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ABSTRACT. In o-minimal structures, weak one-basedness, weak local modu-
laity, strong linearity, generic linearity, linearity and CF-property are equiva-
lent. We discuss the implicatitons among modularity, local modularity, Pillay’s
one-basedness and CF-property.
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1. INDEPENDENCE RELATION IN ROSY THEORIES AND DIMENSION IN UP =1
THEORIES

Let M be a sufficiently saturated model of an L-theory T. e € M is an
imaginary iff e = a/F, where F(Z,y) is an (-definible equivalence relation with
Ih(a) = 1h(z) = 1h(y), where @ C M is a finite tuple. For e € M® and A C M*®
we write e € acl®d(A) if [{o(e) : 0 € Aut(M®1/A)}| is finite. a,b,¢, ... denote finite
tuples of M® and A, B,C, D ... donote small subset of M*®4,

The independence calculus ~ See [A].

A symmetric ternary relation J/* * on MY has the independence calculus if the
following 8 conditions hold:
(1) Invariance: A | ,C and ABC = A'B'C" imply A" |, '
(2) Normality: A | ,C implies A | , BC.
(3) Monotonicity: A J/B C and Ay C A imply Ay J/B C
(4) Transitivity : If B C C C D, then
Al ,DiffA] ;,Cand A | . D
(5) Extention: There exists A’ =p A such that A" | , C.

Date: March 4, 2024.

1991 Mathematics Subject Classification. 03C45, 03C45.

Key words and phrases. weak canonical bases, o-minimal structures, rosy structures, local
modularity, Pillay’s one-basedness, CF-property.

19



20

(6) Finite character: If a | , C for any finite tuple @ C A, then A | , C.
(7) Local character: For any B, A C M, there exist a cardinal x(B) and Ao C A
such that |Ag| < k(B) and B ‘J“Ao A.
(8) Anti-reflexivity: a | , @ implies a € acl®d(4).
We say M*®1 is rosy if it has the independence calculus.

If | is the thorn independence, symmetry<transitivity<local character modulo
the above other properties. In any U? =1 (rosy of rank one) structure M,
(i.e. a € acl®¥(A) iff UP(a/A) = 0, where a € M. b & acl®d(A) iff UP(b/A) = 1,
where b € M.) for any a,b € M and B C M®, a € acl®d(Bb) \ acl®d(B) implies
b € acl*l(Ba), as a [ b iff b [ ;a, we can define dim(a/A) and dim(a/Ae). For
any a C M, e =a/E € M® and A C M, we define dim(e/A) := dim(a/A) —
dim(a/Ae).

Fact 1.1. Any o-minimal structure is rosy of rank one (i.e. UP =1)

2. CF-PROPERTY

For real tuple a € M"™ we write a € dcl®¥(A) if {o(a) : 0 € Aut(M°*1/A)} = {a}.
We say that (M, <,---) is o-minimal structure if any definable set X C M is a
finite union of intervals and points. acl®d(x) = dcl®d(x) in the real sort M™ (n < w)
by lexicographic order in o-minimal structures.
Let ¢(z) be an (-definable set and let C'(z,y, ) be an (-definable set such that

C(z,y,2) — p(2) Ny € dcl(z,2) A dim(z,y/2) < 1
Then we write y = fz(x).
For any a € M, we define an a-definable equivalent relation on U: For ¢, =

©(Z), € ~q & iff there exists a’ > a such that fz(z) = fz(x) on the interval (a,a’).
Put z, = z/ ~g€ ML
Definition 2.1. We say that an o-minimal structure (M, <,---) has Collapse of
Families of functions-property if for any a € M and any ¢ = ¢(Z) we have

dim(¢, /a) < 1.
We call ¢, Peterzil’s germ of ¢ at a.

An example of non CF-property: Multiplication violates CF-property.
In (R,+,',<), put f(bhbz)(:c) = bl.'E —+ bz. Then (bl,bz) ~gq (61,62) iff (bl,bz) =
(c1,¢2). Soby = (b1, b2)/ ~, is interdefinable with (b1, ba) over a. So dim(b,/a) = 2.

3. AN EXAMPLE OF NON-LOCALLY MODULAR o0-MINIMAL STRUCTURE WITH
CF-PROPERTY

Definition of partial endomorphisms:
Suppose that (I, 4+, <) is a group-interval(roughly speaking it has a partial definable
group operation on the interval I) in an o-minimal structure. We say that an (-
definable partial unary function f is a partial endomorphism if

(1) dom(f) =1 or dom(f) = (—c,c) for some c € I.
(2) If a,b,a+ b € dom(f), then f(a+0b) = f(a)+ f(b).

