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FEMIER BRI £ 5 L, ZEfH]

AHDB  (LLKEHRT)
R BER (7 7 V1 VAT LA

1. IEL®IC

FEINEM AR 1 BT B8 [ fdu £ UT, Choquet B&%, EEHE%, Shilkret
Fi73, Lehrer #8473 (concave integral), convex integral, @RS XML IREI N
TE. -oT L, ZHBBDITL U TEEOERDEZ O5ND. L, DBERLRAIE

B LT 1
d(f.g) = ( Jir- gv’du)p

EfEgeD " VAT FT M MESETI0XEATHS. LrL, u ok
IEMIZ L DBEED / VAPEBORABIIH - I WIEENMIZLAYTHE. Z0D7
DI TIX/IVLAPHEMOSM 2557 ) )V L, #EEA#Z 2 5. %< QAR
BEZER E 7R HE ) L LB e B,

AFHE TIL Lehrer T IZBIY 2 L, ZHZ2EET 5.

2. IEMNER BRI
EBE L (2,4) (X,B(X)) #HIEEM, b B(X) 13ES X L0 o—MMiEK, &§
5. BEBE u: B(X) — [0, +00] A% FEIVERIBEERE &1
L p(0) =0,
2. AC B, A,B € B(X) 7251 p(A) < u(B) (B
RO L. A EHIE 21k
3. 3IK; u(AUB) < K(u(A) + u(B)), A, B € B(X)
Rzl K=10D&&E $IWEN XN S. u 2 JIEHN & iX
4. A, B e B(X),u(B) =075 u(AUB) = u(A)
BT, uh BEIMLEN 2
5. A, B € B(X), u(A) = u(B) =0 7251 u(AUB) = 0
BT L. 40 Bl 21X
6. An, A€ B(X), Ay T A, u(A) =0 72 51F p(A) =0
BT, 40 TALES &iE
7. AT A, A, A€ B(X) = pu(An) T p(A),
Bl
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3. #EFRRE

EBFE2 TEEAELTS. B8 plr,y): T xT —[0,+o0) HS #EFREE © 1%
Lop(z,y) >0, p(z,y)=0 <= z=y, =z,y €T,
2. p(z,y) = p(y,z), =y €T,
3. 3K =1 p(z,y) < K (p(z,2) +p(2,y)), z.y,2 €T

B INEZ e, 2B8LU03 DAEMET L& BHERRH LITR.

HEPREE T 20, 20,20, , 2 € T IZRFUTIRORDGL D LD ¢
d(zg, T,) < K" Nd(20, 1) + d(zy, 29) + -+ + d(zp_1,Tn)).

ZIZT—MRIZ KM — +o0 RDT, 52 ZEET BRI ELEETSTHD.
BIZE=AAREFEXDHY L2200 T

B d(x, ) 12 M B O 5E D B AR B L C il 2 12IR & 72\

CWOHEENEIDESL., ZOBRSIII—Y—FIZ L AEMILOEBRBTEI AN, FEo
THERRHE A MO BRIZIIFEELS BRE2EDIBENDH S, EPRIE Frink OFEME(T &1
(1938) 12 & W HEREE NS DREEITBEMEINS.

PREE & MEFRME O TR IZALE T S PERIBIE LT, ROMEERHZTEOEEX LI L
BTED ;
1. d(z,y) =0 < z =y,

2. d(z,y) = d(y,z),

3.3C > 1:d(z,y) < d(z,2) + Cd(z,y). ZD& ZIXIRMVEKDILE, 272 b BV

BtTH D :
d(zg, ) < d(20,21) + C(d(z1,22) + -+ + d(Tp_1,T0)),
|d(z,u) — d(y,v)| < C(d(z,y) + d(u,v)).

EE 3 MEZEME L EOBE |z L —[0,00) 23 VLI

1. |z|]p =0 < z =0,

2. |ex|L = |c||x|L,

3. 3IM 215 |z +ylr < M(|z|z + |ylz)
M-I hsdZ .

