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CONVERGENCE OF FORMAL SERIES OF JACOBI 
FORMS 

CRIS POOR 

ABSTRACT. We give an overview of the proof for general paramod­
ular level that formal series of scalar Jacobi forms with an involu­
tion condition converge. 

1. INTRODUCTION. 

This talk discusses the results in [3], which is joint work with Hiraki 
Aoki and Tomoyoshi lbukiyama. I would like to thank the American 
Institute of Mathematics for its support. Our time together at AIM 
SQuaREs was critical to the success of this project. 

This work proves that formal series of Jacobi forms can be forced to 
converge by imposing symmetry conditions. Such a convergent series 
then defines a paramodular form and the Fourier-Jacobi expansion of 
this paramodular form will be the originally given formal series. Our 
result is the best possible in the sense that the imposed symmetries 
are induced by a single involution. Other important approaches to the 
convergence of formal series of Jacobi forms [7, 19, 8, 6, 16, 10] im­
pose symmetries induced by infinitely many elements of the symplectic 
group. 

The main result is a regularity theorem: less information is required 
to produce a certain kind of paramodular form than is included in 
their definition. In this sense, the main result is a generalization of 
the Koecher principle. The main result also proves the theoretical 
soundness of the method of Jacobi restriction: a computational method 
to rigorously compute spaces of paramodular forms [14, 5, 18, 17]. Our 
main result is not effective and only promises that the method of Jacobi 
restriction will eventually work. 

That symmetries can force a formal series to converge is curious and 
these proceedings present a special opportunity to highlight the con­
cepts and powerful theorems that are used in the proof. One ingredient 
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is the new bound on the vanishing order of Jacobi forms that is deduced 
from a theorem of Aoki [2]. This bound enables us to prove that the di­
mension of spaces of formal series of Jacobi forms of weight k satisfying 
an involution condition grows as O(k3). This implies that the graded 
ring of formal series with a positive involution sign is algebraic over 
the corresponding subring of paramodular forms. A second ingredient, 
equally important, is the proof that formal series of Jacobi forms do 
converge on a collection of holomorphic curves dense in the Siegel up­
per half space when we impose r 0 (N)-symmetries. Inductive bounds 
on the growth of the Jacobi coefficients proved too difficult, and this 
dense set of curves, resulting in specializations to holomorphic func­
tions of one variable, in conjunction with r0 (N)-symmetries, may be 
thought of as a technical alternative to growth bounds. Once we know 
that a formal series converges on a dense subset of the Siegel upper 
half space, our attention becomes focused on showing that the partial 
sums of the formal series are locally bounded. A powerful theorem 
from several complex variables asserts that a sequence of holomorphic 
functions that is locally bounded, and convergent on a dense subset of 
a domain, in fact converges on the entire domain. As above, the involu­
tion condition alone implies that a formal series f satisfies a polynomial 
relation with coefficients that are Fourier-Jacobi expansions of honest 
paramodular forms. If we adjust the formal series to make the polyno­
mial relation monic, then a monic polynomial relation and holomorphic 
specializations on a dense set of curves is sufficient to demonstrate that 
the partial sums of the formal series are locally bounded. 

We can make another use of the polynomial relation. We can use it 
to prove that any formal series f satisfying it must have some r0 (N)­
symmetries. More precisely, f will satisfy symmetries for a subgroup 
r ~ r0 (N) of finite index. The group r is a Fuchsian group of the first 
kind and its limit set A(r) accordingly satisfies an ergodic property. 
This ergodic property suffices to show that formal series f with r­
symmetries have their own holomorphic specializations on a dense set 
of curves. Accordingly, we do not need to take r0 (N)-symmetries as a 
hypothesis on formal series with an involution at all, but can recover 
all needed deductions from just the single involution symmetry. 

