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Optimum State—Regulator of Time-Lag System
by
Takumi Nomura and Kahei Nakamura

Faculty of Eng., Nagoya Univ.

The optimum solution of the following problem will be studied:

Time—Lag System;
L - Axw B0~ Cuw 0
@ = (6,6, 6, )

Performance Index;

T

Jw) = -2‘—8 uz@\r‘a\kJe S l\utt)u"au* @)
-6
This is usually called as the state—regulator problem.
At first, for the state vector 356t)1))
xlt,T) = A (t+TB) | -1<T <0 (3)

the system (1) will be transformed into the following equivalent

partial differential equation:

3&(& .
9 T) ®93€(i‘1‘) , @ - 0\)‘:&% _é? ,

)

and the input-—-state relation will be written explicitly by the semi-
group. Furthermore the performance index (2) will be written equi-

valently as follows:

N
Jow = 30 x(mol + 2 umrat )
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Then the optimum input for the system (4) is obtained uniquely in
terms of its initial value and time-derivative by Functional Analysis
approach.

The results obtained in this paper are different from Pontriyagin's
one which depends on X({-), X(t-© ) and Maximum Principle.

Ref.[4] is the extension of this paper.
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1. Introduction

In this paper the state-regulator problem of the linear
time-lag system is studied. Since the §tate—space of the time
-lag system is the infinite-dimensional space, the problem
considered in this paper is different from the usual output
~regulator problem, and by Functional Analysis approach the
solution of it will be obtained very clearly.

In Sec. 2 the time-lag system will be transformed into its
equivalent partial differential system in order to show explicit-
ly that the state~space of the time-lag system in the function
space, that is, the infinite-~dimensional space, This partial
differential equation is the first—order hyperbolic one, After
this transformation is done, the input-function becomes the so
~called boundary input function which exists in the boundary
condition of the partial differential equation.

The input-state relation of this partial differential system
with boundary input has not yet been described with the semi
-group which characterizes the free mation of the system.
Therefore the boundary input function will be transformed into
its equivalent spatially distributed input function, and then the
input-state relation can be described in the convolution form of
the semi~group and input-function. Siﬁce it is necessary to

differentiate the input function when the boundary input function
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is transformed into its equivalent spatially distributed input
function, the family of input functiondwill be restricted to
differentiable functions,

In Sec. 3 the optimum regulator‘input will be obtained. The'
re?resentation of optimum input is obtained in termslbf its

initial value and its time derivative.

2, System and Input—State Relation

The systems are described by the following linear differential

—-difference equations:

4L - fxer + BRGE-6)+Cu),

XW 3 mad, UWw; ret
)

’ / . .
A -6) =[-8, Ao(k-6,), -, A, H-0,)] 6 20

A, mxm, s naxn, & axy”

These are called commonly time-lag systems in control engineer-
ing, x(-t~-@8 ) are the outputs of time-lag elements and u(t) is
the control vector.

Generally not the all €, , i={ 2 --- M are positive.
Therefore it is supposed that if Oy, = , the &ty row of
B is put into 0. and by into ?2%§M'91, .

The following system can be given as an example,
The actual system;

L) X L) o 9
= + wit)
E&{ Xt X \ { \) | (2)

k- 2)
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The transformed system; 0{'\%“ ; X = [0 o }[7‘ (@X*[o 1) )(l{t_;)}“'
2z 2

In the following of this section, the input-state relation

1

of the system (1) will be derived. This is the preparation for the
optimization of the system (1).
The solution of Eq. (1) is assured to exist uniquely in

and the

-E.G (‘to) 90 ) for the forcing function u(éo 00)
. 7

initial function xo(-)u:l
Ay (BT)  TE(40] 7
%02(6,T) | Ty o7

L) = #)

xom(eﬂ—c)) 'LG(»I‘G]
so the state of the system (1) at 'to which parametrizes the

bejavio;s\&l/t in (fﬁ, 50 ) can be taken as the vector function
(4) defined on (—\)g]

From this view point, the Eq. (1) is considered as the
mapping on the function space X (-\) 0) to itself, and can be
changed to the more convinient one, that is, partial differential

equation, for control problem.

The function & T) is defined on ’[(—(—1’)03 as

follows:
A, &+ 6,T)

xey =] BEAED | Te-l 0] | )
xm(‘t.»eﬂt)

where ( 2 4387 A E+8D) - - o, XnlE+6,)) is the solution

of the vector differential equation (1).