DL E dz,y)=|r—vy|, & L LOUEETH 5.
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4. Lehrer &% ([3])
FEEAIRIBIEL f @ (X, B(X)) — [0, +oo] {29 % Lehrer BEIXIRTEHZR I NG :

(L) /X fdu = sup{_zaiu(Ai)

ZDERIZE W T BRI 00 BEEL

i=1

n

Z ;X A;

=1
IZHWT, EF {A;} 3BT LD disjoint TIERWZ IZERT L M4ENH S, Lehrer
B3E, fFITHUTERD DERROEAEHRTLIEITH 5.

=0p—ae = (L) [ fdu=0.

2) Sf<yg :>0§(L)fxfd:u§<L)fxgd,u-

) (L) [ xadp = p(A).

for c> 0= (L) [ycfdu=c- (L) [, fdp.

for f,g 2 0= (L) [ (f +9)du = (L) [y fdp+ (L) [ gdp  [concavity].

5. FEMERNBIRRE ICRET 3IREICDWT
(&5 1]

o 1 DEIIENE w(AUB) > u(A) + u(B) ZHERL 7\, BB SANEPEIRRE L 72
Wy,

o L, 1RV IE T IRERMAE RO Z L A HIHT B,

INSDFRMEZFRL p IFEEIMENE TS, Thbb
K = 1;u(AUB) < K(pu(A) + pu(B))

95,

o AABAEUICIR DFMEEERZE AT S @
f~g &= [=gp-ae <= p(|f—-g/>0)=0.
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ZO&MGEFERL, plXBEIMENTHLZ L
u(N)=0=p(AUN) = p(A)
b L UEER
An T A, u(Ar) =0 = p(A) =0
EIRET 52 hH 5 (ZhZTOBERRTS) .

6. Lehrer B2 ICEAY 59 2EH%EM L,(L)(1 < p < +o0)

SR [ (X, B(X)) = (—o0, +00) 128 LT
1y = (1) f | Pd) 7
Ly:={f[Iflp<+oot, Np={f €Ly ||fl, =0}, Z,:={f€Ly| f=0p—ae},
Ly(L) = Ly/ Z,.

95 ([1]).

fRE 1

Lop PEEEIEN LS Z, 1% L, DMBESEMTH S,
2. Z, CN,.

3. WEERLROIE Z, =N, Th 5.
4. p EIERZE S |[f £hl, = |flp, h € Z,.

Remark #&(5) &0, |f+h|,=|f[1,heN.

Proof of 1
For f,g € Z,, we have pu(f # 0) = p(g # 0) = 0. Since {f +g#0} C{f#0}U{g #
0}, by the zero-additivity of p, it follows that u(f + g # 0) = 0. So that we have
fH+geZ,

For every t # 0 and f € Z,, we have pu({tf # 0}) = u({f # 0}) = 0, which implies
that Z, is a linear space.

Proof of 2

Assume f € Z,, that is, u(|f[? > 0) = 0. This implies p(|f|P > r) =0 for any r > 0.
Then for every simple function ) 7" | a;xa, < |f|?, we have )"  a;u(A;) = 0 and we
have |f|, = 0.

Proof of 3

Assume |f|, = 0. If u(|f|P > 0) > 0. By the continuity from below, there exists r > 0
such that u(|f| > r) > 0. Then we have |f[P 2 rPx(|f>,}- By the definition of Lehrer
integral, it follows that (L) [ |f|Pdu = rPu(|f| > r) > 0, which contradicts to | f|, = 0.
So that we have u(|f| > 0) = 0 which means f =0 p — a.e.
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Proof of 4
If we put N = {|h|] > 0}, since h € Z,, we have u(N) = 0. Since 1 = xn +
Xx\v, p(N) =0, by @& 1 (1), (5),

() /X FEhPdy = (L) /X (1 % hlPx + 1f % P di

v

(1) / £ hPxdu + (L) / 1+ AP yewdi
X X
= (L)/leihV’XX\Ndu: (L)/lelpxX\Nd/L

Remark that N is a strongly p-null set (FIIAME), so that we have (L) [y |f|Pdp =

(L) [xUfPxxw + [fPxn)dp = (L) [ [fPxx\wdp. In fact, this follows from p(A) =
W[AN (X\N)] U [A N N]) = (AN (X\N)).