In order to obtain a monic polynomial relation, we need to adjust our 
given formal series f to another formal series g = FJ(J0)f, where FJ(J0 ) 

is the Fourier-Jacobi expansion of an honest paramodular form f0. It 
is the formal series g that is proven to be locally bounded and conver­
gent and so g = FJ(G) for some paramodular form G. Thus, the final 
step in our argument is to show that the equation FJ(G) = FJ(J0)f 
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implies that G /JO is holomorphic. This question, postponed until the 
end, may have worried the reader from the beginning. If a meromor­
phic paramodular form, G/ Jo, can have a Fourier-Jacobi expansion, 
FJ(G/ Jo) = FJ(G)/FJ(f0 ) = f, of the type of formal series we are 
considering, then our main result is false. Consider an irreducible com­
ponent V of the divisor of J0 . Using the Weierstrauss preparation 
theorem, our dense set of holomorphic curves where f converges, and 
the flexibility of the paramodular group, we find one holomorphic curve 
that meets the component V transversally at a regular point where G 
has no other vanishing than V. This is enough to show that the order 
of vanishing of G on V is at least the order of Jo, and that G / Jo is 
holomorphic. 

In summary, the main highlights of the proof involve new bounds 
on the vanishing order of Jacobi forms, a dense set of curves where a 
formal series with involution converges to a holomorphic function, local 
boundedness and convergence theorems from several complex variables, 
ergodic results for the limit set of Fuchsian groups, and the compat­
ibility of the dense set of curves with the Weierstrauss preparation 
theorem. 

2. NOTATION. 

• 131, the transpose of the matrix 13. 

• t[13] = 13'fo for an appropriate matrix t. 
• 1in, the Siegel upper half space of degree n. 
• Jk,m, the vector space of Jacobi forms of weight k and index m. 
• Jk,m(v) = { cf> E Jk,m : ordcf> 2': I/}. 
• K(N), the paramodular group of level N. 
• µN, the paramodular Fricke involution. 
• K(N)+ = (K(N), µNJ· 
• Mk (K(N))C, the vector space of weight k paramodular forms with 

Fricke sign E. 

• Sk (K(N))\ the subspace of Mk (K(N)t consisting of cusp forms. 

• X(N) = {semidefinite ( r/2 ;/!) : n, r, m E Z}. 
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3. MAIN RESULT 

A paramodular form is a Siegel modular form of degree two for the 
group 

K(N) = Sp(4, Q) n ( ~ 
:z 

NZ 
z 

NZ 
NZ 

Paramodular forms f E Mk (K(N)) have Fourier expansions in three 
variables but perhaps more pertinent is the Fourier-Jacobi expansion 
of a paramodular form, which, using the components O = (; i) E 1{2 , 

recollects the Fourier series in powers of e ( w) = e21riw, 

00 

m=O 

Each coefficient is a Jacobi form, </Jm E Jk,Nm, and has its own Fourier 
expansion </Jm(T,z) = I:n>OrEzc(n,r;</Jm)e(nT + rz). The Fourier­
Jacobi expansion thus define~ a map to formal series of Jacobi forms 
FJ : Mk (K(N)) -+ M(k, N) = rr:=0 Jk,Nm· This map is not surjec­
tive because the codomain is infinite dimensional. One source of con­
sistency conditions among the Fourier-Jacobi coefficients ( </Jm) arises 
from a normalizing involution of K(N), the paramodular Fricke invo-

lution µN = ( tpf J/N), where FN = ~ ( _°iv A) is the Fricke involution 

on r 0 (N). This involution splits Mk (K(N)) into plus and minus forms, 
Mk (K(N)) = Mk (K(N)t EB Mk (K(N))-. The block diagonal form 
of µN gives a simple action on the Fourier series and consequently gives 
the following involution condition on the Fourier-Jacobi coefficients of 
any f E Mk (K(N))°, EE {±1}: 

(1) For all semidefinite ( r/2 ;/!) with n, r, m E Z, 

c(n,r;</Jm) = (-l)kEc(m,r;</Jn)-

Let M(k, N, E) be the subspace of formal series of Jacobi forms satisfy­
ing the involution condition: 

