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Abstract: This paper studies the stability of two one-link flexible arms for grasping and orientation control of an object. Flexible
arms are modeled by Euler-Bernoulli beam model, and the overall system is represented by a hybrid PDE-ODE model. Our primary
concern is the stability analysis of this hybrid PDE-ODE model. In particular, we use the frequency domain method and prove the
exponential stability of this system under our previously proposed boundary controller. In addition, we discuss the robustness of
the closed-loop system with respect to the several disturbances including disturbances distributed over the arms and disturbances
acting at boundaries. Finally, simulation results are presented to investigate the theoretical results.

1 Introduction

This paper deals with the stability analysis of dual flexible arms for
grasping and orientation control of an object, where the flexible arms
consist of flexible links modeled by Euler-Bernoulli beam model.
Since the flexible arm has a lightweight link, it has the benefits of
low energy use, faster movement, safer operation due to reduced
inertia, and others [1–3]. Thus, grasping an object by flexible arms
keeps the above benefits and is safer for the grasped object than
the rigid arm, because the flexible arm has intrinsic large compli-
ance compared to the rigid arm [4]. These advantages lead to many
applications including a surgical instrument like flexible beams for
grasping task in minimally invasive surgery [5], a flexible dual-arm
space robot for capturing space debris [6], and a grasping task in the
food manufacturing industry [7] and the aerial manipulation field [8].

The dynamics of flexible links are presented by partial differential
equations (PDEs), and the dynamics of actuators and tip load are
expressed by ordinary differential equations (ODEs), and thus the
system is a hybrid PDE-ODE model. Therefore, this paper focuses
on grasping and orientation control of an object by dual flexible arms
based on infinite dimensional settings.

There are many studies about the control of the flexible structures
based on the hybrid PDE-ODE model [9–19]. However, these studies
have been treated only the vibration suppression problem. On the
other hand, several studies have investigated the grasping by flexible
arms based on the hybrid PDE-ODE model [20–23]. These studies
discussed the cooperative control by two one-link flexible arms and
realized stable grasping of an object. However, they assumed that
the contacts between the arm-tips and the grasped object were fixed.
Thus, the positions of the contact points cannot change, and two one-
link flexible arms could grasp an object but could not control its
orientation.

On the other hand, by taking rolling contacts between the arm-
tips and grasped object, two one-link flexible arms have the potential
to grasp and manipulate an object at the same time. In particular,
in the research field of grasping and manipulation by rigid robotic
fingers, many studies using the rolling contact between the robotic
fingertip and the grasped object have been researched for a long
time, and it is known that the position of the contact points can be
changed through rolling the fingertips on the object [24–26]. From
these points of view, by taking the rolling constraints between the
arm-tips and the grasped object, we realized the stable grasping and
orientation control of an object by two one-link flexible arms based
on a hybrid PDE-ODE model [27, 28]. In particular, the flexible

arms were modeled by Euler-Bernoulli beams in [27], and the flex-
ible arms were modeled by Timoshenko beams in [28]. Although
the derived controllers in [27, 28] could asymptotically stabilize the
closed-loop system, the controllers cannot exponentially stabilize the
system because of the result of the compact perturbation [29, 30],
and it is better to construct an exponentially stabilizing controller
with regard to its control performance.

From these points of view, this paper utilizes our previously pro-
posed boundary controller [22] and proves the exponential stability
of the closed-loop system; that is, the controller realizes stable grasp-
ing and orientation control of an object by two one-link flexible
arms modeled by Euler-Bernoulli beam model, and the closed-loop
system becomes exponentially stable. Here, note that our previous
study [22] proposed the boundary controller for grasping an object
by dual flexible arms, but the controller could not realize the orien-
tation control of the object because the rolling constraints were not
introduced. Therefore, our objective in this paper is to establish well-
posedness and exponential stability of two one-link Euler-Bernoulli
arms for grasping and orientation control of an object under our pre-
vious controller in [22]. In addition, we discuss the robustness of
the closed-loop system with respect to the disturbances, because the
influences of the disturbances are an unavoidable issue in real situa-
tions. Then, we show our system is robust with respect to the several
disturbances including disturbances distributed over the flexible
arms and disturbances acting at boundaries. The paper is organized
as follows: Section 2 formulates the control problem. The semi-
group setting of the closed-loop system and well-posedness of the
system are presented in Section 3. Section 4 gives exponential stabil-
ity and the disturbance response. The numerical simulation results,
described in Section 5, demonstrate the validity of the theoretical
results. Finally, Section 6 presents our conclusions.

2 Problem Description

2.1 Mathematical Model of a Controlled System

In a controlled system, two Euler-Bernoulli arms grasp a rectangular
rigid object as shown in Fig. 1. One end of the arm i, i = 1, 2, is
clamped to the rotational motor i, and the other end has a tip mass in
the shape of a wheel called arm-tip i. Fig. 1 (b) shows the side view
of the arm-tip, and the arm is connected to the tip’s center of mass.
The arm-tip makes contact with the surface of the object and rotates
on the surface. Using the motors, the arms rotate in the O −XY
plane, and thus are not affected by the acceleration of gravity. Here,
O −XY is an absolute coordinate system.
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Fig. 1: Controlled system: (a) two Euler-Bernoulli arms grasp an
object; (b) side view of the arm-tip.

Let θi(t) and τi(t) be the angle and torque, respectively, of
motor i, and let wi(xi, t) be the transverse displacement of arm i,
where xi is the spatial point on the local coordinate system xiyi,
that rotates with the rotor of motor i, and t is a time. For the grasped
object, let [xm(t), ym(t)] be the position vector of the center of mass
Om in O −XY , and let q(t) be the orientation of the object, where
Om −XmYm is a local coordinate system that rotates with the
grasped object. The physical parameters are summarized in Table 1.

Assumption 1. We assume that all values of the movement are
small. That is, wi(xi, t) is small, and θi(t), xm(t), ym(t), and q(t)
are expressed as{

θi(t) = θ̄i + θie(t), xm(t) = x̄m + xme(t),

ym(t) = ȳm + yme(t), q(t) = q̄ + qe(t),

where θ̄i, x̄m, ȳm, and q̄ are constant stationary angle/position, and
θie(t), xme(t), yme(t), and qe(t) are small.

Here, note that θ̄i, x̄m, ȳm, and q̄ are corresponding to the intial
values, and these values need to satisfy the constaints (65) and (66)
(see Appendix A) at t = 0.

