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Abstract

The Standard Model (SM) is completed by the discovery of the Higgs particle and the mea-
surement of its mass. The SM has achieved great successes for explaining many experimental
results, e.g., non-zero gauge boson masses, suppression of flavor changing neutral currents, and
CP-violating processes. However, there are some puzzles which are not explained in the SM as
follows: The origin of the generation, the chiral structure, the mass hierarchy of the matters, the
gauge structure, and the gravitational interaction. In this thesis, we focus on former four puzzles
and investigate models which can solve them.

One of the attractive ideas for such model-building is higher-dimensional field theory where
the dimension of the space-time is more than four. We obtain four-dimensional (4D) effective
field theory by performing dimensional reduction. The advantages of this scenario are the follows:
First, the 4D scalar field arises from higher-dimensional vector field. Second, hierarchical Yukawa
couplings may be obtained by overlap integrals of extra-dimensional wavefunctions.

In addition to higher-dimensional theory, toroidal compactification with constant magnetic flux
is useful for solving some of the puzzles which are mentioned in the above. On this background,
we can solve the zero-mode equation of Kaluza—Klein modes analytically. This analyticity helps
us to perform overlap integrals and to compute the Yukawa couplings in the effective theory.
Furthermore, we obtain the solution which is chiral and degenerate. Thanks to these properties of
the solution, three generations of chiral fermions can be realized in the effective theory.

We also consider the twisted orbifolding. This is useful for realizing actual flavor structure as
well as for projecting out exotic particles. We analyze the system on magnetized twisted orbifold
T?/Zx (N = 2,3,4,6) by using the operator formalism and investigate the number of independent
zero-modes on the orbifold for each Zy eigenvalues.

Based on these aspects, we propose the ten-dimensional (10D) super Yang—Mills (SYM) theory
on magnetized twisted orbifolds as a framework for solving the puzzles in the SM. 10D SYM is
a well-motivated higher-dimensional theory since this appears as low-energy limit of some types
of superstring theories.Ginger It! By using the results obtained by the above investigation, we
classify all the possible configurations of the parameters which realize three generations of chiral
fermions in 4D effective theory. This classification is a first step for building realistic models with
three generations, chiral fermions, and hierarchical Yukawa couplings.
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Chapter 1

Introduction

The Standard Model (SM) of particle physics [1-8] is completed by the discovery of the Higgs
particle and the measurement of its mass at the Large Hadron Collider [9,10]. The SM has

reproduced many experimental results with high accuracy as follows:

Gauge boson masses [2]:
Non-zero gauge boson masses in the SM are explained by the Higgs mechanism.

g-factor of the electron:
Perturbative calculation in the SM reproduces its experimental value with the amazing ac-
curacy of O(10712).

Suppression of flavor changing neutral currents [5]:
Flavor changing neutral currents are suppressed at tree-level.

Anomaly cancellation [6]:
Anomalies arising from chiral fermions is canceled among the quarks and the leptons.

CP-violation [7]:
CP-violating processes such as K; — 777~ are explained.

While the SM has achieved these great successes, there are following puzzles which are not explained
in the SM:

Why do three generations of the matters exist?

Why do the left-handed and the right-handed matters interact differently?
Why do the masses of the matters differ greatly among the generations?
Why is the gauge group SU(3)¢ x SU(2)r, x U(1)y chosen?

Why is not the gravitational interaction included in the SM?

Solving these puzzles is an important problem of particle physics. In this thesis, we focus on matter

and Higgs sectors of the SM, and propose a desirable framework for solving former four puzzles.
The virtue of this framework is that this can be obtained as the low-energy limit of the superstring
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2 CHAPTER 1. INTRODUCTION

theories and solves the above puzzles by simple and calculable ways. We will explain this in the
below.

OOne of attractive ideas for solving the puzzles is higher-dimensional field theory, which is the
field theory defined on space-time whose dimension is more than four. Historically, higherdimen-
sional field theory was proposed by T. Kaluza [11] and O. Klein [12]for unifying the gravitational
and the electromagnetic interactions. A. Einstein also has investigated higher-dimensional field
theory in same direction [13,14]. Nowadays the superstring theories are also a kind of higherdi-
mensional field theory where the space-time has ten dimensions. These are almost the only known
candidates which can describe the gravitational interaction consistently at quantum level. In
(4 + d)-dimensional field theory (d is a positive integer), we obtain four-dimensional (4D) effective
field theory through dimensional reduction. That is, 4D effective Lagrangian L£4p efective 1S Obtained
by integrating (4 + d)-dimensional Lagrangian L4 4 over extra dimensions,

_ d
£4D effective — /d Yy £4+da

where y is the coordinates of d-dimensional compact space. Higher-dimensional field theory has
the following desirable features:

e The first feature is that infinite number of fields called Kaluza—Klein (KK) modes appear
in effective theory. Every higher-dimensional field generates such KK modes by the com-
pactification of extra dimensions. It is noted that the mode function (which is obtained by
solving the equation of motion on the extra dimensions) and the mass of the KK modes
depend on the compactification. For example, in five-dimensional field theory, which is the
simplest higher-dimensional field theory, the mode function for circle compactification (with
periodic boundary condition) is in the form of e’ where n (€ Z) is the mode index and
0 (0 < 0 < 2m) is the coordinate of the fifth dimension, while the mode function for line
segment, compactification (with Dirichlet boundary condition) is in the form of sin(27n'y/L)
where n' (€ N) is the mode index, L is the length of the fifth dimension, and y (0 <y < L)
is the coordinate of the fifth dimension.