Fact 3.1. [LPe]: Suppose that (I,+,<) is a group-interval in a locally modular o-
minimal structure M and let f be a partial endomorphism in I. Then there exists
a total endomorphism with dom(g) = M such that f = g|dom(f).
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In R, put 7|(—1,1)(x) = 7 - z for each x € (—1,1).
We can define 7 -y =n-x|(—1,1) <2> for each y € (—n,n), where n € N.
n
We can not extend 7|(—1, 1) to non-standard part, so Th(R,+,0,1, <,w|(—1,1)) is

not locally modular by Fact 3.1. As Th(R,+,0,1, <,7|(—1,1)) does not interpret
any field-interval, it has CF-property by trichotomy theorem [PeS].

4. PILLAY’S ONE-BASEDNESS FOR STRONG TYPES OF REAL TUPLES IN
0-MINIMAL STRUCTURES

For any real type p over C' = acl®d(C), we can find ab |= p such that dim(ab/C) =
dim(a/C) = |a|] and b = f(a,¢), where f is an (-definble function and ¢ C C.
We say that a is a generic tuple for p.

The germs of definable functions:
We define an a-definable equvalence relation Ey; as follows. Ey;(¢, &) < there
exists an open neighborhood U of a such that f(z,¢), f(&,¢") are defined on U
and f(z,0)|U = f(z,&)|U OR neither of f(Z,¢), f(Z,c') is defined on an open
neighborhood of a.

CE;, = €/ Eyq is the germ of definable function f around a.

We call ¢, , Pillay’s germ of ¢ at a (with respect to f).

Weak canonical bases for strong type stp(ab/C) := tp(ab/acl®d(C)):
An algebraically closed set D is said to be weak canonical base of stp(ab/C) if
D = acl®i(D) is the smallest subset of acl®d(C) with ab | ,C, and we write
wceb(stp(ab/C)) for the D.

If weak canonical bases exist, the germs of definable functions will be interdefin-
able with weak canonical bases over generic tuples.

A strong type without weak canonical base:
We work in Th(R, +,0,1, <, 7|(=1,1)). Take a,b,¢ > R with |[a—b| < 1, |c—7-b] < 1
and a,b, ¢ are independent in a saturated model of Th(R,+,0,1, <,n(x)), where
7(%) is totally defined. Put

d:=n(a—0b)+c

Then web(stp(a,d/b, ¢)) does not exist. (If it existed, then 7(a) € dcl(a) would
follow in Th(R,+,0,1, <,w|(—1,1)). Let f(z,y,2) =7 (z —y) + 2.

Claim: (b,c)g, , € dcl(a,d).

Let 0 € Aut(M/a,d). Then we have

fla,b,c) =m(a—b)+c=d=0c(d) =7m(a—0o(b)) +o(c) = fla,a(b),o(c)),

Ef,a((ba C)’ (U(b)’ U(C)))
Later we will say that stp(a, d/b, ¢) is Pillay’s one-based.

Fact 4.1. [Pi] Suppose that dim(ab/C) = dim(a/C) = |a| and b = f(a,¢), where f
is an (-definble function and ¢ C C = acl®d(C).
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(1) Ifweb(stp(ab/C)) exists, there exists d C web(stp(ab/C)) such that dcl*d(d,a) =

del®d(¢g; ,,a).
(2) If there exists d C C such that acl®!(d,a) = acl®d(cg, ,,a), then acl®i(d) =
web(stp(ab/C)), the weak canonical base of stp(ab/C') ewists.

Pillay’s germ ¢g, , is an almost weak canonical base over a generic tuple a.

Definition 4.2. Suppose that dim(ab/C) = dim(a/C) = |a| and b = f(a, ¢), where
[ is an ()-definble function and ¢ C C' = acl®(C).
We say that stp(a,b/C) is Pillay’s one-based if

Tk, , € ac®(a, f(a,c)) = acl®d(a,b).

If weak canonical bases exist, Pillay’s one-basedness implies usual one-basedness:
We have wcb(a, b/acl®d(C)) C acl®d(a, b), so dim(a, b/C) = dim(a, b/CNacl®d(a, b)) >
dim(a, b/C).