Table 1 Physical Parameters

Symbol Description
Ji Moment of inertia of rotor of motor i
li Length of arm i
ρi Linear density of arm i
EIi Flexural rigidity of arm i
M Mass of the grasped object
I Moment of inertia of the grasped object

Li
Length between the object’s surface on the side of
arm i and center of mass of the object

mi Mass of arm-tip i
ri Radius of arm-tip i
Ii Moment of inertia of arm-tip i
L Length between two motors

The equations of motion of the system has been derived in [27] as
follows (see Appendix A): For (xi, t) ∈ (0, li)× R+ and i = 1, 2,

ρiÿi(xi, t) + µiẏi(xi, t) + EIiy
′′′′
i (xi, t) = 0,

yi(0, t) = 0,

Jiÿ
′
i(0, t) = τi(t) + EIiy

′′
i (0, t) + EIi(w

d
i )′′(0),

ζ̈(t) = G
[
EI1y

′′′
1 (l1, t), EI2y

′′′
2 (l2, t),

−EI1y′′1 (l1, t),−EI2y′′2 (l2, t)
]T
,

ζ̇(t) =
[
ẏ1(l1, t), ẏ2(l2, t), ẏ

′
1(l1, t), ẏ

′
2(l2, t)

]T
,

(1)

where

yi(xi, t) = wi(xi, t)− wdi (xi) + xi

[
θie(t)− θdie

]
, (2)

wdi (xi) is the desired static deformation of arm i, θdie is the desired
angle of motor i, µi is the coefficient of viscous damping of arm i,
a dot denotes the time derivative, and a prime denotes the par-
tial derivative with respect to the corresponding spatial variable. In
addition,

G = BoM
−1
o BT

o ∈ R4×4,

Bo = −A−12 A1 ∈ R4×3, Mo = LTM̂oL ∈ R3×3,

L =

[
I3×3
Bo

]
, A1 =

 − sin q̄ cos q̄ A1,1
sin q̄ − cos q̄ A1,2
− cos q̄ − sin q̄ A2,1
− cos q̄ − sin q̄ A2,2

,

A2 =


− cos(θ̄1 − q̄) 0 0 0

0 cos(θ̄2 − q̄) 0 0
− sin(θ̄1 − q̄) 0 −r1 0

0 − sin(θ̄2 − q̄) 0 r2

,
A1,i = (−1)i+1 [li cos(θ̄i − q̄)− x̄m cos q̄ + gi sin q̄

]
,

A2,i = li sin(θ̄i − q̄) + x̄m sin q̄

+gi cos q̄ + (−1)i+1ri,

gi = L(i− 1)− ȳm,

M̂o = diag(M,M, I,m1,m2, I1, I2),

ζ(t) =

Bo

[
xme(t)− xdme, yme(t)− ydme, qe(t)− qde

]T
,

(3)

where [xdme, y
d
me] is the desired position vector of the center of the

object. Here, wdi (xi) is uniquely determined for any given desired
grasping force fd. In addition, θdie, xdme, and ydme are uniquely
determined for any given desired orientation of the grasped object
qde (see Appendix B). All desired values, fd, qde , θdie, xdme, and ydme,
are constants.

The mathematical model in [27] did not include the viscous damp-
ing, but we included the viscous damping in the model of this paper.
Then, we proved the exponential stability of the closed-loop system
in Section 4 by utilizing this damping as well as the controller in
[22], which can avoid the following compact perturbation problem
[29, 30]: The controller, which is compact operator in the functional
state space, cannot exponentially stabilize the system, but the con-
troller, which is noncompact operator in the functional state space
has the possibility to exponentially stabilizes the system. In addi-
tion, we carried out numerical simulations in Section 5, and we
confirmed that our controller has higher control performance than
the controller, which is a compact operator.

2.2 Boundary Controller

The forces applied to the object by the arm i, are fi(t) and λi(t) as
shown in Fig. 1 (a). fi(t) is the contact force of arm i, which arises
in the opposite direction along the normal vector of the surface of
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the object, and λi(t) is the constraint force of arm i, which arises
in the tangential direction of the surface of the object. In the steady
state, fi(t) and λi(t) become constant as follows: fsi and λsi . They
have the following relations (see Appendix B):

fd := fs1 = fs2 , λd := λs1 = −λs2, (4)

λd =
−l1 cos(θ̄1 − q̄) + l2 cos(θ̄2 − q̄) + L sin q̄

l1 sin(θ̄1 − q̄)− l2 sin(θ̄2 − q̄)− L cos q̄ + r1 + r2
fd.

(5)

From (4), two arms push the object at the same force, and we
define the force fsi as the grasping force fd. In addition, constraint
forces λs1 and λs2 are competing forces, and we define λd = λs1 =
−λs2. The relation (5) is derived from the balance condition of the
moment, and we find that fd and λd cannot be set independently.
In addition, in the steady state, if yi(xi, t) = 0 and y′i(0, t) = 0
hold, that is, if wi(xi, t) = wdi (xi) and θie(t) = θdie hold, then
we obtain fi(t) = fd, qe(t) = qde , xme(t) = xdme, yme(t) = ydme,
and λi(t) = (−1)i+1λd. Thus, the control objective is to realize the
following:

{
yi(xi, t)→ 0, ẏi(xi, t)→ 0,

y′i(0, t)→ 0, ẏ′i(0, t)→ 0, ζ̇(t)→ 0,
as t→∞. (6)

For this, we use the following boundary controller proposed
in [22]:

τi(t) = −kpiy′i(0, t)− kdiẏ
′
i(0, t) + (kspi − 1)EIiy

′′
i (0, t)

+ksdiEIiẏ
′′
i (0, t)− EIi(wdi )′′(0),

(7)
where kpi, kdi, k

s
pi, and ksdi are positive constants. In [22], this con-

troller realized stable grasping of an object by two flexible arms.
However, the contacts between the arm-tips and the grasped object
were fixed and did not allow rolling contact. Therefore, the flexi-
ble arms could grasp an object, but could not manipulate it. This
paper considers the system taking the rolling constraint and shows
well-posedness and exponential stability of the system under the
controller (7).

In (7), the first and second terms are PD control of the rotational
angle of the motor, and the third and fourth terms are PD control of
the bending moment at the root of the arm. The fifth term is the com-
pensation term of the reaction torque in the dynamics of the motor.
The first and second terms are expected to realize y′i(0, t)→ 0
and ẏ′i(0, t)→ 0. The third term is the term for yi(xi, t)→ 0. In
addition, the fourth term is expected to realize ẏi(xi, t)→ 0 and
ζ̇(t)→ 0.

3 Closed-Loop System

3.1 Semigroup Setting

Let us introduce the following new variable:

ηi(t) = Jiẏ
′
i(0, t) +

ksdikpi
kspi

y′i(0, t)− k
s
diEIiy

′′
i (0, t). (8)

Here, we introduced ηi(t) so that the closed-loop system becomes
dissipative as shown in (16). Then, the closed-loop system (1), (7),
and (8) can be written as follows: For (xi, t) ∈ (0, li)× R+ and

i = 1, 2,

ρiÿi(xi, t) + µiẏi(xi, t) + EIiy
′′′′
i (xi, t) = 0,

yi(0, t) = 0,

η̇i(t) = −kpiy′i(0, t)−Diẏ
′
i(0, t) + kspiEIiy

′′
i (0, t),

ηi(t) = Jiẏ
′
i(0, t) +

ksdikpi
kspi

y′i(0, t)− k
s
diEIiy

′′
i (0, t),

ζ̈(t) = G
[
EI1y

′′′
1 (l1, t), EI2y

′′′
2 (l2, t),

−EI1y′′1 (l1, t),−EI2y′′2 (l2, t)
]T
,

ζ̇(t) =
[
ẏ1(l1, t), ẏ2(l2, t), ẏ

′
1(l1, t), ẏ

′
2(l2, t)

]T
,

(9)

where Di = kdi − ksdikpi/k
s
pi.

