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1 Introduction 

Shimura varieties have been used, with great success, towards applications in number theory. 
There arc many such applications based on the study of integral models and their reductions. 
It is known that in some cases, the supersingular ( or basic) locus of the reduction of a 
Shimura variety admits a simple description. For example, Vollaard-Wedhorn [27] described 
the supersingular locus of the Shimura variety of GU(l, n-1) at an inert prime as a union of 
(classical) Deligne-Lusztig varieties. Also in the GU(2, 2)-case, Howard-Pappas [14] proved 
the existence of a similar description. After [27] and [14], Gortz, He and Nie classified the 
cases where the supersingular locus is naturally a union of Deligne-Lusztig varieties, called 
the fully Hodge-Newton decomposable cases (cf. [7], [9]). As a result, the Shimura variety 
of GU(2, n - 2) is not fully Hodge-Newton decomposable if n 2:: 5. The studies by Gortz, 
He and Nie are based on the fact that the study of the perfection of the supersingular 
locus can be reduced to a study of an affine Deligne-Lusztig variety via the Rapoport-Zink 
uniformization. Such simple descriptions have been applied towards the Kudla-Rapoport 
program [16], Zhang's Arithmetic Fundamental Lemma [29] and the Tate conjecture for 
certain Shimura varieties [25], [13]. 

Recently, new simple descriptions have been discovered in some cases which are not fully 
Hodge-Newton decomposable (cf. [26], [21], [23]). In the GU(2, n - 2)-case, Fox, Howard 
and Imai studied irreducible components of the supersingular locus [5],[4]. The core of their 
method is the Chen-Zhu conjecture, which is a theorem on irreducible components of affine 
Dcligne-Lusztig varieties. After these results, the author found an explicit stratification of 
the affine Deligne-Lusztig variety associated to the Shimura variety of GU(2, n-2) in terms of 
Deligne-Lusztig varieties [22]. This stratification gives another description of the irreducible 
components by taking the closure of the top-dimensional strata. In this paper, we will give 
a survey of [22] (see [5, §11] for the Rapoport-Zink uniformization in this case). 

Let F be a non-archimedean local field with finite residue field IF'q of prime characteristic 
p, and let L be the completion of the maximal unramified extension of F. We write O for the 
valuation ring of L. To simplify the exposition, we assume that F has mixed characteristic 
in the introduction. Let G be the unramified general unitary group of degree n over F. 
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Let µ be the cocharacter of G corresponding to z -+ ( diag( 1, ... , 1, z-1, z-1), z-1) under an 
isomorphism GL ~ GLn xGm. Let Xµ,(b) denote the affine Deligne-Lusztig variety attached 
toµ and b = (diag(l, ... ,l),iv--1), where w denotes a uniformizer of F. Including Xµ,(b), 
all varieties in the introduction are perfect schemes. For example, Deligne-Lusztig varieties 
actually mean the perfection of them. 

In the fully Hodge-Newton decomposable cases, the decomposition into Deligne-Lusztig 
varieties is a refinement of the Ekedahl-Oort stratification of affine Deligne-Lusztig varieties 
(see §2.2). This stratification itself exists in general even outside the fully Hodge-Newton 
decomposable cases. It is the local analogue of the stratification defined in the global context 
of Shimura varieties in [12]. An Ekedahl-Oort stratum in Xµ,(b) actually corresponds to the 
intersection of a global Ekedahl-Oort stratum with the supersingular locus (cf. [10, §2.5]). 

