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Abstract

A model of an auction for a stock market is introduced to derive a discrete time stock
price process. A probability distribution of trader’s positions configuration is given by
a Gibbs distribution in which trading strategies of traders and an effect from market
sentiments are contained. To derive a scaling limit the method of statistical mechanics
is applied to this process , and a volatility function and a drift function are described in
terms of polymer weight functions.
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1 Introduction

To describe a stock price process many stochastic processes such as Black Sholes model[1],
ICR model [2] and Vasicek model [9] are investigated, particularly in an option price
theory.

In this article we introduce an auction model for a stock market composed of N traders
and a single stock. We derive a discrete time stochastic process describing a stock price
process from this auction model, in which each trader can trade unit number of stocks at
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each time ¢t € A, = {1,2,-- ,n}. It is also assumed that each trader can take one of the
following three positions, buying position, selling position and neutral position at each
timet € A, = {1,2,---,n}.

Probability distribution for trader’s positions is given by a Gibbs measure, in which
trading strategies of traders and an effect from market sentiments are contained. Gibbs
measures is introduced by Dobrushin [4], Lanford and Ruelle [8] to investigate a statistical
mechanics from mathematical point of view. It is characterized by an interaction energy.
In our model this interaction energy is determined from trading strategies of traders and
market sentiments.

Applying a method of polymer expansion developed in a theory of statisitical mechan-
ics [3],[6] we derive a continuous time stock price process,

S; = So exp{/ota(s)dB(s) + /otu(s)ds}

by scaling the discrete time process, where B(t) is a standard Brownian motion.

The function o(s) is called a volatility function which describes the strength of the
variation of the stock price, and the function u(s) is called a drift function which describes
the trend of the stock price process.

We describe these functions in terms of polymer weight functions defined by the in-
teraction energies which determined by trading strategies and market sentiments.

2 Model

As stated in the introduction each trader can take one of the following three positions,
buying position denoted by +, selling position denoted by — and neutral position denoted
by 0.

Denote a positions configuration of N traders at time ¢ € A, by

wy = '(wt(l)’ wt(z)) o awt(N))
a sequence of positions configuration from time 0 to n — 1 by

w = (wo, " ,Wn-1).
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and the totality of w by Q,.

For any w; the number of traders with buying position, selling position, and neutral
position are denoted by w;t, w; and w) respectively. The number of market participants
is given by w;” + w;. We introduce a notion of modified number of market participants
by

wl = wi —wy —do  if w is active
0 otherwise

where dj is a positive constant.
We say w;(or time t) is active if |w;| > 0 and static if |w;| = 0.
We also put
wi —wy —dy  ifwf—wp >do
<w>=<K0 if |wi —wp| < dp
—(wiwi —do) fwy —wi > do
If < w;—;y >> 0(< 0), then the number of traders with buying (selling) position is
greater than the number of traders with selling(buying) position and the stock price goes
up(down) at time ¢. Let S; be a stock price at time t. When w is given we define the

stock price process from w by

Sb
Sit

— ea<uJ¢_1>.

It is easily seen that

t—1
S; = Soexp{ Z <wy >}

u=0

Gibbs measure
We introduce a Gibbs measure as a probability distribution of positions configuration

First we define an interaction energy H(w) by

n—1 n—1

H(w) = :BI Z lwtlz + ﬁ? ZQ(wtlwt—aa T 1wt—1)
t=0 t=0
n—1

— B3 Z c(t) fi(lwls,a) lwel — Ba Zd(t)f2(< W >p6) < wg >
=0

t=0
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where (1, B2, 83, and (4 are positive numbers which control the strength of interactions
and c(t) and d(t) are positive functions defined on A,.
Now we define a Gibbs distribution of w by

Pw) = - exp{-H@)},

where Z, is a normalization constant called a partition function.

For this Gibbs distribution , the probability P(w) is high(low) if the energy H(w) is
low(high).

