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Abstra
t

The Standard Model (SM) is 
ompleted by the dis
overy of the Higgs parti
le and the mea-

surement of its mass. The SM has a
hieved great su

esses for explaining many experimental

results, e.g., non-zero gauge boson masses, suppression of 
avor 
hanging neutral 
urrents, and

CP-violating pro
esses. However, there are some puzzles whi
h are not explained in the SM as

follows: The origin of the generation, the 
hiral stru
ture, the mass hierar
hy of the matters, the

gauge stru
ture, and the gravitational intera
tion. In this thesis, we fo
us on former four puzzles

and investigate models whi
h 
an solve them.

One of the attra
tive ideas for su
h model-building is higher-dimensional �eld theory where

the dimension of the spa
e-time is more than four. We obtain four-dimensional (4D) e�e
tive

�eld theory by performing dimensional redu
tion. The advantages of this s
enario are the follows:

First, the 4D s
alar �eld arises from higher-dimensional ve
tor �eld. Se
ond, hierar
hi
al Yukawa


ouplings may be obtained by overlap integrals of extra-dimensional wavefun
tions.

In addition to higher-dimensional theory, toroidal 
ompa
ti�
ation with 
onstant magneti
 
ux

is useful for solving some of the puzzles whi
h are mentioned in the above. On this ba
kground,

we 
an solve the zero-mode equation of Kaluza{Klein modes analyti
ally. This analyti
ity helps

us to perform overlap integrals and to 
ompute the Yukawa 
ouplings in the e�e
tive theory.

Furthermore, we obtain the solution whi
h is 
hiral and degenerate. Thanks to these properties of

the solution, three generations of 
hiral fermions 
an be realized in the e�e
tive theory.

We also 
onsider the twisted orbifolding. This is useful for realizing a
tual 
avor stru
ture as

well as for proje
ting out exoti
 parti
les. We analyze the system on magnetized twisted orbifold

T

2

=Z

N

(N = 2; 3; 4; 6) by using the operator formalism and investigate the number of independent

zero-modes on the orbifold for ea
h Z

N

eigenvalues.

Based on these aspe
ts, we propose the ten-dimensional (10D) super Yang{Mills (SYM) theory

on magnetized twisted orbifolds as a framework for solving the puzzles in the SM. 10D SYM is

a well-motivated higher-dimensional theory sin
e this appears as low-energy limit of some types

of superstring theories.Ginger It! By using the results obtained by the above investigation, we


lassify all the possible 
on�gurations of the parameters whi
h realize three generations of 
hiral

fermions in 4D e�e
tive theory. This 
lassi�
ation is a �rst step for building realisti
 models with

three generations, 
hiral fermions, and hierar
hi
al Yukawa 
ouplings.
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Chapter 1

Introdu
tion

The Standard Model (SM) of parti
le physi
s [1{8℄ is 
ompleted by the dis
overy of the Higgs

parti
le and the measurement of its mass at the Large Hadron Collider [9, 10℄. The SM has

reprodu
ed many experimental results with high a

ura
y as follows:

� Gauge boson masses [2℄:

Non-zero gauge boson masses in the SM are explained by the Higgs me
hanism.

� g-fa
tor of the ele
tron:

Perturbative 
al
ulation in the SM reprodu
es its experimental value with the amazing a
-


ura
y of O(10

�12

).

� Suppression of 
avor 
hanging neutral 
urrents [5℄:

Flavor 
hanging neutral 
urrents are suppressed at tree-level.

� Anomaly 
an
ellation [6℄:

Anomalies arising from 
hiral fermions is 
an
eled among the quarks and the leptons.

� CP-violation [7℄:

CP-violating pro
esses su
h as K

L

! �

+

�

�

are explained.

While the SM has a
hieved these great su

esses, there are following puzzles whi
h are not explained

in the SM:

� Why do three generations of the matters exist?

� Why do the left-handed and the right-handed matters intera
t di�erently?

� Why do the masses of the matters di�er greatly among the generations?

� Why is the gauge group SU(3)

C

� SU(2)

L

� U(1)

Y


hosen?

� Why is not the gravitational intera
tion in
luded in the SM?

Solving these puzzles is an important problem of parti
le physi
s. In this thesis, we fo
us on matter

and Higgs se
tors of the SM, and propose a desirable framework for solving former four puzzles.

The virtue of this framework is that this 
an be obtained as the low-energy limit of the superstring

1



2 CHAPTER 1. INTRODUCTION

theories and solves the above puzzles by simple and 
al
ulable ways. We will explain this in the

below.

OOne of attra
tive ideas for solving the puzzles is higher-dimensional �eld theory, whi
h is the

�eld theory de�ned on spa
e-time whose dimension is more than four. Histori
ally, higherdimen-

sional �eld theory was proposed by T. Kaluza [11℄ and O. Klein [12℄for unifying the gravitational

and the ele
tromagneti
 intera
tions. A. Einstein also has investigated higher-dimensional �eld

theory in same dire
tion [13, 14℄. Nowadays the superstring theories are also a kind of higherdi-

mensional �eld theory where the spa
e-time has ten dimensions. These are almost the only known


andidates whi
h 
an des
ribe the gravitational intera
tion 
onsistently at quantum level. In

(4+ d)-dimensional �eld theory (d is a positive integer), we obtain four-dimensional (4D) e�e
tive

�eld theory through dimensional redu
tion. That is, 4D e�e
tive Lagrangian L

4D e�e
tive

is obtained

by integrating (4 + d)-dimensional Lagrangian L

4+d

over extra dimensions,

L

4D e�e
tive

=

Z

d

d

y L

4+d

;

where y is the 
oordinates of d-dimensional 
ompa
t spa
e. Higher-dimensional �eld theory has

the following desirable features:

� The �rst feature is that in�nite number of �elds 
alled Kaluza{Klein (KK) modes appear

in e�e
tive theory. Every higher-dimensional �eld generates su
h KK modes by the 
om-

pa
ti�
ation of extra dimensions. It is noted that the mode fun
tion (whi
h is obtained by

solving the equation of motion on the extra dimensions) and the mass of the KK modes

depend on the 
ompa
ti�
ation. For example, in �ve-dimensional �eld theory, whi
h is the

simplest higher-dimensional �eld theory, the mode fun
tion for 
ir
le 
ompa
ti�
ation (with

periodi
 boundary 
ondition) is in the form of e

in�

where n (2 Z) is the mode index and

� (0 � � � 2�) is the 
oordinate of the �fth dimension, while the mode fun
tion for line

segment 
ompa
ti�
ation (with Diri
hlet boundary 
ondition) is in the form of sin(2�n

0

y=L)

where n

0

(2 N) is the mode index, L is the length of the �fth dimension, and y (0 � y � L)

is the 
oordinate of the �fth dimension.

� The se
ond feature is that the extra-dimensional 
omponents of ve
tor �elds behave as s
alars

in 4D. For example, in 5D �eld theory, the �fth dimensional 
omponent of the ve
tor �eld,

A

5

, be
omes a s
alar �eld in 4D, while A

�

(� = 0; 1; 2; 3) behaves as a 4D ve
tor �eld.

The gauge-Higgs uni�
ation [15, 16℄ is a s
enario based on this feature, where the extra-

dimensional 
omponents of the gauge �eld are identi�ed with the Higgs �eld. The advantage

of this s
enario is that the quadrati
 divergen
e of quantum 
orre
tion to the Higgs mass is


ontrolled by the higher-dimensional gauge symmetry [17, 18℄.

� The third feature is that 4D e�e
tive 
oupling 
onstants are expressed as overlap integrals of

mode fun
tions. This feature is very helpful for solving the puzzle of the mass hierar
hy of

the matters as follows: 4D e�e
tive Yukawa 
ouplings arise from higher-dimensional gauge

vertex 	�

m

A

m

	 (m = 5; 6; � � � ; 4+d), where 	 is a fermion �eld, A

m

are extra-dimensional


omponents of the gauge �eld, and �

m

are gamma matri
es. Therefore, e�e
tive Yukawa


ouplings be
ome hierar
hi
al if the mode fun
tions of 	 and A

m

have quasi-lo
alized pro�le.
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On the other hand, how the extra dimensions are 
ompa
ti�ed is essential for realizing 
hiral

fermions in 4D e�e
tive �eld theory. For example, toroidal 
ompa
ti�
ation in 6D �eld theory

leads to non-
hiral 4D e�e
tive theory. On the other hand, point intera
tion on S

1

in 5D �eld

theory 
an realize 
hiral fermions [19{21℄. Thus, it is phenomenologi
ally important to �nd the


ompa
ti�
ation whi
h leads to 
hiral fermions in 4D e�e
tive theory as required in the SM.

Toroidal 
ompa
ti�
ation with 
onstant magneti
 
ux is a pres
ription for deriving 
hiral 4D

e�e
tive theory [22{26℄. It is well known that the non-trivial gauge ba
kground, su
h as 
on-

stant magneti
 
ux, in higher-dimensional �eld theory leads to 
hiral fermions in 4D e�e
tive

theory [27{29℄. In this thesis, we 
onsider 2-torus with homogeneous magneti
 �eld for extradimen-

sional geometry. In order to de�ne the theory on this geometry, we should determine appropriate

boundary 
onditions of �elds for the dis
rete translation along two basis of the torus, whi
h we


all \torus-shift" operation. The single-valuedness of �elds on the torus leads to the quantization

of the magneti
 
ux. On this ba
kground, we 
an solve the equation of motion for KK zero-mode

analyti
ally.

1

This opens a way to the 
al
ulation of the Yukawa 
ouplings whi
h are expressed as

overlap integrals. The zero-mode solution, des
ribed by Ja
obi!s theta fun
tion (the de�nition of

this fun
tion is in Eq. (3.1.35)), has following properties:

� The zero-mode solution is degenerate:

The number of independent solution is determined by the magneti
 
ux and equal to the

number of the generation. This property leads to generations of the matters in 4D e�e
tive

theory.

� The zero-mode solution is 
hiral:

2D spinor has two 
omponents, but only one 
omponent be
omes a physi
al solution. Whether

a 
omponent be
omes physi
al is determined by the sign of the magneti
 
ux. This property

leads to 
hiral fermions in 4D e�e
tive theory.

� The zero-mode solution has Gaussian-like quasi-lo
alized pro�le:

This leads to hierar
hi
al Yukawa 
ouplings as is mentioned in the above.

For these reasons, this s
enario is highly desirable for solving the puzzles in the SM. However, sin
e

the magneti
 
ux is restri
ted to the 
ertain values for realizing three generations of the matters,

the 
avor stru
ture is limited to parti
ular type. Therefore, we need further idea for resolving this

disadvantage and obtaining realisti
 
avor stru
ture.

Orbifolding is also helpful in a
tual model-buildings. Orbifold is de�ned by the identi�
ation of

points on a manifold under 
ertain dis
rete operation. For example, on 2D torus, shifted orbifold

is de�ned by the identi�
ation under the dis
rete translation of u

1

=N where u

1

is one of the basis

ve
tors of the torus (see Chapter 3), and twisted orbifold is de�ned by the identi�
ation under

2�=N -radians dis
rete rotation. In physi
s, orbifold was �rstly proposed in stringy 
ontext [31,32℄,

and has been 
onsidered in various model-buildings. For example, shifted orbifold with magneti


1

This is an eigenvalue problem and the equation of motion 
an be solved by using group theoreti
 method. See

Ref. [30℄ and referen
es therein.
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ux was studied in Ref. [33℄. In this thesis, as we mentioned, we 
onsider twisted orbifold on

2-torus with magneti
 
ux. The advantages of twisted orbifolding are followings:

� Removing exoti
 parti
les.

In general, parti
les whi
h are not in the SM matter 
ontent appear in model-buildings. By

using orbifold, we 
an remove su
h parti
les 
alled exoti
 parti
les.

� Deforming the pro�le of zero-mode solution.

Orbifolding deforms the pro�le of the mode fun
tions (in parti
ular, zero-mode fun
tions) by


hanging the geometry of extra dimensions. This is useful for realizing a
tual 
avor stru
ture

whi
h is observed in experiments.

It is known that only Z

2

;Z

3

;Z

4

and Z

6

orbifoldings are possible on 2D torus T

2

[34℄. The simplest


ase, magnetized T

2

=Z

2

without the Wilson-line phase [35{37℄ and the S
herk{S
hwarz phases [38,

39℄, was studied in Refs. [40, 41℄. However, more 
ompli
ated 
ases, namely T

2

=Z

3

;T

2

=Z

4

;T

2

=Z

6

with magneti
 
ux, have been studied little. This is be
ause the Z

N

-twisted eigenfun
tions 
onsist

of linear 
ombinations of Ja
obi's theta fun
tion and have very 
ompli
ated forms. Therefore, it

was needed to rely almost entirely on numeri
al 
al
ulation for analyzing these orbifolds.

We investigated all the possible orbifolds, magnetized T

2

=Z

2;3;4;6

with non-trivial Wilson-line

phase and the S
herk?S
hwarz phases, and resolved the diÆ
ulty of magnetized orbifolds by in-

trodu
ing a new method [42, 43℄. In these referen
es, we �nd that the Wilson-line phase and the

S
herk?S
hwarz phases have the following features:

1. The Wilson-line phase 
an be absorbed into the S
herk{S
hwarz phases by the rede�nition

of the �elds and vi
e versa (note that this 
an be performed in the 
ase without orbifolding).

2. These phases are restri
ted to the parti
ular values on magnetized orbifolds. Although su
h

a restri
tion is found on T

2

=Z

N

without magneti
 
ux, these phases should take non-zero

values on some of magnetized orbifolds in order to make the system 
onsistent.

3. The number of independent solutions depends not only on the magneti
 
ux and the Z

N

eigenvalue but also on these phases. In other words, the number of generation in 4D e�e
tive

theory is determined by the magneti
 
ux, the Wilson-line phase (or the S
herk{S
hwarz

phases), and the Z

N

eigenvalue.

The method introdu
ed in Ref. [43℄ is 
alled the operator formalism analysis, whi
h is dual method

to the analysis by the wavefun
tion formalism. The advantage of this method is to provide exa
t

and analyti
 expression of Z

N

-twisted eigenstates. We investigated the number of generation on

magnetized T

2

=Z

N

by using this analyti
 expression.

Based on the results obtained in Refs. [42, 43℄, we start with the ten-dimensional (10D) super

Yang{Mills (SYM) theory on magnetized twisted orbifolds and 
onstru
t models for explaining

the puzzles in the SM whi
h are mentioned in the above. 10D SYM theory is a well-motivated

higher-dimensional �eld theory, sin
e this theory appears as low-energy limit of Type I, Type IIB

and heteroti
 superstring theories. From phenomenologi
al point of view, 10D SYM on magnetized

twisted orbifolds has the following advantages:
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� By introdu
ing Abelian magneti
 
ux whi
h is in a form of diagonal matrix in the gauge

group spa
e, the original gauge group is expli
itly broken down into smaller gauge groups.

Therefore, we 
an obtain the SM gauge group (up to U(1) fa
tors) by this me
hanism.

� The SM parti
les arise from only two �elds, the gauge �eld and the gaugino �eld in 10D. The

SM fermions and the MSSM-like higgsinos arise from the o�-diagonal parts of the gaugino,

while the Higgs �elds whi
h are the supersymmetri
 partners of the higgsinos arise from

extra-dimensional 
omponents of the gauge �eld.

� Sin
e the o�-diagonal parts of the gaugino possess \e�e
tive" magneti
 
ux through the

gauge 
ovariant derivative, three generations of the 
hiral fermions 
an be realized [44℄. This

is, of 
ourse, thanks to the introdu
tion of the magneti
 
ux.

� Hierar
hi
al Yukawa 
ouplings and realisti
 
avor stru
ture 
an be also realized [45{48℄. The

former originates from overlap integrals in higher-dimensional �eld theory, and the later is

thanks to the twisted orbifold.

In this thesis, we assume U(8) as the original gauge group of 10D SYM sin
e this group in
ludes

Pati{Salam gauge group U(4)�U(2)

L

�U(2)

R

. In other words, we assume expli
it gauge symmetry

breaking pattern U(8) ! U(4) � U(2)

L

� U(2)

R

by the magneti
 
ux. We assume su
h gauge

ba
kground 
on�guration, and 
lassify all the possible 
ombinations of the parameters whi
h realize

three generations of the matters by using the results obtained by the analysis in the above [49℄.

This thesis is organized as follows: In Chapter 2, we review the Standard Model brie
y. Here,

we see remaining puzzles in the SM and present some of approa
hes for explaining these puzzles. In

Chapter 3, in order to investigate the aspe
ts of the approa
hes mentioned in Chapter 2 in detail,

we study six-dimensional U(1) gauge theory on torus T

2

or possible twisted orbifolds T

2

=Z

N

(N =

2; 3; 4; 6). Here, we solve zero-mode equations for KK zero-mode of fermion with non-trivial SS

phases and the Wilson-line phase. We show that the zero-mode solution, whi
h are des
ribed

by Ja
obi's theta fun
tion, has desirable properties whi
h are helpful for solving the puzzles in

the SM, that is, degenerate, 
hiral, and quasi-lo
alized pro�le. Moreover, we show that the SS

phases and/or the Wilson line phase are absorbed into ea
h other. In addition, we show that

these phases are restri
ted to parti
ular values on twisted orbifolds. In Chapter 4, we study the

operator formalism analysis. This method resolves the diÆ
ulty of the analysis in Chapter 3. We

obtain the exa
t and analyti
 expression of Z

N

eigenstates given by the linear 
ombination of

the eigenstates on magnetized T

2

. By using the analyti
 expression, we investigate the number

of independent eigenstates on twisted orbifolds whi
h is equal to the number of generation. In

Chapter 5, based on the aspe
ts obtained in Chapter 3 and 4, we give a �rst step of model-

building for solving the puzzles in the SM mentioned in Chapter 2. We �rst review 10D SYM on

magnetized twisted orbifolds. Then, we 
lassify possible 
ombinations of the parameters whi
h

lead to three generations of 
hiral fermions in 4D e�e
tive theory. The brief result is presented.

In Chapter 6, we summarize the resear
h in this thesis and present future works. Appendix A is

a summary on some mathemati
al formulas whi
h are useful for 
al
ulations in Chapter 3 and 4.

Appendix B is a summary on higher-dimensional gamma matri
es whi
h are used in Chapter 3 and
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5. In Appendix C, we dis
uss KK higher modes on magnetized torus and orbifold. In Appendix

D, the full tables of the 
lassi�
ation in Chapter 5 are presented.



Chapter 2

The mysteries of the Standard Model

2.1 The Standard Model

The Standard Model (SM) is the established model in parti
le physi
s [8℄ by many experimental

results. The SM is the theory symmetri
 under the gauge group G

SM

:

= SU(3)

C

�SU(2)

L

�U(1)

Y

,

and 
ontains the following matters,

quantum numbers of G

SM

SU(3)

C

gauge bosons G

A

�

(8; 1)

0

SU(2)

L

gauge bosons W

a

�

(1; 3)

0

U(1)

Y

gauge boson B

�

(1; 1)

0

left-handed quarks q

i

=

�

u

i

d

i

�

L

(3; 2)

1=6

right-handed up-type quarks u

i

R

(3; 1)

2=3

right-handed down-type quarks d

i

R

(3; 1)

�1=3

left-handed leptons l

i

=

�

�

i

e

i

�

L

(1; 2)

�1=2

right-handed 
harged leptons e

i

R

(1; 1)

�1

Higgs doublet H =

�

h

+

h

0

�

(1; 2)

1=2

Here, the indexes i runs over 1; 2; 3 for three generations, A runs from 1 to 8 for SU(3)

C

, a runs

from 1 to 3 for SU(2)

L

.

The SM Lagrangian is given as the minimal symmetri
 form with given matter 
ontent,

L = L

gauge

+ L

Higgs

+ L

matter

+ L

Yukawa

; (2.1.1)

L

gauge

= �

1

4

G

A��

G

A

��

�

1

4

W

a��

W

a

��

�

1

4

B

��

B

��

; (2.1.2)

L

Higgs

=

�

�

�

�

�

�

�

� i g

2

W

a

�

�

a

2

� i g

0

B

�

1

2

�

H

�

�

�

�

2

+ �

2

H

y

H �

�

2

�

H

y

H

�

2

; (2.1.3)

7
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L

matter

= q

i

i 


�

�

�

�

� i g

3

G

A

�

�

1

2

�

A

�

� i g

2

W

a

�

�

1

2

�

a

�

� i g

0

B

�

�

1

6

� �

q

i

+ u

i

R

i 


�

�

�

�

� i g

3

G

A

�

�

1

2

�

A

�

� i g

0

B

�

�

2

3

� �

u

i

R

+ d

i

R

i 


�

�

�

�

� i g

3

G

A

�

�

1

2

�

A

�

� i g

0

B

�

�

�

1

3

� �

d

i

R

+ l

i

i 


�

�

�

�

� i g

2

W

a

�

�

1

2

�

a

�

� i g

0

B

�

�

�

1

2

� �

l

i

+ e

i

R

i


�

�

�

�

� i g

0

B

�

�

�1

� �

e

i

R

;

(2.1.4)

L

Yukawa

= �

�

y

ij

d

�

q

i

H

�

d

j

R

+ h: 
:

�

�

�

y

ij

u

�

q

i

H




�

u

j

R

+ h: 
:

�

�

�

y

i

e

�

l

i

H

�

e

i

R

+ h: 
:

�

;

(2.1.5)

where

G

A

��

:

= �

�

G

A

�

� �

�

G

A

�

+ g

3

f

ABC

G

B

�

G

C

�

; (2.1.6)

W

a

��

:

= �

�

W

a

�

� �

�

W

a

�

+ g

2

�

ab


W

a

�

W

b

�

; (2.1.7)

B

��

:

= �

�

B

�

� �

�

B

�

; (2.1.8)

are gauge �eld strengths of SU(3)

C

, SU(2)

L

and U(1)

Y

respe
tively, g

3

; g

2

; g

0

are 
orresponding

gauge 
oupling 
onstants, �

A

s are Gell-Mann matri
es, �

a

s are Pauli matri
es, and H




:

= i�

2

H

�

.

Figure 2.1: Higgs potential.

The 
ru
ially important me
hanism in the

SM is the Higgs me
hanism whi
h provides the

masses of the gauge bosons, the quarks, the

leptons, and the Higgs parti
le. This me
ha-

nism is 
aused by the potential with so-
alled


hampagne-bottle pro�le as �g.2.1. Sin
e the

minima of the Higgs potential are not invari-

ant under G

SM

, SU(2)

L

� U(1)

Y

symmetry is

spontaneously broken down into U(1)

EM

.

The Higgs potential is rewritten as

V (H) =

�

2

�

H

y

H �

�

2

�

�

2

�

�

4

2�

; (2.1.9)

so the Higgs �eld has non-zero va
uum expe
-

tation value (vev),




H

�

=

�

0

v=

p

2

�

;

v

p

2

:

=

r

�

2

�

: (2.1.10)

This vev produ
es the mass terms of the weak bosons through the 
ovariant derivative term of the

Higgs �eld as

�

�

�

�

�

�

�

� i g

2

W

a

�

�

a

2

� i g

0

B

�

1

2

�

H

�

�

�

�

2

=M

2

W

W

�

W

y

�

+

1

2

M

2

Z

Z

�

Z

�

+ � � � ; (2.1.11)

where

W

�

:

=

W

1

�

� iW

2

�

p

2

; Z

�

:

=

g

2

W

3

�

� g

0

B

�

p

g

2

2

+ g

02

(2.1.12)
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are the W boson �eld and the Z boson �eld, and

M

2

W

:

=

g

2

2

v

2

4

; M

2

Z

:

=

(g

2

2

+ g

02

)v

2

4

(2.1.13)

are their mass-squared. The Higgs vev provides also the masses of the quarks and the leptons

through the Yukawa 
ouplings in the SM Lagrangian as

L

Yukawa

= �

�

y

ij

d

�

q

i

H

�

d

j

R

+ h: 
:

�

�

�

y

ij

u

�

q

i

H




�

u

j

R

+ h: 
:

�

�

�

y

i

e

�

l

i

H

�

e

i

R

+ h: 
:

�

= �

�

y

ij

d

v d

i

L

d

j

R

+ h: 
:

�

�

�

y

ij

u

v u

i

L

u

j

R

+ h: 
:

�

�

�

y

i

e

v e

i

L

e

i

R

+ h: 
:

�

+ � � � (2.1.14)

After diagonalizing the quark se
tor, we �nd the masses of the quarks and the leptons

m

i

�

= y

i

�

v ; (� = u; d; e) : (2.1.15)

The mass term of the physi
al Higgs is produ
ed from the Higgs potential itself. To show this, let

us expand the Higgs �eld H as

H(x) =

�

0

(v + h(x))=

p

2

�

; (2.1.16)

with the 
u
tuation around the vev h(x). Substituting this into the Higgs potential, we obtain

the Higgs mass term

V (H) =

M

2

H

2

h

2

+ � � � ; M

2

H

= �v

2

: (2.1.17)

The values of these masses are measured a

urately in 
ollider experiments [8℄. The weak boson

masses are measured as

M

W

� 80GeV ; M

Z

� 91GeV : (2.1.18)

The photon mass is, of 
ourse, stri
tly zero,

M

A

= 0GeV : (2.1.19)

The masses of quarks and leptons measured are measured as follows,

1st generation 2nd generation 3rd generation

up-type quarks m

u

� 3MeV m




� 1:3� 10

3

MeV m

t

� 1:7� 10

5

MeV

down-type quarks m

d

� 5MeV m

s

� 100MeV m

b

� 4:2� 10

3

MeV


harged leptons m

e

� 0:5MeV m

�

� 105MeV m

�

� 1:8� 10

3

MeV

(2.1.20)

The Higgs mass is measured re
ently in the LHC experiments [9, 10℄ as

M

H

� 126GeV : (2.1.21)
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2.1.1 The glories and the mysteries of the SM

The SM has a
hieved great su

esses for explaining experimental results as follows:

� Gauge boson mass

In general, gauge boson should be massless sin
e mass term of gauge �eld is forbidden

by gauge symmetry. However, the gauge bosons in the SM have non-zero masses whose

values are measured in experiments as in Eqs. (2.1.18){(2.1.19). This apparently-paradoxi
al

phenomenon is explained by the Higgs me
hanism [2℄ as is mentioned in the above.

� g-fa
tor of the ele
tron

The g-fa
tor of the ele
tron whi
h originates from the ele
tron spin is measured pre
isely in

experiments. The quantum 
orre
tion to the g-fa
tor is 
al
ulated in the SM and the result

�ts with the experimental value with absolute a

ura
y,

�

�

�

�

g

exp

e

� g

th

e

g

exp

e

�

�

�

�

= O(10

�12

) :

� Flavor 
hanging neutral 
urrent

In 1960's, only three quarks (up, down, and strange) are dis
overed. Three 
avors 
ause the


avor 
hanging neutral 
urrent (FCNC), while the FCNC is rarely dis
overed in experiments.

Glashow{Illioupoulos{Maiani [5℄ explained this s
ar
ity by the me
hanism where the FCNC

is 
an
eled at tree-level and predi
ted 
harm quark. The advantage of this me
hanism,


alled GIM me
hanism, is to explain not only the FCNC suppressing but also the bran
hing

B(K

L

! �

+

�

�

) � 10

�9

(where K

L

is long-lived kaon).

� CP violation

The rare de
ay pro
ess of the long-lived kaon K

L

! �

+

�

�

is forbidden if CP symmetry is

preserved, but this pro
ess is observed in experiments. This means that CP symmetry is

broken. Kobayashi and Maskawa [7℄ explained this CP-violation by introdu
ing the matters

greater than or equal to three generations. Nowadays, the three generations of the matters

are dis
overed and Kobayashi{Maskawa me
hanism is veri�ed.

� Anomaly 
an
ellation

In general, anomaly arises in 
hiral gauge theory whi
h is gauge theory intera
ting with 
hiral

fermion. Nevertheless, the SM, whi
h is a 
hiral gauge theory, is anomaly free [6℄. This is

be
ause of the reason as follows: The anomaly is 
an
eled between the one arising from the

quarks and the leptons in ea
h generations.

Nevertheless, many mysteries are remaining.

B

The origin of generation: why are there repetition of three same pa
kages?

There are repetitions of the quarks and the leptons in the SM, and they have same quantum

numbers.

0

B

B

�

u

d

�

e

e

1

C

C

A

| {z }

1st generation

0

B

B

�




s

�

�

�

1

C

C

A

| {z }

2nd generation

0

B

B

�

t

b

�

�

�

1

C

C

A

| {z }

3rd generation
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Why are there repetition of same pa
kages?

B

Chirality: why do left- and right-handed matters intera
t di�erently?

The left-/right-handed quarks and leptons are in di�erent representation of gauge group, that

is, the left-handed quarks and leptons are SU(2)

L

doublet while the right-handed matters

belong SU(2)

L

singlet representation.

�

u

L

d

L

�

| {z }

SU(2)

L

doublet

() u

R

; d

R

| {z }

SU(2)

L

singlet

Why are there su
h di�eren
e in the left-handed and the right-handed matters?

B

The mass hierar
hy of the quarks and the leptons: why do masses of quarks and leptons

di�er among the generations?

There are large di�eren
es among the masses of the generations of quarks and leptons, e.g.,

m

t

m

u

� 10

5

: (2.1.22)

What is the origin of these di�eren
es, 
alled mass hierar
hy?

B

Gauge stru
ture: why is the gauge group SU(3)

C

� SU(2)

L

� U(1)

Y


hosen?

There is no reason that the gauge group is SU(3)

C

�SU(2)

L

�U(1)

Y

. Moreover, the anomaly


an
ellation whi
h is mentioned in the above is a

idental; no anomaly exists if the gauge

symmetry is des
ribed by parti
ular type of the group.

B

Gravity: why is not the gravitational intera
tion in
luded?

The gravitational intera
tion is not in
luded in the SM. This is in 
ontrast to the other

three intera
tions, the strong intera
tion, the weak intera
tion, and the ele
tro magneti


intera
tion, whi
h are in
luded in the SM. In addition, it is so unnatural that typi
al energy

s
ale of the gravitational intera
tion, 
alled Plan
k s
ale M

Pl

� 10

18

GeV, di�ers enormously

from the weak s
ale M

weak

� 10

2

GeV as follows:

M

Pl

M

weak

= O(10

16

) : (2.1.23)

It is weighty problem of parti
le physi
s to investigate the origin of these mysteries.

2.2 Approa
hes for solving the puzzles

Many approa
hes have been proposed for solving the puzzles in the SM. In the following, we present

some approa
hes whi
h are adopted in this thesis for solving the puzzles in the SM.

� Higher-dimensional �eld theory

One of these approa
hes is higher-dimensional �eld theory, whi
h has spa
e-time dimensions

more than four. In a (4 + d)-dimensional �eld theory on d-dimensional 
ompa
ti�ed spa
e,
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any �elds are fa
torized, foe example f(x; y) = �(x)� (y), where x is the 
oordinates of 4D

Minkowski spa
e and y is the one of d-dimensional 
ompa
t spa
e. Yukawa 
ouplings in 4D

e�e
tive �eld theory are 
al
ulated by the overlap integral of a produ
t of extra-dimensional

wavefun
tions as

Y

ij

= g

4+d

Z

d

d

y  

i

(y) 

j

(y)�(y) ; (2.2.1)

where g

4+d

is a (4+ d)-dimensional 
oupling 
onstant,  

i

(y) are wavefun
tions of i-th gener-

ation of the quarks and the leptons, �(y) is a wavefun
tion of the Higgs. If the wavefun
tions

 

i

(y); �(y) have quasi-lo
alized pro�le, su
h overlap integrals 
an produ
e large di�eren
es

among the elements of the matrix Y

ij

. Therefore, higher-dimensional �eld theory is desirable

framework to explain the mass hierar
hy and the mixing of the quarks and the leptons.

� Toroidal 
ompa
ti�
ation with homogeneous magneti
 �eld

In addition to higher-dimensional �eld theory, toroidal 
ompa
ti�
ation with magneti
 
ux is

also an attra
tive idea. We introdu
e the ba
kground potential hA

m

(y)i (m = 5; 6) on 2-torus

T

2

whi
h provides homogeneous magneti
 �eld hF

56

i = �

5

hA

6

i � �

6

hA

5

i. On magnetized

torus, �elds should satisfy the appropriate boundary 
ondition (see Eqs. (3.1.13) and (3.1.14))

and the magneti
 
ux

R

T

2

d

2

y hF

56

i is quantized:

Z

T

2

d

2

y hF

56

i / M ; M 2 Z : (2.2.2)

On the other hand, the equation of motion for 2D spinor �eld  (y) =

�

 

+

(y);  

�

(y)

�

T

be
omes

i ~


m

�

�

m

� i g hA

m

(y)i

�

 (y) = 0 ; (2.2.3)

where ~


m

is the gamma matrix on 2D spinor and g is the gauge 
oupling 
onstant. This

equation 
an be solved analyti
ally with the appropriate boundary 
onditions. The analyti
al

solution helps us for 
omputing Yukawa 
ouplings in e�e
tive theory. In addition, as known

in Ref. [45℄, the solution  

+

(y)

�

 

�

(y)

�

is normalizable and be
omes a physi
al solution only

for M > 0 (M < 0). In other words, non-trivial gauge ba
kground leads to 
hiral fermions

in 4D e�e
tive theory. Regardless of the 
hirality, the solution is jM j-fold degenerated. This

degenera
y naturally leads to generations, and Yukawa 
ouplings in e�e
tive theory 
an be


omputed be
ause of analyti
al solutions.

� Orbifolding

Orbifolding is also useful in a
tual model-building, not only for removing exoti
 parti
les

whi
h often appear in model-building but also for realizing realisti
 
avor stru
ture. In

parti
ular, orbifolding is important in magnetized extra dimensions. This is be
ause of

the following reason: In magnetized torus models without orbifolding, three generations of

fermion 
an be realized only when jM j = 3. This value of the magneti
 
ux limits the


avor stru
ture to the one with �(27) 
avor symmetry [50{52℄.

1

On the other hand, we 
an

obtain three generations of fermion in various 
ombinations of the parameters in magnetized

orbifold models. Therefore, we may obtain realisti
 
avor stru
ture.

1

More on string-originated 
avor stru
ture are in [53{55℄.
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For example, in this dire
tion, U(1) gauge theory on twisted T

2

=Z

2

with magneti
 
ux

is analyzed in earlier study [40℄, where the twisted orbifold T

2

=Z

2

is de�ned by identifying

the points on 2D torus T

2

under the �-radians rotation. Although orbifolding is useful,

twisted orbifolds Z

3;4;6

with magneti
 
ux were not studied well presumably be
ause of the


omplexity of the system on magnetized T

2

=Z

3;4;6

. Re
ently, magnetized twisted orbifolds

T

2

=Z

3;4;6

as well as T

2

=Z

2

are analyzed and the system on the orbifolds exa
tly solved [43℄.

In that work, the operator formalism analysis whi
h is dual to wavefun
tion formalism works

grossly.





Chapter 3

Magnetized Torus and Orbifolds

In this 
hapter, we study six-dimensional U(1) gauge theory on the torus or possible twisted

orbifolds to investigate the aspe
ts of magnetized torus/orbifold model.

We �rst spe
ify appropriate boundary 
onditions on the magnetized torus and �nd the quan-

tization of the magneti
 
ux. We solve the equation of motion for KK zero-mode with non-trivial

Wilson-line phase and S
herk{S
hwarz phases and obtain expli
it form of the zero-mode solution.

Furthermore, we �nd that zero-mode solution is 
hiral and the number of independent solution

is determined by magneti
 
ux. We also show that the Wilson-line phase is absorbed into the

S
herk{S
hwarz phases and vi
e versa by the rede�nition of the �elds.

Next, we 
onsider twisted orbifolding. We spe
ify the boundary 
ondition for twist transforma-

tion. We investigate the allowed values of the Wilson-line phase and the S
herk{S
hwarz phases.

We also the way how the eigenfun
tion on the magnetized orbifold is 
onstru
ted by zero-mode

solutions on the magnetized torus.

In addition, we dis
uss KK higher modes at the end of this 
hapter.

3.1 U(1) gauge theory on M

4

� T

2

Let us 
onsider U(1) gauge theory with a 
hiral fermion on M

4

� T

2

[42, 45℄. The a
tion is

S = S

A

+ S

	

+

;

S

A

=

Z

M

4

d

4

x

Z

T

2

dz d�z

�

�

1

4

F

MN

F

MN

�

;

S

	

+

=

Z

M

4

d

4

x

Z

T

2

dz d�z 	

+

i �

M

D

M

	

+

;

(3.1.1)

where M;N = �(= 0; 1; 2; 3); z; �z. The 
oordinates z and �z are de�ned by

z

:

= y

5

+ i y

6

; �z = (z)

�

= y

5

� i y

6

; (3.1.2)

where y

5

; y

6

are the 2D orthogonal 
oordinates. The basis ve
tors of the torus are taken as

u

1

= (1; 0)

T

and u

2

= (Re �; Im �)

T

in the orthogonal 
oordinates language, and therefore the


omplex 
oordinates are identi�ed as

z � z + 1 � z + � ; (3.1.3)

15
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on the torus. Here, the 
omplex parameter � (Im � > 0) is 
alled moduli and determines the shape

of the torus.

u

1

u

2

y

5

y

6

z

�

Figure 3.1: Two-dimensional torus. The left-hand side is an illustrative example of well-known

donut-shaped torus. The right �gure shows how a torus is 
onstru
ted; by identifying two ve
tors

of same 
olor. The fundamental region of the torus is the parallelogram surrounded by the four

ve
tors. The length of the ve
tor u

2

is equal to j� j. The angle between the basis ve
tors u

1

and

u

2

, �, is equal to Arg � .

Here, 	

+

is a 6D 
hiral fermion with positive sign 
hirality, �

M

are the 6D gamma matri
es,

and

D

M

= �

M

� i eA

M

(3.1.4)

is the gauge 
ovariant derivative. A

M

is the gauge �eld of U(1) gauge group and e is its 
oupling


onstant.

A 6D 
hiral spinor 	

�

(x; z) is de
omposed as dire
t produ
ts of 4D 
hiral spinors �

R;L

and 2D

Weyl spinors as

	

�

(x; z) =

1

8

� �

7

2

	(x; z) ;

	

+

(x; z) =

X

n

�

�

R;n

(x)


�

 

n;+

(z)

0

�

+ �

L;n

(x)


�

0

 

n;�

(z)

��

;

	

�

(x; z) =

X

n

�

�

0

L;n

(x)


�

 

n;+

(z)

0

�

+ �

0

R;n

(x)


�

0

 

n;�

(z)

��

;

(3.1.5)

where n is Kaluza{Klein modes index and �

7

is the matrix determining 6D 
hirality de�ned in

Eq. (B.4). The mode fun
tions  

n;�

(z) are the solutions of the eigenvalue equations

2 hD

�z

i 

n;+

(z) = m

n

 

n;�

(z) ; 2 hD

z

i 

n;�

(z) = �m

n

 

n;+

(z) ; (3.1.6)

where hD

z

i and hD

�z

i are the 
ovariant derivative in the ba
kground gauge 
on�gurations hA

z

(z)i,

hA

�z

(z)i,

hD

z

i = � � i e hA

z

(z)i ; hD

�z

i =

�

� � i e hA

�z

(z)i ; (3.1.7)

and � =

�

�z

;

�

� =

�

��z

.
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By integrating over the extra spa
e, we obtain 4D e�e
tive a
tion for fermions,

S

	

+

=

Z

M

4

d

4

x

�

�

R;0

(x) i


�

D

(0)

�

�

R;0

(x) + �

L;0

(x) i


�

D

(0)

�

�

L;0

(x)

+

X

m

n

6=0

�

�

R;n

(x) + �

L;n

(x)

	�

i 


�

D

(0)

�

�m

n

��

�

R;n

(x) + �

L;n

(x)

	

+ (terms in
luding higher-modes of gauge �eld)

�

;

(3.1.8)

where D

(0)

�

= �

�

� i eA

(0)

�

(x) is the 
ovariant derivative in the zero-mode of the gauge �eld A

(0)

�

(x).

The terms in
luding higher-modes of gauge �eld provide Yukawa intera
tion.

In this paper, we are interested mainly in the zero-mode se
tor of the fermion, and omit the

subs
ript

0

of the zero-mode fun
tions,  

�

(z)

:

=  

0;�

(z).

3.1.1 Quantization of magneti
 
ux

The gauge �eld has a ba
kground 
on�guration in its extra-dimensional 
omponents,

hA(z)i

:

= hA

z

(z)i dz + hA

�z

(z)id�z =

b

2 Im �

Im

�

(�z + �a) dz

�

; (3.1.9)

whi
h provides the magneti
 
ux b =

R

T

2

hF i through the homogeneous magneti
 �eld




F

�

=

i b

2 Im�

dz ^ d�z : (3.1.10)

This 
on�guration gives the following relations:

A(z + 1) = A(z) +

b

2 Im �

Imdz = A(z) + d�

1

(z) ;

A(z + �) = A(z) +

b

2 Im �

Im(�� dz) = A(z) + d�

�

(z) ;

(3.1.11)

where

�

1

(z + a)

:

=

b

2 Im �

Im(z + a) ; �

�

(z + a)

:

=

b

2 Im �

Im[ ��(z + a) ℄ : (3.1.12)

The relations (3.1.11) must be
ome gauge transformations due to the invarian
e of the theory

under the torus-shifts. Correspondingly, the matter �eld must satisfy the relations

	(x; z + 1) = U

1

(z)	(x; z) ; 	(x; z + �) = U

�

(z)	(x; z) ; (3.1.13)

where

U

1

(z)

:

= e

ie�

1

(z+a)+2� i�

1

; U

�

(z)

:

= e

ie�

�

(z+a)+2� i�

�

; (3.1.14)

and �

1

; �

�

are real parameters 
alled S
herk{S
hwarz phases [38, 39℄.

