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Abstract

Recently, the interplay between superconductivity and magnetism receives renewed interest
in an even wider range of fields such as spintronics and topological phases of matter. The
progress in these fields is also accelerated by recent experimental advances. For instance, the
singlet and triplet superconducting proximity effects inside ferromagnets are experimentally
observed. Such Cooper pairs in magnets are promising in the next generation of spintronics,
“superconducting spintronics”. Furthermore, magnetic adatoms or a nanowire on top of a
superconductor experimentally realize the topological phase in superconductors. They can
host Majorana fermions, whose non-Abelian statistics can be used for topological quantum
computing.

In this thesis, we theoretically explore such interplay and propose applications for spin-
tronics and topological states, especially focusing on the roles of spin textures in magnets,
such as a domain wall, skyrmions, and helical orders. We study physics of spin textures inter-
twined with emergent degrees of freedom in superconductor; such as a superconducting phase
and Bogoliubov quasiparticles. A spatial gradient of a superconducting phase describes a su-
percurrent flow, which is dissipationless, and Bogoliubov quasiparticles have peculiar band
structures affected by superconducting pairing correlations.

Firstly, we show how a supercurrent acts on localized moments, and propose spin manip-
ulation realized by a supercurrent. Current-induced spin torques, which can drive a magnetic
texture, are of great interest due to its possible applications in spintronics such as magnetic
memories. Spin-transfer torques induced by a supercurrent can be energetically efficient, and
its controllability can be enhanced by different pairings of Cooper pairs. We show that a
triplet supercurrent gives rise to a spin-transfer torque, and it may realize an efficient domain
wall manipulation compared to the conventional spin-transfer torques. In the presence of the
relativistic spin-orbit coupling in an inversion asymmetric system, a singlet supercurrent can
also exert a spin torque. Considering a cubic chiral magnet, we reveal the basic properties of
the spin torque, such as the parameters dependence. This torque can be applied to drive the
motion of a magnetic skyrmion, a topological spin texture stabilized in cubic chiral magnets.

Secondly, we propose topological states in a chiral magnet with an s-wave pairing. We
show that a cubic chiral magnet with the proximity-induced s-wave gap, hosts the Weyl
quasiparticles, that is, a linear touching between two nondegenerate Bogoliubov bands. The
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Weyl quasiparticles result in the nontrivial thermal response and surface states. We discuss
that Weyl quasiparticles feel effective electromagnetic fields raised by a spin texture. Further-
more, the tilt of the Weyl cones can be tuned by the strength of the spin-orbit coupling and
doping, and we propose a possible realization of type-II Weyl quasiparticles. Their physical
properties are different to the conventional (type I) Weyl quasiparticles.

Thirdly, we show that a supercurrent can induce and control noncollinear spin textures
in a correlated metal in proximity to a superconductor. It is known that noncollinear spin
textures play a key role to engineer topological superconductors and to generate triplet
Cooper pairs. So far, however, little is known about the controllability of noncollinear spin
textures in the presence of superconductivity. We show that a supercurrent can lead to
phase transitions from a paramagnetic state to noncollinear magnetic phases with helical or
vortexlike spin textures.

Finally, we show a future direction of the current topic: quantum effects on spin textures.
The spin textures discussed above are mostly classical, and it is also intriguing to study
how the quantum mechanics changes the properties and dynamics of spin texture. In this
thesis, we study the quantum effect on the magnetic skyrmion. We consider skyrmions in the
vicinity of the skyrmion-crystal to ferromagnet phase boundary in two-dimensional magnets.
Quantum effects give rise to a new intermediate phase, a quantum liquid phase of skyrmions,
in which skyrmions are not spatially localized. We expect that this study opens up new
directions to study their interplay and superconducting correlations.
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Chapter 1

Introduction: superconductivity and
spin texture

Superconductivity and magnetism are ones of the most interesting phenomena raised by
correlations of electrons. The interplay between superconductivity and magnetism has been
studied for decades, e.g., Yu-Shiba-Rusinov bound states and superconductors that originate
from spin fluctuations. They sometimes mutually exclusive; at other times they show some
combined effects that result in exotic phenomena.

Recently their interplay has been studied from new perspectives. One is to utilize su-
perconductivity to spintronics. Superconductors show interesting transport properties and
responses, which are different from those in normal systems. It is expected that they might
realize new spintronics device. Experimentally, superconducting spin valves, which aim at
‘infinite’ magnetoresistance, are realized. Furthermore, spin injection and spin Hall effect in
superconductors are also observed. Another direction is to engineer Cooper pairing or quasi-
particle states by magnetism. With noncollinear magnetic moments, a singlet Cooper pair
can be converted to a triplet pair at the interface between a superconductor and a magnet.
Furthermore, some classes of topological superconductor can be also engineered by using spin
textures.

Given such experimental and theoretical progress, we study physics emerged from the
interplay between superconductivity and spin textures in this thesis. We aim to apply it
for spintronics and also find new topological phenomena. To begin with, we review the
theoretical and experimental backgrounds related to this thesis.

The organization of this chapter is as follows. In Sec. 1.1, we provide the organization of
this thesis. In Sec. 1.2, we give an introduction on superconducting pairing and Bogoliubov
quasiparticles. In Sec. 1.3, we review spin textures in magnets: a domain wall, a skyrmion,
and a multiple-Q order. We also discuss the physical consequences when electrons couple
with them. In Sec. 1.4, we give a review on dynamics of magnetic texture and spin torques,
which drive a magnetic texture.
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1.1 Overview of the thesis
We first overview the contents of this thesis. In Chap. 2, we study how a spin-triplet supercur-
rent acts on a localized moment. Spin-triplet pairs at the interface between a superconductor
and a ferromagnet are experimentally observed in several setups. Since they carry spin, it is
interesting to ask how they interact with a spin texture. We calculate spin transfer torques
induced by a spin-triplet supercurrent. We show that spin-triplet correlations realize a new
type of spin torque, and they can realize nontrivial domain wall dynamics. Related to this
study, in this chapter, we give reviews on spin-triplet pairs in Sec. 1.2.2, a theoretical descrip-
tion of a supercurrent in Sec. 1.2.4, a domain wall in Sec.1.3.1, and spin torques in normal
metals in Sec. 1.4.3.

In Chap. 3, we show that, in the presence of spin-orbit coupling, a singlet supercurrent
can also exert a different type of spin torque. We consider cubic chiral magnets in proximity
to an s-wave superconductor. Cubic chiral magnets include FexCo1−xSi and MnSi, where
skyrmions are stabilized. We reveal the basic properties of the spin torque and show that
this torque can drive a skyrmion motion. Furthermore, we also show that Weyl quasiparticles
exist in the Bogoliubov de Gennes (BdG) spectrum in this system. Related to this, we give
reviews on BdG quasiparticles and their topological states in Sec. 1.2.3, and a skyrmion in
Sec.1.3.2.

In Chap. 4, we demonstrate that a supercurrent induces and controls noncollinear mag-
netic orders. It is known that a noncollinear spin texture is a key to realize topological
superconductors and to generate triplet Cooper pairs as we review in this chapter. We show
that a supercurrent leads to phase transitions from a paramagnetic state to noncollinear
magnetic phases, such as a single-Q and a double-Q (vortexlike) orders. Related to this, we
give a review on multiple-Q orders in Sec. 1.3.3 and the physical consequences of noncollinear
orders in Sec. 1.3.4.

Chapter 5 presents a future direction of this thesis. We study quantum effects on a
skyrmion and show that they result in a new quantum phase and critical phenomena. We
consider magnetic skyrmions in the vicinity of the skyrmion-crystal phase to ferromagnetic
phase boundary in two-dimensional magnets. When the size of a skyrmion is small, quantum
effects become important. The quantum effects give rise to a new intermediate phase, a
quantum liquid phase of skyrmions, in which skyrmions are not spatially localized. We believe
that, they will further lead to versatile phenomena by intertwining with superconductivity.

Chapter 6 is dedicated to the conclusion of this thesis. In the remainder of this chapter,
we review the theoretical and experimental backgrounds related to this thesis.

1.2 Cooper pair and Bogoliubov quasiparticle
In this section, we give a review on superconducting pairing and Bogoliubov quasiparticles.
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1.2.1 Pairing symmetry
Superconductors are characterized by the gap function: ∆σσ′ = λ⟨c−kσckσ⟩, where λ is the
coupling constant for the attractive interaction to form the superconducting order, ckσ is the
electron operator with momentum k and spin σ. The Pauli principle requires the following
form

∆̂(k) =
(

∆↑↑(k) ∆↑↓(k)
∆↓↑(k) ∆↓↓(k)

)
, (1.2.1)

= i(ψ(k) + d(k) · σ)σy, (1.2.2)

where σ = (σx, σy, σz) denote the pauli matrices in spin space, ψ(k) = ψ(−k) parametrizes
a singlet even-parity state, and d(k) = −d(−k) parametrizes a triplet odd-parity state.

In the presence of inversion symmetry, parity is a quantum number, and hence singlet
and triplet components do not mix each other. On the other hand, the lack of inversion
symmetry may lead to a mixed-parity state, where both components coexist.

1.2.2 Spin-triplet pairing
The interplay of superconductivity and magnetic moments is important especially with spin-
triplet Cooper pairs [1, 2, 3, 4, 5, 6]. Inside a ferromagnet, a triplet Cooper pair shows the
long-range proximity effect; triplet pairs can penetrate into the ferromagnet for a much longer
distance compared to singlet Cooper pairs. In Chap. 2, considering the proximity effects of
triplet pairs, we discuss spin-torques given by triplet pairs in magnets. In the following, we
give some examples which have triplet pairs.

Bulk triplet superconductor

The number of triplet superconductors or its candidates is very limited compared to that
of singlet superconductors. The superfluid 3He is the oldest example of a triplet super-
fluid [7]. It has several phases, with different types of orders, e.g., Balian-Werthamer (B)
phase and Anderson-Brinkman-Morel (A) phase. Their topological characters are discussed
in the next subsection. Sr2RuO4 [8] and some uranium-based compounds, such as UPt3 [9]
and UCoGe [10], also have triplet pairing. As for Sr2RuO4, the superconducting proxim-
ity effect in ferromagnet is observed in a system composed of a ferromagnet Sr2RuO3 and
Sr2RuO4 [11], and the long-range penetration length supports the triplet-nature of the Cooper
pairs.

In noncentrosymmetric superconductors, such as CePt3Si [12] and CeRhSi3 [13], mixed-
parity states are considered to be realized. The direction of d(k) vector depends strongly on
the anti-symmetric spin-orbit (SO) coupling, which is odd under the spatial inversion. It can
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be written as

HSOC = α
∑
kσσ′

g(k) · c†
kσσσσ′ckσ′ , (1.2.3)

with an odd function g(k) = −g(−k) and the coupling constant α. For instance, in crystals
with C4v symmetry, Rashba SO coupling, given by g(k) = (kya,−kxa, 0), is realized around
the Γ point, where a is the lattice constant. It is known that d(k) vector in parallel to
g(k) [d(k) ∥ g(k)] around the Fermi surface decreases the Ginzburg-Landau free energy [14].
Furthermore, an anti-symmetric SO coupling gives rise to rich physics such as topological
superconductors [15], Edelstein effect [16], and the anomalous Hall effect [17].

Spin-triplet pairing at interface

The triplet correlations may be also generated in a finite region at the interface between a
singlet-superconductor and a ferromagnet.

At the interface, scattering processes generate Cooper pairs with (S, Sz) = (1, 0) from
that with (S, Sz) = (0, 0), where S is the total spin of a Cooper pair and Sz is the spin
component in parallel to the magnetization of the ferromagnet. In terms of the symmetry,
it can be explained as follows. The spin rotational symmetry is broken down to U(1) due
to the ferromagnet, and hence the total spin S of the Cooper pairs are not conserved during
scattering processes, while Sz is conserved. Intuitively, electrons of the Cooper pair obtain
the spin-dependent phase through scattering under a finite Zeeman splitting, and then the
wave function of the Cooper pairs changes.

Triplet correlations with Sz , 0 can arise through scattering in the presence of non-
collinear moments [18] or the spin-orbit coupling [19, 20] (Fig. 1.1). They break the U(1)
spin symmetry, and Sz is not conserved in scattering processes. Experimentally, the conver-
sion to the Cooper pairs with Sz , 0 has been observed as the long-range proximity effect.
There are several experiments using fully-spin polarized metals [21, 22] and multilayers with
noncollinear magnetic moments [23, 24].

We also note that depending on the disorder of systems, superconducting correlations
show different types frequency dependence: even-frequency and odd-frequency pairings. In
this thesis, we focus on the equal time pairing, classified as an even-frequency pairing. The
details of this topic are beyond the scope of this thesis.

In Chap. 2, we study spin torques given by a triplet supercurrent. One of the possible
setups uses the above spin-triplet pairings induced in the interface so that we can use a
singlet superconductor with the high Hc2 and Tc. Also, in Chap. 4, we propose a way to
induce noncollinear textures in the presence of superconducting correlation. It can be used
to obtain triplet pairings using the above mechanism.
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Figure 1.1: Proximity effect of superconductivity in a layered system with a singlet super-
conductor (SC) and a ferromagnet (FM). A singlet Cooper pair can be converted to a triplet
pair with (S, Sz) = (1, 1) in the presence of noncollinear moments.

1.2.3 Topological structure of Bogoliubov quasiparticle
The role of topology in electronic states in solids has been recognized since when the quantized
hall conductance is proposed in a two dimensional crystal [25]. The quantized response is
the manifestation of the Chern number, the topological invariant defined in the electronic
band [26]. In addition to the quantized bulk response, the system hosts the gapless modes
localized at the surface or the edge of the system. Later, it was shown that topological
classifications are possible for various quantum many-body states with different symmetries.
For example, the time reversal symmetry gives a different nontrivial state in two dimensions,
the quantum spin Hall insulator [27, 28]. It gives the quantized ‘spin’ Hall conductance, and
the topological invariant takes Z2 value instead of integer.

Furthermore, we can also classify superconductors by the topological invariants defined
in the quasiparticle state [29, 30]. Since the system inherently has the particle-hole symme-
try, the topological classifications and properties are different from those in normal systems
without the particle-hole symmetry [31, 32]. For example, a chiral p-wave superconductor
shows the quantized thermal Hall effect [32] as the manifestation of the topological invariant.
Furthermore, it hosts the Majorana fermions as the zero energy state inside a vortex [15, 33].
Majorana fermions show non-Abelian statistics and might be the key to quantum computing.
There are many experimental and theoretical efforts on detecting Majorana zero modes.

We also note that topology plays an crucial role not only in fully gapped systems but
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also in gapless ones. A Weyl semimetal is a gapless system with nontrivial momentum space
topology [34, 35, 36]. Two non-degenerate energy bands linearly cross at isolated points in the
momentum space (Weyl nodes), and they are the source or sink of the Berry curvature, which
is the origin of the anomalous Hall effect. Again, Weyl nodes can be found in Bogoliubov
quasiparticle spectrum in superconductors and they are expected to give rise to interesting
phenomena.

In this section, we introduce the Bogoliubov quasiparticle to discuss the topological feature
of a superconducting state in Chap. 3. Superconducting correlation modifies the quasiparticle
spectrum, i.e., it hybridizes the electron and hole bands and open the superconducting gap.
The quasiparticle structure can be well captured by the BdG Hamiltonian given by

H = 1
2
∑

k

Ψ†
kH(k)Ψk = 1

2
∑

k

Ψ†
k

(
ĤN(k) ∆̂(k)
∆̂(k)† −ĤN(−k)T

)
Ψk, (1.2.4)

where we define the basis as

Ψk =


ck↑

ck↓

c†
−k↑
c†

−k↓

 , (1.2.5)

and ĤN(k) is the normal part of the Hamiltonian, e.g., ĤN(k) = ξkI2 with the kinetic energy
ξk and I2 = diag(1, 1). The eigenvalues of H(k) give the Bogoliubov quasiparticle spectrum.

The BdG Hamiltonian defined in ( 1.2.4) may give either gapped or gapless band struc-
tures. They can realize topological superconductors and Weyl superconductors. Importantly,
since the system inherently has the particle-hole symmetry, the topological classifications are
different from those in normal systems without the particle-hole symmetry.

In Chap. 3, we discuss the Weyl nodes in the Bogoliubov quasiparticle spectrum. We
show how its position and tilting angle depend on the magnetic moment and discuss the
physical consequence. Before closing this section, we show some examples of topological
superconductors in the following.

Time-reversal-invariant topological superconductor (class DIII) in three dimen-
sions

The spin triplet superfluid 3He-B phase is known to be a three-dimensional (3D) topological
superfluid, which is predicted to host gapless helical Majorana fermions on its surface [37].
The superfluid gap is triplet and characterized by dµ(k) = ∆B

∑
i Rµik̂i with k̂i = ki/|k| and

a rotational matrix Rµi, e.g., d(k) = ∆Bk̂. The gap amplitude is isotropic in momentum
space (d∗(k) · d(k) = |∆B|2).
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Time-reversal-breaking topological superconductor in two dimensions (class D)

This category of topological superconductors attracts attention because they host Majorana
bound states, which have the non-Abelian statistics and can be applied to topological quan-
tum computing [38].

In one-dimensional (1D) superconductors in class D or class BDI, Majorana zero modes
are predicted to appear at the ends of the superconductor [39]. Theoretically proposed setups
require the strong spin-orbit coupling with a Zeeman field [40, 41] or helical textures [42, 43,
44, 45, 46]. Many experiments have been conducted with artificially engineered setups, e.g.,
a semiconducting nanowire [47, 48] or ferromagnetic atomic chains [49] proximitized with a
conventional s-wave superconductor.

In two-dimensional (2D) superconductors without the time-reversal symmetry, Majorana
zero mode is bound in the vortex core. Also, there is a chiral Majorana edge state. The topo-
logical structure can be realized by chiral p-wave (p + ip) superconducting pairing. Again,
there are many experiments in engineered systems, e.g., the surface of the topological insu-
lator [50] or Rashba-coupled system [51] proximitized with a conventional s-wave supercon-
ductor and magnetic field. Theoretically, it is also proposed that a skyrmion texture with
the proximity induced singlet superconductivity can realize the topological superconductor
in this class [52, 53, 54].

In addition to the engineered systems, the quasi-2D material Sr2RuO4 is one of the can-
didates to realized chiral p-wave superconductivity.

Weyl superconductor

Weyl superconductors have pairs of Weyl points in the BdG spectrum. A Weyl point is a
point at which two bands linearly touch, and can be thought of as the sink or source of the
Berry curvature in the momentum space [31]. In a superconductor, they are predicted to
show the thermal Hall effect and surface Majorana arcs [31, 55].

There are several candidate materials and models that realize Weyl superconductor. 3H-A
phase is a Weyl superfluid [31]. The superfluid gap has two points nodes and characterized
by dµ(k) = ∑

i dµik̂i = ∆A(d̂)µ(m̂ + in̂)i where d̂ is the unit vector that describes the spin
state and m̂, n̂ (m̂ ⊥ n̂) are the unit vectors that describe the orbital state. The point
nodes, i.e., Weyl points, appear in the direction of m̂ × n̂.

The heavy fermion superconductor URu2Si2 [56] is another candidate for the Weyl su-
perconductor. The superconducting gap function is considered to be the singlet dxz + idyz

pairing. The gap function is given by kz(kx + iky) for a small |k|, and has point nodes at
kx = ky = 0 and a line-node on the kz = 0 plane.
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1.2.4 Supercurrent
The spatial gradient in the phase of the gap functions gives a supercurrent, an equilibrium
current. Later, we show that a supercurrent flow interacts with a magnetic moment as a
spin torque in Chap. 2 and 3. Furthermore, we demonstrate that a supercurrent induces the
instability toward a magnetically ordered state in Chap. 4.

The relation between the spatial gradient in the superconducting phase and a supercurrent
can be described as follows. Let us consider a singlet pairing with a spatially dependent phase,
given by the following mean field Hamiltonian,

H =
∑
kσ

ξkc
†
kσckσ + 1

2
∑

i

(∆e2iκ·ric†
i↑c

†
i↓ + H.c.), (1.2.6)

where ciσ is the Fourier transform of ckσ, and κ characterizes the spatial gradient of the
superconducting phase. For ξk = ℏ2k2

2m
− εF , the current density is given by

jµ ≃ −eκµ

m

(
ne − 4εF

Td

1
Ld

∑
k

nF (Ek)(1 − nF (Ek))
)
, (1.2.7)

where −e < 0 is the electric charge, and d is the dimension and L is the length of the system,
ne is the electron density, nF (x) = (ex + 1)−1 is the Fermi-Dirac distribution function,
Ek =

√
ξ2

k + |∆|2, and T is the temperature with Boltzmann constant kB = 1. ns ≡
ne − 4εF

T d
1
V

∑
k nF (Ek)(1 − nF (Ek)) is called the superfluid density. The second term, the

correction to the electron density, vanishes at a low temperature T ≪ |∆|, and hence ns ≃ ne.