Set wµ, = ( diag(l, ... , 1, w-1, w-1), w-1). Then the Ekedahl-Oort stratification of Xµ,(b) 
( and the corresponding global one) is parametrized by 

8Adm(µ)={wk,z:=wµ,(n-1 ••• k+lk)(n ••• l+ll)ll:=::k<l:=::n}, 

which is a subset of the Iwahori-Weyl group. Let us denote by 1r(Xwk 1 (b)) the Ekedahl­
Oort stratum corresponding to wk,l· See §2.2 for the precise definition. Let s Adm(µ),.,0 := 
{wk,l E 8 Adm(µ) I 1r(Xwk,1 (b))-=/- 0}. Let 8 Adm(µ)m i;;;; 8 Adm(µ),.,0 denote a certain subset 
consisting of all Wk,l such that 1r(Xwk,z (b)) is naturally a union of Deligne-Lusztig varieties (see 
Proposition 2.2). The equality holds if and only if n :=:: 4. It is also known by Gortz-He-Nie 
that the global Ekedahl-Oort stratum corresponding to wk,l E s Adm(µ) is contained in the 
supersingular locus if and only if wk,l Es Adm(µ)m (cf. [9, Proposition 5.6], [28, Proposition 
4.2]). Let s Adm(µ),.,m denote s Adm(µ),.,0 \ s Adm(µ)m. This set parametrizes the global 
Ekedahl-Oort strata which intersect but are not contained in the supersingular locus ( cf. [9, 
Lemma 7.6]). The following theorem gives a complete description of s Adm(µ),.,0. This was 
only known in fully Hodge-Newton decomposable cases n :=:: 4 and the case n = 5 studied in 
[1, Theorem 6.7]. See Example 3.4 for the cases where n = 13, 14. 

Theorem A (Theorem 3.3). We have 

8 Adm(µ)DL = {wk,l I k = 1 or l :=:: nt2 }. 

Moreover, wk,l E s Adm(µ ),.,m if and only if 3 :=:: k < n!2 < l :=:: n-1 and one of the following 
conditions is satisfied: 

(i) k is odd and k + l :=:: n + 2. 

(ii) l = n - 1 (mod 2) and k + l ~ n + 3. 

The following theorem is our main theorem, whose description coincides with the con­
ventional ones in fully Hodge-Newton cases n :=:: 4. 

Theorem B (Theorem 3.6). Let wk,l Es Adm(µ),.,0. Then there exists a standard parahoric 
subgroup A,z, a Deligne-Lusztig variety Xk,l and an irreducible component Yk,l of 1r(Xwk,1(b)) 
such that 1r(Xwk,Jb)) = LJJEG(F)/G(F)nPk,z]Yk,l and Yk,l is an iterated fibration over Xk,l· In 
particular, the variety Xµ,(b) is naturally a disjoint union of iterated fibrations over Deligne­
Lusztig varieties. 
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An iterated fibration is the composite of some Zariski-locally trivial A1-bundlcs ( cf. §2.3). 
The variety Xµ(b) and each Ekedahl-Oort stratum admit an action of G(F). The fibration in 
Theorem Bis G(F)-equivariant. In Theorem 3.6, both A,z and Xk,l are described explicitly. 
For example, if wk,l E 8 Adm(µ),.,m, then Pk,l = G(O) and Xk,l is a Deligne-Lusztig variety 
in a partial flag variety for G(IB'g) determined by wk,l (see Remark 3.10). 

2 Preliminaries 

We will usually drop the adjective "perfect" for notational convenience. 

2.1 Notation 

Let F be a non-archimedean local field with finite residue field lF q of prime characteristic p, 
and let L be the completion of the maximal unramified extension of F. Let a denote the 
Frobenius automorphism of L/ F. Further, we write O (resp. OF) for the valuation ring of 
L (resp. F). Finally, we denote by w a uniformizer of F and by VL the valuation of L such 
that vL(w) = 1. 

Let G be an unramified connected reductive group over Op. Let B C G be a Borel 
subgroup and T C B a maximal torus in B, both defined over Op. For a cocharacter 
µ E X.(T), let wµ be the image of w E <Gm(F) under the homomorphismµ: Gm-+ T. 

Let <I>= <I>(G, T) denote the set of roots of Tin G. We denote by <I>+ (resp. <I>_) the set 
of positive (resp. negative) roots distinguished by B. Let ~ be the set of simple roots and 
~ v be the corresponding set of simple coroots. Let X.(T) be the set of cocharacters, and let 
X.(T)+ be the set of dominant cocharacters. 

