1Snot

Further゛゛゛ehave£) ﾙ E(A ))゜R2S*‘

r‘‾｀ﾑ'r'‾‾
NOW､thattherearenoGarden-of-EdenconfigurationsinA(b

l､b)
meansthatﾆtheStﾆ゛itetransitﾆiondiagramsofA(b

l､b)arecomposedr
onlyofcyclicparts.Asiswellknown､1tisaecidablewhether

E(A(Zﾝ､r,)equalsS1､0rWhetherE(A(b

l､b)

)iSempty､0rnot.

.､Zr､...､...､乙『
So,asa corollarytoTheorem3.3weget

Theorem3｡4.

ItisdecidablewhethereverystatetransitiondiagramofA

iscomposedonlyofcyclicpartsornot.

3.3.2.CyclicBoundaryCondition

Theorem3.5

E(A )isaregularsetandcanbewrittenintheformE(A
C

s*-Wq^q*where

somefiniteset.

Qi

(b?b
『

』

c

)゜

designatesaregularsetand11Sanelementof

- 27-

AsinthecaseofTheoi:em3.3,S*-E(A)゜E(Ac)isshowntobe

regular.ConsideranN-automatonandletQ(a,6)de゛otethesetof

allinputsequencesthatstartfromastate(a,6)intheN-automaton

andreturntothestateforthefirsttime.Q((Xβ)iS゛ofcourse.

aregularset.Then,asbefore,

-
E(A)゜
(μ
ぷ
)eO
Q((゛β)(?(゜'S)

holds,establishingthetheorem.(Q.E.D.)

Example3.4･

ForcellsdefinedbythesameSandfasinEx゜ple3.3,Q(a,6)'s

aregivenasfollows;



Q(0,1)゜(OU10*0)(0U11*0),

Q(1,0)゛(OU11*0)(0U10*0),

Q(1,1)

Q(0,0)

=OUO(00U11100)゛[QU].]L*O)1,

=1UO(00U10100)゛(OU10町))1.

Asinthecaseofpassivestateconfigurations,itcanalsobe

saidthatifSIS2'‥SneE(Ac)'thelln1n-:L6E(Ac)311dviceversa°

ThusonemayexpressE(A)in8Si°pierformbydividingthe･original

E(A)byRusedinSec.3.2.2｡

ThesamereasoningasinthederivationofTheorem3.4leadsus

to

Theorem3.6.

ItisdecidablewhethereverystatetransitiondiagramofAcis

composedon:1-yofcyclicpartsornot.

3｡3.3.OtherBoundaryConditions

E(Aχ)isshowntoconstitutearegularsetundertheopenor

thereflexiveboundaryconditionandevenundermixedboundarycondi-

tions.Proofscanbecarriedoutmuchthesameasintheproofof

Theorem3.3.AlterationsshouldbemadeonthedefinitionsSand
O

FoftheN-automaton,aswehavedoneforpassivestateconfigurations

inSec.3.2.3.

SimilartheoremsasTheorems3.4and3.6holdundertheabove

mentionedseveralboundaryconditions.

3｡4.BranchingPointConfigurations

Astateconfigurationss°‥snofA(n)iscalled8ﾔΓαれびMれg

pointoonf八戸Γatioれifithasmorethanoneprecedingstateconfigura-

tion.LetB(A )denotethesetofallbranchingpointconfigurations
χ'

ofAX‘Inwhatfollows,thoughonlythefixedboundaryconditionis

-28-



treatﾆed,similarconsiderationscanbeappliedtotheotherboundary

conditions.

Theorem3.7.

B(A(ろ
Pろr))is3゛eg゛131°setoverthealphabetS

P‘ro好

InprovingTheorem3.3,wehaveconstructedanautomatonwhich

ptesE(A,ここ.),whereE(A.,,.)meansthtf11tt

configurationshaぢingprecedingstat召configurations.Therefore,

Ul7

s

b117jJ1171

n

pullt

m

乙72f;21;a11:n

p

l:

h

Tconfigurationacceptedby

ConsiderthefollowingnondeterministicfsaN(Q,Σ,6,SF).

Stat:e'setぺconsistsofthefollowing;

(1)[((゛'ﾂ

h

j(yjご?)ふ

((xβ)and(czμ゛)1simmaterial,i.e.

[(a,B)(a≒P)]equals[(a',B')(a,B)].Elements(a,6)

811d(;

l

lj11ご::11ﾆﾔこ131J

anttodesignatethecases.

whereeachsequencethatleadstoastateofthistype

haspassedmorethanonedistinctﾆstatepairoftheN-

automaton.

(2)(a,B) I
･

Thesestatesareusedt0indicatethateachsequence

leadingtooneofthesestatesintrinsicallypassesasingle

routeintheN-automaton.

(3)(y:

ThisIstheinitialstate.I.e.,S={a}.
○

Σ=Sand6isdefinedasfollows;

(1)6([(6,Y)(6',Y')],a)=[(Y,n)(Y'.n')]whena=f(B,T,ri)

=f(6',Y',n').If(6.y)=(6',y')thenn=Ti'.

29-



(2)

(3)

<S((3,Y),a)=(Y,n)whena=f(B,‘Y.n).

6((6,Y),o･)=[(Y.n)(Y,n゛)]ifa=f(B,Y,n)=f(e,Y,n')andrl翔≒

6(び,a)゜(6,Y)wheno゛f(≒β･Y)and6(a,a)゜[(6,Y)(B''Y゛)]

ifa゜f(≒β'Y)゛f(むPP'Yi)and(3,Y)≠(B'.Y')゜

Function6isnotdefinedfortheargumentsnotlistedabove

andnotdefinedalsoforthecasewhererighthandsideof6isempty.

Thesetofacceptingstatesiscomposedof[(a,6)(a',B')]゛S

where(a,3)and(a'3')arebothacceptingstatesoftheautomaton

whichacceptsE(A(b
l､b))'I°e"F°{【((゛'り)(6'ら)]}･

B(A(bl､b))ijthl;setofsequencesacceptedbytheabove

mentionedilb‾l;゛ltoll8to11°(Q°E‘D‘)

ExampZ63.5｡

AnNb‾811t01118tollwhichacceptsB(A(1,1))forthesamecellas

inExample3.3isshowninFig3.7.Inordertosimplifythediagram,

state(a,6)isdesignat:edbyadecimalnumbercorrespondingto

abinarynumbera6.

Fig.3°7‘Nb‾811tolll8tol1usedinExample3°5
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Ifweconsideronly,forexample,thesequencesoflength

4,0000,0010,0001,and0100arethebranchingpointconfigurations.

ItcanalsobeverifiedthatB(A)(x=c,oorr)isaregular

setﾆ.

3｡5.工terativeArrayViewedasSpecialCaseofGSMMapping

WecanconsideroursystemAxasaspecialcaseofgsm(general-

izedsequentialmachine)mapping.Usingestablishedresultson

thegsmmapping,sometheoremsofSections3.2and3.3areproved

hereagain.

Thebehaviorofaone-dimensionaliterativearrayissimulated

byagsmasroughlyi:LlustratedinFig.3.8.

b七天一-4s7ﾄく)

廿'

t+1
ll･嘔卜回←恒ﾄ･･そ}･･,

a)IterativeArray

S,Sy-S.o-*fG5mﾄos:s;-s.'

b;GsmMapping

Fig.3.8.Simulationofone-dimensionaliterativearraybyagsm

工nwords.thestateconfigurationsls2･'゜Snisinterpretedasthe

inputstringoflengthntoagsm,whoseoutputiss1SI‥.sA.

Tomakeitpreciseandsettleproblemsdependingoneachboundary

conditﾆion,weneedsomeelaboration.

Agsm･(mapping)isformulatedgenerallyasfollows

g°(Q゛Σ゛△j゛λ,q),where

Qisafinitesetofstates.

Σisafinitealphabetofinputsymbols,

- 31-
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△isafinitealphabetofoutputsymbols.

(SisamappingQXΣ■H)(thetransitionfunction),

入isamappingQXΣ4･△*(theoutputfunction)

and%isanelementofQ゛theinitla:Lstatﾆe.

Toapplythisformulationtoourproblem.:Let

(3.1)Σ=△=SU{E},

whereEisthedistinguishedsymboldenotingtheendmarker,which

doesnotbelongtoS.

3.5.1.GSMMappingforFixedBoundaryCondition

(3.2)

(3.3)

(3.4)

Q°{qo}U{qJ{゛6S}U{q邱lc‘,6es}･

(S(qo'a)゜q�aes;

6(qaβ)゜q邱'o‘,Bes;

6(q邱'Y)゜%Y'(゛J･yes;

S(q,E)゜qo'qSQ.

λ(qo'(x)゜E'O‘eS;

λ(qo,β)゜f(&^,a,3),a,BeS;

λ(q邱'Y)゜f(a,6,Y),a,6,YeS;

λ(q(x'E)゜f(bび叫b『』E,aes;

λ(q邱'E)゜f(aβ'り)E'゜,66S;

λ(qo'E)゜e゛

whereb^andゐraretheleftandtherightboundaryconditions

respectively･

Equations(3.:L)-(3.4)defineourgsmmappingg:Σ゛ﾅΣ*,where

Σ=SU{e}isthecommonalphabetofthedomainandtherangeand

6(q,e)=qand入(q,e)=eforeveryqinQ.Figure3.9showsourgsm

fortheiterativearrayofExample3.3withfixedboundarycondition

(1,1).

Inusingthismapping,werestrictthedomaintothesetS火E

ortotheinputstringshavingoneandonlvoneEattheirends｡
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start

くr:ぷiUL

5そ41.

1/0

Fig.3.9.GsmforiterativearrayofExample3.3withx=(l,l)

ThenfromEqs.(3.3)and(3.4)thesetofoutputsforinputsS*E1S

asubsetofS*E,org(S*E)⊂S゛E.Sinceeachgsmmappingpreserves

regularsetsingeneral,g(S*E)isaregularSet｡

FromLemma3.1below,whichwedonotprovehere,itisseen

thatG={x|xE6g(S*E),xeS*}isaregularset.

Lemma3.1.

LetAbeasubsetofS大andEbeasymbolnotbelongingtoS.

DenoteA={x|x=yE,y6A}゜Then,ifAEisaregularsetoversu{e}.

AisregularoverS.

Nowitiseasi:lyseenthatS*-G°E(A(b

l､b))'whereS大-Gmeans
thesetofallstringsofS火whichdonotbelongtoG.Sincethe

complementofaregularsetisalsoaregularsetﾆ,anotherproofof

Theorem3.3hasbeenobtained.

Secondly,letR=a火foranyaofS.Sinceeachinversegsm
Cχ.

mappingpreservesregularsets,g (RE)isregular‘011theothei°

hand,itisseenfromthedefinitionofl

thatﾆ

工

CZ

(A
(≒'七))゜{xIxEGg^(RE)}

(X
1nComment3.1ofSec.3.2

WithLemma3°1,thisgivesanotherproofoftﾆheregularityofa
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ByComment3.1ontherelationshipbetweenl(X(A(Zﾌ

P(A
(1tヽ)

)'Theol:em3°1isprovedagain°

Pら)
)and

Comment3.5.●

Thoughgeneralresultsonthegsmmappingwerethususefulin

provingtheregularityofasetofstateconfigurations,theya:Lone

arenotsufficientforthestudyofiterativearrays.Itisa

specialcase,wherespecialtreatmentsarerequired.AnN-automaton

hasbeendevisedforthisstudyandshowntobemorepowerfulthan

thegsminobtainingtheconcreteformsoftheabovementioned

regularsets.Inhigherdimensionalcases,theordinarylanguage

theoryisobviouslynotofuse.

3.5.2.GSMMappingforCyclicBoundaryCondition

(3°5)Q°{qo}U{qoj{゛es}U{q邱lo‘β6s}U{q(z91,卵|(ｼﾞ'P'{り3es}゜

(3.6)

(3.7)

6

(q,a)゜q�aeS;

6(q(x'a)゜qa6゛(x'66S;

(S(q邱'Y)゜q邱,政'aβ'Y6S;

6(qa9≒邱゛Y)゜q�r,6?(らa゛ββ≒yes;

6(q,E)゜%

6(q,e)=q,

i qeQ;

q6Q.

λ(qo'

λ(q�

λ(qa6

λ(qoc゛

a)゜e,aes;

B)=e,a,66S;

,Y)=f(a,S,Y),a,B,Y6S:

印,(XPY)゜f(a,6,Y),a,a',6,B',yes

入(q邱'

λ((‰9

λ(qa'E

入(qo ,E

E

1

)

)

ｓ
1

)=f(a,6,a)f(3,o･,B)E,a,eeS;

,o･g,E)=f(a,B,a')f(B,a',B')E,a,a',B,B'eS;
゜f(a,a,a)E,aSS;

=e.
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IfFc(Sls2‥゜sn)゜s1弓‥'sl;'thenfromEqs.(3.1)and(3.5)-(3.7)

g(SIS2‥゜snE)゜弓3n1°

Wedefinethecyclicshiftoperationtforeachnonnullelementﾆ

ofS吸asf0110WS:t(SIS2°‘゜Sn)゜S2S3°'SnS1゛I

t‾1(SIS2‥゜Sn)゜n1゜Sn-1゛

Lemma3.2.

Thecyclicshiftoperationtandt‘preserveregularsets.

Thatis,letAbeasubsetofS゛anddenotet(A)={x|x=t(y),yeΛ}

andt~"'"(A)={xjy=t(x),yeA}.IfRisaregularset,thent(R)and
ﾆ

t

(R)areregularsets.

Thislemmaisprovedbyconstructﾆingasequentialtransducer,

whichrealizesthecyclicshiftoperationusinganendmarker.

NowE(Ac )=9-t‾1 ({xIxEeg(S*E)}).ByLenunas3.1and3.2,

E(A)isregular,whichisanotherproofofTheorem3.4.
c
Secondly,Theorem3.2isprovedagainbyl(x(Ac)゜{x|xEeg"-^(R^E)}.

Notethatt(R
a
)゜R
a°

3｡5.3.GSMMappingforOpenandReflexiveBoundaryConditions

RegularityofpassiveandGarden-of-Edenconfigurationsforthe

openandtheref:Lexiveboundaryconditionscanbeprovedbythe

followingequationsthroughsimilarreasoning･

OpenBoundav!j

Qand6aredefinedbyEqs.(3.2)and(3.3)respectively･

(3.8)

λ(q,a)=G,aeS;

入(qa'6)゜f(a,a,B),a.BeS;

λ((‰g.Y)゜f(a,B,Y),a,3,YeS;

入(qo,'E)゜f(a,a,a)E,aeS;

入(q(XPE)゜f(a,6,B)E,a.ees°

● 35-



Reflex仙eBoundar!j

Qand6aredefinedbyEqs.(3.2)and(3.3)respectively･

λ(qo ,a)゜e,aes;

(3.9)
λ(q(xj)゜f(B,o‘,6),a,6es:

λ(q(邱'Y)゜f(a,B,Y),a.B.yeS;

入(q邱'E)゜f(a,B,a)E,a,Bes.

Notethatthegsmmappingforthiscaseisdefinedforthe

inputstringoflengthmorethanone.

3.6.ConcludingRemarks

Ithasbeenshownthateachsetofallpassive,Garden-of-Eden

andbranchingpointﾆstateconfigurationsconstitutesaregularset

andthisregularityholdsforvariouskindsofboundaryconditions.

InordertocharacterizetheautonomousbehaviorofAinmore
χ

detail,weshouldinvestigatethecyclicandthetransientpartof

thetransitiondiagram°LetC(A)andT(A
X
)denotethesetofa11

stateconfigurationsthatbelongtothecyclicandthetransientpart

respectively°(C(AX)UT(AX)゜S゛゛dC(AX)nT(AX)刊)')ThenE(AX)811d

P(A),whichhavebeenprovedtoberegu:Lar,arespecialsubsetsof

T(A)andC(Aχ)respectively.Todeterminethelanguageclassesof

C(AX)'T(Aχ),andC(A)nB(A)is8challengingproblembutisstil:L

unsettled.Mr.H.Takahashiofourgro叫3suggestedthatC(Aχ)equals

essentiallythe"maximalinvariantsetofthegsmmapping",0rthe

largestsetM⊂S*suchthatg(M)=Mandfoundanonreg゛larC(Aχ)for

aunilateralfixedboundaryarray,whichcanbesimulatedbya

completefiniteautomatoninsteadofagsm.Thatis'C(Aχ)andT(Aχ)

arenotalwaysregularsets.AbouttheperiodsofC(Aχ

beenknown.

),littlehas

Whilewehaverestrictedourselvest:otheone-dimensionalcase,

ourproblemtocharacterizethesetsofstateconfigurationsmaybe

naturallyextendedtohigherdimensionalcases.Infact,thepassive
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andtheGarden-of-Edenconfigurationsweretreatedonthetwo-

dimensionalcellularautomata.[8,31]Themaindifficultyisto

obtainthenotionoftheregulc:XTsetforthehigherdimensiona:Lcase.

Inconnectionwiththepictﾆureprocessingalgorithm,severalgrammat-

icalmethodshavebeendevelopedbymanyresearchers.[7,13]

Weareinterestedinsuchagrammaticaldefinition,ifany,ofthe

regular-likesetforthetwo-dimensionalconfigurationsthatmakes

regulartheabovementionedstatesets.
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CHAPTER4

INFORMATIONTRANSniSSIONCAPABILITYOFTHESYSTEMS[21,26,27]

A.I.Introduction

Inasystemofiterativeautomata,acellcommunicatesonly

withitsneighborhoodcellswhichareusuallylocatedatthenearest

neighbortothecellinquest:ion.Assuch,itisimportantaswell

asinterestﾆingtoaskhowfarasystemofiterativeautomatacould

transmitinformationthroughthesystemvialocalcommunications

definedbytheneighborhoodrelationandalocaltransitionfunction.

Righttoleftinformatﾆiontransmissionthroughasystemofone-

dimensionaliterativeautomataistreatedinthischapter｡

Inthebeginning,therearetwopointﾆSthatmustbeclarifiedin

consideringtheproblemsofinformationtransmission:thefirstﾆis

howtﾆorepresent"information"itselfandthesecondistoclarify

themeaningof"transmission"ofinformation.Inourproblem,

"information"1Sgivenasaninitialstatesettingtotherightmost

partofcells,and"transmission"of(particular)Informationtothe

leftmostﾆcell(calledanoutputcell)meansthatonecoulddetect

anydifferenceofinitialstatesettingstotherightmostpartof

cells(i.e.information)byobservingstatetransitionsequencesof

theoutputcell｡

Aclassificationofthesystemsofone-dimensionaliterative

autﾆomatawithrespecttotheabovementionedinformationtransmission

capabilityisproposed.Wedividethesetofa11systemsintothree

classes.revealthecharacteristicsofeachclass,andshowseveral

lemmasfortheclassification.Furtherﾀarelatedundecidability

resultisalsoshown｡

Asinbefore.weareinterestednotinanautomatoncomposedof
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afiχednumberofcells,butratﾆherinasystemofsuchautomata

thatisobtainedbyvaryingthenumberofcells.

Whenastateconfigurationa゜aa°゜゜゛CZn(OCi6S゛1°1,2,n)is

concerned,itﾆisassumedthatthereexistsaniterativeautomatonof

lengtﾆhnandtﾆhatastatﾆeofce11Cicorrespondstoa°Givena

statﾆeconfigurationa,letP((Z)denoteatimesequenceofstates

oftheleftmostﾆcell(C)whichisconsideredtobeanoutputcell,

whenasysteminquestionoperatesautonomouslystartingwithinitial

configurationa.FZﾌZφ
Γ
(4)゜‘af'meansthatastateconfigu･rationa

becomescc',wherecz'=cぺ叫‥‥べ((ﾘ6Si=l,2n),atthenexttime

stepunderboundarycondition(b.,b?).工nsuchsituationﾀwecan

writeP(α)=a
1P((ZI)bythedefinitionofP(α).