1.3 Spin texture
An ordered state can be characterized by an order parameter. For a superfluid, the oder
parameter is a complex scalar, and for an isotropic ferromagnet, it is a vector. An order pa-
rameter may have some spatial dependence, e.g., around a defect. Such spatial configuration
of order parameters, often called textures, can be classified by using topology [57].

Topological textures are realized in many condensed matter systems [58]. A well-known
example is a vortex of a superfluid. It is labeled by an integer winding number. In a
ferromagnetic Heisenberg model, the order parameter configuration around a point defect in
three dimensions can be nontrivial, e.g., a hedge-hog monopole. In two dimension, there is a
topological texture without singularities (defects), which is labeled by an arbitrary integer.
It is called a skyrmion in condensed matter physics. Furthermore, in a Heisenberg model
with an easy axis anisotropy, a magnetic domain wall is also a topological soliton, which is
again labeled by an integer.

The stability of the above textures is ensured by topology; they cannot be removed by
continuous deformation. In magnets, a domain wall and a skyrmion are promising infor-
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mation carriers in future magnetic memory such as the race-track memory [59]. Therefore
manipulation of spin textures has been studied intensively.

Furthermore, topological textures give interesting physical properties. Due to the topo-
logical nature, a magnus force, a force transverse to its velocity, acts on a skyrmion and a
vortex, and they show peculiar dynamics [60, 61, 62]. In addition, when electrons couple
with a skyrmion, the topological Hall effect occurs, i.e., a skyrmion acts on an electron like
a magnetic field [63, 64].

In this section, we give a review on spin textures, a domain wall, a skyrmion, and so-called
“multiple-Q” orders. A domain wall and a skyrmion are topological solitons. A multiple-Q
order refers to a broader class of magnetic orders, which include a skyrmion crystal (triple-Q
order). A multiple-Q order is characterized by multiple wave numbers, unlike a ferromagnetic
order or a helical order (single-Q state). We show how such spin textures are realized in
magnets. Finally, we also discuss their physical consequences that result from coupling with
electrons.

1.3.1 Magnetic domain wall
In ordered magnets, a domain wall appears between two different ground state configurations.
Here we study a domain wall in a ferromagnetic Heisenberg model with a uniaxial anisotropy,
where a domain wall configuration can be obtained analytically. We consider the Hamiltonian

H = −J
∑
i,j

Si · Sj − K

2
∑

i

Sz2
i , (1.3.1)

where J > 0 and K are the coupling constants for the ferromagnetic interaction and the
easy axis anisotropy, and Si = (Sx

i , S
y
i , S

z
i ) is the classical spin at site i. Now we take the

continuum limit to study low energy physics in the ferromagnet. The classical Hamiltonian
in the continuum limit is

H = S2

2

∫ drd

ad

(
J∂µn · ∂µn −Knz2

)
, (1.3.2)

= S2

2

∫ drd

ad

(
J
(
(∇θ)2 + sin2 θ(∇ϕ)2

)
−K cos2 θ

)
, (1.3.3)

where Sn(r) = S(cosϕ sin θ, sinϕ sin θ, cos θ) is the spin field in the continuous approxima-
tion. The ground state configurations are given by ϕ = const. and θ = nπ with N being
an arbitrary integer, and it labels “topological sectors” of vacua. A domain wall exists at
the boundary of two different sectors labeled by N = N+ and N = N−, and the topological
charge of the domain wall is given by N+ −N−.

Now we study the static ground state configuration under the boundary condition given
by θ(x = −∞) = π and θ(x = +∞) = 0. The solution is

cos θ = tanh x−X

λ
, ϕ = ϕ0, (1.3.4)
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Figure 1.2: A domain wall configuration that centers at x = X with ϕ0 = π
2 , where ϕ0 is

the azimuthal angle of the spin at X.

Figure 1.3: A single skyrmion configuration (left), which is defined by the topological number
in Eq. ( 1.3.5).

where λ =
√

J
K

and ϕ0 is an arbitrary angle. With the fixed boundary condition, the domain
wall cannot be removed by a smooth deformation. In addition to the topological charge
N+ −N− = 1, ϕ0 also characterizes a domain wall; a domain wall with ϕ0 = 0 is called Neel
wall, and one with ϕ0 = ±π/2 is called Bloch wall.

1.3.2 Skyrmion
A magnetic skyrmion is a swirling spin texture defined by the topological number. We
consider the ferromagnetic Heisenberg model in two dimensions with the boundary condition
given by n(|r| → ∞) = n0(const.). The spin configuration can be classified by the so-called
skyrmion number given by

N = 1
4π

∫
d2x n · (∂xn × ∂yn), (1.3.5)

which corresponds to the number of times n wraps around the unit sphere (Fig. 1.3). Again,
this number does not change by continuous deformation of n(r).

In addition to the topological stability, a skyrmion shows nontrivial dynamics [61, 62].
Furthermore, when electrons couple with a skyrmion texture, the topological Hall effect
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occurs because of the effective magnetic fields raised by the above topological structure [63,
64].

Let us show the ground state configuration of a skyrmion in the following Hamiltonian

H = JS2

2

∫ drd

ad
∂µn · ∂µn. (1.3.6)

The ground state configuration with Nsk = 1 under the boundary condition n(|r| → ∞) =
(0, 0, 1) is

n = 1
1 + |u|2

(
2Re(u), 2Im(u), 1 − |u|2

)
, (1.3.7)

where

u = R

z − z1
, (1.3.8)

z = x+iy, z1 = x1+iy1, (x1, y1) is the center position of the skyrmion, and R is the parameter
characterizing the “radius” of the skyrmion. The energy of this configuration does not depend
on the position (x1, y1) and R. In addition, there are no interactions between skyrmions in
this model. We note that additional terms in the Hamiltonians, such as Dzyaloshinskii-
Moriya (DM) interaction and a magnetic field, may give the potential for the radius of a
skyrmion and interactions between skyrmions.

Here, we comment on the stability of a skyrmion. Purely topological protection of
skyrmions is only valid for the classical and continuous field in the ground state. In other
situations, comparison of the energy scales is required to discuss the stability of skyrmions.
For example, thermal or quantum fluctuations may cause an abrupt spin flip, which may
annihilate skyrmions.

To realize a skyrmion, in most cases, stabilization of spiral spin textures is necessary. In
thermodynamically stable states, skyrmions often form a triangular lattice, called a skyrmion
crystal (SkX). A simple SkX is described by a superposition of three helices called a triple-Q
state, which we describe in the next subsection. In the following, we show several mechanisms
that realize skyrmions in magnets. Also, we comment on the size of the skyrmion in each
system, because it is an important quantity to discuss the quantum effects in Chap. 5 .

DM interaction

In the metallic chiral magnets MnSi [65], Fe1−xCoxSi [66, 67], FeGe [68, 69] and Mn1−xFexGe
[70] and the insulating chiral magnet Cu2OSeO3 [71, 72], skyrmions and SkX are experi-
mentally observed. The above materials are B20 cubic crystals with the same space group
P213, which does not have mirror or inversion symmetry. The chiral crystal structure has
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the antisymmetric DM interaction, which results in helical states or SkX structures under a
magnetic field. In the continuum approximation, the DM interaction is given by

HDM = DS2
∫ dr2

a2 n · (∇ × n). (1.3.9)

With the Heisenberg term [Eq. 1.3.6], the DM interaction stabilizes a spiral structure with a
wave vector Q (|Q| = 2πD/J). Since DM interaction originates in the relativistic spin-orbit
coupling, D tends to be smaller than the symmetric interaction J . Therefore, the size of a
skyrmion or the wave length of a helical spin state (2π/Q) is typically 5-100 nm.

Frustrated spin interaction

There are some frustrated spin models where SkX is stabilized: J1 − J3 model and J1 − J2

model on a triangular lattice[73, 74], where the nearest neighbor coupling J1 is ferromagnetic
and the second (third) neighbor coupling J2 (J3) is anti-ferromagnetic. The ratio J3/|J1| or
J3/|J1| yields an optimal wave length for a helix, and hence the size of a skyrmion. It can be
a few unit lattice length depending on the parameters. Unlike skyrmions in chiral magnets,
the energies of a skyrmion with Nsk = ±1 and with different helicity, which characterize how
in-plane spins swirl around the core, are degenerated.

As shown in Ref. [74], with the unidirectional anisotropy, a SkX phase appears as a ground
state in J1 − J2 model on a triangular lattice. A single skyrmion or antiskyrmion is stable
under a critical field in the fully polarized ferromagnetic state.

Ruderman-Kittel-Kasuya-Yosida interaction

It is theoretically proposed that a SkX is realized in the double exchange model, which
describes itinerant electrons that couple with classical localized spins [75]. The model is
given by

H =
∑
kσ

ξkc
†
kσckσ − JsdS

∑
i

ni · c†
iσσσσ′ciσ′ , (1.3.10)

where J is the coupling constant and Sni (|ni| = 1) is the localized spin at site i. The
localized spins interact each other through the coupling with itinerant electrons, and such
interactions are called Ruderman-Kittel-Kasuya-Yosida interaction. The spin interaction to
the lowest order in J/t, with t being the hopping amplitude, is given by the spin susceptibility
of itinerant electrons. As a result, the spin interactions and resulting spin textures depend
crucially on the nesting property of the Fermi surface. For example, when the magnitudes of
the nesting vectors are large, a smaller skyrmion may be realized.
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1.3.3 Multiple-Q order
A multiple-Q order is a magnetic order characterized by multiple wave numbers. For example,
it may be described as M (r) = 1

Ld/2
∑

i MQi
eiQi·r, where M (r) is the local magnetic moment

at r and MQi
is the Fourier component for Qi. A helical order is described by a single

wave vector (Q0), while a triangular SkX is described by using three different wave vectors
(Q0,Q1,Q2).

There are many types of multiple-Q states, other than a SkX. For instance, in the double
exchange model [Eq. ( 1.3.10)], RKKY interactions stabilize a wide range of multiple-Q states
depending on the lattice and Fermi surface structure. In a two-dimensional square lattice
system, a noncollinear double-Q order is realized [76, 77]. Furthermore, a three-dimensional
pyrochlore system at 1/4 filling realizes a noncoplanar triple-Q order [78].

Hubbard model is also known to realize multiple-Q states [79]. In Chap. 4, we study how
the superconducting correlation and the supercurrent flow changes RKKY interaction in the
Hubbard model.

1.3.4 Spin gauge field and topological superconductivity
Finally, before closing this section, we comment on the physical consequence of noncollinear
and noncoplanar magnetic orders on the electron property. When electrons couples with
noncollinear and noncoplanar magnetic orders, they show unusual transport properties, such
as the unconventional Hall effect [17, 80]. In fact, coupling with magnetic textures plays
similar roles as the anti-symmetric SO couplings. Let us consider the double exchange model
[Eq. ( 1.3.10)] in the continuum limit for simplicity.

H =
∫
drdc†

α(r)
((

p̂2

2m
− εF

)
δα,β − JsdSn(r) · σα,β

)
cβ(r), (1.3.11)

where cσ(r) is the electron operator at r with spin α and m is the electron mass. n(r) is a
spin texture that slowly varies in space. To simplify the problem, we rewrite the Hamiltonian
with the spin quantization axis in parallel to n(r). We introduce aα(r), which is defined by

ciα = [U ]αβaβ(r), (1.3.12)

where U = m · σ is a unitary matrix, and m = (sin (θ/2) cosϕ, sin (θ/2) sinϕ, cos (θ/2))
with θ and ϕ being the polar and azimuthal angles of n(r). This unitary transformation
diagonalizes the exchange coupling term as U †(n · σ)U = σz. As a result, the Hamiltonian
is rewritten as

H =
∫
drda†

α(r)
[((

p̂2

2m
− εF

)
− JsdSσ

z
α,α

)
δα,β + ℏ

m
Aa

µσ
a
α,β p̂µ

]
aβ(r), (1.3.13)
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to the linear order of the spatial derivative of n(r) 1, where we define the so-called spin gauge
field as

Aa
µσ

a = −iU †∂µU, (1.3.14)
= (m × ∂µm) · σ. (1.3.15)

Now the Hamiltonian has terms equivalent to the Zeeman field (−JsdSσ
z) and the anti-

symmetric SO coupling, which couples the spin and momentum as

geff(k) · σ = ℏ
2

m
Aa

µkµσ
a (1.3.16)

with ga
eff(k) = ℏ2

m
Aa

µkµ [ geff(k) = −geff(−k)].
Such an asymmetric coupling lifts the spin-degeneracy of the Fermi surface and realizes

spinless p-wave or p + ip -wave topological superconductivity with an s-wave pairing. To
realize a 1D p-wave superconductor in this system, Ax

x = (m × ∂xm)x , 0 or Ay
x = (m ×

∂xm)y , 0 is required. For example, a helical spin texture satisfies the condition [42, 43, 44,
45, 46], and it has been numerically confirmed [52].

To realize a 2D p + ip superconductor, we need to have a noncollinear spin texture
in the momentum space. For comparison, Rashba SO coupling exhibits a XY vortex-like
texture in the momentum space. With a Zeeman field in the z direction and an s-wave
superconductivity, we can realize spinless p+ ip superconductor. In the above case, in order
to realize a Rashba-like SO coupling, i.e., spin is noncollinear in the kx-ky space (Fig, 1.4),
the necessary condition is (Ax

x, A
y
x) and (Ax

y , A
y
y) are not in parallel, i.e.,

Ax
xA

y
y − Ay

xA
x
y = ẑ

4
(n · (∂xn × ∂yn)) , 0. (1.3.17)

Importantly, it is proportional to the skyrmion “density”, i.e., the integrand in the topological
number that characterizes a skyrmion Eq. ( 1.3.5). Therefore, coupling to a skyrmion texture
acts similarly to the Rashba SO coupling. It is numerically confirmed that a skyrmion crystal
in proximity to an s-wave superconductor realizes p+ip pairing, even without anti-symmetric
SO couplings [52].

Furthermore, the noncoplanar texture gives rise to an effective magnetic field for a large
JsdS. When JsdS is large enough, we may neglect the off-diagonal terms in the spin space.
Assuming JsdS ≫ εF , we project the Hamiltonian to the lower spin band as

H ≃
∫
drda†

+(r)
[
p̂2

2m
− εF − JsdS + ℏ

m
Aeff · p̂

]
a+(r), (1.3.18)

1We note that we drop the spatial dependence of Aa
µ at this point within this approximation.
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Figure 1.4: Spin state in momentum space. (a) A spin state that does not vary in momentum
space. (b) A noncollinear spin state, which can be realized, e.g., with the Rashba SO coupling.

where we define Aeff = (Az
x, A

z
y, A

z
z). We can see that Aeff acts like a vector potential, whose

magnetic field is given by

∇ × Aeff = 1
2

n · (∂xn × ∂yn). (1.3.19)

Again, it is proportional to the skyrmion density, and hence a skyrmion gives rise to an
effective magnetic field, which manifests in the topological Hall effect [63, 64]. The similar
discussions can be made in a lattice model, and the effective Peierls phase arises due to the
noncoplanar spin configuration.

1.4 Spin manipulation
Efficient control of the spin orientation is crucial in spintronics. There are many proposals
on spin manipulation. In this section, we first show how we can describe dynamics of spin
textures in ferromagnets. Then we review different types of spin-torques in a normal system.
Later, in Chap. 2 and 3, we show that a supercurrent exerts a spin torque on magnetic
moments.

1.4.1 Landau-Lifshitz-Gilbert equation
Dynamics of classical spins are described by the Landau-Lifshitz-Gilbert (LLG) equation 2.
The LLG equation is given by

dS

dt
= γHeff × S − α

S
S × dS

dt
, (1.4.1)

where Heff(r) = 1
ℏγ

δE
δS(r) is the effective magnetic field with E being the energy functional and

α is the Gilbert damping coefficient.
2Here we note that the distinction between local spin moment S(r) and magnetization M(r) =

− ℏγ
ad S(r),where γ = gµB

ℏ
> 0 is a gyromagnetic ratio.
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The Gilbert damping term describes the energy dissipation of the spin as we can see as
follows. By taking the outer product of S and Eq. ( 1.4.1) and multiplying dS

dt
, we obtain

dE

dt
= 1
ℏ

dS

dt
· ∂E
∂S

= −α

S

(
dS

dt

)2

. (1.4.2)

The energy dissipation of the spin is proportional to
(

dS
dt

)2
, and it can occur by the coupling

with the lattice and the conduction electrons.

1.4.2 Thiele’s approach
In most cases, LLG equation cannot be solved exactly. Instead, one can formulate the
dynamics of a magnetic texture in terms of collective coordinates. This method is called
(generalized) Thiele’s approach [81, 82]. In this approach, we choose collective coordinates
R(t) = {R0, R1, R2, ...}, and focus on their time dependence as S(r, t) = S(r, {R(t)})
assuming that other degrees of freedom are not important for low energy dynamics. Then
the LLG equation leads to

(Γij −Gij) Ṙj = Fi, (1.4.3)

where

Fi =
∫
drd δn

∂Ri

· δE
δn

= δE

δRi

, (1.4.4)

Γij = ℏSα
∫
drd ∂n

∂Ri

· ∂n

∂Rj

, (1.4.5)

Gij = ℏS
∫
drdn ·

(
∂n

∂Ri

× ∂n

∂Rj

)
, (1.4.6)

Here we note the relation: Γij = Γji and Gij = −Gji. When the collective coordinates only
denote the center of mass positions, the magnetic texture behaves like a point particle but
without an inertial mass. When some other degrees of freedom, such as internal structures,
are considered, inertial masses may arise, or the dynamics cannot even be described by that
of a point particle.

A domain wall in Eq. ( 1.3.4) has the collective coordinates X and ϕ0, i.e., the center
of mass position and the magnetic angle at the center. Because of ϕ0, a domain wall does
not behave like a particle but shows a complex dynamics depending on parameters. As for a
skyrmion, the internal excitations have the energy gap, and hence a skyrmion behaves like a
particle without inertial mass to the lowest order approximation 3. As an important feature,
a “Magnus force” in the Hall direction acts on a skyrmion because its topological structure
renders Gxy , 0.

3It has been shown that the low energy internal excitations of the skyrmions do cause the inertial mass[83].
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1.4.3 Spin torque
In the LLG equation, T = γHeff × S acts as a spin torque, and hence any fields or currents
that couple to spins can be a source of a torque. Here we show some examples of spin torques.

Magnetic field

A magnetic field gives rise to a spin precession. With the Gilbert damping, spins gradually
align with the magnetic field and the energy decreases. This relaxation process can be used
for a domain wall manipulation. Since a magnetic field gives the potential energy for the
position of the domain wall. a domain wall motion can be driven by a static magnetic field
when there is the Gilbert damping. In the simplest case without pinning potentials, a uniform
linear motion of a domain wall is realized. Domain wall motions driven by magnetic field are
observed in experiments [84].

Spin transfer torque

Spin-transfer torques (STT), which can control magnetization with an electric current, have
attracted attention[85, 86, 87, 88, 89, 90, 91]. It is useful in nanoscale control and often
energetically efficient compared to the ampere field (magnetic field induced torque). STT
can be applied to magnetic random access memory and the racetrack memory using magnetic
domain walls or skyrmions[59]. The origin of STT is the transfer of spin angular momentum
via spin-polarized currents.

STT is studied in two situations: magnetic multilayers and a smooth magnetic texture.
The former approximates that each layer is characterized by a single magnetic moment, and
an applied current transfers spin angular momentum from layer to layer. This has been
observed in magnetic tunnel junctions.

Here let us focus on the latter case, STT on a smooth magnetic texture. In a smooth
magnetic texture n = S/S, spin-polarized currents exert STT on n, which is given by
[92, 93, 94]

τSTT = −(js · ∇)n + βn × (js · ∇)n. (1.4.7)

Here js = −(Pad/2eS)j, and β is a dimensionless parameter, where j[A/md−1] is a charge
current density, P is the spin polarization of current, a is the lattice constant, S is the
spin size, and −e is the electron charge. The first term in Eq. ( 1.4.7) arises when the
electron spins follow the texture adiabatically. The second term, often referred to as the
non-adiabatic torque, is known to have two origins [95, 96, 93]. It appears from spin-flip
impurity scatterings or the spin-orbit coupling. It also occurs when electrons fail to follow
magnetic textures because the texture is not smooth enough. As demonstrated in several
works [97, 93], the non-adiabatic torque plays a crucial role in magnetization dynamics. For
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β , 0, the threshold current density for a steady motion of a domain wall becomes zero in
the absence of pinning potentials.