It is remarkable that the magneti
 
ux should be quantized on T

2

. In order to show this, let

us 
onsider the 
ontra
tible loop, e.g.

z ! z + 1! z + 1 + � ! z + � ! z ;
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as in Fig. 3.2. For su
h loop, the fun
tions U

1

(z) and U

�

(z) should satisfy the 
onstraint

U

�1

�

(z)U

�1

1

(z + �)U

�

(z + 1)U

1

(z) = 1 ; (3.1.15)

be
ause of the single-valuedness of the �eld. This 
onstraint 
ondition lead the quantization


ondition of the magneti
 
ux,

eb

2�

=

:

M 2 Z : (3.1.16)

Note that, the 
ondition (3.1.15) is equivalent to

U

�

(z + 1)U

1

(z)	(x; z) = U

1

(z + �)U

�

(z)	(x; z) : (3.1.17)

This equation means that the torus-shift operations along two dire
tions z ! z+1 and z ! z+ �

are 
ommutative.

y

5

y

6

z

z + 1

z + 1 + �z + �

Figure 3.2: The 
ontra
tible loop, z ! z + 1 ! z + 1 + � ! z + � ! z, is illustrated by red

ve
tors. The blue and green ve
tors show the torus identi�
ations.

3.1.2 Zero-mode eigenfun
tions

From Eq. (3.1.6), the zero-mode fun
tions  

�

(z) satisfy the eigenvalue equations,

�

�

� +

�M

2 Im �

(z + a)

�

 

(�

1

;�

�

)

+

(z ; a; �) = 0 ; (3.1.18a)

�

� �

�M

2 Im �

(�z + �a)

�

 

(�

1

;�

�

)

�

(z ; a; �) = 0 : (3.1.18b)

Note that, sin
e the zero-mode fun
tions a
tually depend on not only the 
oordinate z but also

the Wilson line phase a, the S
herk{S
hwarz phases �

1

; �

�

, and the moduli � , we represented these

parameters expli
itly as  

(�

1

;�

�

)

�

(z ; a; �). In addition, the solution for  

(�

1

;�

�

)

�

(z ; a; �) is obtained

by the repla
ement z ! �z; a! �a, and � ! �� on the solution for  

+

(z), that is,

 

(�

1

;�

�

)

�

(z ; a; �) =  

(�

1

;�

�

)

+

(�z ; �a; ��) : (3.1.19)

Therefore, we need to solve only the former equation,

�

�

� +

�M

2 Im �

(z + a)

�

 

(�

1

;�

�

)

+

(z ; a; �) = 0 : (3.1.20)
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� Solving the equation of motion

In order to solve this equation satisfying the boundary 
onditions

 

(�

1

;�

�

)

+

(z + p ; a; �) = U

p

(z + a) 

(�

1

;�

�

)

+

(z ; a; �) ;

U

p

(z + a) = e

i

�M

Im�

Im[ �p(z+a)℄+2� i�

p

;

(3.1.21)

where p = 1; � , we introdu
e the redu
ed wavefun
tion '

+

(z) as

 

(�

1

;�

�

)

+

(z ; a; �) = e

i

�M

2 Im�

Im[(z+a)

2

℄

'

+

(z) : (3.1.22)

From this expression, we �nd that the redu
ed wavefun
tion satis�es the boundary 
onditions

'

+

(z + 1) = e

2� i�

1

'

+

(z) ; (3.1.23a)

'

+

(z + �) = e

�� iM Re[2(z+a)+� ℄+2� i�

�

'

+

(z) : (3.1.23b)

These imply that the \real-axis" part of the redu
ed wavefun
tion satis�es the pseudo-periodi


boundary 
ondition. That is, if we de
ompose the 
omplex 
oordinate z as

z = x + � y ; (x; y 2 R) ; (3.1.24)

and 
orrespondingly de
ompose the redu
ed wavefun
tion and the Wilson line phase as

'

+

(z) = X(x) � Y (y) ; a = a

1

+ � a

�

(a

1

; a

�

2 R) ; (3.1.25)

the boundary 
ondition of X(x) is given by

X(x + 1) = e

2� i�

1

X(x) : (3.1.26)

For this de
omposition, the equation of motion is redu
ed to

�

X(x)

dX(x)

dx

�

1

Y (y)

�

dY (y)

dy

+ 2�M(y + a

�

) Im � � Y (y)

�

= 0 : (3.1.27)

The solution X(x) satisfying the 
ondition (3.1.26) is found immediately as

X

r

(x) = e

2� i(r+�

1

)(x+a

1

)

; (r 2 Z) : (3.1.28)

On the other hand, the \moduli-axis" part Y

r

(y), '

+

(z) =

P

r2Z

X

r

(x)Y

r

(y), should satisfy the

di�erential equation

dY

r

(y)

dy

=

�

�2�M(y + a

�

) Im � + 2� i(r + �

1

)�

�

Y

r

(y) ; (3.1.29)

and the boundary 
ondition

Y

r

(y + 1) = e

�2� iM(y+a

�

+

1

2

) Re �+2� i�

�

Y

r+M

(y) : (3.1.30)

The di�erential equation (3.1.29) is solved as

Y

r

(y) = A

r

e

��M(y+a

�

)

2

Im�+2� i(r+�

1

)(y+a

�

)�

; (3.1.31)
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with a 
onstant 
oeÆ
ient A

r

. The 
oeÆ
ient A

r

is determined by 
onsidering the boundary


ondition (3.1.30) as

A

r

= N

r

exp

�

2� i

r + �

1

M

(��

�

) + � i

(r + �

1

)

2

M

�

�

; (3.1.32)

where N

r

is a 
onstant 
oeÆ
ient satisfying the periodi
 
ondition N

r+M

= N

r

. This periodi



ondition implies that the solution of the Dira
 equation is jM j-fold degenerated. Denoting them

as  

(�

1

;�

�

)

+;j

(z ; a; �) (j = 0; 1; � � � ; jM j�1) and splitting the summation index as r = j+M �` (` 2 Z),

we obtain the solutions

 

(�

1

;�

�

)

+;j

(z ; a; �) = N

j

e

i

�M

Im�

(z+a) Im(z+a)

� #

�

(j + �

1

)=M

��

�

�

(M(z + a);M�) : (3.1.33)

As we mentioned in the above, we 
an obtain the solution  

(�

1

;�

�

)

�;j

(z ; a; �) immediately by repla
ing

z; a; � with these 
omplex 
onjugation �z; �a; �� in the above expression of  

(�

1

;�

�

)

+;j

(z ; a; �),

 

(�

1

;�

�

)

�;j

(z ; a; �) = N

j

e

i

�M

Im�

(�z+�a) Im(z+a)

� #

�

(j + �

1

)=M

��

�

�

(M(�z + �a);M �� ) : (3.1.34)

Here, # is Ja
obi's theta fun
tion de�ned by

#

�

a

b

�

(�; �)

:

=

X

`2Z

exp

�

� i(a+ `)

2

� + 2� i(a+ `)(� + b)

�

; (3.1.35)

and has the following properties,

#

�

a

b

�

(� +m; �) = e

2� iam

#

�

a

b

�

(�; �) ; (3.1.36)

#

�

a

b

�

(� + n�; �) = e

�� in

2

��2� in(�+b)

#

�

a

b

�

(�; �) ; (3.1.37)

#

�

a+m

b + n

�

(�; �) = e

2� ian

#

�

a

b

�

(�; �) ; (3.1.38)

where n;m are integers.

In the following, we denote the solution  

(�

1

;�

�

)

�;j

(z ; a; �) simply as  

�;j

(z).

� Normalization

We 
he
k the orthogonality of  

+;j

(z) and determine the normalization fa
tor N

j

. To do this,

we 
al
ulate the integration,

I

j;k

:

=

Z

T

2

d

2

z

�

 

+;k

(z)

�

�

 

+;j

(z) ; (3.1.39)

where the integral is

Z

T

2

d

2

z = A

Z

1

0

dx

Z

1

0

dy ; (3.1.40)
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and A = 1 � Im � is torus area. Substituting the expli
it form of  

+;j

(z), I

j;k

be
omes

I

j;k

= AN

j

N

�

k

X

`;`

0

e

� i

h

(

j+�

1

M

+`

)

2

M��

(

k+�

1

M

+`

0

)

2

M ��

i

Z

1

0

dx e

2� i[(j+�

1

+M� `)�(k+�

1

+M� `

0

)℄(x+a

1

�

�

�

M

)

�

Z

1

0

dy e

�2�M(y+a

�

)

2

Im�+2� i[(j+�

1

+M� `)��(k+�

1

+M� `

0

)�� ℄(y+a

�

)

:

The integration with respe
t to x is performed immediately by using the formula

Z

1

0

dx e

2� i(n�m)x

= Æ

n;m

; (for n;m 2 Z) ; (3.1.41)

and we obtain

I

j;k

= AN

j

N

�

k

X

`;`

0

e

� i

h

(

j+�

1

M

+`

)

2

M��

(

k+�

1

M

+`

0

)

2

M ��

i

Æ

(j+M� `);(k+M� `

0

)

�

Z

1

0

dy e

�2�M(y+a

�

)

2

Im�+2� i[(j+�

1

+M� `)��(k+�

1

+M� `

0

)�� ℄(y+a

�

)

:

Furthermore, sin
e the indi
es j and k run only from 0 to jM j � 1, the Krone
ker's delta in the

above is de
omposed as

Æ

(j+M� `);(k+M� `

0

)

= Æ

j;k

Æ

`;`

0

: (3.1.42)

Therefore, I

j;k

be
omes of a form

I

j;k

= A jN

j

j

2

Æ

j;k

X

`

Z

1

0

dy e

�2�M Im�

(

y+a

�

+

j+�

1

M

+`

)

2

: (3.1.43)

Here, we 
on�rm that

�

 

+;j

(z) j = 0; 1; � � � ; jM j � 1

	

is a orthogonal set. By shifting the inte-

gration variable as

y + a

�

+

j + �

1

M

+ `! y ; (3.1.44)

we obtain

I

j;k

= A jN

j

j

2

Æ

j;k

X

`

Z

1+a

�

+

j+�

1

M

+`

a

�

+

j+�

1

M

+`

dy e

�2�M Im� �y

2

= A jN

j

j

2

Æ

j;k

Z

+1

�1

dy e

�2�M Im� �y

2

= A jN

j

j

2

Æ

j;k

�

r

�

2�M Im �

: (3.1.45)

Therefore the normalization 
onstant is determined as

N

j

=

�

2M Im �

A

2

�

1

4

: (3.1.46)

It should be noted that the Gaussian integral in the se
ond last line of Eq. (3.1.45) 
an be

performed only for M > 0. Thus the positive-
hirality solutions  

+;j

(z) are not normalizable for
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M < 0. Similar 
al
ulation holds for the negative-
hirality solutions  

�;j

(z) by repla
ing � with

�� . Therefore,  

�;j

(z) are normalizable and be
ome physi
al solutions only for M < 0.

Summarizing these, the zero-mode solutions are given by

 

+;j

(z) =

(

�

(j+�

1

;�

�

)

M

(z + a ; �) (for M > 0) ;

0 (for M < 0) ;

 

�;j

(z) =

(

0 (for M > 0) ;

�

(j+�

1

;�

�

)

M

(�z + �a ; ��) (for M < 0) ;

(j = 0; 1; � � � ; jM j � 1) ; (3.1.47)

where the fun
tion �

(j+�

1

;�

�

)

M

(z ; �) is de�ned by

�

(j+�

1

;�

�

)

M

(z ; �)

:

= N

M

e

� iMz

Imz

Im�

� #

�

(j + �

1

)=M

��

�

�

(Mz;M�) ; (3.1.48)

and

N

M

=

�

2 jM j Im �

A

2

�

1

4

(3.1.49)

is the normalization 
onstant.

� Remarks of the solution

We emphasize the following remarks:

1. The equation of motion 
an be solved analyti
ally. The analyti
al solution is useful for


omputation of the Yukawa 
ouplings in the e�e
tive theory.

2. Only  

+;j

(z) 
an be normalized for M > 0, while only  

�;j

(z) survive as physi
al solutions

for M < 0,

	

+;0

(x; z) =

8

>

>

>

>

<

>

>

>

>

:

M�1

X

j=0

�

R;0;j

(x)


�

 

+;j

(z)

0

�

(for M > 0) ;

M�1

X

j=0

�

L;0;j

(x)


�

0

 

�;j

(z)

�

(for M < 0) :

(3.1.50)

This property leads to the 
hiral stru
ture in 4D e�e
tive theory.

3. The number of solutions is given by jM j regardless of the sign of M . These jM j-fold degen-

erated eigenfun
tions are distinguished by the index j = 0; 1; � � � ; jM j � 1. This leads to the

generation stru
ture in 4D e�e
tive theory, and the index j represents the generation.

4. In addition, the solution has quasi-lo
alized pro�le. This may lead to hierar
hi
al Yukawa


ouplings in 4D e�e
tive theory as is mentioned before. As an example, we show the wave-

fun
tion pro�le for M = 4, �

1

= �

�

= 0 and � = i in Fig.3.3.

The aspe
ts of the magnetized torus models, whi
h are mentioned here, are very useful for solving

the puzzles in the SM, the origin of the generations, the 
hirality, the mass hierar
hy of the matters.

However, the magneti
 
ux is restri
ted in jM j = 3 in order to realize three generations in the 4D



3.1. U(1) GAUGE THEORY ON M

4

� T

2

23

e�e
tive theory. For this value of the magneti
 
ux, only the 
avor stru
ture with �(27) 
avor

symmetry 
an be obtained. Therefore, it is not enough only by magnetized torus if one wants to

obtain a ri
h 
avor stru
ture in addition to three generations of 
hiral fermions.

Figure 3.3: The probability densities j 

j

(z)j

2

for M = 4, �

1

= �

�

= 0 and � = i. These �gures

are depi
ted with the 
omplex 
oordinate z = y

5

+ i y

6

where y

5

; y

6

(0 � y

5

; y

6

� 1) are orthogonal


oordinates. The upper-left �gure is probability density for j = 0, the upper-right �gure is for

j = 1, the bottom-left �gure is for j = 2, and the bottom-right is for j = 3. One 
an see that their

pro�les are Gaussian-like along y

6

-axis and the ridge moves as j in
reases.

3.1.3 Wilson-line phase VS S
herk{S
hwarz phases

In this subse
tion, we will show that the Wilson-line phase and the S
herk{S
hwarz phases relates

through the rede�nition of the �eld. Through this subse
tion, we use the di�erential form,

d = dz

�

�z

+ d�z

�

��z

; A = A

z

dz + A

�z

d�z : (3.1.51)

In addition, we denote the Wilson-line phase a expli
itly in order to emphasize its role in the

following dis
ussion as  (z ; a) for the matter �eld and A(z ; a) for the gauge �eld.

Let us 
onsider the rede�nition of the �eld

 (z ; a) = e

ie Im[ i�
(z+a

0

) ℄

 

0

(z ; a

0

) ; (3.1.52)
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where 
 is a 
omplex parameter and a

0

is the new Wilson-line phase. The 
ovariant derivative

be
omes

�

d� i e




A(z ; a)

��

 (z ; a)

= e

ie Im[ i�
(z+a

0

) ℄

�

d + i e Im(i �
 dz)� i e




A(z ; a)

� �

 

0

(z ; a

0

) ;

(3.1.53)

by the rede�nition. Therefore, we �nd that the new gauge �eld with rede�ned Wilson-line phase

is given by




A

0

(z ; a

0

)

�

=




A(z ; a)

�

� Im(i �
 dz) : (3.1.54)

This relation means

�M

e Im �

Im(�a

0

dz) =

�M

e Im �

Im(�a dz)� Im(i �
 dz)

=

�M

e Im �

Im

��

�a�

i e Im �

�M

�


�

dz

�

: (3.1.55)

Therefore, we �nd the relation between the new Wilson-line phase and the old one,

a

0

= a+

i e Im �

�M


 : (3.1.56)

In the language of the rede�ned �eld, the boundary 
onditions (3.1.13) still hold with the

rede�nition of the parameters a; �

1

; �

�

,

 

0

(z + p ; a

0

) = e

ie�

p

(z+a

0

)+2� i�

0

p

 

0

(z ; a

0

) ; (p = 1; �) ; (3.1.57)

where we used the shorthand notation p = 1; � . Our se
ond work in this se
tion is to �nd the

relations of new S
herk{S
hwarz phases �

0

1

; �

0

�

and the old ones �

1

; �

�

. From the rede�nition

(3.1.52), we �nd that

 (z + p ; a) = e

ie Im(i �
p)

e

ie Im[ i�
(z+a

0

) ℄

 

0

(z + p ; a

0

) : (3.1.58)

On the other hand, the boundary 
onditions for original �eld, Eq. (3.1.13), lead to

 (z + p ; a) = e

i e�

p

(z+a)+2� i�

p

� e

ie Im[ i�
(z+a

0

) ℄

 

0

(z ; a

0

) : (3.1.59)

Therefore, by 
omparing Eq. (3.1.58) with Eq. (3.1.59), we �nd the boundary 
onditions for rede-

�ned �eld as

 

0

(z + p ; a

0

) = e

i e�

p

(z+a)+2� i�

p

� ie Im(i �
p)

 

0

(z ; a

0

) : (3.1.60)

By using the relation (3.1.56), the exponential of the above be
omes

i e�

p

(z + a)� i e Im(i �
p) + 2� i�

p

= i

�M

Im �

Im

�

�p

�

z + a

0

�

i e Im �

�M




��

� i e Im(i �
p) + 2� i�

p

= i e�

p

(z + a

0

) + 2� i

�

�

p

�

e

�

Re(�p
)

�

: (3.1.61)
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Sin
e this must equal to i e�

p

(z + a

0

) + 2� i�

0

p

, we obtain the relations

�

0

p

= �

p

�

e

�

Re(�p 
) ; (p = 1; �) : (3.1.62)

Combining Eq. (3.1.56) and the above, we �nd that the Wilson-line phase 
an always be absorbed

into S
herk{S
hwarz phases and vi
e versa: By 
hoosing the value of 
 so that a

0

= 0, we obtain

the new parameters

a

0

= 0 ; �

0

1

= �

1

+ Im

Ma

Im �

; �

0

�

= �

�

+ Im

�

��

Ma

Im �

�

: (3.1.63)

On the other hand, by 
hoosing the value of 
 so that �

0

1

= �

0

�

= 0, we obtain

a

0

= a +

�

1

� � �

�

M

; �

0

1

= 0 ; �

0

�

= 0 : (3.1.64)

3.2 Twisted Orbifolds

In this se
tion, we study the U(1) gauge theory on the twisted orbifold T

2

=Z

N

. The purpose

to 
onsider the orbifold is as follows: As is mentioned at the end of previous se
tion, toroidal


ompa
ti�
ation with magneti
 
ux is not enough for realizing the 
avor stru
ture whi
h is ob-

served in experiments. Twisted orbifolding with magneti
 
ux is useful for obtaining realisti



avor stru
ture. Furthermore, twisted orbifold is useful also for removing exoti
 parti
les in a
tual

model-buildings.

The twisted orbifolds T

2

=Z

N

is de�ned by the symmetry under the dis
rete rotation [31, 32℄,

z ! !z ; !

:

= e

2� i=N

; (3.2.1)

in addition to the torus-shifts z � z + 1 � z + � .

Note that, it is known that only T

2

=Z

2

;T

2

=Z

3

;T

2

=Z

4

and T

2

=Z

6

are allowed on T

2

. Further-

more, the moduli parameter � has no limitation ex
ept Im � > 0 for T

2

=Z

2

, but � must equal to

! for N = 3; 4; 6. These are, for example, in Ref. [34℄.

On T

2

=Z

N

, there are �xed points z

fp

de�ned by

1

z

fp

= !z

fp

+ n

1

+ n

�

� ; (

9

n

1

; n

�

2 Z) : (3.2.2)

We solve this equation with the torus identi�
ations z

fp

� z

fp

+ n

0

1

+ n

0

�

� (n

0

1

; n

0

�

2 Z) and �nd the

�xed points for ea
h T

2

=Z

N

as

T

2

=Z

N

�xed points

T

2

=Z

2

0;

1

2

;

�

2

;

1 + �

2

T

2

=Z

3

0;

2 + �

3

;

1 + 2�

2

T

2

=Z

4

0;

1 + �

2

T

2

=Z

6

0

1

Fixed points are spe
i�ed by the Z

N

-twist ! and the torus-shifts n

1

+ n

�

� , and are de�ned as (!; n

1

+ n

�

�)

with the language of spa
e group. See, for example, [37℄.
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The fundamental region and the �xed points for ea
h orbifold are depi
ted in Fig.3.4.

Figure 3.4: The �xed points and the fundamental region of the T

2

=Z

N

(N = 2; 3; 4; 6). The upper-

left �gure is for T

2

=Z

2

, the upper-right �gure is for T

2

=Z

3

, the lower-left �gure is for T

2

=Z

4

, and

the lower-right �gure is for T

2

=Z

6

. The bla
k dots denote the �xed points, and the gray areas


orrespond to the fundamental region. Ea
h of the lines with arrows means the identi�
ation by

torus-shifts and Z

N

-twist. The number of arrows on the line represents the pair of the identi�
ation,

and the dire
tion of arrows represents the dire
tion of the identi�
ation. (Quoted from [42℄.)

3.2.1 The boundary 
onditions and allowed values of SS phases

The gauge �elds transform under the twist as

A

�

(x; !z) = A

�

(x; z) ;

A

z

(x; !z) = �!A

z

(x; z) ; A

�z

(x; !z) = !A

�z

(x; z) ;

(3.2.3)

a

ording to the general theory of 
oordinate transformations. The ba
kground 
on�guration

(3.1.9) satis�es these transformation properties if the Wilson-line phase satis�es a = !a. This


ondition means that the Wilson-line phase should be �xed points. For the torus-shifts, the

boundary 
onditions mentioned in the last se
tion holds,




A(z + 1)

�

=




A(z)

�

+ d�

1

(z) ;




A(z + �)

�

=




A(z)

�

+ d�

�

(z) ; (3.2.4)

with

�

1

(z) =

�M

e Im �

Im z ; �

�

(z) =

�M

e Im �

Im(�� z) : (3.2.5)
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Here and hereafter, we dis
uss in the base where the Wilson-line phase vanishes, a = 0, without

loss of generality.

The boundary 
onditions for the 6D spinor 	

�

(x; z) are determined so that the term �

M

D

M

	

�

(x; z)

to be 
ovariant. This leads the following,

	

�

(x; !z) = � S	

�

(x; z) ; (3.2.6a)

	

�

(x; z + 1) = U

1

(z)	

�

(x; z) ; U

1

(z) = e

ie�

1

(z)+2� i�

1

; (3.2.6b)

	

�

(x; z + �) = U

�

(z)	

�

(x; z) ; U

�

(z) = e

ie�

�

(z)+2� i�

�

; (3.2.6
)

where S

:

= �

1

4

�

�

z

�

�z

+!�

�z

�

z

�

= diag(I

4

; !I

4

) and � is the eigenvalue of the Z

N

-twist transforma-

tion satisfying the 
onsisten
y 
ondition �

N

= 1. The �rst 
ondition redu
es for extra-dimensional


omponents  

�

(z) to

(

 

+

(!z) = � 

+

(z) ;

 

�

(!z) = (!�) 

�

(z) :

(3.2.7)

It is known that the S
herk{S
hwarz phases are restri
ted in the parti
ular values on the

orbifold without magneti
 
ux, in 
ontrast to the 
ase of T

2

where the S
herk{S
hwarz phases 
an

take the values arbitrarily [36, 37℄. In the following, we show that there are similar 
onstraints on

the S
herk{S
hwarz phases on the magnetized orbifold T

2

=Z

N

. In order to investigate the allowed

values of the S
herk{S
hwarz phases, we 
al
ulate 	(!(z + 1)) and 	(!(z + �)) in two di�erent

manners.

� T

2

=Z

2


ase: The �rst method of 
al
ulation is to use the boundary 
ondition for Z

N

-twist,

Eq. (3.2.6a), before using the boundary 
ondition for torus-shifts, Eqs. (3.2.6b) and (3.2.6
),

	(!(z + 1)) = � S	(z + 1) = � S � U

1

(z)	(z) ; (3.2.8a)

	(!(z + �)) = � S	(z + �) = � S � U

�

(z)	(z) ; (3.2.8b)

while the se
ond method of 
al
ulation is to use the boundary 
onditions in the opposite order

of the above, that is, to use �rstly the boundary 
ondition for the torus-shifts Eqs. (3.2.6b){

(3.2.6
) and se
ondary to use the boundary 
ondition for the Z

N

-twist Eq. (3.2.6a)

	(!(z + 1)) = 	(!z � 1) = U

y

1

(!z)	(!z) = U

y

1

(�z) � � S	(z) ; (3.2.9a)

	(!(z + �)) = 	(!z � �) = U

y

�

(!z)	(!z) = U

y

�

(�z) � � S	(z) ; (3.2.9b)

where we used ! = �1 for T

2

=Z

2

. By 
omparing Eq. (3.2.8a) with Eq (3.2.9a), we obtain the

relation

U

1

(z) = U

y

1

(�z) : (3.2.10)

On the other hand, we obtain the relation

U

�

(z) = U

y

�

(�z) ; (3.2.11)

by 
omparing Eq. (3.2.8b) with Eq. (3.2.9b). These lead to the following 
onstraints by using

the expression of U

1

(z) and U

�

(z) in Eqs. (3.2.6b) and (3.2.6
):

e

2� i�

1

= e

�2� i�

1

; e

2� i�

�

= e

�2� i�

�

: (3.2.12)
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Finally, we obtain the allowed values of the S
herk{S
hwarz phases on the orbifold T

2

=Z

2

as

(�

1

; �

�

) = (0; 0);

�

1

2

; 0

�

;

�

0;

1

2

�

;

�

1

2

;

1

2

�

: (3.2.13)

� T

2

=Z

3


ase: The �rst method of 
al
ulation is

	(!(z + 1)) = � S	(z + 1) = � S � U

1

(z)	(z) ; (3.2.14a)

	(!(z + �)) = � S	(z + �) = � S � U

�

(z)	(z) ; (3.2.14b)

while the se
ond method of 
al
ulation is

	(!(z + 1)) = 	(!z + �) = U

�

(!z)	(!z) = U

�

(!z) � � S	(z) ; (3.2.15a)

	(!(z + �)) = 	(!z � 1� �) = U

y

1

(!z � 1� �)	(!z � �)

= U

y

1

(!z � 1� �) � U

y

�

(!z � �)	(!z)

= U

y

1

(!z � 1� �)U

y

�

(!z � �) � � S	(z) ; (3.2.15b)

where we used the relations !� = �1 � � for T

2

=Z

3

. By 
omparing Eq. (3.2.14a) with

Eq. (3.2.15a), we obtain the relation

U

1

(z) = U

�

(!z) : (3.2.16)

On the other hand, we obtain the relation

U

�

(z) = U

y

1

(!z � 1� �)U

y

�

(!z � �) ; (3.2.17)

by 
omparing Eq. (3.2.14b) with Eq. (3.2.15b). These lead to the following 
onstraints by

using the expression of U

1

(z) and U

�

(z) in Eqs. (3.2.6b) and (3.2.6
):

e

2� i�

1

= e

2� i�

�

; e

2� i�

�

= e

�2� i(�

1

+�

�

)+� iM

e

�

� iM

Im�

Im[(1+!+��)z℄

: (3.2.18)

Finally, we obtain the allowed values of the S
herk{S
hwarz phases on the orbifold T

2

=Z

3

as

(�

1

; �

�

) =

8

>

>

<

>

>

:

(0; 0);

�

1

3

;

1

3

�

;

�

2

3

;

2

3

�

(for M = even) ;

�

1

6

;

1

6

�

;

�

3

6

;

3

6

�

;

�

5

6

;

5

6

�

(for M = odd) ;

(3.2.19)

by using the relation

1 + ! + �� = 1 + ! + !

2

= 0 : (3.2.20)

� T

2

=Z

4


ase: The �rst method of 
al
ulation is

	(!(z + 1)) = � S	(z + 1) = � S � U

1

(z)	(z) ; (3.2.21a)

	(!(z + �)) = � S	(z + �) = � S � U

�

(z)	(z) ; (3.2.21b)

while the se
ond method of 
al
ulation is

	(!(z + 1)) = 	(!z + �) = U

�

(!z)	(!z) = U

�

(!z) � � S	(z) ; (3.2.22a)



3.2. TWISTED ORBIFOLDS 29

	(!(z + �)) = 	(!z � 1) = U

y

1

(!z � 1)	(!z)

= U

y

1

(!z � 1) � � S	(z) ; (3.2.22b)

where we used the relations !� = �1 for T

2

=Z

4

. By 
omparing Eq. (3.2.21a) with Eq. (3.2.22a),

we obtain the relation

U

1

(z) = U

�

(!z) : (3.2.23)

On the other hand, we obtain the relation

U

�

(z) = U

y

1

(!z � 1) ; (3.2.24)

by 
omparing Eq. (3.2.21b) with Eq. (3.2.22b). These lead to the following 
onstraints by

using the expression of U

1

(z) and U

�

(z) in Eqs. (3.2.6b) and (3.2.6
):

e

2� i�

1

= e

2� i�

�

; e

2� i�

�

= e

�2� i�

1

: (3.2.25)

Finally, we obtain the allowed values of the S
herk{S
hwarz phases on the orbifold T

2

=Z

4

as

(�

1

; �

�

) = (0; 0);

�

1

2

;

1

2

�

: (3.2.26)

� T

2

=Z

6


ase: The �rst method of 
al
ulation is

	(!(z + 1)) = � S	(z + 1) = � S � U

1

(z)	(z) ; (3.2.27a)

	(!(z + �)) = � S	(z + �) = � S � U

�

(z)	(z) ; (3.2.27b)

while the se
ond method of 
al
ulation is

	(!(z + 1)) = 	(!z + �) = U

�

(!z)	(!z) = U

�

(!z) � � S	(z) ; (3.2.28a)

	(!(z + �)) = 	(!z + 1� �) = U

1

(!z � �)	(!z � �)

= U

1

(!z � �) � U

y

�

(!z � �)	(!z)

= U

1

(!z � �)U

y

�

(!z � �) � � S	(z) ; (3.2.28b)

where we used the relations !� = 1 � � for T

2

=Z

6

. By 
omparing Eq. (3.2.27a) with

Eq. (3.2.28a), we obtain the relation

U

1

(z) = U

�

(!z) : (3.2.29)

On the other hand, we obtain the relation

U

�

(z) = U

1

(!z � �)U

y

�

(!z � �) ; (3.2.30)

by 
omparing Eq. (3.2.27b) with Eq. (3.2.28b). These lead to the following 
onstraints by

using the expression of U

1

(z) and U

�

(z) in Eqs. (3.2.6b) and (3.2.6
):

e

2� i�

1

= e

2� i�

�

; e

2� i�

�

= e

2� i(�

1

��

�

)�� iM

e

�

� iM

Im�

Im[(!�1+��)z℄

: (3.2.31)
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Finally, we obtain the allowed values of the S
herk{S
hwarz phases on the orbifold T

2

=Z

6

as

(�

1

; �

�

) =

8

<

:

(0; 0) (for M = even) ;

�

1

2

;

1

2

�

(for M = odd) :

(3.2.32)

by using the relation

! � 1 + �� = !(1 + !

2

+ !

4

) = 0 : (3.2.33)

Summarizing the results, we obtain the allowed values of the S
herk{S
hwarz phases as

orbifold M allowed values of (�

1

; �

�

) 
orresponding values of Ma

T

2

=Z

2

- (0; 0); (

1

2

; 0); (0;

1

2

); (

1

2

;

1

2

) 0;

�

2

;

1

2

;

1+�

2

T

2

=Z

3

even (0; 0); (

1

3

;

1

3

); (

2

3

;

2

3

) 0;

2+�

3

;

1+2�

3

odd (

1

6

;

1

6

); (

3

6

;

3

6

); (

5

6

;

5

6

)

5+�

6

;

1+�

2

;

1+5�

6

T

2

=Z

4

- (0; 0); (

1

2

;

1

2

) 0;

1+�

2

T

2

=Z

6

even (0; 0) 0

odd (

1

2

;

1

2

)

1+�

2

Here, the 
orresponding values of the Wilson-line phase are obtained by the rede�nition of the

�eld dis
ussed in the subse
tion 3.1.3 as

Ma

0

= �

1

� � �

�

; �

0

1

= �

0

�

= 0 : (3.2.34)

Note that the allowed values of the Wilson-line phase are equal to �xed points ex
ept for T

2

=Z

3

and T

2

=Z

6

with odd M . (See Refs. [35, 36℄.)

3.2.2 Z

N

eigenfun
tions

On twisted orbifold T

2

=Z

N

, the zero-mode part of the 6D fermion 	

+;0

(x; z) is de
omposed in the

same manner of the T

2


ase, Eq. (3.1.50), as follows

	

+;0

(x; z) =

8

>

>

>

>

<

>

>

>

>

:

M�1

X

j=0

�

R;0;j

(x)


�

 

+;j;Z

N

(z)

0

�

(for M > 0) ;

M�1

X

j=0

�

L;0;j

(x)


�

0

 

�;j;Z

N

(z)

�

(for M > 0) ;

(3.2.35)

ex
ept for repla
ement the zero-mode fun
tions  

�;j

(z) by the eigenfun
tions on T

2

=Z

N

,  

�;j;Z

N

;�

(z).

Sin
e the mode fun
tions (in
luding higher modes) on T

2

=Z

N

must satisfy the boundary 
onditions

(3.2.7),

(

 

+

(!z) = � 

+

(z) ;

 

�

(!z) = (!�) 

�

(z) ;

(�

N

= 1) ; (3.2.36)

the eigenfun
tions are sorted by the Z

N

eigenvalues

� 2

�

1; !; !

2

; � � � ; !

N�1

	

: (3.2.37)



3.2. TWISTED ORBIFOLDS 31

The zero-mode wavefun
tions  

�;j;Z

N

;�

(z) (j = 0; 1; � � � ; jM j � 1), whi
h satisfy the eigenvalue

equation  

�;j;Z

N

;�

(!z) = �  

�;j;Z

N

;�

(z), 
an be 
onstru
ted as the following linear 
ombinations,

 

�;j;Z

N

;�

(z) =

1

N

N�1

X

x=0

��

x

 

�;j

(!

x

z) : (3.2.38)

Here, the Z

N

-twisted fun
tions  

�;j

(!

x

z) (x = 0; 1; � � � ; N�1) 
an be expanded by the orthonormal


omplete set

�

 

�;k

(z)

�

�

k = 0; 1; � � � ; jM j � 1

	

,

 

�;j

(!

x

z) =

M�1

X

k=0

C

(!

x

)

jk

 

�;k

(z) ; (x = 0; 1; � � � ; N � 1) ; (3.2.39)

with the 
omplex 
oeÆ
ient

C

(!

x

)

jk

=

Z

T

2

d

2

z  

�;j

(!

x

z)

�

 

�;k

(z)

�

�

: (3.2.40)

Using this 
oeÆ
ient, the Z

N

eigenstates are rewritten in the form

 

�;j;Z

N

;�

(z) =

M�1

X

k=0

 

1

N

N�1

X

x=0

��

x

C

(!

x

)

jk

!

 

�;k

(z) : (3.2.41)

By integrating the zero-mode part of the 6D 
hiral a
tion over the extra spa
e, we obtain 4D

e�e
tive a
tion of 
hiral fermion,

Z

M

4

d

4

x

Z

T

2

d

2

z 	

Z

N

;+;0

(x; z) i �

M

D

(0)

M

	

Z

N

;+;0

(x; z)

=

Z

M

4

d

4

x

M�1

X

j;k=0

��

R;0;k

(x)

�

K

(Z

N

;�)

jk

�

i


�

D

(0)

�

�

R;0;j

(x) :

(3.2.42)

Here, the 
omplex 
oeÆ
ient matrix K

(Z

N

;�)

jk

is de�ned by

K

(Z

N

;�)

jk

:

=

Z

T

2

d

2

z  

�;j;Z

N

;�

(z)

�

 

�;k;Z

N

;�

(z)

�

�

=

1

N

2

N�1

X

x;y=0

M�1

X

`=0

��

x

�

y

C

(!

x

)

j`

�

C

(!

y

)

k`

�

�

; (3.2.43)

where we used the orthonormality

Z

T

2

d

2

z  

�;j

(z)

�

 

�;k

(z)

�

�

= Æ

j;k

: (3.2.44)

We 
an obtain the number of physi
al states on T

2

=Z

N

as its rank,

[ The number of physi
al states ℄ = rank

h

K

(Z

N

;�)

jk

i

; (3.2.45)

and this number is just the number of generations. As an example, the pro�les of j 

+;j;Z

3

;�

(z)j

2

for M = 2 and �

1

= �

�

= 0 are depi
ted in Fig. 3.5. One 
an see that the number of independent
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Figure 3.5: The probability densities j 

+;j;Z

3

;�

(z)j

2

for M = 2. These �gures are depi
ted with

a 
omplex 
oordinate z = x + �y (0 � x; y � 1) for 
onvenien
e of explanation. The top two

�gures are probability densities for � = 1, the middle two �gures are for � = !, and the bottom

two �gures are for � = �!. Three �gures on the left-hand side are the pro�les with j = 0, and three

�gures on the right-hand side are for j = 1. The 
onvention di�ers a little from the one in [42℄.

 

(j;0)

T

2

=Z

3

+;0

(z)

�


orresponds to  

+;j;Z

N

;�

(z) with �

1

= �

�

= 0. (Quoted from Ref. [42℄.)
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zero-modes is 0 for � = ! and 1 both for � = 1; �!, and this result is 
onsistent with �rst row of

Table 4.1.

In general, however, it is too diÆ
ult to evaluate the rank of the matrix K

(Z

N

;�)

jk

. This is be
ause

of the reason as follows: In order to evaluate rank

h

K

(Z

N

;�)

jk

i

, we should 
al
ulate the integral of

the produ
ts of Ja
obi's theta fun
tions, as in Eq. (3.2.43). Su
h an integral is highly non-trivial

and 
annot be performed analyti
ally. Furthermore, sin
e we need to 
al
ulate M

2


omponents of

the matrix K

(Z

N

;�)

jk

, the evaluation be
omes harder at an a

elerated pa
e as the magneti
 
ux M

be
omes larger.

The operator formalism analysis dis
ussed in Chapter 4 make this evaluation straightforward,

be
ause we 
an obtain the analyti
 form of the 
oeÆ
ients C

(!

x

)

jk

with help of the operator formal-

ism.





Chapter 4

Operator Formalism Analysis

In this 
hapter, we study the operator formalism analysis [43℄ whi
h is very useful for analyzing

magnetized orbifolds.

4.1 Quantum me
hani
s on T

2

with magneti
 
ux

Let us 
onsider the S
hr�odinger equation

H (y) = E (y) ;

H =

�

� ir� eA(y)

�

2

;

(4.1.1)

where y = (y

1

; y

2

)

T

is the 2D 
oordinate ve
tor, e is the gauge 
oupling 
onstant. A(y) is the

gauge potential whi
h is given by

A(y) = �

1

2


(y + a) ; (4.1.2)

where a = (a

1

; a

2

)

T

is the Wilson-line phase. This is represented in the 
omponents as

A

i

(y) = �

1

2

2

X

j=1




ij

(y

j

+ a

j

) : (4.1.3)

The �eld strength B

ij

is de�ned as follows and is equal to the anti-symmetri
 part of 
,

B

ij

:

= �

i

A

j

� �

j

A

i

=

1

2

�




ij

� 


ji

�

: (4.1.4)

Sin
e the �eld strength is gauge invariant, only the anti-symmetri
 part of 
 is physi
al, while the

symmetri
 part of 
 is unphysi
al and 
an be gauged away.

On the two-dimensional torus T

2

, the 
oordinate ve
tor is identi�ed as

y � y +

2

X

a=1

n

a

u

a

(n

a

2 Z) ; (4.1.5)

where u

a

(a = 1; 2) are the basis ve
tors of the torus. We 
hoose u

1

= (1; 0)

T

and u

2

=

(Re �; Im �)

T

without loss of generality. For the torus-shifts y ! y + u

a

, the gauge potential

(4.1.3) 
hanges as

A(y + u

a

) = A(y)�

1

2


u

a

: (4.1.6)

35
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This must be
ome a gauge transformation be
ause of the 
onsisten
y of the system. Correspond-

ingly, the torus-shifted matter �eld  (y + u

a

) should relate with the original �eld  (y) through

the gauge transformation. Therefore, we �nd the following boundary 
ondition on the gauge �elds

A(y + u

a

) = A(y) +r�

a

(y) ; (4.1.7)

 (y + u

a

) = e

ie�

a

(y)+2� i�

a

 (y) ; (4.1.8)

where

�

a

(y) = �

1

2

u

T

a




T

(y + a) ; (4.1.9)

y

1

y

2

y

y + u

1

y + u

1

+ u

2

y + u

2

Figure 4.1: The 
ontra
tible loop, y !

y + u

1

! y + u

1

+ u

2

! y + u

2

! y,

is illustrated by red ve
tors. The blue and

green ve
tors show the torus identi�
ations.

and �

a

(a = 1; 2) are real parameters 
alled the

S
herk{S
hwarz phases. Furthermore, the single-

valuedness of the wavefun
tions requires the quan-

tization of the magneti
 
ux by 
onsidering 
on-

tra
tible loops, e.g.,

y ! y + u

1

! y + u

1

+ u

2

! y + u

2

! y ;

as in Fig. 4.1,

eu

T

1

Bu

2

= 2�M ; (M 2 Z) ; (4.1.10)

where B

:

=

1

2

(
 � 


T

) is the magneti
 �eld (�eld

strength) de�ned in Eq. (4.1.4).