Now,letusconsiderthefollowingclassificationoftheset

二三二二ご二･二二二上記二｡

Class工(CI)

Aゐ(S,f)belongstoclassIiffthereexistsapositive

integerk

≒

uchthatforvai6S(i°1,2,....,k)andvBes*'P((Z1α2゛‥ak)

゜P((yL(12‥‥(゛kp)(S゛iSafreemonoid,Sbeingagenerator).

WhenasystﾆembelongstoClass工,theminimumofksatisfying

theabovere1ﾑtionswillbereferredtoask-valueofthesystem.

classII(C工I)

‰､≒(S､f)belongstoClassIIiffitdoesnotbelongtoC

andtﾆhereexistapositiveintegerkanda.es(i°1,2,゜゜゜゛k)such

tﾆhat

P(゜1(゛2‥‥(゛k)゜P(a°2‥‥C゛klp)fOIV岬S゛

ClassII]:(C
I工I)

H.h(S,f)belongstoClassIlliffforanypositiveintegerk

andv(゛i1!;(l゛1'2"゜‘゜k),thereexistsB-1Bo････町6S゛suchthat

P((゛?2‥‥ak)≠P[a].(χ2‥‥(゛k61a2‥‥≒)゜
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Notethattheabovementionedthreeclassesconstituteapartition

(I.e.,mutuallyexclusiveandexhaustive)of{Ar

Ifh

(s,f)}･

(S,f)belongsto,forexample,Classｴﾀwesaythat

'乙"'『
fbe:LongstoClass工(writef6CI)forbrevitywhens,ZﾌPandb『

areunderstood.

4｡2.LemmasforClassification

Severallemmasforclassificationofthesystems,showingsuch

andsuchf゛sdoordonotbelongtoaparticularclass,arelisted

here.Mostofthemarestraightforwardandwillbegivenwithout

proof.

Lemma4.1.

Iff((zβ,T)=f(o,β,6)forV(XJ'Υμ6Sgthenf6Cunderarbit･ary

boundaryvalues(.by,b)゜Inthiscase,k-valueequals1°

Lemma4.1notesthatthereexistsa(unilateral)iterative

automatonwherestatesofacelldonotaffectthoseofacellto

the:Left,whichbelongstoClassI.

£emma4.2.

Iffol°^yes゛d恥6S'f(≒'6'Y)゜6andifthei°eexistsa6Ssuch

thatf(bPO‘'o‘)j°f((x,a.(゛)゜o‘゛df(2?j.,a,6)゜f(a,a,B)゜3,thenf6C]:ｴ゜

Thefirstconditionguaranteestheexistenceofsuchaparticular

statetobeusedattheleftmostcell(C)thatcouldnotbechanged
,1

byanystatesoftheremainingce:Llsandthesecond,thatofa

specificstateconfigurationthroughwhichtheabovementionedstate

propagatesitselffromrightt0left.

Proof

Itisclearthatthereexistsfwhichsatisfiesconditionsof
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thelemma.NotethatP(6)=P(6P')=(6)forp'es*andP(?6)=♂S‥‥

(nisanypositiveinteger),where(3)meansaninfiniterepetitionof

B,andameanseta...て乙.ThesetworelationsSatﾆisfytherequirments

forft:obeinClassII.(Q.E.D.)

LexfsucL4.3.

Iff(a,3･Y)≠f(a･S･6)for^a･6･Y･56S(y≠6)･thenf^^IIIfol°V(b?b『』

TheconditionofLemma4.3assuresanyinformationinacell

tobetransmittedこotheleftﾆsidecell,whichmeansthatfbelongs

toClassIII.

Itcanbeseenbytﾆheabovementionedthreelemmasthateach

ofCI゛ Cand4IIisnotanemptySet°

Lemmct4.4.

Iff(ろ

equals1.

Zβ'Y)゜f(≒β'(S)fo゛VS'Y'66S'thenfeeandwhosek-value

Lemma4.5.

Forany゛Y6S'ifthei°ee°cistsBessuchthatf(Z7P6゛Y)゜恥

t:hen諾C
工II

LeTranct4.6.

工fthereexist'6andPinSsuchthatf(&^,B,6')=Band

f(e,6',Y)=3'forVyes,then拡CIII°

Leirnna4.6couldbeeasilygeneralizedtocaseswherecondition

partreads"ifthereeχistS162‘..,and6n"゜

乙印nma.4.7.

Let≒゜‰祁andifthereexistsaeS(a7*B)suchthatapartof

thetransitiontablecorrespondingtofincludes

and
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Infact.P[(o･6)%a]=(O･6)11(X‥‥forthecellsmentﾆionedinLemma4｡7

LemiTia4.8.

･Ifthereeχistdistinctstatesaand6inSsuchthatapartof

thetransitiontablecorrespondingtofincludes

9 thenfec^

Inthiscase,P(a''B)=a''3....･

A1:Loftheabovementionedlemmasarevalidforcellswiththe

numberofstatesmbeinggreaterthanorequalt02.Now,letus

seesomecaseswhereSisfixedtobe{0,1}.

Lexwia.4.9.

工fろZ°1andiffisgivenby

and ぴmeansOol':L),thenf6CHI°

Proof

LetP(a1(X2‥‥an:L11)゜Plp29‥pt‥‥The(n+3)rdoutputPn+3

equals:Lforv(Xla2°゜¨(xn6S札Ontheotherhand,the(n+3)rdoutput

ofP(a^a2...a110)equalsoforV(゛10‘2‥‥aneS札ThusP((yL(゛2‥‥%110)

≠P(a,a≪....a111),whichguaranteesftobeinClassIII.Thelemma

holdswhetherZﾌequalsOor1.

LeTTDTia4.10.

工fZ7Z'1andiffisgivenby

and thenf6C工工

Proof

Letti昭(X°18゛d恥OinLemma4‘89゛'eseethatfeCI

otherhand,P(01p)=(01)for
V丙S糾whichmeansf6cII工‘
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wehavefec^^

4.3.SimplificationTheoremforClassI

4｡3.1.SimplificationTheorem

Lemmaslistedintheprecedingsectiondeterminethatfbelongs

toordoesnotbelongtoaparticularClassifthefunctionf

satisfiesconditionsofoneofthem.Butitisclearthatwecan't

classifyanarbitﾆrarilygivenfbytheselemmasevenifthenumber

ofstatesmisrestricted.

So,inthissection,weinvestigatethecharacteristicsofour

classificationmainlythrougha"simplificationtheorem"forClassl.

Bydefinition,asystemofClassIwithk-valuek1Sthatoutput

sequencesthereofdonotdependontheinitialstatesofcells

locatedattherightofthek-thcell(i.e.C,.,i≧k+1).Thedefinition
1-

canbereducedconsiderably,yieldingaflnltaryconditions.That1S,

wehavethefollowingsimplificationtheorem.

勁gl･s4.1.(simplificationtheorem)

Ifthereexistsanint:egerk>0,andifP(ala2‥‥(歿)゜P(a,a2･･゜

a,3)holdsforV(xi6S(i°1,2,...,k)゜dv叫S'thenP(C゛1a2‥‥O‘k)゜P(a1

(゛2‥‥(゛k§)folrV芦S札

Thetheoremsaysthatforanysystemunderinvestigationto

belongtoClass工,itisnotnecessarytocompareallpossible

outputsequencesaddinganinfinitenumberofcells,butaddingonly

onecelltotheoriginalsystem.

Proof

工tsufficestoshowthatP(a,a2.･゜αk6162)゜P((yLo‘2‥‥ak61)fo17
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V,

S1β2eS｀゛henthehypothesisofthetheoremholds.LetF, ,£)ﾌﾞaa

‥‥ak6:L62)゜a1゛a2'‥‥akj31'62"and゛゛ehaveP(ala2‥‥c‘kぺらﾀﾞ(x1P(

a-a'.･"ak゛61921)'Ontheotherhand,F,,(a^a≪°･･゜a6,)can

bewrittenasa1゛a2L‥(xk'6)ﾌﾞby811appropriatechoiceofら
.
6S°

"●,心
Then,P(o‘1α2‘゜゜'αk61)゜a1P((゛1゛a2≒'¨[xkり]ﾌﾞ)'゛hereP(a:1ﾌﾞa2≒゛゜゜ak゛らﾌﾞ)'

inturn,equalsP(a1゛a2゛‥‥(χk゛ら/)bythehypothesis°Thus,wehave

P(ala2‥‥ock61)゜(x1P((x1゛a2≒･･'＼'hﾌﾞ)゛

TheaboveprocessshowsthatthefirstoutputstatesofP(aa2

‥‥(lk61S2)811dP(a0‘2‥‥(゛k61)areidenticalandthattheremain-

ingpartoftheoutputsequencesarerepresentedbyP[a]ﾌﾞ(゛2゛‥‥

(xk'6192')811dP((X1゛a2゛‥‥[xk゛6]ﾌﾞ)respectively°So,thesame

procedurecanbeappliedtothelatterpairofoutputsequer!ces,

ensuringthevalidityofthetheorem.(Q.E.D.)

Commentk.1.

≒Noticethatthehypothesisofthetheoremcontainsaclause

¨ifP((yLo‘2‥‥o‘k)゜P(O‘?2‥｡..a,6)holdsforVa^es(i°1,2,....k)and

‘゜゜゛"゜Ifweadopt3a.esinsteadofv(xi6Sinthisclause,thecorre-

spondingproposition"Ifthereexistsanintegerk>0,andifP((X1°2

‥‥(゛k)゜P((゛10‘,....a,6)holdsfo゛ao‘es(i°1,2,k)and^Bes'then

P(aaa)゜P(aa20‘^P)forVpes*"isnotalwaysしtrue°That

is,nosimplificationprocedureS:Lmi:LartothatofTheorem4.1could

begenera:LlyappliedforClasslｴｰlikesystems｡

Acounterexamp:Leexhibitingtheabovementionedsituationis

shownasfollows:

Count-Qveここ(:wvpleLetS°{0,1}andZ;)Z°わr°1°Letfbegivenby

and
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Then､P(1O)=P(1OO)=P(1O1)=1O(1)andP(1010)=1010(1).ThuSP(10)≠

P(1010)･.Infact､thesystembelongstoCIII゛

Commen七4.2.

AstheconversetoTheorem4.1obvious:lyholds,Ar

9

belongstoClasslifftheifpartofTheorem4.1istru

ぶ

.

Z7(SJ)

^The

equivalentconditionforasystemtobelongtoClassI,however,

couldberep:Lacedbyaweakerone,iftheprocessoftheproofis

carefullyfollowed.Thatistosay,itﾆsufficestﾆodemandthatfor

fL:LBinS,P(aaa6)'sareidentical.Thatis,thefollowing

propositionholds.IfthereexistﾆSanintegerk>0,andifP((゛?2

‥‥゜k6)゜P(C‘?2‥‥akP)fo17VlieS(i°1,2,k)andVS'P6S'then

P(a1(x2‥‥ak)゛P(ala2‥‥ak6)･

Cornmeれ:t4.3.･

Further,thefollowingcharacteristicscanbeobserved.Ifa

systembelongstoC:LassIwithk-valuemorethanorequalt02,there

exista
ieS(i=1,2,‥‥k-1),%eSanda'es(aj^≠a,')suchthatP(aa-

‥‥(xk∠1αk)゜P(a1(X2‥‥(xk-1(lk゛)'For,thereexistsom6elements

Y,6,e,e'(£≠巳゛)inSsuchthatf(Y,(5,ε)≠f(Y,5,e').(Ifthisisnot

true,thesystemunderconsiderationbecomesClasslwithk-value1

SeeLemma4°4‘)Furt:her,8SthesystembelongstoC:LassｴﾀP(6162

‥‥Sk-2Y6E:)゜P(61.62‥゛Jk-2TY(SE:')for

Let

●●

を

B,(i°:L,2,k-2)゜

(lk一戸kl?)holds,゛゛1!ichassuresthatP(alc゛2‥‥ak-1〔xk〕゜P((x1(121‥c'k-1a1)

wherecxk≠ﾀk゛゜

4｡3.2.SystemswithExternalInput

Inthissubsection,letusconsiderasystemwithexternalinput;

゛7eassumethatZﾌZisfixedasbefore,whilebmayvaryatdiscrete

timestepasX1×2°‘゜‘xt°...,i‘e.,wehaveaneχternalinputtothe

rightmostcell.
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LetP(aa°‥ぶ

leftmostcell(C1

)

denotﾆeastatesequence‘ofthe
n'χχ●･●●χ●●●●-

),whe?iIhesystemunderconsiderationisfedan

externalinputsequencex1×2°"゜xt‘･‘゜,startingwithaninitial

stateconfigurationC6a-‘'‘゜(xn゛

Systemswithand‘withoutexternalinput(thelattermeansafixed

boundaryconditionhere)arecomparedconcerningtheabovementioned

simplificationtheorem,obtainingthefollowing

Theorem4.2.

Letkbe8positiveintegerandifP((Xla2‥‥(xk)゜P(aa2°‥ぷk)x

w.__._...1

x2‥‥xt●‥
for7Vai6S(i°1,2,゜...,k)andVx-x≪....X....,then

P(o‘aag)for＼.es,^6es.andviceversa.れ(゛:L(゛2'こ..a)゜P(o‘1a2‥‥(゛k6)fol゛

●●●●

Proof

First,theconversepartofthetheoremisshown

LetFZ)

゜(x1P([χ]j
P°.■･-,.I

゜･･‘(xk)゜(x11(゛;‘･‘゜ak゛'Then,P(aa-"゜･Vx
]j2"゜゛t

aj゛゜fk)゛
2'‥゛t‥‥'゛

Byassumption,P(a^o‘2‥I‥ak)゜P(a:L(゛2‥‥(xk勺.)h01dS'andtheright-

handsideexpressionequalsCIP(a1Cち‥‥ak゛゛1゛)folr811appropriate

x1゛6S゛Then,applyingtheassumptiononceagain.P((Xla2‥‥(xk)゜

(X:LP((X1'(X2'゜･･‘(xk')｀OnestepofP(aa2･‘･'(xk)゛
2‥‥xt‥‥811d

P(o‘1a2‥゜.a,)proceedsassuch,P(ala2゛゜゜'Czk)゜P

]L"2･･

°'゜'ak)x､x､､

isseentoholdbynotingthattheunderlinedexpressionspr
].
χ2¨゛xt°゜゜゜

eserve

thesimilarpatternasbeforeandtﾆhatthesameprocessmaybetaken

recursively･

Next,letusassumeP(aa..a)゜P(ala2‥‥%)x
-･"-'--･'-‾‾‾‾‾‾‾‾‾‾'‾‾●1Z‾‾"k"1ZK'χχ....X･●●●

foranysequenceXX2°‘'゜゛t゛‘゛゜゜LetFz7乙丿r(o‘1(x2"..

kh

゜a1゛
&
2゛゜･y

････＼ﾘ31)･,Ontheotherhand゛

P((x1(゛2'ﾌﾟ゜゜(゛k)゜P((yL(゛2゛゜'゜%)鴎
2゛3‥‥゛t‥‥
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=a,P(cχ゛(χ'....a1)

1,12kx2×3°゜゜゜X゜

゜(χ:LP(a1゛(x2≒｀゜･v>-

Comparingtheunderlinedtwoexpressions,p.similarreasoning

asbeforeleadsustotheconclusionthatP(a?2‥‥ak)゛P((゛:L(X2‥‥

(xk6)゜-(Q°E‘D゛)

ByTheorem4'1andTheorem4.2,A,ﾝ (S.f)belongstoClassI

iffforsomepositi゛einteger:k,P(acら!:7で(xk)゜P(a,a2･'゜'(xk)゛1゛2‥‥

･
tt
4
-
1
χ

x
i
e

‥.foi'vai(i°1,2k)andV°c1゛2‥‥゛t‥‥'This°eansthat

Ab｡,(S,f)belongstoClassI,then8modifiedsyst°｀゛ith

ernalinputdoesnotchangethevalidityofk-value,thatis,it

isuselesstoconsidermorethankcells(aslongastheleftmostcell

1Sregardedasanoutputcell)･

AsacorollarytoTheorem4.2,wehave

Corollary4.1.

IfA(S,f)belongstoClassl,thenA,(S,f)also

be:Lo面s
jつよl;sslforanyb'GS･andhasi:hesamek-value.

4｡4.CharacterizationofClassificationviaStatePartition

ILetA,(n)denoteaniterativeautomatonoflengthn,whose

leftbollndaiyinputisfixedtoZﾌZandhasexternalinputstothe

rightmostcell.SeveralstatepartitionsofthestatesetofA,(n),

whichiscomposedofmn elements,areutilizedtocharacterize

ourclassificationof{勺2 Z)
(S,f)}.

Somedefinitionsandnotationsaregivenfirst.

4.4.1.DefinitionsonPartitions

LetTT°{B1゛B2゛‘..,B}denoteapartitionofthestatesetof
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SOme%(n).

aState

≒

J

AssumethatF.(B.)isthesetofallstatesintﾆowhich

transit:sbyanapplicationofinputi,i.e･s

Fi(Bj)がqilF≒･iq))゜qi'VpeB.}

Apartition7Tiscalledapreservedpartition(P.P.)ifforany

blockB.ofTT,thereexistsablockBof■nsuchthatUF_.(B.)⊂B゛
]S｡.ies1]s

Anorderingisgivennaturallyinthesetofallpartitionsof

aset.That･ｦLs,forpartitionslT°{B,,B2,"'゜,B}and7TI°{B1≒B2≒"･゛

Btﾌﾞ}"●.■

7T<TT'⇔Forany
- "i

ofTT,thereexistsB.'ofu'suchthatB.⊂B.1
ﾄﾄ･J1

Theminimumandthemaximumpartitionsarewrittﾆentt(O)andtt(1).

respectively｡

Ap.p.derivedfromapartitionTTistheonethatisthesmal:Lest

ofthepreservedpartitionsgreaterthan7T.Itisclearthatsucha

p.p.isuniquelydeterminedfromTT.Thep.p.derivedfromtt(O)is

ｺﾞ:謡ご二驚言二ここに二耶球ﾀﾄﾞ)
denoteapartitioneveryblockofwhichcontainsstringswhoseleft

sidevcomponentsareidentical｡

Anoperatoraisafunctionfromthesetofpart:itionsonthe

statesetofAわ(○.intothatofA,(n+1)asfollows.Let7T°{B1゛B2゛

‥゜'Br}bejlpjtitio'll011thestatesetofAか(n).Then゛べB1≒B2≒

‥'ﾀB'},whereBi゛iscomposedofanyStrinμoftheform゛(xsuch

that゛is8string(oflengthn)inBi｡andaisanelementofS.

Thus,tﾆhecardinalityofBi゛iS,mtimesthatofBi'

Inwhatfollows,apartitiononthestatﾆesetofA

distinguishedfromtheothersbysuperscriptn,asit.

(n)is

大Notethatausualdefinition,of･ap.p.islessrestrictivethan

ours.Forexample,see[51.
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4.4.2.CharacterizationofClassl

Whenn≧2,arelationKisdefinedonthestatesetof%(11)'

thatisonS,asf0110wS:Z

･a,aaK66‥‥6⇔(yL斗31sand
:L2n12

a=6

ぷ1'(x2)゜f(≒β1β2)

Kisobviouslyan'equivalencerelation,andthepartition

definedbyKiswrittenasてk

了T

(n)

Whenn゛1゛町k(1)iSdefinedtobe

(O).

Then,wecancharacterizeClassIofourclassificationin

termsofpartitionsbythefollowing

Theorem4.3.

Ab_b(S,f)belongstoClasslwithk-valuelessthanorequal

tonij≒l(11)is8refinementof7k(11)'i゛e"R-k

Proof犬

Thisproofisdividedintotwopartsaccordingtowhether

n=10rnot.

I)n=l;ItisclearfromTheorem4.2that

toClasslwithk-valueliffTTr

correspondingtoLemma4.4.