e The second feature is that the extra-dimensional components of vector fields behave as scalars
in 4D. For example, in 5D field theory, the fifth dimensional component of the vector field,
As, becomes a scalar field in 4D, while A, (@ = 0,1,2,3) behaves as a 4D vector field.
The gauge-Higgs unification [15,16] is a scenario based on this feature, where the extra-
dimensional components of the gauge field are identified with the Higgs field. The advantage
of this scenario is that the quadratic divergence of quantum correction to the Higgs mass is
controlled by the higher-dimensional gauge symmetry [17,18].

e The third feature is that 4D effective coupling constants are expressed as overlap integrals of
mode functions. This feature is very helpful for solving the puzzle of the mass hierarchy of
the matters as follows: 4D effective Yukawa couplings arise from higher-dimensional gauge
vertex WI'™A,, U (m =5,6,---,4+d), where ¥ is a fermion field, A,, are extra-dimensional
components of the gauge field, and '™ are gamma matrices. Therefore, effective Yukawa
couplings become hierarchical if the mode functions of ¥ and A,, have quasi-localized profile.



On the other hand, how the extra dimensions are compactified is essential for realizing chiral
fermions in 4D effective field theory. For example, toroidal compactification in 6D field theory
leads to non-chiral 4D effective theory. On the other hand, point interaction on S!' in 5D field
theory can realize chiral fermions [19-21]. Thus, it is phenomenologically important to find the
compactification which leads to chiral fermions in 4D effective theory as required in the SM.

Toroidal compactification with constant magnetic flux is a prescription for deriving chiral 4D
effective theory [22-26]. It is well known that the non-trivial gauge background, such as con-
stant magnetic flux, in higher-dimensional field theory leads to chiral fermions in 4D effective
theory [27-29]. In this thesis, we consider 2-torus with homogeneous magnetic field for extradimen-
sional geometry. In order to define the theory on this geometry, we should determine appropriate
boundary conditions of fields for the discrete translation along two basis of the torus, which we
call “torus-shift” operation. The single-valuedness of fields on the torus leads to the quantization
of the magnetic flux. On this background, we can solve the equation of motion for KK zero-mode
analytically.! This opens a way to the calculation of the Yukawa couplings which are expressed as
overlap integrals. The zero-mode solution, described by Jacobi ’ s theta function (the definition of
this function is in Eq. (3.1.35)), has following properties:

e The zero-mode solution is degenerate:
The number of independent solution is determined by the magnetic flux and equal to the
number of the generation. This property leads to generations of the matters in 4D effective
theory.

e The zero-mode solution is chiral:
2D spinor has two components, but only one component becomes a physical solution. Whether
a component becomes physical is determined by the sign of the magnetic flux. This property
leads to chiral fermions in 4D effective theory.

e The zero-mode solution has Gaussian-like quasi-localized profile:
This leads to hierarchical Yukawa couplings as is mentioned in the above.

For these reasons, this scenario is highly desirable for solving the puzzles in the SM. However, since
the magnetic flux is restricted to the certain values for realizing three generations of the matters,
the flavor structure is limited to particular type. Therefore, we need further idea for resolving this
disadvantage and obtaining realistic flavor structure.

Orbifolding is also helpful in actual model-buildings. Orbifold is defined by the identification of
points on a manifold under certain discrete operation. For example, on 2D torus, shifted orbifold
is defined by the identification under the discrete translation of w; /N where u; is one of the basis
vectors of the torus (see Chapter 3), and twisted orbifold is defined by the identification under
27 /N-radians discrete rotation. In physics, orbifold was firstly proposed in stringy context [31,32],
and has been considered in various model-buildings. For example, shifted orbifold with magnetic

I This is an eigenvalue problem and the equation of motion can be solved by using group theoretic method. See
Ref. [30] and references therein.
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flux was studied in Ref. [33]. In this thesis, as we mentioned, we consider twisted orbifold on
2-torus with magnetic flux. The advantages of twisted orbifolding are followings:

e Removing exotic particles.
In general, particles which are not in the SM matter content appear in model-buildings. By
using orbifold, we can remove such particles called exotic particles.

e Deforming the profile of zero-mode solution.
Orbifolding deforms the profile of the mode functions (in particular, zero-mode functions) by
changing the geometry of extra dimensions. This is useful for realizing actual flavor structure
which is observed in experiments.

It is known that only Zs, Zs3, Z4 and Zg orbifoldings are possible on 2D torus T? [34]. The simplest
case, magnetized T?/Z, without the Wilson-line phase [35-37] and the Scherk-Schwarz phases [38,
39], was studied in Refs. [40,41]. However, more complicated cases, namely T?/Z3, T?%/ Z4, T?/ Zs
with magnetic flux, have been studied little. This is because the Z y-twisted eigenfunctions consist
of linear combinations of Jacobi’s theta function and have very complicated forms. Therefore, it
was needed to rely almost entirely on numerical calculation for analyzing these orbifolds.

We investigated all the possible orbifolds, magnetized T?/ Ziy 3,46 With non-trivial Wilson-line
phase and the Scherk?Schwarz phases, and resolved the difficulty of magnetized orbifolds by in-
troducing a new method [42,43]. In these references, we find that the Wilson-line phase and the
Scherk?Schwarz phases have the following features:

1. The Wilson-line phase can be absorbed into the Scherk—Schwarz phases by the redefinition
of the fields and vice versa (note that this can be performed in the case without orbifolding).

2. These phases are restricted to the particular values on magnetized orbifolds. Although such
a restriction is found on T?/Zy without magnetic flux, these phases should take non-zero
values on some of magnetized orbifolds in order to make the system consistent.

3. The number of independent solutions depends not only on the magnetic flux and the Zy
eigenvalue but also on these phases. In other words, the number of generation in 4D effective
theory is determined by the magnetic flux, the Wilson-line phase (or the Scherk-Schwarz
phases), and the Zy eigenvalue.