Next, we move on to the operator formalism, by introdu
ing the 
oordinate operator
^
y and

momentum operator
^
p satisfying the 
anoni
al 
ommutation relations,

�

ŷ

i

; p̂

j

�

= i Æ

i;j

;

�

ŷ

i

; ŷ

j

�

=

�

p̂

i

; p̂

j

�

= 0 : (4.1.11)

The wavefun
tion  (y) is represented in the operator formalism as




y  

�

, and the Hamiltonian

and the S
hr�odinger equation be
omes

^

H =

�

^
p+

e

2


(
^
y + a)

�

2

=

:

�

^
p

0

�

2

;

^

H

�

�

 

�

= E

�

�

 

�

: (4.1.12)

The 
onstraint 
onditions (4.1.8) are rewritten as




y

�

�

e

+iu

T

a

^
p

�

�

 

�

=




y

�

�

e

� i

e

2

u

T

a




T

(
^
y+a)+2� i�

a

�

�

 

�

: (4.1.13)

By using the formula (A.3), the exponentials of the above equation be
omes

e

+iu

T

a




T

(
^
y+a)

e

iu

T

a

^
p

= e

iu

T

a

�

^
p+

e

2




T

(
^
y+a)

�

exp

�

1

2

h

i

e

2

u

ai




ji

(ŷ

j

+ a

j

) ; iu

ak

p̂

k

i

�

= e

iu

T

a

�

^
p+

e

2




T

(
^
y+a)

�

e

� i

e

4

u

T

a


+


T

2

u

a

: (4.1.14)

Therefore, we �nd the boundary 
onditions for the torus-shifts as follows:

e

i

^

T

a

�

�

 

�

= e

2� i�

a

�

�

 

�

;

^

T

a

:

= u

T

a

�

^
p+

e

2




T

(
^
y + a)

�

: (4.1.15)
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Here and hereafter, we 
hoose the gauge

1


 + 


T

2

= 0 : (4.1.16)

The operators
^
p

0

and

^

T

a

satisfy the following 
ommutation relations:

�

p̂

0

i

; p̂

0

j

�

= i eB

ij

; (4.1.17)

�

^

T

a

;

^

T

b

�

= �2� iM�

ab

; (4.1.18)

�

p̂

0

i

;

^

T

a

�

= 0 ; (4.1.19)

where �

ab

= ��

ba

is the anti-symmetri
 tensor with �

12

= +1.

For further analysis of this system, we de�ne new operators,

^

Y

:

= �

p

2

!

p̂

0

2

;

^

P

:

=

p

2 p̂

0

1

; (4.1.20)

^

Y

:

=

^

T

1

� 2��

1

2�M

;

^

P

:

= �

^

T

2

+ 2��

2

; (4.1.21)

where !

:

= 2eB

12

. We �nd immediately that these operators satisfy the 
anoni
al 
ommutation

relations

�

^

Y ;

^

P

�

= i ; (4.1.22a)

�

^

Y ;

^

P

�

= i ; (4.1.22b)

�

^

Y ;

^

Y

�

=

�

^

Y ;

^

P

�

=

�

^

P ;

^

Y

�

=

�

^

P ;

^

P

�

= 0 : (4.1.22
)

These relations tell us that the transformation

�

ŷ

i

; p̂

i

i = 1; 2

	

!

�

^

Y;

^

P;

^

Y;

^

P

	

is 
anoni
al.

With these new operators, the Hamiltonian (4.1.1) 
an be rewritten in the form of harmoni


os
illator,

^

H =

1

2

^

P

2

+

!

2

2

^

Y

2

: (4.1.23)

On the other hand, the 
onstraint 
onditions (4.1.15) be
ome

e

2� iM

^

Y

�

�

 

�

=

�

�

 

�

; (4.1.24a)

e

� i

^

P

�

�

 

�

=

�

�

 

�

: (4.1.24b)

The meanings of these 
onstraint 
onditions 
an be shown 
learly by taking an eigenstate of

^

Y,

whi
h obeys the relation

^

Y

�

�

Y

�

= Y

�

�

Y

�

. The �rst 
ondition redu
es

e

2� iMY

�

�

Y

�

=

�

�

Y

�

; (4.1.25)

and the se
ond be
omes

�

�

Y � 1

�

=

�

�

Y

�

; (4.1.26)

with help of the relation (4.1.22b). These imply that the eigenvalue Y is quantized as

Y =

j

M

; (j = 0; 1; 2; � � � ; jM j � 1) ; (4.1.27)

1

Sin
e the symmetri
 part of 
 is gauge dependent as is mentioned in above, this gauge �xing is justi�ed.
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in every energy level. Finally, we �nd that

^

H

�

�

�

�

n;

j

M

�

= E

n

�

�

�

�

n;

j

M

�

; E

n

= j!j

�

n+

1

2

�

; (4.1.28)

�

n;

j

M

n

0

;

k

M

�

= Æ

n;n

0

Æ

j;k

; (4.1.29)

where n; n

0

= 0; 1; � � � , and j; k = 0; 1; � � � ; jM j � 1.

4.2 Operator formalism on twisted orbifolds

In this se
tion, we investigate the operator formalism on twisted orbifolds T

2

=Z

N

.

The twisted orbifold T

2

=Z

N

is de�ned by the dis
rete symmetry under the rotation of 2�=N -

radians des
ribed as

Z

N

: y ! R

Z

N

y ; R

Z

N

=

�


os(2�=N) � sin(2�=N)

sin(2�=N) 
os(2�=N)

�

: (4.2.1)

It is known that only T

2

=Z

N

with N = 2; 3; 4; 6 are allowed on T

2

as is mentioned in Se
tion 3.2.

The Z

N

transformation property of the 
oordinate operator and the momentum operator is given

by

Z

N

:

(

^
y !

^

U

Z

N

^
y

^

U

�1

Z

N

= R

Z

N

^
y ;

^
p!

^

U

Z

N

^
p

^

U

�1

Z

N

= R

Z

N

^
p ;

(4.2.2)

where the unitary operator

^

U

Z

N

des
ribes the 2�=N -rotation. The Hamiltonian transforms under

the Z

N

rotation as

^

H !

^

U

Z

N

^

H

^

U

�1

Z

N

=

�

R

Z

N

^
p+

e

2


(R

Z

N

^
y + a)

�

2

=

�

^
p+

e

2

�

R

T

Z

N


R

Z

N

�

(
^
y +R

T

Z

N

a)

�

2

: (4.2.3)

Thus, the dis
rete symmetry requires that

R

T

Z

N


R

Z

N

= 
 ; (4.2.4)

and

R

T

Z

N

a = a : (4.2.5)

The former 
ondition 
an be rewritten as

�

R

Z

N

; 


�

= 0 ; (4.2.6)

by using the property R

Z

N

R

T

Z

N

= I

2

, and is satis�ed by the gauge 
ondition (4.1.16), while the

later 
ondition means that the Wilson-line phase a must be a �xed point up to the torus-shifts,

R

T

Z

N

a = a+

2

X

a=1

n

a

u

a

; (n

a

2 Z) : (4.2.7)
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This 
onstraint 
orresponds to Eq. (3.2.2) in the wavefun
tion analysis.

Torus-shift operators

^

T

a

(a = 1; 2) transform as follows:

^

T

a

!

^

U

Z

N

^

T

a

^

U

�1

Z

N

=

�

R

T

Z

N

u

a

�

T

�

^
p+

e

2




T

�

^
y + a

�

�

: (4.2.8)

In order to �nd the transformation properties of

^

T

a

, we need the expressions of the ve
tor R

T

Z

N

u

a

,

Z

2

: R

T

Z

2

u

1

= �u

1

;

Z

3

: R

T

Z

3

u

1

= �u

1

� u

2

;

Z

4

: R

T

Z

4

u

1

= �u

2

;

Z

6

: R

T

Z

6

u

1

= u

1

� u

2

;

R

T

Z

2

u

2

= �u

2

;

R

T

Z

3

u

2

= u

1

;

R

T

Z

4

u

2

= u

1

;

R

T

Z

6

u

2

= u

1

:

(4.2.9)

These lead to the transformation properties of torus-shift operators as follows:

Z

2

:

^

U

Z

2

^

T

1

^

U

�1

Z

2

= �

^

T

1

;

Z

3

:

^

U

Z

3

^

T

1

^

U

�1

Z

3

= �

^

T

1

�

^

T

2

;

Z

4

:

^

U

Z

4

^

T

1

^

U

�1

Z

4

= �

^

T

2

;

Z

6

:

^

U

Z

6

^

T

1

^

U

�1

Z

6

=

^

T

1

�

^

T

2

;

^

U

Z

2

^

T

2

^

U

�1

Z

2

= �

^

T

2

;

^

U

Z

3

^

T

2

^

U

�1

Z

3

=

^

T

1

;

^

U

Z

4

^

T

2

^

U

�1

Z

4

=

^

T

1

;

^

U

Z

6

^

T

2

^

U

�1

Z

6

=

^

T

1

:

(4.2.10)

In the following analysis, we need the expression of the Z

N

-twist transformation properties of the

operators

^

Y;

^

P,

Z

2

:

8

<

:

^

U

Z

2

^

Y

^

U

�1

Z

2

=

^

U

�1

Z

2

^

Y

^

U

Z

2

= �

^

Y �

2�

1

M

;

^

U

Z

2

^

P

^

U

�1

Z

2

=

^

U

�1

Z

2

^

P

^

U

Z

2

= �

^

P + 4��

2

;

(4.2.11)

Z

3

:

8

>

>

>

>

>

>

>

>

<

>

>

>

>

>

>

>

>

:

^

U

Z

3

^

Y

^

U

�1

Z

3

= �

^

Y +

^

P

2�M

�

2�

1

+ �

2

M

;

^

U

Z

3

^

P

^

U

�1

Z

3

= �2�M

^

Y � 2�(�

1

� �

2

) ;

^

U

�1

Z

3

^

Y

^

U

Z

3

= �

^

P

2�M

�

�

1

� �

2

M

;

^

U

�1

Z

3

^

P

^

U

Z

3

= 2�M

^

Y �

^

P + 2�(�

1

+ 2�

2

) ;

(4.2.12)

Z

4

:

8

>

>

>

>

>

>

>

>

<

>

>

>

>

>

>

>

>

:

^

U

Z

4

^

Y

^

U

�1

Z

4

=

^

P

2�M

�

�

1

+ �

2

M

;

^

U

Z

4

^

P

^

U

�1

Z

4

= �2�M

^

Y � 2�(�

1

� �

2

) ;

^

U

�1

Z

4

^

Y

^

U

Z

4

= �

^

P

2�M

�

�

1

� �

2

M

;

^

U

�1

Z

4

^

P

^

U

Z

4

= 2�M

^

Y + 2�(�

1

+ �

2

) ;

(4.2.13)

Z

6

:

8

>

>

>

>

>

>

>

>

<

>

>

>

>

>

>

>

>

:

^

U

Z

6

^

Y

^

U

�1

Z

6

=

^

Y +

^

P

2�M

�

�

2

M

;

^

U

Z

6

^

P

^

U

�1

Z

6

= �2�M

^

Y � 2�(�

1

� �

2

) ;

^

U

�1

Z

6

^

Y

^

U

Z

6

= �

^

P

2�M

�

�

1

� �

2

M

;

^

U

�1

Z

6

^

P

^

U

Z

6

= 2�M

^

Y +

^

P + 2��

1

:

(4.2.14)
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In order to analyze the physi
al states on the T

2

=Z

N

, we 
al
ulate in the below along the

following steps:

1. In order to investigate the allowed values of S
herk{S
hwarz phases by requiring that the


onstraint 
onditions (4.1.24) hold for the Z

N

-twisted state

^

U

Z

N

�

�

 

�

, i.e.,

e

2� iM

^

Y

�

^

U

Z

N

�

�

 

��

=

�

^

U

Z

N

�

�

 

��

; e

� i

^

P

�

^

U

Z

N

�

�

 

��

=

�

^

U

Z

N

�

�

 

��

: (4.2.15)

2. In order to 
al
ulate the analyti
 formula of the Z

N

-twisted states

�

^

U

Z

N

�

x

�

�

j=M

�

(x =

0; 1; � � � ; N � 1),

�

^

U

Z

N

�

x

�

�

j=M

�

=

M�1

X

k=0

D

(!

x

)

jk

�

�

k=M

�

: (4.2.16)

3. In order to 
onstru
t the physi
al states on T

2

=Z

N

,

�

�

j=M

�

Z

N

;�

:

=

b

Z

(�)

N

�

�

j=M

�

: (4.2.17)

Here, the operator

b

Z

(�)

N

:

=

1

N

N�1

X

x=0

��

x

�

^

U

Z

N

�

x

; (4.2.18)

is the proje
tion operator on the Z

N

eigenstate with the eigenvalue � and satis�es the relations

^

U

Z

N

b

Z

(�)

N

= �

b

Z

(�)

N

;

�

b

Z

(�)

N

�

2

=

b

Z

(�)

N

; (4.2.19)

be
ause of the Z

N


onsisten
y,

�

^

U

Z

N

�

N

= 1; �

N

= 1.

4. In order to investigate the number of independent physi
al states, we evaluate the rank of

the matrix M

(Z

N

;�)

jk

de�ned by

�

�

j=M

�

Z

N

;�

=

M�1

X

k=0

M

(Z

N

;�)

jk

�

�

k=M

�

: (4.2.20)

This matrix 
an be written as

M

(Z

N

;�)

jk

=

1

N

N�1

X

x=0

��

x

D

(!

x

)

jk

: (4.2.21)

As mentioned at the beginning of this 
hapter, the purpose of the operator formalism is to �nd the

analyti
 expression of C

(!

x

)

jk

in Eq. (3.2.40). For this purpose, we investigate the 
orresponden
e

between the operator formalism analysis and the wavefun
tion analysis, and �nd the relations

C

(!

x

)

jk

= D

(!

x

)

jk

; K

(Z

N

;�)

jk

=M

(Z

N

;�)

jk

; (4.2.22)

in the next subse
tion.

In the following, we denote the Z

N

-twist operator

^

U

Z

N

as

^

U simply in ea
h 
ase of T

2

=Z

N

(N =

2; 3; 4; 6).
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4.2.1 Corresponden
e to the wavefun
tion analysis

In this subse
tion, we show the 
orresponden
e between the operator formalism analysis and the

wavefun
tion analysis.

Firstly, we examine the meaning of the eigenvalue j in the states

�

�

j=M

�

, i.e.,




z j=M

�

=  

j

(z) ; (4.2.23)

where

�

�

z

�

is an eigenstate of the operator ẑ,

ẑ

�

�

z

�

= z

�

�

z

�

; ẑ

:

= ŷ

1

+ i ŷ

2

= (1; i)
^
y : (4.2.24)

Through this subse
tion, we denote the operator

~

O as a di�erential operator a
ting on fun
tions

of the 
oordinates, whi
h is the 
oordinate representation of the quantum me
hani
al operator

^

O

a
ting on states,




z

�

� ^

O =

~

O




z

�

�

: (4.2.25)

Sin
e the operator e

2� i

^

Y

gives the eigenvalue e

2� i

j

M

by a
ting on the state

�

�

j=M

�

, what we need

to show is

e

2� i

~

Y

 

j

(z) = e

2� i

j

M

 

j

(z) : (4.2.26)

By repla
ing the operators as

^
y ! y ;

^
p! � ir ; (4.2.27)

we obtain the torus-shift operator

~

T

1

in 
oordinate representation as follows:

~

T

1

= (1; 0)

�

� i

�

�=�y

1

�=�y

2

�

+

e

2

�

2�M

e Im �

�

0 �1

1 0

��

y

1

+ a

1

y

2

+ a

2

��

= � i(� +

�

�)�

�M

Im �

Im(z + a) : (4.2.28)

This representation leads to

e

i

~

T

1

1

M

= exp

�

1

M

(� +

�

�)�

� i

Im �

Im(z + a)

�

= e

�

� i

Im�

Im(z+a)

e

1

M

�

e

1

M

�

�

; (4.2.29)

with help of the formula (A.4) . By a
ting the di�erential operator e

i

~

T

1

1

M

on the wavefun
tion

 

j

(z), we obtain

e

i

~

T

1

1

M

 

j

(z) = e

�

� i

Im�

Im(z+a)

e

1

M

�

e

1

M

f

�

�M

2 Im �

(z+a)

g

 

(j)

(z)

= e

�

� i

Im�

Im(z+a)

e

�

�

2 Im �

(z+

1

M

+a)

�N e

� iM

Im �

(z+

1

M

+a)

f

Im(z+a)+

1=M

2i

g

#

�

(j + �

1

)=M

��

�

�

(M(z +

1

M

+ a);M�)

= e

�

� i

Im�

Im(z+a)

e

�

�

2 Im �

(z+

1

M

+a)

�N e

� iM

Im �

1

M

Im(z+a)

e

� iM

Im �

(z+

1

M

+a)

1=M

2i

� e

� iM

Im �

(z+a) Im(z+a)

� e

2� i

j+�

1

M

� #

�

(j + �

1

)=M

��

�

�

(M(z + a);M�)
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= e

2� i

j+�

1

M

�  

j

(z) ; (4.2.30)

where we used the equation of motion for  

(j)

(z), the formula

e

1

M

�

f(z; �z) = f(z +

1

M

; �z) ; (4.2.31)

and the property of Ja
obi's theta fun
tion (3.1.36). By the de�nition of the operator

^

Y, Eq. (4.1.21),

we �nd the relation

e

2� i

~

Y

 

(j)

(z) = e

�2� i

�

1

M

e

i

~

T

1

1

M

 

(j)

(z) = e

2� i

j

M

 

(j)

(z) : (4.2.32)

On the other hand, by repla
ing the operator

~

T

2

= � i

�

� � + ��

�

�

�

+

�M

Im �

�� (z + a)� �(�z + �a)

2 i

; (4.2.33)

and operating

e

� i

~

P

1

M

= e

�

i

M

(

�

�M

Im�

Im[ ��(z+a)℄������

�

�+2��

2
)

(4.2.34)

on the wavefun
tion  

j

(z), we obtain

e

� i

~

P

1

M

 

j

(z) =  

j+1

(z) : (4.2.35)

By 
omparing Eqs. (4.2.32) and (4.2.35) with the relations in the operator formalism,

e

2� i

^

Y

�

�

j=M

�

= e

2� i

j

M

�

�

j=M

�

; e

� i

^

P

1

M

�

�

j=M

�

=

�

�

(j + 1)=M

�

; (4.2.36)

we �nd that the 
orresponden
e (4.2.23) is justi�ed. In other words, the index j of

�

�

j=M

�

is same

as the index j of the zero-mode fun
tion  

j

(z).

Next, we �nd the representation of the 
oeÆ
ients C

(!

x

)

jk

in the operator formalism. We �nd

that the state

�

�

!z

�

whi
h is an eigenstate the 
oordinate operator ẑ with the eigenvalue !z is

given by

�

�

!z

�

=

^

U

�1

Z

N

�

�

z

�

: (4.2.37)

By using this relation, we �nd that the Z

N

-twisted wavefun
tions are represented in the operator

formalism as

 

j

(!

x

z) =




!

x

z j=M

�

=

D

z

�

^

U

Z

N

�

x

j=M

E

; (4.2.38)

 

�;j;Z

N

;�

(z) =

1

N

N�1

X

x=0

��

x

D

z

�

^

U

Z

N

�

x

j=M

E

=

D

z

b

Z

(�)

N

j=M

E

: (4.2.39)

Therefore, the 
oeÆ
ients C

(!

x

)

jk

are represented as follows:

C

(!

x

)

jk

:

=

Z

T

2

d

2

z  

j

(!

x

z)

�

 

k

(z)

�

�

=

Z

T

2

d

2

z




!

x

z j=M

� 


k=M z

�
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=

Z

T

2

d

2

z

D

z

�

^

U

Z

N

�

x

j=M

E




k=M z

�

=

D

k=M

�

^

U

Z

N

�

x

j=M

E

= D

(!

x

)

jk

; (4.2.40)

where we used the 
ompleteness relation

Z

T

2

dz

�

�

z

� 


z

�

�

= 1 : (4.2.41)

Similar 
al
ulation holds for K

(Z

N

;�)

jk

:

K

(Z

N

;�)

jk

:

=

Z

T

2

d

2

z  

�;j;Z

N

;�

(z)

�

 

�;k;Z

N

;�

(z)

�

�

=

Z

T

2

d

2

z

D

z

b

Z

(�)

N

j=M

ED

k=M

b

Z

(�)

N

z

E

=

D

k=M

b

Z

(�)

N

�

b

Z

(�)

N

j=M

E

=

D

k=M

b

Z

(�)

N

j=M

E

=M

(Z

N

;�)

jk

; (4.2.42)

where we used the property of the proje
tion operator

�

b

Z

(�)

N

�

2

=

b

Z

(�)

N

. Therefore, we �nd that

(The number of physi
al states) = rank

h

K

(Z

N

;�)

jk

i

= rank

h

M

(Z

N

;�)

jk

i

: (4.2.43)

Sin
e we don't know the analyti
 expression ofK

(Z

N

;�)

jk

, we should 
al
ulate the integral in Eq. (3.2.43)

whose integrand is the produ
t of highly 
ompli
ated linear 
ombinations of Ja
obi's theta. This

troubles us about the investigation of the number of physi
al states. On the other hand, the 
al
u-

lation of rank

h

M

(Z

N

;�)

jk

i


an be performed more smoothly than the 
al
ulation of rank

h

K

(Z

N

;�)

jk

i

sin
e the analyti
 expression ofM

(Z

N

;�)

jk


an be obtain as in the below. This is the biggest advantage

of the operator formalism.

4.2.2 T

2

=Z

2

In this subse
tion, we dis
uss the T

2

=Z

2

orbifold.

� Allowed values of the S
herk{S
hwarz phases on T

2

=Z

2

In order to investigate allowed values of the S
herk{S
hwarz phases, we operate

^

U on the

both sides of the 
onstraint 
onditions (4.1.24). By using the Z

2

transformation properties of the

operators

^

Y and

^

P, Eq. (4.2.11), we �nd that

e

�2� iM

^

Y

� e

�2� i �2�

1

�

^

U

�

�

 

��

=

^

U

�

�

 

�

;

e

i

^

P

� e

2� i �2�

2

�

^

U

�

�

 

��

=

^

U

�

�

 

�

:

(4.2.44)
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From the requirements (4.2.15), we �nd the following 
onstraints,

e

�2� i �2�

1

= 1 ; e

2� i �2�

2

= 1 ; (4.2.45)

These lead to allowed values of the S
herk{S
hwarz phases as follows:

(�

1

; �

2

) = (0; 0) ;

�

1

2

; 0

�

;

�

0;

1

2

�

;

�

1

2

;

1

2

�

: (4.2.46)

� Z

2

-rotated states

Next, we �nd the matrix elements D

(!

x

)

jk

de�ned in Eq. (4.2.16). To do this, we �rst operate

e

2� i

^

Y

on the state

^

U

�

�

j=M

�

. By using the formula (A.1) and the Z

2

transformation properties

(4.2.11), we �nd that

e

2� i

^

Y

�

^

U

�

�

j=M

��

=

^

U e

2� i(

^

U

�1

^

Y

^

U)

�

�

j=M

�

=

^

U e

2� i(�

^

Y�

2�

1

M

)

�

�

j=M

�

= e

2� i

�j�2�

1

M

�

^

U

�

�

j=M

��

: (4.2.47)

This eigenvalue equation implies that the Z

2

-twisted state

^

U

�

�

j=M

�

is proportional to the state

�

�

(�j � 2�

1

)=M

�

, i.e.,

^

U

�

�

j=M

�

= e

2� i�

j

�

�

(�j � 2�

1

)=M

�

; (4.2.48)

where �

j

2 [0; 1) is a real parameter. We operate the twist operator

^

U on the both sides of the

above equation and obtain

^

U

2

�

�

j=M

�

= e

2� i(�

j

+�

�j�2�

)

�

�

j=M

�

: (4.2.49)

Sin
e the twist operator

^

U must satisfy the Z

2


onsisten
y 
ondition,

^

U

2

= 1, we �nd that

�

j

+ �

�j�2�

1

= n ; (n 2 Z) : (4.2.50)

On the other hand, Z

2

-twisted state

^

U

�

�

j=M

�

is also obtained as follows:

^

U

�

�

j=M

�

=

^

U

�

e

� i

^

P

j

M

�

�

0=M

��

= e

� i(

^

U

^

P

^

U

�1

)

j

M

^

U

�

�

0=M

�

= e

� i(�

^

P+4��

2

)

j

M

� e

2� i�

0

�

�

�2�

1

=M

�

= e

2� i(�

0

�

j

M

�2�

2

)

�

�

(�j=M)� 2�

1

=M

�

: (4.2.51)

By 
omparing this with Eq. (4.2.48), we �nd that

�

j

= �

0

�

j

M

� 2�

2

+ n ; (n 2 Z) : (4.2.52)

Substituting this into Eq. (4.2.50), we �nd that

�

0

+ �

�j�2�

1

= 2�

0

+

2�

1

M

� 2�

2

= n ; (n 2 Z) : (4.2.53)
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Therefore, the phase fa
tor of twisted state

^

U

�

�

0=M

�

is obtained as

�

0

= �

�

1

M

� 2�

2

+

n

2

(n = 0; 1) : (4.2.54)

Here, we 
an put n = 0 without loss of generality sin
e n gives unphysi
al phase. Substituting this

into Eq. (4.2.52), the phase fa
tor �

j

be
omes

�

j

= �

j + �

1

M

� 2�

2

: (4.2.55)

Thus, we �nd the Z

2

-twisted states as follows:

^

U

�

�

j=M

�

= e

�2� i

j+�

1

M

�2�

2

�

�

(�j � 2�

1

)=M

�

: (4.2.56)

This gives the expression of the matrix element

D

(!)

jk

= e

�2� i

j+�

1

M

�2�

2

Æ

k;�j�2�

1

: (4.2.57)

Here, the index of the Krone
ker's delta is understood as mod jM j.

� The number of physi
al solutions on T

2

=Z

2

By investigating the rank of the matrix

M

(Z

2

;�)

jk

=

1

2

�

Æ

j;k

+ �D

(!)

jk

�

; � 2 f+1;�1g ; (4.2.58)

we obtain the number of physi
al states. On the T

2

=Z

2

, the expression of the matrix M

(Z

2

;�)


onsists roughly in two Krone
ker's delta. Be
ause of this simpli
ity, we 
an evaluate analyti
ally

the rank of the matrix M

(Z

2

;�)

. This is in 
ontrast to the other orbifolds T

2

=Z

3;4;6

.

1. (�

1

; �

2

) = (0; 0) 
ase

In this pattern, the expli
it form of M

(Z

2

;�)

jk

is

M

(Z

2

;�=�)

jk

=

1

2

�

Æ

j;k

� Æ

k;jM j�j

�

: (4.2.59)

The Z

2

eigenstates in this pattern are given by the following linear 
ombination,

�

�

j=M ;�

�

Z

2

:

=

b

Z

�=�

2

�

�

j=M

�

=

1

2

�

�

�

j=M

�

�

�

�

(jM j � j)=M

�

�

; (4.2.60)

where the sign � means the Z

2

eigenvalue � = �1. It is found immediately that the above

states have the property

�

�

(jM j � j)=M ;�

�

Z

2

= �

�

�

j=M ;�

�

Z

2

; (4.2.61)

be
ause of the periodi
ity

�

�

(j +M)=M

�

=

�

�

j=M

�

: (4.2.62)
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This implies that the independent states are

�

�

j=M ;�

�

Z

2

�

j �

jM j

2

�

: (4.2.63)

In addition, for j = 0 and j = jM j=2 with Z

2

eigenvalue � = �1 (the state for j = jM j=2

exists only when M is even), Z

2

eigenstate vanishes,

�

�

0=M ;�

�

Z

2

= 0 ;

�

�

(jM j=2)=M ;�

�

= 0 : (4.2.64)

These properties tell us the number of physi
al states as follows: For M = even, the inde-

pendent Z

2

eigenstates with � = +1 are

�

�

j=M ; +

�

Z

2

�

j = 0; � � � ;

jM j

2

�

; (4.2.65)

and the independent eigenstates with � = �1 are

�

�

j=M ;�

�

Z

2

�

j = 1; � � � ;

jM j

2

� 1

�

: (4.2.66)

Therefore, the number of independent states are given by

rank

h

M

(Z

2

;�=+)

jk

i

=

jM j

2

+ 1 ; rank

h

M

(Z

2

;�=�)

jk

i

=

jM j

2

� 1 : (4.2.67)

On the other hand, for M = odd, sin
e the independent states with � = +1 are

�

�

j=M ; +

�

Z

2

�

j = 0; � � � ;

jM j � 1

2

�

; (4.2.68)

and the independent eigenstates with � = �1 are

�

�

j=M ;�

�

Z

2

�

j = 1; � � � ;

jM j � 1

2

�

; (4.2.69)

the number of independent states are

rank

h

M

(Z

2

;�=+)

jk

i

=

jM j � 1

2

+ 1 ; rank

h

M

(Z

2

;�=�)

jk

i

=

jM j � 1

2

: (4.2.70)

These 
an be expressed together as

(# of physi
al states for � = +1) =

�

jM j

2

�

+ 1;

(# of physi
al states for � = �1) =

�

jM j � 1

2

�

;

(4.2.71)

where [x℄ is the 
oor fun
tion. This be
omes in the form of a table as follows:

jM j 0 1 2 3 4 5 6 7 8 9 10

�

+1 1 1 2 2 3 3 4 4 5 5 6

�1 0 0 0 1 1 2 2 3 3 4 4

This 
ase has been already studied. The above table obtained by the operator formalism

analysis reprodu
es the same result as the earlier study, the Table 1 in [41℄.
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2. (�

1

; �

2

) = (

1

2

; 0) 
ase

In this pattern, the expli
it form of M

(Z

2

;�)

jk

is

M

(Z

2

;�=�)

jk

=

1

2

�

Æ

j;k

� Æ

k;jM j�j�1

�

: (4.2.72)

The Z

2

eigenstates in this pattern are given by

�

�

j=M ;�

�

Z

2

:

=

b

Z

�=�

2

�

�

j=M

�

=

1

2

�

�

�

j=M

�

�

�

�

(jM j � 1� j)=M

�

�

: (4.2.73)

This has the following properties:

�

�

(jM j � 1� j)=M ;�

�

= �

�

�

j=M ;�

�

;

�

�

0=M ;�

�

= 0 ;

�

�

�

�

jM j�1

2

�

=M ;�

E

= 0 :

(4.2.74)

We 
ount the number of independent states in the similar way to the (�

1

; �

2

) = (0; 0) 
ase

as follows:

(# of physi
al states for � = +1) =

�

jM j+ 1

2

�

;

(# of physi
al states for � = �1) =

�

jM j

2

�

:

(4.2.75)

3. (�

1

; �

2

) = (0;

1

2

) 
ase

In this pattern, the expli
it form of M

(Z

2

;�)

jk

is

M

(Z

2

;�=�)

jk

=

1

2

�

Æ

j;k

� e

�2� i

j

M

Æ

k;jM j�j

�

: (4.2.76)

The Z

2

eigenstates in this pattern are given by

�

�

j=M ;�

�

Z

2

:

=

b

Z

�=�

2

�

�

j=M

�

=

1

2

�

�

�

j=M

�

� e

�2� i

j

M

�

�

(jM j � j)=M

�

�

: (4.2.77)

This has the following properties:

�

�

(jM j � j)=M ;�

�

= � e

2� i

j

M

�

�

j=M ;�

�

;

�

�

0=M ;�

�

= 0 ;

�

�

�

�

jM j

2

�

=M ; +

E

= 0 :

(4.2.78)

We 
ount the number of independent states in the similar way to the (�

1

; �

2

) = (0; 0) 
ase

as follows:

(# of physi
al states for � = +1) =

�

jM j+ 1

2

�

;

(# of physi
al states for � = �1) =

�

jM j

2

�

:

(4.2.79)
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4. (�

1

; �

2

) = (

1

2

;

1

2

) 
ase

In this pattern, the expli
it form of M

(Z

2

;�)

jk

is

M

(Z

2

;�=�)

jk

=

1

2

�

Æ

j;k

� e

�2� i

j+

1

2

M

Æ

k;jM j�j�1

�

: (4.2.80)

The Z

2

eigenstates in this pattern are given by

�

�

j=M ;�

�

Z

2

:

=

b

Z

�=�

2

�

�

j=M

�

=

1

2

�

�

�

j=M

�

� e

�2� i

j+

1

2

M

�

�

(jM j � 1� j)=M

�

�

: (4.2.81)

This has the following properties:

�

�

(jM j � 1� j)=M ;�

�

= � e

2� i

j+

1

2

M

�

�

j=M ;�

�

;

�

�

�

�

jM j�1

2

�

=M ; +

E

= 0 :

(4.2.82)

We 
ount the number of independent states in the similar way to the (�

1

; �

2

) = (0; 0) 
ase

as follows:

(# of physi
al states for � = +1) =

�

jM j

2

�

;

(# of physi
al states for � = �1) =

�

jM j+ 1

2

�

:

(4.2.83)

4.2.3 T

2

=Z

3

In this subse
tion, we dis
uss the T

2

=Z

3

orbifold. Although we 
an analyze this orbifold in the

similar manner to the T

2

=Z

2


ase, it is more 
ompli
ated than the T

2

=Z

2


ase be
ause of the

mixing of the operators

^

T

1

and

^

T

2

under the Z

3

transformation.

� Allowed values of the S
herk{S
hwarz phases on T

2

=Z

3

First, we investigate the allowed values of the S
herk{S
hwarz phases on the T

2

=Z

3

. Similarly

to the 
ase of T

2

=Z

2

, we operate

^

U on the both sides of the 
onstraint 
onditions (4.1.24). By

using formulae (A.1) and (A.4), we �nd that the left-hand sides of Eq. (4.1.24) be
ome as follows:

^

U

�

e

2� iM

^

Y

�

�

 

��

=

^

U e

2� iM

^

Y

^

U

�1

^

U

�

�

 

�

= e

2� iM(

^

U

^

Y

^

U

�1

)

^

U

�

�

 

�

= e

2� iM(�

^

Y+

^

P

2�M

�

2�

1

+�

2

M

)

^

U

�

�

 

�

= e

�2� i(2�

1

+�

2

)

� e

�2� iM

^

Y

e

i

^

P

e

�

1

2

[�2� iM

^

Y;�M

^

P ℄

^

U

�

�

 

�

= e

�2� i(2�

1

+�

2

+

M

2

)

e

�2� iM

^

Y

e

i

^

P

^

U

�

�

 

�

; (4.2.84)

^

U

�

e

� i

^

P

�

�

 

��

=

^

U e

� i

^

P

^

U

�1

^

U

�

�

 

�

= e

� i(

^

U

^

P

^

U

�1

)

^

U

�

�

 

�

= e

� i[�2�M

^

Y�2�(�

1

��

2

) ℄

^

U

�

�

 

�

: (4.2.85)
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On the other hand, the right-hand sides of Eq. (4.1.24) be
ome

^

U

�

�

 

�

. Therefore, we �nd that

e

�2� i(2�

1

+�

2

+

M

2

)

e

�2� iM

^

Y

e

i

^

P

�

^

U

�

�

 

��

=

^

U

�

�

 

�

; (4.2.86a)

e

2� i(�

1

��

2

)

e

2� iM

^

Y

�

^

U

�

�

 

��

=

^

U

�

�

 

�

: (4.2.86b)

By multiplying e

2� i(2�

1

+�

2

+

M

2

)

e

+2� iM

^

Y

on the both sides of Eq. (4.2.86a) and using Eq. (4.2.86b),

we �nd that

e

i

^

P

�

^

U

�

�

 

��

= e

2� i(2�

1

+�

2

+

M

2

)

� e

�2� i(�

1

��

2

)

�

^

U

�

�

 

��

: (4.2.87)

By 
omparing Eqs. (4.2.87) and (4.2.86b) with the requirement (4.2.15), we �nd the following


onditions:

�

1

+ 2�

2

+

M

2

= n ; �

1

� �

2

= n

0

; (n; n

0

2 Z) : (4.2.88)

Therefore, the allowed values of the S
herk{S
hwarz phases are follows:

�

:

= �

1

= �

2

=

(

0;

1

3

;

2

3

(for M = even) ;

1

6

;

3

6

;

5

6

(for M = odd) :

(4.2.89)

� Z

3

-rotated states

Next, we �nd the matrix elements D

(!

x

)

jk

de�ned in Eq. (4.2.16). For later 
onvenien
e, we note

the Z

3

transformation properties of the operators

^

Y;

^

P in Eq. (4.2.12) for the 
ase � = �

1

= �

2

,

^

U

^

Y

^

U = �

^

Y +

^

P

2�M

�

�

M

; (4.2.90a)

^

U

^

P

^

U = �2�M

^

Y ; (4.2.90b)

^

U

�1

^

Y

^

U = �

^

P

2�M

; (4.2.90
)

^

U

�1

^

P

^

U = 2�M

^

Y �

^

P + 6�� : (4.2.90d)

By operating e

2� i

^

Y

on the state

^

U

�

�

j=M

�

and using the formula (A.1), we get the relation

e

2� i

^

Y

�

^

U

�

�

j=M

��

=

^

U e

2� i(

^

U

�1

^

Y

^

U)

�

�

j=M

�

=

^

U e

� i

^

P

1

M

�

�

j=M

�

=

^

U

�

�

(j + 1)=M

�

: (4.2.91)

This implies that the state

P

j

^

U

�

�

j=M

�

is an eigenstate of the operator e

2� i

^

Y

with the eigenvalue

e

2� i

0

M

, i.e.,

M�1

X

j=0

^

U

�

�

j=M

�

= A e

� i�

�

�

0=M

�

; (4.2.92)

where A; e

� i�

are the magnitude and phase parts of the proportional 
oeÆ
ient, respe
tively.

Operating e

� i

^

P

k

M

on the both sides of the above equation, the left-hand side be
omes

e

� i

^

P

k

M

M�1

X

j=0

^

U

�

�

j=M

�

=

^

U

M�1

X

j=0

e

� i(

^

U

�1

^

P

^

U)

k

M

�

�

j=M

�
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=

^

U

M�1

X

j=0

e

�2� i

^

Yk+i

^

P

k

M

�6� i�

k

M

�

�

j=M

�

=

^

U

M�1

X
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e

�� i

k�6�
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� e

i

^
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k

M

e

�2� i

^
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�

1

2

[ i

^

P

k

M

;�2� i

^

Yk ℄

�

�

j=M

�

= e

�� i

k�6�

M

+� i

k

2

M

M�1

X

j=0

e

�2� i

j�k

M

^

U

�

�

(j � k)=M

�

= e

�� i

k�6�

M

+� i

k

2

M

M�1�k

X

j=�k

e

�2� i

(j+k)�k

M

^

U

�

�

j=M

�

= e

�� i

k(k+6�)

M

M�1

X

j=0

e

�2� i

j�k

M

^

U

�

�

j=M

�

; (4.2.93)

with help of the formulae (A.1), (A.4), and the transformation properties (4.2.90). On the other

hand, right-hand side be
omes A e

� i�

�

�

k=M

�

. Therefore, we �nd that

e

�� i

k(k+6�)

M

M�1

X

j=0

e

�2� i

j�k

M

^

U

�

�

j=M

�

= A e

� i�

�

�

k=M

�

: (4.2.94)

Multiplying e

+� i

k(k+6�)

M

on the both sides, summing over k = 0; 1; � � � ; jM j�1, and using the formula

(A.6), we �nd that the twisted state of

�

�

0=M

�

is given by the following linear 
ombination,

^

U

�

�

0=M

�

=

A

M

e

� i�

M�1

X

k=0

e

� i

k(k+6�)

M

�

�

k=M

�

: (4.2.95)

We 
an obtain the expression for the state

^

U

�

�

j=M

�

by using the translation property,

�

�

j=M

�

=

e

� i

^

P

j

M

�

�

0=M

�

, and the Z

3

-twist transformation property, Eq. (4.2.90), as follows:

^
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=
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� i

^
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� i(

^
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M

^
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�
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�
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2� ij

^

Y

�

A

M
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� i�

M�1

X
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� i
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=

A

M
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� i�

M�1

X
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e

� i

k(k+2j+6�)

M

�

�

k=M

�

: (4.2.96)

Finally, we determine the magnitude fa
tor A and the phase fa
tor e

� i�

so that

^

U

3

is the identity

operator,

^

U

3

= 1. This is done as follows: First we operate

^

U

3

on the state

�

�

j=M

�

. By using the

expression in Eq. (4.2.96) and the formulae (A.8), (A.6) in Appendix A, we �nd that

^

U

3

�

�
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�

=

M�1

X
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A

3

M

3

e

3� i�
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X

m=0

M�1

X
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�
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=

A

3

M

3

e

3� i�

�M

3=2

e

�� i(

9�

2

M

�

1

4

)

�

�

j=M

�

: (4.2.97)

Therefore, the fa
tors A and � are determined by the Z

3


onsisten
y,

^

U

3

= 1, as follows:

A =

p

M ; � =

3�

2

M

�

1

12

: (4.2.98)

As the result, we �nd the following expressions of the matrix elements:

D

(!)

jk

=

1

p

M

e

� i

�

3�

2

M

�

1

12

�

e

� i

k(k+2j+6�)

M

; (4.2.99)

D

(!