00 

M(k, N, E) = {f E M(k, N) : f = L </Jm~Nm satisfies condition (1)}. 
m=O 

The Fourier-Jacobi expansion gives FJ: Mk (K(N)t-+ M(k, N, E). It 
seems a bit greedy to hope that we have hereby found all the consistency 
conditions among the Fourier coefficients of the Jacobi forms </Jm but 
we prove it here. 
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Theorem 3.1 (Main Theorem). Let NE N, k E N0, and EE {±1}. 
The map FJ: Mk (K(N)t----+ M(k, N, E) is an isomorphism. 

Our main result has applications to computation. Jacobi restriction 
has provided rigorous optimal upper bounds for dimSk (K(N))C, even 
though no one could guarantee in advance that the method would work. 
The following corollary proves that any schema for computing spaces 
of paramodular forms that spans spaces of Jacobi forms and imposes 
the involution condition is in principle sound. 

Corollary 3.2. Ford EN, define the complexvectorspaceM(k,N,E)[d] 
as {(<l>m) E rr~=O Jk,Nm: (</>m) satisfies (1) for all n, ms; d }. These­
quence dime M( k, N, E) [ d] is monotonically decreasing for d 2:: ¼ N k, 
and we have lima--++oo dime M(k, N, E)[d] = dime Mk (K(N)t. 

In particular, we have dime Mk (K(N))c s; dime M(k, N, E)[d] for 
d > ¼Nk, and we have equality for sufficiently large d. 

4. BOUNDS ON THE VANISHING ORDER OF JACOBI FORMS. 

It is an issue even to prove that the space of formal series M(k, N, E) is 
finite dimensional. Consider a partial sum ~~~o <Pm~Nm of a putative 
formal series in M(k, N, E) and ask how many choices there are for 
¢>£ E Jk,N£· By the involution condition 1, ¢>£ is determined to order qc-t 
by </>o, </>1, ... , <P£-t, because, for n < f, 

(2) 

If such a solution to equation 2, </>c E Jk,m, does exist, we obtain all 
such solutions by adding elements of Jk,m(f). Thus, proving the limit 

(3) lim dim Jk,Nv(v) = 0 
v--++oo 

would prove the finite dimensionality of M(k, N, E). The standard es­
timate [9, 12] for the vanishing order of Jacobi forms: for q> E Jk,m, we 
have ordq</> s; (k + 2m)/12, is woefully inadequate to prove 3. It gives 
that for q> E Jk,Nv(v), we have vs; (k + 2Nv)/12, or (12 - 2N)v s; k, 
a useless estimate for N 2:: 6. However, it does imply the finite dimen­
sionality of M(k, N, E) for N s; 5. Beginning with this, in 2000, Aoki 
proved [1] the main result here for N = l. He discovered the following 
remarkable argument. We have 

floor(k/10) 

dimM(k, 1, +) s; L dim Jk,m(m) 
m=O 
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since Jk,m(m) = {0} unless m S k/10. Then, using estimates from [9], 
he calculated that, giving only the case of even weight k here, 

floor(k/10) 

L dimJk,m(m) = dimMk (K(l)t. 
m=O 

This immediately gives the generating series of Siegel modular forms 
of level one in degree two, a result first proven at length by Igusa [15]. 

In the meantime, the involution condition of equation 2 was being 
exploited for computational purposes for general N. The method of Ja­
cobi restriction recursively solves for ¢c E Jk,m one Fourier-Jacobi coef­
ficient at a time. The spaces of Jacobi forms were spanned by using the 
method of theta blocks [13]. In practice we find that Jk,Nv (v) = { 0} for 
v 2 v0 , for relatively small v0 ; moreover, the dimensions of the solution 
spaces of finite formal series satisfying equation 2 experimentally stabi­
lize pretty quickly to dim Mk (K(N)t. In 2013, the article [14] showed 
that Aoki's method also works for N E {2, 3, 4} but not for N = 5. 
Due to these considerations, it was explicitly asked in [14] whether or 
not the main result, Theorem 3.1 here, holds for general levels N. 