(1)
=町
(1)
(O).
A記こななs

II)n≧2;Let7T-
-R

(n)く7T(11).Givenanyinitialstateconfiguration
-k

a1(X2°゛"aandexternalinputsequencex^x....X････,thereexists

8sequenc

ぶ

BO'B1'B2'‥゜,B,....ofbloc

1

S

2

of了T瓦

‰)
･suchthat

a^a2..゜‘an6BO

F((xla2‥‥(zn)x

:

ごB

●●●●
●

F

1

whereFt

t(゜1j･ﾄ'%)゛

1゛2‥‥゛t
yBt'

((゛1(り‥‥(゛n) meansthelateststateconfiguration
'1∠n'χχ●●●●χrj___

reachedbyanapplicjλ:ionofl!xternalinputsequencex1×2゛゛゜'xtto

theinitialstate
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configurationaa^'‘"%'Aslongastheinitialstateconfiguration

equalsOC10C2°゜゜.athesequenceofblocksof了Ti

(n)
mentionedabove

remainstﾆhesameforanyexternalinputsequencex゛x≒‥.x゛‥‥9

because7T-

(11)isaP.P‥As7T-(11)く7T(11),thereex
l

st

2

aseq

:

ienceB

O',

B1≒‥‥B

気

,‥‥ofb:Locksof

j(μ≒k

correSpondingtothesequence

BO
'B

1

'‥‥B

t

‥

ﾚ

゜of77R

(11)
S゛lch

t

h3tBt⊂Bt゛(t°0,1,2,....)゜Thus,

wehaveforanarbitraryinputsequence･x1×2"‘'xt°゜゛'゛

aa°'゜'(xneB
O≒

F(a:La2‥:゜%)xeB
1≒

.1

Ft(alo‘2'

E

°゜(゛゛)yL゛2‥‥2ct6B

t≒

whichmeans,aStﾆheconstructionmethodofTT
(n)

indicates,thatﾆ

P(α(x‥‥(x)=P(a(χ‥‥a).,forany12nχχ‥‥χ‥‥12nχX....X....

X'x'‘゜-t'“!゛゜?゜Therefore,A,｡,b(S'f)1beiollgsthClassIwith

k-valuelessthanorequaltonb;Theorem4.2.

Conversely,:LetusassumethatA(S,f)belongstoClassl

withk-valuelessthanorequalton(

t!;ﾔ

ｰ

anoutputsequenceofcellC1･cannotbechangedbyvaryingthe

externalinputsequenceofA,(n)゜Thus,stateconfigurationsin

8block'of7T瓦(ll)sho111dp“)djethesameoutputsequence.hence

哩(11)?k(ll)'(Q.E.D.)

Theoremshithertomentioneddealtwithaniterativeautomaton

of:Lengthnandgavesufficientconditionsforthecorresponding

systﾆem'tobelongltoClassIwithk-value乙~S8thco･Z∂requa乙亡Qれ.

Anothersufficientﾆconditionapplyingtoanautomatonoflengthnis

providedherethatdecideswhetherthesysteminquestionbelongs

toClasslwithk-valueless亡八αnor悶Mα乙幼(刀一1),andwith

Theorem4.3,isgivenacharacter工zationofClasslwithk-va:Lue

equaltoれ｡

Consider七(n),andletttrdenoteap.p.derivedfrom

IT(り(u(1),u(2)t.‥･u(耳呼)).Then,wehavethefollowing
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Theorem4.4

to(ﾛ石

ろ
･
―

(S,f)belongstoClasslwithk-valuelessthanorequal

?f(n)(n)wheren>3.

Proof

AssumeasystﾆembelongtoClassIwithk-valuelessthanor

equalto(n-1).Then,ﾔ1) く7T,byTheorem4.1.1f･rTく7T､
Tと._..､(n-1に_(n一打2

thena7T1≦a″IT2bythedefinitionofa゛thenceahttp://www.＼

Asa

371R
(11‾1)ご11W

(11‾1)isap.p.anda

(n)

ITi
(11‾1)ご7T(11) (u(1)

isobtained.0ntheotherhand

casen･3.ThusIT,
(n)
2'々(功

9U

9 呪

(2)

n-1)
●●●●U

(n-1)

゛χ(11)
1n

Conversely,let7ljll)jlk(゛)'Foi8゛yo‘1(X2‥‥%-16S゛‾1and

),

fol°any6and61inS'c'i〔z2‥‥%-16“ld(11(x2'゛゜'%-1611:estl゛the

S゛eblockof･-'">.andsodoofχ(11)゜Th゛ls'P((tL(ﾇ2‥‥%-16)

゜P((゛L(゛2‥‥%-1巳')holds,whichassuresusthatthesystemunder

considerationbelongstoClasslwithk-valuelessthanorequalto

(n-1).(SeeComment4.2ofTheorem4.1.)(Q.E.D.)

Theorems4.3and4.4arecombinedtothefollowing

Theorem4.5

＼. b^(S,f)belongstoClass工withk-valueniff71瓦(゛)jχ(il)

゛ld71瓦(11)射ISII) ,wheren≧3.

4｡4.3.SufficientConditionforClassII

ゝ

HereasufficientconditionforA

1Sgiven.

Asubset7°{Bi

1ﾀ

B

≒･り(S'f)tobe1°11gtoClass耳I

i"゜"IB1}ofapartition7T°{B1゛B2゛･...B)
2S.r.●●1､-f､､､

onsomestatesetofanautomaton, where{i,.
29°゜"1s}⊂{1,2,゜...r),

1scalledapartialp.p.of7TifITconstitutesap.p.disregarding

thestates゛otappearingi゛theblocksof晋'Let(1(il)
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partition011jS゛bsetofSIlthatiscomposedofblocksofll瓦(n)

containedinanyoneoftheblocksof7Tk‘(n)゜Then,wehavea

sufficientﾆconditionforasystemtobelongtoClassIIasfollows

Theorem4.6

lf(II瓦(11)

positiveint

瓦
(11)ﾉthell勺

)

)ylTでR(11)fol'anypositi゛eintegeril･゛difthereexists

8positi゛eintegernsuchthat(IT瓦(゛))Collt:ains8partialp.p.of

7TRI｀11へthenAゐ^(S,f)belongstoClassII'Further,ifAbl,b

(S.f)belongsVoClassIIsatisfyingtheseconditionS,th
よ辺≒,

(s,f)alsobelongstoClassIIfo゛anyむy6S'

わPZﾌ『

Pvoo

Let
containedi11‘･(゛汀瓦

wherea,a

'B2･゜.,B}denote8partialP°p.of711

(n)

ConsiderF(a:La2‘゛゜'%)yL｀2‥‥｀t‥'゛'
K'£乙U"1"2"t
OCTlisassumedtobeinsomeB.(l<i<e)and゛1゛2‥‥゛t‥'2'‘'゜゛n

isanarbitraryexternalinputsequence.

sequenceB0,B1,‥‥Et‥‥ofblocksof

a1〔x2°"゜n°Bi゛

F((゛?2°･'゛゜(゛゛)゛

1

6B≒

Ft

thereexistsa

suchthat

i

＼

Aseachblockof{B,BB}iscontainedinsomeblockof

(11)

'the17eexists8Se

こ

e

l

ceBO

で

B1≒‥゜'Bt゛‥‥ofblocksof7Tk
(11)

t

suchthatB ⊂B^' (t°Oj･929･‥.).Thisisequivalenttosaythat

alloftheP(a,a....a)゛sforanyx^x･‥.x･...are
1211｀:,X2.゜'Jt°゜゛゜12t

identical,whichintui°11impliesP(O‘1(X2‥‥an)゜P(a10‘....aj)for

V
pes*.Besides,theresultobt:ainedisvalidforanyZ?r6S'Onthe

therhand.7T石(幻如1,(11)fo17anynbythefactthat(7IR(11))≠7IR(11)゛otherhandﾀﾌT瓦

Thus"byTheorem4.3,thesysteminquestiondoesnotbelongtoClass

I●(Q●E●D●)卜
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4.5.D-SetanditsDecisionProblem

Aconfiguratﾆiona^a≪....OLiscalledaD-configuΓα亡を7nif

P((yL(゛2‥‥%)゜P((yL(゛2‥‥‰§)fol°町eS札Dstandsfordefinitein

t:hatanoutputsequenceisdeterminedsolelybytﾆhatpartofan

initialconfig゛ration.GivenAろ(S,f),theset:ofa11D‾

configurationsinA,,(S,f)will?edenotedbyAD(S,f,b^,b)

orsimplyΛDwhenS,i,b^,andb･areunderstood.

A^,whichiscalledaD-set,characterizesourclassification

of(A£

)
(S,f)}asfollows;

Classl⇔:3 k>0,AD⊃Sk

ClassI工ぐ==>AD≠φandthereexistsnok〉OsuchthatAD⊃S‘｀.

ClassIll⇔AD=φ.

Itseemstobeaninterestingproblemtoinvestigateproperties

ofD-sets.工nthissection,itisshowntoberecursivelyunsolvable

whetherarbitrarilygivenala2゛゜"‘＼belongstotheD-setofan

arbitrarilygiven

edbyembeddinga

automata.

Tur

(S,f).Theundecidabilityresultisobtain-
瓦召machine(TM)intoasystemofiterateve

Asasteptotﾆhegoal,aclassificationofthesystemsof

iterativeautomatawithaninfinitenumberofcellsinregardtﾆothe

rightt0leftinformationtransmissioncapabilityIsdefined,and

therelationsbetweenthisnevjc]assificationandthatof

(S.f)}arementioned.

{A
万

vK

4.5.1.ClassificationofSystemsofHalf-InfiniteIterativeAutomata

Asystemofhalf-infiniteiterativeautomataisacollection

ofaninfinitenumberofcellsarrangedasinFig.4.1,wherethe

transitionfunctionfofeachcellisamappingfromS3intoSas

before 工nordertoassurefinitenessofanoperation,itﾆisassumed
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thatthereexistsaspecialstates06S3calledaquiescentstate,

suchthatf(so゛So゛so)゛soinany(S,f

c.C2Cn

……→

[手ﾘｺ

←………

Fig.4.1.Systemofhalf-infiniteiterativeautomata

AsshowninFig.4.1,theleftboundaryconditionisfixedtobeS

Whenaninitialstatﾆeconfigurationa,a≪.゜"(xnisconcerned,itis

assumedthatthestateofce11Cicorrespondstoai(i°1゛2"..,n),

andtheotherCe:LlsC.(i>n)aregiventhequiescentStﾆateSo゛

Letp.(q;)denoteanoutputsequenceofC^,givenaninitialstate

configurationa°OCla2‘'゜゜CZn°

BeingconnectedwithaD-configuration,letusdefineanID-

configurationinthesystemofhalf-infiniteiterativeautomataas

follows;

ala21°･･＼isan工D-configuration⇔Pi((yL(゛2‥‥(゛k)゜p.(a,a20り)

forpeS大.

GivenS,f,andh^.thesetofallID-configurationsAID(S'f'≒)017

shortly^Dmaybeusedtodefineaclassificationofthesystems

ofhalf-infiniteiterativeautoiuata.Thatis,replace＼by^Din

thereformulationoftheC:Lassificationof{Aろ (S,f)}citedin

thissection.･Theclassificationthusobtai;j
y'1;gainrepresents

therighttoleftinformationtransmissioncapabilityofthesystems

ofhalf-infiniteiterativeautomata,whoseclassesaredistinguished

bysubscripti,asClassesli゛IliandII工i°

AsaresultofTheorems4.1and4.2,(S,f)withQuiescentstate
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belongstoClassI forsomeと乙esiff% ,(S,f)belongstoClassl

ThefollowinglemmaplaysanimportiAtrroleintherestof

thissection.

Lemma4.11.

For゛my(S,f)withquiescentstate,ifala2‥‥(友eS゛is3

D-configurationforsomeb乙

ratﾆionforthesameh^.

丿
『
eS,thenitisalsoanID-configu-

Proof

Assumethat(X1(X2°゜'｀%iSnotan工D-conflguration.ThatiS゛

assumethatthereexistsaconfigurationら.62‥‥Smsuchthat

Pi((yL(X2‥‥%)≠Pi(a1(X2‥‥ak61S2‥‥‰)゜LettobethetimeV゛hen

Pi((yL(x2‥‥(゛k)811dPi(a?2‥‥%6162‥‥6 )producedifferent
･･乙K工･∠K･'∠m'‾‾‾‾‾‾

outputsforthefirsttime.Then･I)(呼石こ‾こ&い7可こ‾こ1｡)≠

((RyこてTTこJi§y匹).whichcontradictsthehypothesis

thata].a2゛゛゜‘aisaD-configuration.Hencethelemmaholds.

(Q.E.D.)

Itcanbeeasilyseenbytheabovementioned:Lemmathatif(s,f)

belongstoClassI工工i゛thenitalsobelongstoClass工II.Whether

theconverseofLeimna4.11holdsornotisopen.

4.5.2.EmbeddingaTuringMachine

Itiswe1:LknownthatanyTMcouldbesimulatedbyanequivalent

TMwhichoperatesonapotentiallyhalf-infinitetape.Now,letus

considerasystemofha:Lf-infiniteiterativeautomataembeddingsuch

aTMthatoperatesonahalf-infinitetape･

FollowingDavis[10],letusdefinea(simple)TMbyafinite

nonemptysetPofquadruplesoftheforms(1)qlSjSkqZ(2)qlSjRqZ

(3)qiSjLqZ'咄el°eqiand≒゛e111theset(?{q1'q2'゜‘"qr}

011それtevndlstates､andS

jisanelementofthesetK∃B゛S1"゜..sI
oftapealpTaabet.AsforfurtherdetailsofTM,seeDavis[10].
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Letusconsideracell(S,f)arrangedasinFig.4.2,where

B:blanktape

e:absenceoftheheadofTM

jB
eC

(?)(㈲)……側芽……

Fig.4.2.Systemofhalf-infiniteiterativeautomata

simulatingaTuringmachine

S=Kx(QU{e}),e6Q,andfisamappingfromS:? intoS,simu:Lating

essentiallythebehavioroftheabovementionedTMasfollows;

(1)Incaseqis.SkqZCP'

)ぺ ))=(＼)forVa･6eK.

Rq^GP,

(2))゜(gj)an‘1ﾌﾞ((か)･(;)･6)=(も)

for^a,3eK.

(3)Incase"1=3Lq^6P'

f((;)'(11)'(2))゜(j)andf((2)'(2)'(11))゜(E)

forVa,BeK.

(4)1乙ｽ17Uとご

S

c:でewhere8tleastoneof゛andybothin

f((2),(2),(J))=(2)forVa,叫K.

工fthereexists,inanInitialstateconfiguration,oneand

onlyoneelementofQ(in8fo°(;)･qGQ)thenthesyst°ofhalf-

Infiniteiterativeautomatacomposedoftheabovementioned(S,f)

゛ithib-=(e)simu:LatesstepbystepthebehaviorofthegivenTM‘

ThoughthesystﾆemofInfiniteiterativeautomatathusconstructed

isindeedasimulatorofaTMundertheabovementionedrestriction,

whathappensiftherestrictionisremoved?Thatis,weshould
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consideracasewheretherearemanyelementsofQinaninitial

stateconfiguration,whichisnecessaryintreatingthesystem

generally.Thesituationinquestﾆioncorrespondstothecasewhere

therearemanyTM゛SdefinedbythesamePscanningatapeat

differentsquaresindependently.Insuchacase,theT゛Smaycollide

eachother,whichwillresultinconfusion｡

Inordertoavoidthecircumstances,itisassimedapriori

thattheactionsoftheleftsidecellaredominantwhentwoTM'sare

sidebysideinoursystemofhalf-infiniteiterativeautomata.For

e゛8°pie,ifqiaRq乙andqj6Lqkareinp,fshouldbedefinedas

f((a),(6),(苫))刎丿ndf((ぶ)'(斤(Q)当ﾊﾟ゜丿四゛

Acell(S,f)constﾆructedinsuchamannerissaidtocorrespond

toaTM.

4｡5.3.HaltingProblemofTMandID-Configuration

Hereweexplaintherelationbetweenthehaltingproblemof

TMandthedecisionproblemwhethergivenaa2°¨‘"kisanID-

configurationornot.

First,letusconstructaTMT'fromanarbitrarilygivenTMT

asfollows:

Bekao-loTofT≒

T'isassumedtobescanningtheleftmostsymbolatthestart

ofitsaction,andthenmovestotherightuntilthefirstblock

betweenthesymbolλ゛Sisfound.Afterfindingtheblock,T゛acts

likeTregardingtheblockasitsinitialtape.Whilesimulating

t:hebehaviorofT,ifT'happenstoscantheleftsideλ,T'shifts

thecontentsoftheblock(includingtherightsideλ)onesquare

totheright.ThusT'doesnotgototheleftoftheleftmost

入insimulatingT.IfT'happenstoscantherightsideλ,itonly

shiftstheλonesquaretotherightignoringwhathappenstothe

rightpartofthetape.IfandonlyifThalts,thenT'movesto
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theleftthroughtheleftmostλandhaltsattheleftmostsquareof

thetape･

WhenT゛isgivenaninitialtapecont:ainingmorethanone

λatanywhereexcepttheleftmostsquareofthetape,thenthefollow-

inglemmaholds.

Lemma4.12.

Undertheassumptionofthedominatﾆinglefthandsideheadof

TM,whentherearemorethanoneheadofTM,thefollowingrelation

holds.

Thaltsforsomeinitialtape.⇔T'returnsbacktotheleftmost

Squareforsomeinitialtape.

Proof

=S>lfThaltsforaninitﾆialtape6162"■＼'thenT'with

initialtape[V2--゜aj6]ﾁﾞ2‥町λwherea.べλ(i°1,2,.."k)'

returnsbacktotheleftmostsquarebytheconstructionofT'.

<=LetﾆtherebeingeneralmorethanoneheadofT≒Thehead

scanningtﾆheleftmostsquareoftheinitialtﾆapemovestotheright

erasingtheencounteredheadsifany(bytheassumptionofthe

dominatinglefthandsidehead)untilthefirstλisfound.After

findingthefirst入,itstillmovestotﾆherighterasingtheencounter-

edheadsifanyuntilthesecondλisfound,andthenitreturnstoone

squarerighttothefirstλ,beginningthesimulationofT.According-

]Ly,theheadreturnsbacktﾆotheleftmostsquareofthetapeonlyif

Thaltsforthetapecontainedbetweenthetwo入's.Thebehaviorof

headsifanyscanningtherightparttotﾆhesecondλdoesnotinfluence

thesimulationofTbecausetheheadsinquestioncanmovetotheleft

throughthesecond入onlyinhaltstateofTwhichmerelypropagates

totheleftwithoutrewritingthesymbolsonthetapeandeventually

vanishesbyencounteringtheabovementionedheadsimulatingT.(Q.E.D.)

GivenanyTMT,letﾆusconstructaTHT'fromTandconsidera

cell(S,f)correspondingtoT≒'Let(X10C2‘゛゜゜a,denoteaninitial

stateconfigurationforsystemscomposed･oftheabovementﾆionedcells.

Where%.e(K‾(肩))(q1(qlistheinitia:LstateofT')and(xie{K一位})xe
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(i°2939･‥･,k).Then,wehavethefollowing

Lemma4.13.

Pi((yL(゛2‥‥(‰)゜Pi((゛)ﾀ2‥‥%β)forりeS゛iffanyheadofT゛

neverretﾆurnsbacktotheleftmostsquareofatapewithinitial

configurationscorrespondingtﾆoaa°゜‘゜＼pforVp6S大‘

Proof

Leta'a≒゜゜゜(xk゛beaninitﾆialtapeforT'wherea.'corresponds

tothesymbolp゛tofa.(i°e°'(yiﾆ(2i゛),xeou{e}).Bytheassump-

tion,ctﾊﾞdoesnotequaltoλfori=l,2,...,k.,andtheheadofT゛

goes011

1

゛Oχi?gt:otheright‘Accordingly,p.(a:LO‘2‥‥%)゜(X:L(;1゛)

(1)‥‥(1).‥‥
e

Onth

:

otﾆherhand･Pi((yL(゛2‥‥%p)゜(り.(;1゛)(;1')‥‥(;1゛)‥‥

iffanyheadofT'neverreturnstotheleftmostsquareofthetape.

(Q.E.D.)

ByLemmas4.:L2and4.13,wehave

Theortﾖﾌﾌ?4｡7.

Let(S,f)andaa....abeasinLe°184°13'

Pi[゜]ﾀ2‥‥(‰)゜Pi((yL(12‥‥(゛j)fo17

initialtape.