The first term of H(w) is a term controling the number of market participants. The
second term corresponds to trading strategies of N traders and it is assumed that
(A-1) D(wi|wt—q, - - ywi-1) = 0 if w; is static
(A-2) B(@|@Dp-g, "+ ,Dp-1) = Plwrlwi—a, -+ ,wWi-1)

(A-3) D(wi|wi—q,- - ,wt-1) > —cClws]
where @; is a reflection image of w; defined by @, = —w. ‘
Traders look at a history (wi—q, - ,w;—1) of positions configurations and determine a

present position wy.

The third term describes an effect on the market from a total number of market
participants from time ¢ — a to t — 1 and |w|;,, is given by |w|te = |wi-a| + - + |wi-1].

If fi(|lwl,,) > 0, this term works for increasing a number of market participants.

We assume that fi(z) < iz (z > 0) for some ¢; > 0.

The firth term describes an effect on the market from a chenge of stock price from
timet—atot—1and <w >;,isgiven by < w > =< wy_g > +- -+ < wpy >. We
assume that ' -
(1) folz) < colx]

(2) £(0)=0

(3) falz) + f2(—z) >0 forallz e R

(4) fo(z) + fo(—x) > €1 unless |z — b3| < & or |z + bs| < J or |z| < & for some
€1>0,b3>0,6 > 0.

If fo(< w >;4) > 0, this term works for increasing a number of traders with buying
positions.
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3 Method of cluster expansion

The method of polymer expansion has been developed by mainly Gallavotti[6], and Del
Grosso[3}, for rigorous investigations of phase transitions in lattice spin systems. (See also
Phister([5] for a nice summary of this method.)
In this section we summarize a method of polymer expansion to state our results.
For a given configuration w we denote by {t1,--- ,t} a set of all active times. De-

compose a set
a(t)) Ualt)U---Ua(ty)

into a set of connected components W1, - -+ , Wp,, where a(t;) = {t; —a,--- ,t; — 1}. We
call a couple & of W; = {t,--- ,¢,} and the configuration {w;,,-- - ,wy,} on W; a” cluster”

and denote it by
i _ (W ot Wy
5 ( f e q )
For any cluster £* given in (3.1) put

When a configuration w € 2, is given , a family of clusters {¢!,--- ,£™} is determined
uniquely, but this correspondence is not one-to-one.

To define a probability distribution of {¢!,- - - ,£™} we first introduce a set A(¢2,--- , &™)
by

AL, €™ = {w € Qu; {€1, - , €™} is obtained from w as a set of clusters }.

Then a probability distribution P(£!,--- ,£™) for a set of clusters is defined by
P(&l’“.,gm) = Z P(w)
WwEA(EL, - &™)

It follows from the definition of interaction energies that the occurrence of clusters

becomes independent and

P, &™) = HW(E’
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,where W(£) is given by
W(E) = e P@lem TT exp{—Bil&) ~ B:2(€:l6e-ar 1 &-1)

tep(§)

+ Bsc(t) fi(l€lea) 6] + Bad(t) fo(< € >ta) < & >}

Algebraic formalism of cluster expansion
Let € be a set of all clusters in Z, and 2 be a set of mappings given by

A= {A:€>N;|A| <0 },

where

4l = 3 A).

gec
Each A € 2 stands for a configuraion of finite number of clusters with multiplicity.
Furthermore, we define a functional space £ by

£ = {¢: % — R;sup4_n|p(A) < oo for any n }.
For any ¢, @2 € £ define a product ¢; * ¢ by
Al
prxpa(d) = Y T2 01 (A1) e2(42)
Aj+Az=A 1

where the sum runs over all ordered pairs (A4;, A;) such that A; + A2 = A.
It is easily seen that

@1 % (92 % p3) = (p1* P3) * pa.

This functional space £ becomes a commutative algebra with a unit element 1 given

by
1(4) = 1 if A =.0
0 otherwise.