2

)

jk

=

1

p

M

e

�� i

�

3�

2

M

�

1

12

�

e

�� i

j(j+2k+6�)

M

: (4.2.100)

� The number of physi
al solutions on T

2

=Z

3

By investigating the rank of the matrix

M

(Z

3

;�)

jk

=

1

3

2

X

x=0

��

x

D

(!

x

)

jk

; � 2 f1; !; �!g ; (4.2.101)

we obtain Table 4.1{4.4 of the number of physi
al solutions.

jM j 2 4 6 8 10 12 14 16 18 20 22

�

1 1 1 3 3 3 5 5 5 7 7 7

! 0 2 2 2 4 4 4 6 6 6 8

�! 1 1 1 3 3 3 5 5 5 7 7

Table 4.1: The numbers of linearly independent zero-mode eigenstates with Z

3

eigenvalue � for

M = even and (�

1

; �

2

) = (0; 0) on T

2

=Z

3

.

jM j 2 4 6 8 10 12 14 16 18 20 22

�

1 1 2 2 3 4 4 5 6 6 7 8

! 1 1 2 3 3 4 5 5 6 7 7

�! 0 1 2 2 3 4 4 5 6 6 7

Table 4.2: The numbers of linearly independent zero-mode eigenstates with Z

3

eigenvalue � for

M = even and (�

1

; �

2

) = (

1

3

;

1

3

); (

2

3

;

2

3

) on T

2

=Z

3

.

jM j 1 3 5 7 9 11 13 15 17 19 21

�

1 1 1 2 3 3 4 5 5 6 7 7

! 0 1 2 2 3 4 4 5 6 6 7

�! 0 1 1 2 3 3 4 5 5 6 7

Table 4.3: The numbers of linearly independent zero-mode eigenstates with Z

3

eigenvalue � for

M = odd and (�

1

; �

2

) = (

1

6

;

1

6

); (

5

6

;

5

6

) on T

2

=Z

3

.
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jM j 1 3 5 7 9 11 13 15 17 19 21

�

1 0 2 2 2 4 4 4 6 6 6 8

! 1 1 1 3 3 3 5 5 5 7 7

�! 0 0 2 2 2 4 4 4 6 6 6

Table 4.4: The numbers of linearly independent zero-mode eigenstates with Z

3

eigenvalue � for

M = odd and (�

1

; �

2

) = (

3

6

;

3

6

) on T

2

=Z

3

.

4.2.4 T

2

=Z

4

In this subse
tion, we dis
uss the T

2

=Z

4

orbifold. The situation is similar to the T

2

=Z

3


ase.

� Allowed values of the S
herk{S
hwarz phases on T

2

=Z

4

First, we investigate the allowed values of the S
herk{S
hwarz phases on T

2

=Z

4

. By a
ting

the Z

4

-twist operator

^

U on the both sides of the 
onstraint 
onditions (4.1.24) and using formula

(A.1), we �nd that

e

i

^

P

e

�2� i(�

1

+�

2

)

�

^

U

�

�

 

��

=

^

U

�

�

 

�

;

e

2� i(�

1

��

2

)

e

2� iM

^

Y

�

^

U

�

�

 

��

=

^

U

�

�

 

�

:

(4.2.102)

By 
omparing the above with the requirement (4.2.15), we �nd the following 
onditions:

�

1

+ �

2

= n ; �

1

� �

2

= n

0

; (n; n

0

2 Z) ; (4.2.103)

Therefore, the allowed values of S
herk{S
hwarz phases are follows:

�

:

= �

1

= �

2

= 0;

1

2

: (4.2.104)

� Z

4

-rotated states

Next, we �nd the matrix elements D

(!

x

)

jk

de�ned in Eq. (4.2.16). For later 
onvenien
e, we note

the Z

4

transformation properties of the operators

^

Y;

^

P in Eq. (4.2.12) for the 
ase � = �

1

= �

2

,

^

U

^

Y

^

U =

^

P

2�M

; (4.2.105a)

^

U

^

P

^

U = �2�M

^

Y ; (4.2.105b)

^

U

�1

^

Y

^

U = �

^

P

2�M

; (4.2.105
)

^

U

�1

^

P

^

U = 2�M

^

Y + 4�� : (4.2.105d)

By the 
al
ulation same as the Z

3


ase, we �nd that

M�1

X

j=0

^

U

�

�

j=M

�

= A e

� i�

�

�

0=M

�

: (4.2.106)
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By operating e

� i

^

P

k

M

on the both sides of the above equation, the left-hand side be
omes

e

� i

^

P

k

M

M�1

X

j=0

^

U

�

�

j=M

�

=

^

U

M�1

X

j=0

e

� i(

^

U

�1

^

P

^

U)

k

M

�

�

j=M

�

=

^

U

M�1

X

j=0

e

�2� i

^

Yk�4� i�

k

M

�

�

j=M

�

= e

�2� i

k�2�

M

M�1

X

j=0

e

�2� i

k�j

M

^

U

�

�

j=M

�

; (4.2.107)

with help of the formulae (A.1) and the transformation properties (4.2.105). On the other hand,

the right-hand side be
omes A e

� i�

�

�

k=M

�

. Therefore, we �nd that

e

�2� i

k�2�

M

M�1

X

j=0

e

�2� i

k�j

M

^

U

�

�

j=M

�

= A e

� i�

�

�

k=M

�

(4.2.108)

By multiplying e

+2� i

k�2�

M

on the both sides, summing over k = 0; 1; � � � ; jM j � 1, and using the

formula (A.6), we �nd that the twisted state of

�

�

0=M

�

is given by the following linear 
ombination,

^

U

�

�

0=M

�

=

A

M

e

� i�

M�1

X

k=0

e

2� i

k�2�

M

�

�

k=M

�

: (4.2.109)

We 
an obtain the expression for the state

^

U

�

�

j=M

�

by using the translation property,

�

�

j=M

�

=

e

� i

^

P

j

M

�

�

0=M

�

, and the Z

4

-twist transformation property, Eq. (4.2.105), as follows:

^

U

�

�

j=M

�

=

^

U

�

e

� i

^

P

j

M

�

�

0=M

��

= e

� i(

^

U

^

P

^

U

�1

)

j

M

^

U

�

�

0=M

�

= e

2� ij

^

Y

�

A

M

e

� i�

M�1

X

k=0

e

2� i

k�2�

M

�

�

k=M

�

=

A

M

e

� i�

M�1

X

k=0

e

2� i

k�(j+2�)

M

�

�

k=M

�

: (4.2.110)

Finally, we determine the magnitude fa
tor A and the phase fa
tor e

� i�

so that

^

U

4

is the identity

operator,

^

U

4

= 1. This is done as follows: First we operate

^

U

4

on the state

�

�

j=M

�

. By using the

expression in Eq. (4.2.110) and the formula (A.6) in Appendix A, we �nd that

^

U

4

�

�

j=M

�

=

M�1

X

k=0

A

4

M

4

e

4� i�

M�1

X

l

1

=0

M�1

X

l

2

=0

M�1

X

l

3

=0

e

2� i

l

1

(j+2�)+l

2

(l

1

+2�)+l

3

(l

2

+2�)+k(l

3

+2�)

M

�

�

k=M

�

=

A

4

M

4

e

4� i�

�M

2

e

�2� i

4�

2

M

�

�

j=M

�

(4.2.111)

where we used the formulae (A.8) and (A.6). Therefore, the fa
tors A and � are determined by

the Z

4


onsisten
y,

^

U

4

= 1, as follows:

A =

p

M ; � =

2�

2

M

: (4.2.112)
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As the result, we �nd the following expressions of the matrix elements:

D

(!)

jk

=

e

2� i�

2

=M

p

M

e

2� i

k�(j+2�)

M

; (4.2.113)

D

(!

2

)

jk

= e

4� i�

2

=M

e

�2� i

(j+2�)�2�

M

Æ

k;�j�2�

; (4.2.114)

D

(!

3

)

jk

=

e

6� i�

2

=M

p

M

e

�2� i

(j+2�)�2�

M

e

�2� i

j�k

M

: (4.2.115)

� The number of physi
al solutions on T

2

=Z

4

By investigating the rank of the matrix

M

(Z

4

;�)

jk

=

1

4

3

X

x=0

��

x

D

(!

x

)

jk

; � 2 f1; i;�1;� ig ; (4.2.116)

we obtain Tables 4.5 and 4.6 of the number of physi
al solutions.

jM j 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

�

+1 1 1 1 2 2 2 2 3 3 3 3 4 4 4 4

+ i 0 0 1 1 1 1 2 2 2 2 3 3 3 3 4

�1 0 1 1 1 1 2 2 2 2 3 3 3 3 4 4

� i 0 0 0 0 1 1 1 1 2 2 2 2 3 3 3

jM j 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30

�

+1 5 5 5 5 6 6 6 6 7 7 7 7 8 8 8

+ i 4 4 4 5 5 5 5 6 6 6 6 7 7 7 7

�1 4 4 5 5 5 5 6 6 6 6 7 7 7 7 8

� i 3 4 4 4 4 5 5 5 5 6 6 6 6 7 7

Table 4.5: The numbers of linearly independent zero-mode eigenstates with Z

4

eigenvalue � for

(�

1

; �

2

) = (0; 0) on T

2

=Z

4

.

jM j 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

�

+1 0 1 1 1 1 2 2 2 2 3 3 3 3 4 4

+ i 1 1 1 1 2 2 2 2 3 3 3 3 4 4 4

�1 0 0 0 1 1 1 1 2 2 2 2 3 3 3 3

� i 0 0 1 1 1 1 2 2 2 2 3 3 3 3 4

jM j 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30

�

+1 4 4 5 5 5 5 6 6 6 6 7 7 7 7 8

+ i 4 5 5 5 5 6 6 6 6 7 7 7 7 8 8

�1 4 4 4 4 5 5 5 5 6 6 6 6 7 7 7

� i 4 4 4 5 5 5 5 6 6 6 6 7 7 7 7

Table 4.6: The numbers of linearly independent zero-mode eigenstates with Z

4

eigenvalue � for

(�

1

; �

2

) = (

1

2

;

1

2

) on T

2

=Z

4

.
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4.2.5 T

2

=Z

6

In this subse
tion, we dis
uss the T

2

=Z

6

orbifold.

� Allowed values of the S
herk{S
hwarz phases on T

2

=Z

6

First, we investigate the allowed values of the S
herk{S
hwarz phases on the T

2

=Z

6

. By a
ting

the Z

6

-twist operator

^

U on the both-sides of the 
onstraint 
onditions (4.1.24) and using formulae

(A.1), (A.4), we �nd

e

�2� i(�

2

+

M

2

)
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^
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e

2� iM

^
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^
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��

=

^
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�

;

e

2� i(�
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��
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)

e

2� iM

^

Y

�

^

U

�

�

 

��

=

^

U

�

�

 

�

:

(4.2.117)

These lead the 
onditions

�

1

� 2�

2

�

M

2

= n ; �

1

� �

2

= n

0

; (n; n

0

2 Z) ; (4.2.118)

Therefore, the allowed values of S
herk{S
hwarz phases are follows:

�

:

= �

1

= �

2

=

(

0 (for M = even) ;

1

2

(for M = odd) :

(4.2.119)

� Z

6

-rotated states

Next, we �nd the matrix elements D

(!

x

)

jk

de�ned in Eq. (4.2.16). For later 
onvenien
e, we note

the Z

6

transformation properties of the operators

^

Y;

^

P in Eq. (4.2.12) for the 
ase � = �

1

= �

2

,

^

U

^

Y

^

U =

^

Y +

^

P

2�M

�

�

M

; (4.2.120a)

^

U

^

P

^

U = �2�M

^

Y ; (4.2.120b)

^

U

�1

^

Y

^

U = �

^

P

2�M

; (4.2.120
)

^

U

�1

^

P

^

U = 2�M

^

Y +

^

P + 2�� : (4.2.120d)

By the 
al
ulation same as the Z

3


ase, we �nd that

M�1

X

j=0

^

U

�

�

j=M

�

= A e

� i�

�

�

0=M

�

: (4.2.121)

By operating e

� i

^

P

k

M

on the both sides of the above equation, the left-hand side be
omes
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M

M�1

X
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=
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; (4.2.122)

with help of the formulae (A.1), (A.4), and the transformation properties (4.2.120). On the other

hand, the right-hand side be
omes A e

� i�

�

�

k=M

�

. Therefore, we �nd that

e

� i

k(k�2�)

M

M�1

X
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: (4.2.123)

By multiplying e

�� i

k(k�2�)

M

on the both sides, summing over k = 0; 1; � � � ; jM j � 1, and using the

formula (A.6), we �nd that the twisted state of

�

�

0=M

�

is given by the following linear 
ombination,

^

U
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�

0=M

�

=
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� i�
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X
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k(k�2�)

M

�

�

k=M
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: (4.2.124)

We 
an obtain the expression for the state

^
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�
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�

by using the translation property,
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0=M

�

, and the Z

6

-twist transformation property, Eq. (4.2.120), as follows:
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: (4.2.125)

Finally, we determine the magnitude fa
tor A and the phase fa
tor e

� i�

so that

^

U

6

is the identity

operator,

^

U

6

= 1. This is done as follows: First we operate

^

U

6

on the state

�

�

j=M

�

. By using the

expression in Eq. (4.2.125) and the formulae (A.8), (A.6) in Appendix A, we �nd that
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; (4.2.126)
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where we used the formulae (A.8) and (A.6). Therefore, the fa
tors A and � are determined by

the Z

6


onsisten
y,

^

U

6

= 1, as follows:

A =

p

M ; � =

�

2

3M

�

1

12

: (4.2.127)

As the result, we �nd the following expressions of the matrix elements:
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=
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; (4.2.128)
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; (4.2.129)
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; (4.2.130)
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; (4.2.131)
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: (4.2.132)

� The number of physi
al solutions on T

2

=Z

6

By investigating the rank of the matrix

M

(Z

6

;�)

jk

=

1

6

5

X

x=0

��

x

D

(!

x

)

jk

; � 2 f1; !; !

2

; !

3

; !

4

; !

5

g ; (4.2.133)

we obtain Tables 4.7 and 4.8 of the number of physi
al solutions.

jM j 2 4 6 8 10 12 14 16 18 20 22

�

1 1 1 2 2 2 3 3 3 4 4 4

! 0 1 1 1 2 2 2 3 3 3 4

!

2

1 1 1 2 2 2 3 3 3 4 4

!

3

0 0 1 1 1 2 2 2 3 3 3

!

4

0 1 1 1 2 2 2 3 3 3 4

!

5

0 0 0 1 1 1 2 2 2 3 3

jM j 24 26 28 30 32 34 36 38 40 42 44

�

1 5 5 5 6 6 6 7 7 7 8 8

! 4 4 5 5 5 6 6 6 7 7 7

!

2

4 5 5 5 6 6 6 7 7 7 8

!

3

4 4 4 5 5 5 6 6 6 7 7

!

4

4 4 5 5 5 6 6 6 7 7 7

!

5

3 4 4 4 5 5 5 6 6 6 7

Table 4.7: The numbers of linearly independent zero-mode eigenstates with Z

6

eigenvalue � for

M = even and (�

1

; �

2

) = (0; 0) on T

2

=Z

6

.
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jM j 1 3 5 7 9 11 13 15 17 19 21

�

1 0 1 1 1 2 2 2 3 3 3 4

! 1 1 1 2 2 2 3 3 3 4 4

!

2

0 0 1 1 1 2 2 2 3 3 3

!

3

0 1 1 1 2 2 2 3 3 3 4

!

4

0 0 0 1 1 1 2 2 2 3 3

!

5

0 0 1 1 1 2 2 2 3 3 3

jM j 23 25 27 29 31 33 35 37 39 41 43

�

1 4 4 5 5 5 6 6 6 7 7 7

! 4 5 5 5 6 6 6 7 7 7 8

!

2

4 4 4 5 5 5 6 6 6 7 7

!

3

4 4 5 5 5 6 6 6 7 7 7

!

4

3 4 4 4 5 5 5 6 6 6 7

!

5

4 4 4 5 5 5 6 6 6 7 7

Table 4.8: The numbers of linearly independent zero-mode eigenstates with Z

6

eigenvalue � for

M = odd and (�

1

; �

2

) = (

1

2

;

1

2

) on T

2

=Z

6

.



Chapter 5

Classi�
ation of Three Generation

Models

In this 
hapter, based on the aspe
ts whi
h are obtained in the previous three 
hapters, we propose

10D SYM on magnetized orbifolds for solving the puzzles in the SM, the origin of the generation,

the 
hirality, the mass hierar
hy of the matters, and the gauge stru
ture.

10D SYM is a well-motivated higher-dimensional �eld theory sin
e this appears at low-energy

limit of Type-I, IIB, and heteroti
 superstring theories. From phenomenologi
al point of view,

10D SYM on magnetized orbifolds has the following advantages: First, we 
an use the advantages

of higher-dimensional �eld theory and magnetized orbifold whi
h have been mentioned in Chapter

3 and 4. That is, three generations of the matters and hierar
hi
al Yukawa 
ouplings 
an be

realized. Se
ond, various parti
les in the SM arise from only two �elds, the gauge �eld and the

gaugino �eld. Third, the gauge stru
ture in the SM is obtained from a larger gauge group through

expli
it symmetry breaking 
ased by the magneti
 
ux.

In the following, we start with 10D U(8) SYM on magnetized orbifolds and 
lassify all the

possible 
on�gurations of the parameters whi
h provide models with three generations of the


hiral matter fermions in 4D e�e
tive �eld theory [49℄.

5.1 Setups: 10D SYM on magnetized orbifolds

In this se
tion, we review 10D SYM on magnetized orbifold.

We 
onsider 10 SYM on the ba
kground spa
e-time M

4

� (T

2

)

3

, where M

4

is 4D Minkowski

spa
e-time des
ribed by the 
oordinates x

�

(� = 0; 1; 2; 3), and (T

2

)

3

is a fa
torizable 6-torus whi
h


onsists in the produ
t of three 2-tori. For three 2-tori, we des
ribe the i-th torus T

2(i)

(i = 1; 2; 3)

by the 
omplex 
oordinates z

i

and �z

i

= (z

i

)

�

whi
h are de�ned by z

i

= y

2i+3

+ i y

2i+4

from the 2D

orthogonal 
oordinates y

2i+3

; y

2i+4

. In addition, the 
oordinate is identi�ed as z

i

� z

i

+1 � z

i

+ �

i

where �

i

is the moduli parameter of T

2(i)

.

10D SYM 
onsists of the 10D gauge �eld A

M

(M = 0; 1; 2; 3; z

1

; �z

1

; z

2

; �z

2

; z

3

; �z

3

) and the 10D

Majorana{Weyl spinor �eld �. � is 
alled the gaugino be
ause this is the supersymmetri
 partner

of A

M

. The a
tion of 10D SYM is given by

S =

Z

M

4

d

4

x

Z

(T

2

)

3

d

6

z

�

�

1

4

tr

�

F

MN

F

MN

�

+

1

2

tr

�

� i �

M

D

M

�

�

�

; (5.1.1)
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where d

6

z is a shorthand notation of

Q

3

i=1

dz

i

d�z

i

, and

F

MN

= �

M

A

N

� �

N

A

M

� i g

�

A

M

; A

N

�

; (5.1.2)

D

M

� = �

M

�� i g

�

A

M

; �

�

; (5.1.3)

are the gauge �eld strength and the 
ovariant derivative of the gaugino �eld, respe
tively. g is the

gauge 
oupling 
onstant. �

M

is the gamma matri
es on 10D whi
h are summarized in Appendix

B.

The gauge �eld and the gaugino �eld are de
omposed in Kaluza{Klein (KK) modes as

A

M

(x; fz

i

g) =

X

n

1

;n

2

;n

3

'

M ;n

1

;n

2

;n

3

(x)
 �

(1)

M ;n

1

(z

1

)
 �

(2)

M ;n

2

(z

2

)
 �

(3)

M ;n

3

(z

3

) ; (5.1.4)

�(x; fz

i

g) =

X

n

1

;n

2

;n

3

�

n

1

;n

2

;n

3

(x)
  

(1)

n

1

(z

1

)
  

(2)

n

2

(z

2

)
  

(3)

n

3

(z

3

) ; (5.1.5)

where n

i

are KK mode indi
es on T

2(i)

. The fermion �eld  

(i)

n

i

(z

i

) is a 2D spinor des
ribing the

n

i

-th KK mode on T

2(i)

,

 

(i)

n

i

(z

i

) =

 

 

(i)

n

i

;+

(z

i

)

 

(i)

n

i

;�

(z

i

)

!

; (5.1.6)

and 
orresponding gamma matri
es are given by the Pauli matri
es �

1

; �

2

(again, see Appendix

B) in orthogonal 
oordinates,

~


2i+3

= i�

1

; ~


2i+4

= i�

2

: (5.1.7)

The extra-dimensional 
omponents of the gauge �eld possess the following ba
kground 
on�g-

urations whi
h are given by straightforward expansion of (3.1.9),




A(fz

i

g)

�

=

3

X

i=1

�




A

z

i

(z

i

)

�

dz

i

+




A

�z

i

(z

i

)

�

d�z

i

�

=

3

X

i=1

�

g Im �

i

M

(i)

Im

�

�z

i

dz

i

�

; (5.1.8)

where M

(i)

is the N �N matrix given by

M

(i)

=

0

B

�

M

(i)

1

I

N

1

0

.

.

.

0 M

(i)

n

I

N

n

1

C

A

: (5.1.9)

Here,M

(i)

a

(a = 1; � � � ; n) are the magneti
 
uxes on the i-th T

2

=Z

N

and should be integers be
ause

of the quantization 
ondition [45℄. Moreover, we assume that M

(i)

a

6= M

(i)

b

(for a 6= b), and N

a

s

should satisfy

P

n

a=1

N

a

= N .

1

This ba
kground 
on�guration expli
itly breaks the original gauge

group down as U(N)!

Q

n

a=1

U(N

a

), and splits the gaugino into n

2

se
tors �

ab

(a; b = 1; � � � ; n) as

�(x; fz

i

g) =

0

B

�

�

11

(x; fz

i

g) � � � �

1n

(x; fz

i

g)

.

.

.

.

.

.

.

.

.

�

n1

(x; fz

i

g) � � � �

nn

(x; fz

i

g)

1

C

A

: (5.1.10)

1

Here we put the Wilson line phases zero. If one wants to a

ount them, repla
e M

(i)

a

z

i

by M

(i)

a

(z

i

+ a

(i)

a

),

where a

(i)

a

is the Wilson line phase on the i-th orbifold.
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Correspondingly, KK de
ompositions of ea
h se
tors are also split as follows:

�

ab

(x; fz

i

g) =

X

n

1

;n

2

;n

3

�

n

1

;n

2

;n

3

;ab

(x)
  

(1)

n

1

;ab

(z

1

)
  

(2)

n

2

;ab

(z

2

)
  

(3)

n

3

;ab

(z

3

) ; (a; b = 1; � � � ; n) :

(5.1.11)

The diagonal 
omponents �

aa


orrespond to the gaugino �elds of the unbroken gauge group

Q

n

a=1

U(N

a

) while the o�-diagonal 
omponents �

ab

(a 6= b) are the matter �elds whi
h belong

the representation (N

a

; N

b

) of the group U(N

a

)� U(N

b

).

The ba
kground 
on�guration (5.1.8) satis�es the relation

8

>

<

>

:




A(fz

i

+ Æ

ij

p

j

g)

�

=




A(fz

i

g)

�

+ d

j

�

p

(fz

i

g) ;

�

p

(fz

i

g) =

3

X

i=1

�

p

i

(z

i

) =

3

X

i=1

�

g Im �

i

Im

�

�p

i

M

(i)

�

;

(5.1.12)

where d

j

is the exterior derivative on the j-th T

2

, and we used shorthand notation p

i

= 1; �

i

.

Correspondingly, the gaugino �eld should satisfy the following boundary 
onditions

(

�(x; fz

i

+ Æ

ij

p

j

g) = U

p

j

(z

j

)�(x; fz

i

g)U

�1

p

j

(z

j

) ;

U

p

i

(z

i

) = exp

�

i g�

p

i

(z

i

) + 2� i�

(i)

p

�

;

(5.1.13)

where the matri
es �

(i)

p

are of the form

�

(i)

p

=

0

B

�

�

(i)

p;1

I

N

1

0

.

.

.

0 �

(i)

p;n

I

N

n

1

C

A

(5.1.14)

and the S
herk{S
hwarz phases �

(i)

p;a

are restri
ted to the allowed values on the i-th T

2

=Z

N

as we

have seen in Chapter 3.

For the Z

N

-twist z

i

! !z

i

, we spe
ify the following boundary 
onditions for the �elds

A

�

(x; f!z

i

g) = PA

�

(x; fz

i

g)P

�1

; (5.1.15)

A

z

i

(x; f!z

i

g) = �!PA

z

i

(x; fz

i

g)P

�1

; (5.1.16)

A

�z

i

(x; f!z

i

g) = !PA

z

i

(x; fz

i

g)P

�1

; (5.1.17)

�(x; f!z

i

g) = SP �(x; fz

i

g)P

�1

; (5.1.18)

where P des
ribes a non-trivial gauge stru
ture part and should satisfy P

N

= I. The spinorial

matrix S is de�ned by Eq. (B.41) in Appendix B. For the KK mode of the gaugino,  

(i)

n

i

(z

i

), the

boundary 
onditions (5.1.18) is redu
ed to

 

(i)

n

i

(!z

i

) = ~sP

(i)

 

(i)

n

i

(z

i

)P

(i)�1

; (5.1.19)

where ~s is de�ned in Eq. (B.35), and P

(i)

is a matrix des
ribing a non-trivial gauge stru
ture on

i-th orbifold. Now, we take the matrix P

(i)

in the form

P

(i)

=

0

B

�

�

(i)

1

I

N

1

0

.

.

.

0 �

(i)

n

I

N

n

1

C

A

; (5.1.20)
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so that the matrix P

(i)


auses no additional expli
it symmetry breaking. Therefore, the total gauge

stru
ture matrix be
omes

P = P

(1)

P

(2)

P

(3)

=

0

B

�

�

1

I

N

1

0

.

.

.

0 �

n

I

N

n

1

C

A

; �

a

=

3

Q

i=1

�

(i)

a

: (5.1.21)

On the gauge ba
kground, the zero-mode equations for the gaugino

 

(i)

ab;�

(z

i

) =

0

�

 

(i)

+;ab;�

(z

i

)

 

(i)

�;ab;�

(z

i

)

1

A

are obtained as follows:

2

�

�

��z

i

+

�M

(i)

ab

2 Im �

i

z

i

�

 

(i)

+;ab;�

(z

i

) = 0 ;

�

�

�z

i

�

�M

(i)

ab

2 Im �

i

�z

i

�

 

(i)

�;ab;�

(z

i

) = 0 ;

(5.1.22)

with M

(i)

ab

:

=M

(i)

a

�M

(i)

b

. That is, no magneti
 
ux exists on the diagonal parts  

(i)

aa

, the gauginos

of the unbroken gauge group. On the other hand, the o�-diagonal parts  

(i)

ab

(a 6= b) are a�e
ted by

the e�e
tive magneti
 
ux M

(i)

ab

. These equations are equal to the U(1) 
ase dis
ussed in Chapter

3, ex
ept that the magneti
 
ux M is repla
ed by M

(i)

ab

. In addition, the boundary 
onditions

(5.1.13) and (5.1.19) are redu
ed to the e�e
tive ones on  

(i)

+;ab;�

(z

i

) as

 

(i)

�;ab;�

(z

i

+ p

i

) = e

ig�

p

i

(z

i

)+2� i�

(i)

p;ab

 

(i)

�;ab;�

(z

i

) ; (5.1.23)

 

(i)

+;ab;�

(!z

i

) = �

(i)

ab

 

(i)

+;ab;�

(z

i

) ;  

(i)

�;ab;�

(!z

i

) =

�

!�

(i)

ab

�

 

(i)

�;ab;�

(z

i

) ; (5.1.24)

with

�

(i)

p;ab

:

= �

(i)

p;a

� �

(i)

p;b

; (5.1.25)

�

(i)

ab

:

= �

(i)

ab

��

(i)

b

: (5.1.26)

These are also equal to U(1) 
ase with the repla
ements

�

p

! �

(i)

p;ab

; � ! �

(i)

ab

: (5.1.27)

Therefore, we �nd immediately that the solutions are jM

(i)

ab

j-fold degenerated and are given by the

fun
tion,

�

(j+�

1

;�

�

)

M;�

(z ; �)

:

=

1

N

N�1

X

x=0

��

x

�

(j+�

1

;�

�

)

M

(!

x

z ; �) (j = 0; 1; � � � ; jM j � 1) ; (5.1.28)

where �

(j+�

1

;�

�

)

M

(z ; �) is given in Eq. (3.1.48).

2

Here, we again omit the subs
ript \

0

" des
ribing the zero-modes.
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It is also equal to the U(1) 
ase that either  

(i)

+;ab

or  

(i)

�;ab

have physi
al solution a

ording to

the sign of the e�e
tive magneti
 
ux M

(i)

ab

. In this 
ase, the zero-mode solutions are the follows:

8
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>

>

>

>
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>

>

:

 

(i)

ab;�

(z

i

) =
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;

(for M

(i)

ab

> 0) ; (5.1.29)
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;

(for M

(i)

ab

> 0) : (5.1.30)

The number of independent physi
al solutions on the i-th T

2

=Z

N

is given by the rank of the

matrix de�ned in Eq. (3.2.43),
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Z
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d

2

z

i

�
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) =M
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;�)

jk

: (5.1.31)

The results are in the tables in Chapter 4. From KK de
omposition (5.1.11), we �nd that the

generation number of (a; b)-se
tor �

ab

(x), d

ab

, is given by the produ
t of the numbers of physi
al

solutions of ea
h zero-modes  

(i)

ab;�

(z

i

) (i = 1; 2; 3), d

(i)

ab

. That is,

d

ab

=

3

Y

i=1

d

(i)

ab

: (5.1.32)

Therefore, it is ne
essary that the numbers of independent zero-modes d

(i)

ab

s are in 
ombinations

(d

(1)

ab

; d

(2)

ab

; d

(3)

ab

) = (3; 1; 1); (1; 3; 1); (1; 1; 3) ; (5.1.33)

in order to realize three generations of 4D 
hiral fermion �

ab

. On the other hand, at least one of

d

(i)

ab

(i = 1; 2; 3) must be zero in order to remove �

ab

, while all of d

(i)

ab

s must be not zero for leading

to non-zero generation of �

ab

in e�e
tive theory.

5.1.1 Integral formula of three-point fun
tion

In this subse
tion, we present the integral formula of three-point fun
tion of mode fun
tions on

magnetized T

2

, whi
h is developed in Ref. [45℄. This formula is useful for 
omputing the Yukawa


ouplings in 4D e�e
tive �eld theory.

In the magnetized torus model without orbifolding, 4D e�e
tive Yukawa 
ouplings are obtained
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by the following overlap integral,

Y

jk`

=

Z

T

2

d

2

z �

(j+�

1;ab

;�

�;ab

)

M

ab

(z ; �)

�

�

(k+�

1;b


;�

�;b


)

M

b


(z ; �)

�

�

�

(`+�

1;
a

;�

�;
a

)

M


a

(z ; �)

=

N

M

ab

N

M


a

N

M

b


X

m2Z

M

b


#

2

4

M


a

(j + �

1;ab

)�M

ab

(`+ �

1;
a

) +mM

ab

M


a

M

ab

M

b


M


a

0

3

5

(X; Y )

� Æ

(j+�

1;ab

)+(`+�

1;
a

)+mM

ab

, (k+�

1;b


)+nM

b


:

(5.1.34)

Here, n is a integer (that is, the Krone
ker's delta in the above equation is de�ned in mod M

b


),

�

(j+�

1

;�

�

)

M

(z ; �) is the zero-mode fun
tion on the torus de�ned in Eq. (3.1.48), X and Y are de�ned

by

X

:

=M

ab

�

�;
a

�M


a

�

�;ab

+M

ab

M


a

(�

1;ab

� �

1;
a

) ; Y

:

=M

ab

M

b


M


a

� : (5.1.35)

In addition, the parameters must satisfy the following 
onstraint 
onditions:

M

ab

+M


a

=M

b


;

�

1;ab

+ �

1;
a

= �

1;b


;

�

�;ab

+ �

�;
a

= �

�;b


:

(5.1.36)

Although the integral formula, Eq. (5.1.34), is for 6D �eld theory, 4D e�e
tive Yukawa 
ouplings

in 10D �eld theory are given by the produ
t of this formula as follows:

Y

jk`

= 
 Y

j

1

k

1

`

1

Y

j

2

k

2

`

2

Y

j

3

k

3

`

3

: (5.1.37)

Here, j;k, and ` represent the 
ombinations of the indi
es, for example, j = (j

1

; j

2

; j

3

), Y

j

i

k

i

`

i

(i =

1; 2; 3) is the overlap integral on i-th torus, and the 
onstant 
 is a fa
tor arising from higher-

dimensional 
oupling 
onstant.

In the 
ase with orbifolding, the Yukawa 
ouplings Y

jk`

are obtained by the linear 
ombinations

of the above overlap integral as

Y

jk`

=

jM

ab

j�1

X

j

0

=0

jM

b


j�1

X

k

0

=0

jM


a

j�1

X

`

0

=0

M

(Z

N

;�

ab

)

jj

0

�

M

(Z

N

;�

b


)

kk

0

�

�

M

(Z

N

;�


a

)

``

0

Y

j

0

k

0

`

0

: (5.1.38)

Here, the matrix elementM

(Z

N

;�)

jk

is de�ned by Eq. (4.2.20) in Chapter 4, and the parameters must

satisfy the 
ondition

�

ab

��

b


�


a

= 1 ; (5.1.39)

in addition to the 
onditions in Eq. (5.1.36). For 10D �eld theory, of 
ourse, Yukawa 
ouplings are

in the same form of Eq.(5.1.37) as follows:

Y

jk`

= 
 Y

j

1

k

1

`

1

Y

j

2

k

2

`

2

Y

j

3

k

3

`

3

: (5.1.40)
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5.2 Sear
h 
onditions

In our model, the ba
kground 
on�guration is taken to be the form




A(fz

i

g)

�

=

3

X

i=1

�

g Im �

i

0

B

�

M

(i)

1

I

4

0 0

0 M

(i)

2

I

2

0

0 0 M

(i)

3

I

2

1

C

A

Im

�

�z

i

dz

i

�

; (5.2.1)

whi
h breaks the original gauge group U(8) down to the Pati{Salam group U(4)�U(2)

L

�U(2)

R

.

The gaugino is split into 9 se
tors due to this ba
kground 
on�guration. The (1; 2)-se
tor, the

(3; 1)-se
tor, and the (2; 3)-se
tor 
orrespond to the left-handed matter, 
harge-
onjugation of the

right-handed matter, and MSSM-like (up-type and down-type) Higgsinos, respe
tively.

�

12

$ left-handed quarks and leptons ;

�

31

$ (
harge-
onjugation of) right-handed quarks and leptons ;

�

23

$ up-type and down-type (MSSM-like) Higgsinos :

(5.2.2)

In what follows, we denote the parameters of these se
tors by the se
tor symbol, L for the left-

handed matter se
tor, R for the right-handed matter se
tor, and H for the Higgsino se
tor, instead

of the se
tor number, su
h as M

(i)

12

!M

(i)

L

.

What we perform in this se
tion is to sear
h for all the phenomenologi
ally possible 
ombina-

tions of the parameters

(M

(i)

L

; �

(i)

1;L

; �

(i)

�;L

; �

(i)

L

) ; (M

(i)

R

; �

(i)

1;R

; �

(i)

�;R

; �

(i)

R

) ; (M

(i)

H

; �

(i)

1;H

; �

(i)

�;H

; �

(i)

H

) ; (5.2.3)

using the results obtained in the 
hapter 3 and 4. In the sear
hes, the parameters should satisfy

the following 
onditions:

� Providing three generations of the quarks and the leptons

Three generations of the left-handed and the right-handed matters must be provided. That

is, the parameters of the left-handed matter and the right-handed matter se
tor must be


hosen as

(d

(1)

L

; d

(2)

L

; d

(3)

L

); (d

(1)

R

; d

(2)

R

; d

(3)

R

) = (3; 1; 1); (1; 3; 1); (3; 1; 1) : (5.2.4)

� Satisfying invariant 
onditions

From the de�nitions of the \double-indexed" parameters su
h as M

(i)

ab

in the last se
tion,

the parameters of the left-handed matter, the right-handed matter, and the Higgsino se
tor

should satisfy the following 
onstraint 
onditions:

M

(i)

L

+M

(i)

R

+M

(i)

H

= 0 ;

�

(i)

p;L

+ �

(i)

p;R

+ �

(i)

p;H

= 0 ;

�

(i)

L

�

(i)

R

�

(i)

H

= 1 :

(5.2.5)

These 
onditions imply that the parameters of the Higgsino se
tor are determined automat-

i
ally if the parameters of the other se
tors are given. In addition, the 
ombinations of the

left-handed matter, right-handed matter and Higgsino se
tor must be invariant under the

unbroken gauge group U(4)� U(2)

L

� U(2)

R

in order to .
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� Avoiding rank-one Yukawa matri
es

The Yukawa 
ouplings in 4D e�e
tive theory is given by the following overlap integrals:

Y

jk`

=

Z

(T

2

)

3

d

6

z  

Lj

(z) 

Rk

(z)�

H`

(z) : (5.2.6)

If the three generations of the left-handed and the right-handed matters originate from

di�erent tori, the above integral gives the Yukawa 
ouplings of the fa
torized form

Y

jk`

= a

j`

b

k`

: (5.2.7)

The rank of the matri
es of this form (assuming that j and k are 
olumn and row indi
es,

respe
tively) is one. Thus, su
h a type of the Yukawa 
ouplings 
annot provide realisti
 
avor

stru
ture. This fa
t indi
ates that we fo
us only on single torus providing three generations

originate in order to �nd realisti
 possibilities of the parameters providing rank-three Yukawa

matri
es. Thus, hereafter we omit the index i distinguishing three tori.

� Additional 
ondition

The above 
onditions, Eq. (5.2.5), are invariant under the ex
hange of the parameters of the

left-handed matter se
tor for the ones of the right-handed matter se
tor. This implies that

we 
an te
hni
ally impose the additional 
ondition,

jM

L

j � jM

R

j : (5.2.8)

In addition, from the 
onstraint 
ondition on the 
uxes, the �rst line of (5.2.5), there are

two possibilities on the signs of the three 
uxes,

M

L

< 0; M

R

< 0 ; () M

H

> 0) ; (5.2.9a)

or

M

L

< 0; M

R

> 0 ; () M

H

� 0) : (5.2.9b)

5.3 Results

Let us sear
h possible 
on�gurations of the parameters on ea
h orbifolds with the 
onditions

dis
ussed in the last se
tion. We show only the number of possible 
on�gurations inM

L

< 0;M

R

<

0 
ase and M

L

< 0;M

R

> 0 
ase separately in this se
tion, while the full results of the sear
h are

in Appendix D.

The 
onventions in the following tables are,

� \General 
ases" and \Trivial BC's only" means the 
ases with and without nontrivial S
herk{

S
hwarz phases respe
tively,

� d

H

show the numbers of the Higgs pairs for the parameter 
on�gurations,

� \1

trivial

" for d

H

show the 
on�gurations without magneti
 
ux, i.e.,M

H

= 0 and therefore the

Higgsino wavefun
tion has non-lo
alized 
at pro�le. Sin
e they are not in phenomenologi
al


on
ern, we distinguish them from the one Higgs 
ases with magneti
 
ux whi
h 
ases are

denoted by \1".
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General 
ases Trivial BC's only

M

L

< 0;M

R

< 0 M

L

< 0;M

R

> 0 M

L

< 0;M

R

< 0 M

L

< 0;M

R

> 0

41 (d

H

= 5) 16 (d

H

= 1

trivial

) 5 (d

H

= 5) 4 (d

H

= 1

trivial

)

56 (d

H

= 6) 65 (d

H

= 1) 2 (d

H

= 6) 5 (d

H

= 1)

30 (d

H

= 7)

8 (d

H

= 8) 2 (d

H

= 8)

1 (d

H

= 9) 1 (d

H

= 9)

136 + 81 = 217 in total 10 + 9 = 19 in total

Table 5.1: Result in Z

2


ase. (Quoted from [49℄.)

General 
ases Trivial BC's only

M

L

< 0;M

R

< 0 M

L

< 0;M

R

> 0 M

L

< 0;M

R

< 0 M

L

< 0;M

R

> 0

11 (d

H

= 4) 17 (d

H

= 1

trivial

) 1 (d

H

= 4) 9 (d

H

= 1

trivial

)

83 (d

H

= 5) 142 (d

H

= 1) 6 (d

H

= 5) 27 (d

H

= 1)

190 (d

H

= 6) 21 (d

H

= 2) 7 (d

H

= 6)

83 (d

H

= 7) 6 (d

H

= 7)

11 (d

H

= 8) 1 (d

H

= 8)

378 + 180 = 558 in total 21 + 36 = 57 in total

Table 5.2: Result in Z

3


ase. (Quoted from [49℄.)