The Iwahori-Weyl group W =Weis defined as the quotient Nc(L)T(L)/T(O). This can 
be identified with the semi-direct product W0 ~ X.(T), where W0 is the finite Weyl group of 
G. We denote the projection W-+ W0 by p. We have a length function C: W-+ Z>o given 
as C(uw;..) = LaE<l>+,unE<L l(a, >..) + 11 + LaE<l>+,unE<l>+ l(a, >..)I, where u E Wo and>.. E-X.(T). 

Let S C W0 denote the subset of simple reflections, and let 5 C W denote the subset 
of simple affine reflections. We often identify ~ and S. The affine Weyl group Wa is the 
subgroup of W generated by 5. Then we can write the lwahori-Weyl group as a semi-direct 
product W = Wa ~ D, where D C W is the subgroup of length O elements. Moreover, (Wa, 5) 
is a Coxeter system. We denote by ::::; the Bruhat order on W. For any J ~ 5, let JW be 
the set of minimal length elements for the cosets in WJ\W, where WJ denotes the subgroup 
of W generated by J. 

For w E Wa, we denote by supp( w) ~ 5 the set of simple affine reflections occurring in 
every ( equivalently, some) reduced expression of w. Note that T E D acts on 5 by conjugation. 
Let suppo-(wT) be the smallest Ta-stable subset of 5 which contains supp(w). 

For w,w' E Wands E 5, we write w ➔ w' if w' = swa(s) and C(w')::::; C(w). We write 
w -+ w' if there is a sequence w = w0, w1 , ... , wk = w' of elements in W such that for any 
i, Wi-l ~ Wi for some Si E 5. If C(w) = C(w'), we write w ~ w'. Note that in many other 
papers, -+and~ are denoted as -+o- and ~o- respectively. 
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For a E 1>, let Ua ~ G denote the corresponding root subgroup. We set 

I= T(O) IJ Ua(wO) IJ Ur,(O) ~ G(L), 
aEil>+ {,Eil>-

which is called the standard Iwahori subgroup associated to T C B C G. For J C S with 
WJ finite, let PJ :JI be the standard parahoric subgroup associated to J. We denote by KJ 
the projection G(L)/I---+ G(L)/PJ. Set K = Ps = G(O) and 1r = 1r8 . 

In the case G = GLn, we will use the following description. Let T be the torus of diagonal 
matrices, and we choose the subgroup of upper triangular matrices B as Borel subgroup. Let 
Xij be the character T---+ Gm defined by diag(t1 , t2, ... , tn) f--t t/j-l · Then we have 1> = {Xij I 
i =/- j}, 1>+ = {Xij I i < j}, 1>_ = {Xij Ii > j} and~= {xi,i+l I 1 :'Si< n}. Through the 
isomorphism X*(T) ~ zn, X*(T)+ can be identified with the set {(m1 , • • • , mn) E zn I m 1 2: 
· · · 2: mn}- Let us write s1 = (1 2), s2 = (2 3), ... , Sn-l = (n - 1 n). Set s0 = wxf,n(l n), 
where X1,n is the unique highest root. Then S = { s1, s2, ... , Sn-1} and S = SU { so}, The 
Iwahori subgroup I C K is the inverse image of B 0 P under the projection G(O) ---+ G(IB\) 
sending w to 0, where B 0 P is the subgroup of lower triangular matrices. Similarly, if J c 
S, then PJ is the inverse image of the standard parabolic subgroup (which contains B 0 P) 
corresponding to J. Finally, w(l,oCn-i)ls1s2 · · · Sn-l is a generator of D ~ Z. 

2.2 Affine Deligne-Lusztig Varieties 

For w E Wand b E G(L), the affine Deligne-Lusztig variety Xw(b) in the affine flag variety 
G ( L) / I is defined as 

Xw(b) = {xl E G(L)/I I x-1bu(x) E Iwl}. 