Assumption 2. Feedback gains satisfy

kspikdi > ksdikpi,

that is, Di > 0.

Through this paper, we assume that feedback gains satisfy this
assumption. This assumption is provided because of the followings:
a coefficient in the inner product (12) becomes positive; the operator
A defined by (13) becomes dissipative as shown in (16).

As the state space of the closed-loop system (9), we define the
following functional space H: For z = [u1, v1, u2, v2, η1, η2, ξ

T]T

and ξ = [ξ1, ξ2, ξ3, ξ4]T,

H =
{
z ∈ H2(0, l1)× L2(0, l1)×H2(0, l2)× L2(0, l2)

×C2 ×Hb : ui(0) = 0, PB [u1, u2]T ∈ Hb
}
,

(10)
where the state variable z is corresponding to [y1(·, t), ẏ1(·, t),
y2(·, t), ẏ2(·, t), η1(t), η2(t), ζ̇

T
]T,Hm(0, li) is the Sobolev space

of order m, L2(0, li) is the square integrable functional space, C
is the set of complex numbers, and Hb is following space with the
corresponding inner product: Hb =

[
ker(BT

o )
]⊥

= range(Bo) ⊂ C4,

〈ξ, ξ̃〉Hb
= ξTG+ξ̃, for ξ, ξ̃ ∈ Hb,

(11)

whereG+ denotes the Moore-Penrose generalized inverse of matrix
G. The rank ofG ∈ R4×4 is 3, and thusG−1 does not exist. There-
fore, we introduce the space (11) as the state space of ζ̇ based on
the procedure in [11]. Here, note that ker(G+) = range(G)⊥ =
range(Bo)

⊥ = H⊥b . Thus, G restricted to Hb is positive definite,
and G+ restricted to Hb is also positive definite. Further, follow-
ing the procedure in [11], the boundary projection operator PB is
defined as follows:{

PB [u1, u2]T =
[
u1(l1), u2(l2), u′1(l1), u′2(l2)

]T
,

D(PB) = H2(0, l1)×H2(0, l2),

where the space {(u1, u2) ∈ H2(0, l1)×H2(0, l2) : ui(0) = 0}
is contained in D(PB), and thus the operator PB is well defined
in H. In H, we define the following inner product: For z =

[u1, v1, u2, v2, η1, η2, ξ
T]T, and z̃ = [ũ1, ṽ1, ũ2, ṽ2, η̃1, η̃2, ξ̃

T
]T,

〈z, z̃〉H =

2∑
i=1

[∫ li
0

(EIiu
′′
i ũ
′′
i + ρiviṽi)dxi + Ciηiη̃i

+
kpi
kspi

u′i(0)ũ′i(0)

]
+ ξTG+ξ̃,

(12)

where Ci = 1/(Jik
s
pi + ksdiDi) > 0. It is easy to see that H with

the inner product (12) becomes a Hilbert space. In addition, we
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define the operator A : D(A) ⊂ H→ H as follows:

Az =



v1

−(EI1u
′′′′
1 + µ1v1)/ρ1

v2

−(EI2u
′′′′
2 + µ2v2)/ρ2

−kp1u′1(0)−D1v
′
1(0) + ksp1EI1u

′′
1 (0)

−kp2u′2(0)−D2v
′
2(0) + ksp2EI2u

′′
2 (0)

GF


, (13)

with domain

D(A) ={
z ∈ H4(0, l1)×H2(0, l1)×H4(0, l2)

×H2(0, l2)× C2 ×Hb : ui(0) = vi(0) = 0,

ηi = Jiv
′
i(0) +

ksdikpi
kspi

u′i(0)− ksdiEIiu
′′
i (0),

ξ = PB [v1, v2]T ∈ Hb, PB [u1, u2]T ∈ Hb
}
,

(14)

where

F =
[
EI1u

′′′
1 (l1), EI2u

′′′
2 (l2),−EI1u′′1 (l1),−EI2u′′2 (l2)

]T
.

Then, the closed-loop system (9) can be written as the following first
order evolution equation on H:

ż(t) = Az(t), z(0) = z0, (15)

where z(t) = [y1(·, t), ẏ1(·, t), y2(·, t), ẏ2(·, t), η1(t), η2(t), ζ̇
T

]T

is the state, and z0 is the initial value.

3.2 Property of the Closed-Loop System

The well-posedness (there is a solution, the solution is unique, and
the solution depends continuously on the initial data) of the system
represented by PDE is not trivial. If the operator A generates a C0-
semigroup, the system becomes well-posed, and thus we investigate
whether the operator A generates a C0-semigroup in Lemma 1.

Lemma 1. Let H and A be defined by (10) and (13), respectively.
The operator A generates a C0-semigroup of contractions on H.

Proof: We divide the proof into three steps.
(1st step) First, we show that A is dissipative. For any z =

[u1, v1, u2, v2, η1, η2, ξ
T]T ∈ D(A), it follows that

〈Az,z〉H

=

2∑
i=1

[∫ li
0
EIiv

′′
i u
′′
i dxi +

kpi
kspi

v′i(0)u′i(0)

− EIi
∫ li
0
u′′i v
′′
i dxi − EIiu′′i (0)v′i(0)− µi‖vi‖2L2

+ Ci
(
−kpiu′i(0)−Div′i(0) + kspiEIiu

′′
i (0)

)
ηi

]
− FTξ + FTGTG+ξ

=

2∑
i=1

[∫ li
0
EIiv

′′
i u
′′
i dxi +

kpi
kspi

v′i(0)u′i(0)

− EIi
∫ li
0
u′′i v
′′
i dxi − EIiu′′i (0)v′i(0)− µi‖vi‖2L2

+ Ci
(
−kpiu′i(0)−Div′i(0) + kspiEIiu

′′
i (0)

)
ηi

]
,

where we used the integration by parts, the boundary conditions in
(14), and the factsG is symmetric andGG+ is the orthogonal pro-
jection of C onto Hb. In addition, ‖ · ‖2L2 =

∫li
0 | · |

2dxi. Similarly,
we obtain the following:

〈z,Az〉H =

2∑
i=1

[∫ li
0
EIiu

′′
i v
′′
i dxi +

kpi
kspi

u′i(0)v′i(0)

− EIi
∫ li
0
v′′i u
′′
i dxi − EIiv′i(0)u′′i (0)− µi‖vi‖2L2

+ Ciηi

(
−kpiu′i(0)−Div′i(0) + kspiEIiu

′′
i (0)

)]
,

Therefore, we obtain

2Re〈Az, z〉H = 〈Az, z〉H + 〈z,Az〉H

= −2

2∑
i=1

Ci

[
ksdi
kspi
|kpiu′i(0)− kspiEIiu

′′
i (0)|2

+ JiDi|v′i(0)|2
]
− 2

2∑
i=1

µi‖vi‖2L2 ≤ 0.