Spin-orbit torque

In noncentrosymmetric systems, SO coupling gives rise to an additional current-induced
torque called SO torque [98, 99, 100, 101, 102]. In noncentrosymmetric materials, charge
currents induce a spin polarization via the anti-symmetric SO coupling[103, 16, 104, 105],
which is known as the Edelstein effect or the inverse spin-galvanic effect. This can be un-
derstood from the coupling between the spin and the momentum on the Fermi surface. An
electric field displaces the Fermi surface and creates an imbalanced population of electrons
between k and −k. This imbalance is accompanied by a net spin polarization. For example,
with the Rashba SO coupling, the spin polarization induced by a current is proportional to
ẑ × j with a current density j.

This induced spin polarization acts as a spin-torque. Importantly, while STT requires
noncollinear magnetic moments or textures, this SO torque does not. The direction of this
effective field depends on the current direction so that a local control of “magnetic” field can
be possible with the use of the Edelstein effect. Experimentally, a spin-orbit torque is observed
in a ferromagnetic metal [101] and the ferromagnetic semiconductor (Ga, Mn)As [106].
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Chapter 2

Spin-transfer torque induced by
triplet supercurrent

In this chapter, we study spin transfer torques induced by a spin-triplet supercurrent in
a magnet in proximity to a superconductor. By a perturbative approach, we show that
spin-triplet correlations realize new types of torque, which are analogous to the adiabatic
and non-adiabatic torques. Remarkable advantages compared to conventional spin-transfer
torques are highlighted in domain wall manipulation. Oscillatory motions of a domain wall,
which could decrease efficiency, can be avoided. Furthermore, the threshold current density
can be zero depending on the triplet-correlations. Our results show that a triplet correla-
tion qualitatively changes the spin-transfer process, and efficient manipulation of a magnetic
domain wall can be realized.

The organization of this chapter is as follows. In Sec. 2.1, we give the background and the
aim of this work. In Sec. 2.2, we present the model we used in our calculation. In Sec. 2.3, we
show the derivation and result on the spin transfer torque induced by a triplet supercurrent.
In Sec. 2.4, we discuss domain wall dynamics driven by the obtained torque. In Sec. 2.5,
we present the summary and discussion of this work. Section 2.6 provides the details of the
calculation.
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2.1 Introduction to this chapter
Recently more and more people are interested in applying superconductivity for spintron-
ics [107, 108]. Here are important topics in spintronics: (1) the lifetime of spin, (2) spin
valves, and (3) spin torques. Their interplay with superconductivity has been studied so far
as follows.

(1) The time scale over which the spin density relaxes is a basic and important quantity
in spintronics. It reflects the character of excitation particles such as electrons and
phonons. The lifetime of spin density is enhanced in a superconducting state relative
to a normal (metallic) state [109, 110, 111]. Injecting spin polarized electrons into a
superconductor causes both spin and charge imbalances. Interestingly, the imbalances
do not relax over the same time scale, but the spin imbalance survives much longer
(∼ 10ns) than the charge imbalance, which lives for ∼ 1ps [110]. Importantly, the spin
lifetime is much longer than one in normal states.

(2) A spin valve is a device which consists of metallic magnetic layers. The electrical resis-
tance in the direction normal to the layers depend on the alignment of the magnetiza-
tion, and hence we can “write” by changing magnetic alignment and “read” the written
information by the electrical resistance. With spin valves using superconductors[112,
113, 114, 115], one can change the resistance drastically. Li et al. [115] used a EuS (1.5
nm)/Al (3.5 nm)/EuS (4 nm) structure, where EuS is a ferromagnetic insulator and Al
becomes a superconductor at Tc ∼ 1.2K. Two magnetic layers with different thicknesses
have different coercivities, and they can have an (anti)parallel alignment depending on
the magnitude of magnetic fields. For the antiparallel alignment, the resistivity drops
to zero, while it is finite for the parallel alignment.

(3) As we have introduced in Sec. 1.4, spin torques have been intensively studied in the field
of spintronics. They can be useful in magnetic memories. It has been shown that the
Josephson current exerts a spin torque on magnetization in ferromagnetic Josephson
junctions [116, 117, 118, 119, 120, 121, 122]. For example, Waintal et al. [116] studied an
F/N/F junction with two s-wave superconducting contacts, where F is a ferromagnetic
layer and N is a normal metallic layer. The exchange interaction of spins is affected by
the phase difference between the two superconductors.

The interplay of superconductivity and magnetic moments is important especially with
spin-triplet Cooper pairs due to the coupling between triplet order parameters and localized
moments [1, 2, 3, 4, 5, 6]. Triplet pairs can arise in the interface between a ferromagnet
and singlet superconductor when there is noncollinear magnetism [18] or spin-orbit couplings
[19, 20]. Experimentally, the proximity effect of triplet pairs has been observed in fully-spin
polarized metals[21, 22] and multilayers with noncollinear magnets[23, 24]. The spin-triplet
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proximity effect to a ferromagnet from Sr2RuO4, a candidate of a triplet superconductor, has
been also observed[11].

Given the recent experimental advances in the proximity-induced triplet Cooper pairs in
magnets, triplet supercurrent-induced STT is a promising way to realize an efficient control
of magnetization. Utilization of a supercurrent suppresses Joule heating and the tunablity of
STT may be enhanced by pairing degrees of freedom. However, while several works showed
that a supercurrent exerts a spin-torque in ferromagnetic Josepshon junctions[116, 117, 118,
119, 120, 121, 122], it still remains unclear how a triplet supercurrent acts on a localized
moment, and how STT is changed by triplet-paring correlation. In order to reveal a role
of spin-triplet pairings in STT and propose a torque with desired properties, microscopic
calculations are required. The aim of this work to microscopically study STT induced by
triplet supercurrents, and to reveal the properties of the STT in domain wall manipulation.

2.2 Model
In our work, we consider a thin-film magnet with the proximity effect of p-wave triplet
superconductivity modeled by the Hamiltonian :

Hel = − t
∑
⟨i,j⟩

c†
iαcjα − µ

∑
i

c†
iαciα − JsdS

∑
i

n(ri) · σαβc
†
iαciβ

+ ∆0

2
∑
i,j

eiκ·(ri+rj) [(dij · σ)iσy]αβ c
†
iαc

†
jβ + H.c. (2.2.1)

Here c†
iα(ciα) is the electron creation (annihilation) operator at site i with spin α on a

square lattice, ⟨i, j⟩ is taken over the nearest neighbor pairs, t is the hopping amplitude,
and µ is the chemical potential. Electrons couple to localized spins given by Sn(ri) =
S(sin θ cosϕ, sin θ cosϕ, cos θ) with the coupling constant Jsd. The spin texture n(r) varies
smoothly with the length scale ℓ (≫ ξSC) where ξSC denotes the superconducting coherence
length. The last term in Eq. ( 2.2.1) is the proximity-induced triplet p-wave pairing, given
by dij = (dx

ij, d
y
ij, d

z
ij), where dij = −dji, and ∆0 is the pairing amplitude.

The phase gradient of the paring function describes a supercurrent. We consider a phase
given by κ · (ri + rj), which results in the supercurrent density j ≃ −2tenea

2κ (for |κ|a ≪ 1
and at low temperature), where ne is an electron density1 that participates in the supercur-
rent. Here, the supercurrent can be supplied from an external dc current source. We also
note that we can restore the gauge invariance by redefining κ in the current so as to include
the vector potential.

As shown in Fig. 2.1, a relevant experimental setup of the above model is a heterostructure
composed of a metallic magnet and a triplet superconductor (e.g., Sr2RuO4). A triplet

1For a high density, ne should be replaced with an effective electron density modified by lattice effects.
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Triplet Superconductor

Domain wall motion

Supercurrent
FM

Figure 2.1: Schematic picture of the proposed setup. A ferromagnet (FM) with a domain
wall is attached on a superconductor, which produces a spin-triplet proximity effect. We
apply a supercurrent in the xy plane and drive the domain wall motion. We note that it is
necessary to prepare a situation, in which a supercurrent does not escape from a magnetic
texture. Experimentally, S/F/S trilayers might also be a good setup.

superconductor can be replaced by a singlet superconductor (e.g., Nb) with a conical magnetic
layer such as Ho [24] or the spin-orbit coupling[19, 20], which produces the triplet proximity
effect.

2.3 Spin-transfer torque induced by triplet supercur-
rent

To derive STT, we calculate the spin density induced by a supercurrent to the linear order
of j ∝ κ. In the following calculation, we perturbatively treat the spatial derivative of
n(ri). As we have shown in Sec. 1.3.4, this perturbation can be simplified by rewriting the
Hamiltonian with electron operators aiα, the spin quantization axis of which is parallel to
n(ri)[93]. It is defined by ciα = (U(ri))αβaiβ, where U(ri) = m(ri) · σ is a unitary matrix,
and m(ri) = (sin (θ/2) cosϕ, sin (θ/2) sinϕ, cos (θ/2)) with θ and ϕ being the angles of n(ri).
This satisfies U †(n · σ)U = σz. The Hamiltonian Eq. ( 2.2.1) is rewritten as

Hel ≃
∑

k

(ξkI2 − JsdSσ
z)ααa

†
kαakα +

∑
k,q

3
ν
k+q/2A

a
ν(q)σa

αβa
†
k+qαakβ

+ 1
2
∑

k

∆α
ka

†
k+καa

†
−k+κα + H.c. , (2.3.1)

where ξk = −2t(cos(kxa) + cos(kya)) − µ is the kinetic energy, 3νk = ∂ξk/∂kν is the velocity,
I2 = diag(1, 1) , and akα is the Fourier transform of aiα. The second term arises from
the hopping in the presence of a noncollinear texture. Here we define the spin gauge field
Aa

νiσ
a = −iU(ri)∂νU(ri), where we denote Ab

ν(q) = N−1∑
i A

b
νie

−iq·ri with ν = {x, y, z}
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and b = {x, y, z}. N is the total number of sites. Assuming a large exchange splitting
∼ 2JsdS ≫ |∆0|, we focus on the equal spin pairing given by

∆α
k = ∆0(U †(d(k) · σ)iσyU∗)αα, (2.3.2)

= −∆0
(
(Rabdb(k)σa)iσy

)
αα
, (2.3.3)

where d(k) = N−1∑
⟨ij⟩ dije

−ik·(ri−rj). We neglect pairings between spin-split bands, which
correspond to the components of d(k) parallel to n. Rab = 2mamb −δab (a, b = {x, y, z}) is a
SO(3) rotation matrix corresponding to the unitary matrix U . In the last term in Eq. ( 2.3.1),
we neglect the spatial dependence of θ, ϕ, terms of the order of ξSC/ℓ, assuming that |∆0(k)|/t
is also a small parameter.

The spin expectation value of electrons sa
i = 1

2(σa)αβ⟨c†
iαciβ⟩ can be described by the

operator aiα as

sa
i = Rab(ri)s̃b

i , (2.3.4)

where s̃a
i = 1

2(σa)αβ⟨a†
iαaiβ⟩. Noting this relation, we obtain the spin density induced by a

supercurrent as

δs̃a
q B

(
lim
κ→0

s̃a
q − s̃a

q|κ=0

κη

)
jη

(−2tenea2)
, (2.3.5)

= πab
νηA

b
ν(q) jη

2ene

, (2.3.6)

where δs̃q = N−1∑
i δs̃ie

−iq·ri and

πab
νη = lim

q→0

−T
4Nta2

∑
n,k

∂2ξk

∂kν∂kη

Tr[SaGk+q(iϵn)SbGk(iϵn)]. (2.3.7)

The details are presented in Sec. 2.6.1. Here, Gk(iϵn) is the Green function in Nambu repre-
sentation, the basis of which is (ak↑, ak↓, a

†
−k↑, a

†
−k↓)T , and Sa is a spin matrix in the Nambu

representation, which is given by

Sa =
(
σa

−(σa)T

)
. (2.3.8)

Its inverse is defined by (Gk(iεn))−1 = iϵnI4 −HBdG(k), where

HBdG(k) =
(
ξkI2 −Mσz ∆(k)

∆∗(k) −ξkI2 +Mσz

)
, (2.3.9)

I4 = diag(1, 1, 1, 1), ϵn = πT (2n + 1) is Matsubara frequency with temperature T , and
∆(k) = diag(∆↑

k,∆
↓
k).

29



In Eq. ( 2.3.7), we have neglected terms which are vanishingly small at low temperatures
compared to the critical temperature, in a system with a full gap or point nodes. Also, we
have taken the limit q → 0 assuming that the momentum transfer from a smooth magnetic
texture is small compared to the Fermi momentum [93]. We note that si is invariant by a
unitary transformation U → Ueiφσz with an arbitrary spin rotational angle φ(r) around n,
while s̃i and Rab change their forms. In the following, we explicitly use ∂2ξk

∂kν∂kη
∝ δνη and

define πab
νη = πab

ν δνη.
From Eqs. ( 2.3.4) and ( 2.3.6), we obtain the local STT, τSTT = 2Jsdn × δsi, as

τSTT =
∑

ν=x,y

−P̃νa
3

2eS
jν

(
−∂νn + β̃νn × ∂νn

)
. (2.3.10)

Here P̃ν and β̃ν are the analogs of the spin polarization of a current P and β in Eq. ( 1.4.7),
and they are given by

P̃ν = JsdS

nea3

[
1
2

(πxx
ν + πyy

ν ) + 1
|∂νn|2

(
−π(1)

ν

(
(∂νθ)2 − sin2 θ(∂νϕ)2

)
+ 2π(2)

ν sin θ∂νθ∂νϕ
)]
,

(2.3.11)

β̃ν = −JsdS

nea3
1
P̃ν

1
|∂νn|2

(
π(2)

ν

(
(∂νθ)2 + sin2 θ(∂νϕ)2

)
+ 2π(1)

ν sin θ∂νθ∂νϕ
)
, (2.3.12)

where

π(1)
ν = cos(2ϕ)1

2
(πxx

ν − πyy
ν ) + sin(2ϕ)πxy

ν , (2.3.13)

π(2)
ν = sin(2ϕ)1

2
(πxx

ν − πyy
ν ) − cos(2ϕ)πxy

ν . (2.3.14)

These are the central results of this chapter, which are applicable to any smooth magnetic
textures. Notably, in the low density limit and at low temperature, P̃ν and β̃ν are given
by the spin susceptibility perpendicular to n since πab

ν is equivalent to the bare spin sus-
ceptibility of the akα field. To make β̃ν finite, anisotropy such as πxx

ν , π
yy
ν or πxy

ν , 0 is
necessary. As is known in the spin susceptibility [7], such anisotropy naturally arises with a
triplet pairing. They depend on the relative phase between ∆↑

k and ∆↓
k as 1

2 (πxx
ν − πyy

ν ) =
limq→0 N

−1∑
k Re(∆∗↑

k ∆↓
k)fν(k, q) and πxy

ν = limq→0 N
−1∑

k Im(∆∗↑
k ∆↓

k)fν(k, q), where fν(k, q)
is presented in Sec. 2.6.1. Therefore, a triplet pairing can make β̃ν finite and cause the non-
adiabatic torque without extrinsic scattering processes. Furthermore, P̃ν and β̃ν depend on
the spatial position through the coupling between the d vector and n. This is important for
a domain wall dynamics as we see in the next section.
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2.4 Domain wall dynamics
Now, we demonstrate domain wall dynamics induced by the obtained STT. We consider the
Hamiltonian Htot = Hel +Hspin, where Hel is given in Eq. ( 2.3.1) and

Hspin = S2

2
∑

i

(
−J(∂νn(ri, t))2 −Knz(ri, t)2 +K⊥ny(ri, t)2

)
. (2.4.1)

Here, J is the ferromagnetic exchange coupling, and K,K⊥ are the onsite anisotropies that
satisfy K⊥ ≪ K ≪ Ja−2. We consider a domain wall configuration given by n(r, t) =
(cosϕ0(t) sin θ(x, t), sinϕ0(t) sin θ(x, t), cos θ(x, t)), where cos θ(x, t) = tanh

(
x−X(t)

λ

)
, λ =√

J/K, and X(t) is the domain wall center. A schematic figure of a domain wall for ϕ0 = π

is shown in Fig. 2.1. With this configuration, the STT in Eq. ( 2.3.10) is characterized by
P̃x = JsdS

nea3

[
1
2 (πxx

x + πyy
x ) − π(1)

x

]
and β̃x = −JsdS

nea3
π

(2)
x

P̃x
. Including the effects of damping, we

obtain the equations of motion of ϕ(t) and X(t) as

∂tX = 3c

(1 + α2)
(τ(ϕ0)jx + αF (ϕ0)jx + sin 2ϕ0) , (2.4.2)

∂tϕ0 = −1
(1 + α2)t0

(ατ(ϕ0)jx − F (ϕ0)jx + α sin 2ϕ0) , (2.4.3)

where α is the Gilbert damping constant, 3c = K⊥λS/2, and t0 = λ/3c. τ(ϕ0) and F (ϕ0)
denote the coupling to the current via STT. They read

τ(ϕ0) = − a

23c
∑

i

P̃xa
3

2eS
∂xn

z, (2.4.4)

F (ϕ0) = a

23c
∑

i

P̃xa
3

2eS
β̃x∂xn

z. (2.4.5)

In the above equations of motions, we have assumed that the electron spin density induced
by ṅ does not change the dynamics qualitatively when the spin size S is large. Also, we did
not consider pinning potentials for simplicity. The explicit form of F (ϕ0) as the function of
d(k) is presented in Sec. 2.6.2 .

In the following, we consider triplet pairing given by d(k) = (− sin kya, sin kxa, δ sin kxa).
Such a pairing can be stabilized by the spin-orbit coupling g(k) · σ (g(k) = −g(−k)) in a
system without inversion symmetry; d(k) ∥ g(k) is energetically favored[14]. The Rashba
type spin-orbit coupling can stabilize d(k) = (− sin(kya), sin(kxa), 0), and in our case, it can
originate from the boundary between the superconductor and ferromagnet. Furthermore, we
add dz(k) = δ sin(kxa), which can be attributed to the additional spin-orbit coupling due to
the broken mirror symmetry about the xz plane.

In numerical calculations, we set µ/t = −1.8,∆0/t = 5 × 10−2, JsdS/t = 1, and T/t =
5 × 10−3. Using the above d(k), we first show P̃x and β̃x in the domain wall configuration for
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Figure 2.2: (a) P̃x and (b) β̃x in a domain wall configuration with ϕ0 = π/4 as functions of
the position x for different δ, where d vector is d(k) = (− sin kya, sin kxa, δ sin kxa). (c) The
profile of the domain wall. (d) τ(ϕ0) and (e) F (ϕ0) as functions of ϕ0 for different δ, where
we define j0 = Se3ca

−3.

ϕ0 = π/4 (Fig. 2.2 (a)-(c)). Effective spin polarization P̃x is almost constant in space. On
the other hand, β̃x highly depends on the spatial position. Importantly, P̃x (β̃x) is symmetric
(antisymmetric) under x → −x for δ = 0, while P̃x and β̃x are slightly shifted for δ , 0.
Because of such symmetries, F (ϕ0) (Eq. ( 2.4.5)) vanishes for δ = 0, where we note ∂xn

z

is an even function of x. On the other hand, for δ , 0 such symmetries of P̃x and β̃x are
broken, and hence we obtain finite F (ϕ0). Similar arguments apply to other ϕ0 values. In
the following, we will show the resulting domain wall dynamics.

We next solve the equation of motion. For δ = 0, τ(ϕ0) is well fitted by τ(ϕ0) ≃ τ0 +
τ1 cos 2ϕ0, and F (ϕ0) = 0 as shown in Fig. 2.2 (d), (e). Note that such ϕ0 dependence
of τ(ϕ0) arises from the triplet pairing. With this τ(ϕ0), we have solved Eqs. ( 2.4.2) and
( 2.4.3). Fig. 2.3 (a) shows the averaged velocity after sufficiently long time, and there is a
threshold current density. It is given by jc = 1√

τ2
0 −τ2

1
, which is obtained from Eqs. ( 2.4.2)

and ( 2.4.3) with τ(ϕ0) = τ0 + τ1 cos 2ϕ0 and F (ϕ0) = 0. As shown in Fig. 2.3 (c), Ẋ is zero
after sufficiently long time for jx < jc because of the intrinsic pinning due to the anisotropy
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Figure 2.3: Velocity of a domain wall center for δ = 0 in (a) and (c), and for δ = 0.5
in (b) and (d). (a) shows the velocity averaged over the oscillation period after sufficiently
long time, and (b) shows the velocity after sufficiently long time. In (c) and (d), the time
evolution of the velocity for different jx/j0 (indicated by different colors) is presented. We
have set α = 10−4, and the initial conditions are ϕ0(t = 0) = π and Ẋ(t = 0).
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K⊥. With a larger current density (jx > jc), the domain wall center oscillates with a finite
drift velocity. The above behavior is similar to a domain wall motion in normal ferromagnetic
metals without the non-adiabatic torque.