Forµ E X*(T)+ and b E G(L), the affine Deligne-Lusztig variety Xµ(b) in the affine Grass­
mannian G(L)/K is defined as 

In the equal characteristic case, affine Deligne-Lusztig varieties are schemes, locally of finite 
type over Fq. In the mixed characteristic case, affine Deligne-Lusztig varieties are perfect 
schemes, locally perfectly of finite type over Fq. See [18], [30], [2] and [11, Lemma 1.1]. 
Left multiplication by g-1 E G(L) induces an isomorphism between affine Deligne-Lusztig 
varieties corresponding to band g- 1ba(g). Thus the isomorphism class of the affine Deligne­
Lusztig variety only depends on the a-conjugacy class of b. Also, the affine Deligne-Lusztig 
varieties carry a natural action (by left multiplication) by the a-centralizer of b 

Note that ]b ~ ] 9-ibu(g) by sending j to g-1jg. 

Remark 2.1. In [7, §3.4], 7rJ(Xw(b)) was denoted by XJ,w(b). 
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The admissible subset of W associated to µ is defined as 

Adm(µ)= {w E WI w :S; wuµ, for some u E W0}. 

Set 8 Adm(µ) = Adm(µ) n 8W. Assume that µ is minuscule. Then, by [7, Theorem 3.2.1] 
(see also [10, §2.5]), we have Xµ,(b) = UwEsAdm(µ,) 1r(Xw(b)). This is called the Ekedahl-Oort 
stratification. Note that 

1r(Xw(b)) = {gK E G(L)/K I g-1ba(g) EK ·rr IwI}, 

where ·rr denotes the a-twisted conjugation action of G(L). 
Set S(w, a)= max{S' ~SI Ad(w)a(S') = S'}. Then Ps(w,rr)WPrr(S(w,rr)) = Ps(w,rr) ·rr IwI 

for w E 8 W by [7, Theorem 3.2.1]. Moreover, by [7, Theorem 4.1.2 (1)], the projection 
G(L)/Ps(w,rr)-+ G(L)/K induces an isomorphism 'lrs(w,rr)(Xw(b)) ~ 1r(Xw(b)). 

It follows from [9, Proposition 5.7] that if Wsuppa(w) is finite, then Wsuppa(w)US(w,rr) is also 
finite. The following proposition is a combination of [7, Proposition 2.2.1 & §4.1]. 

Proposition 2.2. Let TE 0. Let w E WaT such that Wsuppa(w) is finite. Then 

LJ jY(w), 

where Y(w) = {gI E Psuppa(w)/ I I g- 1Ta(g) E IwI} is a Deligne-Lusztig variety in the flag 
variety Psuppa(w)/ I. 

Let w E 8W n WaT such that Wsuppa(w) is finite. Then 

LJ }'lrS(w,a)(Y( w)), 
jE.IJT/.IJTnPSUPPa(w)US(w.a) 

where 'lrS(w,rr)(Y(w)) = {gPs(w,rr) E Psuppa(w)uS(w,rr)/Ps(w,rr) I g- 1Ta(g) E Ps(w,rr) ·a IwI} is a 
Deligne-L usztig variety in the partial flag variety Psuppa ( w )US( w,a) Ip S( w,a). 

Remark 2.3. Each Y(w) or 'lrs(w,a)(Y(w)) is irreducible and of dimension f(w) (cf. [3]). 

2.3 Deligne-Lusztig Reduction Method 

The following Deligne-Lusztig reduction method was established in [6, Corollary 2.5.3] (A1 

and Gm actually mean A l,pfn and G~n respectively in the mixed characteristic case). 

Proposition 2.4. Let w E W and let s E 5 be a simple affine reflection. Then the following 
two statements hold for any b E G(L). 

(i) If f(swa(s)) = f(w), then there exists a Jrb-equivariant universal homeomorphism 
Xw(b)-+ Xswa(s)(b). 