(16)

Hence, A is dissipative.
(2nd step) Next, we show 0 ∈ ρ(A), where ρ(A) is the resol-

vent set of A. For any given ẑ = [û1, v̂1, û2, v̂2, η̂1, η̂2, ξ̂
T

]T ∈ H,
we find a solution z = [u1, v1, u2, v2, η1, η2, ξ

T]T ∈ D(A) of the
equation Az = ẑ. Here, Az = ẑ means the followings:

vi = ûi, u′′′′i = − 1

EIi
(ρiv̂i + µiûi), (17)

− kpiu′i(0)−Div′i(0) + kspiEIiu
′′
i (0) = η̂i, (18)

GF = ξ̂, (19)

ui(0) = vi(0) = 0,

ηi = Jiv
′
i(0) +

ksdikpi
kspi

u′i(0)− ksdiEIiu
′′
i (0),

ξ = [v1(l1), v2(l2), v′1(l1), v′2(l2)]T ∈ Hb,[
u1(l1), u2(l2), u′1(l1), u′2(l2)

]
∈ Hb.

(20)

The solution of the second equation in (17) is given by

ui(xi) =c1ixi + c2ix
2
i + c3ix

3
i

− 1

6EIi

∫xi

0
(xi − s)3 [ρiv̂i(s) + µiûi(s)] ds,

(21)

where cj,i, i = 1, 2, j = 1, 2, 3 are constants, determined by the
boundary conditions, and we used ui(0) = 0. Here, multiplying
both sides of (19) byMo(B

T
oBo)

−1BT
o from the left side gives

BT
o F = f , (22)

where f = Mo(B
T
oBo)

−1BT
o ξ̂ ∈ C3×1. Now, we consider the

transformation of the final equation in (20) using the procedure in
[11]. Let bi, i = 1, 2, 3, be the column vector of Bo, i.e., Bo =
[b1, b2, b3]. Since[ker(BT

o )]⊥ = span{bi, i = 1, 2, 3}, there exist
three constants ai, i = 1, 2, 3, such that

[
u1(l1), u2(l2), u′1(l1), u′2(l2)

]T
= a1b1 + a2b2 + a3b3. (23)

Substituting (21) into (18), (22), and (23), we obtain the matrix
form relation: Mp[c11, c12, c21, c22, c31, c32, a1, a2, a3]T = F p,
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where Mp ∈ R9×9 is a matrix, and F p ∈ C9×1 is a vector.
Here, rank(Mp) = 9, and thus the coefficients cj,i and ai can be
uniquely determined. The remaining unknowns, vi, ηi, and ξ can be
easily obtained. Thus, A−1 exists.

For the coefficients cj,i, we obtain the following:

cji ≤ κ1
2∑
i=1

{
|û′i(0)|2 + |η̂i|2 + ‖ûi‖2L2 + ‖v̂i‖2L2

}
+ fTf ,

(24)
where κ1 is a positive constant. In the derivation of (24), we used
the Cauchy-Schwartz inequality and the following

|a+ b|2 ≤ (|a|+ |b|)2 ≤ 2
(
|a|2 + |b|2

)
, for a, b ∈ C. (25)

Here, note that there exists â ∈ C3×1 such that ξ̂ = Boâ
because of ξ̂ ∈ Hb. Then, fTf in (24) can be estimated
as fTf = ξ̂

T
(BT

oG
+)TBT

oG
+ξ̂ = âTM2

oâ ≤ κ2âTMoâ =
κ2〈ξ̂, ξ̂〉Hb

, where we usedBT
oG

+Bo = Mo and κ2 is a positive
constant, and thus (24) can be rewritten as

cji ≤ κ3

[
2∑
i=1

{
|û′i(0)|2 + |η̂i|2 + ‖ûi‖2L2 + ‖v̂i‖2L2

}
+ ‖ξ̂‖2Hb

]
,

(26)
where κ3 is a positive constant. By using the Cauchy-Schwartz
inequality, (25), and (26), it is easy to see that there exists a posi-
tive constant κ4 such that ‖z‖H = ‖A−1ẑ‖H ≤ κ4‖ẑ‖H. Therefore,
A−1 is bounded, and thus we obtain 0 ∈ ρ(A).

(3rd step) From the 1st and 2nd steps, A is dissipative and 0 ∈
ρ(A). Therefore, A generates a C0-semigroup of contractions by the
Lumer-Phillips theorem and the contraction mapping theorem [31].

�

Let T(t) be a C0-semigroup of contractions generated by A.
Then, Lemma 1 means that (15) has a unique solution z(t) = T(t)z0
for evey z0 ∈ D(A), that is, the closed-loop system is well-posed. If
the operator A generates aC0-semigroup of contractions, the closed-
loop system is well-posed, and the system becomes Lyapunov stable.
However, to show the exponential stability of the closed-loop sys-
tem, we need to investigate some properties. In Lemma 2 and 3,
we show that the system satisfies the conditions for exponential sta-
bility. In addition, we summarize in Theorem 1 that the system is
exponentially stable.

4 Stability and Robustness of the Closed-Loop
System

4.1 Exponential Stability

We show the exponential stability of the closed-loop system using
the frequency domain method. According to this method, we need to
show the following two facts to prove the exponential stability of a
C0-semigroup of contractions in a Hilbert space [31]:

(i) ρ(A) ⊃ {iβ : β ∈ R} ≡ iR, (27)

(ii) lim
β→∞

‖(iβ − A)−1‖H <∞. (28)

Here, the exponential stability of a C0-semigroup of contractions,
which satisfies (27) and (28), in a Hilbert space is obtained from the
well-known Gearhart-Prüss-Greiner theorem [32]. In the following,
we demonstrate fact (ii) in Lemma 2, and (i) in Lemma 3.

Lemma 2. Condition (28) holds for the operator A, defined by (13).

Proof: According to the contradiction argument method [31], if (28)
is false, then there exists a sequence βn ∈ R with βn →∞ and a

sequence zn ∈ D(A) with ‖zn‖H = 1 such that:

(iβn − A)zn ≡ ϕn → 0 in H, (29)

where zn = [u1n, v1n, u2n, v2n, η1n, η2n, ξ
T
n ]T, ξn = [ξ1n, ξ2n,

ξ3n, ξ4n]T,ϕn = [ϕ11n, ϕ21n, ϕ12n, ϕ22n, ϕ31n, ϕ32n,φ
T
n ]T, and

φn = [ϕ4n, ϕ5n, ϕ6n, ϕ7n]T. Here, (29) means the followings:

iβnuin − vin = ϕ1in, (30)

iβnvin +
1

ρi
(EIiu

′′′′
in + µivin) = ϕ2in, (31)

iβnηin + kpiu
′
in(0) +Div

′
in(0)− kspiEIiu

′′
in(0) = ϕ3in, (32)

iβnξn −GF = φn. (33)

We show the contradictions of ‖zn‖H = 1, i.e., ‖zn‖H → 0. For
clarity, we divide the proof into four steps.