General 
ases Trivial BC's only

M

L

< 0;M

R

< 0 M

L

< 0;M

R

> 0 M

L

< 0;M

R

< 0 M

L

< 0;M

R

> 0

9 (d

H

= 4) 24 (d

H

= 1

trivial

) 3 (d

H

= 4) 12 (d

H

= 1

trivial

)

128 (d

H

= 5) 228 (d

H

= 1) 37 (d

H

= 5) 60 (d

H

= 1)

254 (d

H

= 6) 18 (d

H

= 2) 59 (d

H

= 6) 6 (d

H

= 2)

120 (d

H

= 7) 27 (d

H

= 7)

17 (d

H

= 8) 10 (d

H

= 8)

528 + 270 = 798 in total 136 + 78 = 214 in total

Table 5.3: Result in Z

4


ase. (Quoted from [49℄.)
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General 
ases Trivial BC's only

M

L

< 0;M

R

< 0 M

L

< 0;M

R

> 0 M

L

< 0;M

R

< 0 M

L

< 0;M

R

> 0

14 (d

H

= 4) 24 (d

H

= 1

trivial

) 4 (d

H

= 4) 12 (d

H

= 1

trivial

)

156 (d

H

= 5) 282 (d

H

= 1) 45 (d

H

= 5) 73 (d

H

= 1)

326 (d

H

= 6) 27 (d

H

= 2) 76 (d

H

= 6) 8 (d

H

= 2)

150 (d

H

= 7) 36 (d

H

= 7)

20 (d

H

= 8) 10 (d

H

= 8)

666 + 333 = 999 in total 171 + 93 = 264 in total

Table 5.4: Result in Z

6


ase. (Quoted from [49℄.)

We show the results in the form of histogram, Figure 5.1, and make 
omments on the results.

1. In the \Trivial BC's only" of Z

2

, our analyze re
onstru
ts perfe
tly the result whi
h was

obtained in Ref. [41℄.

2. In \General 
ases", the histograms 5.1 manifestly show that the number of possible 
on�g-

urations 
enters in the 
on�gurations with d

H

= 5; 6; 7 when M

L

and M

R

have same sign,

while d

H

= 1 when M

L

and M

R

have di�erent sign. On the other hand, there are no pos-

sible 
on�gurations with d

H

= 3 or d

H

� 9, ex
ept for one 
on�guration with d

H

= 9 on

T

2

=Z

2

. This trend is 
ommon for all of the orbifolds. Therefore, we 
an 
laim that the three

generations of the matters favors the 
ertain number of Higgs generation.

In this Chapter, we found that 10D SYM theory on magnetized orbifolds is very desirable

framework sin
e various puzzles in the SM, the generation, the 
hirality, the mass hierar
hy of

the matters, and the gauge stru
ture, originate from relatively simple geometri
al ba
kground.

In addition, we obtained total 2572 possible 
on�gurations of the parameters whi
h lead to three

generations of the matters by starting with U(8) gauge group and 
onsidering the breaking pattern

U(8)! U(4)� U(2)

L

� U(2)

R

.
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Figure 5.1: These show the results of parameter sear
h in the form of histogram. Horizontal-axes

represent the number of Higgsino generation, and verti
al-axes des
ribe the number of the possible


on�gurations in \General 
ases". The top histogram is for Z

2

, the se
ond is for Z

3

, the third is

for Z

4

, and the last is for Z

6

. On any orbifolds, the histogram shapes \double-mountain" whose

peaks at d

H

= 1 and d

H

= 6.





Chapter 6

Summary and future works

In this thesis, we have fo
used on the 10D SYM theory on the magnetized twisted orbifolds and

proposed a desirable framework solving the puzzles in the SM.

We have reviewed brie
y the SM in Chapter 2. We have mentioned the puzzles remaining in

the SM, the generation, the 
hirality, the hierar
hy of the fermion masses, and the gauge stru
ture.

In Chapter 3, we have investigated the phenomenologi
al aspe
ts of magnetized twisted orbifold

by studying the U(1) gauge theory on two-dimensional twisted orbifold T

2

=Z

N

(N = 2; 3; 4; 6) with

homogeneous magneti
 �eld. By solving the zero-mode equation with non-trivial Wilson-line phase

and the S
herk-S
hwarz phases on magnetized torus, we have found that the zero-mode solution is

degenerate, 
hiral, and quasi-lo
alized. We have found also that the number of independent zero-

mode solution is determined by the magneti
 
ux. These properties of the zero-mode fun
tions lead

to the generation, the 
hirality, and the hierar
hi
al Yukawa 
ouplings in 4D e�e
tive �eld theory.

Furthermore, we have 
onstru
ted Z

N

eigenfun
tions by the linear 
ombinations of the zero-modes

on T

2

. Sin
e the zero-modes on T

2

are given by Ja
obi's theta fun
tion, as is seen in Eq. (3.1.33), it

is diÆ
ult to analyze the Z

N

twisted orbifolds with magneti
 
ux. In addition, we have found the

properties of the Wilson-line phase and the S
herk{S
hwarz phases as follows: First, the Wilson-

line phase 
an be absorbed into the S
herk{S
hwarz phases by the rede�nition of the �elds and

vi
e versa. Se
ond, these phases are restri
ted to the parti
ular values on twisted orbifolds. In

parti
ular, we have found that non-zero values of these phases are needed for making the theory


onsistent on 
ertain orbifold. Third, the number of independent zero-mode on magnetized twisted

orbifold is determined by these phases in addition to the magneti
 
ux and the Z

N

eigenvalue.

In order to resolve the diÆ
ulty of magnetized twisted orbifold, we have studied the operator

formalism analysis in Chapter 4. This is the dual des
ription to the wavefun
tion formalism whi
h

is used in Chapter 3. We have 
on�rmed the 
orresponden
e between the operator formalism and

the wavefun
tion formalism. By using this method of analysis, we have reprodu
ed the limitation

on the S
herk{S
hwarz phases whi
h is obtained in Chapter 3, and found exa
t and analyti


expression of Z

N

-twisted eigenstates. We have investigated the number of independent zero-mode

on magnetized twisted orbifold, thanks to the analyti
 expression of Z

N

eigenstates.

In Chapter 5, we have proposed 10D SYM theory on magnetized twisted orbifolds, based on

the aspe
ts whi
h we have seen in Chapter 3 and 4. By starting with U(8) gauge group and

introdu
ing Abelian magneti
 
ux as in Eq. (5.2.1), we have 
lassi�ed all the possible parameter


on�gurations whi
h lead to three generations of 
hiral matters in 4D e�e
tive theory. We have

71
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obtained total 2572 possible 
on�gurations of the parameters by this 
lassi�
ation. In addition,

we have obtained Pati{Salam gauge group U(4)�U(2)

L

�U(2)

R

by expli
it symmetry breakdown

due to the magneti
 
ux. This gauge group is one of well-motivated extension of the SM gauge

group.

As we have seen in this thesis, this framework has the following advantages:

First, the biggest advantage is that we 
an obtain three generation 
hiral fermions in 4D e�e
tive

theory be
ause of magnetized torus with/without twisted orbifolding. In other words, the origin

of the generation and the 
hirality, whi
h are the puzzles in the SM as are mentioned in Chapter 2,


an be solved by the language of the gauge �eld 
on�guration and the extra-dimensional geometry.

The se
ond advantage is that exoti
 parti
les, whi
h often appear in model-building of beyond

the SM, 
an be proje
ted out by taking appropriate 
on�guration of the parameters. Su
h 
on-

�guration 
an be realized at the same time as a 
on�guration providing three generation of SM

fermions.

The third advantage is that we 
an obtain analyti
 zero-mode fun
tion by solving equation of

motion. This is favorable phenomenologi
ally be
ause physi
al quantities (in parti
ular, Yukawa


ouplings) in the 4D e�e
tive theory 
an be 
al
ulated analyti
ally through overlap integrals.

Moreover, su
h overlap integrals 
an provide hierar
hi
al Yukawa 
ouplings in the 4D e�e
tive

theory as are in the SM. In addition, the result of this 
al
ulation helps us 
he
king the validity

of the model by 
omparing the obtained quantities with experimental results.

The fourth advantage is that the start point of this framework is 10D SYM theory. It is

favorable from the theoreti
al point of view be
ause 10D SYM theory is a low-energy e�e
tive

theory of the superstring theories, whi
h are the strongest 
andidates of the theory des
ribing all

the parti
les and the intera
tions 
onsistently.

These advantages motivate us to resear
h the framework proposed in this thesis, whi
h solves

the puzzles in the SM and gives us a route from the SM to the superstring theories.

Some future works whi
h is ne
essary for a
tual model-building are the followings.

1. Investigating the 
avor stru
ture:

Now we have all the possible 
on�gurations of the parameters, therefore we 
an 
ompute the

Yukawa matri
es. These are given by overlap integrals as in Eqs. (5.1.34), (5.1.37), (5.1.38),

and (5.1.40). This analysis is important be
ause we 
an 
he
k the validity of models by


omparing Yukawa matri
es in Eq. (5.1.38) with ones observed in experiments.

2. Sear
hing the parameter 
on�gurations on the other two tori:

We have 
on
entrated on the parameters only on a single torus be
ause the rank-three

Yukawa matri
es are obtained only when three generations of both the left-handed and the

right-handed matters originate from the same torus. On the other hand, we should investigate

the parameter 
on�gurations on the other two tori in order to remove exoti
 parti
les. In

other words, for 
onstru
ting realisti
 models, we need the parameter 
on�gurations of exoti


se
tors whi
h lead to no independent zero-mode on at least one orbifold. Furthermore,

su
h 
on�gurations should be 
onsistent with (i) the 
on�gurations of the matter se
tors
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providing three generations, and (ii) the 
on�gurations of the higgsino se
tor providing non-

zero generation. The 
ondition (i) is in Eq. (5.1.33), and the 
ondition (ii) requires that all

d

(i)

(i = 1; 2; 3) of the higgsino se
tor are not zero.

3. Investigating ta
hyoni
 modes:

In model building, we are interested in ta
hyoni
 modes arising from extra-dimensional 
om-

ponents of the gauge �eld. As is mentioned in Appendix C, ta
hyoni
 modes may appear in

the �eld A

2i+3

+iA

2i+4

depending on the 
on�guration ofM

(i)

and A

(i)

, whereM

(i)

and A

(i)

are the magneti
 
ux on i-th torus and the are of i-th torus, respe
tively. Sin
e the Higgs

�elds arise from extra-dimensional 
omponents of the gauge �eld in the framework presented

in this thesis, the negative mass-squared of the Higgs potential (whi
h is the essential for

Higgs me
hanism) 
an originate from this ta
hyoni
 mode. However, this ta
hyoni
 mass is

of order of the 
ompa
ti�
ation s
ale, therefore the EWSB s
enario like this be
omes un-

realisti
 depending on the 
ompa
ti�
ation s
ale. We have to investigate this problem in

detail.

4. Investigating supersymmetry in e�e
tive theory:

It is also phenomenologi
ally interesting whether the supersymmetry remains in 4D e�e
tive

theory. The method for seeking 4D N = 1 supersymmetry is given in Refs. [46, 56℄. If

the supersymmetry is preserved, 4D e�e
tive theory be
omes MSSM with (possibly multiple

pairs of) up-type and down-type higgsinos, and there are no ta
hyoni
 modes. In su
h a

situation, EWSB o

urs if the Higgs s
alar potential satis�es 
ertain 
onditions (see, for

example, Ref. [57℄).

The framework whi
h we proposed in this thesis is desirable sin
e this solves the puzzles in

the SM and is obtained from the superstring theories with simple ba
kground 
on�gurations.

Therefore, this framework is valuable for resear
hing.
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Appendix A

Some useful mathemati
al formulas

In this Appendix, we list some of the formula useful for 
al
ulations of non-
ommutative quantities

and summations in Chapter 3 and 4.

For any invertible matri
es A and B, the formula

A e

B

A

�1

= e

ABA

�1

(A.1)

holds. Baker{Campbell{Hausdor�'s formula is

e

A

e

B

= exp

�

A +B +

1

2

�

A ; B

�

+ � � �

�

: (A.2)

If

�

A ; B

�


ommutes with both A and B, i.e.,

�

A ; [A;B ℄

�

=

�

B ; [A;B ℄

�

= 0, the following

formulas hold

e

A

e

B

= e

A+B

e

1

2

[A;B ℄

; (A.3)

e

A+B

= e

A

e

B

e

�

1

2

[A;B ℄

; (A.4)

e

A

e

B

= e

B

e

A

e

[A;B ℄

; (A.5)

The summation formula

N�1

X

j=0

e

2� i

j�k

N

= N Æ

k;0

(for N 2 Z ; k = 0; 1; � � � ; N � 1) ; (A.6)

is proven by using the property of N -th root of unity.

The formula

N�1

X

k=0

e

2� i

k

2

N

=

r

N

2

e

1

4

� i

�

1 + e

�

N

2

� i

�

; (for N 2 N) (A.7)

is derived by using residue theorem. By using the above, the formula

N�1

X

j=0

e

� i

(j+s+�

N

)

2

N

=

p

N e

1

4

� i

; for N 2 N ; s 2 Z ; �

N

=

(

0 for N = even ;

1

2

for N = odd ;

(A.8)
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is proven.

1

This formula is rewritten in the following form whi
h is useful for 
al
ulations in

Chapter 4:

N�1

X

j=0

e

� i

j(j+2s+2�

N

)

N

=

p

N e

1

4

� i

e

�� i

(s+�

N

)

2

N

: (A.9)

1

Proof of these formulas is in Appendix B.2 for (A.7) and Appendix B.1 for (A.8), of [43℄.



Appendix B

Cli�ord algebra

In this Appendix, we summarize the gamma matri
es of 6D and 10D whi
h are used in Chapter 3

and Chapter 5.

B.1 6D Cli�ord algebra

The 6D gamma matri
es �

M

(M = 0; 1; 2; 3; 5; 6) is de�ned by the Cli�ord algebra,

�

�

M

; �

N

	

= 2�

MN

; �

7

:

= ��

0

�

1

�

2

�

3

�

5

�

6

; (B.1)

where �

MN

is the higher-dimensional Minkowski metri


�

MN

= diag(+1;�1; � � � ;�1) : (B.2)

We 
hoose the representation of the gamma matri
es satisfying (B.1) as

�

�

= 


�


 I

2

=

�




�

0

0 


�

�

; (� = 0; 1; 2; 3) ;

�

5

= 


5


 i�

1

=

�

0 i 


5

i 


5

0

�

; �

6

= 


5


 i�

2

=

�

0 


5

�


5

0

�

;

(B.3)

and de�ne the matrix determining 6D 
hirality

�

7

= 


5


 �

3

=

�

I

4

0

0 �I

4

�

; (B.4)

where 


�

(� = 0; 1; 2; 3) are the 4D gamma matri
es, and 


5

:

= i


0




1




2




3

. The gamma matri
es

in the 
omplex 
oordinate are de�ned by

�

z

:

= �

5

+ i�

6

= 


5


 i�

+

=

�

0 2 i


5

0 0

�

;

�

�z

:

= �

5

� i �

6

= 


5


 i�

�

=

�

0 0

2 i


5

0

�

;

(B.5)

with

�

+

:

= �

1

+ i�

2

=

�

0 2

0 0

�

; �

�

:

= �

1

� i�

2

=

�

0 0

2 0

�

: (B.6)
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We �nd the Z

N

-twist boundary of a 6D spinor �eld 	(z) intera
ting with gauge �eld. Here and

hereafter, we use the 
omplex 
oordinate z = y

5

+ i y

6

where y

5

; y

6

are 2D orthogonal 
oordinate.

We denote the Z

N

-twisted boundary 
ondition as

	(!z) = � S	(z) ; (B.7)

where ! = e

2�i=N

, � is a numeri
al fa
tor, and S is a spinorial matrix. We determine � and S as

the 
ondition (B.7) makes the term �

M

D

M

	 
ovariant.

For later 
onvenien
e, we prepare a little. From the representation (B.3),

�

z

= 


5


 i�

+

; �

�z

= 


5


 i�

�

; (B.8)

we immediately �nd that

�

z

�

�z

= �4 I

4


 Æ

+

; �

�z

�

z

= �4 I

4


 Æ

�

; (B.9)

�

�

z

�

2

=

�

�

�z

�

2

= 0 ; (B.10)

�

�

z

; �

�z

	

= �4 I

8

; (B.11)

where we used (


5

)

2

= I

4

and

�

+

�

�

=

�

4 0

0 0

�

=

:

4Æ

+

; �

�

�

+

=

�

0 0

0 4

�

=

:

4Æ

�

;

(�

+

)

2

= (�

�

)

2

= 0 ;

Æ

�

�

�

= �

�

Æ

�

= �

�

; Æ

�

�

�

= �

�

Æ

�

= 0 :

(B.12)

It is 
onvenient to de�ne the matri
es

S

+

:

= �

1

4

�

z

�

�z

= I

4


 Æ

+

; S

�

:

= �

1

4

�

�z

�

z

= I

4


 Æ

�

; (B.13)

whi
h satisfy the following relations:

(S

+

)

2

= S

+

; (S

�

)

2

= S

�

; S

�

S

�

= 0 ;

S

�

�

z

= �

z

S

+

= 0 ; S

+

�

�z

= �

�z

S

�

= 0 ;

S

+

�

z

= �

z

S

�

= �

z

; S

�

�

�z

= �

�z

S

+

= �

�z

:

(B.14)

Now, let us dis
uss the Z

N

-twist transformation, z ! !z. Under this transformation, the


ovariant derivative term transforms as

�

�

�

D

�

+ �

z

D

z

+ �

�z

D

�z

�

	(z)! �

�

�

�

SD

�

+ �!�

z

SD

z

+ !�

�z

SD

�z

�

	(z) ; (B.15)

where we used the Z

N

transformation properties of the 
ovariant derivative operators

D

�

! D

�

; D

z

! �!D

z

; D

�z

! !D

�z

: (B.16)

To make this term 
ovariant, the matrix S should satisfy the 
onditions

�

�

S = S �

�

; (B.17a)
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�!�

z

S = S �

z

; (B.17b)

!�

�z

S = S �

�z

: (B.17
)

Here, the third 
ondition is the Hermitian-
onjugate of the se
ond 
ondition. The Lagrangian

transforms under the Z

N

-twist as

L(!z) =

�

� S	

�

y

�

0

� i

�

�

�

D

�

+ �

z

� �!D

z

+ �

�z

� !D

�z

�

� � S	

= �

�

	

y

S

y

�

0

� i � S �

M

D

M

	

= �

�

�

�

	

y

�

0

�

S

y

S � i �

M

D

M

	 ; (B.18)

where we used (B.17). The invarian
e L(!z) = L(z) requires the 
ondition

�

�

� = 1 ; S

y

S = I

8

: (B.19)

In addition, sin
e !

N

= 1,

	(z) = 	(!

N

z) = �

N

S

N

	(z) : (B.20)

Therefore, we �nd the 
onditions on � and S,

�

N

= 1 ; S

N

= I

8

: (B.21)

Firstly, we �nd that the matrix S 
onsists of even-power terms of �

z

;�

�z

, and �

7

, be
ause of

the 
ommutativity with �

�

, (B.17a). So the possible forms of S are

S

+

; S

�

; �

z

�

7

; �

�z

�

7

; (B.22)

and their produ
ts. However, the produ
ts are redu
ed in the above four matri
es be
ause of the

relations (B.14) and

�

�

z

�

7

�

2

= ��

7

�

�

z

�

2

�

7

= 0 ; (B.23)

�

�

�z

�

7

�

2

= ��

7

�

�

�z

�

2

�

7

= 0 ; (B.24)

�

z

�

7

� �

�z

�

7

= ��

z

�

�z

�

�

7

�

2

= 4S

+

; (B.25)

�

�z

�

7

� �

z

�

7

= ��

�z

�

z

�

�

7

�

2

= 4S

�

: (B.26)

Therefore the possible form of S is

S = �

�

S

+

+ �S

�

�

+ �

+

�

z

�

7

+ �

�

�

�z

�

7

;
(B.27)

where �; �; �

�

are numeri
al fa
tors. For this form, the both sides of the 
ondition (B.17b) be
ome

L :H:S: = �!� � �

z

+ �!�

�

�

z

�

�z

�

7

= �!� � �

z

+ �!�

�

�

�

�z

�

7

�

z

+

�

�

z

; �

�z

�

7

�

�

= �!� � �

z

+ �!�

�

�

�z

�

7

�

z

� 4 �!�

�

�

7

; (B.28)

R :H:S: = � �

z

+ �

�

�

�z

�

7

�

z

; (B.29)
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where we used the relation (B.11) to 
al
ulate the 
ommutator

�

�

z

; �

�z

�

7

�

. Therefore the following

two properties are ne
essary for the 
ondition (B.17b) hold,

�!� = 1 ; �

�

= 0 : (B.30)

Similarly, the other 
ondition (B.17
) requires the following two properties,

!�

�1

= 1 ; �

+

= 0 : (B.31)

Therefore we �nd that the only possible form of S is

S = �

�

S

+

+ !S

�

�

= � I

4




�

1 0

0 !

�

: (B.32)

Furthermore, we �nd immediately that this form of S satis�es the unitary 
ondition (B.19) only

when � is a phase fa
tor satisfying �

N

= 1,

(

S

y

S = I

8

() �

�

� = 1 ;

S

N

= I

8

() �

N

= 1 :

(B.33)

Therefore � 
an be absorbed into � in (B.7).

Finally, we obtain the result

S = �

1

4

�

�

z

�

�z

+ !�

�z

�

z

�

= I

4


 ~s ; (B.34)

where

~s

:

=

�

1 0

0 !

�

: (B.35)

B.2 10D Cli�ord algebra

On 10D, the gamma matri
es are similar to 6D ones. They satisfy the Cli�ord algebra

�

�

M

; �

N

	

= 2�

MN

; (M;N = 0; 1; 2; 3; 5; � � � ; 10) ; (B.36)

and their expli
it forms are

�

�
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�


 I

2


 I

2


 I

2

; (� = 0; 1; 2; 3) ;

�

5

= 


5


 i�

1


 I

2


 I

2

; �

6

= 


5


 i�

2


 I

2


 I

2

;

�

7

= 


5


 I

2


 i�

1


 I

2

; �

8

= 


5


 I

2


 i�

2


 I

2

;

�

9

= 


5


 I

2


 I

2


 i�

1

; �

10

= 


5


 I

2


 I

2


 i�

2

:

(B.37)

We also de�ne

�

11

= �

0

�

1

�

2

�

3

�

5

�

6

�

7

�

8

�

9

�

10

= 


5


 �

3


 �

3


 �

3

; (B.38)

whi
h 
orresponds to �

7

on 6D. The gamma matri
es in the 
omplex 
oordinates are de�ned by

�

z

i

= �

2i+3

+ i�

2i+4

; �

�z

i

= �

2i+3

� i �

2i+4

; (i = 1; 2; 3) : (B.39)
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Here, we �nd the Z

N

-twist boundary of a 10D spinor �eld 	(fz

i

g) = 	(z

1

; �z

1

; z

2

; �z

2

; z

3

; �z

3

)

intera
ting with gauge �eld. Sin
e the Z

N

-twist transformation on M

4

� T

2

is des
ribed by the

dire
t produ
t of the matri
es, I

4

for M

4

and ~s for T

2

, we immediately �nd that the Z

N

twist

matrix S on M

4

� (T

2

)

3

, whi
h is de�ned by

	(f!z

i

g) = � S	(fz

i

g) ; (B.40)

is given by

S = I

4


 ~s
 ~s
 ~s : (B.41)

This matrix indeed satis�es the followings:

� The relations

8

>

<

>

:

�

�

S = S �

�

;

�!�

z

i

S = S �

z

i

;

!�

�z

i

S = S �

�z

i

;

(i = 1; 2; 3) ;

(B.42)

whi
h are ne
essary for the term �

M

D

M

	(fz

i

g) =

�

�

�

D

�

+

P

3

i=1

�

�

z

i

D

z

i

+�

�z

i

D

�z

i

� �

	(fz

i

g)

to be 
ovariant under the Z

N

transformation,

� The unitarity 
ondition S

y

S = Iwhi
h is required by the invarian
e of the Lagrangian,

� The Z

N


onsisten
y 
ondition S

N

= I.

Using the gamma matri
es, this matrix 
an be written as

S =

3

Y

i=1

S

(i)

; S

(i)

:

= �

1

4

�

�

z

i

�

�z

i

+ !�

�z

i

�

z

i

�

: (B.43)

This result 
an be extended immediately to the higher dimensions, M

4

� (T

2

)

n

.





Appendix C

KK higher modes

In this Appendix, we dis
uss KK higher modes of spinor, s
alar, gauge �elds. We �rst dis
uss

higher modes on 6D magnetized torus/orbifold. As we will seen in the following, higher modes 
an

be analyzed by using same method as a harmoni
 os
illator. In addition, we show that ta
hyoni


mode appears in the zero-mode of gauge �eld. In the later of this Appendix, we dis
uss higher

modes on 10D magnetized tori/orbifolds. The mass spe
tra of higher modes on 10D are important

in a
tual model-building, as is mentioned in Chapter 6. The dis
ussions in this Appendix are

based on Refs. [51, 58℄.

C.1 Higher modes on 6D

C.1.1 Higher modes of fermion �eld

On 6D magnetized torus/orbifold, fermion KK modes  

n;�

(z) (n � 0) satisfy the equation of

motion, Eq. (3.1.6),

2 hD

�z

i 

n;+

(z) = m

n

 

n;�

(z) ; 2 hD

z

i 

n;�

(z) = �m

n

 

n;+

(z) ; (C.1)

where are the 
ovariant derivative in the ba
kground gauge 
on�gurations hA

z

(z)i ; hA

�z

(z)i, and

de�ned by

hD

z

i = � � i e hA

z

(z)i ; hD

�z

i =

�

� � i e




A

�z

(z)

�

: (C.2)

The ba
kground gauge 
on�gurations hA

z

(z)i ; hA

�z

(z)i are given by




A

z

(z)

�

= �

� iM

2e Im �

(�z + �a) ;




A

�z

(z)

�

=

� iM

2e Im �

(z + a) : (C.3)

The equation of motion, Eq. (C.1), leads to the following equations

�4 hD

z

i hD

�z

i 

n;+

(z) = m

2

n

 

n;+

(z) ;

�4 hD

�z

i hD

z

i 

n;�

(z) = m

2

n

 

n;�

(z) :

(C.4)

In order to solve these equations, we de�ne the operator � by

�

:

= �2

�

hD

z

i hD

�z

i+ hD

�z

i hD

z

i

�

: (C.5)
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By using the relation

�

hD

z

i ; hD

�z

i

�

=

�M

A

; (C.6)

where A is the torus area, we �nd that the operator � satisfy the following 
ommutation relations

�

� ; hD

z

i

�

=

4�M

A

hD

z

i ;

�

� ; hD

�z

i

�

= �

4�M

A

hD

�z

i : (C.7)

These relations are equivalent to the algebra of single harmoni
 os
illator with the angular fre-

quen
y

4� jM j

A

. Therefore, we de�ne the raising and lowering operators by

a

+

:

= i

s

A

�jM j

hD

�z

i ; a

y

+

:

= i

s

A

�jM j

hD

z

i ; (for M > 0) ; (C.8)

a

�

:

= i

s

A

�jM j

hD

z

i ; a

y

�

:

= i

s

A

�jM j

hD

�z

i ; (for M < 0) ; (C.9)

and the operator � is rewritten as follows:

� =

8

>

>

<

>

>

:

4�jM j

A

�

a

y

+

a

+

+

1

2

�

(for M > 0) ;

4�jM j

A

�

a

y

�

a

�

+

1

2

�

(for M < 0) :

(C.10)

As is well known, the eigenvalue of this operator is given by

E

n

=

4�jM j

A

�

n+

1

2

�

; (n = 0; 1; 2; � � � ) : (C.11)

Therefore, we �nd that the fermion mass-squared is given by

m

2

n

=

4�jM j

A

n ; (n = 0; 1; 2; � � � ) ; (C.12)

sin
e Eq. (C.4) is rewritten as

�

��

2�jM j

A

�

 

n;�

(z) = m

2

n

 

n;�

(z) : (C.13)

Higher modes are 
onstru
ted by operating the raising operators on the zero-mode states,

8

>

>

<

>

>

:

 

n;+;j

(z) =

1

p

n !

�

a

y

+

�

n

 

0;+;j

(z) ;

 

n;�;j

(z) =

2

m

n

hD

�z

i 

n;+;j

(z) ;

(for M > 0) ; (C.14)
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>
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>

:

 

n;�;j

(z) =

1

p

n !

�

a

y

�

�

n

 

0;�;j

(z) ;

 

n;+;j

(z) = �

2

m

n

hD

z

i 

n;�;j

(z) ;

(for M > 0) : (C.15)
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where zero-modes  

0;�;j

(z) are given by Eqs. (3.1.33) and (3.1.34). The expli
it form of these

higher modes is given by the Hermite polynomial. Here, it should be noted that the higher modes

of negative-sign (positive-sign) 
hirality  

n;�;j

(z)

�

 

n;+;j

(z)

�

exist also forM > 0 (M < 0), that is,

higher modes are not 
hiral. This is in 
ontrast to the zero-modes, where only  

0;+;j

(z)

�

 

0;�;j

(z)

�

are well-de�ned for M > 0 (M < 0).

On the orbifold T

2

=Z

N

, we 
an 
onstru
t higher modes similarly to the 
ase of T

2

as

e

 

n;+;j;Z

N

;�

(z) =

1

p

n !

�

a

y

+

�

n

 

0;+;j;Z

N

;�

(z) =

1

p

n !

N�1

X

x=0

��

x

�

a

y

+

�

n

 

0;+;j

(!

x

z) ; (C.16a)
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n !
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y
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(z) =

1
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n !

N�1

X
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!�

x

�
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0;�;j

(!

x

z) : (C.16b)

Here, the higher modes of twisted zero-mode fun
tions (a

y

�

)

n

 

0;�;j

(!

x

z) are given by, e.g.,

a

y

+

 

0;+;j

(!

x

z) = i

s

A

�jM j

�

�

�(!

x

z)

�

�M

2 Im �

!

x

z

�

 

0;+;j

(!

x

z) : (C.17)

Note that, neither � nor !� are the eigenvalues of

e

 

n;�;j;Z

N

;�

(z). This is be
ause of the following

reason: From the Z

N

-twist transformation properties of hD

z

i and hD

�z

i, the raising operators a

y

�

transform as

Z

N

: a

y

+

! �!a

y

+

; a

y

�

! !a

y

�

: (C.18)

Therefore, the higher modes have the Z

N

eigenvalue as follows:

e

 

n;+;j;Z

N

;�

(!z) = (�!

n

� �)

e

 

n;+;j;Z

N

;�

(z) ; (C.19)
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(!z) = (!
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� !�)
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n;�;j;Z

N

;�

(z) : (C.20)

As an example, the fermion mass spe
tra for M = 2 on T

2

and T

2

=Z

3

are illustrated in the

Figures C.1 and C.2. In both �gures,

� The red 
rosses mean the absen
e of zero-mode solutions,

� The blue (green) �lled 
ir
les 
orrespond to a zero-mode and its Kaluza{Klein modes of

 

n;�;0

(z)

�

 

n;�;1

(z)

�

,

� The blue (green) arrows mean that a

y

operates on the n-th modes  

n;+;j

(z) and the next

modes  

n+1;+;j

(z) are made by it,

� Two modes in ea
h bla
k oval,  

n;+;j

and  

n;�;j

, make a pair to have a mass term.

C.1.2 Higher modes of s
alar and gauge �elds

Now, let us 
onsider a 6D 
omplex s
alar �eld �(x; y), whi
h is expanded in KK modes as follows:

�(x; y) =

X

n

'

n

(x)� �

n

(y) : (C.21)
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Figure C.1: The mass spe
trum of  

n;+;j

(z) for M = 2. (Quoted from [42℄.)

Figure C.2: The mass spe
trum of  

�;n;j;Z

N

;�

(z) for M = 2. (Quoted from [42℄.)
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The equation of motion of mode fun
tion �

n

(y) is

��

n

(y) = m

2

n

�

n

(y) ; (C.22)

where � is de�ned by Eq. (C.5) and equal to

� = �hD

m

i hD

m

i ; (m = 5; 6) : (C.23)

Therefore, the mass-squared is immediately found as follows:

m

2

n

=

4�jM j

A

�

n +

1

2

�

; (n = 0; 1; 2; � � � ) : (C.24)

For the gauge �eld, the quadrati
 term of the KK modes are

�

�

5;n

; �

6;n

�

 

� � i

4�M

A

i

4�M

A
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! 
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5;n

�

6;n

!

; (C.25)

whi
h arises from the Lagrangian

L

6D gauge

= �

1

4

F

MN

F

MN

: (C.26)

The mass matrix in Eq. (C.25) 
an be diagonalized in the 
omplex basis,

�

z;n

:

=

1

p

2

�

�

5;n

+ i�

6;n

�

; �

�z;n

:

=

1

p
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�

�

5;n

� i�

6;n

�

; (C.27)

and the equation of motion be
ome

�

��

4�M

A

�

�

z;n

(y) = m

2

z;n

�

z;n

(y) ; (C.28a)
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�+

4�M

A

�

�

�z;n

(y) = m

2

�z;n

�

�z;n

(y) : (C.28b)

Therefore, the mass spe
tra of these �elds are given by

m

2

z;n

=

4�jM j

A

�

n +

1

2

�

�

4�M

A

; (C.29a)

m

2

�z;n

=

4�jM j

A

�

n+

1

2

�

+

4�M

A

: (C.29b)

These spe
tra imply the followings:

1. If M > 0, the zero-mode �

z;0

be
omes ta
hyoni
, while all the mode �

�z;n

(n = 0; 1; 2; � � � )

are massive.

2. If M < 0, the zero-mode �

�z;0

be
omes ta
hyoni
, while all the mode �

z;n

(n = 0; 1; 2; � � � )

are massive.
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C.2 Higher modes on 10D

On 10D magnetized tori/orbifolds, the equations of motion for KK modes are obtained by repla
ing

the Lapla
e operator with

� =

3

X

i=1

�

(i)

; (C.1)

where �

(i)

is the Lapla
e operator on i-th torus/orbifold. Therefore, the mass spe
tra of fermion

and s
alar �elds are given by the summation of the mass eigenvalues on single torus. That is, the

fermion mass-squared is given by

m

2
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=
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X

i=1

4�jM
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and the s
alar mass-squared is given by
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; (i = 1; 2; 3) : (C.3)

Here, M

(i)

and A

(i)

are the magneti
 
ux on i-th torus and the area of i-th torus, respe
tively.

For the ve
tor KK modes, the equations of motion are
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Here, �
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and �
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are de�ned in the same manner as Eq. (C.27) by
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where �

(j)

2i+3;n

j

and �

(j)

2i+4;n

j

are n

j

-th KK modes on j-th torus asso
iated with the extra-dimensional


omponents of gauge �eld A

2i+3

and A

2i+4

, respe
tively. The mass spe
tra are given by
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In parti
ular, the mass-squared of zero-modes (n

1

= n

2

= n

3

= 0) are
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Therefore, ta
hyoni
 mode 
an be removed depending on the parameters M

(i)

and A

(i)

; There is

a ta
hyoni
 mode in 4D s
alars, '

z
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;n
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2
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All the s
alars '
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are massive when Æ
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> 0, while one massless mode exists
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Appendix D

Possible parameter 
on�gurations

In this appendix, we list all the possible 
on�gurations of the parameters that satisfy the sear
h


onditions given in Se
tion 5.2.

The 
onventions used in the following tables are as follows:

1. The results of the two 
ases M

L

< 0;M

R

< 0 and M

L

< 0;M

R

> 0 are shown separately.

2. The parameters of the Higgs se
tor are not shown ex
ept for the number of generation,

be
ause these are automati
ally determined by the parameters of the matter se
tors through

the 
onstraint 
onditions (5.2.5).

3. Sin
e the S
herk{S
hwarz phases �

1

and �

�

related to the two basis of the torus are the same

on the orbifolds T

2

=Z

3;4;6

, we denote the S
herk{S
hwarz phases by �.

4. The Z

N

eigenvalue is of the form of � = !

x

(x = 0; 1; � � � ; N � 1) where ! = e

2� i =N

. We

represent the Z

N

eigenvalues as a fun
tion of x.

5. We denote one generation of the Higgs with non-lozalized wavefun
tion by \ 1 ", instead

of \1

trivial

" in Chapter 5.

D.1 T

2

=Z

2

Table D.1: Possible parameter 
on�gurations on T

2

=Z

2

with M

L

< 0; M

R

< 0.