The method introduced in Ref. [43] is called the operator formalism analysis, which is dual method
to the analysis by the wavefunction formalism. The advantage of this method is to provide exact
and analytic expression of Zy-twisted eigenstates. We investigated the number of generation on
magnetized T?/Zy by using this analytic expression.

Based on the results obtained in Refs. [42,43], we start with the ten-dimensional (10D) super
Yang—Mills (SYM) theory on magnetized twisted orbifolds and construct models for explaining
the puzzles in the SM which are mentioned in the above. 10D SYM theory is a well-motivated
higher-dimensional field theory, since this theory appears as low-energy limit of Type I, Type IIB
and heterotic superstring theories. From phenomenological point of view, 10D SYM on magnetized
twisted orbifolds has the following advantages:



e By introducing Abelian magnetic flux which is in a form of diagonal matrix in the gauge
group space, the original gauge group is explicitly broken down into smaller gauge groups.
Therefore, we can obtain the SM gauge group (up to U(1) factors) by this mechanism.

e The SM particles arise from only two fields, the gauge field and the gaugino field in 10D. The
SM fermions and the MSSM-like higgsinos arise from the off-diagonal parts of the gaugino,
while the Higgs fields which are the supersymmetric partners of the higgsinos arise from
extra-dimensional components of the gauge field.

e Since the off-diagonal parts of the gaugino possess “effective” magnetic flux through the
gauge covariant derivative, three generations of the chiral fermions can be realized [44]. This
is, of course, thanks to the introduction of the magnetic flux.

e Hierarchical Yukawa couplings and realistic flavor structure can be also realized [45-48]. The
former originates from overlap integrals in higher-dimensional field theory, and the later is
thanks to the twisted orbifold.

In this thesis, we assume U(8) as the original gauge group of 10D SYM since this group includes
Pati-Salam gauge group U(4) x U(2);, x U(2)g. In other words, we assume explicit gauge symmetry
breaking pattern U(8) — U(4) x U(2), x U(2)g by the magnetic flux. We assume such gauge
background configuration, and classify all the possible combinations of the parameters which realize
three generations of the matters by using the results obtained by the analysis in the above [49].

This thesis is organized as follows: In Chapter 2, we review the Standard Model briefly. Here,
we see remaining puzzles in the SM and present some of approaches for explaining these puzzles. In
Chapter 3, in order to investigate the aspects of the approaches mentioned in Chapter 2 in detail,
we study six-dimensional U(1) gauge theory on torus T? or possible twisted orbifolds T?/Zy (N =
2,3,4,6). Here, we solve zero-mode equations for KK zero-mode of fermion with non-trivial SS
phases and the Wilson-line phase. We show that the zero-mode solution, which are described
by Jacobi’s theta function, has desirable properties which are helpful for solving the puzzles in
the SM, that is, degenerate, chiral, and quasi-localized profile. Moreover, we show that the SS
phases and/or the Wilson line phase are absorbed into each other. In addition, we show that
these phases are restricted to particular values on twisted orbifolds. In Chapter 4, we study the
operator formalism analysis. This method resolves the difficulty of the analysis in Chapter 3. We
obtain the exact and analytic expression of Zy eigenstates given by the linear combination of
the eigenstates on magnetized T?. By using the analytic expression, we investigate the number
of independent eigenstates on twisted orbifolds which is equal to the number of generation. In
Chapter 5, based on the aspects obtained in Chapter 3 and 4, we give a first step of model-
building for solving the puzzles in the SM mentioned in Chapter 2. We first review 10D SYM on
magnetized twisted orbifolds. Then, we classify possible combinations of the parameters which
lead to three generations of chiral fermions in 4D effective theory. The brief result is presented.
In Chapter 6, we summarize the research in this thesis and present future works. Appendix A is
a summary on some mathematical formulas which are useful for calculations in Chapter 3 and 4.
Appendix B is a summary on higher-dimensional gamma matrices which are used in Chapter 3 and
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5. In Appendix C, we discuss KK higher modes on magnetized torus and orbifold. In Appendix
D, the full tables of the classification in Chapter 5 are presented.



Chapter 2

The mysteries of the Standard Model

2.1 The Standard Model

The Standard Model (SM) is the established model in particle physics [8] by many experimental
results. The SM is the theory symmetric under the gauge group Ggu := SU(3)q x SU(2); x U(1)y,
and contains the following matters,

quantum numbers of Gy
SU(3) gauge bosons G;‘ (8,1)o
SU(2), gauge bosons wi (1,3)o
U(1)y gauge boson B, (1,1)
left-handed quarks ¢ = <§Z> (3,2)1/6
L
right-handed up-type quarks ub (3,1)2/3
right-handed down-type quarks d (3,1)-1/3
left-handed leptons [P = <ZZ) (1,2) 12
L
right-handed charged leptons e (1,1)_,
+
Higgs doublet H= <}};0> (1,2)1/2

Here, the indexes i runs over 1,2, 3 for three generations, A runs from 1 to 8 for SU(3)., a runs
from 1 to 3 for SU(2),.
The SM Lagrangian is given as the minimal symmetric form with given matter content,

L = Lgauge + Litiggs T Lmaster T Lyukawa (2.1.1)
1 1 1
ﬁga,uge = _Z GAMVG;?U - ZWM“IW;:IV — ZBMVBW, s (212)

2
A
+ W H'H = Z(H'H), (2.1.3)

: 0 1
*CHiggS = ‘ <8ﬂ — IQQWM? — lg,B#§>H
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ﬁmatter:q_ii’Yu[a _ig3GA(l)‘A) _ig2VVa(l a) —ig'Bu(é)]qi
+ i7" [0, — 19,6 (5AY) —19'Bu(3
+dg iy [0, —1g3GA(% 4 —i¢'B,(-%) ]} (2.1.4)
+l_ii7 [8 —192W“(%a“) —1gB (—%)]lZ
+eniy” [8u—1gB ( 1)
Lyvikawa = — [y (@ H)d} +h.c.] — |