(ii) If f(swa(s)) = f(w) - 2, then there exists a decomposition Xw(b) = X 1 LJ X 2 such that 
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• X 1 is open and there exists a ]b-cquivariant morphism X 1 ---+ Xsw(b), which is 
the composition of a Zariski-locally trivial <Gm-bundle and a universal homeomor­
phism. 

• X 2 is closed and there exists a ]b-equivariant morphism X 2 ---+ Xswo-(s) (b), which is 
the composition of a Zariski-locally trivial A1-bundlc and a universal homeomor­
phism. 

Remark 2.5. We actually need a slight generalization of Proposition 2.4 to prove the main 
theorem. See [22, Proposition 2.6]. 

We say that a scheme Xis an iterated fibration of rank a over a scheme Y (whose fibers 
are all A 1 ) if there exist morphisms X = Y0 ---+ Y1 ---+ • • • ---+ Ya = Y such that Y; is a 
Zariski-locally trivial A1-bundle over Y;+l for any O :=:; i < a. 

2.4 Length Positive Elements 

We denote by J+ the indicator function of the set of positive roots. Note that any element 
w E W can be written in a unique way as w = xwµy withµ dominant, x, y E W 0 such that 
wµy E 8W. We have p(w) = xy and f(w) = f(x) + (µ, 2p) -f(y). We define the set of length 
positive elements by LP(w) := {v E W 0 I (va,y- 1µ)+J+(va)-6+(xyva) ~ 0 for all a E <P+}­
Thcn we always have y-1 E LP(w). Indeed, y is uniquely determined by the condition that 
(a,µ) ~ J+(-y-1a) for all a E <P+. Since J+(a) + J+(-a) = 1, we have 

(y-10:, y-1µ) + J+(y-1a) - J+(xa) =(a,µ) - J+(-y-10:) + J+(-xa) ~ 0. 

Thanks to Kottwitz [15], a a-conjugacy class [b] of b E G(L) is uniquely determined 
by two invariants: the Kottwitz point 1,,(b) E 7r1 (G)/((1 - a)7r1 (G)) and the Newton point 
vb E X*(T)Ql,+· Clearly, Xw(b) = 0 if 1,,(b) =/- 1,,(w). We say that b E G(L) is basic if vb is 
central. The following theorem is a refinement of the non-emptiness criterion in [8], which is 
conjectured by Lim in [17] and proved by Schremmer in [19, Proposition 5]. 

Theorem 2.6. Assume that the Dynkin diagram of G is a-connected, i.e., a acts transitively 
on the set of irreducible components of <I>. Let b E G(L) be a basic element with 1,,(b) = 1,,(w). 
Then Xw(b) = 0 if and only if the following two conditions are satisfied: 

(i) IWsuppo-(w)I is infinite. 

(ii) There exists v E LP(w) such that suppo-(a-1(v)-1p(w)v) £; S. 

3 Main results 

We assume that n ~ 2. Let F2 be the quadratic unramified extension of F. Let Op2 denote 
the ring of integers of F2 . We put A= 0 7}, equipped with the hermitian form 

n 

A X A ---+ Op2, ( ( ai)l:Si:Sn, (bi)i:Si:Sn) f-t La( a;)bn+l-i· 
i=l 
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From now on, we set G = GU(A). By taking the first factor of the isomorphism 

we obtain an isomorphism G0 F 2 ~ GLn xCGm. Let TC B CG be the maximal torus and the 
Borel subgroup determined by the diagonal torus and the upper triangular subgroup of GLn 
under this isomorphism. Then X* (T) can be identified with zn x '11., and W = W a ~ WaLn x Z. 
Under this identification, we have a( ( ( mi)i:Si:Sn, 0)) = ( (-mn+l-i)i:Si:Sn, 0) E X*(T) and 
a((si, 0)) = (sn-i, 0) E W by setting Sn= so. 