L-se
tor R-se
tor H-se
tor

M

L

x

L

�

1;L

�

�;L

M

R

x

R

�

1;R

�

�;R

# of Higgs

�4 0 0 0 �4 0 0 0 5

�4 0 0 0 �5 0 0 0 5

�4 0 0 0 �5 0 0 1=2 5

�4 0 0 0 �5 0 1=2 0 5

�4 0 0 0 �5 1 1=2 1=2 5

�5 0 0 0 �5 0 0 0 6

�5 0 0 0 �5 0 0 1=2 5

�5 0 0 0 �5 0 1=2 0 5

�5 0 0 1=2 �5 0 0 1=2 6

�5 0 0 1=2 �5 0 1=2 0 5

�5 0 1=2 0 �5 0 1=2 0 6

�5 0 0 0 �5 1 1=2 1=2 5

�5 0 0 1=2 �5 1 1=2 1=2 5

�5 0 1=2 0 �5 1 1=2 1=2 5

�5 1 1=2 1=2 �5 1 1=2 1=2 6

93



94 APPENDIX D. POSSIBLE PARAMETER CONFIGURATIONS

L-se
tor R-se
tor H-se
tor

M

L

x

L

�

1;L

�

�;L

M

R

x

R

�

1;R

�

�;R

# of Higgs

�4 0 0 0 �6 0 0 1=2 5

�4 0 0 0 �6 0 1=2 0 5

�4 0 0 0 �6 0 1=2 1=2 5

�4 0 0 0 �6 1 0 1=2 5

�4 0 0 0 �6 1 1=2 0 5

�4 0 0 0 �6 1 1=2 1=2 5

�5 0 0 0 �6 0 0 1=2 6

�5 0 0 0 �6 0 1=2 0 6

�5 0 0 0 �6 0 1=2 1=2 5

�5 0 0 1=2 �6 0 0 1=2 6

�5 0 0 1=2 �6 0 1=2 0 5

�5 0 0 1=2 �6 0 1=2 1=2 6

�5 0 1=2 0 �6 0 0 1=2 5

�5 0 1=2 0 �6 0 1=2 0 6

�5 0 1=2 0 �6 0 1=2 1=2 6

�5 0 0 0 �6 1 0 1=2 5

�5 0 0 0 �6 1 1=2 0 5

�5 0 0 0 �6 1 1=2 1=2 6

�5 0 0 1=2 �6 1 0 1=2 5

�5 0 0 1=2 �6 1 1=2 0 6

�5 0 0 1=2 �6 1 1=2 1=2 5

�5 0 1=2 0 �6 1 0 1=2 6

�5 0 1=2 0 �6 1 1=2 0 5

�5 0 1=2 0 �6 1 1=2 1=2 5

�5 1 1=2 1=2 �6 0 0 1=2 5

�5 1 1=2 1=2 �6 0 1=2 0 5

�5 1 1=2 1=2 �6 0 1=2 1=2 5

�5 1 1=2 1=2 �6 1 0 1=2 6

�5 1 1=2 1=2 �6 1 1=2 0 6

�5 1 1=2 1=2 �6 1 1=2 1=2 6

�6 0 0 1=2 �6 0 0 1=2 7

�6 0 0 1=2 �6 0 1=2 0 6

�6 0 0 1=2 �6 0 1=2 1=2 6

�6 0 1=2 0 �6 0 1=2 0 7

�6 0 1=2 0 �6 0 1=2 1=2 6

�6 0 1=2 1=2 �6 0 1=2 1=2 7

�6 0 0 1=2 �6 1 0 1=2 5

�6 0 0 1=2 �6 1 1=2 0 6

�6 0 0 1=2 �6 1 1=2 1=2 6

�6 0 1=2 0 �6 1 0 1=2 6

�6 0 1=2 0 �6 1 1=2 0 5

�6 0 1=2 0 �6 1 1=2 1=2 6

�6 0 1=2 1=2 �6 1 0 1=2 6

�6 0 1=2 1=2 �6 1 1=2 0 6

�6 0 1=2 1=2 �6 1 1=2 1=2 5

�6 1 0 1=2 �6 1 0 1=2 7

�6 1 0 1=2 �6 1 1=2 0 6

�6 1 0 1=2 �6 1 1=2 1=2 6

�6 1 1=2 0 �6 1 1=2 0 7

�6 1 1=2 0 �6 1 1=2 1=2 6

�6 1 1=2 1=2 �6 1 1=2 1=2 7

�4 0 0 0 �7 0 1=2 1=2 5

�4 0 0 0 �7 1 0 0 5

�4 0 0 0 �7 1 0 1=2 5

�4 0 0 0 �7 1 1=2 0 5

�5 0 0 0 �7 0 1=2 1=2 6

�5 0 0 1=2 �7 0 1=2 1=2 6

�5 0 1=2 0 �7 0 1=2 1=2 6

�5 0 0 0 �7 1 0 0 5

�5 0 0 0 �7 1 0 1=2 6

�5 0 0 0 �7 1 1=2 0 6

�5 0 0 1=2 �7 1 0 0 6

�5 0 0 1=2 �7 1 0 1=2 5
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L-se
tor R-se
tor H-se
tor

M

L

x

L

�

1;L

�

�;L

M

R

x

R

�

1;R

�

�;R

# of Higgs

�5 0 0 1=2 �7 1 1=2 0 6

�5 0 1=2 0 �7 1 0 0 6

�5 0 1=2 0 �7 1 0 1=2 6

�5 0 1=2 0 �7 1 1=2 0 5

�5 1 1=2 1=2 �7 0 1=2 1=2 5

�5 1 1=2 1=2 �7 1 0 0 6

�5 1 1=2 1=2 �7 1 0 1=2 6

�5 1 1=2 1=2 �7 1 1=2 0 6

�6 0 0 1=2 �7 0 1=2 1=2 7

�6 0 1=2 0 �7 0 1=2 1=2 7

�6 0 1=2 1=2 �7 0 1=2 1=2 7

�6 0 0 1=2 �7 1 0 0 6

�6 0 0 1=2 �7 1 0 1=2 6

�6 0 0 1=2 �7 1 1=2 0 7

�6 0 1=2 0 �7 1 0 0 6

�6 0 1=2 0 �7 1 0 1=2 7

�6 0 1=2 0 �7 1 1=2 0 6

�6 0 1=2 1=2 �7 1 0 0 7

�6 0 1=2 1=2 �7 1 0 1=2 6

�6 0 1=2 1=2 �7 1 1=2 0 6

�6 1 0 1=2 �7 0 1=2 1=2 6

�6 1 1=2 0 �7 0 1=2 1=2 6

�6 1 1=2 1=2 �7 0 1=2 1=2 6

�6 1 0 1=2 �7 1 0 0 7

�6 1 0 1=2 �7 1 0 1=2 7

�6 1 0 1=2 �7 1 1=2 0 6

�6 1 1=2 0 �7 1 0 0 7

�6 1 1=2 0 �7 1 0 1=2 6

�6 1 1=2 0 �7 1 1=2 0 7

�6 1 1=2 1=2 �7 1 0 0 6

�6 1 1=2 1=2 �7 1 0 1=2 7

�6 1 1=2 1=2 �7 1 1=2 0 7

�7 0 1=2 1=2 �7 0 1=2 1=2 8

�7 0 1=2 1=2 �7 1 0 0 7

�7 0 1=2 1=2 �7 1 0 1=2 7

�7 0 1=2 1=2 �7 1 1=2 0 7

�7 1 0 0 �7 1 0 0 8

�7 1 0 0 �7 1 0 1=2 7

�7 1 0 0 �7 1 1=2 0 7

�7 1 0 1=2 �7 1 0 1=2 8

�7 1 0 1=2 �7 1 1=2 0 7

�7 1 1=2 0 �7 1 1=2 0 8

�4 0 0 0 �8 1 0 0 5

�5 0 0 0 �8 1 0 0 6

�5 0 0 1=2 �8 1 0 0 6

�5 0 1=2 0 �8 1 0 0 6

�5 1 1=2 1=2 �8 1 0 0 6

�6 0 0 1=2 �8 1 0 0 7

�6 0 1=2 0 �8 1 0 0 7

�6 0 1=2 1=2 �8 1 0 0 7

�6 1 0 1=2 �8 1 0 0 7

�6 1 1=2 0 �8 1 0 0 7

�6 1 1=2 1=2 �8 1 0 0 7

�7 0 1=2 1=2 �8 1 0 0 8

�7 1 0 0 �8 1 0 0 8

�7 1 0 1=2 �8 1 0 0 8

�7 1 1=2 0 �8 1 0 0 8

�8 1 0 0 �8 1 0 0 9

�4 0 0 0 �4 0 0 0 5

�4 0 0 0 �5 0 0 0 5

�4 0 0 0 �5 0 0 1=2 5

�4 0 0 0 �5 0 1=2 0 5

�4 0 0 0 �5 1 1=2 1=2 5
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L-se
tor R-se
tor H-se
tor

M

L

x

L

�

1;L

�

�;L

M

R

x

R

�

1;R

�

�;R

# of Higgs

�5 0 0 0 �5 0 0 0 6

�5 0 0 0 �5 0 0 1=2 5

�5 0 0 0 �5 0 1=2 0 5

�5 0 0 1=2 �5 0 0 1=2 6

�5 0 0 1=2 �5 0 1=2 0 5

�5 0 1=2 0 �5 0 1=2 0 6

�5 0 0 0 �5 1 1=2 1=2 5

�5 0 0 1=2 �5 1 1=2 1=2 5

�5 0 1=2 0 �5 1 1=2 1=2 5

�5 1 1=2 1=2 �5 1 1=2 1=2 6

�4 0 0 0 �6 0 0 1=2 5

�4 0 0 0 �6 0 1=2 0 5

�4 0 0 0 �6 0 1=2 1=2 5

�4 0 0 0 �6 1 0 1=2 5

�4 0 0 0 �6 1 1=2 0 5

�4 0 0 0 �6 1 1=2 1=2 5

�5 0 0 0 �6 0 0 1=2 6

�5 0 0 0 �6 0 1=2 0 6

�5 0 0 0 �6 0 1=2 1=2 5

�5 0 0 1=2 �6 0 0 1=2 6

�5 0 0 1=2 �6 0 1=2 0 5

�5 0 0 1=2 �6 0 1=2 1=2 6

�5 0 1=2 0 �6 0 0 1=2 5

�5 0 1=2 0 �6 0 1=2 0 6

�5 0 1=2 0 �6 0 1=2 1=2 6

�5 0 0 0 �6 1 0 1=2 5

�5 0 0 0 �6 1 1=2 0 5

�5 0 0 0 �6 1 1=2 1=2 6

�5 0 0 1=2 �6 1 0 1=2 5

�5 0 0 1=2 �6 1 1=2 0 6

�5 0 0 1=2 �6 1 1=2 1=2 5

�5 0 1=2 0 �6 1 0 1=2 6

�5 0 1=2 0 �6 1 1=2 0 5

�5 0 1=2 0 �6 1 1=2 1=2 5

�5 1 1=2 1=2 �6 0 0 1=2 5

�5 1 1=2 1=2 �6 0 1=2 0 5

�5 1 1=2 1=2 �6 0 1=2 1=2 5

�5 1 1=2 1=2 �6 1 0 1=2 6

�5 1 1=2 1=2 �6 1 1=2 0 6

�5 1 1=2 1=2 �6 1 1=2 1=2 6

�6 0 0 1=2 �6 0 0 1=2 7

�6 0 0 1=2 �6 0 1=2 0 6

�6 0 0 1=2 �6 0 1=2 1=2 6

�6 0 1=2 0 �6 0 1=2 0 7

�6 0 1=2 0 �6 0 1=2 1=2 6

�6 0 1=2 1=2 �6 0 1=2 1=2 7

�6 0 0 1=2 �6 1 0 1=2 5

�6 0 0 1=2 �6 1 1=2 0 6

�6 0 0 1=2 �6 1 1=2 1=2 6

�6 0 1=2 0 �6 1 0 1=2 6

�6 0 1=2 0 �6 1 1=2 0 5

�6 0 1=2 0 �6 1 1=2 1=2 6

�6 0 1=2 1=2 �6 1 0 1=2 6

�6 0 1=2 1=2 �6 1 1=2 0 6

�6 0 1=2 1=2 �6 1 1=2 1=2 5

�6 1 0 1=2 �6 1 0 1=2 7

�6 1 0 1=2 �6 1 1=2 0 6

�6 1 0 1=2 �6 1 1=2 1=2 6

�6 1 1=2 0 �6 1 1=2 0 7

�6 1 1=2 0 �6 1 1=2 1=2 6

�6 1 1=2 1=2 �6 1 1=2 1=2 7

�4 0 0 0 �7 0 1=2 1=2 5

�4 0 0 0 �7 1 0 0 5
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L-se
tor R-se
tor H-se
tor

M

L

x

L

�

1;L

�

�;L

M

R

x

R

�

1;R

�

�;R

# of Higgs

�4 0 0 0 �7 1 0 1=2 5

�4 0 0 0 �7 1 1=2 0 5

�5 0 0 0 �7 0 1=2 1=2 6

�5 0 0 1=2 �7 0 1=2 1=2 6

�5 0 1=2 0 �7 0 1=2 1=2 6

�5 0 0 0 �7 1 0 0 5

�5 0 0 0 �7 1 0 1=2 6

�5 0 0 0 �7 1 1=2 0 6

�5 0 0 1=2 �7 1 0 0 6

�5 0 0 1=2 �7 1 0 1=2 5

�5 0 0 1=2 �7 1 1=2 0 6

�5 0 1=2 0 �7 1 0 0 6

�5 0 1=2 0 �7 1 0 1=2 6

�5 0 1=2 0 �7 1 1=2 0 5

�5 1 1=2 1=2 �7 0 1=2 1=2 5

�5 1 1=2 1=2 �7 1 0 0 6

�5 1 1=2 1=2 �7 1 0 1=2 6

�5 1 1=2 1=2 �7 1 1=2 0 6

�6 0 0 1=2 �7 0 1=2 1=2 7

�6 0 1=2 0 �7 0 1=2 1=2 7

�6 0 1=2 1=2 �7 0 1=2 1=2 7

�6 0 0 1=2 �7 1 0 0 6

�6 0 0 1=2 �7 1 0 1=2 6

�6 0 0 1=2 �7 1 1=2 0 7

�6 0 1=2 0 �7 1 0 0 6

�6 0 1=2 0 �7 1 0 1=2 7

�6 0 1=2 0 �7 1 1=2 0 6

�6 0 1=2 1=2 �7 1 0 0 7

�6 0 1=2 1=2 �7 1 0 1=2 6

�6 0 1=2 1=2 �7 1 1=2 0 6

�6 1 0 1=2 �7 0 1=2 1=2 6

�6 1 1=2 0 �7 0 1=2 1=2 6

�6 1 1=2 1=2 �7 0 1=2 1=2 6

�6 1 0 1=2 �7 1 0 0 7

�6 1 0 1=2 �7 1 0 1=2 7

�6 1 0 1=2 �7 1 1=2 0 6

�6 1 1=2 0 �7 1 0 0 7

�6 1 1=2 0 �7 1 0 1=2 6

�6 1 1=2 0 �7 1 1=2 0 7

�6 1 1=2 1=2 �7 1 0 0 6

�6 1 1=2 1=2 �7 1 0 1=2 7

�6 1 1=2 1=2 �7 1 1=2 0 7

�7 0 1=2 1=2 �7 0 1=2 1=2 8

�7 0 1=2 1=2 �7 1 0 0 7

�7 0 1=2 1=2 �7 1 0 1=2 7

�7 0 1=2 1=2 �7 1 1=2 0 7

�7 1 0 0 �7 1 0 0 8

�7 1 0 0 �7 1 0 1=2 7

�7 1 0 0 �7 1 1=2 0 7

�7 1 0 1=2 �7 1 0 1=2 8

�7 1 0 1=2 �7 1 1=2 0 7

�7 1 1=2 0 �7 1 1=2 0 8

�4 0 0 0 �8 1 0 0 5

�5 0 0 0 �8 1 0 0 6

�5 0 0 1=2 �8 1 0 0 6

�5 0 1=2 0 �8 1 0 0 6

�5 1 1=2 1=2 �8 1 0 0 6

�6 0 0 1=2 �8 1 0 0 7

�6 0 1=2 0 �8 1 0 0 7

�6 0 1=2 1=2 �8 1 0 0 7

�6 1 0 1=2 �8 1 0 0 7

�6 1 1=2 0 �8 1 0 0 7

�6 1 1=2 1=2 �8 1 0 0 7
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L-se
tor R-se
tor H-se
tor

M

L

x

L

�

1;L

�

�;L

M

R

x

R

�

1;R

�

�;R

# of Higgs

�7 0 1=2 1=2 �8 1 0 0 8

�7 1 0 0 �8 1 0 0 8

�7 1 0 1=2 �8 1 0 0 8

�7 1 1=2 0 �8 1 0 0 8

�8 1 0 0 �8 1 0 0 9
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Table D.2: Possible parameter 
on�gurations on T

2

=Z

2

with M

L

< 0; M

R

> 0.

L-se
tor R-se
tor H-se
tor

M

L

x

L

�

1;L

�

�;L

M

R

x

R

�

1;R

�

�;R

# of Higgs

�4 0 0 0 4 0 0 0 1

�4 0 0 0 5 0 0 0 1

�4 0 0 0 5 0 0 1=2 1

�4 0 0 0 5 0 1=2 0 1

�4 0 0 0 5 1 1=2 1=2 1

�5 0 0 0 5 0 0 0 1

�5 0 0 1=2 5 0 0 1=2 1

�5 0 1=2 0 5 0 1=2 0 1

�5 1 1=2 1=2 5 1 1=2 1=2 1

�4 0 0 0 6 0 0 1=2 1

�4 0 0 0 6 0 1=2 0 1

�4 0 0 0 6 0 1=2 1=2 1

�4 0 0 0 6 1 0 1=2 1

�4 0 0 0 6 1 1=2 0 1

�4 0 0 0 6 1 1=2 1=2 1

�5 0 0 0 6 0 0 1=2 1

�5 0 0 0 6 0 1=2 0 1

�5 0 0 1=2 6 0 0 1=2 1

�5 0 0 1=2 6 0 1=2 1=2 1

�5 0 1=2 0 6 0 1=2 0 1

�5 0 1=2 0 6 0 1=2 1=2 1

�5 0 0 0 6 1 1=2 1=2 1

�5 0 0 1=2 6 1 1=2 0 1

�5 0 1=2 0 6 1 0 1=2 1

�5 1 1=2 1=2 6 1 0 1=2 1

�5 1 1=2 1=2 6 1 1=2 0 1

�5 1 1=2 1=2 6 1 1=2 1=2 1

�6 0 0 1=2 6 0 0 1=2 1

�6 0 1=2 0 6 0 1=2 0 1

�6 0 1=2 1=2 6 0 1=2 1=2 1

�6 1 0 1=2 6 1 0 1=2 1

�6 1 1=2 0 6 1 1=2 0 1

�6 1 1=2 1=2 6 1 1=2 1=2 1

�4 0 0 0 7 0 1=2 1=2 1

�4 0 0 0 7 1 0 0 1

�4 0 0 0 7 1 0 1=2 1

�4 0 0 0 7 1 1=2 0 1

�5 0 0 0 7 0 1=2 1=2 1

�5 0 0 1=2 7 0 1=2 1=2 1

�5 0 1=2 0 7 0 1=2 1=2 1

�5 0 0 0 7 1 0 1=2 1

�5 0 0 0 7 1 1=2 0 1

�5 0 0 1=2 7 1 0 0 1

�5 0 0 1=2 7 1 1=2 0 1

�5 0 1=2 0 7 1 0 0 1

�5 0 1=2 0 7 1 0 1=2 1

�5 1 1=2 1=2 7 1 0 0 1

�5 1 1=2 1=2 7 1 0 1=2 1

�5 1 1=2 1=2 7 1 1=2 0 1

�6 0 0 1=2 7 0 1=2 1=2 1

�6 0 1=2 0 7 0 1=2 1=2 1

�6 0 1=2 1=2 7 0 1=2 1=2 1

�6 0 0 1=2 7 1 1=2 0 1

�6 0 1=2 0 7 1 0 1=2 1

�6 0 1=2 1=2 7 1 0 0 1

�6 1 0 1=2 7 1 0 0 1

�6 1 0 1=2 7 1 0 1=2 1

�6 1 1=2 0 7 1 0 0 1

�6 1 1=2 0 7 1 1=2 0 1

�6 1 1=2 1=2 7 1 0 1=2 1

�6 1 1=2 1=2 7 1 1=2 0 1

�7 0 1=2 1=2 7 0 1=2 1=2 1



100 APPENDIX D. POSSIBLE PARAMETER CONFIGURATIONS

L-se
tor R-se
tor H-se
tor

M

L

x

L

�

1;L

�

�;L

M

R

x

R

�

1;R

�

�;R

# of Higgs

�7 1 0 0 7 1 0 0 1

�7 1 0 1=2 7 1 0 1=2 1

�7 1 1=2 0 7 1 1=2 0 1

�4 0 0 0 8 1 0 0 1

�5 0 0 0 8 1 0 0 1

�5 0 0 1=2 8 1 0 0 1

�5 0 1=2 0 8 1 0 0 1

�5 1 1=2 1=2 8 1 0 0 1

�6 0 0 1=2 8 1 0 0 1

�6 0 1=2 0 8 1 0 0 1

�6 0 1=2 1=2 8 1 0 0 1

�6 1 0 1=2 8 1 0 0 1

�6 1 1=2 0 8 1 0 0 1

�6 1 1=2 1=2 8 1 0 0 1

�7 0 1=2 1=2 8 1 0 0 1

�7 1 0 0 8 1 0 0 1

�7 1 0 1=2 8 1 0 0 1

�7 1 1=2 0 8 1 0 0 1

�8 1 0 0 8 1 0 0 1
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D.2 T

2

=Z

3

Table D.3: Possible parameter 
on�gurations on T

2

=Z

3

with M

L

< 0; M

R

< 0.

L-se
tor R-se
tor H-se
tor

M

L

x

L

�

L

M

R

x

R

�

R

# of Higgs

�6 0 0 �6 0 0 5

�6 0 0 �7 0 1=6 5

�6 0 0 �7 0 5=6 5

�6 0 0 �7 1 1=2 4

�7 0 1=6 �7 0 1=6 5

�7 0 1=6 �7 0 5=6 5

�7 0 5=6 �7 0 5=6 5

�7 0 1=6 �7 1 1=2 4

�7 0 5=6 �7 1 1=2 4

�7 1 1=2 �7 1 1=2 4

�6 0 0 �8 0 0 5

�6 0 0 �8 0 1=3 5

�6 0 0 �8 0 2=3 5

�6 0 0 �8 1 1=3 4

�6 0 0 �8 1 2=3 4

�6 0 0 �8 2 0 4

�7 0 1=6 �8 0 0 5

�7 0 1=6 �8 0 1=3 6

�7 0 1=6 �8 0 2=3 5

�7 0 5=6 �8 0 0 5

�7 0 5=6 �8 0 1=3 5

�7 0 5=6 �8 0 2=3 6

�7 0 1=6 �8 1 1=3 4

�7 0 1=6 �8 1 2=3 5

�7 0 5=6 �8 1 1=3 5

�7 0 5=6 �8 1 2=3 4

�7 0 1=6 �8 2 0 5

�7 0 5=6 �8 2 0 5

�7 1 1=2 �8 0 0 4

�7 1 1=2 �8 0 1=3 5

�7 1 1=2 �8 0 2=3 5

�7 1 1=2 �8 1 1=3 5

�7 1 1=2 �8 1 2=3 5

�7 1 1=2 �8 2 0 6

�8 0 0 �8 0 0 5

�8 0 0 �8 0 1=3 6

�8 0 0 �8 0 2=3 6

�8 0 1=3 �8 0 1=3 6

�8 0 1=3 �8 0 2=3 5

�8 0 2=3 �8 0 2=3 6

�8 0 0 �8 1 1=3 5

�8 0 0 �8 1 2=3 5

�8 0 1=3 �8 1 1=3 5

�8 0 1=3 �8 1 2=3 5

�8 0 2=3 �8 1 1=3 5

�8 0 2=3 �8 1 2=3 5

�8 0 0 �8 2 0 6

�8 0 1=3 �8 2 0 5

�8 0 2=3 �8 2 0 5

�8 1 1=3 �8 1 1=3 5

�8 1 1=3 �8 1 2=3 6

�8 1 2=3 �8 1 2=3 5

�8 1 1=3 �8 2 0 6

�8 1 2=3 �8 2 0 6

�8 2 0 �8 2 0 5

�6 0 0 �9 0 1=6 5

�6 0 0 �9 0 5=6 5

�6 0 0 �9 1 1=6 5

�6 0 0 �9 1 1=2 4
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L-se
tor R-se
tor H-se
tor

M

L

x

L

�

L

M

R

x

R

�

R

# of Higgs

�6 0 0 �9 1 5=6 5

�6 0 0 �9 2 1=6 5

�6 0 0 �9 2 5=6 5

�7 0 1=6 �9 0 1=6 6

�7 0 1=6 �9 0 5=6 5

�7 0 5=6 �9 0 1=6 5

�7 0 5=6 �9 0 5=6 6

�7 0 1=6 �9 1 1=6 5

�7 0 1=6 �9 1 1=2 5

�7 0 1=6 �9 1 5=6 5

�7 0 5=6 �9 1 1=6 5

�7 0 5=6 �9 1 1=2 5

�7 0 5=6 �9 1 5=6 5

�7 0 1=6 �9 2 1=6 5

�7 0 1=6 �9 2 5=6 6

�7 0 5=6 �9 2 1=6 6

�7 0 5=6 �9 2 5=6 5

�7 1 1=2 �9 0 1=6 5

�7 1 1=2 �9 0 5=6 5

�7 1 1=2 �9 1 1=6 5

�7 1 1=2 �9 1 1=2 6

�7 1 1=2 �9 1 5=6 5

�7 1 1=2 �9 2 1=6 6

�7 1 1=2 �9 2 5=6 6

�8 0 0 �9 0 1=6 6

�8 0 0 �9 0 5=6 6

�8 0 1=3 �9 0 1=6 6

�8 0 1=3 �9 0 5=6 6

�8 0 2=3 �9 0 1=6 6

�8 0 2=3 �9 0 5=6 6

�8 0 0 �9 1 1=6 5

�8 0 0 �9 1 1=2 6

�8 0 0 �9 1 5=6 5

�8 0 1=3 �9 1 1=6 6

�8 0 1=3 �9 1 1=2 5

�8 0 1=3 �9 1 5=6 5

�8 0 2=3 �9 1 1=6 5

�8 0 2=3 �9 1 1=2 5

�8 0 2=3 �9 1 5=6 6

�8 0 0 �9 2 1=6 6

�8 0 0 �9 2 5=6 6

�8 0 1=3 �9 2 1=6 5

�8 0 1=3 �9 2 5=6 6

�8 0 2=3 �9 2 1=6 6

�8 0 2=3 �9 2 5=6 5

�8 1 1=3 �9 0 1=6 6

�8 1 1=3 �9 0 5=6 5

�8 1 2=3 �9 0 1=6 5

�8 1 2=3 �9 0 5=6 6

�8 1 1=3 �9 1 1=6 5

�8 1 1=3 �9 1 1=2 6

�8 1 1=3 �9 1 5=6 6

�8 1 2=3 �9 1 1=6 6

�8 1 2=3 �9 1 1=2 6

�8 1 2=3 �9 1 5=6 5

�8 1 1=3 �9 2 1=6 6

�8 1 1=3 �9 2 5=6 6

�8 1 2=3 �9 2 1=6 6

�8 1 2=3 �9 2 5=6 6

�8 2 0 �9 0 1=6 6

�8 2 0 �9 0 5=6 6

�8 2 0 �9 1 1=6 6

�8 2 0 �9 1 1=2 6
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L-se
tor R-se
tor H-se
tor

M

L

x

L

�

L

M

R

x

R

�

R

# of Higgs

�8 2 0 �9 1 5=6 6

�8 2 0 �9 2 1=6 5

�8 2 0 �9 2 5=6 5

�9 0 1=6 �9 0 1=6 6

�9 0 1=6 �9 0 5=6 7

�9 0 5=6 �9 0 5=6 6

�9 0 1=6 �9 1 1=6 6

�9 0 1=6 �9 1 1=2 6

�9 0 1=6 �9 1 5=6 5

�9 0 5=6 �9 1 1=6 5

�9 0 5=6 �9 1 1=2 6

�9 0 5=6 �9 1 5=6 6

�9 0 1=6 �9 2 1=6 6

�9 0 1=6 �9 2 5=6 6

�9 0 5=6 �9 2 1=6 6

�9 0 5=6 �9 2 5=6 6

�9 1 1=6 �9 1 1=6 6

�9 1 1=6 �9 1 1=2 6

�9 1 1=6 �9 1 5=6 6

�9 1 1=2 �9 1 1=2 6

�9 1 1=2 �9 1 5=6 6

�9 1 5=6 �9 1 5=6 6

�9 1 1=6 �9 2 1=6 6

�9 1 1=6 �9 2 5=6 7

�9 1 1=2 �9 2 1=6 6

�9 1 1=2 �9 2 5=6 6

�9 1 5=6 �9 2 1=6 7

�9 1 5=6 �9 2 5=6 6

�9 2 1=6 �9 2 1=6 6

�9 2 1=6 �9 2 5=6 5

�9 2 5=6 �9 2 5=6 6

�6 0 0 �10 0 0 5

�6 0 0 �10 1 1=3 5

�6 0 0 �10 1 2=3 5

�6 0 0 �10 2 0 6

�6 0 0 �10 2 1=3 5

�6 0 0 �10 2 2=3 5

�7 0 1=6 �10 0 0 6

�7 0 5=6 �10 0 0 6

�7 0 1=6 �10 1 1=3 6

�7 0 1=6 �10 1 2=3 5

�7 0 5=6 �10 1 1=3 5

�7 0 5=6 �10 1 2=3 6

�7 0 1=6 �10 2 0 6

�7 0 1=6 �10 2 1=3 5

�7 0 1=6 �10 2 2=3 6

�7 0 5=6 �10 2 0 6

�7 0 5=6 �10 2 1=3 6

�7 0 5=6 �10 2 2=3 5

�7 1 1=2 �10 0 0 6

�7 1 1=2 �10 1 1=3 6

�7 1 1=2 �10 1 2=3 6

�7 1 1=2 �10 2 0 6

�7 1 1=2 �10 2 1=3 6

�7 1 1=2 �10 2 2=3 6

�8 0 0 �10 0 0 7

�8 0 1=3 �10 0 0 6

�8 0 2=3 �10 0 0 6

�8 0 0 �10 1 1=3 6

�8 0 0 �10 1 2=3 6

�8 0 1=3 �10 1 1=3 6

�8 0 1=3 �10 1 2=3 5

�8 0 2=3 �10 1 1=3 5
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L-se
tor R-se
tor H-se
tor

M

L

x

L

�

L

M

R

x

R

�

R

# of Higgs

�8 0 2=3 �10 1 2=3 6

�8 0 0 �10 2 0 6

�8 0 0 �10 2 1=3 6

�8 0 0 �10 2 2=3 6

�8 0 1=3 �10 2 0 6

�8 0 1=3 �10 2 1=3 6

�8 0 1=3 �10 2 2=3 6

�8 0 2=3 �10 2 0 6

�8 0 2=3 �10 2 1=3 6

�8 0 2=3 �10 2 2=3 6

�8 1 1=3 �10 0 0 6

�8 1 2=3 �10 0 0 6

�8 1 1=3 �10 1 1=3 6

�8 1 1=3 �10 1 2=3 6

�8 1 2=3 �10 1 1=3 6

�8 1 2=3 �10 1 2=3 6

�8 1 1=3 �10 2 0 6

�8 1 1=3 �10 2 1=3 6

�8 1 1=3 �10 2 2=3 7

�8 1 2=3 �10 2 0 6

�8 1 2=3 �10 2 1=3 7

�8 1 2=3 �10 2 2=3 6

�8 2 0 �10 0 0 6

�8 2 0 �10 1 1=3 6

�8 2 0 �10 1 2=3 6

�8 2 0 �10 2 0 5

�8 2 0 �10 2 1=3 6

�8 2 0 �10 2 2=3 6

�9 0 1=6 �10 0 0 7

�9 0 5=6 �10 0 0 7

�9 0 1=6 �10 1 1=3 6

�9 0 1=6 �10 1 2=3 6

�9 0 5=6 �10 1 1=3 6

�9 0 5=6 �10 1 2=3 6

�9 0 1=6 �10 2 0 6

�9 0 1=6 �10 2 1=3 7

�9 0 1=6 �10 2 2=3 6

�9 0 5=6 �10 2 0 6

�9 0 5=6 �10 2 1=3 6

�9 0 5=6 �10 2 2=3 7

�9 1 1=6 �10 0 0 6

�9 1 1=2 �10 0 0 6

�9 1 5=6 �10 0 0 6

�9 1 1=6 �10 1 1=3 7

�9 1 1=6 �10 1 2=3 6

�9 1 1=2 �10 1 1=3 6

�9 1 1=2 �10 1 2=3 6

�9 1 5=6 �10 1 1=3 6

�9 1 5=6 �10 1 2=3 7

�9 1 1=6 �10 2 0 7

�9 1 1=6 �10 2 1=3 6

�9 1 1=6 �10 2 2=3 7

�9 1 1=2 �10 2 0 6

�9 1 1=2 �10 2 1=3 7

�9 1 1=2 �10 2 2=3 7

�9 1 5=6 �10 2 0 7

�9 1 5=6 �10 2 1=3 7

�9 1 5=6 �10 2 2=3 6

�9 2 1=6 �10 0 0 6

�9 2 5=6 �10 0 0 6

�9 2 1=6 �10 1 1=3 6

�9 2 1=6 �10 1 2=3 7

�9 2 5=6 �10 1 1=3 7
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L-se
tor R-se
tor H-se
tor

M

L

x

L

�

L

M

R

x

R

�

R

# of Higgs

�9 2 5=6 �10 1 2=3 6

�9 2 1=6 �10 2 0 6

�9 2 1=6 �10 2 1=3 6

�9 2 1=6 �10 2 2=3 6

�9 2 5=6 �10 2 0 6

�9 2 5=6 �10 2 1=3 6

�9 2 5=6 �10 2 2=3 6

�10 0 0 �10 0 0 7

�10 0 0 �10 1 1=3 6

�10 0 0 �10 1 2=3 6

�10 0 0 �10 2 0 6

�10 0 0 �10 2 1=3 7

�10 0 0 �10 2 2=3 7

�10 1 1=3 �10 1 1=3 7

�10 1 1=3 �10 1 2=3 6

�10 1 2=3 �10 1 2=3 7

�10 1 1=3 �10 2 0 7

�10 1 1=3 �10 2 1=3 7

�10 1 1=3 �10 2 2=3 7

�10 1 2=3 �10 2 0 7

�10 1 2=3 �10 2 1=3 7

�10 1 2=3 �10 2 2=3 7

�10 2 0 �10 2 0 7

�10 2 0 �10 2 1=3 6

�10 2 0 �10 2 2=3 6

�10 2 1=3 �10 2 1=3 6

�10 2 1=3 �10 2 2=3 7

�10 2 2=3 �10 2 2=3 6

�6 0 0 �11 1 1=2 6

�6 0 0 �11 2 1=6 6

�6 0 0 �11 2 5=6 6

�7 0 1=6 �11 1 1=2 6

�7 0 5=6 �11 1 1=2 6

�7 0 1=6 �11 2 1=6 6

�7 0 1=6 �11 2 5=6 6

�7 0 5=6 �11 2 1=6 6

�7 0 5=6 �11 2 5=6 6

�7 1 1=2 �11 1 1=2 6

�7 1 1=2 �11 2 1=6 6

�7 1 1=2 �11 2 5=6 6

�8 0 0 �11 1 1=2 6

�8 0 1=3 �11 1 1=2 6

�8 0 2=3 �11 1 1=2 6

�8 0 0 �11 2 1=6 6

�8 0 0 �11 2 5=6 6

�8 0 1=3 �11 2 1=6 7

�8 0 1=3 �11 2 5=6 6

�8 0 2=3 �11 2 1=6 6

�8 0 2=3 �11 2 5=6 7

�8 1 1=3 �11 1 1=2 6

�8 1 2=3 �11 1 1=2 6

�8 1 1=3 �11 2 1=6 6

�8 1 1=3 �11 2 5=6 7

�8 1 2=3 �11 2 1=6 7

�8 1 2=3 �11 2 5=6 6

�8 2 0 �11 1 1=2 6

�8 2 0 �11 2 1=6 6

�8 2 0 �11 2 5=6 6

�9 0 1=6 �11 1 1=2 6

�9 0 5=6 �11 1 1=2 6

�9 0 1=6 �11 2 1=6 7

�9 0 1=6 �11 2 5=6 6

�9 0 5=6 �11 2 1=6 6
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L-se
tor R-se
tor H-se
tor

M

L

x

L

�

L

M

R

x

R

�

R

# of Higgs

�9 0 5=6 �11 2 5=6 7

�9 1 1=6 �11 1 1=2 7

�9 1 1=2 �11 1 1=2 6

�9 1 5=6 �11 1 1=2 7

�9 1 1=6 �11 2 1=6 7

�9 1 1=6 �11 2 5=6 7

�9 1 1=2 �11 2 1=6 7

�9 1 1=2 �11 2 5=6 7

�9 1 5=6 �11 2 1=6 7

�9 1 5=6 �11 2 5=6 7

�9 2 1=6 �11 1 1=2 7

�9 2 5=6 �11 1 1=2 7

�9 2 1=6 �11 2 1=6 6

�9 2 1=6 �11 2 5=6 7

�9 2 5=6 �11 2 1=6 7

�9 2 5=6 �11 2 5=6 6

�10 0 0 �11 1 1=2 6

�10 0 0 �11 2 1=6 7

�10 0 0 �11 2 5=6 7

�10 1 1=3 �11 1 1=2 7

�10 1 2=3 �11 1 1=2 7

�10 1 1=3 �11 2 1=6 8

�10 1 1=3 �11 2 5=6 7

�10 1 2=3 �11 2 1=6 7

�10 1 2=3 �11 2 5=6 8

�10 2 0 �11 1 1=2 8

�10 2 1=3 �11 1 1=2 7

�10 2 2=3 �11 1 1=2 7

�10 2 0 �11 2 1=6 7

�10 2 0 �11 2 5=6 7

�10 2 1=3 �11 2 1=6 6

�10 2 1=3 �11 2 5=6 7

�10 2 2=3 �11 2 1=6 7

�10 2 2=3 �11 2 5=6 6

�11 1 1=2 �11 1 1=2 8

�11 1 1=2 �11 2 1=6 8

�11 1 1=2 �11 2 5=6 8

�11 2 1=6 �11 2 1=6 7

�11 2 1=6 �11 2 5=6 7

�11 2 5=6 �11 2 5=6 7

�6 0 0 �12 2 0 6

�7 0 1=6 �12 2 0 6

�7 0 5=6 �12 2 0 6

�7 1 1=2 �12 2 0 6

�8 0 0 �12 2 0 6

�8 0 1=3 �12 2 0 7

�8 0 2=3 �12 2 0 7

�8 1 1=3 �12 2 0 7

�8 1 2=3 �12 2 0 7

�8 2 0 �12 2 0 7

�9 0 1=6 �12 2 0 7

�9 0 5=6 �12 2 0 7

�9 1 1=6 �12 2 0 7

�9 1 1=2 �12 2 0 8

�9 1 5=6 �12 2 0 7

�9 2 1=6 �12 2 0 7

�9 2 5=6 �12 2 0 7

�10 0 0 �12 2 0 8

�10 1 1=3 �12 2 0 8

�10 1 2=3 �12 2 0 8

�10 2 0 �12 2 0 7

�10 2 1=3 �12 2 0 7

�10 2 2=3 �12 2 0 7
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L-se
tor R-se
tor H-se
tor

M

L

x

L

�

L

M

R

x

R

�

R

# of Higgs

�11 1 1=2 �12 2 0 8

�11 2 1=6 �12 2 0 7

�11 2 5=6 �12 2 0 7

�12 2 0 �12 2 0 7
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Table D.4: Possible parameter 
on�gurations on T

2

=Z

3

with M

L

< 0; M

R

> 0.

L-se
tor R-se
tor H-se
tor

M

L

x

L

�

L

M

R

x

R

�

R

# of Higgs

�6 0 0 6 0 0 1

�6 0 0 7 1=6 0 1

�6 0 0 7 5=6 0 1

�7 1=6 0 7 5=6 0 1

�7 5=6 0 7 1=6 0 1

�6 0 0 8 0 0 1

�6 0 0 8 1=3 0 1

�6 0 0 8 2=3 0 1

�7 1=6 0 8 0 0 1

�7 1=6 0 8 2=3 0 1

�7 5=6 0 8 0 0 1

�7 5=6 0 8 1=3 0 1

�8 0 0 8 0 0 1

�8 1=3 0 8 2=3 0 1

�8 2=3 0 8 1=3 0 1

�6 0 0 9 1=6 0 1

�6 0 0 9 5=6 0 1

�6 0 0 9 1=6 1 1

�6 0 0 9 5=6 1 1

�6 0 0 9 1=6 2 1

�6 0 0 9 5=6 2 1

�7 1=6 0 9 1=6 0 1

�7 1=6 0 9 5=6 0 1

�7 5=6 0 9 1=6 0 1

�7 5=6 0 9 5=6 0 1

�7 1=6 0 9 5=6 1 1

�7 5=6 0 9 1=6 1 1

�7 1=6 0 9 1=6 2 1

�7 5=6 0 9 5=6 2 1

�7 1=2 1 9 1=6 1 1

�7 1=2 1 9 5=6 1 1

�7 1=2 1 9 1=6 2 1

�7 1=2 1 9 5=6 2 1

�8 0 0 9 1=6 0 1

�8 0 0 9 5=6 0 1

�8 1=3 0 9 5=6 0 1

�8 2=3 0 9 1=6 0 1

�8 1=3 0 9 1=6 2 1

�8 2=3 0 9 5=6 2 1

�8 1=3 1 9 1=6 1 1

�8 2=3 1 9 5=6 1 1

�8 1=3 1 9 5=6 2 1

�8 2=3 1 9 1=6 2 1

�8 0 2 9 1=6 1 1

�8 0 2 9 5=6 1 1

�9 1=6 0 9 5=6 0 1

�9 5=6 0 9 1=6 0 1

�9 1=6 1 9 5=6 2 1

�9 5=6 1 9 1=6 2 1

�9 1=6 2 9 5=6 1 1

�9 5=6 2 9 1=6 1 1

�6 0 0 10 0 0 1

�6 0 0 10 1=3 1 1

�6 0 0 10 2=3 1 1

�6 0 0 10 0 2 2

�6 0 0 10 1=3 2 1

�6 0 0 10 2=3 2 1

�7 1=6 0 10 0 0 1

�7 5=6 0 10 0 0 1

�7 1=6 0 10 2=3 1 1

�7 5=6 0 10 1=3 1 1

�7 1=6 0 10 0 2 1
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L-se
tor R-se
tor H-se
tor

M

L

x

L

�

L

M

R

x

R

�

R

# of Higgs

�7 1=6 0 10 1=3 2 1

�7 1=6 0 10 2=3 2 1

�7 5=6 0 10 0 2 1

�7 5=6 0 10 1=3 2 1

�7 5=6 0 10 2=3 2 1

�7 1=2 1 10 1=3 1 1

�7 1=2 1 10 2=3 1 1

�7 1=2 1 10 0 2 2

�7 1=2 1 10 1=3 2 1

�7 1=2 1 10 2=3 2 1

�8 0 0 10 0 0 1

�8 1=3 0 10 0 0 1

�8 2=3 0 10 0 0 1

�8 1=3 0 10 2=3 1 1

�8 2=3 0 10 1=3 1 1

�8 0 0 10 1=3 2 1

�8 0 0 10 2=3 2 1

�8 1=3 0 10 0 2 1

�8 1=3 0 10 1=3 2 1

�8 2=3 0 10 0 2 1

�8 2=3 0 10 2=3 2 1

�8 1=3 1 10 1=3 1 1

�8 2=3 1 10 2=3 1 1

�8 1=3 1 10 0 2 1

�8 1=3 1 10 1=3 2 1

�8 1=3 1 10 2=3 2 1

�8 2=3 1 10 0 2 1

�8 2=3 1 10 1=3 2 1

�8 2=3 1 10 2=3 2 1

�8 0 2 10 1=3 1 1

�8 0 2 10 2=3 1 1

�8 0 2 10 0 2 1

�9 1=6 0 10 0 0 1

�9 5=6 0 10 0 0 1

�9 1=6 0 10 1=3 2 1

�9 5=6 0 10 2=3 2 1

�9 1=6 1 10 1=3 1 1

�9 5=6 1 10 2=3 1 1

�9 1=6 1 10 0 2 1

�9 1=6 1 10 2=3 2 1

�9 1=2 1 10 1=3 2 1

�9 1=2 1 10 2=3 2 1

�9 5=6 1 10 0 2 1

�9 5=6 1 10 1=3 2 1

�9 1=6 2 10 2=3 1 1

�9 5=6 2 10 1=3 1 1

�10 0 0 10 0 0 1

�10 1=3 1 10 2=3 2 1

�10 2=3 1 10 1=3 2 1

�10 1=3 2 10 2=3 1 1

�10 2=3 2 10 1=3 1 1

�6 0 0 11 1=2 1 2

�6 0 0 11 1=6 2 2

�6 0 0 11 5=6 2 2

�7 1=6 0 11 1=2 1 1

�7 5=6 0 11 1=2 1 1

�7 1=6 0 11 1=6 2 1

�7 1=6 0 11 5=6 2 2

�7 5=6 0 11 1=6 2 2

�7 5=6 0 11 5=6 2 1

�7 1=2 1 11 1=2 1 2

�7 1=2 1 11 1=6 2 2

�7 1=2 1 11 5=6 2 2
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L-se
tor R-se
tor H-se
tor

M

L

x

L

�

L

M

R

x

R

�

R

# of Higgs

�8 1=3 0 11 1=2 1 1

�8 2=3 0 11 1=2 1 1

�8 0 0 11 1=6 2 1

�8 0 0 11 5=6 2 1

�8 1=3 0 11 1=6 2 1

�8 1=3 0 11 5=6 2 1

�8 2=3 0 11 1=6 2 1

�8 2=3 0 11 5=6 2 1

�8 1=3 1 11 1=2 1 1

�8 2=3 1 11 1=2 1 1

�8 1=3 1 11 1=6 2 2

�8 1=3 1 11 5=6 2 1

�8 2=3 1 11 1=6 2 1

�8 2=3 1 11 5=6 2 2

�8 0 2 11 1=2 1 2

�8 0 2 11 1=6 2 1

�8 0 2 11 5=6 2 1

�9 1=6 0 11 1=6 2 1

�9 5=6 0 11 5=6 2 1

�9 1=6 1 11 1=2 1 1

�9 5=6 1 11 1=2 1 1

�9 1=6 1 11 1=6 2 1

�9 1=6 1 11 5=6 2 1

�9 1=2 1 11 1=6 2 1

�9 1=2 1 11 5=6 2 1

�9 5=6 1 11 1=6 2 1

�9 5=6 1 11 5=6 2 1

�9 1=6 2 11 1=2 1 1

�9 5=6 2 11 1=2 1 1

�9 1=6 2 11 5=6 2 1

�9 5=6 2 11 1=6 2 1

�10 1=3 1 11 5=6 2 1

�10 2=3 1 11 1=6 2 1

�10 1=3 2 11 1=2 1 1

�10 2=3 2 11 1=2 1 1

�6 0 0 12 0 2 2

�7 1=6 0 12 0 2 2

�7 5=6 0 12 0 2 2

�7 1=2 1 12 0 2 2

�8 0 0 12 0 2 2

�8 1=3 0 12 0 2 1

�8 2=3 0 12 0 2 1

�8 1=3 1 12 0 2 2

�8 2=3 1 12 0 2 2

�8 0 2 12 0 2 1

�9 1=6 0 12 0 2 1

�9 5=6 0 12 0 2 1

�9 1=6 1 12 0 2 1

�9 1=2 1 12 0 2 2

�9 5=6 1 12 0 2 1

�9 1=6 2 12 0 2 1

�9 5=6 2 12 0 2 1

�10 1=3 1 12 0 2 1

�10 2=3 1 12 0 2 1

�10 0 2 12 0 2 1
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D.3 T

2

=Z

4

Table D.5: Possible parameter 
on�gurations on T

2

=Z

4

with M

L

< 0; M

R

< 0.