We now consider the case with δ , 0. As shown in Fig. 2.2 (d) and (e), τ(ϕ0) and F (ϕ0)
are well fitted by

τ(ϕ0) ≃ τ0 + τ1 cos 2ϕ0, (2.4.6)
F (ϕ0) ≃ F0 cosϕ0. (2.4.7)

Importantly, we have finite F (ϕ0) when δ , 0. As shown in Sec. 2.6.2, finite dx(k)dz(k) and
dy(k)dz(k) are necessary to have finite F (ϕ0).

This F (ϕ0) changes the domain wall motion drastically. As shown in Fig. 2.3(b), there
is no threshold current density for driving the steady motion, which is similar to a situa-
tion in normal metals with the non-adiabatic torque. An important difference from con-
ventional STT is that a domain wall shows no oscillatory motions ( Ẍ = ϕ̇ = 0) even for
a large current density depending on α. According to Eqs. ( 2.4.3), oscillation occurs for
j > jmax = maxϕ0 {α sin 2ϕ0/(ατ(ϕ0) − F (ϕ0))}. With the numerically obtained parameters
in Eqs. ( 2.4.6) and ( 2.4.7), jmax is infinite when α is small enough ( α ≲ 10−3 ∼ |∆0|2/t2)
because ατ(ϕ0) − F (ϕ0) can be zero. In contrast, for conventional STT, jmax is always finite
since τ(ϕ0) and F (ϕ0) do not depend on ϕ0, and oscillatory motion always appears for a
current density larger than jmax. The absence of oscillatory motion is important for an effi-
cient manipulation of a domain wall. Let us estimate the required supercurrent density. For
example, in a ferromagnetic nanowire Ni81Fe19, an experimental value is S2K⊥λa

−3 ∼ 0.05
J/m2[123], and hence 3c ≃ 3 × 102m/s and j0 ∼ 4 × 1013A/m2. The required current density
to achieve Ẋ ≃ 0.4 µm/s is jx ≃ 105A/m2, which is lower than the critical current density
in typical ferromagnetic Josephson junctions[124].

2.5 Summary and discussion
To summarize, we have microscopically derived STT induced by triplet supercurrents. We
showed that spin-triplet pairings give novel types of STT, which can be used for an efficient
control of a domain wall. The results can be applied to different d vectors and magnetic
textures such as a skyrmion, and we expect the possibilities for more interesting aspects of
triplet supercurrent-induced STT.

There are several comments and discussions. In normal metals, a voltage drop occurs
due to the domain wall motion[125, 126, 127, 128] in addition to the resistance of a sample.
For a superconducting system, while a supercurrent (dc current) is not accompanied by the
voltage drop, the motion of a domain wall would also cause time evolution of the phase, and
it might result in a finite voltage drop. In this work, we have assumed such fluctuation is
small compared to the overall phase gradient.
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In this work, we did not consider the Abrikosov vortices in a superconductor, which might
be induced by the stray field of the ferromagnet. These vortices can cause voltage drop due
to their dynamics and a non-uniform current pattern. To suppress the vortices, we can use
junctions with a ferromagnet with a small stray field, e.g., Sr2RuO4/permalloy junction with
magnetization oriented in-plane. We can also use a singlet superconductor with a high critical
field [18] such as niobium, and hence Nb/Ho/permalloy junction is another possible setup.

When the superconducting pairing is proximity-induced, in general, singlet pairing is
expected to be mixed. However, the decay length of the singlet proximity effect is much
shorter than that of the equal spin triplet pairing for a large exchange coupling. Furthermore,
the contribution from singlet pairing to STT is much smaller than that from triplet pairing
in the adiabatic regime, which is justified in a smooth magnetic texture.

2.6 Details
In this section, we present the derivation and more detailed discussion on this chapter.

2.6.1 Derivation of spin torque
We show the derivation of Eq. ( 2.3.6). The model is described by the following action.

S = −1
2
∑

n,k,q

Ψ̃†
k+q(iϵn)(G−1

tot)k+q,k(iϵn)Ψ̃k(iϵn), (2.6.1)

where

Ψ̃k(iϵn) =


ak+κ↑(iϵn)
ak+κ↓(iϵn)

a†
−k+κ↑(−iϵn)
a†

−k+κ↓(−iϵn)

 , (2.6.2)

(G−1
tot)k+q,k(iϵn) ≃ G−1

k δq,0 + U
(1)
k+q,k + U

(2)
k+q,k. (2.6.3)

Here we define

U
(1)
k+q,k = −3νkκνδq,0I4 − 3µk+q/2A

a
µ(q)

(
σa 0
0 σT

a

)
, (2.6.4)

U
(2)
k+q,k = −

∂ξk+q/2

∂kµ∂kν

κνA
a
µ(q)Sa, (2.6.5)

and G−1
k is defined using Eq. ( 2.3.9). To restore the gauge invariance, we need to include

the vector potential A and redefine κ̃ = κ + e
c
A. Assuming the supercurrent, j ∝ κ̃, is

homogeneous, we can apply the perturbation with respect to κ̃ in the same way.
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The spin density under a superconducting current is given by

s̃a
q = T

2N
1
2
∑
k,n

tr[SaGtot,k+q,k(iεn)]. (2.6.6)

We calculate it to the linear order of κν and Aa
µ(q), and obtain δs̃a

q = πab
µνA

b
µ(q) jν

2ene
. Here

πab
µν = lim

q→0

−T
4Nta2

∑
n,k

∂2ξk

∂kµ∂kν

Tr[SaGk+q(iϵn)SbGk(iϵn)] + δabLa
µν , (2.6.7)

where

Lx
µν = Ly

µν = 1
2JsdSta2

1
N

∑
k

3
µ
kv

ν
k

 ∂nF (ε)
∂ε

∣∣∣∣∣
ε=E↑

k

− ∂nF (ε)
∂ε

∣∣∣∣∣
ε=E↓

k

 , (2.6.8)

Lz
µν = −1

2ta2
1
N

∑
k

3
µ
kv

ν
k

∑
σ=↑,↓

ξσ
k

Eσ
k

∂nF (ε)
∂ε

∣∣∣∣∣
ε=Eσ

k

(2nF (Eσ
k ) − 1) , (2.6.9)

with E↑
k =

√
(ξk − JsdS)2 + |∆↑

k|2, E↓
k =

√
(ξk + JsdS)2 + |∆↓

k|2, and nF (ε) = (eε/T + 1)−1.
La

µν are the contributions from the Fermi surface; they are proportional to the derivative of
nF (ε) and vanishingly small at low temperatures in systems with a full gap or point nodes. In
Eq. ( 2.3.10), we neglect La

µν considering a low temperature compared to the superconducting
critical temperature. We note that for ∆(k) = 0, two terms in Eq. ( 2.6.7) cancel each other
and πab

µν = 0.
According to Eq. ( 2.3.12), finite 1

2(πxx
µ − πyy

µ ) or πxy
µ are necessary for β̃µ , 0, and they

depend on the relative phase between ∆↑
k and ∆↓

k as

1
2

(πxx
µ − πyy

µ ) = lim
q→0

T

Nta2

∑
k,n

∂2ξk+q/2

∂2kµ

 Re(∆↓
k+q∆↑∗

k )
(ϵ2

n + E↓2
k+q)(ϵ2

n + E↑2
k )

 , (2.6.10)

= lim
q→0

1
N

∑
k

Re(∆↓
k∆↑∗

k )fµ(k, q), (2.6.11)

πxy
µ = lim

q→0

T

Nta2

∑
k,n

∂2ξk+q/2

∂2kµ

 Im(∆↓
k+q∆↑∗

k )
(ϵ2

n + E↓2
k+q)(ϵ2

n + E↑2
k )

 . (2.6.12)

= lim
q→0

1
N

∑
k

Im(∆↓
k∆↑∗

k )fµ(k, q), (2.6.13)

where

fµ(k, q) = T

ta2

∑
n

∂2ξk+q/2

∂2kµ

1
(ϵ2

n + E↓2
k+q)(ϵ2

n + E↑2
k )

. (2.6.14)
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2.6.2 Finite β term in domain wall manipulation
The explicit form of F (ϕ0) in a domain wall configuration when dµ(k) ∈ R. We have

F (ϕ0) = |∆0|2a4

2e3cS
∑

i

∂xn
z lim

q→0

1
N

∑
k

fx(k, q) [dy(k)dz(k) sinϕ0 − dx(k)dz(k) cosϕ0] sin θ

+ |∆0|2a4

2e3cS
∑

i

∂xn
z lim

q→0

1
N

∑
k

fx(k, q)
[
−1

2
(
dx(k)2 − dy(k)2

)
sin(2ϕ0) + dx(k)dy(k) cos(2ϕ0)

]
cos θ,

(2.6.15)

where we have used Eq. ( 2.3.3).
In the following, we show that F (ϕ0) = 0 for d(k) = (− sin(kya), sin(kxa), 0). The first

line in Eq. ( 2.6.15) is zero since dz(k) = 0. We note that in a domain wall configuration,
θ(x) = π − θ(−x) is satisfied. Since fx(k, q), which depends on n through |∆↑

k| = |∆↓
k| =

|∆0|2|d(k) × n| in Eσ
k , and ∂xn

z are invariant under the spatial reflection (θ → π − θ), the
second line in Eq. ( 2.6.15) vanishes after the spatial summation ∑i.

For F (ϕ0) , 0, finite dx(k)dz(k) or dy(k)dz(k) is necessary. In this case, the first line
in Eq. ( 2.6.15) is nonzero, and |d(k) × n| changes its value under θ → π − θ so that
the second term is also nonzero in general. As we show in the previous sections, d(k) =
(− sin(kya). sin(kxa), δ sin(kxa)) is one way to satisfy this condition.
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Chapter 3

Chiral magnet in proximity to singlet
superconductor

In this chapter, we consider a cubic chiral magnet in proximity to a singlet superconductor.
The cubic chiral magnets MnSi and FexCo1−xSi are known to show a skyrmion crystal phase
owing to the lack of inversion symmetry of the crystal. We show that, in the presence of the
superconducting proximity effect, a singlet supercurrent exerts a spin-torque on a skyrmion
and can drive the motions. Furthermore, we also show that Weyl quasiparticles exist in
the BdG spectrum, and the Weyl points can be controlled by the magnetization. We show
that the tilt of the Weyl cones can be tuned by the strength of the spin-orbit coupling, and
propose a possible realization of type-II Weyl points.

This chapter is organized as follows. In Sec. 3.1, we give the background and present
the aim of this study. In Sec. 3.2, we show our results on the spin-orbit torque induced by
a supercurrent. We first introduce the model which describes a cubic chiral magnet with
proximity-induced superconductivity. Then, using a linear response theory, we calculate spin
polarization induced by a supercurrent, which acts as a local spin torque. In Sec. 3.3, we show
that the torque can drive motions of skyrmions. In Sec. 3.4, we study the band structure
of Bogoliubov quasiparticles, and demonstrate how type-I (conventional) and type-II Weyl
points appear. We also discuss the effect of inhomogeneity in spin textures. In Sec. 3.5, we
give the summary and discussions. Section 3.6 provides the details of the calculations in this
chapter.
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3.1 Introduction to this chapter
As we have already introduced in Sec. 1.2.3, topological structures in electronic states exhibit
interesting features. Topological insulators have surface Dirac cones and show the magne-
toelectric polarizability[129, 130]. In metallic systems, Weyl points in a band structure are
predicted to produce a variety of phenomena such as Fermi-arc surface states, chiral anomaly,
and unusual anomalous Hall effects [31, 34, 35, 131, 132, 36, 133, 134, 135, 136, 137, 138, 139].
Two non-degenerate energy bands linearly cross at isolated points in the momentum space
(Weyl nodes), and they are the source or sink of the Berry curvature, which is the origin of
the anomalous Hall effect. Weyl nodes are achieved in a material by breaking either time
reversal or inversion symmetry.

Recently, it has been shown that Weyl semimetals can be classified into two categories:
type-I and type-II Weyl semimetals. A type-I Weyl semimetal is a conventional Weyl
semimetal. The number of candidate materials is still increasing. For materials that break
inversion symmetry, the TaAs family compounds that include TaP, NbAs, and NbP are re-
ported to have Weyl points [140, 141, 142]. For materials with broken time reversal symmetry,
the antiferromagnetic Heusler compounds GdPtBi [143] and the noncollinear antiferromagnet
Mn3Sn [144] are also reported to have Weyl points. In a type-II Weyl semimetal, the dis-
persion is strongly tilted so that it has a finite density of states at each Weyl point. Type-II
Weyl semimetals have been proposed to exist in layered transition metal dichalcogenides such
as WTe2 [145, 146, 147] and MoTe2 [148, 149], and LaAlGe [150], Type-II Weyl semimetals
are predicted to have peculiar properties[151, 152, 153, 154, 155, 156, 157]; chiral anomaly
depending on the relative direction of the field and tilt[154], and a non-analytic behavior in
the anomalous Hall effect[155], etc.

Topological structures in Bogoliubov quasiparticle states also show unusual features as
we have introduced in Sec. 1.2.3 [29, 30]. Realization of Weyl superconductors are proposed
in several materials. 3He-A phase is the oldest example of Weyl superfluid. In an artificially
engineered setup, it has been proposed that multilayers of magnetically doped topological in-
sulators and s-wave superconductors realize a Weyl superconducting state [55]. In materials,
URu2Si2 [56] and B-phase of UPt3 [158] are also proposed as Weyl superconductors.

For topological structures in a spin texture, of particular recent interest is a magnetic
skyrmion[159, 65, 67, 66, 69, 160], which is defined by an integer topological number. Skyrmions
are experimentally observed in cubic chiral magnets such as cubic B20 compounds MnSi and
Fe0.5Co0.5Si. Their topological structure gives rise to Magnus force that acts on a skyrmion
like a Lorentz force[161]. When electrons coupled to skyrmions, the so-called emergent elec-
tromagnetic field acts on electrons [126, 160]. Skyrmions have received attentions also as a
promising candidate of a future information career (c.f. Sec. 1.3.2). Magnus force prevents a
skyrmion from being pinned by impurities or lattice defects, and the threshold current density
to drive its motion is quite low compared to that of a domainwall [162, 163, 164, 165, 166, 167].
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Such current-induced magnetization dynamics has been studied intensively in the field of spin-
tronics. A spin transfer torque[85, 168, 86, 169] is one type of current-induced spin torques,
which requires noncolinear spin textures. SO coupling realizes another type of current-
induced torque, so called SO torque[98, 99, 100, 101, 102], which can also drive domain
walls[170] or skyrmions via applied currents[171, 172].

In this chapter, we consider a cubic chiral magnet (e.g. MnSi and Fe0.5Co0.5Si) in proximity
to an s-wave superconductor. We show that this system shows rich physics in terms of
topological states and spintronics. We point out two interesting properties in this system:
spin torque induced by a singlet supercurrent and Weyl Bogoliubov quasiparticles. The
summary of the results are the following.

• A singlet supercurrent can also exert a spin-torque with the aid of the SO coupling in
chiral magnets. From the symmetry point of view, it can be written as Hso = αsok · σ

around Γ point with σ being the pauli matrices acting on the spin space. This SO
coupling plays a crucial role in chiral magnets, since it leads to Dzyaloshinskii-Moriya
interaction, which is the origin of the noncollinear magnetic orders such as helical
spin orders and skyrmion crystal phases. With the SO coupling, we calculate a spin
polarization and a resulting spin-torque, which are induced by supercurrents.

• We point out that the Bogoliubov quasiparticle band has a pair of Weyl points. Their
positions in the Brillouin zone are determined by the direction of magnetization. Con-
sequently, inhomogeneous spin textures realize an effective magnetic field acting on
Bogoliubov quasiparticles. Furthermore, the tilt of the Weyl cones can also be tuned
by the strength of the SO coupling. We propose a realization of type-II Weyl points in
the quasiparticle spectrum and show the phase diagram, which includes a phase tran-
sition between conventional (type-I) Weyl points and type-II Weyl points. We expect
intriguing transport properties of quasipaticles to be realized in our system.

3.2 Spin-orbit torque induced by supercurrent

3.2.1 Model
We consider a heterostructure composed of an s-wave superconductor and a cubic chiral
magnet (Fig. 3.1), which is modeled by the following BdG Hamiltonian using the basis given
by Eq. 1.2.5.

H(k) =
(
ĤN(k) ∆(iσy)

∆∗(iσy)† −ĤN(−k)T

)
, (3.2.1)

with the normal part of the Hamiltonian

ĤN(k) = (εk − µ) 1 − JMn · σ + αsog(k) · σ, (3.2.2)
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s-wave SC

Chiral Magnet

Figure 3.1: Heterostructure composed of a chiral magnet and an s-wave superconductor.

where εk = −t∑ℓ={x,y,z} cos(kℓa) is a hopping energy with the lattice constant a and the
hopping amplitude t. The chemical potential is denoted by µ, the exchange coupling co-
efficient is J , and the localized magnetic moment is denoted by Mn with the unit vector
n = (cosϕ sin θ, sinϕ sin θ, cos θ). We assume the characteristic length of spatial variation to
be much longer than the coherence length of superconductivity and the Fermi wave length,
so that n(r) can be regarded as being locally homogeneous. The effect of the inhomogeneity
will be discussed in Sec. 3.4.2.

The SO coupling in a cubic lattice model can be written as

g(k) = (sin(kxa), sin(kya), sin(kza)) , (3.2.3)

which reflects the symmetry of cubic chiral magnets whose point group symmetry is T . The
proximity induced superconductivity is given by ∆, where we take s-wave singlet pairings.
The SO coupling supports the proximity of the superconductivity because it causes the tilt
of the spin orientation in momentum space.

3.2.2 Calculation of spin-torque
Using the BdG Hamiltonian [Eq. ( 3.2.1)], one can calculate the spin polarization density of
the system as

sµ = 1
2

1
V

∑
k,n

nF (εnk)⟨nk|Ŝµ|nk⟩, (3.2.4)

where |nk⟩ and εnk are the eigenstates and eigenenergy of the BdG Hamiltonian with the
band indices n = {0, 1, 2, 3}. nF (εnk) is the Fermi distribution function, and V is the volume.
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The spin operator is given by

Ŝµ = ℏ
2

(
σµ 0
0 −σT

µ

)
. (3.2.5)

Now we consider a state with a finite supercurrent density j = − e
m
nsℏκ where m is an

electron mass, ns is the superfluid density, q is the shift of the Fermi surface, and −e is the
electron charge. With a perturbation theory, the leading correction to the polarization is
obtained as

δsµ = Kµνjν , (3.2.6)

where

Kµν = − m

2eℏns

lim
q′→0

1
V

∑
k

∑
n,m

nF (εnk) − nF (εmk+q′)
εmk+q′ − εnk

⟨nk|Ŝµ|mk⟩⟨mk|V̂ν |nk⟩, (3.2.7)

and the velocity operator V̂µ is defined by

V̂µ =


∂ĤN

∂kµ

∣∣∣
k

0

0 −
(

∂ĤN

∂kµ

∣∣∣
−k

)T

 . (3.2.8)

As shown in Sec. 3.6.1, Eq. ( 3.2.7) is obtained by calculating the spin polarization using
states with the finite center of mass momentum κ and expanding it in powers of κ [173, 174].

3.2.3 Limiting cases
In chiral magnets, due to the large exchange splitting, αso ≪ JM is expected, but we first
consider two limiting cases to provide an intuitive picture. In the limit of JM/αso → 0,
the anisotropy due to the spin polarization n can be neglected. In this case, a symmetry
argument straightforwardly leads to the relative orientation between δs and j. The point
group symmetry T leads to Kµν = Kδµν

1, and we obtain

δs = Kj, (3.2.9)

i.e., the spin polarization is induced in parallel to the supercurrent. This relation is in contrast
with the case of Rashba SO coupling (e.g., C4v) that gives δs ∝ ẑ × j.

In the limit of αso ≪ JM , Kµν depends on the direction of n. In particular, assuming
{JM, |µ|} ≫ {t, αso,∆}, we perform a perturbative approach. We first apply a unitary
transformation, U(k), on the BdG Hamiltonian (Eq. ( 3.2.1)), which acts on both spin space

1C2 rotational symmetry in point group T prohibits the off-diagonal components in Kµν , and C3 rotational
symmetry makes the diagonal components the same.
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and particle-hole space. (The detail is in Sec. 3.6 .) It diagonalizes the Hamiltonian up to
the required order of a small parameter ϵ defined by {t, αso,∆} ∼ ϵJM , and we expand the
Hamiltonian to the second order of ϵ as

U †(k)H(k)U(k) = H ′
0(k) +H ′

1(k), (3.2.10)

where the diagonal matrix H ′
0(k) reads

H ′
0(k) = diag(E0k, E1k, E2k, E3k) (3.2.11)

with

E0k = εk − µ− (JM − αsog(k) · n), (3.2.12)
E1k = εk − µ+ (JM − αsog(k) · n), (3.2.13)
E2k = −(εk − µ) + (JM + αsog(k) · n), (3.2.14)
E3k = −(εk − µ) − (JM + αsog(k) · n), (3.2.15)

and, every matrix element in H ′
1(k) is of the order of ϵ2. For now we consider µ ∼ −JM , and

project the Hilbert space to a space spanned by two eigenstates of H ′
0(k) with eigenenergies

E0k and E2k, noting that E3k ≪ {E0k ∼ E2k ∼ 0} ≪ E1k. After the projection, we obtain
an effective BdG Hamiltonian H ′

0(k) +H ′
1(k) 7→ Heff(k), which is a 2 × 2 matrix.