P (2.1.5)
— [yé@lH)eﬁ +h.c.] ,
where
Gy = 0,G) — 0,Gy + g5 1*PCGRGYT (2.1.6)
Wi, == 0,W; —0,W; + g, e“bCWSWS, (2.1.7)
By, := 0,B, —8,B,, (2.1.8)

are gauge field strengths of SU(3),, SU(2), and U(1)y respectively, gs,g,,¢" are corresponding
gauge coupling constants, A\'s are Gell-Mann matrices, os are Pauli matrices, and H® :=ic?H*.
The crucially important mechanism in the
SM is the Higgs mechanism which provides the
masses of the gauge bosons, the quarks, the
leptons, and the Higgs particle. This mecha-
nism is caused by the potential with so-called
champagne-bottle profile as fig.2.1. Since the
minima of the Higgs potential are not invari-
ant under Ggy, SU(2); x U(1l)y symmetry is
spontaneously broken down into U(1)gy,-

The Higgs potential is rewritten as

V(H) = A (HTH - “—2>2 _ (2.1.9)

Figure 2.1: Higgs potential.

so the Higgs field has non-zero vacuum expec-
tation value (vev),

<H>:<U/?/§>, %:: ”; (2.1.10)

This vev produces the mass terms of the weak bosons through the covariant derivative term of the
Higgs field as

2

@ 1 1
‘ <au — ngWlf% - ig’BM§>H = My, WHW] + §M§Z“Zu 4 (2.1.11)

where

Wi W —gB,

SR

(2.1.12)
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are the W boson field and the Z boson field, and

2,,2 2 12\ ,,2
M2, = g24” . M2i= w (2.1.13)

are their mass-squared. The Higgs vev provides also the masses of the quarks and the leptons
through the Yukawa couplings in the SM Lagrangian as

Lyukawa = — [yfij(q_iH)d{{ +h.c.] - [yij(q_iHc)u{{ +h.c.] - [yi@iH)eﬁ +h.c.]
= —(yijv Jﬁdﬂ + h. c.) — (yfjv Eﬁu{{ + h. c.) — (yévafe% + h. c.) + - (2.1.14)
After diagonalizing the quark sector, we find the masses of the quarks and the leptons

mi =yiv, (a=u,de). (2.1.15)

The mass term of the physical Higgs is produced from the Higgs potential itself. To show this, let
us expand the Higgs field H as

0
H(z) = <(v+h(x))/\/§> , (2.1.16)

with the fluctuation around the vev h(x). Substituting this into the Higgs potential, we obtain
the Higgs mass term

VH—M—I%hQ M? = \v? 2.1.17
(H) = L0 4 My =0, (21.17)

The values of these masses are measured accurately in collider experiments [8]. The weak boson
masses are measured as

The photon mass is, of course, strictly zero,
My =0GeV. (2.1.19)
The masses of quarks and leptons measured are measured as follows,

1st generation 2nd generation 3rd generation

up-type quarks My ~ 3MeV  m, ~ 1.3 x 103 MeV  m; ~ 1.7 x 10°> MeV
down-type quarks | mg ~ 5 MeV ms ~ 100 MeV my ~ 4.2 x 103 MeV
charged leptons | m, ~ 0.5 MeV m,, ~ 105 MeV m; ~ 1.8 x 103> MeV

(2.1.20)

The Higgs mass is measured recently in the LHC experiments [9,10] as

My ~ 126 GeV . (2.1.21)
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2.1.1 The glories and the mysteries of the SM

The SM has achieved great successes for explaining experimental results as follows:

e Gauge boson mass
In general, gauge boson should be massless since mass term of gauge field is forbidden
by gauge symmetry. However, the gauge bosons in the SM have non-zero masses whose
values are measured in experiments as in Egs. (2.1.18)-(2.1.19). This apparently-paradoxical
phenomenon is explained by the Higgs mechanism [2] as is mentioned in the above.

e g-factor of the electron
The g-factor of the electron which originates from the electron spin is measured precisely in
experiments. The quantum correction to the g-factor is calculated in the SM and the result
fits with the experimental value with absolute accuracy,

exp __ gth
e

Je _
=D =0(10 ).

e Flavor changing neutral current
In 1960’s, only three quarks (up, down, and strange) are discovered. Three flavors cause the
flavor changing neutral current (FCNC), while the FCNC is rarely discovered in experiments.
Glashow-Illioupoulos-Maiani [5] explained this scarcity by the mechanism where the FCNC
is canceled at tree-level and predicted charm quark. The advantage of this mechanism,
called GIM mechanism, is to explain not only the FCNC suppressing but also the branching
B(K;, — ptp) ~ 1077 (where K7, is long-lived kaon).

e CP violation
The rare decay process of the long-lived kaon K; — w7~ is forbidden if CP symmetry is
preserved, but this process is observed in experiments. This means that CP symmetry is
broken. Kobayashi and Maskawa [7] explained this CP-violation by introducing the matters
greater than or equal to three generations. Nowadays, the three generations of the matters
are discovered and Kobayashi-Maskawa mechanism is verified.

e Anomaly cancellation
In general, anomaly arises in chiral gauge theory which is gauge theory interacting with chiral
fermion. Nevertheless, the SM, which is a chiral gauge theory, is anomaly free [6]. This is
because of the reason as follows: The anomaly is canceled between the one arising from the
quarks and the leptons in each generations.

Nevertheless, many mysteries are remaining.