L-se
tor R-se
tor H-se
tor

M

L

x

L

�

L

M

R

x

R

�

R

# of Higgs

�8 0 0 �8 0 0 5

�8 0 0 �9 0 0 5

�8 0 0 �9 1 1=2 4

�9 0 0 �9 0 0 5

�9 0 0 �9 1 1=2 4

�9 1 1=2 �9 1 1=2 5

�8 0 0 �10 0 0 5

�8 0 0 �10 0 1=2 5

�8 0 0 �10 1 1=2 4

�8 0 0 �10 2 0 5

�9 0 0 �10 0 0 5

�9 0 0 �10 0 1=2 5

�9 0 0 �10 1 1=2 5

�9 0 0 �10 2 0 5

�9 1 1=2 �10 0 0 5

�9 1 1=2 �10 0 1=2 4

�9 1 1=2 �10 1 1=2 5

�9 1 1=2 �10 2 0 5

�10 0 0 �10 0 0 6

�10 0 0 �10 0 1=2 5

�10 0 1=2 �10 0 1=2 6

�10 0 0 �10 1 1=2 5

�10 0 1=2 �10 1 1=2 4

�10 0 0 �10 2 0 5

�10 0 1=2 �10 2 0 5

�10 1 1=2 �10 1 1=2 5

�10 1 1=2 �10 2 0 5

�10 2 0 �10 2 0 6

�8 0 0 �11 0 0 5

�8 0 0 �11 0 1=2 5

�8 0 0 �11 1 0 4

�8 0 0 �11 1 1=2 5

�8 0 0 �11 2 0 5

�8 0 0 �11 3 1=2 5

�9 0 0 �11 0 0 6

�9 0 0 �11 0 1=2 5

�9 0 0 �11 1 0 4

�9 0 0 �11 1 1=2 5

�9 0 0 �11 2 0 5

�9 0 0 �11 3 1=2 5

�9 1 1=2 �11 0 0 5

�9 1 1=2 �11 0 1=2 4

�9 1 1=2 �11 1 0 5

�9 1 1=2 �11 1 1=2 5

�9 1 1=2 �11 2 0 5

�9 1 1=2 �11 3 1=2 6

�10 0 0 �11 0 0 6

�10 0 0 �11 0 1=2 5

�10 0 1=2 �11 0 0 5

�10 0 1=2 �11 0 1=2 6

�10 0 0 �11 1 0 5

�10 0 0 �11 1 1=2 5

�10 0 1=2 �11 1 0 5

�10 0 1=2 �11 1 1=2 5

�10 0 0 �11 2 0 5

�10 0 1=2 �11 2 0 5

�10 0 0 �11 3 1=2 6

�10 0 1=2 �11 3 1=2 5

�10 1 1=2 �11 0 0 5
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L-se
tor R-se
tor H-se
tor

M

L

x

L

�

L

M

R

x

R

�

R

# of Higgs

�10 1 1=2 �11 0 1=2 5

�10 1 1=2 �11 1 0 5

�10 1 1=2 �11 1 1=2 5

�10 1 1=2 �11 2 0 6

�10 1 1=2 �11 3 1=2 6

�10 2 0 �11 0 0 5

�10 2 0 �11 0 1=2 5

�10 2 0 �11 1 0 5

�10 2 0 �11 1 1=2 6

�10 2 0 �11 2 0 6

�10 2 0 �11 3 1=2 5

�11 0 0 �11 0 0 6

�11 0 0 �11 0 1=2 6

�11 0 1=2 �11 0 1=2 6

�11 0 0 �11 1 0 5

�11 0 0 �11 1 1=2 5

�11 0 1=2 �11 1 0 5

�11 0 1=2 �11 1 1=2 5

�11 0 0 �11 2 0 6

�11 0 1=2 �11 2 0 5

�11 0 0 �11 3 1=2 6

�11 0 1=2 �11 3 1=2 5

�11 1 0 �11 1 0 6

�11 1 0 �11 1 1=2 5

�11 1 1=2 �11 1 1=2 6

�11 1 0 �11 2 0 5

�11 1 1=2 �11 2 0 6

�11 1 0 �11 3 1=2 6

�11 1 1=2 �11 3 1=2 6

�11 2 0 �11 2 0 6

�11 2 0 �11 3 1=2 5

�11 3 1=2 �11 3 1=2 6

�8 0 0 �12 0 1=2 5

�8 0 0 �12 1 0 4

�8 0 0 �12 1 1=2 5

�8 0 0 �12 2 0 5

�8 0 0 �12 2 1=2 5

�8 0 0 �12 3 1=2 5

�9 0 0 �12 0 1=2 5

�9 0 0 �12 1 0 5

�9 0 0 �12 1 1=2 5

�9 0 0 �12 2 0 5

�9 0 0 �12 2 1=2 5

�9 0 0 �12 3 1=2 6

�9 1 1=2 �12 0 1=2 5

�9 1 1=2 �12 1 0 5

�9 1 1=2 �12 1 1=2 5

�9 1 1=2 �12 2 0 6

�9 1 1=2 �12 2 1=2 5

�9 1 1=2 �12 3 1=2 6

�10 0 0 �12 0 1=2 6

�10 0 1=2 �12 0 1=2 6

�10 0 0 �12 1 0 5

�10 0 0 �12 1 1=2 5

�10 0 1=2 �12 1 0 5

�10 0 1=2 �12 1 1=2 5

�10 0 0 �12 2 0 6

�10 0 0 �12 2 1=2 5

�10 0 1=2 �12 2 0 5

�10 0 1=2 �12 2 1=2 6

�10 0 0 �12 3 1=2 6

�10 0 1=2 �12 3 1=2 5

�10 1 1=2 �12 0 1=2 5
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L-se
tor R-se
tor H-se
tor

M

L

x

L

�

L

M

R

x

R

�

R

# of Higgs

�10 1 1=2 �12 1 0 5

�10 1 1=2 �12 1 1=2 6

�10 1 1=2 �12 2 0 6

�10 1 1=2 �12 2 1=2 5

�10 1 1=2 �12 3 1=2 6

�10 2 0 �12 0 1=2 5

�10 2 0 �12 1 0 5

�10 2 0 �12 1 1=2 6

�10 2 0 �12 2 0 6

�10 2 0 �12 2 1=2 6

�10 2 0 �12 3 1=2 5

�11 0 0 �12 0 1=2 6

�11 0 1=2 �12 0 1=2 6

�11 0 0 �12 1 0 5

�11 0 0 �12 1 1=2 6

�11 0 1=2 �12 1 0 6

�11 0 1=2 �12 1 1=2 5

�11 0 0 �12 2 0 6

�11 0 0 �12 2 1=2 5

�11 0 1=2 �12 2 0 5

�11 0 1=2 �12 2 1=2 6

�11 0 0 �12 3 1=2 6

�11 0 1=2 �12 3 1=2 6

�11 1 0 �12 0 1=2 6

�11 1 1=2 �12 0 1=2 5

�11 1 0 �12 1 0 6

�11 1 0 �12 1 1=2 5

�11 1 1=2 �12 1 0 5

�11 1 1=2 �12 1 1=2 6

�11 1 0 �12 2 0 6

�11 1 0 �12 2 1=2 6

�11 1 1=2 �12 2 0 6

�11 1 1=2 �12 2 1=2 6

�11 1 0 �12 3 1=2 6

�11 1 1=2 �12 3 1=2 6

�11 2 0 �12 0 1=2 5

�11 2 0 �12 1 0 6

�11 2 0 �12 1 1=2 6

�11 2 0 �12 2 0 6

�11 2 0 �12 2 1=2 6

�11 2 0 �12 3 1=2 6

�11 3 1=2 �12 0 1=2 6

�11 3 1=2 �12 1 0 6

�11 3 1=2 �12 1 1=2 6

�11 3 1=2 �12 2 0 6

�11 3 1=2 �12 2 1=2 5

�11 3 1=2 �12 3 1=2 6

�12 0 1=2 �12 0 1=2 7

�12 0 1=2 �12 1 0 6

�12 0 1=2 �12 1 1=2 5

�12 0 1=2 �12 2 0 6

�12 0 1=2 �12 2 1=2 6

�12 0 1=2 �12 3 1=2 6

�12 1 0 �12 1 0 6

�12 1 0 �12 1 1=2 6

�12 1 1=2 �12 1 1=2 6

�12 1 0 �12 2 0 6

�12 1 0 �12 2 1=2 6

�12 1 1=2 �12 2 0 6

�12 1 1=2 �12 2 1=2 6

�12 1 0 �12 3 1=2 6

�12 1 1=2 �12 3 1=2 7

�12 2 0 �12 2 0 7
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L-se
tor R-se
tor H-se
tor

M

L

x

L

�

L

M

R

x

R

�

R

# of Higgs

�12 2 0 �12 2 1=2 6

�12 2 1=2 �12 2 1=2 7

�12 2 0 �12 3 1=2 6

�12 2 1=2 �12 3 1=2 5

�12 3 1=2 �12 3 1=2 6

�8 0 0 �13 0 1=2 5

�8 0 0 �13 1 0 5

�8 0 0 �13 2 0 5

�8 0 0 �13 2 1=2 5

�8 0 0 �13 3 0 5

�8 0 0 �13 3 1=2 6

�9 0 0 �13 0 1=2 6

�9 0 0 �13 1 0 5

�9 0 0 �13 2 0 6

�9 0 0 �13 2 1=2 5

�9 0 0 �13 3 0 5

�9 0 0 �13 3 1=2 6

�9 1 1=2 �13 0 1=2 5

�9 1 1=2 �13 1 0 5

�9 1 1=2 �13 2 0 6

�9 1 1=2 �13 2 1=2 5

�9 1 1=2 �13 3 0 6

�9 1 1=2 �13 3 1=2 6

�10 0 0 �13 0 1=2 6

�10 0 1=2 �13 0 1=2 6

�10 0 0 �13 1 0 5

�10 0 1=2 �13 1 0 6

�10 0 0 �13 2 0 6

�10 0 0 �13 2 1=2 5

�10 0 1=2 �13 2 0 5

�10 0 1=2 �13 2 1=2 6

�10 0 0 �13 3 0 6

�10 0 0 �13 3 1=2 6

�10 0 1=2 �13 3 0 6

�10 0 1=2 �13 3 1=2 6

�10 1 1=2 �13 0 1=2 5

�10 1 1=2 �13 1 0 5

�10 1 1=2 �13 2 0 6

�10 1 1=2 �13 2 1=2 6

�10 1 1=2 �13 3 0 6

�10 1 1=2 �13 3 1=2 6

�10 2 0 �13 0 1=2 5

�10 2 0 �13 1 0 6

�10 2 0 �13 2 0 6

�10 2 0 �13 2 1=2 6

�10 2 0 �13 3 0 5

�10 2 0 �13 3 1=2 6

�11 0 0 �13 0 1=2 6

�11 0 1=2 �13 0 1=2 7

�11 0 0 �13 1 0 5

�11 0 1=2 �13 1 0 6

�11 0 0 �13 2 0 6

�11 0 0 �13 2 1=2 6

�11 0 1=2 �13 2 0 6

�11 0 1=2 �13 2 1=2 6

�11 0 0 �13 3 0 6

�11 0 0 �13 3 1=2 6

�11 0 1=2 �13 3 0 6

�11 0 1=2 �13 3 1=2 6

�11 1 0 �13 0 1=2 6

�11 1 1=2 �13 0 1=2 5

�11 1 0 �13 1 0 6

�11 1 1=2 �13 1 0 6
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L-se
tor R-se
tor H-se
tor

M

L

x

L

�

L

M

R

x

R

�

R

# of Higgs

�11 1 0 �13 2 0 6

�11 1 0 �13 2 1=2 6

�11 1 1=2 �13 2 0 6

�11 1 1=2 �13 2 1=2 6

�11 1 0 �13 3 0 7

�11 1 0 �13 3 1=2 6

�11 1 1=2 �13 3 0 6

�11 1 1=2 �13 3 1=2 7

�11 2 0 �13 0 1=2 6

�11 2 0 �13 1 0 6

�11 2 0 �13 2 0 7

�11 2 0 �13 2 1=2 6

�11 2 0 �13 3 0 5

�11 2 0 �13 3 1=2 6

�11 3 1=2 �13 0 1=2 6

�11 3 1=2 �13 1 0 6

�11 3 1=2 �13 2 0 6

�11 3 1=2 �13 2 1=2 5

�11 3 1=2 �13 3 0 6

�11 3 1=2 �13 3 1=2 6

�12 0 1=2 �13 0 1=2 7

�12 0 1=2 �13 1 0 6

�12 0 1=2 �13 2 0 6

�12 0 1=2 �13 2 1=2 6

�12 0 1=2 �13 3 0 7

�12 0 1=2 �13 3 1=2 6

�12 1 0 �13 0 1=2 6

�12 1 1=2 �13 0 1=2 6

�12 1 0 �13 1 0 6

�12 1 1=2 �13 1 0 6

�12 1 0 �13 2 0 6

�12 1 0 �13 2 1=2 7

�12 1 1=2 �13 2 0 7

�12 1 1=2 �13 2 1=2 6

�12 1 0 �13 3 0 7

�12 1 0 �13 3 1=2 6

�12 1 1=2 �13 3 0 6

�12 1 1=2 �13 3 1=2 7

�12 2 0 �13 0 1=2 6

�12 2 1=2 �13 0 1=2 6

�12 2 0 �13 1 0 6

�12 2 1=2 �13 1 0 7

�12 2 0 �13 2 0 7

�12 2 0 �13 2 1=2 6

�12 2 1=2 �13 2 0 6

�12 2 1=2 �13 2 1=2 7

�12 2 0 �13 3 0 6

�12 2 0 �13 3 1=2 6

�12 2 1=2 �13 3 0 6

�12 2 1=2 �13 3 1=2 6

�12 3 1=2 �13 0 1=2 6

�12 3 1=2 �13 1 0 6

�12 3 1=2 �13 2 0 6

�12 3 1=2 �13 2 1=2 6

�12 3 1=2 �13 3 0 6

�12 3 1=2 �13 3 1=2 6

�13 0 1=2 �13 0 1=2 7

�13 0 1=2 �13 1 0 6

�13 0 1=2 �13 2 0 6

�13 0 1=2 �13 2 1=2 7

�13 0 1=2 �13 3 0 7

�13 0 1=2 �13 3 1=2 6

�13 1 0 �13 1 0 7
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L-se
tor R-se
tor H-se
tor

M

L

x

L

�

L

M

R

x

R

�

R

# of Higgs

�13 1 0 �13 2 0 6

�13 1 0 �13 2 1=2 7

�13 1 0 �13 3 0 7

�13 1 0 �13 3 1=2 7

�13 2 0 �13 2 0 7

�13 2 0 �13 2 1=2 7

�13 2 1=2 �13 2 1=2 7

�13 2 0 �13 3 0 6

�13 2 0 �13 3 1=2 6

�13 2 1=2 �13 3 0 6

�13 2 1=2 �13 3 1=2 6

�13 3 0 �13 3 0 7

�13 3 0 �13 3 1=2 6

�13 3 1=2 �13 3 1=2 7

�8 0 0 �14 1 0 5

�8 0 0 �14 2 1=2 5

�8 0 0 �14 3 0 5

�8 0 0 �14 3 1=2 6

�9 0 0 �14 1 0 5

�9 0 0 �14 2 1=2 5

�9 0 0 �14 3 0 6

�9 0 0 �14 3 1=2 6

�9 1 1=2 �14 1 0 5

�9 1 1=2 �14 2 1=2 6

�9 1 1=2 �14 3 0 6

�9 1 1=2 �14 3 1=2 6

�10 0 0 �14 1 0 5

�10 0 1=2 �14 1 0 6

�10 0 0 �14 2 1=2 6

�10 0 1=2 �14 2 1=2 6

�10 0 0 �14 3 0 6

�10 0 0 �14 3 1=2 6

�10 0 1=2 �14 3 0 6

�10 0 1=2 �14 3 1=2 6

�10 1 1=2 �14 1 0 6

�10 1 1=2 �14 2 1=2 6

�10 1 1=2 �14 3 0 6

�10 1 1=2 �14 3 1=2 7

�10 2 0 �14 1 0 6

�10 2 0 �14 2 1=2 6

�10 2 0 �14 3 0 5

�10 2 0 �14 3 1=2 6

�11 0 0 �14 1 0 6

�11 0 1=2 �14 1 0 6

�11 0 0 �14 2 1=2 6

�11 0 1=2 �14 2 1=2 6

�11 0 0 �14 3 0 6

�11 0 0 �14 3 1=2 7

�11 0 1=2 �14 3 0 7

�11 0 1=2 �14 3 1=2 6

�11 1 0 �14 1 0 6

�11 1 1=2 �14 1 0 6

�11 1 0 �14 2 1=2 7

�11 1 1=2 �14 2 1=2 6

�11 1 0 �14 3 0 7

�11 1 0 �14 3 1=2 6

�11 1 1=2 �14 3 0 6

�11 1 1=2 �14 3 1=2 7

�11 2 0 �14 1 0 6

�11 2 0 �14 2 1=2 6

�11 2 0 �14 3 0 6

�11 2 0 �14 3 1=2 6

�11 3 1=2 �14 1 0 6
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L-se
tor R-se
tor H-se
tor

M

L

x

L

�

L

M

R

x

R

�

R

# of Higgs

�11 3 1=2 �14 2 1=2 6

�11 3 1=2 �14 3 0 6

�11 3 1=2 �14 3 1=2 6

�12 0 1=2 �14 1 0 6

�12 0 1=2 �14 2 1=2 7

�12 0 1=2 �14 3 0 7

�12 0 1=2 �14 3 1=2 6

�12 1 0 �14 1 0 7

�12 1 1=2 �14 1 0 6

�12 1 0 �14 2 1=2 7

�12 1 1=2 �14 2 1=2 6

�12 1 0 �14 3 0 7

�12 1 0 �14 3 1=2 7

�12 1 1=2 �14 3 0 7

�12 1 1=2 �14 3 1=2 7

�12 2 0 �14 1 0 6

�12 2 1=2 �14 1 0 7

�12 2 0 �14 2 1=2 7

�12 2 1=2 �14 2 1=2 7

�12 2 0 �14 3 0 6

�12 2 0 �14 3 1=2 6

�12 2 1=2 �14 3 0 6

�12 2 1=2 �14 3 1=2 6

�12 3 1=2 �14 1 0 7

�12 3 1=2 �14 2 1=2 6

�12 3 1=2 �14 3 0 6

�12 3 1=2 �14 3 1=2 7

�13 0 1=2 �14 1 0 7

�13 0 1=2 �14 2 1=2 7

�13 0 1=2 �14 3 0 7

�13 0 1=2 �14 3 1=2 7

�13 1 0 �14 1 0 7

�13 1 0 �14 2 1=2 7

�13 1 0 �14 3 0 7

�13 1 0 �14 3 1=2 7

�13 2 0 �14 1 0 7

�13 2 1=2 �14 1 0 7

�13 2 0 �14 2 1=2 7

�13 2 1=2 �14 2 1=2 7

�13 2 0 �14 3 0 6

�13 2 0 �14 3 1=2 7

�13 2 1=2 �14 3 0 7

�13 2 1=2 �14 3 1=2 6

�13 3 0 �14 1 0 7

�13 3 1=2 �14 1 0 7

�13 3 0 �14 2 1=2 7

�13 3 1=2 �14 2 1=2 6

�13 3 0 �14 3 0 7

�13 3 0 �14 3 1=2 6

�13 3 1=2 �14 3 0 6

�13 3 1=2 �14 3 1=2 7

�14 1 0 �14 1 0 7

�14 1 0 �14 2 1=2 7

�14 1 0 �14 3 0 8

�14 1 0 �14 3 1=2 7

�14 2 1=2 �14 2 1=2 8

�14 2 1=2 �14 3 0 7

�14 2 1=2 �14 3 1=2 6

�14 3 0 �14 3 0 7

�14 3 0 �14 3 1=2 7

�14 3 1=2 �14 3 1=2 7

�8 0 0 �15 2 1=2 5

�8 0 0 �15 3 0 6
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L-se
tor R-se
tor H-se
tor

M

L

x

L

�

L

M

R

x

R

�

R

# of Higgs

�9 0 0 �15 2 1=2 6

�9 0 0 �15 3 0 6

�9 1 1=2 �15 2 1=2 6

�9 1 1=2 �15 3 0 6

�10 0 0 �15 2 1=2 6

�10 0 1=2 �15 2 1=2 6

�10 0 0 �15 3 0 6

�10 0 1=2 �15 3 0 7

�10 1 1=2 �15 2 1=2 6

�10 1 1=2 �15 3 0 6

�10 2 0 �15 2 1=2 6

�10 2 0 �15 3 0 6

�11 0 0 �15 2 1=2 6

�11 0 1=2 �15 2 1=2 7

�11 0 0 �15 3 0 6

�11 0 1=2 �15 3 0 7

�11 1 0 �15 2 1=2 7

�11 1 1=2 �15 2 1=2 6

�11 1 0 �15 3 0 7

�11 1 1=2 �15 3 0 7

�11 2 0 �15 2 1=2 7

�11 2 0 �15 3 0 6

�11 3 1=2 �15 2 1=2 6

�11 3 1=2 �15 3 0 6

�12 0 1=2 �15 2 1=2 7

�12 0 1=2 �15 3 0 7

�12 1 0 �15 2 1=2 7

�12 1 1=2 �15 2 1=2 7

�12 1 0 �15 3 0 7

�12 1 1=2 �15 3 0 7

�12 2 0 �15 2 1=2 7

�12 2 1=2 �15 2 1=2 7

�12 2 0 �15 3 0 6

�12 2 1=2 �15 3 0 7

�12 3 1=2 �15 2 1=2 6

�12 3 1=2 �15 3 0 6

�13 0 1=2 �15 2 1=2 7

�13 0 1=2 �15 3 0 7

�13 1 0 �15 2 1=2 7

�13 1 0 �15 3 0 8

�13 2 0 �15 2 1=2 7

�13 2 1=2 �15 2 1=2 8

�13 2 0 �15 3 0 6

�13 2 1=2 �15 3 0 7

�13 3 0 �15 2 1=2 7

�13 3 1=2 �15 2 1=2 6

�13 3 0 �15 3 0 7

�13 3 1=2 �15 3 0 7

�14 1 0 �15 2 1=2 8

�14 1 0 �15 3 0 8

�14 2 1=2 �15 2 1=2 8

�14 2 1=2 �15 3 0 7

�14 3 0 �15 2 1=2 7

�14 3 1=2 �15 2 1=2 7

�14 3 0 �15 3 0 7

�14 3 1=2 �15 3 0 7

�15 2 1=2 �15 2 1=2 8

�15 2 1=2 �15 3 0 7

�15 3 0 �15 3 0 8

�8 0 0 �16 3 0 6

�9 0 0 �16 3 0 6

�9 1 1=2 �16 3 0 6

�10 0 0 �16 3 0 6
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L-se
tor R-se
tor H-se
tor

M

L

x

L

�

L

M

R

x

R

�

R

# of Higgs

�10 0 1=2 �16 3 0 7

�10 1 1=2 �16 3 0 7

�10 2 0 �16 3 0 6

�11 0 0 �16 3 0 7

�11 0 1=2 �16 3 0 7

�11 1 0 �16 3 0 7

�11 1 1=2 �16 3 0 7

�11 2 0 �16 3 0 6

�11 3 1=2 �16 3 0 6

�12 0 1=2 �16 3 0 7

�12 1 0 �16 3 0 8

�12 1 1=2 �16 3 0 7

�12 2 0 �16 3 0 6

�12 2 1=2 �16 3 0 7

�12 3 1=2 �16 3 0 7

�13 0 1=2 �16 3 0 8

�13 1 0 �16 3 0 8

�13 2 0 �16 3 0 7

�13 2 1=2 �16 3 0 7

�13 3 0 �16 3 0 7

�13 3 1=2 �16 3 0 7

�14 1 0 �16 3 0 8

�14 2 1=2 �16 3 0 7

�14 3 0 �16 3 0 8

�14 3 1=2 �16 3 0 7

�15 2 1=2 �16 3 0 8

�15 3 0 �16 3 0 8

�16 3 0 �16 3 0 8
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Table D.6: Possible parameter 
on�gurations on T

2

=Z

4

with M

L

< 0; M

R

> 0.

L-se
tor R-se
tor H-se
tor

M

L

x

L

�

L

M

R

x

R

�

R

# of Higgs

�8 0 0 8 0 0 1

�8 0 0 9 0 0 1

�9 0 0 9 0 0 1

�8 0 0 10 0 0 1

�8 0 0 10 0 1=2 1

�8 0 0 10 2 0 1

�9 0 0 10 0 0 1

�9 1 1=2 10 2 0 1

�10 0 0 10 0 0 1

�10 0 1=2 10 0 1=2 1

�10 2 0 10 2 0 1

�8 0 0 11 0 0 1

�8 0 0 11 0 1=2 1

�8 0 0 11 1 1=2 1

�8 0 0 11 2 0 1

�8 0 0 11 3 1=2 1

�9 0 0 11 0 0 1

�9 0 0 11 0 1=2 1

�9 0 0 11 2 0 1

�9 0 0 11 3 1=2 1

�9 1 1=2 11 1 1=2 1

�9 1 1=2 11 2 0 1

�9 1 1=2 11 3 1=2 1

�10 0 0 11 0 0 1

�10 0 1=2 11 0 1=2 1

�10 0 0 11 3 1=2 1

�10 1 1=2 11 2 0 1

�10 1 1=2 11 3 1=2 1

�10 2 0 11 1 1=2 1

�10 2 0 11 2 0 1

�11 0 0 11 0 0 1

�11 0 1=2 11 0 1=2 1

�11 1 1=2 11 3 1=2 1

�11 2 0 11 2 0 1

�11 3 1=2 11 1 1=2 1

�8 0 0 12 0 1=2 1

�8 0 0 12 1 1=2 1

�8 0 0 12 2 0 1

�8 0 0 12 2 1=2 1

�8 0 0 12 3 1=2 1

�9 0 0 12 0 1=2 1

�9 0 0 12 1 1=2 1

�9 0 0 12 2 0 1

�9 0 0 12 3 1=2 1

�9 1 1=2 12 1 1=2 1

�9 1 1=2 12 2 0 1

�9 1 1=2 12 2 1=2 1

�9 1 1=2 12 3 1=2 1

�10 0 0 12 0 1=2 1

�10 0 1=2 12 0 1=2 1

�10 0 0 12 2 0 1

�10 0 1=2 12 2 1=2 1

�10 0 0 12 3 1=2 1

�10 1 1=2 12 1 1=2 1

�10 1 1=2 12 2 0 1

�10 1 1=2 12 3 1=2 1

�10 2 0 12 1 1=2 1

�10 2 0 12 2 0 1

�10 2 0 12 2 1=2 1

�11 0 1=2 12 0 1=2 1

�11 0 0 12 3 1=2 1

�11 1 0 12 2 1=2 1
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L-se
tor R-se
tor H-se
tor

M

L

x

L

�

L

M

R

x

R

�

R

# of Higgs

�11 1 1=2 12 2 0 1

�11 1 1=2 12 3 1=2 1

�11 2 0 12 1 1=2 1

�11 2 0 12 2 0 1

�11 3 1=2 12 1 1=2 1

�12 0 1=2 12 0 1=2 1

�12 1 1=2 12 3 1=2 1

�12 2 0 12 2 0 1

�12 2 1=2 12 2 1=2 1

�12 3 1=2 12 1 1=2 1

�8 0 0 13 0 1=2 1

�8 0 0 13 1 0 1

�8 0 0 13 2 0 1

�8 0 0 13 2 1=2 1

�8 0 0 13 3 0 1

�8 0 0 13 3 1=2 2

�9 0 0 13 0 1=2 1

�9 0 0 13 2 0 1

�9 0 0 13 2 1=2 1

�9 0 0 13 3 0 1

�9 0 0 13 3 1=2 1

�9 1 1=2 13 1 0 1

�9 1 1=2 13 2 0 1

�9 1 1=2 13 2 1=2 1

�9 1 1=2 13 3 0 1

�9 1 1=2 13 3 1=2 2

�10 0 0 13 0 1=2 1

�10 0 1=2 13 0 1=2 1

�10 0 1=2 13 1 0 1

�10 0 0 13 2 0 1

�10 0 1=2 13 2 1=2 1

�10 0 0 13 3 0 1

�10 0 0 13 3 1=2 1

�10 0 1=2 13 3 0 1

�10 0 1=2 13 3 1=2 1

�10 1 1=2 13 2 0 1

�10 1 1=2 13 2 1=2 1

�10 1 1=2 13 3 0 1

�10 1 1=2 13 3 1=2 1

�10 2 0 13 1 0 1

�10 2 0 13 2 0 1

�10 2 0 13 2 1=2 1

�10 2 0 13 3 1=2 1

�11 0 0 13 0 1=2 1

�11 0 1=2 13 0 1=2 1

�11 0 0 13 2 0 1

�11 0 1=2 13 2 1=2 1

�11 0 0 13 3 1=2 1

�11 0 1=2 13 3 0 1

�11 1 0 13 1 0 1

�11 1 0 13 2 1=2 1

�11 1 1=2 13 2 0 1

�11 1 0 13 3 0 1

�11 1 0 13 3 1=2 1

�11 1 1=2 13 3 0 1

�11 1 1=2 13 3 1=2 1

�11 2 0 13 2 0 1

�11 2 0 13 2 1=2 1

�11 3 1=2 13 1 0 1

�11 3 1=2 13 3 1=2 1

�12 0 1=2 13 0 1=2 1

�12 0 1=2 13 3 0 1

�12 1 0 13 2 1=2 1
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L-se
tor R-se
tor H-se
tor

M

L

x

L

�

L

M

R

x

R

�

R

# of Higgs

�12 1 1=2 13 2 0 1

�12 1 0 13 3 0 1

�12 1 1=2 13 3 1=2 1

�12 2 1=2 13 1 0 1

�12 2 0 13 2 0 1

�12 2 1=2 13 2 1=2 1

�13 0 1=2 13 0 1=2 1

�13 1 0 13 3 0 1

�13 2 0 13 2 0 1

�13 2 1=2 13 2 1=2 1

�13 3 0 13 1 0 1

�8 0 0 14 1 0 1

�8 0 0 14 2 1=2 1

�8 0 0 14 3 0 1

�8 0 0 14 3 1=2 2

�9 0 0 14 1 0 1

�9 0 0 14 2 1=2 1

�9 0 0 14 3 0 1

�9 0 0 14 3 1=2 2

�9 1 1=2 14 1 0 1

�9 1 1=2 14 2 1=2 1

�9 1 1=2 14 3 0 1

�9 1 1=2 14 3 1=2 2

�10 0 1=2 14 1 0 1

�10 0 0 14 2 1=2 1

�10 0 1=2 14 2 1=2 1

�10 0 0 14 3 0 1

�10 0 0 14 3 1=2 1

�10 0 1=2 14 3 0 1

�10 0 1=2 14 3 1=2 1

�10 1 1=2 14 1 0 1

�10 1 1=2 14 2 1=2 1

�10 1 1=2 14 3 0 1

�10 1 1=2 14 3 1=2 2

�10 2 0 14 1 0 1

�10 2 0 14 2 1=2 1

�10 2 0 14 3 1=2 1

�11 0 1=2 14 1 0 1

�11 0 1=2 14 2 1=2 1

�11 0 0 14 3 0 1

�11 0 0 14 3 1=2 1

�11 0 1=2 14 3 0 1

�11 0 1=2 14 3 1=2 1

�11 1 0 14 1 0 1

�11 1 0 14 2 1=2 1

�11 1 1=2 14 2 1=2 1

�11 1 0 14 3 0 1

�11 1 0 14 3 1=2 1

�11 1 1=2 14 3 0 1

�11 1 1=2 14 3 1=2 1

�11 2 0 14 1 0 1

�11 2 0 14 2 1=2 1

�11 2 0 14 3 1=2 1

�11 3 1=2 14 1 0 1

�11 3 1=2 14 3 1=2 1

�12 0 1=2 14 2 1=2 1

�12 0 1=2 14 3 0 1

�12 1 0 14 1 0 1

�12 1 0 14 2 1=2 1

�12 1 0 14 3 0 1

�12 1 0 14 3 1=2 1

�12 1 1=2 14 3 0 1

�12 1 1=2 14 3 1=2 1
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L-se
tor R-se
tor H-se
tor

M

L

x

L

�

L

M

R

x

R

�

R

# of Higgs

�12 2 1=2 14 1 0 1

�12 2 0 14 2 1=2 1

�12 2 1=2 14 2 1=2 1

�12 3 1=2 14 1 0 1

�12 3 1=2 14 3 1=2 1

�13 0 1=2 14 3 0 1

�13 1 0 14 2 1=2 1

�13 1 0 14 3 0 1

�13 2 1=2 14 1 0 1

�13 2 1=2 14 2 1=2 1

�13 3 0 14 1 0 1

�14 1 0 14 3 0 1

�14 2 1=2 14 2 1=2 1

�14 3 0 14 1 0 1

�8 0 0 15 2 1=2 1

�8 0 0 15 3 0 2

�9 0 0 15 2 1=2 1

�9 0 0 15 3 0 1

�9 1 1=2 15 2 1=2 1

�9 1 1=2 15 3 0 2

�10 0 0 15 2 1=2 1

�10 0 1=2 15 2 1=2 1

�10 0 0 15 3 0 1

�10 0 1=2 15 3 0 2

�10 1 1=2 15 2 1=2 1

�10 1 1=2 15 3 0 1

�10 2 0 15 2 1=2 1

�10 2 0 15 3 0 1

�11 0 0 15 2 1=2 1

�11 0 1=2 15 2 1=2 1

�11 0 0 15 3 0 1

�11 0 1=2 15 3 0 1

�11 1 0 15 2 1=2 1

�11 1 1=2 15 2 1=2 1

�11 1 0 15 3 0 2

�11 1 1=2 15 3 0 1

�11 2 0 15 2 1=2 1

�11 3 1=2 15 3 0 1

�12 0 1=2 15 2 1=2 1

�12 0 1=2 15 3 0 1

�12 1 0 15 2 1=2 1

�12 1 1=2 15 2 1=2 1

�12 1 0 15 3 0 1

�12 1 1=2 15 3 0 1

�12 2 0 15 2 1=2 1

�12 2 1=2 15 2 1=2 1

�12 2 1=2 15 3 0 1

�13 0 1=2 15 2 1=2 1

�13 0 1=2 15 3 0 1

�13 1 0 15 2 1=2 1

�13 1 0 15 3 0 1

�13 2 0 15 2 1=2 1

�13 2 1=2 15 2 1=2 1

�13 3 0 15 3 0 1

�14 1 0 15 2 1=2 1

�14 1 0 15 3 0 1

�14 2 1=2 15 2 1=2 1

�15 2 1=2 15 2 1=2 1

�8 0 0 16 3 0 2

�9 0 0 16 3 0 2

�9 1 1=2 16 3 0 2

�10 0 0 16 3 0 1

�10 0 1=2 16 3 0 2
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L-se
tor R-se
tor H-se
tor

M

L

x

L

�

L

M

R

x

R

�

R

# of Higgs

�10 1 1=2 16 3 0 2

�10 2 0 16 3 0 1

�11 0 0 16 3 0 1

�11 0 1=2 16 3 0 2

�11 1 0 16 3 0 2

�11 1 1=2 16 3 0 1

�11 2 0 16 3 0 1

�11 3 1=2 16 3 0 1

�12 0 1=2 16 3 0 1

�12 1 0 16 3 0 2

�12 1 1=2 16 3 0 1

�12 2 1=2 16 3 0 1

�12 3 1=2 16 3 0 1

�13 0 1=2 16 3 0 1

�13 1 0 16 3 0 1

�13 2 1=2 16 3 0 1

�13 3 0 16 3 0 1

�14 1 0 16 3 0 1

�14 3 0 16 3 0 1
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D.4 T

2

=Z

6

Table D.7: Possible parameter 
on�gurations on T

2

=Z

6

with M

L

< 0; M

R

< 0.