In order to go further, one needs a superior bound on the vanishing 
order of Jacobi forms, one that performs better for fixed weight k and 
large indices m. Aoki [2] gave such an improved bound in 2022. Here 
I just give the half that applies to even weights k. 

Definition 4.1. For j E N we define 'ljJj : N----+ (Q+ by 

{
1 

'l/Jj(u) = 1 
ITplu: p prime ( l - pJ) 

if u = 1, 

if u 2 2. 

Definition 4.2. We define 'ljJ : N \ {1} ----+ (Q+ by 

{
t2'!/J2(t) = 3 

'ljJ(t) = 1 2n/, ( ) 1 2rr (1 1) 'it 'f/2 t = 'it pit: p prime - p2 

if t = 2, 

if t 2 3. 

Theorem 4.3 ([2]). Let k E 2N, m EN. Let¢ E Jk,m have ord(¢) = µ. 
We have 

min ( m,m - 6µ + ~) 2 L 'ljJ(t), 
t:(.) 

where t runs over all natural numbers satisfying the condition 

t-l ( mc(t - c) ) kt 
(•) t # 1 and ~ 'ljJi(gcd(t, c)) max µ - t2 , 0 > 12 '!/J2(t). 
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As a corollary of this theorem, Aoki proved that for </> E Jk,m(v), 
we have v ::; (k + 1)(1 + ✓2m + 1)/6. This bound, for fixed k, grows 
as 0( vm) instead of O(m). Applying this result to Jk,Nv(v) we calcu­
late that 

(4) 
N 1 

Jk,Nv(v) = {O} for v > 18 (k + 1)2 + 3(k + 1). 

This bound proves equation 3 and the finite dimensionality of M(k, N, E). 

The first new result of [3] is the following. I include the proof as it 
illustrates how to apply Aoki's intricate Theorem 4.3. 

Proposition 4.4. Let k, N, v EN. If v > ½Nk then Jk,Nv(v) = {O}. 

Lemma 4.5. Lett,µ, m EN. Ifµ< m, we have 

~ ( mc(t - c) o) µ2t ~maxµ- 2 , >-. 
t 2m 

c=O 

Proof. The case of odd k follows from that of even k. If</> E Jk,Nv(v) 
then ¢2 E J2k,N(2v)(2v). Since v > ½Nk we have 2v > ½N(2k) and so 
¢2 = 0 assuming the result for even weights; hence ¢> = 0. 

Suppose that there is a nontrivial</> E Jk,Nv(v) with vanishing order 
µ = ordcp 2 v > ½Nk and k even. We will obtain a contradiction to 
Theorem 4.3. Form= Nv, we will contradict 

min ( m,m - 6µ + ~) 2 L 'l/J(t). 
t:(.) 

Since 'ljJ has a positive minimum, it suffices to show that the set of 
positive integers satisfying ( •) is infinite. 

We show that all sufficiently large primes p satisfy 

~ ( mc(p-c) ) kp 
~ 'lj)i(gcd(p, c)) max µ - p2 , 0 > 12 'I/J2(p). 

We know that a It implies 'ljJ1(a) 2 'ljJ1(t). Since gcd(p, c) Ip, we have 
'I/J1(gcd(p, c)) 2 'ljJ1(p). Therefore 
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Lemma 4.5 says that for t, m, µ E N with µ < m we have 

~ ( me( t - c) ) µ 2t ~maxµ- 2 ,0 >-. 
t 2m 

c=O 

We use the linear bound ord¢ ~ ki;m of [12], Proposition 3.2, to check 
the hypothesisµ< m: 

k + 2m 6; + 2m J2 + 2 
µ = 0rd¢ ~ 12 < 12 12 m < m. 