We then use the effective Hamiltonian Heff(k) to calculate Kµν [Eq. ( 3.2.7)]. The detailed
structure of the quasiparticle states is discussed in Sec. 3.4. We define the eigenstates of
Heff(k) as ||±,k⟩, whose eigenenergies are ε±,k. The spin and velocity operators in the
projected space are defined as U †(k)ŜµU(k) 7→ Ŝeff

µ and U †(k)V̂µU(k) 7→ V̂ eff
µ . (The detail is

in Sec. 3.6.)
For the calculation of a response against a supercurrent, the interband terms (n , m in

Eq. ( 3.2.7)) are important. The directional dependence of Kµν is obtained from the matrix
element:

Sµν ≡ ⟨−,k||Ŝeff
µ ||+,k⟩⟨+,k||V̂ eff

ν ||−,k⟩, (3.2.16)

= a2ℏ(JM + |µ|)2

8(JM)2µ2
α3

so|∆|2k2
⊥

|ε+,k − ε−,k|2
nµnν , (3.2.17)

= ⟨+,k||Seff
µ ||−,k⟩⟨−,k||V eff

ν ||+,k⟩, (3.2.18)

to the lowest order of ϵ, where we consider momentum region that satisfies |k|a ≪ 1 and
define k2

⊥ = k2 − (k · n)2. Integration over the momentum space as

Kµν = − m

eℏns

∫ d3k

(2π)3
nF (ε−,k) − nF (ε+,k)

ε+,k − ε−,k

Sµν , (3.2.19)
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leads to the relation Kµν = K ′nµnν , i.e. the induced spin polarization is given by

δs = K ′n(n · j), (3.2.20)

up to the lowest order in ϵ. The spin polarization is induced in parallel to n, and it is not
induced when the applied supercurrent is in perpendicular to n. As we will see later, this
term does not produce a spin torque since the spin torque is given by n × δs. In the higher
order of ϵ, other terms such as the form of Eq. ( 3.2.9) is expected to appear and leads to
the spin torque, which is important for dynamics of skyrmions discussed below.

3.2.4 Numerical results
Next, we investigate the dependence of Kµν on parameters and the direction of n for inter-
mediate values of αso/JM which interpolate two limiting cases considered in the previous
subsection. For this purpose, we numerically calculate Kµν with the BdG Hamiltonian in
Eq. ( 3.2.1) and compare the results to the analytical asympotic results obtained in the last
subsection. The main results in this subsection is as follows: (i) Kµν depends on the direc-
tion of n, and its dependence is well fitted by Kµν = K(0)δµν +K(1)nµnν , which interpolates
the asymptotic behaviors in the two limiting cases (Eq. ( 3.2.9) and Eq. ( 3.2.20)). (ii) The
numerical results for αso/JM ≪ 1 confirm the asymptotic form given in Eq. ( 3.2.20). (iii)
Kµµ monotonically increase with increasing αso, and Kµµ with µ in the direction parallel
to n dominates over that with µ in the direction perpendicular to n for small αSO/JM , in
accordance with Eq. ( 3.2.20).

Fig. 3.2 and Fig. 3.3 show numerical results of the spin-polarization density per unit
supercurrent density with the parameters, t = 1.0, JM = 2.0, ∆ = 0.2, µ = −4.8. The
lattice constant is a = 10−1 nm and the London penetration depth λ = 50 nm. In Fig. 3.2,
we show the dependence on αso of Kxx and Kzz in the case with n = (0, 0, 1). Kxx and Kzz

monotonically increase with increasing αso, and the difference between them arises from the
directional anisotropy due to n, which is consistent with the asymptotic from Eq. ( 3.2.20)
with n = (0, 0, 1); the magnitude of Kxx is suppressed compared to Kzz in the limit of
αso/JM ≪ 1. However, it is noted that, in contrast to Eq. ( 3.2.20) which implies zero Kxx

for n = (0, 0, 1), Kxx is finite in Fig. 3.2 even for small values of αSO because of the higher
order terms neglected in Eq. ( 3.2.20) and also the continuum approximation.

In Fig. 3.3, we show the dependence of Kxx and Kzx on the direction of n rotating in xz
plane. n is parametrized as n = (sin θ, 0, cos θ) with 0 ≤ θ ≤ π. The magnitude of Kxx and
Kzx varies depending on θ, and their dependence is well fitted by Kµν = K(0)δµν +K(1)nµnν ,
i.e. Kxx = K(0) + K(1) sin2 θ and Kzx = K(1) sin θ cos θ. Thus, the θ-dependence of Kµν is
qualitatively given by the sum of Eq. ( 3.2.9) and Eq. ( 3.2.20). In this calculation, we set
αso = 0.2, and we note that the behaviors of the θ-dependence are not qualitatively changed
by varying the value of αso. Other components such as Kxy are calculated as well, and we
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Figure 3.2: Dependence of Kxx and Kzz on the parameter αso for t = 1.0, JM = 2.0, ∆ =
0.2, µ = −4.8, when the direction of the localized spin is n = (0, 0, 1). Both Kxx and Kzz

increase monotonically as αso increases. In the limit of αso/JM ≪ 1, the magnitude of Kxx

is suppressed compared to Kzz, which is in agreement with the asymptotic form given by
Eq. ( 3.2.20).

conclude that, in general, the dependence of Kµν on n is qualitatively given by the sum of
the two limiting cases, Eq. ( 3.2.9) and Eq. ( 3.2.20), for intermediate values of αso/JM .

3.3 Skyrmion manipulation
Using the obtained results, we discuss skyrmion dynamics induced by supercurrents. We
consider a heterostucture system with a supercurrent flow. Here we neglect the effect of nor-
mal currents, which would be suppressed in the presence of superconductivity. Our analysis
is based on the Landau-Lifshtz-Gilbert equation for the localized spin n,

dn

dt
= −γn × H − αGn × dn

dt
+ T , (3.3.1)

where γ is the gyromagnetic ratio, H is the effective magnetic field given by the derivative
of the free energy with respect to the magnetization, αG is the Gilbert damping constant,
and T is a supercurrent induced spin torque. We focus on a spin-orbit torque that originates
from the spin polarization discussed in the last section. The spin polarization is given by the
form δs = K(0)j +K(1)n(n · j), and it results in the following spin torque:

T = JM

ℏ2 n × δs, (3.3.2)

= JMK(0)

ℏ2 n × j, (3.3.3)
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Figure 3.3: Dependence of Kxx and Kzx on the directional angle θ that parametrizes the
localized spin as n = (sin θ, 0, cos θ). The parameters are set as t = 1.0, JM = 2.0, ∆ =
0.2, µ = −4.8, and αso = 0.2. The diagonal component Kxx has an offset value that is
independent of θ, and it is well fitted by Kxx = 0.118n2

x +0.150. The off-diagonal component,
Kxy, is fitted by Kxy = 0.112nxny.

i.e., only K(0)j acts as a spin torque, and the anisotropy due to n does not affect the spin
torque even for large JM with the above form.

Dynamics of skyrmions is well described with the equation of motion of collective coor-
dinates of a texture [82, 62, 175, 172]. Neglecting the deformation of skyrmions, we take
the center of mass coordinate R(t) as the collective coordinate. The spin texture is given
by n(r, t) = nsk(r − R(t)), where nsk(r) is the spin configuration with a skyrmion at the
origin. nsk(r) has a finite topological number as

1
4π

∫
d2rnsk ·

(
∂nsk

∂x
× ∂nsk

∂y

)
= −1. (3.3.4)

For simplicity, we consider a specific skyrmion configuration given by

nsk
x (r) = − sin Θ(r)y

r
, (3.3.5)

nsk
y (r) = sin Θ(r)x

r
. (3.3.6)

nsk
z (r) = cos Θ(r), (3.3.7)

where Θ(r) only depends on r =
√
x2 + y2, and it satisfied Θ(0) = π and Θ(∞) = 0. With

this configuration and the torque (Eq. ( 3.3.3)), we calculate the time dependence of R(t)
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from the LLG equation (Eq. ( 3.3.1)), and obtain

Ṙx = −Λ0jx − αGΛ1jy, (3.3.8)
Ṙy = −Λ0jy + αGΛ1jx, (3.3.9)

where

Λ0 = JMK(0)

ℏ2
L0

4π
, (3.3.10)

Λ1 = JMK(0)

ℏ2
Γ0L0

16π2 . (3.3.11)

L0 and Γ0 depends on the function Θ(r); L0 =
∫
d2r∂xny = −

∫
d2r∂ynx is of the order of

the radius of a skyrmion, and Γ0 =
∫
d2r∂xn · ∂xn =

∫
d2r∂yn · ∂yn.

The supercurrent-induced torque can give rise to the drift motion of skyrmions, and the
finite Gilbert damping coefficient αG gives the transverse motion against the supercurrent,
which is a well known effect for skyrmion dynamics[164]. Eqs. ( 3.3.8) and ( 3.3.9) are
compatible with the results obtained from phenomenological arguments in the presence of
SO coupling[172].

3.4 Weyl Bogoliubov quasiparticles
In the heterostructure of interest, Bogoliubov quasiparticles have nontrivial band topology;
a pair of Weyl points exists. We first study the effective Hamiltonian which describes low-
energy quasiparticles, and then numerically demonstrate the existence of type-I and type-II
Weyl points. In the end of this section, we discuss the effect of the spatial inhomogeneity in
spin textures and show that an effective magnetic field acts on the quasiparticles.

3.4.1 Type-I and Type-II Weyl fermions
The strucutre of Bogoliubov quasiparticles in the presence of spin texutres such as skyrmions
is rather complicated. Before tackling this problem, we first consider the case of a homegenous
exchange field. This analysis is valid provided that the spatial variation of the spin texture
is sufficiently weak compared to the Fermi wave-length and the superconducting coherence
length, and thus the spin configuration is locally approximated by a homogeneous structure.

For a homogeneous spin configuration, the effective Hamitonian is derived in Sec. 3.6.1.
In the limit of {JM, |µ|} ≫ {t, αso,∆} with µ ∼ −JM , the Hamiltonian for low-energy
quasiparticles is given by

Heff(k) = αsok · n1 +
(

ξeff(k) ∆effγ · k

∆effγ∗ · k −ξeff(k)

)
(3.4.1)
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where

∆eff = |∆|αso(JM + |µ|)
2JM |µ|

, (3.4.2)

ξeff(k) = εk − JM − µ− |∆|2

2µ
+ α2

so

2JM
k2

⊥. (3.4.3)

Here we consider the momentum |k|a ≪ 1 (a=1), and define k2
⊥ = k2 − (k · n)2. A complex

vector γ = (γx, γy, γz) satisfies |Reγ| = |Imγ| = 1 and Reγ × Imγ = −n. (See Sec. 3.6 for
detail) The two bands cross at k = ±k0n if there exists k0 that satisfies ξeff(k0n) = 0, and
the crossing points are shifted from the zero energy by ±αsok0. These crossing points are
protected by the spin rotation symmetry along n, i.e., two crossing bands of interest have
different eigenvalues of Ŝ · n, which commutes with H(k0n).

Without loss of generality, we can define x, y and z axis of momentum along Reγ, Imγ,

and n so that the crossing points locates at k0ẑ. The effective Hamiltonian around the
crossing points reads

Heff(±k0ẑ + q) = αso(±k0 + qz)1 +
(

±tk0qz ∆eff(qx + iqy)
∆eff(qx − iqy) ∓tk0qz

)
. (3.4.4)

Each cone is tilted by αsoqz, and numerical calculations of the Berry curvature with the
original BdG Hamiltonian (Eq. ( 3.2.1)) show that they are a pair of Weyl points, which
are a source and a sink of the Berry curvature. The numerical result of the phase diagram
is summarized in Fig. 3.4. When the chemical potential is larger than the critical value, a
pair of Weyl points with the opposite topological charge exists. In Fig. 3.5 (a) and (b), a
band structure for the parameter µ = −4.8, and αso = 0.6 is shown, which has conventional
(type-I) Weyl cones. The dispersions are weakly tilted in kz direction.

Interestingly, changing αso or µ leads to a transition between type-I and type-II Weyl
cones. Type-II Weyl cones are characterized by the finite density of states at the crossing
energy due to the tilt of the cones. The energy spectrum is shown in Fig. 3.5 (c) and (d) for
µ = −4.8 and αso = 0.6. This tilt may induce distinct properties in transport or the Landau
levels under an effective magnetic field discussed in the next section.

We have obtained the surface Majorana arc exists for both type-I and type-II Weyl points
by numerical calculations with an open boundary. Since the positions of the Weyl points is
at ±k0n, the surface in which the Majorana arc appear can be changed by the direction of
the magnetization.

In the kz = 0, ±π plane, our system can be mapped to a well-known model. By rotating
the momentum by 90◦ along kz axis, the Hamiltonian (Eq. ( 3.2.1)) is equivalent to a model
to realize a spinless p + ip superconductor with the Rashba SO coupling[51, 176]. These
two-dimensional planes can have nonzero Chern number depending on the parameters, and
the difference of the Chern number ensures the existence of Weyl points.
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type-II 
     Weyl Points 

type-I  
    Weyl Points

No Weyl Points

Figure 3.4: Phase diagram of Weyl points as a function of chemical potential µ and the SO
coupling coefficient αso with the parameter t = 1.0, JM = 2.0, ∆ = 0.2. In phases denoted
by type-I (type-II) Weyl points, a pair of type-I (type-II) Weyl points exist.

3.4.2 Inhomogeneous spin texture
So far, we have studied a locally homogeneous system assuming that the spin texture varies
weakly enough in space. Now we include the effect of inhomogeneity to the lowest order and
show the emergence of an effective magnetic field. We consider quasiparticle states around
some arbitary point r0 in real space, and define n0 = n(r0) and γ0 = γ(r0). We then rewrite
as n(r) = n0 + δn(r) and γ(r) = γ0 + δγ(r). Around one of the Weyl point given by
k = k0n0, we define the Bogoliubov quasiparticle operator as ψ(r) = eik0n0·rψ̃+(r). Up to
the lowest order of spatial variation, the Hamiltonian for slowly varying field is given by

H+
eff(r) = αso(k0 + n0 · p̂)1 +

(
tk0n0 · p̂ ∆effγ0 · (p̂ − k0n(r))

∆effγ∗
0 · (p̂ − k0n(r)) −tk0n0 · p̂

)
, (3.4.5)

= αso(k0 + n0 · (p̂ − k0δn(r))1 +
(
tk0n0 · (p̂ − k0δn(r)) ∆effγ0 · (p̂ − k0δn(r))
∆effγ∗

0 · (p̂ − k0δn(r)) −tk0n0 · (p̂ − k0δn(r))

)
,

(3.4.6)

where we have used the relation n(r) · γ(r) = 0 and n0 · δn(r) = 0. Minimal coupling
p̂ − k0δn(r) exhibits that the effect of the spatial variation of spins can be described by the
effective magnetic field given by Beff(r) = k0∇ × n(r). Around the other Weyl point at
−k0n0, the sign is the opposite: Beff(r) = −k0∇ × n(r).
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This result shows that Bogoliubov quasiparticles around each Weyl cone may form the
Landau levels when ∇ × n(r) , 0, and the chiral zero modes are expected to appear for
each cone, which is studied in the A phase of 3He [177, 178, 179]. The velocities of the chiral
zero modes have the same direction for two cones to preserve the particle hole symmetry,
and they are along the direction of ∇ × n(r).

A skyrmion texture gives ∇ × n(r) , 0, and a skyrmion flow is expected to cause an
effective electric field given by ∓k0∂tn, which acts on quasiparticles in each cone. As has been
discussed in 3He [178, 179], the quasiparticle excitation in the chiral zero mode is expected
to cause a force acting on the skyrmion, which is in perpendicular to the velocity of the
skyrmion 2, i.e., the anomaly of Weyl fermions can affect the skyrmion dynamics.

Tuning the tilt may change the property of the chiral zero modes, as is studied in Weyl
semimetal[154]. We leave the detailed study of skyrmion dynamics associated with Weyl
fermions in chiral magnet for future work.

2This is distinguished from the Magnus force, which does not require the excitation of quasiparticles.
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Figure 3.5: Energy spectrum for the parameter t = 1.0, ∆ = 0.2, JM = 2.0, µ = −4.8 and
n = (0, 0, 1). The Weyl points are at k = (0, 0,±k0). (a) and (b) are the energy spectrum in
kx = ky = 0 and in kz kx plane with the parameter αso = 0.6. A pair of type-I Weyl cones
exists in the bands of quasiparticles (c) and (d) are the energy spectrum in kx = ky = 0 and
in kz kx plane with the parameter αso = 0.8. A pair of type-II Weyl cones exist.
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3.5 Summary and discussion
In this chapter, we have studied a spin-torque induced by a supercurrent in a heterostructure
composed of a cubic chiral magnet and an s-wave superconductor. With the numerical
and analytical calculation, we have derived the spin polarization induced by a supercurrent,
which depends on the direction of the localized spin. The equation for the time evolution of
skyrmion has been obtained.

We have also pointed out the existence of a pair of Weyl points in the quasiparticle
bands. The positions of the Weyl points are determined by the magnetization, and the
resulting effective electromagnetic field may give rise to novel phenomena in spintronics. The
tilt of the cones can also be changed by the strength of the SO coupling, and type-II Weyl
points can be realized. We believe that nontrivial band topology of Bogoliubov quasiparticles
provides a new perspective in superconducting spintronics.

We leave the discussion on the stability of the proximity induced superconducting gap
for future work. The quantitative estimation requires self-consistent calculations of the su-
perconducting gap. At this point, we expect that there should be a finite region where the
superconducting gap is proximity-induced in the chiral magnet when the interface between
the superconductor and the chiral magnet is sufficiently smooth.

3.6 Details
In this section, we present the derivation and more detailed discussion on this chapter.

3.6.1 Derivation of Eq. ( 3.2.7)
A supercurrent gives the finite phase gradient of superconducting order parameter as

1
2
∑

i

(∆e2iκ·ric†
i↑c

†
i↓ + H.c.). (3.6.1)

To simplify the calculation, we introduce fermion operators c̃iσ = ciσe
−iκ·ri and c̃†

iσ = c†
iσe

iκ·ri .
With these operators, the Hamiltonian can be rewritten as

H = 1
2
∑

k

Ψ̃†
kH̃(k)Ψ̃k, (3.6.2)

H̃(k) =
(
HN(k + κ) ∆(iσy)
∆∗(iσy)† −HN(−k + κ)T

)
, (3.6.3)

= H(k) + V̂νκν +O(κ2), (3.6.4)
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where we define Ψ̃k = (c̃k,↑, c̃k,↓, c̃
†
−k,↑, c̃

†
−k,↓, )T = (ck+κ,↑, ck+κ,↓, c

†
−k+κ,↑, c

†
−k+κ,↓)T. The spin-

polarization density can be represented with c̃k as

sµ = ℏ

2V
∑

k

⟨c†
kσµck⟩, (3.6.5)

= ℏ

2V
∑

k

⟨c̃†
kσµc̃k⟩. (3.6.6)

A perturbation theory with H̃(k) leads to Eq. ( 3.2.7).

3.6.2 Derivation of Heff(k)
We show the derivation of the effective Hamiltonian when {JM, |µ|} ≫ {t, αso,∆}. We
start from the BdG Hamiltonian in Eq. ( 3.2.1). Then we apply a unitary transformation
U †(k)H(k)U(k). The unitary matrix is given by

U(k) =
(
U0 0
0 U∗

0

)
eiQ(k), (3.6.7)

where U0 rotates the spin axis as U †
0n · σU0 = σz.