(1st step) We derive the required estimations.
(i) From the fact that ϕn → 0 in H, we obtain the followings:{
‖ϕ′′1in‖L2 → 0, ‖ϕ2in‖L2 → 0, |ϕ′1in(0)| → 0,

|ϕ3in| → 0, ‖φn‖Hb
→ 0.

(34)

(ii) From the equation uin(xi) =
∫xi

0 u
′
in(s)ds and the Cauchy-

Schwartz inequality, we obtain ‖uin‖2L2 ≤ l2i ‖u
′
in‖

2
L2 . Further,

combining the equation u′in(xi) =
∫xi

0 u
′′
in(s)ds+ u′in(0), the

Cauchy-Schwartz inequality, and (25) gives

‖u′in‖
2
L2 ≤ κ5

[
‖u′′in‖

2
L2 + |u′in(0)|2

]
, (35)

where κ5 is a positive constant. Thus, we obtain the following: For
pi ∈ {pi ∈ H2(0, li) : pi(0) = 0}, there exists a positive constant
κ6 such that

EIi‖p′′i ‖
2
L2+

kpi
kspi
|p′i(0)|2

≥ κ6
[
‖pi‖2L2 + ‖p′i‖

2
L2 + ‖p′′i ‖

2
L2

]
.

(36)

(iii) From (34) and (36), we obtain

‖ϕ1in‖L2 → 0, ‖ϕ′1in‖L2 → 0. (37)

Further, combining the equation ϕ1in(li) =
∫li
0ϕ
′
1in(s)ds, the

Cauchy-Schwartz inequality, and (37) leads to

|ϕ1in(li)| → 0. (38)

(iv) Equation (29) implies Re〈(iβn − A)zn, zn〉H = −Re〈Azn,
zn〉H → 0. This together with (16) and the boundary conditions in
(14) yields{

|v′in(0)| → 0, |kpiu′in(0)− kspiEIiu
′′
in(0)| → 0,

‖vin‖L2 → 0, |ηin| → 0.
(39)

In addition, from (30), (34), and (39), we have{
|βnu′in(0)| → 0, |u′in(0)| → 0, |u′′in(0)| → 0,

‖βnuin‖L2 → 0, ‖uin‖L2 → 0.
(40)

On the other hand, we obtain

‖u′in‖L2 → 0, (41)

from ‖zn‖H = 1, (40), and the following Gagliardo-Nirenberg
inequality [31]: For p(x) ∈ H2(0, li)

‖p′(x)‖L2 ≤ κ7‖p′′(x)‖
1
2

L2‖p(x)‖
1
2

L2 + κ8‖p(x)‖L2 , (42)

where κ7 and κ8 are positive constants.
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(v) For vin(li), we obtain the following:

|vin(li)| ≤ ‖vin‖L∞ ≤ κ9‖v′in‖
1
2

L2‖vin‖
1
2

L2 + κ10‖vin‖L2 ,
(43)

where κ9 and κ10 are positive constants, and we used (42) in the
derivation of the last inequality. Thus, combining (43), (39), and the
fact vin ∈ H2(0, li) gives

|vin(li)| → 0. (44)

In addition, from (30), (44), and (38), we obtain

|βnuin(li)| → 0, |uin(li)| → 0. (45)

Finally, by using the same procedure as (43), we obtain

|u′in(li)| ≤ κ11‖u′′in‖
1
2

L2‖u′in‖
1
2

L2 + κ12‖uin‖L2 , (46)

where κ11 and κ12 are positive constants. This together with uin ∈
H4(0, li), (40), and (41) yields

|u′in(li)| → 0. (47)

(2nd step) Combining (30) and (31) leads to

β2nuin −
EIi
ρi

u′′′′in = −
(
iβn +

µi
ρi

)
ϕ1in − ϕ2in + iβn

µi
ρi
uin.

(48)
Multiplying (48) by ρiai(xi)u′in, and integrating it gives

∫ li
0
ai(xi)

(
ρiβ

2
nuin − EIiu′′′′in

)
u′indxi

= −ρi
∫ li
0
ai(xi)

[(
iβn +

µi
ρi

)
ϕ1in + ϕ2in

]
u′indxi

+ µi

∫ li
0
ai(xi)iβnuinu

′
indxi,

(49)

where ai(xi) is a function to be determined in the latter. Using
integration by parts, (14), and the Cauchy-Schwarz inequality, the
right-hand side of (49) can be estimated as

−ρi
∫ li
0
ai(xi)

[(
iβn +

µi
ρi

)
ϕ1in + ϕ2in

]
u′indxi

+ µi

∫ li
0
ai(xi)iβnuinu

′
indxi

≤ |ai(li)||ϕ1in(li)|
[
ρi|βnuin(li)|+

µi
ρi
|uin(li)|

]
+
[
κ13‖ϕ1in‖L2 + κ14‖ϕ′1in‖L2

]
×
[
ρi‖βnuin‖L2 +

µi
ρi
‖uin‖L2

]
+ [ρiκ14‖ϕ2in‖L2 + µiκ14‖βnuin‖L2 ] ‖u′in‖L2 ,

(50)

where κ13 = maxxi∈[0,li] |a
′
i(xi)| and κ14 = maxxi∈[0,li] |ai(xi)|.

This together with (34), (37), (38), (40), (41), and (45) gives the
fact that the right-hand side in (50) goes to zero. Thus, (49) can be

rewritten as∫ li
0
ai(xi)

(
ρiβ

2
nuin − EIiu′′′′in

)
u′indxi → 0. (51)

In this equation, a simple calculation using the integration by parts
and (14) leads to

Re

∫ li
0
ai(xi)

(
ρiβ

2
nuin − EIiu′′′′in

)
u′indxi

=
ρiai(li)

2
|βnuin(li)|2 −

ρi
2

∫ li
0
a′i(xi)|βnuin|

2dxi

+ ReEIi

[
a′i(xi)u

′′
in(xi)u

′
in(xi)− ai(xi)u′′′in(xi)u

′
in(xi)

]li
0

+
EIi
2

[
ai(xi)|u′′in(xi)|2 − a′′i (xi)|u′in(xi)|2

]li
0

+
EIi
2

∫ li
0

[
a′′′i (xi)|u′in|

2 − a′i(xi)|u
′′
in|

2
]

dxi → 0.

(52)

Here, we set ai(xi) = li − xi. In addition, from the equation
u′′′i (0) = −

∫xi

0 u
′′′′
i (s)ds+ u′′′in, the Cauchy-Schwartz inequality,

and (25), we obtain |u′′′in(0)| is bounded because of uin ∈ H4(0, li).
Thus, (52) with (40) and (47), and the fact that |u′′′in(0)| is bounded,
can be estimated as

−3

2
EIi‖u′′in‖

2
L2 → 0. (53)

Thus, from (35), (40), and (53), we obtain

‖u′in‖L2 → 0, ‖u′′in‖L2 → 0. (54)

(3rd step) Setting ai(xi) = xi in (52) yields

Re

∫ li
0
ai(xi)

(
ρiβ

2
nuin − EIiu′′′′in

)
u′indxi

=
EIili

2
|u′′in(li)|2 → 0.