Then from Eq. (5), the partial differential equatiori

[CJum, &)
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A, (E+0)

- @2y aae(n> @ - AL%%: (=1

can be obtained.

Futhermore since L) = H#(¢0) . Hle-p) = F(t -1)

and %)é_ /D%(tk)\ @9%&T)\ )

1=0
then the boundary condition
@ 9%-%&9-) = A% (g, 0)+ B, A)~ LUk ) (L-2)

is derived.

The dynamical system (6) is the one which has the so-called
boundary control.

The linear operator X is defined as follows:

AP) = Yoo, e8] (1)

implies that

Yo =@ 2L, te o) @)
SYad N ¢
T, = S()+RD(-1) , (1)

1
and the domain SS,»(G(_) of O is the subset of d (—"\) o)

whose functions satisfy Eq. (9). The domain %(0'() is dense

3
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in L':"(—'\) 0) (the n product of L_z(-1)o) ).

The zero—-input respomse %‘f &,0) of
Eq. (1) for any initial state %'O( )€ L'g (_1)0) can be
assured to exist, Evidently 3%_(t)-) belongs to L:’(—'\)O)
Then the operator S(t) which corresponds: %O(-) to %_E (t/-)
can be defined, and is linear bounded operator on Ll:ﬁ“go)
into 1*02&47

m
%;(%;)'éslf‘c)?éé(-) , X () el (40D, Oo)
The following semi-group property of {Sﬂ:)\]_&2o can be

easily seen.

@ Sey=1 G-
Gy T&+s) ",SéHS'(/O) ) t,p 20 (W-2)
Since the x}(t,o) is the solution of Eq. (1) for the

zero forcing term and the initial condition 365(') , then

- L4 - Y . = 4 . ’n—
A .%?; NEIEP! %fg\?&;(’b, )= () ’ {-m.wmé %()eLz(t)o)‘ (=)

~*

This Eq. (12) implies that {9&7}4;20 . is the strongly con-
tinuous semi-group.

It is supposed that  2(0-)€ %(U'l) and X(a,) , 4>0
is defined as follows:

x(a,) =g(a)(0,7) |

that is,

#0,4+T)  -{¢1<-4 o Uz-)
%(A/t)'= ! ;
(o}

4A+1) arl A
é A}(O)D)*S C(Mt-ﬂ B%(o}d‘—ﬂ)ch‘) -4<T<0 )(l“s-z)

If A is very small, Eq(13.2) can be rewritten as follows:

(I+ a&TA) *(o'o) + a2 B 3&(0,«‘_1)



Then .
Pl _E_Sé_l_‘l_%w).) < OU% (0, (%)

alo

This concludes that the operator Ol is the infinitesimal
generator of the semi-group {ﬂ({»)}fzs

In order to obtain the input-state relation of Eq. (6) in
the convolution integral form of forcing function in u(+) and
the semi-group {9 “’"}-{:20 , the system (6) will be transformed
into the equivalent system which has the spatially distributed
control. TFor this purpose the following dummy vector € tT)

is introduced:

- ) -
%(t,71) = TO ' Cuw *V (s
The variable %(-t)'t) which is equivalent to #(t7T) is

defined as follows:
~ (b
Xk D)= %D - L&D

By making use of Eqs. (15) and (16), Eq. (6) can be

transformed into the following equation of %(-t)-)

%ﬁ&it) e 392(;@?) +(‘,u(t)—t@"c%‘%~') on-1)

@sz:;;(:__,___to) = A (t,0)*DE @,-1)

> (17-2)
where it is supposed that u(e) is differentiable.
I;f the linear bounded operators p and E from EY‘

into Lq;(_ﬁjo) are defined as follows:

(*1) It is assumed that Ww(o) =0 ,since uly is defined on (o) 00 )
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b uw - Cue -teC% 318

Loue = 1@ ¢ uw L d9)

then Eq. (6) will be transformed into the following abstract

dynamical system in L;lﬂﬂlo) :

;,E,L\ ) = G(f{(t)-vpu&) , (20-1)
% (0) = (o), (20~2)
X = L)+ Juy (20~3)

By integrating the Eq. (20-1) under the initial condition
(20-2), the following relation holds.