R 2 p IXESIEN P OFBINENE T2, ZoL X
L feflp = lel - |flp, c € R, [ € Ly,
2. jf"’g‘p < 2K5(|f|p + |g\p)v fi9¢€ Ep-

Proof

1. is clear.

2. First we shall show |f +gl1 £ 2K {|fli+1lgli}, f,9(2 0) € L. Let 0 £ ¢ =
Yo aixa, < f+4g. Then it holds either f = p or g 2 1. If we set E(f) := {z |
2f(z) 2 p(z)}, E(g) :={z|29(z) = p(z)}, E(f)UFE(g) = X and the simple function
Y = XE(5) + XE(g) satisfies 1 <9 < 2. So that we have ¢ < ¢-9¥ = - xp) + ¢ XE(9)-
Since

n
© - XE([) = Zaz’XAmE(f) = 2f,
i=1

© - XE(g) = Z aiXAnE@g) = 29,

i=1

we have
n

a; i < = )
>l Ar B £ (1) [ 2rau=2(0) [ s
a; i < U = .
> ala0 B@) £ (1) [ 20 =200 [ oty
By the quasi-subadditivity of y, for the set A; = {A; N E(f)} U{A; N E(g)}, we have
n(Ai) = K (u(Ai 0 E(f)) + p(Ai 0 E(g))) .-

So that we have

E?:1 aipu(A;)
S K (O aip(AiNVE(f)) + 300, aip(A; N E(g)))



S2K{(L) [y fdu+ (L) [ gdu},

which implies (L) [y (f + g)du < 2K{(L) [y fdp+ (L) [y gdp}.
For p 2 1, by utilizing the case of p = 1, we have

(L) /X (IF + glP)dp < (L) /X 21| 7P + |glP}du

2-1(L) /X (IfP + lgiP)du < 272K {(L) /X FPdu+ (L) /X Igl”du}
K {|fp+1gl5} -

|f+ gl

I

Lehrer’s L, space L,(L) DES
1Sp<+4oo 95, p FESIENPOFEMEN LT, DL E

LP(L) = ['p/Zp

If+ Zpllp := |flp for f+ 2, € Ly(L).

LEZTD.
FELLY, ||f+ 2, FRRTOMY FiZ S\, UNREMEE f+ 2, LRET f
ERHL, |fly=If+ 2|, L&
R 1, 21280 ||fll, 2 Ly(L) BIZERTE, (Ly(L),|fll,) XM/ VaEezD,
UTZHm7=9 ;

@) Neflly = lellfllp, ¢ € R, f € Ly(L).

(2) £+ gllp £ 2K7 (I fl» + llglly) for f,g € Ly(L).

PIDcX &L, HE %

(A =1if AND#0
WA =0if AnD =0

&5, INIFEE D OEEBR xp RS MR L T2 WREMTIE L IFIEN S
HIAAETH 5. w(AUB) =max{u(A),u(B)} 23, ZDr

Ly(cav) = &6:(D) = {(aa)aep | X gep laal < o0}

TH5.

143



144

7. Ly
IR f BAERICERTH S LI

da>0 ; p(lfl>a) =0.
AREMIZE R B fizxLT

|fleo = inf{a >0 | u(|f| > a) = 0}.
CEL. 5T

Loo =A{f [ floo < +o00},
Now=A{f € Lo | |f|oo = 0}, and
Lo = Lo /N,

tT5.

Lo, DHEE

i 2

phaldTZir 5. 20 ERIIFAMTH 3.
flo =a

!

(1)
(2)

(|f] > a) =0 and
or every b < a, u(|f| > b) > 0.

= E=

Z0LE  |flo=min{a>0|p(|f| >a)=0} THD CEHZRHO inf FEBIZHN
Hx52%).

& 3
floo 1 Loc D/ NVLTHD. .

S 3k
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