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Characteristic Classes of Surface Bundles

with Cross Sections

By Shigeyuki MORITA
e s g M N b T
TINFRRYD o K2

Introduction. In our previous papers [M l,2,3,4]; we have
defined the notion of characteristic classeé of surface bundles,
derived several propertieé of them and in particular we prdved that
they are highly non-trivial. In this paper we treéfkthe case of

surface bundles with cross sections and obtain similar results.

More concretely, in §1 we define characteristic classes of surface
bundles}With cross sections and in §2 we compute them for the
examples of surface bundlés constructed in [M 1]. 1In the final
section (83) we prove our main result (Theorem 3-1) which shows
that our characteristic classes4are highly non-trivial. To prove
it we make an essential use of a fundamental result of Harer [H]
about stability of the homology of the mapping class groups of
surfaces.

Throughout'this paper we use thekideas and terminologies of

[M 1] freely.

1. Surface bundles with cross sections

Let Zg be a closed orientable surface of genus g. In this
paper we always assume‘that gx2. Let mw: E » X be an oriented
Zg—bundle and let & Dbe its tangent bundle. Assume that there

are given cross sections

g.: X > E (i=1,...,p,p+l,...,p+q)
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such that the‘images Oi(X) are mﬁtually disjoint. We also
assume that the normal bundles of the images of the last ¢

cross sections are trivialized, namely there are given

trivializations
r4
: 2 .
N(Gi(X)) = XxD (i=p+l,...,p+q)
where N(o, (X)) denotes a tubular neighbourhood of ¢, (X). Let

e = e(§&) ¢ H2(E;Z) ‘be the Euler class of the surface bundle

m: E > X. As in [M 1], we set

21

1+l)é H

e. = m,.(e (X;2Z)

where ﬂ*:‘H (E;Z) ~ HZl(X;E) is the Gysin hbmomorphism;v

Next we set

s, = ot(e) € B (X;m) (i=1,...,p).

It is clear that the cohomology classes e; and s; of the

base space X :behave naturally with respect to bundle maps

of surface bundles with cross sections. We call them

characteristic classes of surface bundles with cross sections;
There 1is oné natural way to obtain a surface bundlé wifh

a cross section out of a given surface bundle w: E -+ X.

Namely let -
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pe the pull back of the bundle w: E --X by the map T itself

50 that E* = {(z,z') EXE; m(z) =n(z")}, ='(z,2") = z and
q(z,z') = z'. Then the surface bundle n': E* ~ E has a natural
cross section o¢: E » E* given by o(z) = (z,2). Thé Euler class
of m' 1is clearly equal to g*(e). Hence the s-class of it

is given by

s = g*q*(e) = e H2(E;Z).

This fact will play an important role in the proof of our
main result given in §3.
Next we describe the classifying spaces for surface bundles

with cross sections. Let Zg q be a compact orientable surface
14

of genus 'g with g boundary components and let Xyreeo s Xy

be p fixed points on 1Int I . Let DP q be the group of

14 14

all orientation preserving diffeomorphisms of Zg q such that

they restrict to the identity on the boundary BZg q and also
7

fix the p points xl,...,xp. We denote AMp - for the group
b , ,

of path oomponents of Dg . It is usually called the (pure)

’
mapping class group of,genus_ g with p punctures and q -
boundary components. Let EP be the connected component of

14

the identity of DY _.
;grq

- Proposition 1-1. Eg q 'is contractible.
14

Proof. The cases where p =0 are nothing but the main theorems
of Earle-Eells [EE]" (g=0) and Earle-Schatz [ES] (q: arbitrary).

The general cases follow from them by an inductive argument
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using the natural sequence

P —s pPl 5 }

X, ,...4X
9,9 9,9 q,q\{ 1 p-1

which is a locally trivial fibration.
rd

14

Corollary 1-2. The classifying space BDS q of the topological

group pP is an Eilenberg-MacLane space R(ME 1),
9.9 9,9
Now it is easy to see that the space BDS classifies those
7

oriented Zg—bundles which have p+g disjoint cross sections
the normal bundles of the last g of which are trivialized.

Therefore we can consider elements e, and s; as cohomology

classes of the space BDS and hence cohomology classes of
7
the group Mg q by Corollary 1-2. Thus we obtain a
7
homomorphism
: oo, 1Sy s +++,45 —’H*Mp : .
o: Qleg =251 o) (M @)

We know that the above homomorphism has a large kernel (see
(M 1,3,4] for informations on Ker ¢). However we prove in

§3 that it is injective up to degree -%g.