+
£ = So k(o) + § Se-opu@dr (a1)

With Egqs. (20-3) and (21), the input-state relation of the

system (6) can be written in the form of Eq. (22).

+
@)= St %(o)+SOS(+-o~)3;>u(a—)o\c-+£mtc> (22)
Since u(t) can be written as follows:

t
Ui = ulow) + | o, (23-1)

e = %%5(-‘12 . (23-2)

then Eq. (22) can be rewritten by Eq. (23).



#t) = I o)+ Lu(o+) + S:S - d ulo+)de]

+
> 50{ L ide) - S-0 i)+ - oo S:&QA)A/M}G\G‘, %)

If the second term of Eq. (24) will be simply represented by
Lt U(o+) and the third one by Lt u® , then the Eq. (24)
can be rewritten by

) = Yo+ Lywlon) + Le (28)

3. Optimum Regulator Input

The performance index J(u) is defined by

© .
Jwy -4 S_\ Xt 2 T P

=l %G )\\L+2ﬁ‘-—u oL | (24)
where 7V, f are positive constants.
The state 3&(%) is written by
ED) = O *(0)+ L Ulo+)+F_ & o 1)
where £ = | £ =Ll , 28
L B L7(4e) ,
L =G (e

The pewformance index J(u) is rewritten by

FCu(on, ) =00 O 2oy uony + JU* - @9)

~ . t ., .
where ﬁabl.’So (ed6, Go)
- If, the Eq. (27) is substituted into Eq. (29), the latter

becomes
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J(Uow), o)

= 21 80 #O+ L uor)+ L0 £ 1 tuens Tou®, (21

vhere f)=14 , + € (o7, (32)
Then the optimum regulator input can be calculated by the
Frechet derivative of J—(u(m) L'A.) with U(o+) and L .
7

These Frechet derivatives are

S = L8 MR+ LU+ L W AL Ao+ T, G2

R

2 = FloxesLulen-Lid+ £ TTauen T4, G

where * denotes the normed conjugate operators.

The optimum input Lko(o+) and L.,Lo must satisfy the

equations

<73 \

[W(o*) =0 (3%)

UL(_O-\»)«\AO(M)’\',L=\.A° '

P

S =0

3
\\A(Oa-)'-\lo(o-\))ﬂ:ﬂo . (’36)

o

Then uo(o+) and \.Ao are the solutions of the following systel;i

of integral equations.

('L + R Juen) + [P L+ 8T TI0 = - £ dm*(o) } ,
ELD

[ L2+ T 1 IWon) +[ ¥ F+a T Tia =~ O %)

where L ; LZ'(—‘,O)"‘*E% , £*; L"; 4,0) = L.rz(O,'\') ,
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o L: (6m—> E, ,

The operator k is defined by

won [ [EZ+RTDon+ [ L LR T TIU o
R{ }={ . . - . (3%)

W [ E 2+ o0+ £+ AT T

Take any u(ot) » \A.,(D“'-) £ ET and \.J&) {L/ GLE(O,‘ﬁ :
Then

U0+ W(ow
<k
{ o } ’ \. o } ?

= <[ el Luon [+ T TI0 wion >
[ EF L R TUIUL) [ LXL AT TN, W >
= < wlow) [ £+ g W 00+ B LRI C}J‘\'/L'?
F L, | B AT W o)+ (B EARTTIN
= (Kﬁw\, }&‘L tff*)] > . (39 )
Therfore the operator K. is self adjoint.

- x*
K-K (40)

Futhermore

<k{\ff*)], [“{f*’} >

=< LUEN+E0, Luen+L iy ¢ Do)+ T B[ Aulon+T0] >

2 < Lulom)+ T, tf Lulor)+T 1)) S
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and [iu(m)-»?LlL = \L(0+)+S: 0}1%,0\6‘ = Uiy | &2)

S;nce h is a positive constant,
< 1U—(D+)+?{LJ ﬁiﬂu(o-*)%?ﬁt.:\ > >0
when () *0 .
So the null space ,Af(}Q) of the operator /X 1is the only zero

. . Y, . .
function in Ln(Q;‘) .. That is
~MiK) =0 “3 )
It is concluded that the bounded inverse }tﬁ' of FL

exists, and the optimum input can be calculated from Eq. (37 )

as follows:

L IFSt¥(e) T -
'\‘:Lo("*)} =% i . ' 4%)
o Famxo s T :
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