Q(k) is Hermite matrix given by

Q(k) =


0 − iαso

2M
ω 0 − i∆

2µ
iαso

2M
ω∗ 0 i∆

2µ
0

0 − i∆∗

2µ
0 iαso

2M
ω∗

i∆∗

2µ
0 −iαso

2M
ω 0

 (3.6.8)

with

ω =
∑

ℓ=x,y,z

sin(kℓa)
(
U †

0σℓU0
)

12
. (3.6.9)

Then we expand the Hamiltonian in the series of ϵ where we define the small parameter by
{t, αso,∆} ∼ ϵJM , as U †(k)H(k)U(k) = H ′

0(k) + H ′
1(k) + O(ϵ3), where H ′

0(k) is given by
Eq. ( 3.2.11) and

H ′
1(k) =


− |∆|2

2µ
− α2

so

2JM
|ω|2 α2

so

JM
βω u0∆ω ∆

µ
(εk + αsoβ)

α2
so

JM
βω∗ − |∆|2

2µ
+ α2

so

2JM
|ω|2 −∆

µ
(εk − αsoβ) u1∆ω∗

u0∆∗ω∗ −∆∗

µ
(εk − αsoβ) |∆|2

2µ
+ α2

so

2JM
|ω|2 − α2

so

JM
βω∗

∆∗

µ
(εk + αsoβ) u1∆∗ω − α2

so

JM
βω |∆|2

2µ
− α2

so

2JM
|ω|2

 , (3.6.10)

with β = ∑
ℓ=x,y,z sin(kℓa)nℓ, u0 = −αso(JM−µ)

2JMµ
, and u1 = αso(JM+µ)

2JMµ
. When µ ∼ −JM , the

eigenstates of H ′
0(k) are energetically separated as E3k ≪ {E0k ∼ E2k ∼ 0} ≪ E1k. We
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project the Hilbert space to a space around zero energy, i.e. a space spanned by eigenstates
with eigenenergy E0k and E2k.

The effective Hamiltonian Heff(k) is given by

Heff(k) =
(

(H ′
0(k))11 + (H ′

1(k))11 (H ′
0(k))13 + (H ′

1(k))13

(H ′
0(k))31 + (H ′

1(k))31 (H ′
0(k))33 + (H ′

1(k))33

)
, (3.6.11)

=

E0k − |∆|2
2µ

− α2
so

2JM
|ω|2 −αso|∆|(JM−µ)

2JMµ
eiφω

−αso|∆|(JM−µ)
2JMµ

e−iφω∗ E2k + |∆|2
2µ

+ α2
so

2JM
|ω|2

 , (3.6.12)

where we define ∆ = |∆|eiφ and (H ′
n(k))ij is the (i, j) component of H ′

n(k). We introduce
a complex vector γ = (γx, γy, γz) as

γ = eiφ
(
U †

0σU0
)

12
, (3.6.13)

where
(
U †

0σU0
)

12
is the (1, 2) component in the 2 × 2 matrix U †

0σU0. One can show the
following relations

|Reγ| = |Imγ| = 1, (3.6.14)
Reγ · Imγ = 0, (3.6.15)
Reγ × Imγ = −n, (3.6.16)

ϵµνλ∂µ(γ∗ · ∂νγ) = −2iϵµνλn · (∂µn × ∂νn). (3.6.17)

The last equation shows that the rotation of the superfluid velocity is given by the skyrmion
density. Around the Γ point (|k|a ≪ 1), we obtain the effective Hamiltonian in Eq. ( 3.4.1),
noting that eiφω = γ · ka and |ω|2 = a2k2 − a2(k · n)2.

3.6.3 Derivation of Eq. ( 3.2.16)
In this section, we calculate the matrix element Sµν (Eq. ( 3.2.16)) with the effective Hamil-
tonian in the continuum limit (|k|a ≪ 1). The effective Hamiltonian (Eq. ( 3.4.1)) is

Heff(k) = f01 + f · τ , (3.6.18)

with τ = (τx, τy, τz) are pauli matrices, and

f0 = αsok · n, (3.6.19)
f = (f1, f2, f3), (3.6.20)
f1 = ∆effReγ · k, (3.6.21)
f2 = −∆effImγ · k, (3.6.22)
f3 = ξeff(k). (3.6.23)
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We define f/|f | = (sin θ0 cosϕ0, sin θ0 sinϕ0, cos θ0), and then the eigenstates of Eq. ( 3.4.1)
are given by

||+,k⟩ =
(

cos θ0
2 e

−iϕ0

sin θ0
2

)
, (3.6.24)

||−,k⟩ =
(

sin θ0
2 e

−iϕ0

− cos θ0
2

)
. (3.6.25)

The corresponding eigenstates are ε±,k = f0 ± |f |, which depend on k2 and k · n. The spin
and velocity operators in the projected space are

Ŝeff
µ ∼ℏ

2

(
nµτz − αso

M
Re(γ∗

µγ · k)1
)
, (3.6.26)

V̂ eff
µ ∼ − tkµ1 + αsonµτz, (3.6.27)

where we have expanded in the series of ϵ. Thus we obtain

Sµν = ⟨−,k||Ŝeff
µ ||+,k⟩⟨+,k||V̂ eff

ν ||−,k⟩, (3.6.28)

= ⟨−,k||τz||+,k⟩⟨+,k||τz||−,k⟩ℏ
2
αsonµnν , (3.6.29)

= sin2 θ0
ℏ

2
αsonµnν , (3.6.30)

= ∆2
effk

2
⊥

ξeff(k)2 + ∆2
effk

2
⊥

ℏ

2
αsonµnν , (3.6.31)

where k2
⊥ = k2 − (k · n)2. One can also show that ⟨+,k||Seff

µ ||−,k⟩⟨−,k||V eff
ν ||+,k⟩ = Sµν .
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Chapter 4

Generating noncollinear magnetism
by supercurrent

When superconductivity couples with noncollinear spin textures, rich physics arises; for in-
stance, singlet Cooper pairs can be converted to triplet pairs, and topological superconductors
can be realized. For their application, generating and controlling noncollinear magnetism are
crucial issues. In this chapter, we consider a metallic layer on top of a singlet superconductor
with a supercurrent flow. We demonstrate that a supercurrent induces noncollinear magnetic
orders, such as helical (single-Q) and vortexlike (double-Q) orders in a controlled manner.
Furthermore, these states can be switched by the direction of the supercurrent. Our results
open up the possibilities to use superconducting correlations as a “harness” for spin textures.

The organization of this chapter is as follows. In Sec. 4.1, we first show the background and
the aim of this chapter. In Sec. 4.2, we present the model, a two-dimensional correlated metal
deposited on a singlet superconductor with a supercurrent flow. In Sec. 4.3, we calculate the
spin susceptibility in the correlated metal, and show that the magnetic instability is enhanced
by the proximity effect of supercurrents. In Sec. 4.4, we show that the instability actually
leads to magnetic ordering by presenting the magnetic phase diagrams. In Sec. 4.5, we
provide the summary and discussion of this work. Finally, Sec. 4.6 provides the details of
the calculation.
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4.1 Introduction to this chapter
The proximity effect of superconductivity, inducing Cooper pairs in non-superconducting
materials, has renewed interest for application ranging from spintronics devices to topological
quantum computation. As we have already discussed in Chap. 2, in spintronics, spin-triplet
Cooper pairs are promising spin carriers for efficient spintronics devices with suppressed
Joule heating [107, 108]. The interplay between triplet pairs and magnetic moments show
rich physics such as a novel type of domain wall dynamics [1, 180, 122, 181]. Furthermore, an
artificially engineered system with proximity-induced superconductivity is one of the most
promising platforms for realizing topological superconductors [182, 176, 47, 48, 49]. They can
host Majorana fermions, whose non-Abelian statistics might be used for topological quantum
computing [38].

In these application of superconductivity, noncollinear magnetic orders play essential
roles. Here we present two examples: (1) spin conversion of Cooper pairs and (2) engineering
topological superconductivity.

(1) Triplet Cooper pairs can be generated from a singlet superconductor via the coupling
to noncollinear magnetic moments: noncollinearity of magnetic moments breaks the
spin rotational symmetry of electrons and can convert singlet Cooper pairs to triplet
pairs [18]. This “spin-conversion” of Cooper pairs is experimentally observed [23, 24].
Robinson et al. [24] studied junctions Nb/Ho/Co/Ho/Nb, where Nb becomes an s-wave
superconductor (Tc ∼ 9.2K), Ho is a conical magnet, and Co is a ferromagnet. They
observed the characteristic voltage of the junction for different Co thicknesses. Notably,
the characteristic voltage decays much slower as the function of the Co thickness in the
junction with Ho compared to the one without Ho. This shows that the long-range
proximity effect inside the ferromagnet is realized, and it is attributed to the spin-
triplet pairing induced by noncollinear moments in Ho.

(2) One can engineer topological superconductor by using noncollinear magnetic moments.
1D spinless p-wave superconductivity can be realized using a helical spin texture on an s-
wave superconducting substrate [42, 43, 44, 45, 46]. Klinovaja et al. [44] have shown that
a helical order realized by RKKY interaction realizes a topological superconductor and
it does not need to tune the chemical potential. Furthermore, two-dimensional p+ ip-
wave superconductivity can be realized using a magnetic skyrmion texture [52, 53, 54].
Nakosai et al. [52] numerically calculate the quasiparticle spectrum in a system with a
SkX and an s-wave paring potential and found the chiral edge modes. These schemes
do not require the strong relativistic spin-orbit coupling, and hence expand the range
of candidate materials.

Given the interplay between noncollinear spin textures and superconductivity, controlling
noncollinear magnetism is crucial to externally control the resulting physics. For example,
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we could turn on or optimize singlet-triplet conversion, and it might also be possible to
manipulate Majorana zero modes by magnetic states. In normal states, several ways are
known to induce or switch magnetic orders, e.g., applying an electric field [183, 184] or
optical pulses [185, 186]. However, in the presence of superconductivity, little is known
about the tunability of magnetic orders 1. Therefore, the aim of this chapter is to propose
a way to generate and control noncollinear magnetic order by utilizing a supercurrent, in a
correlated metal in proximity to a singlet superconductor.

4.2 Model
We consider a two-dimensional model of a correlated metal deposited on a bulk singlet
superconductor with a supercurrent flow. A possible experimental setup is shown in Fig. 4.1.
This can be described by the Hamiltonian H = H0 +HU , where we define

H0 =
∑
kσ

ξkc
†
kσckσ +

∑
ij

(∆ije
iκ·(ri+rj)c†

i↑c
†
j↓ + H.c.), (4.2.1)

HU = U
∑

i

ni↑ni↓. (4.2.2)

Here c†
iσ(ciσ) is a creation (annihilation) operator of itinerant electrons at site ri = (xi, yi)

and spin σ, c†
kσ(ckσ) is the Fourier transform of c†

iσ(ciσ), and ξk is the energy dispersion
measured from the chemical potential. The itinerant electrons have the repulsive Hubbard
interaction with the strength U > 0, and niσ = c†

iσciσ is the electron density operator of
spin σ. The proximity effect to the superconductor is taken into account by ∆ij and κ; ∆ij

describes a singlet pairing potential between sites i and j, and κ, a spatial gradient of the
superconducting phase, originates from a supercurrent flow. The supercurrent is assumed to
be a unidirectional flow, and the supercurrent density jsc is proportional to κ for ξ|κ| ≪ 1,
where ξ is the coherence length of the bulk superconductor. In the following, we study this
model within the mean-field approximation as H ≈ H0 +HMF

U , where

HMF
U = −4U

3
∑

i

mi · si + 2U
3
∑

i

|mi|2. (4.2.3)

Here si = 1
2
∑

σ1,σ2 c
†
iσ1σσ1σ2ciσ2 is the spin density operator at site i with the Pauli matrices

σ = (σx, σy, σz) , and mi = ⟨si⟩ is the mean field of the spin density.

1In superconductors coexisting with magnetic moments, it is proposed that a supercurrent changes the
direction of the spin texture [187, 188].
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metal
SC supercurrent

I

Figure 4.1: The proposed setup for an experimental realization. A metallic layer is deposited
on a bulk singlet superconductor (SC), where a supercurrent is supplied from a current
battery.

4.3 Magnetic instability
Let us first demonstrate that a supercurrent jsc ∝ κ enhances an instability toward a non-
collinear magnetic order. From now on, we will focus on an s-wave pairing (∆ij = 1

2∆δij) for
simplicity, while we will discuss other symmetries later. We calculate the energy functional
of mi, which is obtained by integrating out the electron operators:

E[{mq}] = 2U
3
∑

q

(
1 − 2U

3
χ(q)

)
|mq|2, (4.3.1)

where mq is the Fourier transform of mi, and we have taken the lowest order of mq. χ(q) > 0
is the bare spin susceptibility under a supercurrent, where we note that the spin-rotational
symmetry exists in the absence of the spin-orbit coupling (the effect of the spin-orbit coupling
will be discussed later). The largest peak of χ(q) indicates an instability toward a magnetic
order given by the corresponding mode mq.

Here we show how a supercurrent changes the profile of χ(q) considering the low density
limit in two dimensions at low temperature ( kBT ≪ |∆|, where kB is the Boltzmann constant
and T is temperature). We define ξk = k2

2m
− εF , where m is the electron mass, εF ≥ 0

is the Fermi energy and we set the reduced Planck constant ℏ = 1. In a normal state
(∆ = 0), χ(q) is constant and largest for |q| ≤ 2kF with kF =

√
2mεF , i.e., all modes of mq

with |q| < 2kF energetically degenerate in Eq. ( 4.3.1). With an s-wave singlet correlation
without a supercurrent (∆ , 0, κ = 0), χ(q) is suppressed around q = 0 because of the
spin gap associated with the superconductivity [Fig. 4.2(a)]. This is called the Anderson-
Suhl mechanism [189]. Now, χ(q) is further deformed from the ring structure by applying a
supercurrent given by jsc = −ensf

m
κ with the electron charge −e and the superfluid density nsf .

A supercurrent introduces peak structures around q∗ ∼ ±2kF κ̂ [Fig. 4.2(b)], with κ̂ = κ/|κ|.
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Figure 4.2: Bare spin susceptibility χ(q) in the low density limit for |∆|/εF = 0.05 and
kBT/|∆| = 1/40 ≪ 1 (a) without a supercurrent (κ = 0) and (b) with a supercurrent
κ/kF = (0.022, 0).

Such an increase induced by a supercurrent can be analytically obtained for a small
current density. For kBT ≪ |∆| , we can expand χ(q) to the second order of κ as

χ(q)−χκ=0(q) = a2
0|κ|2

εF

f

(
q

kF

,
|∆|
εF

)
+ a2

0 (κ · q̂)2

εF

g

(
q

kF

,
|∆|
εF

)
, (4.3.2)

where χκ=0(q) is the bare spin susceptibility at κ = 0, a0 stands for the inverse of the
momentum cutoff , f(x, y) and g(x, y) are the dimensionless functions, and we define q = |q|
and q̂ = q/q. The directional dependence arises from the second term in the right-hand side,
and g

(
q

kF
, |∆|

εF

)
is proved to be positive and has a peak around q ∼ 2kF . We also note that, for

|∆|/εF ≪ 1, we obtain |g(q/kF , |∆|/εF )| ≫ |f(q/kF , |∆|/εF )| 2. As a result, χ(q) increases
around q∗ ∼ ±2kF κ̂ by a supercurrent, and the magnetic instability with the particular
wave number q∗ is selected out of the degenerate ring. Although the effect is small in the
low density limit, below we will show that it can be enhanced in generic cases.
　

2See Sec. 4.6 for the details of f(x, y) and g(x, y).
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Figure 4.3: Magnetic ordering induced by a supercurrent given by κ = κ√
2(1, 1). (a)

Schematic pictures of a single-Q state (left) and a double-Q state (right). (b) Energy of the
double-Q state as a function ofM0 for different κ at U = 8.58. The energies are measured from
those with M0 = 0. (c) Energies of the single-Q and double-Q states and the magnetization
of the double-Q state as functions of κ at U = 8.58. (d) κa-U phase diagram for the ground
state. Phase boundaries obtained in different system sizes are plotted.
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4.4 Magnetic phase diagram
On a lattice with a higher density of electrons, the bare spin susceptibility χ(q) is no longer
isotropic: it generally has peak structures even without a supercurrent, reflecting the lattice
structure and the energy dispersion. Therefore, magnetic instabilities arise from the interplay
of the anisotropy of χ(q) and the current direction.

In the following, we investigate magnetic ground-state phase diagrams for a lattice model
numerically. We consider a square-lattice model with the energy dispersion ξk = −2t(cos(kxa)+
cos(kya)) − µ, where t denotes the hopping amplitude between the nearest-neighbor sites, a
is the lattice constant, and µ is the chemical potential. In the calculations, we set t = 0.5,
µ = −1.48, and ∆ = 0.05. With these parameters, χκ=0(q) has four equivalent peaks at
q = (qx, qy) = (±Q∗, 0), (0,±Q∗) with Q∗ ≃ 2π/3a.

To elucidate the ground-state phase diagram in the presence of the supercurrent, we
perform variational calculations. Referring to the previous studies [76, 77, 190], we assume
two variational ansatz for magnetic configurations: helical (single-Q) and vortexlike (double-
Q) states, which are described by

m1Q
i = M0


cos(Qxi)
sin(Qxi)

0

 , m2Q
i = M0


cos(Qxi)
cos(Qyi)

0

 , (4.4.1)

respectively [Fig. 4.3(a)]. Here M0 is the amplitude of the magnetization and Q is the wave
number of modulation, and they are the variational parameters 3. The single-Q state is
characterized by a single mode, mq=(Q,0), while the double-Q state consist of two modes:
mq=(Q,0) and mq=(0,Q)

4.
We numerically diagonalize the mean-field Hamiltonian H0 +HMF

U by substituting Eq. (
4.4.1) for finite-size systems with the open boundary conditions, and obtain the ground state
energy. The results for 30 × 30 sites are shown in Figs. 3 and 4, while Fig. 3(d) also shows
the result for 36 × 36 sites.

First, we consider a supercurrent given by κ = (κx, κy) = κ√
2(1, 1). In this case, the

four peaks in χ(q) at q = (±Q∗, 0) and (0,±Q∗) are equally enhanced. In Fig. 4.3(b), we
show the M0 dependence of the energies of the double-Q state for several values of κa, where
the energies are measured from that with M0 = 0. We note that the energy for the single-
Q state is always higher than that for the double-Q state. For small κ, the system is in
the paramagnetic state (M0 = 0). With κ increased, the first-order phase transition to the
double-Q ordered state occurs, and the magnetization M0 shows a jump at the transition.
Figure 4.3(c) shows the κ dependences of the system energies for the single-Q and double-Q

3We consider Q at and close to the peak of χ(q).
4We note that the stability of the double-Q state might be underestimated with the above simple ansatz,

as a noncoplanar component is neglected [190]
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ordered states and the magnetic moment in the double-Q state. For κ larger than the critical
value, the double-Q ordered state has the lower energy than the paramagnetic state as well
as the single-Q state. Therefore, the supercurrent induces a magnetic order transition from
the paramagnetic state to the double-Q state. The critical κ is summarized in the ground-
state phase diagram in Fig. 4.3(d). The result shows that a larger supercurrent induces the
magnetic instability at a smaller interaction strength U . We note that, for large κa> 0.15,
the jump of M0 becomes small (not shown), suggesting that the phase transition can possibly
be continuous in the large κ region. The features found here are confirmed at different system
sizes, and the phase boundary becomes smoother for the larger system [Fig. 4.3(d)].

Furthermore, the stable magnetic state can be switched by changing the supercurrent
direction, as the peaks of χ(q) can be modulated independently depending on the current
direction. For example, once a current is applied along the x direction, the instability of
mq=(Q,0) is enhanced compared to mq=(0,Q). To demonstrate how the stable magnetic state
changes, let us rotate the current direction from (1, 1) to (1, 0) by defining κ = κ(cos(45◦ −
δθ), sin(45◦ − δθ)) [the inset of Fig. 4.4(a)]. Figure 4.4(a) shows the energies for the single-Q
and double-Q states as functions of the current angle δθ. While increasing δθ, the double-
Q order switches to a single-Q order, which remains stable up to δθ = 45◦, i.e., for the
current along the x direction. The resulting phase diagram while changing U is summarized
in Fig. 4.4(b).

Realistic values of κ/kF depend on the property of the bulk superconductor and the
correlated metal, where kF is the Fermi momentum in the correlated metal. At a low tem-
perature, the upper limit is ideally given by κ/kF < (ξkF )−1 with ξ being the coherence
length of the bulk superconductor [191]. To reach a larger κ/kF , it is desired to use a su-
perconductor with a higher upper critical field ∝ ξ−2 and a correlated metal with a lower
carrier density. For example, the coherence length of the canonical s-wave superconductor
MgB2 is a/ξ ∼ 10−1 [192], and hence, κ/kF may be of the order of 10−1 ∼ 1 depending on
kFa. The parameter used in Fig. 4.3(d) is within this range. We note that the above upper
limit can be lower due to the orbital depairing, which could be suppressed by the geometry
of the superconductor to some extent [191].