4.5.4.DecisionProblems

First.for(S.f)anda

86S*iffTdoesnothaltforany

:L(X2゛゛゜゜a,usedinTheorem4.7,theconverse

toLemma4.1:Lisshowntohold.

Lemma4.14.

Let(S,f)andaa^....a,beasinTheorem4.7.a:L(X2:.‘゜‘(xkis

aD-configurationifP.

1

Proof

((xl? 2‥‥(゛k)゜P1
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Assumethatﾆaa""(xkisnotaD-configuration.Then,there

existsaconfiguration6162‥‥‰S゛IChthatr((Xla2‥‥%)≠P(a1(X2‥

゜゜%6162°...B),whereZ°risassumedtobe(2)‘By8similar
reasoning3sintheproofofLemma4.13･P((≒(12‥‥%)91(;1)(ﾂﾞ)

‥‥(j)‥‥.Thus･P叫凶2‥‥%)≠P((y1(゛2‥‥%ら.ら‥‥‰)iffgiven

a]ﾌﾟa2゛‥‥%'S:L92゛‥‥‰゛8S311initialtapeforT≒theheadnever

goesofftotherightofthesquarecontaining6n≒anddoesreturn

backtotheleftmostsquareofthetape.Fortheheadtoreturn

backtotheleftmostsquare,itisnecessarytﾆhatthereexistat

leastt゛0入゛Sin6]ﾌﾟS2゛‥‥‰゛andthatThaltsfortheleftmost

p81°tof3*62'B'packedbetweentwo入゛Sasaninitia:Ltape.

Ifthisconditionholds,thenPi((yL(゛2‥‥%)≠Pi((yL(y‥･%ら.62‥‥‰)･

whichcontradictsthehypothesisofthelemma.(Q.E.D.)

ByLemmas4.nand4.14,wehave

Theorem4.8.

Let(S,f)anda,a2....ot.beasinTheorem4｡7.Then,a,02°゜゜'ak

isaD-configurationiffitisanID-configuration.

Asiswellknown,givenanarbitraryTMT,itisundecidable

whetherornotthereexistsatapeforwhichThalts,thatﾆds.

whetﾆherTdoesnothaltforallInitialtapes.Accordingly,weare

inapositiontostatethefollowingresults.

Theorem4.9.

Givenanarbitrarycell(S,f)correspondingtoaTM,thereexists

aconfigurationaa2°゜‘.a,es大sucttﾆhatitisundecidablewhether

P((yL(12‥‥c‘k)゜P((110‘2‥‥0‘kp)fol｀ 胆S札

Theorem4.10.

Givenanarbitrarycell(S,f)andaconfigurationa1(X2°゜..a6S*,

itisundecidableWhether(yLCχ2°...aisaD-conflgurationornot.
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4｡6.ConcludingRemarks

Weproposedaclassificatﾆionmethodofthesystemsofone-

dimensionaliterativeaUtﾆomatawithrespecttotﾆheir(rightt0left)

informationtransmissioncapabilityandrevealedsomecharacteristics

ofeachc:Lass｡

Althoughgeneralizationsandvariationsoftheproblemare

possible(e.g･,astothehigherdimensionalsystems,boundary

conditions,locationsofoutputcells,andsoforth),weconfined

ourselvestotﾆhemodelpresentﾆedinviewofaclearpresentation

oftﾆheconceptsandmethodsofourproblem｡

Itshouldbenotedthattheunsolvabilityresultin4.5does

notdirectlyimplytheunsolvabilityoftheclassificationproblem,

whichisshownelsewhere[42].Inpassing,itisdecidablebyTheorem

4°1tﾆhatgiven(SJ)゛わPbr゛andapositiveintegern,whetheror

notthesystembelongstoClass工withk-valuen.

Wehavebeentryingtheclassificationof{A(Z･
.､....∠汽

(s,f)}
i,･/S･ﾉﾉ

forS°{0,1}andZ1･゜1゛工tisratherhardtoaccomplishthetask

evenforthissimplestcase.Byvirtueoftheleiimasandthetheorems

inthischapter,andofsomeingeniouscalculations,wehaveclassi-

fied200ofthetotal256kindsof2-statecells;124cellsarein

^I' 47cellsareinC工工゛
and29cellsinC

whichareknowntobeinC･

I工I°
Andofthecells

themaximumk-valueequals7.The

detailedclassificationresultsarelistedintheAppendixA
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CHAPTER5

INDICESCONCERNINGCONTROLLABILITYOFTHESYSTEMS[28]

5.1.Introduction

Inthestudiesofthesystemsofiterativeautomata,analysis

andsynthesisofthesystemshavethetwomainfeatﾆures;theformer

problemistoseekwhatkindsofcharacteristicsthesystemshaveor

howasystembehaveswhenthecomponentcellautomatonisgiven,

whilethelatteristoshowhowtoconstructacomponentCe:LIautomaton

whensomecharacteristicsorbehaviorsofthesystemsarespecified.

Inbothcases,thekeypointiswhatshouldbetreatﾆedas"character-

isticsorbehaviorsofthesystems"andhowtorepresentthem.For

example,wehaveadoptedinthepreviouschapters'regu:Larityof

certainstatesets'and'informationtransmissioncapability'of

thesystemsassuchfeatures.Inthischapter,weinvestﾆigatethe

problemofcontrollingtﾆhesystemsfromtﾆheoutﾆsideofthem｡

Itisfundamentalinviewofcontrolaswellasfiniteautomata

theory,whetheranautomatonisstrongly-connectedorsimply-connected.

Andifaparticularstateisspecified,whethereverystatﾆemaybe

reachedfromthestate(reachability)andwhetherthestatemaybe

reachedfromeverystate(controllability)arealsotheimportant

marksforanautomaton｡

Hereinthischapterwedefineindicesofthesystemsofone-

dimensionaliterativeautﾆomata,concerningstrong:ly-andsimply-

connectedness,reachability,andcontrollabititybythelimits

howthesepropertiesaremaintainedwhenacellautomatonisadded

onebyonetoasystem.Relationsbetweenanindexandaparticular

state,relationsamongtheindicesandthetimestepsneededforthe

controlarerevealed.Examplesofsomevaluesoftheindicesare
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alsoshown.

5｡1.1.Definitions

Let1I=(X,Q,λ)denoteafinitestateautomaton(withoutoutputs),

wherexandQarefinitenonemptySet:s(ofinputsandofstates,

respectively)andλisamappingfromQXXintoQ(statetransition

function).Letﾆχ火bethefreesemigroupwithidentitygeneratedby

X.ThenλmaybeeasilyeχtendedtoamappingfromQXX大intoQ.

Thatis,byrepeatedapplicationsof入(q.x'x")゜入(入(q,χ゛),χ"),

whereqeQandx≒x"ex札

Astateq'6Qissaidtobereachable£romastateq6Q(written

qR'q')ifthereexistsanInputsequencexex*thatcarriesqtoql,

i.e･,入(q,x)=q≒LetR(q)denotethesetofallreachablestates

fromq,i.e･,R(q)={q'IqR゛q'}.

D好ぞ冠七■■ion5.1.(Stvoれ9珀一connectednessofM)

Misstrongly-connectediffq'6R(q)forVq6QandVq゛6q

Thestrongly-connectednessisalsodefinedforapairofstates

inQ.Thestatesqandq゛aresaidtobestrongly-connectedifqR'q'

andq'R'q,whichisdenotedbyq%tq≒%tisanequivalencerela-

tionon0,andwhoseindex(thecardinalityofthequotientsetQ/RSt)

willbewrittenasm(M)゜Theabovementioneddefinitionoftﾆhe

stronglv-connectednessofMisequivalenttom(M)゜1゛

Defini七■ion5.2.(simply-connectedれessofM)

Missimply-connectedifffor^qGQand'^q'eQ,thereexistsa

sequenceofstatﾆesqlq2｀゜゛゜qp[q]ﾆq'c=q')S゛chthatqi+1eR(qi)017

qi6R(qi+1)(i°1,2,....,p-l)holds°

Now,therelationR'isreflexiveandtransitive,butnot
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symmetric.S0,1etRspbetheequivalencerelationonQderivedfrom

R≒andlettheindexofRbem(M).Thedefinitionofthe
spsp

simply-connectednessofMisequivalenttolllSp(M)゛1°

Intheabovedefinitions,eachstateofMhasequalweightin

thatnospecificstateplaysaparticularrole.Butinthefollow-

ingdefinitionsofreachabilityandcontrollability,theyaremade

withrespecttosomeparticularstate.

R(q

s

D好仙ぞ七そon5.3.(ReadhdbiZityofM晩豆゛espectto%)

Misreachablewithrespectto%for8givenstateqSCQiff

)゛Q°ConcerningthereachabilityofM,thestate%isreferred

toasaninitialstateofM

Defini七仙45.4.(Cont‘゛ollabilityofMwもthrespecttoqd)I

Miscontrollablewithrespecttoqdfor8givenstateqd印

iffq6R(q)forvq6Q゛ConcerningthecontrollabilityofM,tﾆhe

stateqdisreferredtoasatargetstate.

Now,letusconsideraniteratﾆiveautomatonoflengthnwitha

mixedboundarycondition.Ea(ﾎcellanditsbehavioraredefined

by(S,f)asusual.TheleftboundaryconditionisfixedtﾆOろ乙andthe

rightboundaryconditionisvariable,whichisconsideredtobean

input･.(SeeFig.5.1.)

c,C2C3Cn

b414°<3h-一儀･･■

径

Fig｡5｡1｡Iterativeautomatonoflengthnwithamixedboundarycondi-

tion

Forfixedn,theautomatonwillbedenotedbyA25^(S,f,n)or

simplyAZﾝ(n)when(S,f)isunderstood.Formally,A2p(S,f,n)is8

finite
ぷ
t｡automatonrepresentedbyatrip:Le(S≒S'%)where

乙
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言s工二言二言二言ご二二翼言ﾆﾌﾟ゛゜s‾

二二ご二二二二ぎ二魚(翼二｡
二匹二撚二二二言言言よ二竺言｡
stateautomatonrevealthemselvesifwevaryn,thenumberofcells

intﾆhesystemofiterativeautomata.

WhenwearedealingwithA,(n),thecorrespondingR≒RﾀRst゛

andR aredistinguishedbyasuperscript

andR°,respectivelv･
sp‘

n,asR゛n゛Rn゛Rstn゛

5｡2.IndexofStrongly-Connectedness

Regardingthestrongly-connectednessofasystemofiterative

automata,thefollowingsimpletheoremisoffundamentalimportance.

Theorem5.1.

Foranygiven(S,f,by),thefollov゛ingrelationholds.

1?st(≒｡(n))≦%t(Ay(11+1)) n°1,2

Th｡｡

二九(こ二言言言なご二

1

ﾆﾌﾟ゜orphici°geof≒(゛1)'

Proof

Thelefthandsideoftheinequalityisobvious.

Let[n+l.n+1besuch3blockofthepartitiondefinedby,

11

S
ご+1011SII十:LO;tA≒(11+1)th3tCoilt8111S(Zi1+1°aa2.゜゜(XI1+1((゛16S'i°

1,2,,n+l).Letddenoteanoperatorwhichactsonaconfiguration

ofanylengthandproducesashorterconfigurationbydeletingthe
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rightmostelementoftheoriginalconfigurationsForexample,

d(aa2..゜nn+1卜ら.C゛2‥゜%゜ForasetofconfigurationsB,theoperator

isdefinedbydB={x|dy=x,^y6B}.

Let♂+1°(yLa2‥゛%+1811d戸+1°ら.62‥゜‰+1(ai'町.CS'i°1,2,..゜゜'

n+1).Inasystemofiterativeautomata,ifαn+1R゛n+1pn十1,tﾆhend(Zn+1

RIIld戸+1holds°Thus'if戸+16[♂+1]R11十:L,whichiseauivalentto

αn+1R'n十:Ln+1andpn+1R゛n+1n十,then;ln+1R゛ndpn+1anddfln+1Rlnd(Zn+1

hold.So゛eh゛ed戸+1C[d♂+1]Rn,whichmeansthatd[♂+1]Rn+1

⊂[d(zi1+1)R

stｸﾞNowwecandefille

sl

mappingφn+1fromA≒(11+1)/

ﾐ

ご+1

into

....a

Aわz
(11)/RsJbyφ

11+1([(゛11+1)Rstｸ+1)吋d♂+1]R sjl'

Next,letusconsider[(zn)Rnforanarbitrarilyfixedぼn

st

Bytheafore゛e吐ionedresult'd[♂(゛)R

sご+1⊂[♂]R stｸn"｀‾‾"‘^st‾｀‾'‘＼t

holdsforv(XCS°Thus,φn+1isanontomappingandtﾆhetheoremis

established.Theequalityoftherighthandaideoftherelation

holdsiffφn十:Lisonetoone°(Q.E.D‘)

AscorollariestoTheorem5.1,wehavethefollowings･

CovoZlav!j5.1.

Given(S'f'≒)'if七(n)iSstrongly-connected,tﾆhensois

Aji(n-1),wherel1≧2‘乙

Covollav!j5｡2.

?ｻﾌ､(s'≒≒ｼﾞ.iへA如ﾂ)isstrong!y-connected,thensoﾔ､貼乙

(k)(:L≦kひ),andifA≒(11)

(k≧n)isnotsoeither.

isnotstrongly-connected,thenA(k)

Bythiscorollary,weareabletoseethattheremayexista

criticalnumberofcellssuchthattheiterativeautomataoflength

uptothenumberarea11strongly-connectedandifweaddstillone

celltotheautomatoncomposedofthecriticalnumberofcells,tﾆhe
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automatonthusconstructedisnolongerstronelv-connectedandnever

afterwards.Thenumberisdefinedastheindexofstrongly-connected-

nessofasystemofiterativeautﾆomataasfollows.

Defini七もon5.5.(工ndexofstvongiv-eonnectedness)

InasystﾆemofiterativeautﾆomataA,(S,f),if

connectedandA7､(n+1)iSnot､thenniscalledthe

connect:ednessof thesystem,andiswrittenN
N

st

Aわ

Z

七言二薄
(S'f'≒)o･17simply

“'‾‾‾･St｀‾7‾"び｀'゛‘-“｀｢

言竃⊇二二言言二言謡惣J･゛

NSt°(゛3iffAZﾝ(1)isstrongly-connectedandφn+1isonetoonel

(ll°1,2,3,....).itC゛beeasilyseenthatφn+1isonetooneiff

jl(゛'sfor211a6SfallintothesameblockofAわ(11+1)/ぺ:t1゛

Thoughamoregeneralcharacterizatﾆionofastatetransitionfunction

fthatmeetstheconditionisopen,wehavethefollowingsufficient

condition.

Theorem5.2.

Given(S,f),iff(a,6,Y)≠f(a,B,Y')foranya,6,Y,andy'(y≠Y')

inS,t:henN
st
(S,f,b.)゜°°foranybyGS

こ丁こ

y(S,f)satiSfyingt:heconditionofthetheorem,itsuffices

toshowthatA.(n)isstrongly-connectedforanypositiveinteger

n,whichwillbぶdonebymathematicalinduction.｡

Aとj1)isobvio゛slystl°o昭ly-connected‘

LetA(n)bestrongly-connected.ToshowthatA(n+1)iS

Stlroilgly‾

こA

Ilected'itsufficestoseethatφn+1isonetoone°

ConsiderarbitrarilyfixedcC^eS^andanya,Bes.Bythehypothesis

oftﾆheinduction,thereexistsasequencex°xlx2¨'゜Xes大suchthat

F･((zn,(xx)゜αn.Then,bytheconditionofthetheorem,thereexists

asequencey°yly2‥‥ytyt+1suchthatf(%1μi'yi+1)゜゛i+1(i°0,1,2,
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'･'゜t),wherexO°(X゛xt+:IﾆらandanlistherightmoststateofFZﾝ(αn゛

a)c1｀2‥‥゛i-1)'ThusﾀFわ(ぼi10らy)゜(Zll6'i゛e°'(ZilaRμ1
+1゛11臥Asaand

6arearbitrarilychosen,agRぶ+1α11aalsoholds,andaaandcc3

belongtothesameblockofAと(n+l)/Rｸ,whichshowsthatφn+1

1sonetoone.(Q.E.D.)乙

5｡3.IndicesofReachabilityandControllability

Intﾆheprevioussection,anindexofstﾆrongly-connectednessfor

Aか(S,f)hasbeendefined.Canwevalidlydefineanindexof

reAchabilityorcontrollabilitysimilartothatofstrongly-connected-

nessforasystemofiterativeautomata?Thatis,canatﾆheorem

similartoTheorem5.1beestablished?

Thequestioncannotbeansweredgenerallywithoutreferring

tosomepartﾆicular(initial0rtargetﾆ)stateconfigurations･First,

v.-emakethefollowingdefinition.

Definition5.6.(Admissiblestatesequence)

ConsiderasequenceofstateconfigurationsΓα゜{(Z1ぶ2゛‘'゛‘αn゛゜゛‘h

whereαnisastate･configurationoflengthn゛ForagivenA(S,f≒n)゛

1etαnbeaninitial(atarget)stateconfiguration.Γ(Zissaidto

beadmissib:Leforreachability(controllability)iffreachability

(controllability)ofA,(n+1)impliesthatofA,(n)‘

Bymeansoftheabovementionedadmissiblestatesequencesfor

reachabilityandcontrollability,weareinapositiontodefinethe

correspondingindicesasfollows;

ぽ二ご言言:二二二言二二て二次

statesequenceΓ(z°{oc.,0^2,･･･.yCC>....},ifA,(n)isreachable

(controllable)v゛ithrespectto(ZI1andAわ
乙
(″゛十河isnotsowithrespect
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toαn+1' thenniscalledtheindex･ofreachability(controllability)

ofthesystemwithrespecttoΓ(zgandiswrittenNr(Γ“;S'f'≒)(Nc(

Γα;らt,b^ ))orsimplyNr (Γ(z).印c(Γα)).N(Γα)゜0(N(ru)゜0)iff

Aj,(1)isnotreachable(controllable)withrespecttoa,,and

Nr(Γ(Z)゜(')(Nc(Γα)゛司iffA2j(n)isreachable(controllable)with

respecttoαnforanypositiveintegern°

ForagivenA(S,f),thereexistvariouskindsofadmissible

statesequences.F6rexample,thereissuchasequencethat1S

admissibleforreachabilitybutnotforcontrollability.So,in

whatfollows,werestrictourselvestothe゛standard'sequences

insteadoftakingintoaccountallthepossibleadmissiblesequences

forreachabilityorcontrollability.Asisshownlater,therestric-

tionlosesalmostnothingessential.

D好もnition5.8.(Standco:ヽdstatesequeれce)

AsequenceofstateconfigurationsΓ(Z°xOC-itCL'^>･‘゜゛αn"‘..}is

standardiffczn+1°(n+1),(n+1),^°1,2,....).

Inastandardsequence,astateconfigurationoflengthn+1

1sobtainedbyaddinganyoneofthecellStﾆatestotherightofa

configurat:ionoflengthn.工notherWOrdS゛dαn+1°(Znforn°1ﾀ2"゛゛

Oneofthe･typicalstandardsequencesusedinlaterexamples

isrO祠

Astothestandardsequences,thefollowingtheoremholds.

Theoyyem5､3

Forany

reachability

ｷ (Sぱ),astandardsequenceisadmissibleforboth
controllability･

Proof

工t･isshownthatastandardsequenceΓcZ°ice,α2゛"゜ぶn"‘゜}
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ofA,(S,f)isadmissibleforreachability.Let(Zn°"l"21°'.anand'

びn+112nn+1°AssumethatAy4(11+1)isreachableV7ithrespect

to(zn+1゛Consideranyconfigurationsp=3丿2'゜.゛･‥6njllldpn+1卵jげ2°‥‥

6n13n+1'･Bythe･assumption,a,^R゛ pn4-]holds"hencedびn十:LR゛11

叩n+1I.e."“n'･R゛ll)nlThus,A,(n)iste‘achablewithrespectto“n゛

whichistobeshown.'‥･●●●●●●●●

(Q.E.