In the sequel, we setµ= ((0Cn-2l,-l,-l),-l) and b = wC(o<nl),-1). Then bis a central 
basic element with "'(b) = "'(wµ) (cf. [24, §5.2]). By abuse of notation, we write Si for 
(s;, 0) E W. For integers 1 <::: k, l <::: n, we set 

ifk?:_l 

otherwise 

and wk,l = wµs[n- 2,k]S[n-l,l]· Then 8 Adm(µ) = { wk,l 11 <::: k < l <::: n }. In particular, T := w1,2 

is the length O element corresponding to µ. It is easy to check that £( wk,z) = k + l - 3. 
Set T1 := wC(i,o<n-ll),O)s1s2 · · · Sn-1 E D. Then T11ba(T1) = T. We define 8 Adm(µ),ic0 := 

{w E 8 Adm(µ) I Xw(b)-=/- 0} and 8 Adm(µ)oL := {w E 8 Adm(µ) I suppa(w)-=/- S}. By 
Theorem 2.6, we have 8 Adm(µ)m ~ 8 Adm(µ)#- We denote 8 Adm(µ),ic0 \ 8 Adm(µ)m by 
8 Adm(µ)#DL· 

3.1 Non-Empty Ekedahl-Oort Strata 

If n is odd, then a-orbits on S are 

Since TS;T- 1 = s;_2, Ta-orbits on S are 

If n is even, then a-orbits on S are 

Since TS;T- 1 = s;_2 , Ta-orbits on S are 

Sett;= S;Sn-i(= Sn-isi unless n21 <::: i <::: n!1). We simply write= for= (mod 2). 

Lemma 3.1. Assume that 1 <::: k < l <::: n satisfies one of the following conditions: 
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(i) n!2 :::; k < l :::; n. 

(ii) l = n n+3 <land n - l + 2 < k < n+l. 
' 2 - - - 2 

(iii) k is even k < n-l and n+3 < l < n - k + 2. 
' - 2 2 - -

Then Xwk,L (b) = 0. 
Proof. This can be proved by using Theorem 2.6 (ii). See [22, Lemma 3.1] for details. □ 

The following lemma is proved by an explicit computation ( cf. [22, Lemma 3.3]). 

Lemma 3.2. Assume that 3:::; k:::; ntl and n!3 :::; l:::; n - l. 

(i) If k is odd and k + l:::; n + 2, then there exists s ES and w' E W such that Wk,l ,:::: w', 

sw'O'(s),:::: wk-2,l and sw',:::: wk-I,l· 

(ii) If l = n - l and k + l 2 n + 4, then there exists s ES and w' E W such that Wk,l ,:::: w', 

sw'O'(s),:::: wk,l-2 and sw',:::: wk,l-I· 

(iii) If l = n - l and k + l = n + 3, then there exists s ES and w' E W such that wk,l ,:::: w', 

sw'O'(s),:::: wk-l,l-l and sw',:::: wk,l-l· 

For Wk,l E 8 Adm(µ)#DL, let w~,l denote Wk-2,l (resp. Wk,l-2, resp. Wk-1,1-1) if k + l :::; n + 2 
(resp. k+l 2 n+4, resp. k+l = n+3). Combining the above two lemmas with Proposition 
2.4 and Theorem 2.6, we obtain the following theorem. 

Theorem 3.3. We have 

8 Adm(µ)m = {wk,l I k = l or l:::; nt2 }. 

Moreover, wk,l E 8 Adm(µ )¥cm if and only if 3 :::; k < nt2 < l :::; n - l and one of the following 
conditions is satisfied: 

(i) k is odd and k + l :::; n + 2. 

(ii) l = n - l and k + l 2 n + 3. 

If this is the case, Xwk 1 ( T) is ] 7 -equivariant universally homeomorphic to a Zariski-locally 
trivial A?-bundle over

0

Xw~ 1 (T). In particular, if wk,l E 8 Adm(µ)#DL satisfies (i) (resp. 

(ii)), then Xwk,1 (T) is an ite~ated fibration of rank k21 (resp. k + l-~-3 ) over Xw1,JT) (resp. 
Xw1,n-k+2 ( T))' 

Example 3.4. In the case n = 13, the non-empty Ekedahl-Oort strata are the following. 