We define subspaces £y and £, given by

Lo={pelip® =0}, Li={pelip@ =1}
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and a mapping Exp: £9 — £, by

=1
Expp(A) =) | o * o * ().

k=0

As an inverse mapping of Exp we define a mapping Log: £, — £o by

had (_1)k+1
Logyp(A) = E o oxe wo(A)
k=1 :
where
wo=¢— 1

Then we have the followig relation between two mappings
Log(Expyp) = ¢ for any ¢ € £o
Exp(Logy) = ¢ for any ¢ € £,.

We say x € £ is multiplicative if
x(A1 + Az) = x(A1) - x(Az)for any A4;, A € A

The following Lemma is a fundamental Lemma for cluster expansion.
Lemma 3.2(]3])

If x is multiplicative and

) Logp(A)x(4) _

Aelt Al
then e
14 X
and
SN _ {Z Log (AP } |
Aed A

Application of cluster expansion to the probability distribution of clusters
Now we apply the method of cluster expansion to the probability distribution
P(&,- - ,&n) and derive a scaling limit of Wy(-).
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First we define functionals ¢o(€), #1(€), ¢2(€) by

p0(€) = exp{—B1lg|* — BaB(Elt—a, -+ ,€e-1) — logmolp(§)I}

$1(6) = exp{Bs Y c(t) f1(€lea )&}
tep(§)

$2(€) = exp{Bs D d(t)fo(< € >10) < & >}
tep(§)

and we define ¢0(A)a¢1 (A)» ¢2(A)’ a(A) by
$o(4) = J[2©*®  6:1(4) = [[6:()*@  ¢5(4) = [[:(6)*®

{eC §ec gec

a(A) = {1 if Al=1,p(6)Np(¢f)=0 forall & #¢& €suppA

0 otherwise.

Also we put
<A> = Z<£>A(§)
gec
H(4) = ﬁsz Z c(t) f1(l6olz.a) el A(€)
€€C tep(§)
F(A) = B Y dB)fa(< € >1a) <& > A(6),
§eC tep(§)

and define a refletion image A of A by A(£) = A(€).
The following Lemma is obtained in the similar way developed in [].

Lemma 3.3
For any (; > 0 and (33 > 0 we have

X W <1

£€C,0€p(€)

for sufficiently large 6, > 0.

Put

Bo = inf{Br > 0; ) exp{—B1[¢|” — cslé]) + logmo|p(6)]} < 1} < oo.

£30
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For any A € A we call A a polymer if

Ur(©)
€A

is connected.

Lemma 3.4
aT(A) = 0 unless A is a polymer.

Lemma 3.5
(1) If B, > Bo, then we have

Z ¢O(A)¢1(A)¢2(A)| T(A)l > g(ﬁl)

A30

where a” (A) = log a(A) and g(3;) — 0 as n — oo.
(2) For any 0 < ¢ < 1 we have

Z ¢0(A)¢11g*:1)¢2(‘4) }aT(A)I 2 g((l _ C)ﬁl)e—cﬁﬂc
A30,|A]2>k )
if (1 - ¢)By > Bo, where
AR = [EPA).
3

As ¢o(A), $1(A) and ¢(A) are multiplicative, by applying the method of cluster ex-
pansion we have

Z ¢o(A) ¢1(A)¢2(A) T(A)}.

ACAn

n = exP{



4 Main Result

We define a scaled process W™ (-) by

W) = %W[m](')-

Decompose A,, into a set of intervals with length n®:
An, = By(1)U---UB,(n'™®)

where B, (k) = ((k — 1)n*, kn®].
Furthermore we assume that

o(t) = h(nf_ =), d{t) = Vl—gg(nlk.a

) (t € Ba(k))

for continuous functions f(z) and g(z),
and put

=inf{B; > Bo; Y |Al*e _(arlap—csiap o (A)] (A)| <o}

i(A)=0

Theorem 4.1
If B; > Boo, then a finite dimensional distribution of Wt(")(-) converges to the corre-
spond finite dimensional distribution of

/0.ll o(s)dB(s) + ‘/ot p(s)ds

o?(s) = Z < A 52 Ph@fA) M}#l
i(A)=0 !

where

W) = 3 gl gy (a) < 4 > BALD

i(A)=0

Outline of the proof of Theorem 4.1
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We state an outline of the proof of Theorem 4.1. (See [7] for detail.) The main tool
for the proof is the method of polymer expansion developed in the previous section.