(55)

In this derivation, we used (40), (45), (47), (54), the fact that |u′′′in(0)|
is bounded, and the followings: (i) From the equation u′′in(li) =∫li
0u
′′′
in(s)ds+ u′′in(0), the Cauchy-Schwartz inequality, (25), (40),

and uin ∈ H4(0, li), |u′′in(li)| is bounded; (ii)Similarily, we can
obtain the boundedness of |u′′′in(li)|. Thus, from (55), we obtain

|u′′in(li)| → 0. (56)

(4th step) From the equation
∫li
0u
′′′
in(xi)dxi = u′′in(li)− u′′in(0),

the Cauchy-Schwartz inequality, (25), (40), and (56), we obtain

‖u′′′in‖L2 → 0. (57)

In addition, from (42), we obtain the following

|u′′′in(li)| ≤ ‖u′′′in‖L∞ ≤ κ15‖u′′′′in ‖
1
2

L2‖u′′′in‖
1
2

L2 + κ16‖u′′′in‖L2 ,
(58)

where κ15 and κ16 are positive constants. This together with (57)
and the fact uin ∈ H4(0, li) yields

|u′′′in(li)| → 0. (59)

Thus, the combining (33), (34), (56), and (59) gives

‖ξn‖Hb
→ 0. (60)

Finally, from (39), (40), (54), and (60), we obtain ‖zn‖H → 0,
and this is the contradiction of ‖zn‖H = 1. Thus, the claim is
proved. �
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Fig. 2: Disturbances acting on the controlled system.

Lemma 3. The operator A, defined by (13), satisfies condition (27).

Proof: If (27) is false, then there exists β ∈ R and a sequence zn ∈
D(A) with ‖zn‖H = 1 such that (iβ − A)zn ≡ ϕn → 0 in H [12].
By replacing βn with β in the proof of Lemma 2, we obtain the
contradiction of ‖zn‖H = 1. Here, note that we did not use the fact
that βn →∞ in the proof of Lemma 2. Thus, the claim is proved.

�

Combining Lemma 2 and 3 gives the following theorem about the
exponential stability of (15).

Theorem 1. The closed-loop system (15) is exponentially stable.

Proof: According to the frequency domain method [31] with Lem-
mas 2 and 3, the closed-loop system (15) is exponentially stable. �

4.2 Disturbance Responses

The influences of the disturbances are an unavoidable issue in real
situations, and the robustness with respect to the disturbances are
an important property. Here, we investigate the response of the
closed-loop system to the disturbances. As shown in Fig. 2, we
consider the following three disturbances: the disturbance di(xi, t)
distributed over the flexible arm i, the disturbance d̂i(t) at the con-
trol input τi(t), and disturbance d̃i(t) at the arm-tip i. Here, we
assume that the disturbances are continuous and bounded; that is,
di(xi, t) ∈ C1([0, τ ];H), d̂i(t) ∈ C1, d̃i(t) ∈ C1, and there exist
positive constants Di, D̂i, and D̃i such that ‖di(xi, t)‖L2 < Di,
|d̂i(t)| < D̂i, and |d̃i(t)| < D̃i.

When these disturbances exist, the closed-loop system (15)
becomes the following:

ż(t) = Az(t) + D, z(0) = z0, (61)

where D = [0, d1(x1, t)/ρ1, 0, d2(x2, t)/ρ2, d̂1(t), d̂2(t), [d̃1(t),
d̃2(t), 0, 0]GT]T. For example, d̃i(t) is corresponding to the con-
tact force arisen at the arm-tip i when the arm-tip i makes contact
with the environment during transportation. In addition, di(xi, t)
is considered as distributed disturbance due to the bending of the
beam caused by this contact force or wind. Further, d̂i(t) can be
caused by static friction. When we consider these disturbances, the
disturbances are separable as in (61) and it is not an unrealistic
situation.

Since A is the infinitesimal generator of a C0-semigroup of con-
tractions T(t), the system (61) has a unique classical solution for

z0 ∈ D(A):

z(t) = T(t)z0 +

∫ t
0
T(t− s)D(s)ds, (62)

where T(t) is an exponential stable C0-semigroup, and thus T(t)
satisfies ‖T(t)‖H ≤ Ke−σt for some positive constants K and σ.
Taking norm in (62) gives

‖z(t)‖H ≤ Ke−σt‖z0‖H +
K1K

σ
(1− e−σt) ≤ K2,

where K1 and K2 are some positive constants, and K1 has the
following relation:

∑2
i=1

(
D2
i + CiD̂

2
i + λmax(G)D̃2

i

)
≤ K1.

Thus, the solution (62) is bounded, and the closed-loop system
is robust with respect to disturbances including the disturbances
distributed over the arms and disturbances acting at both boundaries.

5 Numerical Simulations

To investigate the theoretical results, we carried out numerical sim-
ulations, and we show that the controller (7) has higher control
performance than the controller, which can asymptotically stabi-
lize the system but cannot exponentially stabilize the system. For
the simulation, we used the finite dimensional approximated modal
model derived by the Galerkin approximations, and the model con-
sists of first ten modes. The physical parameters were as follows:
For i = 1, 2, li = 1.0 (m), ρi = 0.69 (kg/m), EIi = 8.95 (Nm2),
µi = 0.3 (kg/(ms)), mi = 0.1 (kg), ri = 0.05 (m), Ii = 5× 10−4

(kgm2), Ji = 15× 10−4 (kgm2), M = 0.5 (kg), I = 5.4× 10−3

(kgm2), Li = 0.1 (m), and L = 0.56 (m). In this simulation, we
compared the boundary controller (7), named PDPD, which can
exponentially stabilize the system and can be written as

τi(t) =(kspi − 1)EIi

[
w′′i (0, t)− (wdi )′′(0)

]
+ ksdiEIiẇ

′′
i (0, t)

− kpi
[
θie(t)− θdie

]
− kdiθ̇ie(t)− EIi(wdi )′′(0),

(63)

with the PDS controller in [27], which can asymptotically stabilize
the system but cannot exponentially stabilize it,

τi(t) =(kspi − 1)EIi

[
w′′i (0, t)− (wdi )′′(0)

]
− EIi(wdi )′′(0)

− kpi
[
θie(t)− θdie

]
− kdiθ̇ie(t).

(64)

In both controllers, we set the feedback gains as kpi = 1.0, kdi =
0.4, kspi = 0.4/EIi, and ksdi = 0.1/EIi.

First, we investigated the step responses of the desired grasp-
ing force fd = 3 (N) and orientation of the grasped object qde =
−5 (deg). The initial values were set as follows: q̄ = 5 (deg),
θ̄1 = 5 (deg), θ̄2 = −10 (deg), x̄m = 1.14 (m), and ȳm = 0.25
(m). These values lead to the followings: EI1(wd1)′′(0) = −2.99
(Nm), EI2(wd2)′′(0) = 2.97 (Nm), θd1e = 9.1 (deg), and θd2e =
−3.6 (deg). For more details, see Appendix B.