> The origin of generation: why are there repetition of three same packages?
There are repetitions of the quarks and the leptons in the SM, and they have same quantum

numbers.
U t
d b
Ve Yy Vr
e I T

1st generation 2nd generation 3rd generation
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Why are there repetition of same packages?

> Chirality: why do left- and right-handed matters interact differently?
The left- /right-handed quarks and leptons are in different representation of gauge group, that
is, the left-handed quarks and leptons are SU(2);, doublet while the right-handed matters
belong SU(2);, singlet representation.

uy,
<~ UR, dR
dL ~——
N——— SU(Q)L singlet
SU(2)1, doublet

Why are there such difference in the left-handed and the right-handed matters?

> The mass hierarchy of the quarks and the leptons: why do masses of quarks and leptons
differ among the generations?
There are large differences among the masses of the generations of quarks and leptons, e.g.,

T 108, (2.1.22)

My,

What is the origin of these differences, called mass hierarchy?

> Gauge structure: why is the gauge group SU(3)c x SU(2), x U(1)y chosen?
There is no reason that the gauge group is SU(3)c x SU(2)p, x U(1)y. Moreover, the anomaly
cancellation which is mentioned in the above is accidental; no anomaly exists if the gauge
symmetry is described by particular type of the group.

> Gravity: why is not the gravitational interaction included?
The gravitational interaction is not included in the SM. This is in contrast to the other
three interactions, the strong interaction, the weak interaction, and the electro magnetic
interaction, which are included in the SM. In addition, it is so unnatural that typical energy
scale of the gravitational interaction, called Planck scale Mp; ~ 10'8 GeV, differs enormously
from the weak scale Meax ~ 102 GeV as follows:

Mp
Mweak

= 0(10'%) . (2.1.23)
It is weighty problem of particle physics to investigate the origin of these mysteries.

2.2 Approaches for solving the puzzles

Many approaches have been proposed for solving the puzzles in the SM. In the following, we present
some approaches which are adopted in this thesis for solving the puzzles in the SM.

e Higher-dimensional field theory
One of these approaches is higher-dimensional field theory, which has space-time dimensions
more than four. In a (4 + d)-dimensional field theory on d-dimensional compactified space,
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any fields are factorized, foe example f(z,y) = x(x) X ¢(y), where z is the coordinates of 4D
Minkowski space and y is the one of d-dimensional compact space. Yukawa couplings in 4D
effective field theory are calculated by the overlap integral of a product of extra-dimensional
wavefunctions as

Vi = g4+d/ddy Vi(y) ¥i(y) o(y), (2.2.1)

where g, ; is a (4 + d)-dimensional coupling constant, v;(y) are wavefunctions of i-th gener-
ation of the quarks and the leptons, ¢(y) is a wavefunction of the Higgs. If the wavefunctions
Yi(y), ¢(y) have quasi-localized profile, such overlap integrals can produce large differences
among the elements of the matrix Y;;. Therefore, higher-dimensional field theory is desirable
framework to explain the mass hierarchy and the mixing of the quarks and the leptons.

Toroidal compactification with homogeneous magnetic field

In addition to higher-dimensional field theory, toroidal compactification with magnetic flux is
also an attractive idea. We introduce the background potential ( A,,(y)) (m = 5, 6) on 2-torus
T? which provides homogeneous magnetic field ( F5s) = 95(Ag) — 06(As). On magnetized
torus, fields should satisfy the appropriate boundary condition (see Egs. (3.1.13) and (3.1.14))
and the magnetic flux [, d%y (Fsg) is quantized:

/ Py (Fss)x M, MEeTZ. (2.2.2)
T2

On the other hand, the equation of motion for 2D spinor field ¢ (y) = (zﬁ(y),d;,(y))T
becomes

9" (O — g (Am(y)))¥(y) =0, (2.2.3)

where 4™ is the gamma matrix on 2D spinor and g is the gauge coupling constant. This
equation can be solved analytically with the appropriate boundary conditions. The analytical
solution helps us for computing Yukawa couplings in effective theory. In addition, as known
in Ref. [45], the solution ¢, (y) (¢~ (y)) is normalizable and becomes a physical solution only
for M > 0 (M < 0). In other words, non-trivial gauge background leads to chiral fermions
in 4D effective theory. Regardless of the chirality, the solution is | M |-fold degenerated. This
degeneracy naturally leads to generations, and Yukawa couplings in effective theory can be
computed because of analytical solutions.

Orbifolding

Orbifolding is also useful in actual model-building, not only for removing exotic particles
which often appear in model-building but also for realizing realistic flavor structure. In
particular, orbifolding is important in magnetized extra dimensions. This is because of
the following reason: In magnetized torus models without orbifolding, three generations of
fermion can be realized only when |M| = 3. This value of the magnetic flux limits the
flavor structure to the one with A(27) flavor symmetry [50-52].! On the other hand, we can
obtain three generations of fermion in various combinations of the parameters in magnetized
orbifold models. Therefore, we may obtain realistic flavor structure.

"More on string-originated flavor structure are in [53-55].
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For example, in this direction, U(1) gauge theory on twisted T?/Z, with magnetic flux
is analyzed in earlier study [40], where the twisted orbifold T?/Z, is defined by identifying
the points on 2D torus T? under the m-radians rotation. Although orbifolding is useful,
twisted orbifolds Zs 4 ¢ with magnetic flux were not studied well presumably because of the
complexity of the system on magnetized T?/Zj46. Recently, magnetized twisted orbifolds
T?/ 7346 as well as T?/Z, are analyzed and the system on the orbifolds exactly solved [43].
In that work, the operator formalism analysis which is dual to wavefunction formalism works
grossly.






Chapter 3

Magnetized Torus and Orbifolds

In this chapter, we study six-dimensional U(1) gauge theory on the torus or possible twisted
orbifolds to investigate the aspects of magnetized torus/orbifold model.