2. Computatiaons of characteristic numbers

In this section we compute characteristic numbers of those
surface bundles which were constructed in (M 1]. We first recall
the main constructions of that paper. Thus let w: E > X be
an oriented surface bundle and assume that the total space E

is an iterated surface bundle, namely a member of the class C

defined in [M 1]. Then for any natural number m, we can considel



an m—-construction on it:

- r
E* —— E* —— E
!
i
[ i Tt i
~ l‘ v’
E — E > X.
r T

Here w': E* » E 1is the pull back of #: E - X by the map
as was already introduced in §1 and up to pull back maps induced

by finite coverings of the base spaces, the map r: E* -~ E* is

essentially an m-fold cyclic ramified covering followed by an m-fold

fibre-wise covering (see [M 1] for details). The
ramification locus DCE* is a codimension two submanifold of E*
and is the full inverse image under the map r of the "diagonal"

D = {(z,z) ¢ E¥; 2 €E} CE*. Let ¢ H2(E*;z) (resp. VU ¢
5 _

H™(E*;Z)) be the Poincaré dual of D (resp. D). We write e,
e (resp. @&, éi) for the Euler class and the ei—class of the
bundle w: E - X (resp. T: E* > E). The following assertion

has been proved in [M 1] (Proposition 5-4).

Proposition 2-1. (i) @& = r*{q*(e)-E%L\)}EHZ(E*;Q).

-(i+1) 2i

(i1) &; = m’Er{r*(ey) - (I-m el er?t (E;0) .

If dim X = 2n, then for each partition I = {il,...,ir} of

n, we have the corresponding characteristic number

eI[X]'='e. ...e. [X].

i £
For each subset J = {jl,...,js} of a partition I = {il,.;.,ir}
of some natural number, we express the complement J° = I1\J as
J° = {kl,...,kt}'kks+t=r). With these notations we have
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Proposition 2-2. Let dim E=2(n+l) and let I = {il""’ir}

be a partition of n+l. Then the 1I-th characteristic number of -

the surface bundle T: E* -~ E is given by

g [E] = an’ ¢ (-DFa-n" %) oo ®et e e

J | 1

-1 X1
ootk -1

’
where -d 1is the degree of the finite covering E-E and J

runs through all the subsets of 1I.

Proof. Using Proposition 2-1, (ii) we compute

&_[E] = &. ...2. [E]

I i i o
. 1
= m2F*{r*(e, ) - (1-m F1tlye by .
1
l .
. 1
mzf*{n*(e. )-(l-m_(lr+l))e Y IE]
lr .
. 1
= an®Fir*(e, ) - (L-m 1ty 1y .
ll .
. i
{r¥(e; ) = (L-m )y e Ty (E]
r
2r t -(k,+1) -(k, +1)
= dm Z (-1) " (1-m 71 )...(l-m Tt le_e _1 [X].
J J kl+"'+kt 1

Here the last equality follows from the fact that the Gysin

homomorphism _: H2ln+l)(E;Z) - Hzn(x;z) is an isomorphism.

Propositioh 2-3. For any non-negative integer n, there exists
‘no non-trivial linear relation between the characteristic numbers
of surface bundles whose base spaces are iterated surface bundles

of dimension 2n.

Proof. The assertion is clear for the case n = 0.  We use the
induction on n. Thus we assume that the assertion holds for n
and prove it for n+l. Suppose that some linear relation T ae_ =0

I
holds for n+l. Let us recall here that we can make the



Operations of our m-constructions for any m. Then in view of
the form of the formula of Proposition 2-2, it is easy to deduce
grom the induction assumption that all the ar must vanish.-

this completes the proof.

Next for each non-negative integer 1 and a partition I =

{il""’ir} of n+l-i (n 1is the half of dim X), we consider

the number

”i"}* = T - ~i~* o a N
=ity (eI)[D] e T (eil...eir)[D].

For each subset J = {jl,...,js} of I, we write

i = {kl,;..,kt} (s+t=r) as before.
proposition 2-4. The number élﬁ*(él)[ﬁl is given by

~(k +1) - (ket1)
-m LTy L (1 -m e )eJei+k+...+kt—l

J , | 1

[X]
where J runs through all the subsets of 1I.

Proof. First we recall the fact that the restriction of the
cohomology class g*(e) to D is equal to that of the cohomology
class v. Also it is easy to see that the degree of the natural

mp D> D is equal to dm. kUsing these facts together with

Proposition 2-1, we compute

ghix(3,) (D]

i

= {r*(q*(e)-gii ')}i mzr*(wr')*{wr*(ei ) - (l-m—(il+l))e l}.;.
l .
. ' 1 ~
‘ mzr*(Tr')*{Tr*(ei )-—(l-m-(lr+l))e T} (D]
' r
o . ey i
= dm2r+1_"l vl(w')*{ﬂ*(ei ) = (1l -m (ll+l))e l};;.