2T

)

fo17cont:rollability,thetheoremcanbep↑o゛edsimilarly°

｡

ﾌﾟ?le

｡

llll

｡

121

.

1

.

71::j↓1,

1

17'11;

,

･?:

｡

ZE2j:177

,

01

.

W“ｽﾞｽﾞ1;7

｡

712乙

ｴ

↓

ｴ｡

isstandard"isnotcorrect.Seethefollowingcounterexamplewhere

E7

a

l;

a

t〕ITisiibleforbothreachabi:Litﾆyandcontrollabilitybutnot

Couれterexample

LetS°{O゛:L}andZ)f1°'Consider

＠
･

f
一

001①

111,

101⊃

100, andΓ♂{0,11,000,0000,‥‥}.

GivenA^(S,f),N(r^)maybedeterminedforeachadmissible

sequenceforleaChability(notnecessarilystandard)Fn;゜LetN

bethemaximumofSuchNr(Γc/)'s,andletTabeasequencesuchthat

-
Nr(Γa)゜Nr゛Then゛wehavethefollowing犬

Theorem5.4.

Thereisastandardsequencethatmeetstherequirementsof

Γaforreachability･ﾚ

Proof

LetN=n.Then,thereexists8tleastoneconfigurational°

aa°･･'‘(xnwithrespecttowhichA,(n)isreachable.Construct
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Γi゛ 伝 P(z2"･"iαn゛'･'゜,}bylettinga.°°'l°'2"･'ai(i°1゛2"‘゜..,n)

andfora .(i>n)dαi+1°“i' ThuS,Γaisstandardandgivestﾆhe

maximumvaluei7｡(Q.E.D.)

'r_

Asimilarargumentispossibleforcontrollability.LetNc

denotethemaximumvalueoFNC(り)ISfol°8given

alladmissiblesequencesforcontrollabilityΓp･

sequencesuchthatNc(Γ7i)゜cThen,゛'ehave

昌二言丿

Theorem5｡5.

･Thereisastandardsequencethatmeetstherequirementsofりi

forcontrollability･

5.4.IndexofSimply-Connectedness

Anindexofsimply-connectednessmayalsobedefinedbymeans

ofthefollowingfundamenta:L

Theorem5｡6.

Fol°anygiven(S･fj)乙)･thefollowingrelationholds･

1詐sp(A≒(11))≦11sp(A≒(11゛1))'n°1,2,‥‥

5.1

Proof

TheargumenthereparallelsthatusedintheproofofTheorem

First,theleftﾆhandsideoftherelation1Sobvious.For

therighthandsideoftherelation,wearegoingtodefinea･mapping

中n+1fromA,｡(n+D/Rgp
n+1
into≒(゛)/RSp゛･andt:Oshowthatitis

●¶吋●･●
Let[(芦+1)RSpll+1118blockof七(11+1)/RsPil+1

Containing(Zn+1゛If13n+16[αn+1]n+1thenthereexistsasequence

ofstatesT1゛T2｀

orてi+1R゛n
+1

Ti

で3"'･'7p[T]ﾀﾞ

♂+1

'Tpﾘ11

+1)s゛lchthatTiR゛n+1‘ri+1

holdsfori=l,2,....,p~l≪So,thereexistsa
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sequenceofstatesdi1'dTi"λ｀dTp((iT辻d(?+1'dTp゛dp

dT.R

1
゛ndTi+1

n+1

)suchthat

ol°dTi十ﾒlTiholdsfori°1,2,.･,p-l.Thus･'d叶+1C【d♂+1】R.､j

andhence,d[α11十;L n+1⊂[d♂+1]n
R__

‘｀sp‘'sp

Amappingij;canbedefinedbyψn+1([♂+1]Rn+l)=[d(zl1+1)Rn°

.r｡で･spsp

Next'consider[♂]R4

)

゛fol｀811Fbit゛･ilyfixec!♂゜Then,d[♂[゛]R

sP

ll+1

⊂[♂]
RspforVaeS,whichassuresthatφn+1isanonto

mapping.(Q.E.D.)

Covol'lav!j5｡3.

Given(S'f'≒)'ifAわ｡(n)issimply-connected,thensois

A,(n-:L),wherell≧2

Now,weareinapositiontodefinetheindexofsimply-connect-

edness.

D好も遜七そon5.9.(工r＼Aexofsimply-comれectedness)

｡∠二:二二e翼言二ふ二回な)｡乱二y
connectednessof

N.N=Oiff
spsp

A,(n)issimply

thesystem,andiswrittenN
sp
(s,f,ろ
乙)orsimply

)isnotsimply-connected,an(?‘り.SP°゜)iff

ctedforanypositiveintegern･､

5.5.IllustrativeExamples

ln‘the･previoussections,wedefinedfourindicesconcerningthe

controllabilityofthesystemsfromouts･ideworld;theyareofthe

strongly-connectedness,thereachability,the･controllability,and

thesimply-connectedness.Asanillustﾆrativeexample,weusethe

fo:Llowingcell(S,f),andseehowlargetheseindicesareforthis

case.I
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LetﾆS={O,l}andb乙゜1°Consideratransitionfunctionf

definedby001and101言⊃

110110

AstandardsequenceΓOべ0,0090009‥‥‥}iSadoptedastheinitial

andthetargetstates.Figures5.2(1)-(6)showthetransition

diagramsofthesystemsAZﾌ(Sぱ,n)forn°1to6,respectively.

Bythesediagrams,theindicesforthesystemaredeterminedas

N
St°1゛NC°1゛N^=3,andNsp°5

AsfortheothercellswithS={O,l},theindicesarelistedin

theAppendixB.

n=1n=2

1

01⑤

110

st.c.

Fig.5.2(1)

C

1

notSt.C.

not.C.

R.

Sp.C.

0,1

Fig5.2(2)

Transitiondiagramsforasystemoflengthn
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n=3

000

001

010

011

100

101

110

111

0

-
100

1:L1

011

011

110

101

011

001

notst

not

C

C
R
C

pC
/
3

1
-
101

111

010

0:LO

111

101

010

000

Fig.5.2(3)

Transitiondiagramsforasystemoflengthn
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Fig.5.2(4)

Transitiondiagramsforasystemoflengthn
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I

n=5

Fig.5.3(5)

Transitiondiagramsforasystemoflengthn

notSt.C
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n=6

Fig.5.2(6)

Transitiondiagramsforasystemoflengthn

Notst.c

notC.

notR

notSp.C



5｡6.RelationsAmongIndices｡●

LetΓαbeanarbitrarystandardsequenceofconfigurations.

ForanyfixedA(S,f),thefollowingrelationsareself-ev工dent.

乙ｯ

Nsp≧可r≧Nr(r(z)≧Nst

-
Nsp≧Nc≧N｡(Γj/)%tﾌﾟ

(5.1)

(5.2)

If8y叩t:9゛t:onA,(S,f,n)isﾘ:eac臨bleandcontrollablewitﾆh

器工二ね二万ﾆTｺﾞぎﾔ“¨i°゛＼ｻぐ“ilis゛゜･･ce

Nst≧min(N(r^)･%](Γ(Z)) (5.3)

I

LetN
C

(rj)≧4(r
(Z).By(5°1)and(5.3)･゛'eh゛e

Nr(ら)≧NSt≧min(N(Γα),Nc(Γα))゜Nr(Γd).

Therefore,N(r^)゜N
St｀犬-.･･.

･･.

ln;caseN(Γα)≧Nc(Γα),weobtainby(5.2)and(5°3

Nc(Γ(Z)≧Nst≧111如(,Nr(≒)'Nc(l))゜Nc(Γ(Z)゜

『
/
-
ﾉ

.Sointhisﾚcase,N(Fα)゜NSt"Thus,thefollowingtheoremis

established.ﾄ.'

Theorem5.7.･･.･････.･.･･････.･･

ForanyA,(S,f)andanystandardsequenceΓ(Z9oneofthefollow-

i叩ﾂﾆwocaseso£c町s二……………

Nc(Γα)≧Nj(Γα)゜NSt017Nr(‰)≧Nc(Γα)゜NSt°｀,

AsacorollarytoTheorem5.7,wehavethefollowﾆing｡

CoToVlary5,k●＼十

●･¥●
-
NJNI｀(り)四Nr(Γ“)ｻﾞStお八尚･standardTよo゛Nc(Γi)゜NSt°

i
C°NC(Γj‘→叱(Γjで144tヶforanystandardΓ(Z017Nr(Γ石)゜NSt'

Next,letﾀ?｡consﾘ9FヶtwostandardsequencesFp^andFg,for

whichN17(Γ“))Nly(り)ho:Ld乱ﾆｴfNr(Γ“))Nr(り))Nst'thenNc(Γα)゜
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Nc(り)゜Nst byTheorem5.7.lfNr(‰))Nr(り)゜NSt'thenNc(Γα)゜NSt°

ln･bothcases,･N
c(Γp)≧Nc(Γj)゜Nst'

Similai:ly,ifweh8゛ejNc(Γα)>N(り)万'･thenNi(り)≧Nly(Γj)゜st

Theserelationsaresummerizedin一-づ

Theorem5.8.＼‥､'″

FでanyAﾀ

Z

(Sﾌﾞ)ﾌﾟﾌdanystandard

｡

?eq゛encesr^and

､

りI゛

Nr(Γα))Nr(り)゛゛N

Nc(Γα))Nc(り)⇒N

C
(り)≧N

C
(Γα)゜Nst'

r(り)≧Nr(Γ(Z)゛NSt°

5｡7.RemarksonControlSteps

Hitﾆherto,wehavenottouchedonaproblem:howmanytime

stepsdoesitﾆtaketotransitfromstateatop?Inthissection.

apseudo-distancefunctiond(o;,8)isdefinedandsomeofits

elementarypropertiesarediscussed.

D好i冠七ion5.10.(Coれ七TOIstepfuれctもoれ)

Foragivenit:erat:iveautomatonA,(S,f,゜)'dll(♂,p")isthe

minimumtimestepstogofromcLtopn.Z.Inotherwords,d(αn,pn)〒

�Ln{|x||Fと(♂μ)ﾘI≒xes*}゜ｴfb"isnotreachablefroma,

d(a,p)isassumedtobeinfinity.dl1(,･,.)iscalledacontrol

stepfunctionofA,(S,f,n),severalpropertiesofwhicharelisted
乱

below.

P.1

P.2

n
｡
~
d
-

P
P

dn(･,.)isapseudo-distancefunction:

od11(♂,pll)≧OfolFVαil･戸6SII;

゜¶lil(ぼ町叶)=Oや(zll=戸;

o'dll(♂,T)≦dll(α9,叶)十d(S,r)forVα町戸,?eSil;
-

oIngeneral,d'^(α≒p゛)≠dll(戸,(z゛)ﾚ

dyl(♂jll)o)⇒(ぐ(♂,戸)≦my(m=lsl)｡･よい･.

dll‾1(d♂,d戸)≦d(a:,B)｡
-

Forkny(Z116S≒thereﾆexists8"es"suchthat'dll((Zh,戸)≧n.
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Proof

LetN･((Z゛)denotethenumberofreachablestatesfromabythe

inputsoflengthi･へGenerally,N

ofpossibleinputs.Thus,

1((Zn)≦m,wheremequalsthenumber
-

Zj(jl)ﾍﾞﾑﾄi_m-1くll゛(III≧2).

Thus,αncannotreachallthestatesofA(n)whosenumberequals

♂,byupto(n-1)steps.(Q.E.D.)
･≒

P｡5. If(S,f)isofRPtype(See2.1.),thenfor-11andr"there

existsaessuchthatd11+1(♂cx,p%)=d11(♂,pll)forV咤S

‘Proof

ByP.3･jdU+1(♂乱p%)≧dil(♂･pll).Tocompletetheproof,itis

necessarytoshov゛thatd(aa,p3)≦dll(“゛'p゛)I'AssumethatFZ7((Z゛'

x)叫3n゛x°xlx2°゜゜゜xtandt°,11/11-IIn゜Leta°x1'Then,asinth
iproof

ofTheorem5.2,thereexistsasequencey°yly2"゜゜yt

suchthatFろ((ZI10‘'y)ﾘll恥゛hiChimpliesd11十(♂a,p"B)

(Q.E.D.)十乙

foreach&es

≦dll(♂j1).

p.6.工f(S,f)isofRPtype.dll(α≒戸)≦nforxi≒戸6Sll

Proof

Letαn=(Z
1(x2'゜"(xn-1(xn‘and

n-1'^
(d♂'%)

First,letusshowthatdl1(♂jl)≦
y‾1(♂‾1≒dpll)+1.There

existsasuchthatdl1((Zll‾110･,pll)=d11‾1(;11‾1≒dF)byP.5,anddil(α町戸)

≦d゛(♂･(?‾1゛(X)十(ily(♂‾1(;,p11)i)yP.I.As(S,f)isofRj?type.

‾---1曹,n-nn-:L
(X)゜1andtheabovementionedinequalityisshowntohold.

Astothepropositionthatd11(αll,pil)≦n,itcanbeprovedbytlie

mathematicalinductiononn,notingd(a,p)=1forVα1･p^es.(Q.E.D.)

p.7.If(S,f)isnotofRPtype.thereexistaandpllforn≧2
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sucht:hatd(a町戸)>n

Proof

As(S,f)isnotofRPtype,thereexista,6,Y,andY'(Y≠YI)

inSsuchthatf(a,3,Y)=f(a,6,T゛).Let(Zn°(X1(X2°゜゜‘゜‘

an-1°aandan°恥Astateconfigurationreachedfrom

一
a

n
n

a
.

1nwhere

bythe

applicationofaninputsequencexx･‥x.willbedenotedas

叫､(i)･‥.(し(i)(SeeFig.5.3).
121

■

(yL≪2°゜゜゛'゛゜‘(χn-1(xnx:L

a1゛(X2≒"‘゜'゛゜

ぐ) ,4
)

I
S
･
･
･
●
一
}

●●●●●

%!1べ)c2

ぐ a(11)
n

Fig.5.3.Stateconfigurationsreachedfroma

Considerak(Z)

(1)

(yL

(k十乙=n+l)Z=l,2,･･･.,n,whichisdetemnined

uniquelybyaandx°Bythechoiceofα,thereexistsatleast

onestate(letitbe6n)th8tcouldnotappear3SCZn゛thl°ough

anychoiceofx1°Asfora"n-1゛thereexistssomeStateSn-1゛yhich

couldnotappearattheplace,becausea'maytakeatmoSt(m‾1)

kindsofstates‘...?yasimilarreasoning,thereexist:S6kwhichcould

notappearaS(xk (k+Z=n+1)fork.=n,n-1,....2,1.Let戸祁1S2‥‥

6n゛thenitcan'tbeincludedinthesetofstatesthatarereachable

fromdbyuptonsteps.(Q.E.D.)

ByP.6andp.7,weobtainacharacterizationofRPtypecell1n

termsofacontrolstepfunction.Thatis,(S,f)isofRPtypeiff

tﾆhereexistsanintegern≧2suchthatdll((Zll,戸)≦nforV(Z町戸es".
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p.8.If(S,f)isofRPtype,forV(ZIlandp"^,thereexistsexactly

oneinputsequencen_°゛゛゛xnoflengtﾆhnSuc!1thatF,(iα≒?)

=戸●Z

Proof

鯛一intheproofofP°7'ﾐ?t♂゜a1(x2‥‥%811ddefille(x1(i)(x2(i)

....a asbefore°The(xk SべZ十k≦n)aredeterminedSO]Lelyby

..6atstepn,叫(y:shouldsatisfy
nK°

αn.工nordertoreach戸゜B,32'･･･68tstepl1'a
<":

/-χy-ゝn
f(z)Pa1(11‾1仏2

(n-1)
)祁1' whichispossiblebytheconditionthatﾆ

(S,f)isofRPtype.Further,sucha
｡-,2

Similarly,a.
(n-1),

(n-1)
isdetermineduniquely･

s(i=3,4,...,n)areuniquelydeterminedonebyone.

andx_isalsodetermineduniquelysoastosatisfyf(a

a

(n-1)
naX･ba±buUじしCi･inXI↓じuuiixquexyご｀j°゜uu°゜｀一一1-゜j-7j-X9_19

nn゜‰゜Continuingtheseprocesses゛lp゛゛d(Se

;

Fig‘5°4)'

●●nauniquexnputsequencex°x

thatbythisxn,αngoesto

(X:L (X2

-
C
M
a

I
Iａ

(
{゛ぐL}

(x

61

x
n1
a
o
.

●
一
･
●
一
一
･
一
一

(n-1)

2

isobtained.Itisevident

byexactlynsteps.(Q.E.D.)

n-1
a
n

�
n

ﾑａ

●●●●●

S2
●●●●●●

X1

X2

ぐ丿ぐ‾1≒

弘一1 6
n

Fig.5.4.(Zngoestopnbynsteps

5.8.ConcludingRemarks

Inordertoinvestigatecharacteristicbehaviorsofthesystems
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ofone-dimensionaliterativeautﾆomata,weproposedfourquantities

whichrevealhowmuchaninputsequencecancontrolthestate

transitionsofthesystems.Thoseindicesdefinedinthischapter

notonlyseemtobeinterestingforitsownsakebutalsohavesome

connectionswiththeotherproblems.Forexample,theindicesmay

behelpfulwhenweconsiderarealizationproblemofafinitestate

autﾆomatonintheformofourone-dimensionaliterativeautomaton.

andwanttoselectthepossiblecandidatesofcells.Theclassifi-

catﾆionproblemtreatedinthepreviouschapteralsois,thoughnot

sodirect,relevanttotheindices;arelationbetweentheinfor-

mationtransmissioncapabilityandthecontrollabilityofthesystems｡

Furtherdetailsoftherelationsamongtheindices,therelations

betweenaninitialstatesequenceandtheindices,andsuchapplica-

tiontopicsthatﾆarementionedabovearelefttobesolved.
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CHAPTER6

INFORMATIONMAINTENANCECAPABILITYOFTHESYSTEMS

6｡1.Introduction

Itseemsinterestingandimportanttotreatthebehaviorsof

cellularsystemsinthepresenceofnoiseorerrorinsomesense.

Thereareseveralworkswhichdealwithfault-detectionexperiments

incellularlogic,wher‘etwo-dimensional(unilateral)combinational

cellsareconsidered.[18,49]Andtherehasbeenlittleworkconcern-

ingnoises,errors,orinformationinthesystemsofiterative

automata｡

Inthischapter,weanalyzetheeffectofnoisesappearedin

one-dimensionaliterativeautomata,wheretheterm'noise'means

thatastateofacellhassuddenlybeenchangedtoanotherone,

thoughthefunctionsofeachcellarenormal.Weareconcernedwith

acomparisonbetweenthebehaviorofthesystemwithnoiseandthat

ofthesystemwhichoughttobe｡

Asisclearfromtheabovecontextﾆ,thetermnoisemayberead

astheinjectionofinformation.Thedifferenceiswhetherweregard

theeffectasdesirableornot.So,inlatersections,theproblem

willbeformalizedasthatofinformationmaintenance.

6｡2.Definitions

LetAX(S゛f)denoteasystemofone-dimensionaliteratﾆiveautomata

composedofcell(S,f)withanappropriatﾆeboundaryconditionx.S

isafinitenonemptysetofcellstatesandfisastatetransition

functionfromS3intoSasbefore.ThecardinalityofS(denoted|s|)
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isassumedtobem.

LetﾆS゛⊂S.AfunctiongfromS'intoSissaidtobe(n,n),

wheren.

1
and%31yepositi゛eintegerssuchthatIs'l°111andlg郊゛)|

゜no'Thesetof(n.,n)-functionswillbedenotedbyF(n
i゛no)'

VJhenwespeakofan(n.,n)-function,m≧niこnoisevidentby

thedefinition.An(ili' l)-functionisaconstantfunctionandan

(m,m)-functionisapermutationfunction｡

Consideraniterativeautomaton゛belongingtﾆoasystemAX(Sμ

whoseinitialstateconfigurationcontainsan(ni゛no)‾funct10ngat

somefixedCe:L1.Thestatesoftheothercellsareassumedtobe

element:sofS'i゛e°,(n.,l)-functions'[37,38]Thebehaviorofan

iterativeautomatoninsuchasituationmaybeinterpretedasfollows.