Thus by Lemma 4.5 we have 

~,J,1 (gcd(p, c)) max(µ - me(;,- c), 0) 

µ2p v2p vp 
>'I/Ji (p) 2m ~ 'I/Ji (p) 2m = 'I/Ji (p) 2N • 

Thus a sufficient condition for a prime p to satisfy ( •) is 

vp kp 
'I/Ji (p) 2N > 12 'I/J2 (p). 

This simplifies to v > ~k ( 1 + i), or v - ¼Nk > ~k i, which is true 

for all sufficiently large p because v - ¼ N k is positive. □ 

The bound of Proposition 4.4 is strictly better than equation 4. In 
particular, the bound is directly proportional to k, which gives 

floor(Nk/6) floor(Nk/6) 

dimM(k, N, E) ~ L dim Jk,Nv(v) ~ L kNv E O (N3 k3 ). 

v=O v=O 

The growth rate of dim Mk (K(N)t is also O(k3), which shows that 
the graded ring EBkM(k, N, +) is algebraic over the graded subring 
EBkFJ (Mk(K(N)+)). Accordingly, every formal series f E M(k, N, +) 
satisfies some polynomial relation in the ring of formal series 

FJ(fo)fd + FJ(fi)fd-l + · · · + FJ(fj)fd-j + · · · + FJ(fa) = 0, 

for some d E N, ko E No, and some i} E Mko+}k(K(N)+) with Jo not 
identically zero. Here it is helpful to break our troubles into two pieces 
by introducing an associated formal series g = FJ(f0)f that satisfies a 
monic polynomial relation 

gd + FJ(g1)gd-l + ... + FJ(gj)gd-j + ... + FJ(ga) = 0 

with gj = Jt1 fj E M(k+ko)j (K(N)+) for j = l, ... , d. This maneu­
vering postpones the issue of whether or not EBkFJ (Mk(K(N)+)) is 
integrally closed in EBkM(k, N, + ). 
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As a remark, an alternate approach can be adopted at this point. 
From the manic polynomial relation and the theory of Puiseux series 
it follows that the formal series g converges in some neighborhood of 
infinity in 1{2. One may then proceed by analytic continuation, com­
pare [4] by Aoki and Saito. 

5. ADDITIONAL SYMMETRIES. 

When Jacobi restriction is run to classify initial Fourier-Jacobi ex­
pansions of elements in Sk (K(N))\ we typically include all known 
symmetries, not just the involution condition. In particular, we have 
r 0 (N)-symmetries. Let r ~ r0 (N) be a subgroup. 

00 

M(k, N; r) = {f = L <Pm~Nm E M(k, N) : f satisfies equation (5) }, 
m=O 

(5) Va E r Vt = ( ni rd2 ) t = ( n 2 rd2 ) E X(N) 
' 1 ri/2 Nm1 ' 2 r2/2 Nm2 ' 

if ti[a] = t2 then c(n2, r2; <Pm2) = c(n1, r1; <PmJ-

The r 0 (N)-symmetries play an important role in theoretical consider­
ations as well. As a consequence of the polynomial relation, we will 
show that each formal series f E M(k, N, E) automatically satisfies some 
additional r0 ( N)-symmetries. 

Each formal series f has an associated formal Fourier series, 

AFS(f) = 
t=( n r/ 2 )EX(N) 

r/2 Nm 

and the collection of formal Fourier series forms its own kind of integral 
domain. We convert the polynomial relation into one in this ring of 
formal Fourier series. 

(6) FS(fo)(AFS(f))d + · · · + FS(f1)(AFS(f)t-1 + · · · + FS(h) = 0. 

The group r0 (N) acts on formal Fourier series in the following way. For 
a E r0(N) and '1/J = ~tEX(N) a(t; '1/J)qt, set j(a)'I/J = ~tEX(N) a(t[a]; '1/J)qt. 
In this way, r 0 (N) acts as a group of automorphisms on the integral 
domain of formal Fourier series. The coefficients of the polynomial re­
lation 6 are invariant under this action, which therefore permutes the 
roots of the polynomial relation. The induced homomorphism from 
r0 (N) to the finite symmetric group Sd has a kernel r of finite index 
in r0 (N) that fixes the roots, including AFS(f). Hence we deduce that f 
has additional symmetries under a subgroup r of finite index in r 0 (N). 
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6. LOCALLY BOUNDED. 