We first specify appropriate boundary conditions on the magnetized torus and find the quan-
tization of the magnetic flux. We solve the equation of motion for KK zero-mode with non-trivial
Wilson-line phase and Scherk—Schwarz phases and obtain explicit form of the zero-mode solution.
Furthermore, we find that zero-mode solution is chiral and the number of independent solution
is determined by magnetic flux. We also show that the Wilson-line phase is absorbed into the
Scherk—Schwarz phases and vice versa by the redefinition of the fields.

Next, we consider twisted orbifolding. We specify the boundary condition for twist transforma-
tion. We investigate the allowed values of the Wilson-line phase and the Scherk—Schwarz phases.
We also the way how the eigenfunction on the magnetized orbifold is constructed by zero-mode
solutions on the magnetized torus.

In addition, we discuss KK higher modes at the end of this chapter.

3.1 U(1) gauge theory on M x T?

Let us consider U(1) gauge theory with a chiral fermion on M* x T? [42,45]. The action is
S=854+ S\p+ ,

1
Sa= d4x/ dzdz(——FMNF ),
A /M - 4 MN (3.1.1)
Sy, = / d*z / dzdz U, iTM DV, |
g T2
where M, N = nu(=0,1,2,3), 2, 2. The coordinates z and Z are defined by
2=y’ +iy’, 2= ()" =9° —iy°, (3.1.2)

where y°, 9% are the 2D orthogonal coordinates. The basis vectors of the torus are taken as
u; = (1,0)T and uy = (Re7,Im7)" in the orthogonal coordinates language, and therefore the
complex coordinates are identified as

z~z+1l~z+T, (3.1.3)

15
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on the torus. Here, the complex parameter 7 (Im 7 > 0) is called moduli and determines the shape
of the torus.

Us

5

> Y
U

Figure 3.1: Two-dimensional torus. The left-hand side is an illustrative example of well-known
donut-shaped torus. The right figure shows how a torus is constructed; by identifying two vectors
of same color. The fundamental region of the torus is the parallelogram surrounded by the four
vectors. The length of the vector us is equal to |7|. The angle between the basis vectors u; and
us, 0, is equal to Arg .

Here, U, is a 6D chiral fermion with positive sign chirality, I'¥ are the 6D gamma matrices,

and

is the gauge covariant derivative. A, is the gauge field of U(1) gauge group and e is its coupling
constant.

A 6D chiral spinor ¥ (z, 2) is decomposed as direct products of 4D chiral spinors xg 1 and 2D
Weyl spinors as

13+ T
\Iji(xaz): 82 7\11(1',2),

U, (2,2) =) { X (1) ® <¢”’6(z)> + Xra(2) ® <wn,0(z)>] ) (3.1.5)

n

V_(z,2) = {X'L,n(fv) ® (w”’g(z)> + Xn() @ <77/}n,(—) (Z)> } ’

n

where n is Kaluza-Klein modes index and I'; is the matrix determining 6D chirality defined in
Eq. (B.4). The mode functions 1), 1 (z) are the solutions of the eigenvalue equations

2(Dz) 17/)”7_,_(2) = mn@/}n,—(z) , 2(D.) 17/)”7_(2) = _mn@/}n,—l—(z) ) (3.1.6)

where (D, ) and (D;) are the covariant derivative in the background gauge configurations (A,(z)),

(Az(2)),
(D:) =0—ie(A.(2)), (Dz)=0-ie(A:(2)), (3.1.7)
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By integrating over the extra space, we obtain 4D effective action for fermions,

Sw, :/ d'z [YR,O(CE)iV“D,(LO)XR,o(CE) +>7L,0($)17“D,(L0) Xz0(2)
M4

+ D AXra®) + Xea(@) } (7D = ma) {Xra(®) + Xea(2)} (3.1.8)
mnp#0

+ (terms including higher-modes of gauge field) |,

where DELO) =0, —1 eAg)) (x) is the covariant derivative in the zero-mode of the gauge field A,(P) ().
The terms including higher-modes of gauge field provide Yukawa interaction.

In this paper, we are interested mainly in the zero-mode sector of the fermion, and omit the
subscript o of the zero-mode functions, 14 (2) : = 1y 4 (2).

3.1.1 Quantization of magnetic flux

The gauge field has a background configuration in its extra-dimensional components,

(A(2)) = (A,(2))dz + (A:(2))dz = Im[(z+a)dz], (3.1.9)

which provides the magnetic flux b = [L., (F') through the homogeneous magnetic field

(F)= D4 nde. (3.1.10)

2ImTr

This configuration gives the following relations:

A(z+1) = A(z) +

Imdz = A(z) + dx1(2),
2Imr (3.1.11)

A(z+71)=A(2) + Im(7dz) = A(z) + dx.(2) ,

2Im T

where

Im(z +a), Xr(z+a):= Im[7(z+a)]. (3.1.12)

Xl(z+a):_ - 2ImT

~ 2ImT

The relations (3.1.11) must become gauge transformations due to the invariance of the theory
under the torus-shifts. Correspondingly, the matter field must satisfy the relations

U(zr,z+1) =Ui(2) ¥(z, 2), U(z,z+71) =U,(2)¥(z, 2), (3.1.13)

where

Ul(Z) - eieX1(z+a)+27ria1 UT(Z) - eiex,(z+a)+27ria7 : (3114)

Y

and a1, o, are real parameters called Scherk-Schwarz phases [38,39].
It is remarkable that the magnetic flux should be quantized on T2. In order to show this, let
us consider the contractible loop, e.g.

z—=z+1l—=z+14+7—224+7—> 2,
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as in Fig. 3.2. For such loop, the functions U;(z) and U, (z) should satisfy the constraint
Ut U N +n)U(2+ 1) Ui(2) =1, (3.1.15)

because of the single-valuedness of the field. This constraint condition lead the quantization
condition of the magnetic flux,

L Mmen. (3.1.16)
Note that, the condition (3.1.15) is equivalent to
Ur(z+ 1) Ui(2)¥(z,2) =Us(z+ 1)U (2) U(x, 2) . (3.1.17)

This equation means that the torus-shift operations along two directions 2 — z+1 and z — z+ 71
are commutative.

z+7T z+1+71

A

)‘Q

z z+1
)[ > 4

Figure 3.2: The contractible loop, 2z = 2+ 1 — 2+ 14+ 7 — 2+ 7 — 2, is illustrated by red
vectors. The blue and green vectors show the torus identifications.