Other gap symmetries

We have discussed an s-wave pairing, which has a nodeless isotropic gap in the momen-
tum space. Node structures in the superconducting gap render the bare spin susceptibility
anisotropic as a lattice does, and the magnetic instability is enhanced particularly for q in
the directions of the nodes. For example, a dx2−y2-wave gap has nodes in the (±π,±π) di-
rection, and the magnetic modes mq∼(±Q,±Q) have the dominant instability in the absence
of supercurrent. Thus, the stable magnetic state is further flexibly controlled by the pairing
symmetry in addition to the current direction, lattice geometry, and energy dispersion.
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Rashba spin-orbit coupling

At the interface between a metal and a superconductor, the Rashba spin-orbit coupling may
be important due to the broken mirror symmetry along the z axis, the out-of-plane direction.
It can be written as

Hso = α
∑

k

g(k) · (c†
kσ1

σσ1σ2ckσ2), (4.4.2)

where α is the magnitude of the Rashba spin-orbit coupling and g(k) = (kya0,−kxa0, 0) in
the continuum limit. The spin-orbit coupling breaks the spin rotational symmetry, and
Eq. ( 4.3.1) is replaced by E[{mq}] = 2U

3
∑

q

(
1 − 2U

3 χ
µν(q)

)
mµ

−qm
ν
q. Thus, the magnetic

instability is dictated by the peak wave number in the anisotropic susceptibility tensor χµν(q).
More importantly, with a supercurrent, superconducting analog of the Edelstein effect

arises [174]. A spin polarization is induced by the supercurrent flow owing to the absence
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of the mirror symmetry. The first-order correction of κ leads to the additional term in the
energy functional as

δE[{mq}] = K
∑

i

(ẑ × κ) · mi, (4.4.3)

where K is the odd function of α, and ẑ is the unit vector in the z direction. This term
acts like an in-plane magnetic field, e.g., a supercurrent in the x direction gives an effective
magnetic field in the y direction. This results in the modulation of the noncollinear spin
textures.

Hence, the Rashba spin-orbit coupling locks the spin-spiral plane by the spin anisotropy,
and moreover, modulates the spin texture by combining with a supercurrent. Even in this
case, we believe that our mechanism to control stable magnetic orders remains robust, as
χµν(q) is modified by a supercurrent. It would be interesting to explore the resulting magnetic
phase diagrams, and we leave further discussion for future work.

4.5 Summary and discussion
To summarize, we have proposed a way to induce and switch noncollinear spin textures
by a supercurrent in the presence of the superconducting proximity effect. Our results can
be useful to realize and control physics raised by the interplay between superconductivity
and noncollinear magnetism, e.g., singlet-triplet conversion of Cooper pairs and engineering
topological superconductivity.

The mechanism behind is general, as we have shown in the continuum model. Using
different lattice geometries as well as different pairing symmetries, we can control a broad
range of magnetic states. For example, we might be able to create and annihilate Skyrmions
by a supercurrent in a triangular lattice, noting that Skyrmion crystals can be realized in
the Kondo lattice model [75].

Due to the first-order nature of the transition in an s-wave case, it would be interesting
to explore what happens with a supercurrent being switched off. It is important, especially
for the application, to clarify whether the magnetic order persists as a metastable state, and
how the phase of pairing and magnetic order relax.

The mechanism studied in this chapter can also be applied to the Kondo lattice sys-
tems, where conduction electrons couple to localized moments. It suggests that not only
a heterostructure composed of a heavy-fermion compound and a superconductor but also
a heavy-fermion superconductor can lead to further rich control of magnetism, owing to
complex magnetic interactions inherent in the heavy-fermion systems.
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4.6 Details

4.6.1 Spin susceptibility
The bare spin susceptibility χ(q) in Eq. ( 2.3.12) can be calculated by

χ(q) = − T

2N
∑
n,k

tr[Gk+q(εn)Gk(εn)], (4.6.1)

where the Green function Gk(εn) is 4 × 4 matrix given by

Gk(εn) =
(

(iεn − ξk+κ) I2 −∆(iσy)
−∆∗(iσy)† (iεn + ξ−k+κ) I2

)−1

, (4.6.2)

I2 = diag(1, 1), εn = T (2n + 1)π is the Matsubara frequency, and we take kB = 1 in the
following.

A supercurrent changes the profile of χ(q) as discussed in the previous sections. Fig-
ure 4.5(a) shows the profile of χ(q ∥ κ) for κ = κx̂, and the increase is the largest at
qx ∼ 2kF in the continuum model. For a small current density, the change induced by a
supercurrent can be described by the dimensionless functions f(x, y) and g(x, y) [Eq. (4.5) ].
f(x, y) and g(x, y) are given by

f(x, y) = 1
2π2

∫ 2π
kF a0

0

∫ 2π

0
k̃dk̃dθ

√
ξ̃2

1 + y2
(
y2(−2ξ̃1 + ξ̃2) − ξ̃2

1 ξ̃2
)

+
√
ξ̃2

2 + y2(ξ̃3
1 + y2ξ̃2)√

(ξ̃2
1 + y2)3(ξ̃2

2 + y2)(
√

(ξ̃2
1 + y2) +

√
(ξ̃2

2 + y2))2
,

(4.6.3)

g(x, y) = x2

π2

∫ 2π
kF a0

0

∫ 2π

0
k̃dk̃dθ

√
(ξ̃2

1 + y2)(ξ̃2
2 + y2) − ξ̃1ξ̃2 − y2√

(ξ̃2
1 + y2)(ξ̃2

2 + y2)(
√

(ξ̃2
1 + y2) +

√
(ξ̃2

2 + y2))3
, (4.6.4)

where we define ξ̃1 = k̃2 − 1 and ξ̃2 = k̃2 + 2k̃x cos θ + x2 − 1. We can prove that g (x, y) is
always positive noting the relation

√
(ξ̃2

1 + y2)(ξ̃2
2 + y2) > |ξ̃1ξ̃2 + y2|.

Figure 4.5(b) shows the numerical values of the above functions. g
(

q
kF
, |∆|

εF

)
, which gives

the anisotropic change in χ(q), has a peak at q ∼ 2kF . We also note that, around the peak,
g
(

q
kF
, |∆|

εF

)
is much larger than f

(
q

kF
, |∆|

εF

)
, which gives the isotropic change. 　

4.6.2 Energy functional with the Rashba SO coupling
In this section, we show the derivation of Eq. ( 4.4.3). The the energy functional of mi in
the presence of the Rashba spin-orbit coupling is given by

E[{mq}] = 2U
3

(∑
i

mµ
i

)
T

N

∑
n,k

tr[SµGso
k (εn)] + 2U

3
∑

q

mµ
−qm

ν
q

(
δµν − 2U

3
χµν(q)

)
, (4.6.5)
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where we have defined the Green function with the spin-orbit coupling, the spin matrices in
the Nambu representation, and the bare spin susceptibility as

(Gso
k (εn))−1 = (Gk(εn))−1 −

(
αg(k + κ) · σ

−αg(−k + κ) · σT

)
, (4.6.6)

Sµ =
(
σµ

−(σν)T

)
, (4.6.7)

χµν(q) = − T

2N
∑
n,k

tr[SµGso
k+q(εn)SνGso

k (εn)]. (4.6.8)

The bare spin susceptibility is the anisotropic tensor due to the broken spin rotational sym-
metry.

Let us focus on the first term in Eq. ( 4.6.5). We consider the continuum model with
ξk = k2

2m
− εF , g(k) = (kya0,−kxa0, 0), and the supercurrent κ = κx̂ (κa ≪ 1). We obtain

2U
3
T

N

∑
n,k

tr[SµGso
k (εn)] = Kδµyκ, (4.6.9)

to the lowest order of κ, where

K = −2U
3
T

N

∑
n,k

tr[SyG0
k(εn)

(
∂κxG0

k(εn)−1
)

G0
k(εn)], (4.6.10)

(4.6.11)

with G0
k(εn) = Gso

k (εn)|κ=0. K is the odd function of α, and the explicit form is given by

K = −4Uα3a5
0|∆|2

3

∫ d2k

(2π)2

k2
y

(ξ2
k + |∆|2)5/2 , (4.6.12)
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to the lowest order of α at low temperature T ≪ ∆. For the general direction of supercurrents,
we have Eq. ( 4.4.3).
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Chapter 5

Quantum effects on skyrmion texture

This chapter is going to present a future direction of this research. Thus far, we have discussed
the classical spin textures, such as a domain wall, a skyrmion, and a vortexlike order. Now
we are going to study quantum effects on spin textures, and show that they result in a new
quantum phase and critical phenomena. We believe that intertwined with superconductivity,
they will further give rise to versatile phenomena. We leave this for future work.

In this chapter, we study the quantum effects on magnetic skyrmions in the vicinity of
the skyrmion crystal to ferromagnet phase boundary in two-dimensional magnets. Conden-
sation of the skyrmions gives rise to an intermediate phase between the skyrmion crystal and
ferromagnet: a quantum liquid, in which skyrmions are not spatially localized. We show that
the critical behavior depends on the spin size S and the topological number of the skyrmion.

The organization of this chapter is as follows. In Sec. 5.1, we give the background and the
aim of this chapter. In Sec. 5.2, starting from a two-dimensional spin model on a lattice, we
derive the low energy effective action for single skyrmion excitations. We include the effect
of the underlying lattice, which cannot be neglected for small skyrmions. Then, from the
effective action, we calculate the energy dispersion of the low energy excitation. Section 5.3
presents the phase diagram and the critical phenomena in light of the skyrmion spectrum. In
Sec. 5.4, we give a summary and discussion. Section 5.5 provides the detail of the calculations
in this chapter.
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5.1 Introduction to this chapter
As we have already introduced in Sec. 1.3.2, a magnetic skyrmion is a localized spin tex-
ture characterized by an integer topological index called the skyrmion number [Eq. 1.3.5].
Skyrmions have been recently discovered[159, 65, 67] in chiral magnets and have attracted
broad interest due to the extraordinary properties.[193, 175, 194, 195, 196, 160] Typically
they appear in a periodic SkX phase, examples of which are being continuously discovered.
Some specific properties of the skyrmions, such as their size, vary from system to system.
For instance, the size of skyrmions in Fe0.5Co0.5Si thin films is ∼ 90 nm ,[67] while skyrmions
on Fe thin film deposited on the Ir surface are ∼ 1 nm.[197] In addition, possible realizations
of SkX phases in classical frustrated magnets have been studied theoretically [73, 74, 198];
their size is comparable to the lattice spacing.

In thin films of Fe0.5Co0.5Si, the SkX and adjacent phases have been observed by real-
space imaging in the presence of a magnetic field [67]. In the high field region just below the
phase boundary between the field-induced ferromagnetic (FM) phase and the SkX phase, a
small number of skyrmions are nucleated in the FM state. On reducing the field, the number
of skyrmions increases, and they eventually form a dense crystal. It is known that skyrmions
in thin films including this material remain stable in the wide range of temperature from the
order of ∼ 100K[69] to nearly zero temperature[67, 199].

In the work discussed above, a classical description of the spins is sufficient, and skyrmions
may simply be regarded as textures of quasi-static vector moments. Here, we pursue the
possibility of observing skyrmions in the quantum realm. Several basic theoretical questions
arise: What are the quantum states of a skyrmion? What is the corresponding spectrum, and
what are the quantum numbers associated with a skyrmion? Is a skyrmion a quasiparticle?
How do quantum effects change universal properties of skyrmion systems? Are there new
skyrmion phases besides the SkX one induced by quantum dynamics? Practically, we would
also like to understand observable consequences of quantum skyrmions, and when they should
be visible. Clearly, quantum effects are strongest when the spin quantum number S and the
skyrmion diameter Ls is small. One would like to understand their magnitude, and how it
scales with these parameters. We address these questions and provide some first answers in
this work.

First, we argue that a skyrmion indeed becomes a quasiparticle in the appropriate quan-
tum regime. This occurs close to the phase boundary between the FM and SkX phases, at
zero temperature. Here, for systems with large skyrmions such as Fe0.5Co0.5Si, the FM/SkX
transition is understood to be of the so-called “nucleation” type [200, 201]; it is not associated
with a small order parameter. This implies that a small deviation of the order parameter, like
a magnon, costs more energy than the excitation of a skyrmion, at least close to the phase
boundary of the FM state (Fig. 5.2.1). This allows, in a quantum description, the skyrmion
to become a stable quasiparticle. In this limit, we show that a skyrmion excitation has a
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non-trivial band structure, which depends on the spin S and the skyrmion number N . This
structure is the quantum descendent of the well-known Magnus force dynamics of classical
skyrmions. The skyrmion states can be probed by inelastic neutron scattering within the FM
phase. They are clearly distinct from magnons in possessing many bands (while a FM state
has a single magnon branch), with particle dispersion and spectral weight characteristic of
skyrmions.

Next, we consider how quantum dynamics modifies the classical nucleation transition.
The nucleation scenario works well if skyrmions are fully classical, in other words, the size of
a skyrmion is much larger than the lattice spacing of the underlying lattice. However, the fate
of this transition is nontrivial when the skyrmion develops a quantum nature, which can be
prominent for small skyrmions, especially when the density is low enough so that they do not
form a classical crystal. We find that skyrmions can undergo a variant of Bose condensation
to form a quantum liquid phase between the FM and SkX phases. We also show that this
phase is connected to the FM phase via a phase transition or a crossover depending on the
parity of 2SN .

5.2 Single particle excitation in the saturated phase
In this section, we study a single particle excitation of a skyrmion in a quantum regime.

5.2.1 Effective Action
We first introduce the effective action for a single skyrmion excitation that includes the effects
of the underlying crystal lattice.

We start with the quantum counterpart of an effective Hamiltonian for two dimensional
chiral magnets.

Ĥ = − J
∑
⟨i,j⟩

Ŝi · Ŝj +D
∑

i

∑
µ=x,y

eµ ·
(
Ŝi × Ŝi+eµ

)
−B

∑
i

Ŝz
i −K

∑
i

(Ŝz
i )2. (5.2.1)

Here, Ŝ is the spin operator for spin size S, the first term is the ferromagnetic (J > 0)
exchange coupling between the nearest neighbor spins, taken for simplicity on a square lattice,
and the second term is the Dyaloshinskii-Moriya coupling. B is the external magnetic field
perpendicular to the plane, and the last term is an uniaxial anisotropy.

In this work, we focus on the vicinity of the phase boundary between the FM and SkX
phase. While a skyrmion has a large energy under a very high field as ∼ BS(Ls/a)2, with
the size of a skyrmion Ls and the lattice spacing a, it has the lower energy than a magnon
close to the phase boundary of the SkX phase (Fig. 5.2.1). We thus only consider a skyrmion
excitation as the low energy excitation.

71



B

skyrmion
magnon

ex
cit

ati
on

 en
er

gy

B* magnetic field

Figure 5.1: Schematic field dependence of the excitation energy. Ls is the characteristic
length of skyrmions, and a is the lattice spacing. Our low energy effective theory focuses on
the colored region, where a skyrmion is the lowest excitation.

To obtain the effective action for single skyrmion, we use the path integral formal-
ism. At each site labeled by i, the state |ni⟩ is parametrized by a unit vector ni =
(sin θi cosϕi, sin θi sinϕi, cos θi) to give ⟨ni|Ŝi|ni⟩ = Sni. The whole system is represented
by a product state of all the sites: |Ψ(τ)⟩ = ⊗i|ni(τ)⟩. The distribution function and the
action are given by,

Z =
∫ ∏

i

Dni(τ) exp(−S[{ni}]), (5.2.2)

S({ni}) = iS
∫
dτ
∑

i

ṅi · A(ni) +
∫
dτH({ni}). (5.2.3)

The first term in the action is the Berry phase term, where the explicit form of A(ni) depends
on the gauge choice, e.g. ṅi · A(ni) = ϕ̇i(1 − cos θi) for a certain gauge. The second term is
H({ni}) = ⟨Ψ(τ)|Ĥ|Ψ(τ)⟩.

To study the skyrmion excitations, we consider a single skyrmion configuration of ni :
ni = nsk(ri − R(τ)). nsk(r) is the unique continuous O(3) vector field with a skyrmion
centered at the origin that minimizes the classical energy in the continuum limit. While
it cannot be obtained explicitly, nsk(r) is fully specified in this way and we can use it
successfully. R(τ) = (X(τ), Y (τ)) is the position of the skyrmion.

The resulting effective action for single skyrmion is given by

Seff(R) =
∫
dτ
[2πiSN

a2 (Y Ẋ −XẎ ) + g
(

cos
(2πX

a

)
+ cos

(2πY
a

))]
, (5.2.4)
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where Ẋ (Ẏ ) is the imaginary time derivative of X (Y ), g is the magnitude of the periodic
potential that arises from the underlying lattice, and N is the skyrmion number defined by

N = 1
4π

∫
d2r nsk(r) · [∂xnsk(r) × ∂ynsk(r)]. (5.2.5)

The time derivative term arises from the Berry phase term, and has been derived by many
authors.[161, 162, 163] It makes X and Y canonically conjugate, and yields the Magnus force
in the classical motion of a skyrmion.

We obtain the periodic potential by considering the leading corrections to the continuum
limit beginning with the lattice model. Under some assumptions, the magnitude is

g ∼ 2C
π
εL2

s exp
(

−CL
2
s

a2

)
, (5.2.6)

where ε (∼ JS2/a2) is the “energy density” of a skyrmion in the continuous limit, and
C ∼ O(1) is a dimensionless constant.

5.2.2 Energy spectrum
From the effective action in Eq. ( 5.2.4), we obtain the effective Hamiltonian of skyrmion via
canonical quantization:

Ĥeff = g

(
cos

(
2πX̂
a

)
+ cos

(
2πŶ
a

))
, (5.2.7)

[X̂, Ŷ ] = ia2

4πSN
≡ ia2

2πp
, (5.2.8)

where 2SNsk ≡ p ∈ Z. The two position operators of skyrmion, X and Y , become commu-
tative in the classical limit, S → ∞, or in the large skyrmion limit, a/Ls → 0.

To calculate the eigenstate, we first introduce the translation operators T1 ≡ e−2πiŶ /a and
T2 ≡ e2πiX̂/a. These operators shift the position of a skyrmion by

T †
1 X̂T1 = X̂ + a

p
, (5.2.9)

T †
2 Ŷ T2 = Ŷ + a

p
, (5.2.10)

due to the commutation relation in Eq. ( 5.2.8). These operators are non-commutative,
T1T2 = exp (−2πi/p)T2T1, but T1 commutes with T p

2 (translation over the lattice spacing)
and vice versa. In particular this implies further that T p

1 and T p
2 commute, which is a

mathematical expression of the fact that the effective flux per unit cell is an integer multiple
(p) of the flux quantum. Using these operators, the Hamiltonian is given by

Ĥeff = g

2
(T1 + T2) + h.c.. (5.2.11)
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To calculate the energy eigenstates, it is convenient to use a basis given by simultaneous
eigenstates of T p

1 and T2,

T p
1 |kx, ky⟩ = eikxa|kx, ky⟩, (5.2.12)
T2|kx, ky⟩ = eikya/p|kx, ky⟩, (5.2.13)

with |kx| ≤ π/a and |ky| ≤ |p|π/a. We choose a boundary condition such that the operation
of T1 on |kx, ky⟩ yields

T1|kx, ky⟩ = eikxa/p|kx, ky + 2π/a⟩, (5.2.14)

which implies that |kx, ky + 2πp/a⟩ = |kx, ky⟩. We also define |kx + 2π/a, ky⟩ = |kx, ky⟩.
In this basis, the Hamiltonian is

Ĥeff = g
∑

kx,ky

cos
(
kya

p

)
|kx, ky⟩⟨kx, ky| + g

2
∑

kx,ky

(
eikxa/p|kx, ky + 2π/a⟩⟨kx, ky| + h.c.

)
,

(5.2.15)

which is the same form as Harper’s equation. [202] There are |p| = 2S|N | split bands, and
the eigenstates are given by

|ψαk⟩ =
p−1∑
ℓ=0

cα,k(ℓ)|kx, ky + 2πℓ/a⟩, (5.2.16)

where α = 0, · · · , |p| − 1 is the band index, and their eigenenergies are E0,k ≤ · · · ≤ E|p|−1,k.
The crystal momentum is restricted to {|kx| ≤ π/a, |ky| ≤ π/a}. Note that these states
are the eigenstates of the lattice translation operators: T p

1 |ψαk⟩ = eikxa|ψαk⟩ and T p
2 |ψαk⟩ =

eikya|ψαk⟩.
The eigenenergies of Harper’s equation are well studied.[203] In Fig. 5.2, we show the en-

ergy spectrum of the Hamiltonian (Eq. ( 5.2.15)). Fig. 5.3 shows the lowest band dispersion,
which has a single minimum at kmin = (0, 0) [kmin = (±π,±π)] when p = 2SN is even (odd).
The value of kmin alters the critical behavior, which will be discussed in the next subsection.