Thecellcontaininggactsasifithadnodifferentkindsofinitial

states{g(S')}.Theothercellsbehaveasusual,andinformationg

maypropagatethroughcellsinasuitablymodifiedform｡

工tﾆisclearthatifweassignan(n.,n)-functionasaninitial

state,thereappearsno(n'.,n')-functioninthesystem,where

nli〉ni'

Theremayoccurtwocases,whichdichotomizesthesystemsof

iterativeautomataaccordingtotheirinformationmaintenance

capability.Theyare:(1)atanytimestep,thereremainsatleast

one(n.,n)-functioninthesystem,and(2)atsometimestep,there

areno(n,n)-funtionsinthesystem°Ifthecase(1)occurs,for

every(n.,n)-functiongandeverycombinationof(n1)爽functions

asaninitialstate,thesystemAX(SJ)issaid･tobe(≒j%)爽preser^り1･れg･

Next,wedefineparity-preservingcharacteristics.Letusassume

11♂2°Consider8mapping゛゛fro°SUF,_.into{0,1}defined8S

w(a)ﾘ?j2;回

(111'2)゛

ThefunctionWiscalledaparityfunctionwhenthedomainisextended

to{SUF
(n. ,2)

}十
asfollows:
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w(心)=w(Q:)-fv(o･) (mod2),whereae{SUF
(11
1'

2)}

十

LetFχ(')denoteaglobaltransitionfunctionofAχ(S,f).lf゛(α)゛

w(F(of))holdsforeverystateconfigurationぽ6iS6F(n.,2).1+'゛'e

saythatthesystemisP-preseru^ng(parity-preserving^.Themain

objectiveofthischapteristoestablishtherelationsbetweenthe

(n.,n)-preservabi:Lityandthep-preservability.

First,wesummarizethepropertiesofthe(n.,n)-preservability°

6｡3.(n.,n)-Preservability'

Thefollowinglemmasareeasilyobtaiｿned.

£゛″翻α6.1.AnysystemA(S,f)is(n.,l)-preservlng･

Lemma6.2.Ifasystem A(Sぱ)iS(111,n)-preserv:t゛g'itﾆis

(n.,n')-preservingwheren゛o≦no“

LeynniCL6.3.･lfa‘systemAX(Sμitis

(n'_j

^

,n)-preservingwhereni≧n゛i≧no°几

FromLemma6.2andLemma6.3,wehave,.

Theorem6.1.IfasystemAχ(S,f)is(n.,n)-preserving,itis

(n'.‘゛nio)‾preservingwhereni≧n'>n'.

Lemma6.4.工f8systemAχ(SJ)is(111'110‾pl°eserving,itis

(n≒,n)-preservingwherem≧n'^>n..

Theorem6.2.1fasystemA
χ
(S'f)is(111,n)-preserving'itis

(り'.,n')-preservingwhenni≦n゛i≦mandn'o≦no゛

TheresultsofTheorem6.1andTheorem6.2arediagramatically

illustratedinFig.6.1.
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崎

＼

＼
へ

＼

＼

Fig.6°1°IfAχ(S,f)is(i,j)-preserving,itis

if(i≒i')iswithintheborderline.

へ

＼

(i゛

＼

-

,j

＼＼＼

＼

上白

')-preservlng

6.4.P-Preservability(|S|=2)

工nthissection,weexaminep-preservabilitywhenI<?I―9

andextractnecessaryandsufficientconditionsforA(S,f)tobe

p-preservingwherecdenotesthecyclicboundarycondition.

LetS={O,l}.Atransitionfunctionfmayberepresentedbya

tableasfollows:

a,b,c,d,e,f,g,h6S.

Anextendedtransitiontableisatransitiontableof[
?],[ふ],

[§],[119wherethefirstandthesecondrowofeachstatevectoract

independentlyundertherulef.[?]and[ふ]maybeidentifiedas

xand7,respectivelywherex,‘xeF(2,2)゜[§]and[t]mayalsobe

identifiedasconstantfunctionsOand1,respectivelywhere
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O゛16F(2,1)'Thevectornotationandfunctionalnotationofthe

extendedstatewi:LIbeusedinterchangeably.

Asanexample,ageneralextendedtransitiontableforxand又

isshowninTable6.1.

X

O
I

X
一
X

0 1

1C
g
r
L

Ia
e
r
L

l
j

d
hr
L

I
b
fr
L

1
c
hr
L

Ia
fr
L

1
d
gr
L

I
b
er
L

X
-
X

1C
eE

l
j

a
g

1
d
fEI

b
h

1
c
fr
L

Ia
h

b

g

d

e

-
X

O
I

X
一
X

0

1
e
aＥ

I
J

f
bE

l
j

e
br
L

1

f
ar
L

1

-

g

c

h

d

g

d

h

C

X

e

C

f

d

-
X
-
○

0

1
g
br
L

Ie
d

1
h
ar
L

I
f
C

Table6.1.Anextendedtransitiontab:Leforxand･

WedenotebyW(x)amatrixwhosei-jcomponentisw(a)where

(xisthei-jcomponentofanextendedtransitiontableforx.

W(x)=[w..
1

'i‘e‘'可:]゜ww[;]゜゛12etc.

Thefollowingfourlemmascanbeeasilyobtained.

Lemma6､5.

1fAc(Sj

Proof

FromFc(゛)゜[
a]゛(1≒(゛1)゜[か[a]･wegeta≠handd≠ebythep-

preservingcondition. Then゛w11°w[

a

e

hetrvncL6.6.

1fAc(S'f)iSp-preservlng,then

゛11｀22°1⇒,[:]ぺ]
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c(S'f)tobe

゛1]ｸ22°O⇒[:]≠(

Proof

WhenW11°w22°1holds,a≠e,andd≠h°Further,wehavea≠hand

d≠efromtheproofofLemma6.5.Then,a=e=dande=a=h.Thesecond

casecanbeprovedsimilarly.

Lemma6.7.

1fAc(Sぱ)isp-preserving,゛712°｀゛21

Proof

Noteth武Fc(1゛O)吋:][?][;]andFc(O゛1)゜[l][:][;]゛

]:fb≠fthen(e=gandc=d),or(e≠gandc≠d)holds.

工nbothcases,c≠gcanbeestablishedbythefactd≠eshownin

theproofofLemma6.5.Ifb=fthenc=gcanbeobtainedsimilarly･

Lemma6.8.

1fA(S,f)isp-preserving,then

゛1]ﾀﾞ゛22°1⇒[;

町.:Iｸﾞ22°い゜゛[;

Proof

NotethatF(OXO)=[
C

D:

工ncaseW11

-

≠

b

f

b

f

･
≫
>

1
‐
J

;:]andFc (1×1)=[71 [かln]

｀゛22°1'8≠eandd≠hassurethatb=candf=g

Theothercasecanbeshowntoholdsimilarly･

Thus,weobtainedfournecessaryconditionsforA

p-preserving.Theyare

C｡1.

C.2

wn°w22;

yLｸﾞ2戸⇒[;]ぺ]･

W1:L
゜｀゛22°O⇒[;]≠[

a];
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C

C

3

4｡

W12°W21;

゛1192戸⇒[y[?]

゛1ｸ22°O⇒[;]≠[?]

Lemma6.5toLemma6.8aresummarizedas

Theorem6､3.

IfAc(SJ)iSp-preserving,thenC°1゛C°2,C.3,andC°4hold.

Inthelatterpartofthissection､wewillshowthattheconverse

ofTheorem6.3isalsotrue.

LetMbea4x4matrixasshowninFig.6.2.

M=

j
"^11m121m13m14

m21
〉くm

22

1m/＼m

一一-一一-一一一H-一一---一一一一

m3:Lm32111133m34

m41

〉<l

n421m43

x

m44

Fig.6.2.DiagonalpairsofM

j

ApairofelementsofMconnectedbyaright(left)upwardline

isc81:Led8right(left)diagonalpair0fM゛Forexample'1111and

m22is8leftdiagonalpairandm43andm34isarightdiagonalpair

ofM.Apairofrightand:Leftdiagona:Lpairswhoseconnectinglines

intersectissaidtocorrespondtﾆoeachother.

Lemma6.9.

IfC.I,C.2,C.3,andC.4hold,thentheelementsofeach

(rightandleft)diagonalpairofW(x)arethesame.

Proof

FromtheconditionsC.1andC°3,wehaveW11°W22andw=w

Asfortheotherpairs,seeTable6.2below.
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工ncasew1]ﾀﾞW22=l,i.e‘

ゅべ].[g]=[f]次

Incasew°w22°O゛1°e'

○ぺ1亦司1:;ﾆこ

w1ﾀﾞw24 a°g-4d=a=g°f

d=f->a=d=f°g

a°g→d石弓=f

一一d=f-･a=d=f=g

W31°W42 a°f-^d=a=f=g

d゛g-ﾀﾞa°d°g°f

--
a°f-yd=a=f°g

一一
d=g-*a=d=g=f

w3?w44 a°h-yd°a°h°e

d°e一子a°d°e°h

a=h→d=a=h=e

一一
d°e-4a°d°e°h

W14°W23 c°e一今b°c°e°h

b=h―>c=b=h=e

c°e→b=石=i=h

一一
b=h一心c=b=h=e

W32°W41 c=h-b=c=h°e

b°e~*c=b=e=h

c=h―>･b=c=H=e

b=e→c=B=e=h

^34=^3
c=f―*b=cφg

ﾔg‾゛c=b=g=f

c=f―*b=c司r=g

b=g→c=石=1=f

Table6.2.ProofofLemma6.9

Lemma6.10.

IfC.I,C.2,C.3,andC.4hold,thentheequalitﾆyandinequalityof

theelementsofarightdiagonalpairmeanstheequalityandinequal

ity,respectivelyoftheelementsofthecorrespondingleftdiagonal

pairintheextendedtransitiontableforx.

Proof

FromtheconditionsC.2andC.4,theLemma1Struefortheupper-

leftpartoftﾆhetableforx.Astotheotherpartsofthetable.

C°bholdswhentheelementsofarightdiagonalpairarethesame.

Then,w
11°w22°1mustholdfromC.I,C.3,andC.A,ensuringa°d,e=h,and

g°f.Thustheelementsofaleftdiagonalpairarethesame.

Conversely,iftheelementsofaleftdiagonalpairarethesame,those

ofarightdiagonalpairareshowntobethesamebyasimilarreasoning･
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£errma6.11.

IfC.＼,C.2,C.3,andC.4hold,thentheequalityandinequality

oftheleftdiagonalpairoftheupper-leftpartofthetableforx

meanstheequality芦ndinequality,respectivelyoftheotherdiagonal

pairsinthetablefor,x.

Proof

L･1=に 1
d
hr
L

I

lf[;]≠

FがomC.2andC.4,[;]equals[^].

か,thena≠dbyC'2

Lemma6.12.

wi1°w

yLi゛'2j

4心⇒wi3゛314s

令‾⇒ﾂ3ﾀﾞ゛4j'

(1=1,2,3,4);

(1=1,2,3,4).

Proof

WehereshowthatW11°1213°w14‘

Asw[:]=w[;],twocasesmustbeconsidered;1)a=e,c=g,and

2)a≠e,c≠g.

一
ｴncase1),w[2]=w[:]=w[:].工ncase2),w[;]=w[;]=w[:]=w[;].

Theotherrelationsaresimilarlyproved.

Lemma6.13.

Let2×2matricesW,(1=1,2,3,4)･beminorsofamatrixW(x)

arrangedasw(x)jU1呪).1Ifapairofthefourminormatrices籾

thesame,theremainingpairisalsothesame.

Proof

LetW1°W2 Thene=gandf=hho:Ldbytherelationsw[:]=w[;]

andw[7]=w [t],respectively.Thusw[;]=Q[;:],w[と]=w【l】,w[^]=w[f].

and゛゛[2]゜゛゛【2】,i.e°I'W3しW4°Theothercasescanbep“)゛edsimilarly.･
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Lemma6.15.‥.｀

IfC.I,C.2,C.3,andC.4hold,possiblepatternsofW(x)are

limitedtothefollowing8tﾆvpes･,y,

f9

h

f246

10

01

01

10

01

10

10

01

｀‘T

f
105

5

f150

11

11

00

00

00

00

11

11

^111

T2

f144

10

01

].0

0ﾆL

10

01

].0

01

f15

T6

f240

11

ﾆL1

11

11

11

iﾆL

11

11

f53

T3

f202

01

10

01

10

10

01

10

01

f51

Tﾌ

f2 04

00

0･0

11

11

00

00

11

11

f83

T4

f172

01

10

10

0ﾆL

01

10

10

01

f85

T
8

f170

00

00

00

00

11

11

11

11

(Asforthenumbersaccompanyingf,seeAppendix.)

Proof

utilizetﾆheresultsofLemmas6.9and6‘12°Noticethatw33°1

(i.e.,a≠h)isassuredbyC.1andC.3.

Wehavehithertoconsideredseveralpropertiesoftheextended

transitiontableforχandW(x),underconditionsC.1toC.4.

MatricesW(幻,W(0),andW(l)arerelatedtoW(x)by

Lemrtia.6.16 (i)

W(･)=

●

l
C
M
<
r
n

ｗ
ｗ
ｗ
ｗ

l
l
l
l

l
C
N
-
*
n

W
W
W
W

/
9
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2

2

2

2

W14

W24

W44

W34

"l

W2

W4

W3

庭
い
｢
刻
/
y



(ii)UnderconditionsC

W(O)=

4
4
1
1

0
0
一
W
一
W

j 0
0

-
W14

-
W14

W(O)=W(1)=

-
W14

-
W14

0

0

0
0
一
W
一
W

j

●
1,

-
W

0
0

0
0

C.2,C

W(l)

W13

W13

0
0

n
n

I
I

一
W
一
Wr

o
e
n

l
l

W

W

0
0

恥
に
碩
ﾅ
順
し
に
卜

,andC.4;

0
0

C
O
r
o

l
l

一
W
一
Wr

n
n

l
l

-
W13

-
W13

0
0

-
W13

-
W13

0
0

(incasew11゛w22°1)

(incasew1:L°w22°O)

ProofOmitted.

Nowweareinapositiontoshowtheconverseof

Theorem6.3.Thatis,wehave

Theorem6.4.

工fC.I,C°2,C.3,andC｀4hold,thenAc(S'f)isp-preserving.

Proof

Anoutlineoftheproofisshownasfollows;ByLenma6.15,

weknowthatpossiblepatternsofW(x)arelimitedonlytothe8types,

iftheconditionshold.Further,wecangettﾆhecorrespondingW(x),

W(0),andW(l)byLemma6.16｡

Thus,itsufficestoseethep-preservingpropertyforallthe

8typesofW(X).Weshowitbymathematicalinductionwithrespect

tothenumberofcellsinasystem.Asatypicalexample,thetype

T10fW(x)listedinLemma6.15isused‘Thatis,wetreatthefollow-

Ingfourmatﾆrices;
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1
0
0
1

0
1
1
0

0
1
1
0

1
0
0
1

j

一
一
りχぐＷ

0

0

0

0

0

0

0

0

0
0

0

0

0
0
0
0

W(l)=

1
0

0
1

1
0

1

0

0

1

1

0

jo
1
0
1

jl
1
0
0

1
1
0
0

0
0
1
1

0
0
1
1

-

Letf((:x,6,Y)=6'.Theweightof6'iscalculatedby

w(3')=w(6)

w(6')=w(a)+w(Y)+w(6)

w(3')=b(a)十bCY卜w(6)

w(6')=a(a)十a(Y)十w(6)

when6=0,

when6=1,

when3=x,and

when6=又,

whereaandbarecharacteristicfunctionsfor{O.x}and(Ox),

respectively.Forexample,a(O)=l,a(x)=Oetc..Notethat

a(a)十b(a)=w(a)foranyae{0,l,x,x}.Thenwecanseethatw(6')is

representedbyasingleformulaas

w(印)=(1十a(B))(a(a)十a(Y))十(1十b(6))(b(a)ﾝ+b(Y))+w(3)

=w(a)十w(6)十w(Y)十a(3)(a(a)十a(Y))十b(6)(b(a)十b(Y))｡

Ifthereexistsonlyonecellinthesystﾆem,thep-preservability

isassuredbythe3-3elementsofW(x)andW(x).Assumethereare

rcells,andtﾆhep-preservabilityholds.Inotherwords,w(aa‘゛゛'

(゛r)゜w(Cべ(ぢ゜‥゜(ﾘ)for゛y(yL(゛2°゜゜(゛rand叫叫'゜゜゛(外ill{SUF(2,2)}十

suchthatF(a,aa)=cべ(だa'.Nov゛'letusconsider(r+l)-cell

systemandanyco�igurationCyL(゛2°"'%(xr+1ill{SUF(2,2)}十゜Let

Fc((Xla2‥‥ar(xr+1)゜(X1叫‥‥ﾍﾞﾍﾞ+1｀Ifa1C゛2‥‥%%+16S十'it1S

obviousthatﾆthep-preservabilityholds8sw(aa2....aa)=v゛(o4叫

゜゜゛'a;cx;+1 )゜O.Theremainingcaseisthatthereexistsatleast

onecellcontﾆaininganelementofF
(2,2)
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a 6F

...a

(2,2)゜Dropthei-thcellandletFc((X1(X2'‥(X1-2(xi-1ai+1ai+2

r+1)゜o‘1oを‥叫-2:[゛7-1?7+]/(゛1+2‘j‥o‘'r+1"Th叩｀゛((゛1(12°‥(yLL?i-1

"i+l°'i+2■･･゜r+1)゛゛(040り'゜゜c41-2(゛7-1(゛y+1べ+2'‥(l゛r+1)by‘the

inductionhypothesis.Observethefollowingtworeductions.

゛(゜?2｀‥゜ro‘r+1)゜゛((yLら‥4%.-1%.+1‥゛%+1)十｀゛((゛i)

゜゛((ﾘ(ﾘ‥'(゛1-2(゛l-i'oq+1(゛1+2‥゛べ+1)十゛7((゛i)

=w(aj^cﾘ゜‥(X1-2(X1+2‥゜(X゛r+1)

｀(･y-1 )十゛'(ai)゜

｀゛(o‘1叫‥.0‘:a--)=w(a;a'...a'a i
i+2°゜‘

十w(a'. a1Q1+1)゛

)

Asw(a.)゜1゛itissufficienttoshoVIVI(a7-1a7+1)+1

゜゛″((XI-1(11(X1+1)ifwearetoseew(a:L(X2'‥αΓCxr+1)゜w(a'a'..a;C‘;+1)'

Recalltheabovementionedformulaforw(6')｡andweareabletﾆO

calculate゛((ﾘｰ1 )+1and｀゛((x1-1(xla1+1)8sfollows;

w(a")゜゛'((li-2)+｀゛((li-1)十｀゛.(ai+1.)+8(ai-1)(8(ai-2)+3((li+1))

十b(a._)(b(a)十b((xi+1))

゛(a¨i+1)゜゛((xi-:L)十w(a)十゛(ai+2)+8((zi+1)(8(ai-1)+8((゛i+2))十b(c゛i+1)

×(b(a

1=くL

i-1
)十b(a))

―
一

‐
･
―
a
ぐ
Ｗ (xy+1)+1ﾘ'+゛'(ai-2)+Q(0‘_)+a(a)a(a)+a(o‘i+1)8((゛il+2)

十b(ai-1)b(ai-2)十b(ai+1)by((liﾅ2)゜
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"

w(

w(

(゛1-1)゜｀゛((゛i-2)十゛((゛i-1)+1+3((゛i-1)(3((xi-2)+3(ai))十b((゛1-1)(b((xi-2)十b(a))

(ﾘ )゛゛(o‘i-1)4‘1十゛(c‘i+1)+3(c‘i)'(8((ﾍﾟｰ,)+a(o‘i+1))十b((゛i)(b((゛1-1)

十b((xi+1
))

｀゛(a-)=1十゛゛[o‘i十],)-H゛((゛j.+2)+8((゛i+1)(8(9i)+3((li+2))十b((li+1)(b((li)

゛7((x1-1 (゛1(｀1+1)゜1+゛'((゛i-2)十｀゛((゛i+2)+3(o‘i-1)y(9i-2)+8(ai+1)3((xi+2)

十b((xi-1)b((xi-2)十b(ai+1)b(ai+2)'

Asw(aVC゛7+1)+1°゛((X1-1C゛10‘1+1)'thep-preservability1S

establishedfor(r+l)-cellsyst°.Theothersevencases(T―Tg)

areshowntoholdsimilarly･

6｡5.(2,2)-Preservability(|s卜2)

Inthissection,wearegol昭toshov゛thatifA(S,f)is(2,2)-

preserving,thenconditionsC｡1,.C.2,C.3,andC.4hold.Toestablish

suchatheorem,wecollectseverallemmaswhichcomprisethe

contﾆrapositivepropositiontothetheoremasfollows.