1
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. i
(') *{n* (e, ) - (1-n Gty e Typ)
r
L s P o Bty g et
J

= 4 Ye_e. _1 [X]
J l+kl+. . .+kt l

This completes the proof.

Proposition 2-5. For any natural number n, there exists no~s
non-trivial linear relation between the numbers- éiﬁ*(él)[ﬁl

where D runs through all the ramification loci of m-constructions
on surface bundles w: E -~ X with the base space X being

iterated surface bundles of dimension 2n.

Proof. This follows from Proposition 2-3 and Proposition 2-4

by a similar argument as that of the proof of Proposition 2-3.

3.> Main theorem

The following is the main result of this paper.

Theorem 3-1. The homomorphism

. : N
(b- Q{elr---leg_erIIO--rsp] — H (Mg qu)

is injective up to degree %ﬂ} for all g, p and g.

To prove this we first recall a fundamental result of Harer [H]
which states that the homology group Hk(Mg,q;Q) is independent
of g and q provided 3kgg. In terms of the cohomology group,
for a fixed p the groups H*(Mg'q;Q) are all isomorphic
each other in the above range. Moreover it is easy to see that
under these isomorphisms, our characteristic classes are

preserved.

Next let gl,...,gp be integers greater than one and let
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xj be the base point of Zg 1 (j=1,...,p) . We write s(j)e
: 757 :
HZ(Mé l;ZZ) for the s-class defined by the base point xj

3’ *

(see §1l). Now let g( be a natural number such that I g5 <g

and let Yyre--r¥ be p fixed points on Int I

D g,1° ‘We have

the characteristic classes sje HZ(MS l;Z) (=1, ...,p) which
7
are defined by the fixed points yl,...,yp. Choose any embedding
p
of the disjoint union iz of compact surfaces I with
3=1 gj,l - gjrl
boundaries into Zg 1 such that the point xj goes to yj
(3=1,...,p). This induces a‘homomorphism-

1

. vl P
12 Mgl,l X e ng IlA——e Mg,l'

p

P
) = I pf(e;) for all i1, where

Proposition 3-2. (i) 1* (e,
i 5=1 J
1 1 1 . . . )
\pj. Mgl,l X oan ngp,l > ng,l is the projection to the j-th factor.
(i1) 1*(sy) = pg'(s(”) for all 3=1,...,p-

Proof. The first statement is proved in [M 1], Propdsition 3-4.

The second one is clear.

Proof of Theorem 3-1. First recall from §1 that the total

space E of any surface bundle w: E > X serves as the base space
of the associated pull back surface bundle n': E* - E which

has a canonical cross section. Moreover the s-class of 7'

is equal to the Euler class e EHZ(E:Z) of mw. Then in view
of Harer's result mentioned above, the required assertion for
the case p = l‘ follows from Proposition 2f5.. The general cases

follow from this by an easy argument using Proposition 3-2.

This completes the proof.



82

Remark 3-3. According to a recent result of Harer;Zagier [HZ] ,.
the homomorphism ¢ is far from being Surjectiﬁe. However it
seems to be still reasonable to conjecture that our charactefistic
classes exhaust all the "stable" characteristic classes of surface

bundles, namely the natural homomorphism !

€.,€8.,44+75 74e44,8 ] —> 1lim H* MP ;
2le; e 1 P g My, q' @

would be an isomorphism. Theorem 3-1 shows that it is in fact

injective.

References

[EE] Earle, C. and Eells, J., A fibre bundle description of
Teichmiller theory, J. Differential Geometry 3 (1969),

19-43.

[ES] Earle, C. and Schatz, A., Teichmiiller theory for surfaces
with bbundary, J. Differential Geometry 4 (1970), 169-185.

[H] Harer, J., Stability of the homology of the mapping class
groups of orientable surfaces, Ann. of Math. 121 (1985),
215-249.

[HZ] Harer, J. and Zagiér, D;, The Euler characteristic of the
’moduli space of curves, preprint.

[M lj' Morita, S., Characteristic classes of surface bundles,
preprint, see also Bull. Amer. Math. Soc. 11 (1984), |

386-388.

10



83

[M 2] Morita, S., Characteristic classes of surface bundles and
pounded cohomology, preprint.

M 3] Mbrita, S., Family of Jacobian manifolds and characteristic
classes of surface bundles, preprint, see also Proc. Japan
Acad. 60 (1984), 373-376.

[M 41 Morita, S., Family of Jacobian manifolds and characteristic
classes of surface bundles II, in preparation, sée also

Proc. Japan Acad. 61 (1985), 112-115.

Department of Mathematics
College of Arts and Sciences

University of Tokyo

11