W7,12----+ W7,10----+ W1,8 

W5,12----+ W5,10 ~ l W5,7 

Ws,12----+ Ws,10 5,9 Ws,8 W5,7 Ws,6 

W4,12~ l l l W4,7 W4,6 W4,5 

W3,12 W3,11 W3,10 W3,9 W3,s W3,7 W3,5 W3,5 W3,4 

l l l l l W2,7 W2,6 W2,5 W2,4 W2,3 

W1,13 W1,12 W1,11 W1,10 W1,9 W1,8 W1,7 W1,6 W1,5 W1,4 W1,3 W1,2 
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In the case n = 14, the non-empty Ekcdahl-Oort strata arc the following. 

W7,l3 ----t W7,11 ----t W7,9 W7,8 

W6,13 ----t W6,ll ~ 1 W6,8 W6,7 

W5,13 ----t W5,11 W5,10 W5,g W5,8 W5,7 W5,6 

W4,13~ l l l W4,8 W4,7 W4,6 W4,5 

W3,13 W3,12 W3,11 W3,10 W3,g W3,8 W3,7 W3,6 W3,5 W3,4 

l l l l l W2,8 W2,7 W2,6 W2,5 W2,4 W2,3 

W1,14 W1,13 W1,12 W1,11 W1,10 W1,9 W1,8 W1,7 W1,6 W1,5 W1,4 W1,3 W1,2 

3.2 Geometric Structure of Non-Empty Ekedahl-Oort Strata 

For Wk,l E 8 Adm(Jt)DL, we have 

(k 2: 2) 
{

{si, Sn-i-2 IO::=; i ::=; l - 3} LJ {sn-1} 

supp"'(wk,z) = {si, Sn-i-2 IO::=; i ::=; l - 3} (k = 1 & l ::=; n!2 ) 

( k = 1 & l 2: n!3 ) . S \ {sn-1} 

The following lemma can also be proved by an explicit computation (cf. [22, Lemma 4.1]). 

Lemma 3.5. Let wk,l E 8 Adm(µ)m. If l = k + 1, then 

(odd k) 
(even k). 

If l - k 2: 2, then 

In particular, 

S { 
{ Si I l - 1 ::=; i ::=; n - l - 1} ( l ::=; n+2 

2 ) 
(w O') -

k,l, - {siln-l+2::=;i::=;l-3} (k=l&z2:n!3 ). 

(k 2: 2 or l = 2) 

(k = 1 & 3 ::=; l ::=; n!2 ) 

( k = 1 & l 2: n!3 ) . 

We set supp"'( w ) 1 := T1 supp"'( w )T11 = { si+l I si E supp"'( w)} and S( w, O')i := T1S( w, O')T11 = 

{si+l I si E S(w,O')}. Recall that for wk,l E 8 Adm(µ)m, Y(wk,z) is a Deligne-Lusztig variety 
in Psuppa(wk,z)/I as in Proposition 2.2. Its image 7r(Y(wk,z)) is isomorphic to a Deligne­
Lusztig variety 11'S(wk,ZP) (Y( Wk,l)) in Psuppa(wk,z)US(wk ,lP)I Ps(wk,l,O') • If Wk,l E s Adm(µ ),,,m and 
k + l ::=; n + 2 (resp. k + l 2: n + 3), let Y(wk,z) C Xwk, 1(T) denote the inverse image of 



176

Y( Wi,n-k+2) (resp. Y( w 1,z)) under the iterated fibration in Theorem 3.3. Then Y( wk,l) is an 
irreducible component of Xwk,z ( T) ( cf. Remark 2.3). By Proposition 2.2, we have 

LJ 

Here supp"(wk,z) and S(wk,z,a-) are as in Lemma 3.5. We can prove the following theorem 
similarly as Theorem 3.3 using [22, Proposition 2.6] and Lemma 3.5 instead of Proposition 
2.4. See [22, Lemma 4.2 & Theorem 4.3]. 