5.2.3 Experimental signature
In this section, we discuss how single skyrmion excitations can be observed in the FM state.
We first introduce an approximated wave function for a single skyrmion excitation:

b†
k|FM⟩ ∼ 1

N

∑
s

e−ik·Rsψ†
Rs

|FM⟩, (5.2.17)
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Figure 5.2: Energy spectrum of a single skyrmion excitation for (a) |p| ≡ 2S|N | = 3, (b)
|p| = 4, (c) |p| = 5, and (d) |p| = 6. The vertical axis represents energy in the unit of g, and
the energy is measured from the energy in the continuum limit. Eigenenergies for different
ky are plotted.

where Rs = (a/2, a/2) + (sxa, sya) with sx, sy ∈ Z, |FM⟩ denotes a FM state, bk is the
operator for a skyrmion excitation, and

ψ†
Rs

|FM⟩ = ⊗i|nsk(ri − Rs)⟩, (5.2.18)

is a state with a skyrmion excited at Rs.
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Figure 5.3: Band dispersion of the lowest bands for (a) p is odd ( |p| = 5) and (b) p is even
( |p| = 6).

Recall that a spin coherent state at each site can be represented by

|ni⟩ = eiSzϕeiSyθeiSzχ|S, S⟩, (5.2.19)

=
(

cos θi

2

)2S 2S∑
m=0

1
m!

(
tan θi

2

)m

eimϕi(Ŝ−
i )m|S, S⟩, (5.2.20)

where we have chosen the gauge as χ = −ϕ, ni = (sin θi cosϕi, sin θi sinϕi, cos θi) and |S, S⟩
is the maximally polarized state of a single spin. The skyrmion configuration ni = nsk(ri −
Rs ≡ δri) can be simply represented with a polar coordinate δr = (δri,Θi) centered at Rs

(Fig. 5.4):

θi = θ(δri), (5.2.21)
ϕi = Θi + α, (5.2.22)

where θ(0) = π and θ(δr ≫ Ls) ∼ 0. Here we consider a configuration stabilized by the DM
interaction, i.e. N = −1 with the fixed “helicity” α.

As is clear from Eq. ( 5.2.20), a skyrmion state is a superposition of states with different
numbers, mtot of bound magnons: mtot ≡ ∑

i(S − Sz
i ), which includes a state with mtot = 1.

This state can be captured by inelastic neutron scattering measurements, which measures
the dynamical spin correlation

Im χ+−(κ, ω) = Im
[
i
∫ ∞

0
dteiωt⟨Ŝ+

κ (t)Ŝ−
−κ(0)⟩

]
. (5.2.23)

Let us estimate the magnitude of the signal of a single skyrmion excitation:

Im χ+−(κ, ω) ∼ π
∑

k

|⟨FM|bkŜ
−
−κ|FM⟩|2δ(ω − ξk). (5.2.24)
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Figure 5.4: Polar coordinate for a skrymion configuration. Rs is the center of the skyrmion.

Using the explicit configuration ni in Eqs. ( 5.2.21) and ( 5.2.22), we obtain

|⟨FM|bkŜ
−
−κ|FM⟩| = S

N

∏
j∈A

cos θ(δrj)
2

2S ∣∣∣∣∣∑
i∈A

tan θ(δri)
2

ei(Qδri cos Θi−Θi)
∣∣∣∣∣ δκ,k, (5.2.25)

where A is the region such that θ(δri∈A) , 0; the region where a skyrmion spreads over. The
number of sites in A is ∼ (Ls/a)2.

For L−1
s ≪ Q ≪ a−1, we can further estimate Eq. ( 5.2.25) with a continuous approxima-

tion

Im χ+−(κ, ω) ∼ 1
a2Q2 exp

(
−(ln 2)S(Ls/a)2

)
δ(ω − ξκ), (5.2.26)

where ξQ is the excitation energy of a skyrmion defined in the last section. Although the in-
tensity remains weak, it should be distinct from the signal of a magnon; skyrmion excitations
have multiple bands, and the dispersion is much smaller.

5.3 Many body phase diagram
In this section, we study the phase diagram in the presence of interactions between skyrmions
(Fig. 5.5). Focusing on the lowest energy band, we consider a many body action: S = S0 +S ′

with

S0 =
∫
dτ

∑
k

b̄k(∂τ + ξk)bk +
∑

k,k′,q

Uk,k′,q b̄k+q b̄k′−qbk′bk

 . (5.3.1)

bk = bk(τ) and b̄k = b∗
k = b̄k(τ) are canonical Bose operators that annihilate and create the

skyrmion excitations obtained in the last section.

ξk = E0,k + E0 − EFM (5.3.2)
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is the single particle energy of skyrmions measured from the FM energy, where E0 is the en-
ergy of a single skyrmion in the continuum limit, and EF M is the energy of a FM state. The
last term is a short range repulsive interaction, which eventually leads to the crystallization
of skyrmions. S ′ represents the terms that do not conserve the number of skyrmions, which
are allowed due to the DM interaction; it breaks the U(1) spin rotation symmetry about the
applied field, and hence violates conservation of Sz. Thus although a skyrmion possesses
flipped spins in its core, its spin is not a good quantum number and cannot microscopically
protect skyrmion number. The processes that changes the skyrmion number may be consid-
ered as tunneling events which can occur due to lattice scale physics [204]. In a high field
with E0 ≫ EF M , the density of skrymions is suppressed

⟨nk⟩ ≡ ⟨b̄kbk⟩ ∼ 0. (5.3.3)

In a lower field with ξkmin ∼ 0, the density of skyrmions increases, with the first skyrmions
entering being those with k = kmin:

⟨nkmin⟩ ≫ 1. (5.3.4)

The resulting quantum state is a quantum liquid of skyrmions, where skyrmions “condense”
at k = kmin, and they are not spatially localized. We note that this condensation differs from
ideal Bose Einstein condensation since the action does not conserve skyrmion number.

To clarify the nature of the condensation, we focus on the states around the minimum
of ξk, and define a new field b(r, τ) ∼ η(r, τ)eikmin·r, where b(r, τ) is the inverse Fourier
transform of bk(τ), and η(r) has small space time gradients. Then we obtain

S ∼
∫
dτd2r

[
η̄∂τη + r|η|2 + c0|∇η|2 + c1|η|4

]
+ S ′, (5.3.5)

where r = ξkmin , c0 = 1
2∂

2
kµ
ξkmin , and c1 is a constant given by the interaction.

For odd p = 2SN , there is a continuous phase transition. Since the energy minimum
is at kmin = (π, π), the odd order terms of η, η̄ are forbidden in S ′ by translational symme-
try/momentum conservation:

S ′ ∼
∫
dτd2r

[
f (2)ηη + (f (4a)ηηηη + · · · ) + c.c.

]
. (5.3.6)

To obtain the critical theory, we define η(r, τ) = φR(r, τ) + iφI(r, τ). Up to quadratic order,
the total action is given by

S ∼
∫
dτd2r

[
−2φI(i∂τ + F1)φR + φR(r + F0 − c0∂

2
µ)φR

+φI(r − F0 − c0∂
2
µ)φI

]
. (5.3.7)

We have defined F1 = 2Imf (2) and F0 = 2Ref (2)(> 0), whose sign can be arbirarily chosen
by redefining η. In the critical region where the single particle energy gap of φI becomes
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small (r − F0 ∼ 0), we can integrate out φR, which has the energy gap ∼ 2F0. Then, the
critical behavior is described by the following action:

S ∼
∫
dτd2r

(1
2
(
(∂τφI)2 + r′φ2

I + v(∂µφI)2
)

+ u

4!
φ4

I

)
, (5.3.8)

where v, u and r′ = (r + F0)(r − F0) − F 2
1 are constants, and φI is redefined to absorb some

constants. This is the standard φ4 action describing to the Ising phase transition, e.g. in
the three-dimensional ferromagnetic classical Ising model. The zero temperature transition in
2+1 space-time dimensions has quantum critical behavior in this universality class. The phase
transition is described by the order parameter ⟨φI⟩ that breaks the symmetry φI → −φI .
Thus, the condensation of skyrmions is accompanied by the phase transition at B∗ with the
critical behavior given by Eq. ( 5.3.8).

On the other hand, for even p, the energy minimum is at kmin = (0, 0), and we have

S ′ ∼
∫
dτd2r

[
f (1)η + f (2)ηη + · · · + c.c.

]
. (5.3.9)

The first order terms, f (1)η + f (1)∗η̄ give rise to −hφI in the final action (Eq. ( 5.3.8))
with a constant h. It results in a crossover, which is the same as the Ising model under a
magnetic field. In this case, there is no true quantum phase transition corresponding to the
condensation of skyrmions. Instead, some virtual skyrmions are present in the ground state
at all fields, even above the näıve condensation point. A level crossing of the physical excited
state consisting of a real (not virtual) skyrmion with the ground state cannot occur due to
level repulsion, which explains the absence of a condensation phase transition. However, at
lower fields, a transition to a SkX state still occurs.

Next we discuss this phase transition from the quantum liquid state to the SkX phase,
which occurs at the even lower field (B = Bc). Let us define the typical magnitude of
the two-body repulsive interaction Ū(n), which depends on the distance between skyrmions
∼ n−1/2. The band width W of the skyrmion excitation is bounded by g, where g is estimated
in Eq. ( 5.5.6). For W ≫ Ū(n), the kinetic energy is dominant, so that the skyrmions
have itinerant properties (quantum liquid). When the density becomes large enough such
that W ≪ Ū(n), the repulsive interaction becomes dominant, and skyrmions form a density
wave, i.e. a SkX, to minimize the interaction. The density-density correlation has the Fourier
expansion

⟨n(r)n(0)⟩ = const. + Re
∑

i

Aie
iκi·r + · · · , (5.3.10)

where n(r) is the local density for skyrmions, and κi are incommensurate wave vectors
determined by the structure of the interaction. The amplitudes Ai are order parameters
for the SkX phase, which breaks lattice translational invariance. The critical field Bc is
determined by the critical density nc that satisfies Ū(nc) ∼ W . Thus, for smaller bandwidth,
the region of the quantum liquid phase becomes narrower.
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Figure 5.5: Schematic phase diagrams at zero temperature for (a) classical spins[201],
(b) quantum spins with even 2SN , and (c) odd 2SN . S is the spin size and N is the
skyrmion number of a single skyrmion. In (a), Skyrmions (Sk) are nucleated in the field
induced ferromagnetic (FM) background below the critical magnetic field. In (b) and (c),
the quantum liquid phase of skyrmions appears. It is connected to the FM phase via the
continuous phase transition for (b) or the crossover for (c).

5.4 Summary and discussions
In this chapter, we have studied the quantum description of magnetic skyrmions in a two-
dimensional chiral magnet. Such quantum mechanical properties may appear for small
skyrmions, especially in the region close to a SkX phase. We have shown that a quantum
liquid phase can appear as an intermediate phase.

A basic result is that the well-known classical Magnus force dynamics of skyrmions,[161,
162, 163] extends to the quantum level and dominates the band structure of skyrmion states,
making them quantitatively very different from the usual magnon band(s) of a ferromagnet.
While this is not surprising from a semi-classical point of view, it may raise flags for a many-
body quantum physicist. The skyrmion is a local excitation (i.e. it does not affect spins
far from its core) of a ferromagnetic state, which has only short-range entanglement: it is
essentially a product state of up spins. The microscopic spin Hamiltonian for a chiral magnet
is local and the spins are neutral and do not transform under any gauge symmetry. In general,
we expect that a short-range entangled state of such a Hamiltonian would possess only
neutral quasiparticles which could not experience any orbital magnetic fields (i.e. they do not
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couple to any gauge fields). More formally, a charged particle in a magnetic field transforms
under translations differently from a neutral particle. The latter transforms under simple
coordinate transformations only, while for the former particle, a coordinate transformation
must be accompanied by a gauge transformation as the vector potential is not translationally
invariant: such transformations are known as magnetic translations. It would be exceedingly
strange (we believe impossible) for a skyrmion in a ferromagnet to truly exhibit such a gauge
structure. In our calculations here we found a resolution to this dilemma. Specifically, taking
into account even weak lattice effects, which are necessary for a finite quantum theory, the
effective number of flux quanta per unit cell is found to be integer. Under this condition
magnetic and ordinary translations coincide. Consequently, the bands of skyrmion states are
not qualitatively distinct from those of magnons, although we find that quantitatively they
are very different and should be easily differentiated in experiment.

In our study, we have not included a mass term ∼ (Ẋ2 + Ẏ 2) in the effective action.
Microscopically it can arise from coupling to some gapped modes, such as the deformation
of a skyrmion. [83] The mass term makes skyrmions form the Landau bands, which are flat
without periodic potentials. Therefore the interaction between skyrmions immediately force
them to form a crystal; this is consistent with the classical models. However, once the cosine
potential is considered, it recovers the subbands structure with dispersion. [205, 206] From
this point of view, our study corresponds to projection onto the lowest landau level.

Regarding experiments, hexagonal Fe film on Ir (111) surface [197] and thin films of
Fe0.5Co0.5Si and MnSi grown along ⟨111⟩ direction have lattice structures effectively modeled
by triangular lattices. We, however, note that the triangular lattice also gives qualitatively
same results; the band splits into |p| = 2S|N | subbands, and a crossover to the quantum
phase for even p, and a quantum phase transition for odd p.

Finally, we comment on skyrmions in frustrated spin systems. Theoretically it has been
shown that SkX phases appear on a triangular lattice with frustrated interactions, which
preserves spin U(1) symmetry along the field[73, 74, 198]. We showed that the quantum
states of skyrmions in chiral magnets have crystal momentum as a good quantum number
(Eq. ( 5.2.16)). On the other hand, skyrmions in frustrated magnets are have additional
quantum numbers: the number of bound magnons mtot and the discrete angular momentum
related to the helicity of a skyrmion. The magnon number mtot is related to the size of a
classical configuration of a skyrmion. It would be interesting to investigate the quantum
phase and critical theory for such skyrmions. We leave the detailed discussion for future
work.

5.5 Details
In this section, we present the derivation and more detailed discussion on this chapter.
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5.5.1 Derivation of Eq. ( 5.2.4)
We first show that the periodic potential in the effective action (Eq. ( 5.2.4)) is obtained
from H({ni}) in the original action (Eq. ( 5.2.3)). Let us define the “energy density” h(r)
as

H({ni}) ≡ a2∑
i

h (ri − R) , (5.5.1)

h(r − R) = JS2

a2 − JS2

2
∂µn · ∂µn + DS2

a

∑
µ=x,y

êµ · (n × ∂µn)

− BS

a2 n
z −

KS
(
S − 1

2

)
a2 (nz)2 + O

(
Ja2

L4
s

)
, (5.5.2)

where ri = (ixa, iya) denotes the position of a site i, and n abbreviates nsk(r − R).
We consider skyrmions whose energy density h(r) has the maximum at the center r = 0,

the center of the skyrmion. The characteristic length of h(r) is given by the skyrmion con-
figuration as Ls(≫ a). We then expand the discrete summation with the Poisson summation
formula ∑i δ

(2)(r − ri) = a−2∑
lx,ly e

− 2πi
a

l·r as

H({ni}) ∼
∫
d2rh(r − R) + 2

∫
dr
(

cos
(2πx

a

)
+ cos

(2πy
a

))
h(r − R), (5.5.3)

∼ E0 + g
(

cos
(2πX

a

)
+ cos

(2πY
a

))
, (5.5.4)

E0 is the energy in the continuous limit, which is constant for R. The second term in
Eq. ( 5.5.3) gives the periodic potential for R with the coefficient

g ∼8π h(0)2

|∂2
µh(0)|

exp
(

− 4π2h(0)
a2|∂2

µh(0)|

)
, (5.5.5)

= 2C
π
L2

sh(0) exp
(

−CL
2
s

a2

)
. (5.5.6)

Here we have assumed h(r) has rotational symmetry, and expanded h(r) = exp(log h(r)) ∼
h(0) exp

(
1

2h(0)(x
2∂2

xh(0) + y2∂2
yh(0))

)
. We define a dimensionless constant

C ≡ 4π2h(0)/(L2
s|∂2

µh(0)|) ∼ O(1) (5.5.7)

. The higher harmonics, which are dropped in Eq. ( 5.5.3), gives different periodic potentials,
but their strength is higher order of exp (−CL2

s/a
2). In Eq. ( 5.5.6), we denote h(0) by ε.

Next we discuss the Berry phase terms. As in Eq. ( 5.5.3), we can expand the discrete
summation over sites. To the lowest order, we obtain

82



iS
∫
dτ
∑

i

ṅi · A(ni) ∼ iS

a2

∫
dτ
∫
drṅ · A(n), (5.5.8)

= 2πiSN
a2

∫
dτ(Y Ẋ −XẎ ), (5.5.9)

up to the surface terms in the time integral [161]. The rest of the terms in the harmonic
expansion are smaller than Eq. ( 5.5.4) because of the time derivative, and thus we take only
the lowest order, i.e. the continuous limit.

5.5.2 Derivation of Eq. ( 5.3.8)
We show the derivation of the effective action in the critical region for even 2SN and odd
2SN . We consider the action up to quadratic order

S ∼
∫
dτdr

[
η̄∂τη + r|η|2 + c0|∇η|2 + f (1)η + f (1)∗η̄ + f (2)ηη + f (2)∗η̄ η̄

]
, (5.5.10)

Note that f (1) = 0 for odd 2SN . We now define D0 = 2Ref (1) and D1 = 2Imf (1), F0 =
2Ref (2) > 0, F1 = 2Imf (2), and η(r, τ) = φR(r, τ) + iφI(r, τ), and obtain

S =
∫
dτdr

[
−2iφI∂τφR + φR(r − c0∂

2
µ + F0)φR

+φI(r − c0∂
2
µ − F0)φI − 2F1φRφI +D0φR −D1φI

]
. (5.5.11)

For r ∼ F0, we integrate out φR, and obtain

S =
∫
drdτ

(1
2
(
(∂τφI)2 + r′φ2

I + v(∂µφI)2
)

− hφI + u

4!
φ4

I

)
, (5.5.12)

where we redefine φ →
√

2
r+F0

φI , and

r′ = (r + F0)(r − F0) − F 2
1 , (5.5.13)

v = c0

(
r + F0 + F 2

1
r + F0

)
, (5.5.14)

h =
√
r + F0

2

(
D1 − F1D0

r + F0

)
. (5.5.15)

We have recovered the interaction term in Eq. ( 5.5.12). For odd 2SN , we note that h = 0.
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Chapter 6

Conclusion

In this thesis, we have studied physics emerged from the interplay between superconductivity
and spin textures. Motivated by spintronics applications and considerable interest in topo-
logical phenomena, we have proposed spin-torques, control of magnetization, and topological
states intertwined with superconductivity.

In Chap. 2, we have microscopically derived the spin-transfer torque induced by triplet
supercurrents. Spin-triplet correlations change the properties of the spin-transfer torques
from one in conventional systems, which is demonstrated in domainwall manipulation. With
a triplet supercurrent, oscillatory motion of a domain wall can be avoided, and the threshold
current density to drive its motion becomes zero in the absence of extrinsic pinning potentials.
Our results found that a triplet correlation qualitatively changes the spin-transfer process,
and efficient manipulation of a magnetic domain wall can be realized.

In Chap. 3, we have studied a spin torque induced by a singlet supercurrent in a cubic
chiral magnet with a proximity-induced s-wave superconductivity. With the numerical and
analytical calculation, we have derived the spin torque induced by a supercurrent. We have
shown how it acts on magnetic skyrmions. Furthermore, we have also pointed out the exis-
tence of a pair of Weyl points in the BdG spectrum. The positions of the Weyl points are
determined by the magnetization, and the resulting effective electromagnetic field may give
rise to novel phenomena in spintronics. The tilt of the cones can also be changed by the
magnitude of the spin-orbit coupling, and type-II Weyl points can be realized. We believe
that the nontrivial band topology of Bogoliubov quasiparticles provides a new perspective in
superconducting spintronics.

In Chap. 4, we have proposed a way to induce and control noncollinear spin textures
by utilizing a supercurrent, in a correlated metal in proximity to a singlet superconductor.
We showed that the proximity effect of supercurrents can lead to phase transitions from
a paramagnetic state to noncollinear magnetic phases. Furthermore, we demonstrate that
different types of noncollinear magnetic orders, such as helical and vortexlike orders, can be
switched by the direction of the supercurrent. Our results open up the possibilities to use
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superconducting correlations as a “harness” for spin textures.
In Chap. 5, we have studied the quantum description of magnetic skyrmions in a two-

dimensional chiral magnet. Such quantum mechanical properties may appear for small
skyrmions. We have shown that condensation of the skyrmions can give rise to an inter-
mediate phase between the skyrmion crystal and ferromagnet: a quantum liquid, in which
skyrmions are not spatially localized. We also found that the critical behavior depends on
the spin size S and the topological number of the skyrmion. We believe that, combined with
superconductivity, these effects will further give rise to versatile phenomena.
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