3.1.2 Zero-mode eigenfunctions

From Eq. (3.1.6), the zero-mode functions 4 (2) satisfy the eigenvalue equations,

Y T (alaa‘r) . —
<8+2Im7_(z+a)>w+ (z;a,7) =0, (3.1.18a)
™ (an,ar) (. _
(8 2Irn7'(z + a))@/} (z;a,7) =0. (3.1.18b)

Note that, since the zero-mode functions actually depend on not only the coordinate z but also
the Wilson line phase a, the Scherk—Schwarz phases o, -, and the moduli 7, we represented these
parameters explicitly as @b(fl’a’)(z ;a,7). In addition, the solution for @b(,al’ar)(z ;a,T) is obtained
by the replacement z — Z,a — @, and 7 — 7 on the solution for 1, (2), that is,

w£a1,ar)(z;a, ) = wgral’o”)(g;a,i—) . (3.1.19)

Therefore, we need to solve only the former equation,

5, ™M (a1.ar) (. _
<8+21m7_(z—|—a)> v (z;a,7) =0. (3.1.20)
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e Solving the equation of motion
In order to solve this equation satisfying the boundary conditions

wg_al’aT)(z + p;a, 7') = Up(Z + Cl) S_al’aT)(z ; a, T) )

3.1.21
Uy(z + a) = ¢ fmr mIPGz )l 42mi0p ( )

where p = 1,7, we introduce the reduced wavefunction ¢, (z) as
Pl (250, 7) = el e () (3.1.22)

From this expression, we find that the reduced wavefunction satisfies the boundary conditions

e (z+1) ="M (2), (3.1.23a)
o, (2+7) = o~ TiMRe[2(z+a)+7]+27iar 0, (2). (3.1.23Db)

These imply that the “real-axis” part of the reduced wavefunction satisfies the pseudo-periodic
boundary condition. That is, if we decompose the complex coordinate z as

z=z+71y, (r,9€R), (3.1.24)
and correspondingly decompose the reduced wavefunction and the Wilson line phase as
o, (2) =X(z)-Y(y), a=a+7a, (a,a; €R), (3.1.25)
the boundary condition of X (z) is given by
X(z+1) =™ X (7). (3.1.26)
For this decomposition, the equation of motion is reduced to

- dX(I)_ L (dr(y) ™ a.)Imr - =
X(z) dz Y(y)( q, tIrMy+a)l Y(?J)) 0. (3.1.27)

The solution X (z) satisfying the condition (3.1.26) is found immediately as
X, (z) = e?mitrran(@ta) = (. c 7 (3.1.28)

On the other hand, the “moduli-axis” part Y,(y), ¢, (2) = >, o5 Xy (7)Y (y), should satisfy the
differential equation

dY, i
d(y) =[-27M(y+a,;) Im7 4+ 27i(r + a1)7 |V, (y), (3.1.29)
)
and the boundary condition
Y(y+1) = e 2miM(y+ar+3)Rer+27ia- Y,in(y) . (3.1.30)

The differential equation (3.1.29) is solved as

Y,«(y) — Ar ean(y+g,T)2Im'r+27ri(r+o¢1)(y+aT)T : (3131)
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with a constant coefficient A,. The coefficient A, is determined by considering the boundary
condition (3.1.30) as

T+
M

2
A, = N, exp (27Ti (—ar) —|—7Tiw7'> : (3.1.32)

M

where N, is a constant coefficient satisfying the periodic condition N,y = N,. This periodic
condition implies that the solution of the Dirac equation is |M |-fold degenerated. Denoting them

as wsrof;-’a’)(z ;a,7) (j =0,1,---,|M|—1) and splitting the summation index as r = j+M-( ({ € Z),
we obtain the solutions
1/)_(3;‘,047)(2 ‘a, 7—) — ./\/'j ei%(era) Im(z+a) o 9 |:(] +_a01)/M:| (M(Z " a), MT) . (3133)
(051‘7057')

(z;a,7) immediately by replacing

—J
z,a,7 with these complex conjugation z,a, 7 in the above expression of 1[)5?‘;-’0")(2 pa,T),

As we mentioned in the above, we can obtain the solution v

PO (20, 7) = N e BEGHDIMG ) o {(3 + o)/ ] (M(z+a),M7).  (3.134)
Here, ¥ is Jacobi’s theta function defined by
a . 2 .
v [b} (v,7) = Zexp[7n(a+€) T4 2mi(a+0)(v+0b)], (3.1.35)
ez
and has the following properties,
-Cl 2miam a
9 b](u+m,7'):e 19|:b:|(l/,7'), (3.1.36)
a _ —min?r—27win(v+b) a
9 b](l/+n7’,7’)—e 19|:b:|(l/,7'), (3.1.37)
ﬁ_a+m (v, 1) = e?™ieny) “ (v, 7) (3.1.38)
I b + n Y b Y Y b

where n, m are integers.