Theorem 3.6. Let Wk,l E 8 Adm(µ),.,m. Then S(wk,l, a-) = S(w~,z, a) and 1r(Xwk,1 (b)) 

is G(F)-equivariant universally homeomorphic to a Zariski-locally trivial A.1-bundle over 
1r(Xw~ 1(b)). In particular, if k + l :Sn+ 2 (resp. k + l 2'. n + 3), then S(wk,z,a) = S(w1,1,a) 

(resp. 0

S(w1,n-k+2, a)), 

1r(Xwk,1(b)) ~ 'lrS(wk,l.U)(Xwk,l(b)) = lJ JT1'lrS(wk,l,u)(Y(wk,l)) 

jEG(F)/G(Op) 

and T17rs(wk,z,u)(Y(wk,Z)) is an irreducible component, which is G(Op)-equivariant universally 
homeomorphic to an iterated fibration of rank k21 (resp. k + l-~-3 ) over T17rs(wk,i ,u)(Y(w1,1)) 

(resp. T17rs(wk,l,u) (Y( W1,n-k+2))) • 

Remark 3.7. The perfection of a universal homeomorphism is an isomorphism. 

Remark 3.8. If Wk,l Es Adm(µ)DL, then we set Pk,l = Psuppa(wk,1),US(wk,l,U), and xk,l = Yk,l = 

T11r(Y(wk,1)) ~ T17rs(wk,z,u)(Y(wk,Z)). If Wk,l E 8 Adm(µ),.,m and k + l::; n + 2 (resp. k + l 2'. 
n + 3), then we set A,1 = G(O), Xk,l = T11r(Y(w1,z)) ~ T17rs(wk,i,u)(Y(w1 ,z)) (resp. Xk,l = 

T11r(Y(w1,n-k+2)) ~ T1'lrS(wk,z,u)(Y(w1,n-k+2))) and Yk,l = T11r(Y(wk,z)) ~ T1'lrS(wk,z,u)(Y(wk,l)). 

This notation justifies Theorem B. 

Remark 3.9. The strata associated to wk,l E 8 Adm(µ)m satisfy a nice closure relation, 
which is similar to that in the fully Hodge-Newton decomposable cases. See [22, Corollary 
4.8]. 

Remark 3.10. Since we chose b to be wC(oCnl),-l), the following description is possible. 
Let Wk,l E 8 Adm(µ),.,0. There is an isomorphism G(L)/ Ps(wk,z,u) ..::; G(L)/ Ps(wk,i,u)i given 

by gPs(wk,1,u) M gPs(wk,1,u)T11 = gT;-1 Ps(wk,1,u),. Then T1Psuppa(wk,1)US(wk,l,u)/ Ps(wk,1,u) maps 
to Psuppa(wk,t),uS(wk,l,U),/ Ps(wk ,1,u), under this isomorphism. So if Wk,l E S Adm(µ)DL, then 
T17rs(wk,1)(Y(wk,l)) maps to 

7rs(wk,tl, (Y(w~,z)) = {gPs(wk,1,u), I g-1a(g) E Ps(wk,1,u), ·u Iw~,zl}, 

where wf,z = b-1T1Wk,za(T1)-1 E Wa, Kote that this is a G(F) n Psuppa(wk,1)1US(wk,!,O"),­

equivariant isomorphism. If, moreover, suppu(wk,z) 1US(wk,l, a)i = S, then we have wf,z E W0 

and 1rs(wk,zh (Y( vk,z)) can be identified with a Deligne-Lusztig variety associated to w£,1 in the 
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partial flag variety of type S(wk,z,u) for G(O/w) = G(lF\). Under this identification, the 
action of G(OF) factors through G(Op/w) = G(lFq), which coincides with the usual action 
on Deligne-Lusztig varieties for G(lF\). Thus if wk,l E 8 Adm(µ)#DL, then T11fs(wk,z,u)(Y(wk,l)) 

is G( OF )-equivariant universally homeomorphic to an iterated fibration over such a Deligne­
Lusztig variety. 
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