Fig. 3 shows the step responses of the PDPD and PDS con-
troller. As an example, we show the responses of f1(t), qe(t),
θ1e(t), and EI1w′′′1 (0, t). In the figures, the black solid line, the
light black solid line, and the dotted line show the response of
the PDPD controller, the response of the PDS controller, and the
desired value of the corresponding value, respectively. From the
figures, we found that each response of the PDPD controller con-
verged to the desired value. On the other hand, the responses
of the PDS controller left some little vibrations. In fact, the
error values of f1(t), qe(t), θ1e(t), and EI1w

′′′
1 (0, t) in the

responses of the PDPD controller were Ef (4, 10) = 0.103× 10−1

(N·s), Eq(4, 10) = 0.011× 10−1 (rad·s), Eθ(4, 10) = 4.010×
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Fig. 3: Step responses: (a) the contact force of arm 1; (b) the rota-
tional angle of the object; (c) the rotational angle of motor 1; (d) the
bending moment at the root of arm 1.

10−4 (rad·s), andEw(4, 10) = 0.022× 10−1 (Nm·s), respectively,
where

Ef (t1, t2) =
∫t2
t1

√
(f1 − fd)2dt,

Eq(t1, t2) =
∫t2
t1

√
(qe − qde )2dt,

Eθ(t1, t2) =
∫t2
t1

√
(θ1e − θd1e)2dt,

Ew(t1, t2) =
∫t2
t1
EI1

√
[w′′1 (0, t)− (wd1)′′(0)]2dt,

and these values are average error values of the corresponding vari-
ables. On the other hand, these values in the PDS controller were as
follows: Ef (4, 10) = 0.676× 10−1 (N·s), Eq(4, 10) = 0.055×
10−1 (rad·s), Eθ(4, 10) = 6.321× 10−4 (rad·s), and Ew(4, 10) =
0.876× 10−1 (Nm·s). Thus, we consider the controller (7) worked
well in the step response and had a higher performance than the PDS
controller, which could not exponentially stabilize the system.

Next, we investigate the disturbance response of the closed-
loop system. The feedback gains in both controllers (63) and (64)
are the same as in the simulation of the step responses. In fact,
the disturbance response and step response simulations were a
series, and the disturbances shown in Fig. 2 were applied from
t = 11 (s) to 11.05 (s) in the step-response simulation. The applied
disturbances were the following pulse disturbances: di(xi, t) =
2xi, d̂i(t) = 0.5, and d̃i(t) = 1. Fig. 4 shows the disturbance
responses of the PDPD and PDS controller. In the responses of
the PDPD controller, some vibrations excited by the disturbances
were converged to zeros. In contrast, the PDS controller were
not able to suppress the excited vibrations in a satisfactory man-
ner, and the response of the PDS controller left some vibrations.
The error values in the PDPD controller were Ef (10, 20) = 0.125
(N·s), Eq(10, 20) = 0.088 (rad·s), Eθ(10, 20) = 0.043 (rad·s), and
Ew(10, 20) = 0.175 (Nm·s), and the error values in the PDS con-
troller were as follows: Ef (10, 20) = 0.481 (N·s), Eq(10, 20) =
0.093 (rad·s), Eθ(10, 20) = 0.042 (rad·s), and Ew(10, 20) =

10 15 20

Time (s)

2.5

3

3.5

4

f
1
(t
)
(N

)

(a)

Desired value

PDS

PDPD

10 15 20

Time (s)

-10

-8

-6

-4

q e
(t
)
(d
eg
)

(b)

10 15 20

Time (s)

8

9

10

11

12

13

θ
1e
(t
)
(d
eg
)

(c)

10 15 20

Time (s)

-3.2

-3

-2.8

-2.6

E
I 1
w

′′ 1
(0
,t
)
(N

m
)

(d)

Fig. 4: Disturbance responses: (a) the contact force of arm 1; (b) the
rotational angle of the object; (c) the rotational angle of motor 1; (d)
the bending moment at the root of arm 1.

0.586 (Nm·s). From these results, we found that the closed-loop sys-
tem (15) is robust with respect to the disturbances by comparing with
the asymptotic stabilizing controller such as the PDS controller.

6 Conclusions

This paper described well-posedness and exponential stability of two
one-link flexible arms for grasping and orientation control of an
object. Using the frequency domain method, exponential stability of
the closed-loop system under our boundary controller was proved. In
addition, we discussed the robustness of the closed-loop system with
respect to the several disturbances including disturbances distributed
over the arm and disturbances acting at boundaries, and the bound-
edness of the solution of the closed-loop system was shown under
these disturbances. Finally, we carried out numerical simulations to
investigate the theoretical results.

In this paper, we included the viscous damping in the mathemat-
ical model of the system. Then we proved the exponential stability
of the closed-loop system by utilizing this damping as well as the
controller (7). However, we could not show the exponential stability
of the closed-loop system without the damping, and this is a prob-
lem to be tackled in the future. Further, while this paper considered
a small motion around a stationary state; that is, we considered a lin-
ear motion, it is desired to take the nonlinear motion to realize the
large motion. In addition, the design of the boundary controller, that
keeps the gripping force in the friction cone, and the investigation of
the system motion in three-dimensional space are the future research
issues.
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8 Appendix A: Derivation of Equations of Motion

Although the derivation of the equations of motion is same as [27],
we present it for the sake of completeness. First, we derive the geo-
metric constraints between the arm-tips and the grasped object based
on [26–28]. The contact between the arm-tip and the surface of the
object is a point contact, and there is no contact break. Thus, the
following geometric constraint along the Ym-axis in Fig. 1 (a) is

obtained: For i = 1, 2,

Φi :=(−1)i+1 {x0i(t)− [x̄m + xme(t)]} sin [q̄ + qe(t)]

+ (−1)i {y0i(t)− [ȳm + yme(t)]} cos [q̄ + qe(t)]

− ri − Li = 0,

(65)

where the positions of the center of mass [x0i(t), y0i(t)] of
arm-tip i are expressed as x0i(t) = li

[
cos θ̄i − θie(t) sin θ̄i

]
−

wi(li, t) sin θ̄i, and y0i(t) = li
[
sin θ̄i + θie(t) cos θ̄i

]
+ wi(li, t)

cos θ̄i + L(i− 1).
On the other hand, the arm-tip rolls on the surface of the object,

and there is no slippage. Thus, the distance Xi(t), which is a
distance between the contact point of arm i and axis Ym, can be writ-
ten as follows: For i = 1, 2, Xi(t) = [x0i(t)− xm(t)] cos q(t) +
[y0i(t)− ym(t)] sin q(t) = ci − ri[αi(t)− π/2], where ci is the
value of Xi(t) when αi(t) = π/2, and αi(t), which is the
angle between the extended line of arm i and its contact point,
can be written as αi(t) = π/2 + (−1)i+1q(t) + (−1)iθi(t) +
(−1)iw′i(li, t). Thus, we can obtain the rolling constraint along the
Xm-axis as follows: For i = 1, 2,

Ri := {x0i(t)− [x̄m + xme(t)]} cos [q̄ + qe(t)]

+ {y0i(t)− [ȳm + yme(t)]} sin [q̄ + qe(t)]

+ ri

[
αi(t)−

π

2

]
− ci = 0.