Question 4.3. (1) In o-minimal structures, modularity implies Pillay’s one-
basedness for any strong type of real tuples. Does local modularity imply
Pillay’s one-basedness for any strong type of real tuples in o-minimal struc-
tures? It is known that local modularity implies CF-property [Pe].

(2) In o-minimal theories, is there non Pillay’s one-based strong type without
its weak canonical base? There exists Pillay’s one-based strong type without
its weak canonical base as we mentioned above in this section.

(3) Local modularity implies one-basedness under assuming the existence of
weak canonical bases for any strong type in rosy theories [Y]. Is there
locally modular rosy theory with a strong type without its weak canonical
base?

5. PILLAY’S ONE-BASEDNESS FOR ANY STRONG TYPE OF REAL TUPLE IN
0-MINIMAL CASE IMPLIES CF-PROPERTY

Peterzil’s germ and Pillay’s one are almost same by the following fact.

Fact 5.1. [LPe]: Assume dense linear ordering. ¢, = ¢, < CEr. = Cp,,- In
particular, we see dcl®d(¢q,a) = del®Y(cg, ,,a) and dim(¢,/a) = dim(cg, , /a).

Proof. («): Clear. (=): ¢, = ¢y iff f(z,¢) = f(x,&) on (a,a’) for some a’ > a.

Take o € Aut(M) such that o(a) | tp(a/c,@)U{a < z < d'}. fa ) ed,
then f(x,¢) = f(z,&) = d € dcl®¥(¢, &) is constant around a: Let My be a prime
model over ¢,¢. Let ar E{r:a <z <eifa <ee€ My}. We have ay & M.
By f(a4+,¢) = f(ay,@) and dense linear ordering, there exists a closed interval
J = [e1,e2] containing ai such that e; € My and f(x,¢) = f(z,&) on J. Note
that e; < a. Otherwise a < ey, then ay < ey follows, a contradiction.) So we may
assume a | ¢,¢. Take a thorn non-forking extension of tp(a/c,¢’) over ¢, &, a,a’
satisfying a < x < a/. As f(z,¢é) = f(x,&) on the interval I = (a,a’) containing

— = . . 71 . —_ —/
o(a), we have g, ., = By By considering o~ which fixes ¢ and &, we see

EEf,a = E/Ef,a' U
Remark 5.2. For any generic tuple a, we have fz(a) € dcl(cg, ,,a).

Suppose that o € Aut(M/a) such that ¢g, , = o(c)g,,. Then we have f(xz,¢) =
f(xz,0(¢)) on an open neighborhood containing a. So we see fz(a) = f,z(a) =



o(fz(a)) as desired.

Proposition 5.3. Pillay’s one-basedness implies CF-property.

By the above remark and Pillay’s one-basedness, fz(a) is interalgebraic with
g, over a. Fact 5.1 and dim(fz(a)/a) < 1 imply dim(é,/a) = dim(cg, , /a) =
dim(fo(a)/a) < 1. O

6. DOES CF-PROPERTY IMPLY PILLAY’S ONE-BASEDNESS IN 0-MINIMAL
STRUCTURES?

A consideration for unary generic tuple a:
We have dim(cg, ,/a) < 1 by CF-property and Fact 5.1 and fz(a) € dcl(cg, ,,a)
by Remark 5.2.
Assume that dim(fz(a)/a) = 1.
We have dim(a, fz(a), g, ,) = dim(fz(a)/¢E, ,,a)+dim(cg, , /a)+dim(a) < 2. On
the other hand we have dim(a, fz(a),cg, ) = dim(¢g, , /a, fz(a)) + dim(fz(a)/a) +
dim(a) = dim(¢g, , /a, fz(a)) + 2.
Therefore we have ¢g, , € acl®d(a, fz(a)).

A consideration for n-ary generic tuple a:

We have dim(a, fz(a), cg, ,) = dim(fz(a)/cg, ,,a)+dim(cg, , /a)+dim(a) = dim(cg, , /a)+

dim(a). On the other hand, we have dim(a, fz(a),¢g,,) = dim(cg, . /a, fz(a)) +
dim(fz(a)/a) + dim(a). '

Remark 6.1. The following are equivalent.
(1) dim(g, , /a, fo(a)) = 0
(2) dim(ep,, /a) = dim(f:(a)/
(3) dim(cg, ,/a) < dim(f(a)/
Proof. Use Remark 5.2 fz(a) € dcl(a, cg, ). O.

a).
Q).