L-se
tor R-se
tor H-se
tor

M

L

x

L

�

L

M

R

x

R

�

R

# of Higgs

�12 0 0 �12 0 0 5

�12 0 0 �13 1 1=2 4

�13 1 1=2 �13 1 1=2 4

�12 0 0 �14 0 0 5

�12 0 0 �14 2 0 4

�13 1 1=2 �14 0 0 4

�13 1 1=2 �14 2 0 5

�14 0 0 �14 0 0 5

�14 0 0 �14 2 0 5

�14 2 0 �14 2 0 5

�12 0 0 �15 0 1=2 5

�12 0 0 �15 1 1=2 4

�12 0 0 �15 3 1=2 5

�13 1 1=2 �15 0 1=2 4

�13 1 1=2 �15 1 1=2 5

�13 1 1=2 �15 3 1=2 5

�14 0 0 �15 0 1=2 5

�14 0 0 �15 1 1=2 5

�14 0 0 �15 3 1=2 5

�14 2 0 �15 0 1=2 4

�14 2 0 �15 1 1=2 5

�14 2 0 �15 3 1=2 5

�15 0 1=2 �15 0 1=2 6

�15 0 1=2 �15 1 1=2 4

�15 0 1=2 �15 3 1=2 5

�15 1 1=2 �15 1 1=2 5

�15 1 1=2 �15 3 1=2 5

�15 3 1=2 �15 3 1=2 6

�12 0 0 �16 0 0 5

�12 0 0 �16 1 0 4

�12 0 0 �16 2 0 5

�12 0 0 �16 4 0 5

�13 1 1=2 �16 0 0 5

�13 1 1=2 �16 1 0 4

�13 1 1=2 �16 2 0 5

�13 1 1=2 �16 4 0 5

�14 0 0 �16 0 0 6

�14 0 0 �16 1 0 4

�14 0 0 �16 2 0 5

�14 0 0 �16 4 0 5

�14 2 0 �16 0 0 5

�14 2 0 �16 1 0 5

�14 2 0 �16 2 0 5

�14 2 0 �16 4 0 6

�15 0 1=2 �16 0 0 5

�15 0 1=2 �16 1 0 5

�15 0 1=2 �16 2 0 5

�15 0 1=2 �16 4 0 5

�15 1 1=2 �16 0 0 5

�15 1 1=2 �16 1 0 5

�15 1 1=2 �16 2 0 5

�15 1 1=2 �16 4 0 6

�15 3 1=2 �16 0 0 5

�15 3 1=2 �16 1 0 5

�15 3 1=2 �16 2 0 6

�15 3 1=2 �16 4 0 5

�16 0 0 �16 0 0 6

�16 0 0 �16 1 0 5

�16 0 0 �16 2 0 5
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L-se
tor R-se
tor H-se
tor

M

L

x

L

�

L

M

R

x

R

�

R

# of Higgs

�16 0 0 �16 4 0 6

�16 1 0 �16 1 0 5

�16 1 0 �16 2 0 5

�16 1 0 �16 4 0 5

�16 2 0 �16 2 0 6

�16 2 0 �16 4 0 6

�16 4 0 �16 4 0 5

�12 0 0 �17 0 1=2 5

�12 0 0 �17 1 1=2 5

�12 0 0 �17 2 1=2 4

�12 0 0 �17 3 1=2 5

�12 0 0 �17 5 1=2 5

�13 1 1=2 �17 0 1=2 4

�13 1 1=2 �17 1 1=2 5

�13 1 1=2 �17 2 1=2 5

�13 1 1=2 �17 3 1=2 5

�13 1 1=2 �17 5 1=2 6

�14 0 0 �17 0 1=2 5

�14 0 0 �17 1 1=2 5

�14 0 0 �17 2 1=2 5

�14 0 0 �17 3 1=2 5

�14 0 0 �17 5 1=2 6

�14 2 0 �17 0 1=2 5

�14 2 0 �17 1 1=2 5

�14 2 0 �17 2 1=2 5

�14 2 0 �17 3 1=2 6

�14 2 0 �17 5 1=2 5

�15 0 1=2 �17 0 1=2 6

�15 0 1=2 �17 1 1=2 5

�15 0 1=2 �17 2 1=2 5

�15 0 1=2 �17 3 1=2 5

�15 0 1=2 �17 5 1=2 5

�15 1 1=2 �17 0 1=2 5

�15 1 1=2 �17 1 1=2 5

�15 1 1=2 �17 2 1=2 5

�15 1 1=2 �17 3 1=2 6

�15 1 1=2 �17 5 1=2 6

�15 3 1=2 �17 0 1=2 5

�15 3 1=2 �17 1 1=2 6

�15 3 1=2 �17 2 1=2 5

�15 3 1=2 �17 3 1=2 6

�15 3 1=2 �17 5 1=2 5

�16 0 0 �17 0 1=2 6

�16 0 0 �17 1 1=2 5

�16 0 0 �17 2 1=2 5

�16 0 0 �17 3 1=2 6

�16 0 0 �17 5 1=2 6

�16 1 0 �17 0 1=2 5

�16 1 0 �17 1 1=2 5

�16 1 0 �17 2 1=2 6

�16 1 0 �17 3 1=2 5

�16 1 0 �17 5 1=2 6

�16 2 0 �17 0 1=2 5

�16 2 0 �17 1 1=2 6

�16 2 0 �17 2 1=2 5

�16 2 0 �17 3 1=2 6

�16 2 0 �17 5 1=2 5

�16 4 0 �17 0 1=2 5

�16 4 0 �17 1 1=2 6

�16 4 0 �17 2 1=2 6

�16 4 0 �17 3 1=2 5

�16 4 0 �17 5 1=2 6

�17 0 1=2 �17 0 1=2 6
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L-se
tor R-se
tor H-se
tor

M

L

x

L

�

L

M

R

x

R

�

R

# of Higgs

�17 0 1=2 �17 1 1=2 5

�17 0 1=2 �17 2 1=2 6

�17 0 1=2 �17 3 1=2 5

�17 0 1=2 �17 5 1=2 6

�17 1 1=2 �17 1 1=2 6

�17 1 1=2 �17 2 1=2 5

�17 1 1=2 �17 3 1=2 6

�17 1 1=2 �17 5 1=2 6

�17 2 1=2 �17 2 1=2 6

�17 2 1=2 �17 3 1=2 6

�17 2 1=2 �17 5 1=2 5

�17 3 1=2 �17 3 1=2 6

�17 3 1=2 �17 5 1=2 6

�17 5 1=2 �17 5 1=2 6

�12 0 0 �18 1 0 4

�12 0 0 �18 2 0 5

�12 0 0 �18 3 0 5

�12 0 0 �18 4 0 5

�13 1 1=2 �18 1 0 5

�13 1 1=2 �18 2 0 5

�13 1 1=2 �18 3 0 5

�13 1 1=2 �18 4 0 6

�14 0 0 �18 1 0 5

�14 0 0 �18 2 0 5

�14 0 0 �18 3 0 5

�14 0 0 �18 4 0 6

�14 2 0 �18 1 0 5

�14 2 0 �18 2 0 6

�14 2 0 �18 3 0 5

�14 2 0 �18 4 0 6

�15 0 1=2 �18 1 0 5

�15 0 1=2 �18 2 0 5

�15 0 1=2 �18 3 0 6

�15 0 1=2 �18 4 0 5

�15 1 1=2 �18 1 0 5

�15 1 1=2 �18 2 0 6

�15 1 1=2 �18 3 0 5

�15 1 1=2 �18 4 0 6

�15 3 1=2 �18 1 0 5

�15 3 1=2 �18 2 0 6

�15 3 1=2 �18 3 0 6

�15 3 1=2 �18 4 0 5

�16 0 0 �18 1 0 5

�16 0 0 �18 2 0 6

�16 0 0 �18 3 0 5

�16 0 0 �18 4 0 6

�16 1 0 �18 1 0 6

�16 1 0 �18 2 0 5

�16 1 0 �18 3 0 6

�16 1 0 �18 4 0 6

�16 2 0 �18 1 0 5

�16 2 0 �18 2 0 6

�16 2 0 �18 3 0 6

�16 2 0 �18 4 0 6

�16 4 0 �18 1 0 6

�16 4 0 �18 2 0 6

�16 4 0 �18 3 0 5

�16 4 0 �18 4 0 6

�17 0 1=2 �18 1 0 6

�17 0 1=2 �18 2 0 5

�17 0 1=2 �18 3 0 6

�17 0 1=2 �18 4 0 6

�17 1 1=2 �18 1 0 5



128 APPENDIX D. POSSIBLE PARAMETER CONFIGURATIONS

L-se
tor R-se
tor H-se
tor

M

L

x

L

�

L

M

R

x

R

�

R

# of Higgs

�17 1 1=2 �18 2 0 6

�17 1 1=2 �18 3 0 6

�17 1 1=2 �18 4 0 6

�17 2 1=2 �18 1 0 6

�17 2 1=2 �18 2 0 6

�17 2 1=2 �18 3 0 6

�17 2 1=2 �18 4 0 6

�17 3 1=2 �18 1 0 6

�17 3 1=2 �18 2 0 6

�17 3 1=2 �18 3 0 6

�17 3 1=2 �18 4 0 6

�17 5 1=2 �18 1 0 6

�17 5 1=2 �18 2 0 6

�17 5 1=2 �18 3 0 5

�17 5 1=2 �18 4 0 6

�18 1 0 �18 1 0 6

�18 1 0 �18 2 0 6

�18 1 0 �18 3 0 6

�18 1 0 �18 4 0 6

�18 2 0 �18 2 0 6

�18 2 0 �18 3 0 6

�18 2 0 �18 4 0 7

�18 3 0 �18 3 0 7

�18 3 0 �18 4 0 5

�18 4 0 �18 4 0 6

�12 0 0 �19 0 1=2 5

�12 0 0 �19 2 1=2 5

�12 0 0 �19 3 1=2 5

�12 0 0 �19 4 1=2 5

�12 0 0 �19 5 1=2 6

�13 1 1=2 �19 0 1=2 5

�13 1 1=2 �19 2 1=2 5

�13 1 1=2 �19 3 1=2 6

�13 1 1=2 �19 4 1=2 5

�13 1 1=2 �19 5 1=2 6

�14 0 0 �19 0 1=2 6

�14 0 0 �19 2 1=2 5

�14 0 0 �19 3 1=2 6

�14 0 0 �19 4 1=2 5

�14 0 0 �19 5 1=2 6

�14 2 0 �19 0 1=2 5

�14 2 0 �19 2 1=2 5

�14 2 0 �19 3 1=2 6

�14 2 0 �19 4 1=2 6

�14 2 0 �19 5 1=2 5

�15 0 1=2 �19 0 1=2 6

�15 0 1=2 �19 2 1=2 6

�15 0 1=2 �19 3 1=2 5

�15 0 1=2 �19 4 1=2 6

�15 0 1=2 �19 5 1=2 6

�15 1 1=2 �19 0 1=2 5

�15 1 1=2 �19 2 1=2 5

�15 1 1=2 �19 3 1=2 6

�15 1 1=2 �19 4 1=2 6

�15 1 1=2 �19 5 1=2 6

�15 3 1=2 �19 0 1=2 5

�15 3 1=2 �19 2 1=2 6

�15 3 1=2 �19 3 1=2 6

�15 3 1=2 �19 4 1=2 5

�15 3 1=2 �19 5 1=2 6

�16 0 0 �19 0 1=2 6

�16 0 0 �19 2 1=2 5

�16 0 0 �19 3 1=2 6
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L-se
tor R-se
tor H-se
tor

M

L

x

L

�

L

M

R

x

R

�

R

# of Higgs

�16 0 0 �19 4 1=2 6

�16 0 0 �19 5 1=2 6

�16 1 0 �19 0 1=2 6

�16 1 0 �19 2 1=2 6

�16 1 0 �19 3 1=2 6

�16 1 0 �19 4 1=2 6

�16 1 0 �19 5 1=2 6

�16 2 0 �19 0 1=2 5

�16 2 0 �19 2 1=2 6

�16 2 0 �19 3 1=2 6

�16 2 0 �19 4 1=2 6

�16 2 0 �19 5 1=2 6

�16 4 0 �19 0 1=2 6

�16 4 0 �19 2 1=2 6

�16 4 0 �19 3 1=2 6

�16 4 0 �19 4 1=2 5

�16 4 0 �19 5 1=2 6

�17 0 1=2 �19 0 1=2 7

�17 0 1=2 �19 2 1=2 6

�17 0 1=2 �19 3 1=2 6

�17 0 1=2 �19 4 1=2 6

�17 0 1=2 �19 5 1=2 6

�17 1 1=2 �19 0 1=2 5

�17 1 1=2 �19 2 1=2 6

�17 1 1=2 �19 3 1=2 6

�17 1 1=2 �19 4 1=2 6

�17 1 1=2 �19 5 1=2 7

�17 2 1=2 �19 0 1=2 6

�17 2 1=2 �19 2 1=2 6

�17 2 1=2 �19 3 1=2 6

�17 2 1=2 �19 4 1=2 7

�17 2 1=2 �19 5 1=2 5

�17 3 1=2 �19 0 1=2 6

�17 3 1=2 �19 2 1=2 6

�17 3 1=2 �19 3 1=2 7

�17 3 1=2 �19 4 1=2 5

�17 3 1=2 �19 5 1=2 6

�17 5 1=2 �19 0 1=2 6

�17 5 1=2 �19 2 1=2 5

�17 5 1=2 �19 3 1=2 6

�17 5 1=2 �19 4 1=2 6

�17 5 1=2 �19 5 1=2 6

�18 1 0 �19 0 1=2 6

�18 1 0 �19 2 1=2 6

�18 1 0 �19 3 1=2 6

�18 1 0 �19 4 1=2 7

�18 1 0 �19 5 1=2 6

�18 2 0 �19 0 1=2 6

�18 2 0 �19 2 1=2 6

�18 2 0 �19 3 1=2 7

�18 2 0 �19 4 1=2 6

�18 2 0 �19 5 1=2 6

�18 3 0 �19 0 1=2 6

�18 3 0 �19 2 1=2 7

�18 3 0 �19 3 1=2 6

�18 3 0 �19 4 1=2 6

�18 3 0 �19 5 1=2 6

�18 4 0 �19 0 1=2 6

�18 4 0 �19 2 1=2 6

�18 4 0 �19 3 1=2 6

�18 4 0 �19 4 1=2 6

�18 4 0 �19 5 1=2 6

�19 0 1=2 �19 0 1=2 7
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L-se
tor R-se
tor H-se
tor

M

L

x

L

�

L

M

R

x

R

�

R

# of Higgs

�19 0 1=2 �19 2 1=2 6

�19 0 1=2 �19 3 1=2 6

�19 0 1=2 �19 4 1=2 7

�19 0 1=2 �19 5 1=2 6

�19 2 1=2 �19 2 1=2 7

�19 2 1=2 �19 3 1=2 6

�19 2 1=2 �19 4 1=2 7

�19 2 1=2 �19 5 1=2 6

�19 3 1=2 �19 3 1=2 7

�19 3 1=2 �19 4 1=2 6

�19 3 1=2 �19 5 1=2 6

�19 4 1=2 �19 4 1=2 6

�19 4 1=2 �19 5 1=2 6

�19 5 1=2 �19 5 1=2 7

�12 0 0 �20 1 0 5

�12 0 0 �20 3 0 5

�12 0 0 �20 4 0 6

�12 0 0 �20 5 0 5

�13 1 1=2 �20 1 0 5

�13 1 1=2 �20 3 0 5

�13 1 1=2 �20 4 0 6

�13 1 1=2 �20 5 0 6

�14 0 0 �20 1 0 5

�14 0 0 �20 3 0 5

�14 0 0 �20 4 0 6

�14 0 0 �20 5 0 6

�14 2 0 �20 1 0 5

�14 2 0 �20 3 0 6

�14 2 0 �20 4 0 6

�14 2 0 �20 5 0 5

�15 0 1=2 �20 1 0 6

�15 0 1=2 �20 3 0 6

�15 0 1=2 �20 4 0 6

�15 0 1=2 �20 5 0 6

�15 1 1=2 �20 1 0 5

�15 1 1=2 �20 3 0 6

�15 1 1=2 �20 4 0 6

�15 1 1=2 �20 5 0 6

�15 3 1=2 �20 1 0 6

�15 3 1=2 �20 3 0 6

�15 3 1=2 �20 4 0 6

�15 3 1=2 �20 5 0 5

�16 0 0 �20 1 0 5

�16 0 0 �20 3 0 6

�16 0 0 �20 4 0 6

�16 0 0 �20 5 0 6

�16 1 0 �20 1 0 6

�16 1 0 �20 3 0 6

�16 1 0 �20 4 0 6

�16 1 0 �20 5 0 7

�16 2 0 �20 1 0 6

�16 2 0 �20 3 0 6

�16 2 0 �20 4 0 7

�16 2 0 �20 5 0 5

�16 4 0 �20 1 0 6

�16 4 0 �20 3 0 5

�16 4 0 �20 4 0 6

�16 4 0 �20 5 0 6

�17 0 1=2 �20 1 0 6

�17 0 1=2 �20 3 0 6

�17 0 1=2 �20 4 0 6

�17 0 1=2 �20 5 0 7

�17 1 1=2 �20 1 0 6
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L-se
tor R-se
tor H-se
tor

M

L

x

L

�

L

M

R

x

R

�

R

# of Higgs

�17 1 1=2 �20 3 0 6

�17 1 1=2 �20 4 0 7

�17 1 1=2 �20 5 0 6

�17 2 1=2 �20 1 0 6

�17 2 1=2 �20 3 0 7

�17 2 1=2 �20 4 0 6

�17 2 1=2 �20 5 0 6

�17 3 1=2 �20 1 0 6

�17 3 1=2 �20 3 0 6

�17 3 1=2 �20 4 0 6

�17 3 1=2 �20 5 0 6

�17 5 1=2 �20 1 0 6

�17 5 1=2 �20 3 0 6

�17 5 1=2 �20 4 0 6

�17 5 1=2 �20 5 0 6

�18 1 0 �20 1 0 6

�18 1 0 �20 3 0 7

�18 1 0 �20 4 0 6

�18 1 0 �20 5 0 7

�18 2 0 �20 1 0 6

�18 2 0 �20 3 0 6

�18 2 0 �20 4 0 7

�18 2 0 �20 5 0 6

�18 3 0 �20 1 0 7

�18 3 0 �20 3 0 7

�18 3 0 �20 4 0 6

�18 3 0 �20 5 0 6

�18 4 0 �20 1 0 6

�18 4 0 �20 3 0 6

�18 4 0 �20 4 0 6

�18 4 0 �20 5 0 6

�19 0 1=2 �20 1 0 6

�19 0 1=2 �20 3 0 7

�19 0 1=2 �20 4 0 6

�19 0 1=2 �20 5 0 7

�19 2 1=2 �20 1 0 7

�19 2 1=2 �20 3 0 7

�19 2 1=2 �20 4 0 7

�19 2 1=2 �20 5 0 6

�19 3 1=2 �20 1 0 6

�19 3 1=2 �20 3 0 7

�19 3 1=2 �20 4 0 6

�19 3 1=2 �20 5 0 6

�19 4 1=2 �20 1 0 7

�19 4 1=2 �20 3 0 6

�19 4 1=2 �20 4 0 6

�19 4 1=2 �20 5 0 7

�19 5 1=2 �20 1 0 7

�19 5 1=2 �20 3 0 6

�19 5 1=2 �20 4 0 7

�19 5 1=2 �20 5 0 6

�20 1 0 �20 1 0 7

�20 1 0 �20 3 0 7

�20 1 0 �20 4 0 7

�20 1 0 �20 5 0 7

�20 3 0 �20 3 0 7

�20 3 0 �20 4 0 6

�20 3 0 �20 5 0 7

�20 4 0 �20 4 0 7

�20 4 0 �20 5 0 6

�20 5 0 �20 5 0 7

�12 0 0 �21 2 1=2 5

�12 0 0 �21 4 1=2 5
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L-se
tor R-se
tor H-se
tor

M

L

x

L

�

L

M

R

x

R

�

R

# of Higgs

�12 0 0 �21 5 1=2 6

�13 1 1=2 �21 2 1=2 5

�13 1 1=2 �21 4 1=2 6

�13 1 1=2 �21 5 1=2 6

�14 0 0 �21 2 1=2 5

�14 0 0 �21 4 1=2 6

�14 0 0 �21 5 1=2 6

�14 2 0 �21 2 1=2 6

�14 2 0 �21 4 1=2 6

�14 2 0 �21 5 1=2 6

�15 0 1=2 �21 2 1=2 6

�15 0 1=2 �21 4 1=2 6

�15 0 1=2 �21 5 1=2 6

�15 1 1=2 �21 2 1=2 6

�15 1 1=2 �21 4 1=2 6

�15 1 1=2 �21 5 1=2 7

�15 3 1=2 �21 2 1=2 6

�15 3 1=2 �21 4 1=2 5

�15 3 1=2 �21 5 1=2 6

�16 0 0 �21 2 1=2 6

�16 0 0 �21 4 1=2 6

�16 0 0 �21 5 1=2 7

�16 1 0 �21 2 1=2 6

�16 1 0 �21 4 1=2 7

�16 1 0 �21 5 1=2 6

�16 2 0 �21 2 1=2 6

�16 2 0 �21 4 1=2 6

�16 2 0 �21 5 1=2 6

�16 4 0 �21 2 1=2 6

�16 4 0 �21 4 1=2 6

�16 4 0 �21 5 1=2 6

�17 0 1=2 �21 2 1=2 6

�17 0 1=2 �21 4 1=2 7

�17 0 1=2 �21 5 1=2 6

�17 1 1=2 �21 2 1=2 6

�17 1 1=2 �21 4 1=2 6

�17 1 1=2 �21 5 1=2 7

�17 2 1=2 �21 2 1=2 7

�17 2 1=2 �21 4 1=2 7

�17 2 1=2 �21 5 1=2 6

�17 3 1=2 �21 2 1=2 6

�17 3 1=2 �21 4 1=2 6

�17 3 1=2 �21 5 1=2 6

�17 5 1=2 �21 2 1=2 6

�17 5 1=2 �21 4 1=2 6

�17 5 1=2 �21 5 1=2 7

�18 1 0 �21 2 1=2 7

�18 1 0 �21 4 1=2 7

�18 1 0 �21 5 1=2 7

�18 2 0 �21 2 1=2 6

�18 2 0 �21 4 1=2 7

�18 2 0 �21 5 1=2 6

�18 3 0 �21 2 1=2 7

�18 3 0 �21 4 1=2 6

�18 3 0 �21 5 1=2 6

�18 4 0 �21 2 1=2 7

�18 4 0 �21 4 1=2 6

�18 4 0 �21 5 1=2 7

�19 0 1=2 �21 2 1=2 7

�19 0 1=2 �21 4 1=2 7

�19 0 1=2 �21 5 1=2 7

�19 2 1=2 �21 2 1=2 7

�19 2 1=2 �21 4 1=2 7
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L-se
tor R-se
tor H-se
tor

M

L

x

L

�

L

M

R

x

R

�

R

# of Higgs

�19 2 1=2 �21 5 1=2 6

�19 3 1=2 �21 2 1=2 7

�19 3 1=2 �21 4 1=2 6

�19 3 1=2 �21 5 1=2 7

�19 4 1=2 �21 2 1=2 7

�19 4 1=2 �21 4 1=2 7

�19 4 1=2 �21 5 1=2 6

�19 5 1=2 �21 2 1=2 6

�19 5 1=2 �21 4 1=2 6

�19 5 1=2 �21 5 1=2 7

�20 1 0 �21 2 1=2 7

�20 1 0 �21 4 1=2 7

�20 1 0 �21 5 1=2 7

�20 3 0 �21 2 1=2 7

�20 3 0 �21 4 1=2 7

�20 3 0 �21 5 1=2 6

�20 4 0 �21 2 1=2 7

�20 4 0 �21 4 1=2 6

�20 4 0 �21 5 1=2 7

�20 5 0 �21 2 1=2 7

�20 5 0 �21 4 1=2 7

�20 5 0 �21 5 1=2 7

�21 2 1=2 �21 2 1=2 7

�21 2 1=2 �21 4 1=2 8

�21 2 1=2 �21 5 1=2 6

�21 4 1=2 �21 4 1=2 7

�21 4 1=2 �21 5 1=2 7

�21 5 1=2 �21 5 1=2 7

�12 0 0 �22 3 0 5

�12 0 0 �22 5 0 6

�13 1 1=2 �22 3 0 6

�13 1 1=2 �22 5 0 6

�14 0 0 �22 3 0 6

�14 0 0 �22 5 0 6

�14 2 0 �22 3 0 6

�14 2 0 �22 5 0 5

�15 0 1=2 �22 3 0 6

�15 0 1=2 �22 5 0 7

�15 1 1=2 �22 3 0 6

�15 1 1=2 �22 5 0 6

�15 3 1=2 �22 3 0 6

�15 3 1=2 �22 5 0 6

�16 0 0 �22 3 0 6

�16 0 0 �22 5 0 6

�16 1 0 �22 3 0 7

�16 1 0 �22 5 0 7

�16 2 0 �22 3 0 6

�16 2 0 �22 5 0 6

�16 4 0 �22 3 0 6

�16 4 0 �22 5 0 6

�17 0 1=2 �22 3 0 7

�17 0 1=2 �22 5 0 7

�17 1 1=2 �22 3 0 6

�17 1 1=2 �22 5 0 7

�17 2 1=2 �22 3 0 7

�17 2 1=2 �22 5 0 6

�17 3 1=2 �22 3 0 7

�17 3 1=2 �22 5 0 6

�17 5 1=2 �22 3 0 6

�17 5 1=2 �22 5 0 6

�18 1 0 �22 3 0 7

�18 1 0 �22 5 0 7

�18 2 0 �22 3 0 7
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L-se
tor R-se
tor H-se
tor

M

L

x

L

�

L

M

R

x

R

�

R

# of Higgs

�18 2 0 �22 5 0 6

�18 3 0 �22 3 0 7

�18 3 0 �22 5 0 7

�18 4 0 �22 3 0 6

�18 4 0 �22 5 0 6

�19 0 1=2 �22 3 0 7

�19 0 1=2 �22 5 0 7

�19 2 1=2 �22 3 0 7

�19 2 1=2 �22 5 0 7

�19 3 1=2 �22 3 0 7

�19 3 1=2 �22 5 0 6

�19 4 1=2 �22 3 0 7

�19 4 1=2 �22 5 0 7

�19 5 1=2 �22 3 0 6

�19 5 1=2 �22 5 0 7

�20 1 0 �22 3 0 7

�20 1 0 �22 5 0 8

�20 3 0 �22 3 0 8

�20 3 0 �22 5 0 7

�20 4 0 �22 3 0 6

�20 4 0 �22 5 0 7

�20 5 0 �22 3 0 7

�20 5 0 �22 5 0 7

�21 2 1=2 �22 3 0 8

�21 2 1=2 �22 5 0 7

�21 4 1=2 �22 3 0 7

�21 4 1=2 �22 5 0 7

�21 5 1=2 �22 3 0 7

�21 5 1=2 �22 5 0 7

�22 3 0 �22 3 0 8

�22 3 0 �22 5 0 7

�22 5 0 �22 5 0 8

�12 0 0 �23 4 1=2 6

�13 1 1=2 �23 4 1=2 6

�14 0 0 �23 4 1=2 6

�14 2 0 �23 4 1=2 6

�15 0 1=2 �23 4 1=2 7

�15 1 1=2 �23 4 1=2 6

�15 3 1=2 �23 4 1=2 6

�16 0 0 �23 4 1=2 6

�16 1 0 �23 4 1=2 7

�16 2 0 �23 4 1=2 7

�16 4 0 �23 4 1=2 6

�17 0 1=2 �23 4 1=2 7

�17 1 1=2 �23 4 1=2 7

�17 2 1=2 �23 4 1=2 7

�17 3 1=2 �23 4 1=2 6

�17 5 1=2 �23 4 1=2 6

�18 1 0 �23 4 1=2 7

�18 2 0 �23 4 1=2 7

�18 3 0 �23 4 1=2 7

�18 4 0 �23 4 1=2 6

�19 0 1=2 �23 4 1=2 7

�19 2 1=2 �23 4 1=2 8

�19 3 1=2 �23 4 1=2 6

�19 4 1=2 �23 4 1=2 7

�19 5 1=2 �23 4 1=2 7

�20 1 0 �23 4 1=2 8

�20 3 0 �23 4 1=2 7

�20 4 0 �23 4 1=2 7

�20 5 0 �23 4 1=2 7

�21 2 1=2 �23 4 1=2 8

�21 4 1=2 �23 4 1=2 7
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L-se
tor R-se
tor H-se
tor

M

L

x

L

�

L

M

R

x

R

�

R

# of Higgs

�21 5 1=2 �23 4 1=2 7

�22 3 0 �23 4 1=2 7

�22 5 0 �23 4 1=2 8

�23 4 1=2 �23 4 1=2 8

�12 0 0 �24 5 0 6

�13 1 1=2 �24 5 0 6

�14 0 0 �24 5 0 6

�14 2 0 �24 5 0 6

�15 0 1=2 �24 5 0 7

�15 1 1=2 �24 5 0 7

�15 3 1=2 �24 5 0 6

�16 0 0 �24 5 0 7

�16 1 0 �24 5 0 7

�16 2 0 �24 5 0 6

�16 4 0 �24 5 0 6

�17 0 1=2 �24 5 0 7

�17 1 1=2 �24 5 0 7

�17 2 1=2 �24 5 0 7

�17 3 1=2 �24 5 0 6

�17 5 1=2 �24 5 0 7

�18 1 0 �24 5 0 8

�18 2 0 �24 5 0 6

�18 3 0 �24 5 0 7

�18 4 0 �24 5 0 7

�19 0 1=2 �24 5 0 8

�19 2 1=2 �24 5 0 7

�19 3 1=2 �24 5 0 7

�19 4 1=2 �24 5 0 7

�19 5 1=2 �24 5 0 7

�20 1 0 �24 5 0 8

�20 3 0 �24 5 0 7

�20 4 0 �24 5 0 7

�20 5 0 �24 5 0 8

�21 2 1=2 �24 5 0 7

�21 4 1=2 �24 5 0 8

�21 5 1=2 �24 5 0 7

�22 3 0 �24 5 0 8

�22 5 0 �24 5 0 8

�23 4 1=2 �24 5 0 8

�24 5 0 �24 5 0 8
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Table D.8: Possible parameter 
on�gurations on T

2

=Z

6

with M

L

< 0; M

R

> 0.

L-se
tor R-se
tor H-se
tor

M

L

x

L

�

L

M

R

x

R

�

R

# of Higgs

�12 0 0 12 0 0 1

�12 0 0 14 0 0 1

�14 0 0 14 0 0 1

�12 0 0 15 0 1=2 1

�12 0 0 15 3 1=2 1

�13 1 1=2 15 3 1=2 1

�14 2 0 15 3 1=2 1

�15 0 1=2 15 0 1=2 1

�15 3 1=2 15 3 1=2 1

�12 0 0 16 0 0 1

�12 0 0 16 2 0 1

�12 0 0 16 4 0 1

�13 1 1=2 16 2 0 1

�13 1 1=2 16 4 0 1

�14 0 0 16 0 0 1

�14 0 0 16 4 0 1

�14 2 0 16 2 0 1

�14 2 0 16 4 0 1

�15 1 1=2 16 4 0 1

�15 3 1=2 16 2 0 1

�16 0 0 16 0 0 1

�16 2 0 16 4 0 1

�16 4 0 16 2 0 1

�12 0 0 17 0 1=2 1

�12 0 0 17 1 1=2 1

�12 0 0 17 3 1=2 1

�12 0 0 17 5 1=2 1

�13 1 1=2 17 1 1=2 1

�13 1 1=2 17 3 1=2 1

�13 1 1=2 17 5 1=2 1

�14 0 0 17 0 1=2 1

�14 0 0 17 3 1=2 1

�14 0 0 17 5 1=2 1

�14 2 0 17 1 1=2 1

�14 2 0 17 3 1=2 1

�15 0 1=2 17 0 1=2 1

�15 1 1=2 17 3 1=2 1

�15 1 1=2 17 5 1=2 1

�15 3 1=2 17 1 1=2 1

�15 3 1=2 17 3 1=2 1

�16 0 0 17 5 1=2 1

�16 2 0 17 3 1=2 1

�16 4 0 17 1 1=2 1

�17 0 1=2 17 0 1=2 1

�17 1 1=2 17 5 1=2 1

�17 3 1=2 17 3 1=2 1

�17 5 1=2 17 1 1=2 1

�12 0 0 18 2 0 1

�12 0 0 18 3 0 1

�12 0 0 18 4 0 1

�13 1 1=2 18 2 0 1

�13 1 1=2 18 3 0 1

�13 1 1=2 18 4 0 1

�14 0 0 18 2 0 1

�14 0 0 18 4 0 1

�14 2 0 18 2 0 1

�14 2 0 18 3 0 1

�14 2 0 18 4 0 1

�15 0 1=2 18 3 0 1

�15 1 1=2 18 2 0 1

�15 1 1=2 18 4 0 1

�15 3 1=2 18 2 0 1
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L-se
tor R-se
tor H-se
tor

M

L

x

L

�

L

M

R

x

R

�

R

# of Higgs

�15 3 1=2 18 3 0 1

�16 0 0 18 4 0 1

�16 1 0 18 3 0 1

�16 2 0 18 2 0 1

�16 2 0 18 4 0 1

�16 4 0 18 2 0 1

�17 1 1=2 18 4 0 1

�17 2 1=2 18 3 0 1

�17 3 1=2 18 2 0 1

�18 2 0 18 4 0 1

�18 3 0 18 3 0 1

�18 4 0 18 2 0 1

�12 0 0 19 0 1=2 1

�12 0 0 19 2 1=2 1

�12 0 0 19 3 1=2 1

�12 0 0 19 4 1=2 1

�12 0 0 19 5 1=2 2

�13 1 1=2 19 2 1=2 1

�13 1 1=2 19 3 1=2 1

�13 1 1=2 19 4 1=2 1

�13 1 1=2 19 5 1=2 2

�14 0 0 19 0 1=2 1

�14 0 0 19 3 1=2 1

�14 0 0 19 4 1=2 1

�14 0 0 19 5 1=2 1

�14 2 0 19 2 1=2 1

�14 2 0 19 3 1=2 1

�14 2 0 19 4 1=2 1

�14 2 0 19 5 1=2 1

�15 0 1=2 19 0 1=2 1

�15 0 1=2 19 2 1=2 1

�15 0 1=2 19 4 1=2 1

�15 0 1=2 19 5 1=2 1

�15 1 1=2 19 3 1=2 1

�15 1 1=2 19 4 1=2 1

�15 1 1=2 19 5 1=2 1

�15 3 1=2 19 2 1=2 1

�15 3 1=2 19 3 1=2 1

�15 3 1=2 19 5 1=2 1

�16 0 0 19 0 1=2 1

�16 0 0 19 3 1=2 1

�16 0 0 19 5 1=2 1

�16 1 0 19 2 1=2 1

�16 1 0 19 4 1=2 1

�16 1 0 19 5 1=2 1

�16 2 0 19 3 1=2 1

�16 2 0 19 4 1=2 1

�16 4 0 19 2 1=2 1

�16 4 0 19 5 1=2 1

�17 0 1=2 19 0 1=2 1

�17 0 1=2 19 4 1=2 1

�17 1 1=2 19 3 1=2 1

�17 1 1=2 19 5 1=2 1

�17 2 1=2 19 2 1=2 1

�17 2 1=2 19 4 1=2 1

�17 3 1=2 19 3 1=2 1

�17 5 1=2 19 5 1=2 1

�18 1 0 19 4 1=2 1

�18 2 0 19 3 1=2 1

�18 3 0 19 2 1=2 1

�19 0 1=2 19 0 1=2 1

�19 2 1=2 19 4 1=2 1

�19 3 1=2 19 3 1=2 1



138 APPENDIX D. POSSIBLE PARAMETER CONFIGURATIONS

L-se
tor R-se
tor H-se
tor

M

L

x

L

�

L

M

R

x

R

�

R

# of Higgs

�19 4 1=2 19 2 1=2 1

�12 0 0 20 1 0 1

�12 0 0 20 3 0 1

�12 0 0 20 4 0 2

�12 0 0 20 5 0 1

�13 1 1=2 20 1 0 1

�13 1 1=2 20 3 0 1

�13 1 1=2 20 4 0 2

�13 1 1=2 20 5 0 1

�14 0 0 20 3 0 1

�14 0 0 20 4 0 1

�14 0 0 20 5 0 1

�14 2 0 20 1 0 1

�14 2 0 20 3 0 1

�14 2 0 20 4 0 2

�15 0 1=2 20 1 0 1

�15 0 1=2 20 3 0 1

�15 0 1=2 20 4 0 1

�15 0 1=2 20 5 0 1

�15 1 1=2 20 3 0 1

�15 1 1=2 20 4 0 1

�15 1 1=2 20 5 0 1

�15 3 1=2 20 1 0 1

�15 3 1=2 20 3 0 1

�15 3 1=2 20 4 0 1

�16 0 0 20 4 0 1

�16 0 0 20 5 0 1

�16 1 0 20 1 0 1

�16 1 0 20 3 0 1

�16 1 0 20 4 0 1

�16 1 0 20 5 0 1

�16 2 0 20 3 0 1

�16 2 0 20 4 0 1

�16 4 0 20 1 0 1

�16 4 0 20 4 0 1

�17 0 1=2 20 3 0 1

�17 0 1=2 20 5 0 1

�17 1 1=2 20 4 0 1

�17 1 1=2 20 5 0 1

�17 2 1=2 20 1 0 1

�17 2 1=2 20 3 0 1

�17 2 1=2 20 4 0 1

�17 3 1=2 20 3 0 1

�17 5 1=2 20 1 0 1

�17 5 1=2 20 4 0 1

�18 1 0 20 3 0 1

�18 1 0 20 5 0 1

�18 2 0 20 4 0 1

�18 3 0 20 1 0 1

�18 3 0 20 3 0 1

�19 0 1=2 20 5 0 1

�19 2 1=2 20 3 0 1

�19 4 1=2 20 1 0 1

�20 1 0 20 5 0 1

�20 3 0 20 3 0 1

�20 5 0 20 1 0 1

�12 0 0 21 2 1=2 1

�12 0 0 21 4 1=2 1

�12 0 0 21 5 1=2 2

�13 1 1=2 21 2 1=2 1

�13 1 1=2 21 4 1=2 1

�13 1 1=2 21 5 1=2 2

�14 0 0 21 2 1=2 1
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L-se
tor R-se
tor H-se
tor

M

L

x

L

�

L

M

R

x

R

�

R

# of Higgs

�14 0 0 21 4 1=2 1

�14 0 0 21 5 1=2 2

�14 2 0 21 2 1=2 1

�14 2 0 21 4 1=2 1

�14 2 0 21 5 1=2 1

�15 0 1=2 21 2 1=2 1

�15 0 1=2 21 4 1=2 1

�15 0 1=2 21 5 1=2 1

�15 1 1=2 21 2 1=2 1

�15 1 1=2 21 4 1=2 1

�15 1 1=2 21 5 1=2 2

�15 3 1=2 21 2 1=2 1

�15 3 1=2 21 5 1=2 1

�16 0 0 21 4 1=2 1

�16 0 0 21 5 1=2 1

�16 1 0 21 2 1=2 1

�16 1 0 21 4 1=2 1

�16 1 0 21 5 1=2 1

�16 2 0 21 2 1=2 1

�16 2 0 21 4 1=2 1

�16 2 0 21 5 1=2 1

�16 4 0 21 2 1=2 1

�16 4 0 21 5 1=2 1

�17 0 1=2 21 2 1=2 1

�17 0 1=2 21 4 1=2 1

�17 0 1=2 21 5 1=2 1

�17 1 1=2 21 4 1=2 1

�17 1 1=2 21 5 1=2 1

�17 2 1=2 21 2 1=2 1

�17 2 1=2 21 4 1=2 1

�17 3 1=2 21 2 1=2 1

�17 3 1=2 21 5 1=2 1

�17 5 1=2 21 5 1=2 1

�18 1 0 21 2 1=2 1

�18 1 0 21 4 1=2 1

�18 1 0 21 5 1=2 1

�18 2 0 21 4 1=2 1

�18 3 0 21 2 1=2 1

�18 4 0 21 2 1=2 1

�18 4 0 21 5 1=2 1

�19 0 1=2 21 4 1=2 1

�19 2 1=2 21 2 1=2 1

�19 2 1=2 21 4 1=2 1

�19 4 1=2 21 2 1=2 1

�19 5 1=2 21 5 1=2 1

�20 1 0 21 4 1=2 1

�20 3 0 21 2 1=2 1

�21 2 1=2 21 4 1=2 1

�21 4 1=2 21 2 1=2 1

�12 0 0 22 3 0 1

�12 0 0 22 5 0 2

�13 1 1=2 22 3 0 1

�13 1 1=2 22 5 0 2

�14 0 0 22 3 0 1

�14 0 0 22 5 0 1

�14 2 0 22 3 0 1

�14 2 0 22 5 0 1

�15 0 1=2 22 3 0 1

�15 0 1=2 22 5 0 2

�15 1 1=2 22 3 0 1

�15 1 1=2 22 5 0 1

�15 3 1=2 22 3 0 1

�15 3 1=2 22 5 0 1
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L-se
tor R-se
tor H-se
tor

M

L

x

L

�

L

M

R

x

R

�

R

# of Higgs

�16 0 0 22 3 0 1

�16 0 0 22 5 0 1

�16 1 0 22 3 0 1

�16 1 0 22 5 0 2

�16 2 0 22 3 0 1

�16 4 0 22 5 0 1

�17 0 1=2 22 3 0 1

�17 0 1=2 22 5 0 1

�17 1 1=2 22 3 0 1

�17 1 1=2 22 5 0 1

�17 2 1=2 22 3 0 1

�17 2 1=2 22 5 0 1

�17 3 1=2 22 3 0 1

�17 5 1=2 22 5 0 1

�18 1 0 22 3 0 1

�18 1 0 22 5 0 1

�18 2 0 22 3 0 1

�18 3 0 22 3 0 1

�18 3 0 22 5 0 1

�19 0 1=2 22 3 0 1

�19 0 1=2 22 5 0 1

�19 2 1=2 22 3 0 1

�19 3 1=2 22 3 0 1

�19 4 1=2 22 5 0 1

�20 1 0 22 3 0 1

�20 1 0 22 5 0 1

�20 3 0 22 3 0 1

�20 5 0 22 5 0 1

�21 2 1=2 22 3 0 1

�22 3 0 22 3 0 1

�12 0 0 23 4 1=2 2

�13 1 1=2 23 4 1=2 2

�14 0 0 23 4 1=2 1

�14 2 0 23 4 1=2 2

�15 0 1=2 23 4 1=2 2

�15 1 1=2 23 4 1=2 1

�15 3 1=2 23 4 1=2 1

�16 0 0 23 4 1=2 1

�16 1 0 23 4 1=2 2

�16 2 0 23 4 1=2 1

�16 4 0 23 4 1=2 1

�17 0 1=2 23 4 1=2 1

�17 1 1=2 23 4 1=2 1

�17 2 1=2 23 4 1=2 2

�17 5 1=2 23 4 1=2 1

�18 1 0 23 4 1=2 1

�18 2 0 23 4 1=2 1

�18 3 0 23 4 1=2 1

�19 0 1=2 23 4 1=2 1

�19 2 1=2 23 4 1=2 1

�19 4 1=2 23 4 1=2 1

�20 1 0 23 4 1=2 1

�20 5 0 23 4 1=2 1

�21 2 1=2 23 4 1=2 1

�12 0 0 24 5 0 2

�13 1 1=2 24 5 0 2

�14 0 0 24 5 0 2

�14 2 0 24 5 0 1

�15 0 1=2 24 5 0 2

�15 1 1=2 24 5 0 2

�15 3 1=2 24 5 0 1

�16 0 0 24 5 0 1

�16 1 0 24 5 0 2
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L-se
tor R-se
tor H-se
tor

M

L

x

L

�

L

M

R

x

R

�

R

# of Higgs

�16 2 0 24 5 0 1

�16 4 0 24 5 0 1

�17 0 1=2 24 5 0 2

�17 1 1=2 24 5 0 1

�17 2 1=2 24 5 0 1

�17 3 1=2 24 5 0 1

�17 5 1=2 24 5 0 1

�18 1 0 24 5 0 2

�18 3 0 24 5 0 1

�18 4 0 24 5 0 1

�19 0 1=2 24 5 0 1

�19 2 1=2 24 5 0 1

�19 4 1=2 24 5 0 1

�19 5 1=2 24 5 0 1

�20 1 0 24 5 0 1

�20 3 0 24 5 0 1

�20 5 0 24 5 0 1

�21 4 1=2 24 5 0 1

�22 5 0 24 5 0 1
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