(66)

The kinetic energy K and the potential energy P of
the system are expressed as follows: K =

∑2
i=1(Ka

i +Kθ
i ) +

Km, and P =
∑2
i=1EIi

∫li
0 [w′′i (xi, t)]

2dxi/2, where Ka
i , Kθ

i ,
and Km are the kinetic energy of arm i, motor i, and
the grasped object, respectively, and they are written as
follows: 2Ka

i = ρi
∫li
0 [xiθ̇ie(t) + ẇi(xi, t)]

2dxi +mi[liθ̇ie(t) +

ẇi(li, t)]
2 + Ii[θ̇ie(t) + ẇ′i(li, t)]

2, 2Kθ
i = Jiθ̇

2
ie(t), and 2Km =

M [ẋ2me(t) + ẏ2me(t)] + Iq̇2e(t). Further, the virtual work is given
by δW =

∑2
i=1 τi(t)δθie(t), where δ indicates a variation of the

corresponding term.
Let fi(t) and λi(t) be the Lagrange multiplier corresponding to

(65) and (66), respectively. Then, the Hamilton’s principle gives∫t2
t1

[δK + δP +
∑2
i=1(fiδΦi + λiδRi) + δW ]dt = 0, where t1

and t2 are time. From this variational principle, the following equa-
tions of motion can be obtained by considering the viscous damping
in the flexible arms: For (xi, t) ∈ (0, li)× R+ and i = 1, 2,



ρi

[
xiθ̈ie + ẅi(xi, t)

]
+ µiẇi(xi, t) + EIiw

′′′′
i (xi, t) = 0,

wi(0, t) = w′i(0, t) = 0,

mi

[
liθ̈ie + ẅi(li, t)

]
= EIiw

′′′
i (li, t) + (−1)ifi cos Θ̄i − λi sin Θ̄i,

Ii

[
θ̈ie + ẅ′i(li, t)

]
= −EIiw′′i (li, t) + (−1)iλiri,

M

[
ẍme
ÿme

]
= (f1 − f2)

[
− sin q̄
cos q̄

]
− (λ1 + λ2)

[
cos q̄
sin q̄

]
,

Iq̈e(t) =

2∑
i=1

{
(−1)i+1fi[li cos Θ̄i − x̄m cos q̄ + gi sin q̄]

+λi[li sin Θ̄i + x̄m sin q̄ + gi cos q̄ + (−1)i+1ri]

}
,

Θ̄i = θ̄i − q̄, gi = L(i− 1)− ȳm,

Jiθ̈ie(t) = τi(t) + EIiw
′′
i (0, t),

(67)
with constraints (65) and (66).

Next, to eliminate fi(t) and λi(t) in (67), we consider the parts
of the ODEs in (67) and constraints (65) and (66). The first-time
derivatives of the constraints (Φ̇i = 0 and Ṙi = 0) are combined as
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the following matrix relation:

A1ż1 +A2ż2 = 0, (68)

whereA1 andA2 are defined in (3), and
z =

[
zT1 ,z

T
2

]T
, z1 = [xme(t), yme(t), qe(t)]

T ,

z2 = [l1θ1e(t) + w1(l1, t), l2θ2e(t) + w2(l2, t),

θ1e(t) + w′1(l1, t), θ2e(t) + w′2(l2, t)
]T
.

(69)

In addition, the ODEs from the third to the sixth equation in (67) are
combined as the following matrix relation:

M̂oz̈ = F̂ o +AT [f1(t), f2(t), λ1(t), λ2(t)]T , (70)

where A = [A1,A2], M̂o is defined by (3), and F̂ o = [0, 0, 0,
EI1w

′′′
1 (l1, t), EI2w

′′′
2 (l2, t),−EI1w′′1 (l1, t),−EI2w′′2 (l2, t)]

T.
Now, multiplying both sides of (70) by LT defined in (3)

from the left leads to Moz̈1 = F o, where F o = LTF̂ o. Here,
note that it is easy to show that Mo is a positive definite, and
M−1o exists. Thus, introducing the fact ż2 = Boż1 leads to z̈2 =
BoM

−1
o BT

o [EI1w
′′′
1 (l1, t), EI2w

′′′
2 (l2, t),−EI1w′′1 (l1, t),−EI2

w′′2 (l2, t)]
T.

Finally, introducing variable (2) and noting the fact, that the
relation [y1(l1, t), y2(l2, t), y

′
1(l1, t), y

′
2(l2, t)]

T = Bo[xme(t)−
xdme, yme(t)− ydme, qe(t)− qde ]T is obtained from (65) and (66),
gives the equations of motion (1).

9 Appendix B: Equilibrium States

We present the equilibrium states derived in [27] for the understand-
ing of reader. In the equilibrium states, the flexible arms grasp the
object, and the arms and the object are in the rest state. At the
equilibrium satisfying (ẋme(t) = ẏme(t) = q̇e(t) = ẇi(xi, t) =
θ̇ie(t) = ḟi(t) = λ̇i(t) = 0), wi(xi, t) becomes a function of xi,
and the others become constants as follows: wsi (xi), xsme, ysme, qse ,
θsie, fsi , and λsi . Substituting these into (67) with (65) and (66) leads
to the following relations:

fs := fs1 = fs2 , λs := λs1 = −λs2, (71)

λs =
−l1 cos Θ̄1 + l2 cos Θ̄2 + L sin q̄

l1 sin Θ̄1 − l2 sin Θ̄2 − L cos q̄ + r1 + r2
fs, (72)

wsi (xi) = −λ
srix

2
i

2EIi

+
(−1)i+1

6EIi
x2i (xi − 3li)(f

s cos Θ̄i + λs sin Θ̄i), (73)

Ms
[
xsme, y

s
me, θ

s
1e, θ

s
2e

]T
= F s. (74)

Here, wsi (xi) in (73) is a static transverse displacement of arm
i at the equilibrium. Further, (74) is derived from (65) and
(66), Ms ∈ R4×4 is a matrix, and F s ∈ R4×1 is a vector.
Here, F s contains qse , initial parameters, and physical parame-
ters, and thus we can derive each element of F s. Further, a sim-
ple calculation shows detMs = −l1r2 cos Θ̄1 − l2r1 cos Θ̄2 −
l1l2 sin(θ̄1 − θ̄2) 6= 0, and thus xsme, ysme, and θsie can be uniquely
determined if qse is given. Therefore, for any given fs = fd and
qse = qde , the values of λs, wsi (xi), xsme, ysme, and θsie are uniquely
determined. Here, we set them as λd, wdi (xi), xdme, ydme, and θdie,
and note that fd is a desired grasping force and qde is a desired
orientation of the grasped object.
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