Question 6.2. Is there an o-minimal theory with CF-property with a non Pillay’s
one-based strong type? CPF-property with elimination of imaginaries and the exis-
tence of weak canonical bases for any strong type imply modularity in o-minimal
theories [Y].

7. APPENDIX : WEAKLY LOCAL MODULARITY IMPLIES STRONG LINEARITY IN
GEOMETRIC STRUCTURES

The following proof appears at Propostion 2.17 in [BV], but it is complicated.
We give a modified proof.
Suppose that (M, | ) is weakly local modular and € := {C/(x,y,a) : a = $(2)} is
2-dimensional almost normal interpretable family of plane curve.
So dim(p(2)) > 2. We seek a contradiction.

Suppose that M |= ¢(a) and dim(a) > 2. Put k = dim(a) and @ = ay, as, . .., @k, Ggr1, - - -

where a<y, is acl-independent and a; € acl(a<g) for j = k+1,...,n. Take ¢,d such
that C(c,d,a),c | a,dim(ed) = 2. By wealy local modularity, there exists B such
that B | @,cd and @ | cd. Put X = acl(a, B) and Y = acl(cdB).
Then we have X |

acl(a,B)Nacl(cdB)

XNy Y.

,a"ﬂ7
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Claim 1 : dim(X NY/B) =1

dim(XY/B) = dim(Y/X B)+dim(X/B) = dim(cd/a, B)+dim(X/B) (ascd | B)=
dim(ed/a) + dim(X/B) = 1 + k. Since k + 1 = dim(XY/B) = dim(X/Y) +
dim(Y/B) = dim(X/X NY)+2, we have dim(X/XNY) =k —1 < k = dim(X/B).
So Claim 1 follows.

Take t such that acl(tB) = X NY. We have a | ,,cd. Asa | cd and d €
acl(ca, B), d € acl(ctB) follows. On the other hand, we have dim(a/tB) = dim(X/XnN
Y) < dim(X/B) = k, we may assume ay, € acl(a<p—1tB). Take @,v C B such that
d € acl(ctu) and ay € acl(a<k—1t0). Put w := av C B. As w | cda, we have
ay € acl(a<kp—1w) and d ¢ acl(c,@). So we have ay € acl(a<p_1tw) \ acl(a<k_10)
and d € acf(ctu’)) \ acl(cw). By exchange property of algebrafC closure for geametric
structures, t € acl(a<xw) and t € acl(cdw).

Take b = tp(a/acl(cdw)) such that @ L oaa b. Note that acl(cdw) = acl(cdtw) =
acl(ctw). Take b = tp(a/acl(cdw)) such that al e b. Not that acl(cdw) =
acl(cdtw) = acl(ctw).

Claim 2: ¢ ¢ acl(a, b, tw)

As ¢ | @ and a@,ed | B, we have ¢ | a,B. As t,w € acl(a, B), ¢ | a,tw follows.
By automorphism fixing acl(cdw) which sends a to b, we have ¢ \L b, tw. So c J/tu,)
follows. Since a |, b, we have a, c Lo b. Soc Las l_) and ¢ ¢ acl(a, tw), Claim
2 follows. Take b )= tp(a/acl(edw)) such that a\Lcdw b. Not that acl(cdw) =
acl(edtw) = acl(ctw).

Claim 3: a ¢ acl(cdw)

Note that ¢ | @ and d € acl(ca). As B | eda and w C B, we have w L@ So
dim(a/cdw) = dim(a/cd) = dim(eda) —dim(cd) = dim(ca) —2 = dim(c) +dim(a) —
2 = dim(a ) — 1> 1, because we assume dim(a ) > 2.

Claim 4: a ¢ acl(b ) By Claim 3 and a J/de

By Claim 2, ¢ ¢ acl(a,b). As b ' [= tp(a/acl(cdw)), we have Cle,d, &) A Cle,d,b).
{a & o(2): C(x,y,a) A C(x,y, ) is infinite} is infinite by Claim 4. Here, we use
elimination of 3% for geometric structures. € := {C(x,y,a) : a = @(2)} is not
almost normal, a contradiction. O

I want a direct proof of the converse implication i.e. strong linearity implies weakly

local modularity. Suppose non-weakly local modulatity. Construct a 2-dimensional
almost normal interpretable family of plane curve.
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