Lemma6.17.

1fC.1doesnothold,thenA (S,f)isnot(2,2)-preserving.

Proof

Bytheassumptionw[;]≠w[か,wehavetwocasestobeconsidered,

i.e･,1]a=eandd≠h,and2)a≠eandd=h.ASFc(゛)゜[a],A(S,f)is

not(2,2)-preservingwhena=h.S0letusassumea≠h.Incase1),

observeF(xO)=[:]G],andnotethatぶらd'Incase2),observe

F(xl)=[U]Gで]'1andnote･tﾆhatﾆe=a=h.Thus,inbothcaSeSAc(S'f)1S

not(2･,2)-preserving.
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£enwci6.18.

1fC°2doesnothold,thenAc

Ppoof

Letw

a=h.Ifw

11

11

(S,f)isnot(2,2)-preserving･

゛゛22°1'8゛dassui?e[:]≠【;1】.Thena^^e.d≠h'and8φd°e弔

゜w22°Oand[:]゜【a】,thena°e゛d°h,anda°dalsoimplya°h?

Therelationa=hinturnmeansthatA

ascitedinthepreviousproof.

(S,f)isnot(2,2)-preser゛ing

Len罰α6.19.

工fC‘:L,C.2,andC'4hold,andC°3doesnot,thenA(S,f)is

not(2,2)-preserving･

Proof

Asw:L2

゜1'then[;]゜[?]byC°4'andafort:iori゛tw1:1ﾀﾞw22°i,thenLg｣゜^fjDyじ.4,andarortiorxw

丸'21'゛n゛d゛'22equal0｀Thus,[:]≠[U]and[;]≠

2
n
i
n

l
r
L

゜W21'

]byC.2

andC.4,respectively.Inviewoftheisomorphismandsymmetry

mentionedearlier,wehavetoconsiderthefollowingtwocases,

(1){ii石沢,bdh}and(2){aecgb,f‘･i},wheretheelementsareinthe

sameblockofapartitionifandonlyiftheyhavethesamevalue.

ObServeFc(O゛1)吋い[;][;]forCaSe(1),andFc(O゛O)吋;][:][;]

forcase(2),whichassurethatAc(S'f)iSnot(2,2)-preserving･

Lernna6.20.

]:fC.1andC.2hold,andC.3andC.4donot,thenAc(S゛f)isnot

(2,2)-preserving.

Proof

Incasew1:L°w22°0,C.4forthispartshouldholdbecauseifnot.

[;]=[t]whichcontradictstheassumptionw12≠w21°Sothis･caseis

includedinLemma6.19,andwehavetoconsideronlythe°caseW11°w22

°1and[;]≠[い.AsintheproofofLemma6°19･there゛et゛otypical

casestobetreated;(1){乱石dg,efh}and(2){acdgf,ebh}.Asfor
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case(1),seet:h剖:Fc [OX].)=[U][;][p.Thecase(2)isfurther

dividedintotwocasesaccordingtotheassignmentofthevalues

0andltﾆoeachblock.工fa=0,notethatF(1X0)=･X0,and

Fc(iiO)=000.Whilea=l,notethatFc(01×0)=lχχX,and

F(1XXx)=1011‘
づ

Lemma6.21.

IfC.I,C.2,andC.3holdandC.4doesnot,thenAc(S゛f)1s

not(2,2)-preserving･

Proof

Letw11 ゜゛22°O゛md[
;][y]

゛AS[

;]≠[かholdsinthissituation

-

byC.2,therearethreetypicalcasestobeconsidered:(1)(at石司i,

dh}(2){aebc,百石dh)and(3){aegf,石石飛}.Incases(1)and(2),

notethatFc(O゛O)゜[;]【;】[;]‘Asforcase(3),F^(l0x0)゜

e[U][;][a]assuresthatAc(S'f)iS゛ot(2,2)-μeservi昭'Let

w11°W22°1and[;]≠[)].As[;]゜[U]holdsbyC°2andw°゛21byC°39

therearetwotypicalcasestobeconsidered;(1){i･:g,bfeh}

(2){id石i･{町石}･Forcase(1),notetﾆhatﾆFc(00゛1)゜b[;][;][;]゜

Asf01°case(2),ifでO'observethatFc(11゛O)゛1゛510'Fc(1゛X

O)゜1010゛.andifa°1゛Fc (10°c1)゛1゛iO'Fc (1x･O)=0101,

｀゛hichshowthat:A(S,f)isnot(2,2)-preserving‘

FromLemmas6.17-6.21,wehavethefollowing

Theorem6.5.

1fS(S,f)is(2,2)-preservi昭,thenC｀:I'C°2･C°3･andC°4hold‘

AsitcanbeeasilyrecognizedthatifA(S,f)isp-preserving.

thenitmustbe(2,2)-preserving,wehaveasaconclusionofthis

chapter,

Theorem6.6.

Foragiven(S,f)thefollowingthreepropositionsareequivalent

(1)A(S,f)is(2,2)-preservi昭゜

(2)Ac(S'f)isp-preserving‘
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(3)(S.f)satisfiesC.I,C.2,C.3,andC.4

Proof SeeFig.6.3

evi畔

ﾉﾌﾟﾌ]pTrving∧
ふ
5

…

……

匹lyyで二C.I,C.2,C.3,andC.4

Fig.6.3.RelationsbetweenthreepropositionsofTheorem.6.6

6.6.ConcludingRemarks'

Weproposedamethodtorepresentl!oisesorinformationappeared

Ii
inacellularspaceanddiscussedseveralpropertiesconcerningthe

･･.-.■●･ヾ｢l
conservationoftheeffectsinthesystem.Mostofoureffort工ipaid

tothesystemsofone-dimensionaltwo-stateiterativeautomatawith

¶=I-●cyclicboundarycondition.

Inparticular,weshowedthattheparity-preservabilityisa

necessaryandsufficientconditionforsuchasystemtobeinformation

preserving.Inordertoshowtheequivalence,weutilizedsomecon-

ditionsfortheextendedtransitiontable.

Asforp-preservability,itisnotsoclearwhatismeantby

=a･･-･･lf.suchproperty,thoughitisahandiertooltotreatourproblem･

Asisfelt△bytheprocessoftheproofsinthis･chapter,itseems

essentialforthevalidityofourmethodthatsystemsunderconsider-

ationarewithcyclicboundarycondition.

Generalizationsofourmethodandpropositionstothesystems

ofahigherdimensionalcellularspace,andofmorethantwo-state-

cellsareleftuntouched.
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CHAPTER7

SOMEALGEBRAICてREATMENTSOFTHESYSTEMS

Asismentionedearlier,itseemstobehardtoestablishsome

generalmethodfortheanalysisandsynthesisofiteratﾆivesystems.

Inthischapter,wearegoingtﾆopresentsomealgebraictreatments

ofthesystems,whichmaybeasteptoaunifiedtreatmentfora

restrictedclassoftheobjectsorforsomespecifiedcharacteristics｡

First,analgebraicmethodofanalyzinganiterativeautomata

composedofce:Llswhosetransitionfunctionisdefinedviaanabelian

groupisproposed.Theapproachresemblesthatforlinearsystﾆems,

andinfact,makesitselfageneralizationofthelatter｡

Inthelatterhalfofthischapter,tﾆhepairalgebraofHartmanis

andSteamsI[151isutilizedforanalysisandsynthesisofthesystems･

7｡1.AnalysisofSystemsDefinedviaAbelianGroup[23]

LetS={0,1,2m-l}beafinitestatesetofacellautomaton.

ThesetSwithanadditiveoperation(denotedby+)1Sassumedto

formanabeliangroupinwhichOistheneutralelementﾆ.Acell

automaton(S,f)issaidtobedefinedviaabeZiangroupUSisan

abeliangroupandfisdefinedbytheoperatﾆionofthegroupas

f(a,6,Y)=a+g十Y,fCa,e,Y)=2a+6十Y,etc･,where2ameansa+a｡

Asshownbelow,systemsofiterativeautomatacomposedofcells

definedviaabeliangroupmaybedividedintotwoclasses;one1S

thesystﾆemsthatcanbeanalyzedasthatoflinearautomata,andthe

otherthatcannot.

● 101-



ltiswellknown[4]thatafiniteabeliangroupSoforderm

mayberepresentedasadirectﾆproductofsubgroupsasfollows;

Letm°plr1P22°"Pt
rtwherep1゛P2"゜゜'ptarethedistinctprimes

and1゛Sarepositiveintegers.ThenShasasubgroupPioforder

p7iforeachi(i=l,2,...,t)andisrepresentedasadirectproduct

P,XP×....XPt‘

Furtﾆher,:Lettheinvariantofanabeliangroupoforderprbe

(pq1゛pq2゛",･,pk)wherepis8primell゛mber,andl'゛¶11゛゜'゜'゜゛qk

arepositiveintegerssuchthatr°q:LTﾄq2十'゛'゜+qk°.

Ifq1¬(!2°‥‥゛゛qk°1!thenaniterativeautomatondefinedviathe

groupPcanbeanalyzedasausuallinearautomatonregardingPas

GF(pr).Ifotherwise,thereremainscyclicgroupstobeanalyzed

whoseordersareoftheformp.Aniterativeautomatondefined

viacyclicgroupoforderpqmaybeanalyzedmuchthesameasa

linearautomatonasshownbelow.

7｡1.1.InCaseSisaCyclicGroupofOrderp'l

LetSbeacyclicmoduleoforderpwherepisprimeandqis

apositiveintegergreaterthanone.Bydefinition,atransition

functionofacellautomatonmaybewritteninitsmostgeneralform

゛lsf(叫叫Y)゜丿aaﾅ11ぴy'c'゛゛herella'11randllY二areinteg町s'

andneS.,-

Cし'≒

AnessentialpointofourmethodisthatSshouldberegarded

asafactorringZ/(pq)oftheintegralringZ.

c,C2CCn

''I41鴫4…･…→

[E]

←x

Fig.7.1.Iterativeautomatonoflengthnwithamiχed

boundarycondition

AsshowninFig.7.1,iterativeautomatawithamiχedboundary

conditionG‘eりZ'乙beingfixed'andむrvariable)aretreatedinthis

-
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section.Letら(a?2‥‥CZn;幻゜a1(ﾘ‥ぷAbetheglobal

transitionfunctﾆIonforthesystemcomposedoftﾆheabovementioned

cell(S,f)‘Then,t:hemappi昭of(χ1o‘2‥‥(xnto(xl(x;‥‥(XAcanbe

writtenintheform

-
r
-
l
-
C
M

a
s

a'

n

n
n
o
o

=

I
C
v
j

a
s

a

n

+

1
1
‐
自
1
‐
‐
-
1
1
1
1
1
1
1

n+
C

ろ

1
0
'
‐
‐
―
I
‘
I
I
l
‐
1
0
0
‘

Z
+

S

0

0

1

1
1
:

0

1

(7.1)
X

whereadditionsandmult:iplicationsarethoughttobethoseof

Z/(pq).

Let(z
n

(t) denoteaStﾆateofaniterativeautomatonoflengthn
i

n
attimet,ande theunitcolumnvectora110fitsnelementsequal

Oexceptthei-thelement.Ifannxnmatrixoftheaboveequation

iswrittenasTEq.7.1mayberewrittenas

n(Zn(t)十hlc十e

ﾝ
乙十e

-x(t)

叱､(t+l)=Ta

SolvingEq.7.2,weget

(7.2)

ﾘt)4ﾝ(o)゛(llD::)(1?'φz){XD;‾゛‾1･ﾝ(゛)･(7.3)

whereTk
n
=T･Tk‾1andtOisthenxnunitmatriχ.
nn n

Thethreeterms6fEq.7.3fromlefttorightrepresentthe

effectsofaninitialstateconfiguration,theconstantinputsnC

andhひand811inputsequencetotherightmostcell,respectively°

AndanautonomousbehaviorisdeterminedbythematrixT｡
-n

Althoughanalysesofthesystemparallelthoseforlinearsystems,

1tshouldbeborneinmindthatamatrix･T1Sdefinedonaring･
n
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Forexample.thenon-singularityofaTnisdetermineddependingon

whetherthedeterminantofTn((!enoted3slTnl)is3unitelement

ornot:｡

Letusexamine.asanillustration.acaseinwhichiL^゜%゜

y°1°Thenwehavethefollowingrecursiverelationandtheinitial

conditions;＼

厄ﾄIl
n-1
1-IV2l

1T1･|゜1,andIT.I°O°

Solvingtheaboveequation,weget

T3k-11°0

9

3り
I

ﾝ
ｰ
一

n
ぐ

(k=l,2,3),

_1(k=2,4,6,)
IT3kl‾IT3k+11°{

pq-1(k=l,3,5,)

Asp^-1andlaretheunitelementsofZ/(pq)'theTnunder

considerationisﾌnon-singularforalln>l,exceptthecasen°3k-1

(k=l,2,.....)･Accordingly,theautonomoustransitiondiagramsfor

thesystemwithnC°O゛ろF°0,andx(t)゜O(t°0,1,2,.゜‘.)arecomposed

onlyofthecyclicpartsifthelengthofthesystemisnotequalto

3k-1(k=:L,2,‥‥.).

7｡1.2.InCaseSisaModuleofType(p,p,･,p).………

VJhenSisamoduleoforderpwhoseInvariantis(p.p.･‥,p),

thenitmaybetreatedasGF(pq).Equation7.1isalsovalidin

thiscasewithTnbeingregardedasdefinedonGF(p).Thisisa･

usuallinearautomaton.

Somedifferentaspectsbetweentheabovementionedtwocases

areillustratedbythefollowingexamp:Les.

LetS={0,1,2,3},andconsiderZ/(22)and.GF(22),whose

additiveoperationsareshownbelow.
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Foreachabovementionedabeliangroup,assumef(a,6,Y)=a十日+'Y

andb1°O゛Theautonomousbehaviors(i.e.,incasex(t)=Ofort=o.

1,2,)ofthesystemsoflengthtwoandthreewithcorresponding

かareshownbyFigs.7.2(1)-(4).

Fig.7.2(1)Z/(22)n=2

Fig.7.2(2)GF(2

-

2)n=2
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7.2.AnalysisofErrorinTermsofPairAlgebra[22]

Therehavebeenseveralapproachesappearedintheliteratures

[1,34,43]fortreatingtheproblemsoferrorsormal-functions

ofanautomaton.Oneofthemistoseekeffectivelysomeerror

detectinginputﾆsequences.Anotherapproachconcernsitselfwith

constructingeasilydiagnosablecircuits.stillanotherisrelated

withprobabilistictreatmentsinsuchawayastodesignahighly

reliablecircuitfromlessreliablecomponents.

Ananalysismethodofasystemofiterativeautomatacomposed

ofcells.withredundanciesispresentedinthissection.First,a

tolerableerrorpartitiononastatesetSisassumedtobegiven.

Thatis,weareassumedtﾆoknowinadvancethetypesoferrors

toleratedattheoutputcell.Thentheprob:Lemtreatedhereis

t0limitthetypesoferrorsthatmayoccurattheothercellsand

thataretolaratedattheoutputcell.

工nwhatfollows,asystemofiterativeautomatacomposedofRU

typecellsistreatedfirst(f(･,a,e)willbedenotedasg(a,6).).

andthenextendedtothecasesofordinarythreeneighborcells.

Theleftmostcell(C:L)isassumedtobeanoutputcellasusual.

Severaldefinitionsarenowinorder.

.IDefinition‘7.1.(toZevaれcepartition;･t)j

At01･erancepartitﾆion7TisapartitiononSwiththefollowing

Interpretation:onlyanerrorthatiswithinablockofITis.

assumedtobetolerated.Thatis,v/eareabletoobserveonlyλ(s)'s,

sGS,whereλiS'amappingfromSonto7Tt(S)(Mooretypeoutput

functﾆion),andanoperationofλisassumedtobeerrorfree.

Deμnition7.2.(evTovparti七toれ1＼i)

AnerrorpartitionyisalsoapartitiononSwhichspecifies

apatternoferrorssupposedtohappeninacell.Thatis,errors

areassumedtobereflexiveandtransitive,andanoccurenceofan

errormeansthatastateaofacellatatimeisnotequaltowhat
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itoughttobe(lett:hestatebe6)

sameblockofanerrorpartitionU･

isdenotedbyU(k).

Andstatesaand6areinthe

AnerrorpartitionofcellCk

definition1.3.(s･£milarityony;V)

LetA°(S,g)andB°(S,g)betwocellautomatadefinedon

thesamestatesetS.ThenAissimilartoBonanerrorpartition

U(゛゛rittenATrB)iffgA((゛β)゜a'impliesa'=gg(a,6)(y)forany

aand6inS.Therelation~isanequivalencerelationanddefines
μ

classesofcellautomatainducedbyμ.Thusanerrorpartition

specifiesstructuralaswellasbehavioralerrortypes.

D球inition7.4.(U(k)一tolerable)

Given(S,g),7T^,andy(k)asyst°ofiterativeautomata

composedofthecells(S,g)issaidtobeU(k)-tolerableifany

erroriny(k)istoleratedbyttattheoutputcell‘

7.2.1.ApplicationsofPairAlgebra

HartmanisandStearnsutilizeapairalgebraofthepartitions

onthestateSetﾆand/ortheinputoutputsymbolsetofasequential

machineinordertoestablishastructuraldecompositiontheoryof

machinesい.5].Thepairalgebrausedbythemessentiallydescribes

variousinformationflowsinasequentialmachine,andsomeapplica-

t:ionstoanerroranalysisarealsomentionedinthecitedreference.

Herewedefineapairalgebraandgiveintermsofitanecessary

andsufficientconditionforgiven(S,g)and＼tobey.(l)-tolerab:Le

(i=l,2,n).

First,letusdefineans-spairandanI-Spairfollowing

HartmanisandSteams[151.Asfornotationsandfurtherdetails,

seethereference.

D好仇も七ion7.5.iS-SPaもr,工-Spair)
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Given8cell(S,g).Let＼andlTBbep°:titionsonS

s-spa^r

AnorderedpairてAandTrBisanS-Spair(v゛ritten(it

7B)S-S)iffs°t(7A)111plieSg(s,a)=g(t,a)(iT)foi°V(゛6S

‘ands,tes."."'ﾀﾞ

1-5pα£r'I

Anorderedpair7TA'and7TBisanI-Spair･(written

(7IA7IB)]:-S)iff゛15゛(7iA)iIIlpliesg(a,u)=g(a"V)(TT)‘for

Vaesandu,Ves.･l

Nowweintroduceanotherpartitionpaircalledanarray

pairasfollows.

D好佃も･H゛7.6.{awayp‘2佃;[7IA7IB])I

Let(S,g),7T^,andTT^beasbefore.Anorderedpairttand7T゛B'

is811arraypair(v゛Titten[πA7IB])iff115゛(了TA)811ds°t(πB)

implyg(s,u)=g(s,v)=g(t,u)゜g(t,v)(了TB)whereU,V,S,and

tareinS.'I･

Wecaneasilyverifythefollowing'I'

£~叩甲7.1..十

T゛゛OpartitionsI7TAand了TBconstitute[7IA7IB]iff(1TB町B)S-･S

and(tt.7rB)I-S°"

Proof‾

The'onlyifpartofthelemmaisobvious.Theremainderis

shownasfollows.LetusV(･A)811dS5t(7B)゜Theng(s,u)゜g

(t,u)(iTg)andg(s,v)=g(t,v)(7IB)ho:Ldfrom1(77BVs-s‘By(7IA7IB):I-S'

g(s,u)゜g(s,v)(TTg)holdstoestablish[7A77B]‘

LetLdenotethesetofallpartitionsonS,andL'thesetof丿

allpartitionsitsuchthat丁Tand7Tisans-spairforgiven(S,g).