Both the involution condition 1 and the r0 (N)-symmetries 5 are 
"fair" hypotheses to place upon a formal series of Jacobi forms because 
they give linear relations that a computer can check. This is by way 
of contrast to a convergence hypothesis, which the computer cannot 
directly check. What theoretical purpose do the r0 ( N)-symmetries 
serve for us? 

It is difficult to bound the Jacobi coefficients </>m of a formal series 
with involution in terms of a finite number of them. However, if we 
first restrict these Jacobi forms to elliptic modular forms, by the usual 
method of specializing ( T, z) to a torsion point ( T, XT + y) for x, y E Q, 
then the r 0 (N)-symmetries allow us to bound all these elliptic forms 
in terms of a finite number of them. This is the theoretical use for 
us of the r 0 (N)-symmetries. By technical steps we reduce to the case 
where f = ~:'.=1 </>me(Nmw) a a cusp form, meaning </>m E Ji';Jm for 
each m EN. We write f E §(k, N; r) to mean that f is a cusp form and 
that f satisfies the symmetries 5. 

Definition 6.1. Let r ~ SL(2, Z) be a subgroup of finite index. Let 
U = ( ~ 6) E GL(2, Z). Define 

W0 (r) = {(x,y) E Q2 : x E (UrU)-orbit(oo) and yDenom(x) E Z}, 
W1(r) = {(T, z) E H1 x C: :3(x, y) E Wo(r) : z = xT + y}, 

W(r) = {(; i) E H2: (T,z) E W1(r)}. 

Corollary 6.2. Let r ~ r0 (N) be a subgroup of finite index. Let f = 
~:'.=1 </>m~Nm E §(k, N; r). The formal series f converges absolutely on 
W(r). For (T1, z1) E W1 (r) set T/l = (Im(z1))2 /Im(T1). The function 
H(T1, z1, f) : Noo(T/1) ➔ C defined by 

00 

m=l 

is holomorphic on N00 (TJ1) = {w E H1 : Im(w) > TJ1}. 

We see from Corollary 6.2 that the formal series f converges when 
restricted to the curve O 1 ( w) = ( ;~ :J- ) , and there specializes to a holo­
morphic function H ( T 1 , z1 , f) of w. What makes these specializations 
really useful, however, is that the ( T 1 , z1 ) E W1 (r) form a dense set in 
1{1 x (C and the curves form a dense set in 1{2 . This point relies on 
the theory of Fuchsian groups. As a subgroup of finite index, r is a 
Fuchsian group of the first kind with a limit set A(r). The limits set is 
the set of points on the Riemann sphere where r does not act properly 
discontinuously. 
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Definition 6.3. Let r ~ SL(2, IR.). The limit set A(r) of r is the set 
of z E JPl1(C) such that there exists a w E JPl1(C) and a sequence of 
distinct rn E r with liIDn-Hoo rn ( w) = z. 

We use the following ergodic property of the limit set. 

Lemma 6.4. Let r ~ SL(2, Z) be a subgroup of finite index. The 
r-orbit of 00 is dense in A(r) = JPl1 (IR.). 

It is this ergodic property that allows us to prove that f converges 
to a holomorphic function on a dense set of curves. 

Lemma 6.5. Let r ~ SL(2, Z) be a subgroup of finite index. The 
sets W

0
(f), W

1
(f), and W(f) are dense in IR.2

, 1{
1 

x C, and 1{
2

, 

respectively. 

The fact that f E §(k, N; r) converges on a dense subset of 1{2 raises 
the possibility of using powerful convergence theorems from the theory 
of several complex variables. The following is Exercise 4a of section 4 
in Chapter 1 of [11] and a proof can be found in [3]. 