Applying Lemma 3.2 for ¢(A) = exp{izTW[m (A)}¢0(A)¢1 (A)p2(A)a(A) we have
the following description of a chara,cterlstlc function cp (z) of one dimensional distribu-
tion of W™,

A7) = Blexplizo= 3 <6.>)

u<[nt]
12— Wiy (A) T(A)
= exp{ ) (€*F"W _1)g0(A)¢1(A)bo(A)—5}
ACA,
Using the Taylor’s expansion we have
3 (D _ 1)) (A)a(4) )
ACAn
.3
=iz[1(n) — %zzlg(n) - %I;;(n),
where . r(4)
a
Li(n) = \/_EA%; Wing(A)do(A)$r Al
T(A)
I(n) = — Z Wing (A) 200(A)p1(A)p2(A)
ACAn
o
hn) = 222 3 WA e R Dgua)on An()
ACAn

for some 6; € (0,1).

Employing the method of poymer expansion developed in the theory of statistical
mechanics we have the following results.

When (; > Bpo we prove that

¢
lim I;(n) = / p(s)ds
Nn-——00 0

t
lim I(n) = / o%(s)ds
n—oc 0
lim I3(n) =0
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It follows from this proposition that

oM(z) — exp{z'z/otu(s)ds - %zz -/Ot‘az(s)ds}

Hence the one dimensional distribution of W) (t) converges to the corresponding
distribution of

t t
/ p(s)ds+/ o(s)dB(s).
0 0
A characteristic function of a finite dimensional distribution ¢,... s, (%1, ,2) of
W®(t) is given by ‘

Pty b (zl, ce ,Zk) = E exP{ \/— Z zkvv[ntk]}]

Using the result in one dimensional case we have
tpAtg
Pty (21500 5 26) — exp{zZz,f u(s)ds — = ZZzpzq/ o?(s)ds }
j=1 p=1 g=1

as n — oo. This implies that the finite dimensional distribution of W™ (t) converges to
the corresponding distribution of

/ot u(s)ds + /Ot o(s)dB(s).

Remark on trading volume .
In this auction model a trading volume v; at time ¢ is given by

= Min{w;], w; }.

Let us remark that a trading volume is not always zero when ¢ is static and a probability
distribution of a trading volume v; for static ¢ is a uniform distribution. So, the expectation
value of v; for static t is given by
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e(v) = E v(we) and ng = Z 1.

wy:static wy:static

We denote by Vjny a total trading volume traded in time interval [0, [nt]] and consider a
asymptotic behavior of E[Vjny] and V[Vjuy], where E[Viny] and V'[Vjny] are an expectation
and a variance of Vi , respectively.

Using the method of polymer expansion we describe a characteristic function of Vi
and obtain the formulas of E[Vjn] and V[Vjng] in terms of polymer weight functions.

From these formulas and using the same method obtaining the scaling limit of the
characteristic function for a finite dimensional distribution Wi, we have

lim _E[V[nt]] = /0 t( > v(A)eh(m)fx(A)%(AZ:‘!‘T(A) s

n—oo N
i(A)=0

o v (_<_> <”>2)

Ng

0 ja)=0
(v(A) — ”)|| (A)])%e h(z)fl(A)¢0(A)a (4) 4,
‘/ t(A)Z—o 3
where
o(A) =3 3 v(EAE)
¢ uep(§)
e(v’) = Z v(wy)?
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