Thatis,L'={:川(7171)S-S}゜
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Given(S,g)andlet△bethesetofallarraypairsfor(S,g)

Thenwehave

Lemma.7.2.

△゛{[＼7B]}isapairalgebraonLXL'.

Proof

First,notethatΩS-S(thesetofallS-Spairs)and^-r_c

(thesetofallI-Spairs)arebothpairalgebras.

Let[･A7B]6△゛d[竹Å7↑ﾑ]6△｀ByLemma7':L,weh゛e(7BVs-s'

(77A

^s-s

7B)I-S'(71;7;)S-S'811d(71λ7Tふ)ｴｰS゛Notﾆingthestructureof

%-SandΩI-S'゛'eget(7iB71;VPs-sand(IIA71;7iBぢ)I-S'゛'h1Chis

equiva:Lentto[AAIBぢ]e△゜Similarly,[7A十ｲｽﾞﾌBやr｢ﾑ｣6△1Sestablished

from(it^+tt'ﾌTB+71;)S-Sand(fT+1Tλ7TB十町ﾑ)I-S°Thenextstepistosee

that[7TI]e△and[07T゛]6△for^TTGLandv7T'6L゛wherelandoarethe

maximumandtheminimumelements･ofL'andLrespectively.By

definition･(ｴ･ｴ八-iand(7111)liSforVleL'whichmeansthat[πI]

e△.Therelation[071゛]6△holdsas(tt'fT')g_gand(0711)I-Sf01°

Vtt'GL≒(Q.E.D.)

Nowweareinapositiontostatethefollowing

Theeｺrem7.1.

Aniterativeautomaton0flengthn,A(S,B,n)isy(l)-tolerable,

y2(2)-toleraﾘ.e,,andUn(11)‾t01e゛ble゛゛ithrespecttogiven了Tt

iffp:L≦7t'[μ2p1]･[U3U2]≫････≫[UnUn-1]'゜d(pnUn)S-S'

Proof

The"if"partofthetheoremmaybeobvious.The"onlyif"part

canbeestablishedstepbystep8Sfollows°AsA(S,g,n)ismAD-

tolerable,itisnecessarythatμ1≦＼forthecellC11Sassumedto

beanoutputcell°Atthesametime,itiSμ2(2)‾t:olerable,which

necessitates[U2町.]゜Similarly,theUj,(i)andU1+1(i+1)t:olerability
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demandsthat[Ui+1pi]wherei°2,3,.゜".,n-l.Astherightﾆmostcell

(Cn)receiveSinputsfromtheoutsideworldandnoerrorsareassumed

inthisStep'(UnnS-SistheonlyrequisiteforCntobey(n)-

tolerable.(Q.E.D.)

(S,g)issaidtohaveh-propertywithrespecttoTT,apartition

onS,ifftﾆhereexisth:S9･7t(S)andSh:･(S)xtt(S)->･(S)such

that

g,(fT(a)･TT(e))゜h(g(o‘･り)for^a,Bes°

Astotheh-property,wehavethefollowing

LeγΓma7｡3.

(S,g)hash-propertywithrespectt07Tiff[7TTT]e△･

jを)of尚

Let(S,g)hash-propertywithrespectto■n.Letu≡≡,V(TT)and

S三t(IT),･i.e･,Tr(u)=it(v)andtt(s)=Tr(t)respectively.町

definitionofh-property,wehave

1T(g(s,u))゜h(g(s,u))゜gh(･(s),tt(u)).

TT(g(s,v))゜h(g(s'゛))゜g^(TT(s),TT(v))･

1T(g(t,u))゜h(g(t.u))=g^(TT(t),tt(u)),and

TT(g(t･゛))゜h(g(t･゛))゜gh(7i(t)･TT(V)).゛j……l

Astherightmosttermsintﾆheaboveequationsaretﾆhesame,we

obtaing(s,u)≡g(s,v)≡g(t,u)≡g(t,v)(tt),whichmeansthat[了T到

e△.

Conversely,letいT'IT]6△゛Definehandghasfollows:

h(a)=IT(a)aes,.･I

‥gh(71(o‘)'爆(6))゜TT(g(a,B))a,6es°

TheremainingthingtodoistoseethatShiswelldefined°

Consideranya'andPinSsuchthatIT(a)=丁T(a')andTT(B)=TT(6')
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Bythefact.that【7T7T】eA,g(a,B)=g(a',6')(tt),i.e.,TT(g(a,B))=

TT(g(a',3')).Thiscompletestheproof.(Q.E.D.)

NotingLemma7｡3,theabovemeritﾆionedTheorem7.1mayberegarded

asageneralizationoftheconceptﾆofh-property･

Now,analgorithmofderivingy.'ssatisfyingTheorem7.1isin

order.

Forgiven(S,g)and＼'

(1)FindtheelementsofL'anddrawanorderingdiagramofthe

lattﾆiceL≒

(2)AddthediagramanarrowfromTT

and町BareinL≒

to71Aiff‘[7A7iB]6△咄el°e7TA

(3)LetPtLbeamaximalpointinL'suchthatI』1≦7Tt･

(4)As卜Lbeingastartingpoint,goupwardalonganarrow

(i.e･,tolargerpartitions),ifpossible,inthediagramofL≒

ThesequenceofpointsinL゛traversedconstitutesy,'s.

AnIllustﾆratﾆiveexampleoftheaboveprocessisgivenasfollows;

LetS={0,1,2,3}andletgbe

O
I
r
j
m

s

0

1
0
1
3

]

.

-
1
0
3

6

2

3
3
3
1

g(a,6)

3

1
0
2
3

TheelementsofL'are

0=(0123),

-一一
71°(0123)'

7T2°(百豆j)'

7T3°(0132),and

I=(0ΥΣj).

AdiagramofL'isshowninFig.7.3.

Thesetofarraypairs△isgivenby

△゛{[O･゛]､･xGL'･､[771yL]'[･172]'[711773]'[･2713]'[7372]}'

whichisalsoshownbyarrowsinFig.7.3.(Arrowscorresponding

to[0､x]゛Sareomitted.)

Then,forexample,letit°(で)12i)゛Thesequencey,,V-゛

‥‥､satisfyingTheorem7.1willbe了T2゛7T3゛7T2゛7T3゛'.゜‘゜゜
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7T1゛

工f

了T1゛

＼

TT

一

一

-一一
(0123),

●●

theonlypossibilityoftheμisequenceis

7【2

l

7【3

Fig.7.3.AdiagramofL'

7｡2.2.AnalysisforThreeNeighborCells

Thoughwehavehithertotreatedasystemofiterativeautomata

composedofRUtypecells,itiseasytoextendthetheorytofita

systemcomposedofordinarythreeneighborcells.Somenecessary

modificationsontheabovementioneddefinitionsareexplainedhere.

Thes-spairandI-SpairinDefinition7.5aremodifiedas

follows:･

Z:)efinition7゛6°(s-spair.工
?‾Spair.工^-Spai『』

Givenacell(S,f).Let＼and7TBbepartitionsonS

s-spair

Anorderedpair＼and'7TB‘isanS-Sp8117゛(゛lrittell(7IA7TB)S-S)

iffs°t(it)impliesf(a･S･Y)=f(a･t,Y)(TT)foi‘Vα･‘yesandS'tes゛

ら-Spair

AnorderedpairTTandTTisanI-Spai･(written(ttV

i-S

)

■㎜㎜㎜/_ゝ.f･･¶●.r-/_.n‥ゝI-f-.r＼χ/__ゝf-t7_｡､｡､｡.r｡､｡iffuﾖV(7IA)imp]Liesf(a,B,u)≡f(a,3,v)(･B)folrVa.eesandll'
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JZ‾Spair

Anorderedpa1r了TAand7TisanI7-Spair(゛rittell(7iA7iB)I-S)

iffp°q(tt)impliesf(p,6,Y)=f(q,B,Y)(･g)forV6'Y6Sandp'ZqeS'

AsforthearraypairinDefinitionﾌ.6,wehave

D好も冠七祐n1,7.(opva!jtriplei[町1″%IIC]')

Consider(S,f

orderedtriple了TA゛7TB゛and町Cisanarraytriple(written[AB7TC])

iffp°q(tt^),s=t(-n),anduΞv(tt)implyf(p,s,u)゜f(p,s,v)

≡f(p,t,u)≡f(p,t,v)≡f(q,s,u)=f(q,s,v)≡f(q,t,u)≡f(q,t,v)

(tt)wherep,q,s,tﾆ,u,andvareinS゛

CorrespondingtoLemma7.1,wehave

£eﾌｱma7.4.

Threepartitions罪Aﾀ7T,and了TCconstitute[＼＼了TC]iff

(7T
B7TB)S-S'(7TC77B

Theproofis

Lemma7｡1.

)I,and(7T^I'B)I-S'

omittedasitcouldiecarriedoutlikeinthatof

VJiththesemodificationsinthedefinitions.Theorem7.1maybe

generalizedto

Theoreml｡2.

AnIterativeautomatonoflengthn,A(S,f,n)isy(l)-tolerable.

y2(2)-tolerable,････ﾀandy
n(゛)‾tole゛ble゛゛1threspecttogivenTT

iffU1≦lt'[μ1U2U3]'[p2p3p4]"゜゛゜'[%‾2‰‾1%]'(%‾1%)IZ‾

゛d(UnnS―S‘

･

115-
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7｡3.ConcludingRemarks

Thetwoapproachestreatedinthischapterarenotsogeneral

inthattheformerisapplicableon:1-yforalimitedclass,0fcells

andthelatterisconcernedwithaspecifiedfeatureofthesystems･

Regrettably,however,thereseemstobenogeneralenoughandatthe

sametimefruitfulwaysofhandlingiterativesystemsasyet.Thus

ourapproachesshouldberegardedasasteptowardsuchaunified

theory.‥＼'｀犬

.Inthischapter,alreadyexistingmathematicalconcepts:Like

anabeliangroup,afactorring,alattice,apairalgebra,andso

forthareutilized.工nordertoaccomplishtheabovementionedtasks.

however,suchnovelmathematicalconceptsandtoolsifanyshouldbe

inventedtﾆhatreflectsomeessentialstructuresofthesystems.
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AppendixA.

Classificationof{Aχ(S･f)>bytheirrighttoleftinformation

transmissioncapability,whereS={0,l}andX=(1,1).(SeeChapter

4.)

Letfbegivenby00｡1
ﾆ

☆

1bd and

1･01☆

1fh, where

a,b,c,d,e,f,g,andhareinS.Witheachfisassociatedaninteger

whichisthedecimalequivalentofabinarynumberabcdefgh.Inthe

followingtable,numbersOt0255representthetransitionfunctions,

andI,II,andl]:ｴintheentriess‘ignifyClasses工,II,andIll,

respectively.Thek-valuesareindicatedinbrackets｡

Theresultsaresummedupasfollows.

NumberofClassifiedCells NumberofUnclassifiedCells

I(k-value)

II I工I not工 not工工I
no
information totalﾆL 2 3 4 5 6 7

64 34 19 5 1 0 1 47 29 29 3 24 56
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f Class f Class f Class f Class

0

1

2

3

4

5

6

7

8

9

10

n

ﾆL2

13

14

15

I(1)

II

I(1)

II

I(2)

I(1)

工(2)

I(1)

工(1)

工工

I(1)

II

工(2)

I(1)

I(2)

I(1)

32

33

34

35

36

37

38

39

40

41

42

43

44

45

46

47

工(1)

H

I(1)

工工

I(2)

工(1)

工(2)

I(1)

I(1)

工工

工(1)

II

I(2)

I(1)

I(2)

1(1)

64

65

66

67

68

69

70

71

72

73

74

75

76

77

78

79

I(3)

I工

工(4)

not工

I(3)

I(2)

工(3)

notl

not工

工(4)

工工

工工工

II

I(4)

工(2)

96

97

98

99

100

101

102

103

104

105

106

107

108

109

110

1n

notI

Ill

I(2)

工工工

工(3)

notl

工II

工(7)

工I

工II

II

notl工I

I(2)

16

17

18

19

20

21

22

23

24

25

26

27

28

29

30

31

II

工工

]ﾆI

工I

工工

I(2)

notl工工

I(2)

工(3)

H

I(3)

II

工工

I(2)

I(4)

I(2)

48

49

50

51

52

53

54

55

56

57

58

59

60

61

62

63

Ill

Ill

I工工

工II

H

Ill

H

.I工工

工II

工工工

II

II

80

81

82

83

84

85

86

87

88

89

90

91

92

93

94

95

I(1)

1ﾆ工

工(1)

notI

I(2)

I(1)

工(1)

工(1)

notI

I(1)

notl

工(3)

I(1)

I(1)

n2

n3

114

115

n6

117

n8

119

120

121

122

123

124

125

126

127

I(1)

工工

工(1)

Ill

工(1)

not工

工(1)

I(1)

notl

工(1)

工工I

I(1)

not工

工(1)
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f Class f Class f Class f Class
128

129

130

13ﾆL

132

133

134

135

136

137

138

ﾆL39

140

14ﾆL

ﾆL42･

143

工(1)

II

I(1)

工I

工(2)

I(ﾆL)

Jﾆ･(2)

工(1)

I(ﾆL)

I工

工(1)

]:工

I(2)

I(1)

I(2)

I(1)

160

161

162

163

164

165

166

167

168

169

170

171

172

･173

174

175

‥工(1)

工I

I(1)

工工

.工(2)

工(1)

I(2)

工(1)

工(1)

II

I(1)

I工

工(2)

I(1)

I(2)

工(1)

192

193

194

195

196

197

198

199

200

201

202

203

204

205

206

207

工工工

notl

工工工

工(2)

Ill

I(3)

notI

Ill

工(3)

､II

I工工

I工

工工

工(2)

224

225

226

227

228

229

230

231

232

233

234

235

236

237

238

239

I(3)

not工

工(3)

notl

notl

工(2)

工(3)

工工

not工

I(3)

工I

II

工(3)

I(2)

144

145

146

147

148

149

150

151

152

153

154

155

156

157

158

159

I]ﾆ

not工

Ill

工(3)

Ill

I(4)

工I工

notl工工

工工

Ill

IIヽ

II

工(3)

176

177

178

179

180

181

182

ﾆL83

184

185

･186

､187

188

189

190

191

not工

not工

工工工

I(5)

I(2)

工(2)

I(3)

notl

I(3)

Ill

工(2)

I(2)

208

209

210

211

212

213

214

215

216'

217

218

219

220

221

222

223

I(ﾆL)

II

工(1)

not工

I(1)

I(1)

I(1)

notI

I(1)

notI

I(1)

I(1)

240

241

242

243

244

245

246

247

248

249

250

251

252

253

254

255

I(1)

H

I(1)

Ill

I(1)

I(3)

工(1)

工(1)

notl

工(1)

工II

Ill

I(1)

工(2)

I(1)
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Appendix.B

Indicesconcerningcontrollabilityof(A｡(Sば)},whereS°

{0,1}andZﾌZ=1,andtheinitialandtargetstatesequencebeing

でO°{0,00,000,‥‥‥‥}.(SeeChapter5.)

Inthefollowingtﾆables゛Nst゛Nr゛Nc゛andNspStandforthe

indicesofthestrongly-connectedness,thereachability,thecontrol-

lability,andthesimplv-connectﾆedness,respectively.大isasymbol

signifying゛morethanorequa:Lt010･

Theresultsaresummedupasfollows.

Numberofcellshavingaspecifiedindex

0 1 2 3 4 5 6 7 8 9 火 oa

NSt n2 72 44 n 1
/ / / ∠ / / 16

N
｢
64 86 68 21 1 / / / / / / 16

N
C
64 56 3ﾆL 16 12 3 2 / / 2 39 31

N sp
16 27 15 8 9 2 2 / 2 / 141 34

125-



し
″

t
l
'
､
』
‘
1
1
1
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f NstN＼^sp f NstNrNc^sp f NstNrNCNsp f NstN＼^sp

0

1

2

3

4

5

6

7

8

9

10

n

12

13

14

15

00CX⊃CX)

000000

00ooa:)

00COC･)

0011

0000

0011

0000

0022

0022

0011

0011

0011

0000

0011

0000

32

33

34

35

36

37

38

39

40

41

42

43

44

45

46

47

00oo00

0000CO

00OOCO

00QOCO

0011

0000

0011

0000

002火

002火

001火

001火

0011

0000

0011

00･00

64

65

66

67

68

69

70

71

72

73

74

75

76

77

78

79

113穴

113火'

114火

114火

223火

010火

229火

0102

114火

115火

1113

111火

223火

010嚢

1213

0101

96

97

98

99

100

101

102

103

104

105

106

107

108

109

110

111

22袁火

221火

33唸火

CX)0000CX]

334火

010嚢

(X3OOOOCO

0102

33穴火

00Cに≫CO

121火

131火

00OOOOOO

010火

1315

0101

16

17

18

19

20

21

22

23

24

25

26

27

28

29

30

31

11OO00

11α⊃(x)

1]_COOO

11CX⊃(X)

1122

0101

1126

0101

1144

1.ﾆL44

1124

1122

1125

0101

1122

0101

48

49

50

51

52

53

54

55

56

57

58

59

60

61

62

63

11

j00OO

11火火

22火火

cぃ≫oooo

222火

020火

00a⊃CX⊃CX)

030火

22火嚢

OO0000OO

11火嚢

22火火

00OOC≫OO

020嚢

1ﾆL火火

010α)

80

81

82

83

84

85

86

87

88

89

90

91

92

93

94

95

111火

111火

222火

121火

222火

010火

22嚢火

010火

224火

121火

2222

121火

223火

010火

22嚢火

010火

1ﾆL2

113

114

ﾆL15

116

117

118

119

1.20

121

122

123

124

125

126

127

1212

1214

333火

121吸

223火

010穴

22火必

010火

22凶火

121袁

333火

121火

224火

010嚢

22火火

010火
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f NStﾆNrNc^'sp f NstNrNc^sp f NstNrNC^sp f NstNrNcNsp

128

129

130

131

132

133

134

135

136

137

138

139

140

141

142

143

0044

00火火

006火

001火

0011

0000

0011

0000

0024

0028

0013

001吻

0011

0000

0011

0000

160

161

162

163

164

ﾆL65

166

167

168

169

170

17ﾆL

172

173

174

ﾆL75

00宍嚢

004火

003火

003火

0011

0000

0011

0000

0024

002火

001火

001火

0011

0000

0011

0000

192

193

194

195

196

197

198

199

200

201

202

203

204

205

206

207

22α⊃･

335火

33火火

OOOOCO00

22吸火

010火

000000CX3

0102

33火火

OO0000OO

1212

131両

00OO00OO

OﾆLO火

121火

0101

224

225

226

227

228

229

230

231

232

233

234

235

236

237

238

239

1134

22火火

11嚢嚢

334火

11火火

010火

119火

0102

1134

22火火

1112

131火

11火火

010火

1112

0101

144

145

146

147

148

149

150

151

152

153

154

155

156

157

158

159

1168

11火火

22火火

C3O0000a:〉

222火

020火

OO00OO00

0203

22火火

cx:3OOCOOO

112火

232火

oooooooo

020火

1123

0102

176

177

178

179

180

181

ﾆL82

183

184

185

186

187

188

189

190

191

1ﾆL2火

112火

223火

232火

222火

020火

33火火

020火

223火

232火

113火

222火

441叔

020火

115火

010火

208

209

210

211

212

213

214

215

216

217

218

219

220

221

222

223

131火

121火

232火

121火

22火火

010火

22火火

010火

33火火

121吻

222火

121火

22火火

010火

22火1

010火

240

241

242

243

244

245

246

247

248

249

250

251

252

253

254

255

1111

1213

11火火

12ﾆL00

22火火

010火

2246

010火

1123

121火

11火火

121火

2200OO

010火

1133

01000
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