Theorem 6.6. Let U ~ (Cd be open. Let {f1} be a locally bounded 
sequence of holomorphic functions on U that converges on a dense sub­
set of U. Then the sequence {h} converges on U and uniformly on 
compact subsets of U. 

This theorem shifts our attention to proving that the sequence of 
partial sums I::=l <Pm(T, z)e(Nmw) is locally bounded on 1{2 . These 
partial sums are continuous and so it suffices to demonstrate their 
local boundedness on a dense subset. We can achieve this, due to 
the following elementary bound, when the formal series g = FJ(f0)f 
satisfies a manic polynomial so that the specializations H ( T1 , z1 , g) also 
satisfy a manic polynomial. 

Lemma 6. 7. Let d E N and z E (C be given. Let a manic polynomial 
p E qx] of degree d be given by P(X) = xd + I:t=l ajxd-j for 

a1, ... ,ad EC If P(z) = 0 then lzl :S 1 + I:t=l la11-

The specializations H ( T1 , z1 , g) are roots of a manic polynomial with 
holomorphic coefficients and so are locally bounded. The partial sums 
I::=l <Pm(T1, z1)e(Nmw) of H(T1, z1, g)(w) are locally bounded because 
the function H ( T1 , z1 , g) is holomorphic. Therefore the general partial 
sums I::=l <Pm(T, z)e(Nmw) are locally bounded because these partial 
sums are continuous and locally bounded on a dense subset. 
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Thus we can show that the adjusted formal series g = FJ(f0)f is con­
vergent on 1-{2 and g = F J ( G) for some paramodular form G. Finally, 
we must address a problem that we have postponed; namely, to prove 
that the holomorphy of G/Jo follows from FJ(G) = FJ(f0)f. 

7. DIVISOR THEORY. 

Finally, we confront an obstacle that has always been a worry, that a 
properly meromorphic paramodular form might have a Fourier-Jacobi 
expansion that lies in M(k, N, E), 

FJ(G/ Jo) := FJ(G)/FJ(J0) = f E M(k, N, E). 

We reduce to the case f E §(k, N, E) by lemmas here suppressed. 

We want to deduce that G / Jo is holomorphic from the assumptions 
FJ(G) = FJ(J0)f and f E §(k, N, E). It is the Weierstrauss preparation 
theorem and the particular form of our dense collection of holomorphic 
curves, D1(w) = (xT:~Y xT~+Y) for (x,y) E W0 (r), on which f special­
izes to a holomorphic function, that will allow us to prove that G / Jo 
is holomorphic. We proceed by showing that, for any irreducible com­
ponent V of the divisor of Jo, we have ordv(G) ~ ordv(f0 ). After a 
series of normalizations, using involutions of K ( N)+, we find a point 
p = ( ;i c:,i ) E V and a local equation wp = 0 of V at p such that 
G E r;:;0rdv(G)()* and (-1') E wordv(fo)o* in the local ring O of germs 

P p p JO P p p P 

of holomorphic functions at p. By the Weierstrauss preparation the-
orem we may also choose p so that p E V n W(r), i.e., one of our 
holomorphic curves passes through p. Moreover, V is the only irre­
ducible component of G passing through p, w is regular in w at p, 
and so the specialization w (D1(w)) is not identically zero as a func­
tion of w. By specializing the equation FJ(G) = FJ(J0)f we obtain 
G (D1(w)) = H(T1, z1, g)(w)Jo (!11 (w)). Since V is the only component 
of the divisor of G passing through p, in the local ring Op we have 

(unit) wp (D1(w))ordv(G) E H(T1, Z1, g)p(w) wp (D1(w))ordv(fo) Op. 

This implies that ordv( G) ~ ordv(Jo) and hence that G / Jo is holo­
morphic. The Fourier-Jacobi expansion of the paramodular form G / Jo 
is our original formal series f, and f converges on 1-{2 . 
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