In the following, we denote the solution 1/);03-’0"

)(z ;a,7) simply as ¥y ;(2).
e Normalization

We check the orthogonality of ¢, ;(2) and determine the normalization factor Nj. To do this,
we calculate the integration,

L= [ (0ea2) ). (3.1.30)

1 1
/ d2z:A/ dx/ dy, (3.1.40)
T2 0 0

where the integral is
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and A=1-Im7 is torus area. Substituting the explicit form of ¢, ;(z), I; becomes

. 4o 2 k4o 2. 1 ey a
= AN N 3 e [ M= (e ] / A o2+t MO (ke 01O ar —5)
o

1
_ 2 il(q . — AT
% / dy e 27 M (y+a- ) Im7+27i[(j+ar1+M-0)7—(k+ar1+M-£)7|(y+ar) )
0

The integration with respect to x is performed immediately by using the formula
1 .
/ dg e2mitn=mz — 5 (for n,m € 7), (3.1.41)
0

and we obtain

mi| (e M- ) s
k= A/V}N;:Ze (57t ) M7= (7t e 7] O(j+M-0),(k+M-27)

0,0

1
_ 2 il(7 . _ NVAaY:
% / dy e 27 M (y+a- ) Im7m+27i[(j+a1+M-O)7—(k+ai1+M-£)7|(y+a-) )
0

Furthermore, since the indices j and k£ run only from 0 to |M| — 1, the Kronecker’s delta in the
above is decomposed as

6(j+M.[)’(k;+M.[’) = 05k 54141 . (3142)
Therefore, I;; becomes of a form
L jtag 2
L :A|le25j,k2/ dy e~ 2 MIm7 (v tar 57 4e)” (3.1.43)
7 Jo
Here, we confirm that { ¢ ;(2) | j =0,1,--+,|M|—1} is a orthogonal set. By shifting the inte-
gration variable as
i+
y+a, + 2 Ma1+£—>y, (3.1.44)

we obtain

I+a,+7%21 +L’

_ L2
]k—A|N|2 ij/ . eZWMImTy
itay

ar+ +¢

+00
=A |/\G-|26j,k/ dy e 2mMImTy”

— .2 . . 77‘-
= AN PO |5 (3.1.45)

Therefore the normalization constant is determined as

OMIm7\ 1
N; = <Tm> . (3.1.46)

It should be noted that the Gaussian integral in the second last line of Eq. (3.1.45) can be
performed only for M > 0. Thus the positive-chirality solutions 1, ;(z) are not normalizable for
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M < 0. Similar calculation holds for the negative-chirality solutions ¢)_ ;(z) by replacing 7 with
7. Therefore, 1_ ;(2) are normalizable and become physical solutions only for M < 0.
Summarizing these, the zero-mode solutions are given by

b i(2) = @g{;al’a’)(z +a;7) (for M >0),
o (for M < 0),
(j=0,1,--- | M|-1), (3.1.47)
0 (for M >0),
Y_(z) = @(j—l—al,aq—)(_ _
o zZ+4+a;7) (for M <0),
where the function ©% ) (2 7) is defined by
OV ) (5. 7) = Ny e™ Motz x o) [ Y +_02)/M] (Mz, MT), (3.1.48)
and )
2|M|ImT7\*
PRCIITEES b

is the normalization constant.
e Remarks of the solution

We emphasize the following remarks:

1. The equation of motion can be solved analytically. The analytical solution is useful for
computation of the Yukawa couplings in the effective theory.

2. Only ¢, ;(2) can be normalized for M > 0, while only ¢_ ;(z) survive as physical solutions

for M < 0,
M-1
XR,O,j (l’) X <w+’6(z)> (fOI‘ M > 0) y
Vo(e,2) = 4 10 . (3.1.50)
2 XL,O,j(fL') ® <¢_,j(z)> (fOI‘ M < 0) .

This property leads to the chiral structure in 4D effective theory.

3. The number of solutions is given by |M| regardless of the sign of M. These |M |-fold degen-
erated eigenfunctions are distinguished by the index j =0,1,---,| M| — 1. This leads to the
generation structure in 4D effective theory, and the index j represents the generation.

4. In addition, the solution has quasi-localized profile. This may lead to hierarchical Yukawa
couplings in 4D effective theory as is mentioned before. As an example, we show the wave-
function profile for M =4, oy = a, =0 and 7 =1 in Fig.3.3.

The aspects of the magnetized torus models, which are mentioned here, are very useful for solving
the puzzles in the SM, the origin of the generations, the chirality, the mass hierarchy of the matters.
However, the magnetic flux is restricted in | M| = 3 in order to realize three generations in the 4D
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effective theory. For this value of the magnetic flux, only the flavor structure with A(27) flavor
symmetry can be obtained. Therefore, it is not enough only by magnetized torus if one wants to
obtain a rich flavor structure in addition to three generations of chiral fermions.

lo(ys +i ye)l* 1 (ys + i yo)l*

Figure 3.3: The probability densities |¢;(z)|* for M =4, a; = o, = 0 and 7 = i. These figures
are depicted with the complex coordinate z = y; + 1y, where ys, ys (0 < y5, ys < 1) are orthogonal
coordinates. The upper-left figure is probability density for 7 = 0, the upper-right figure is for
j =1, the bottom-left figure is for j = 2, and the bottom-right is for 7 = 3. One can see that their
profiles are Gaussian-like along y,-axis and the ridge moves as j increases.

3.1.3 Wilson-line phase VS Scherk—Schwarz phases

In this subsection, we will show that the Wilson-line phase and the Scherk—Schwarz phases relates
through the redefinition of the field. Through this subsection, we use the differential form,
d—dz2+d23 A=A,dz+ A;dz (3.1.51)
T 0z 0z’ S o o
In addition, we denote the Wilson-line phase a explicitly in order to emphasize its role in the
following discussion as ¢ (z ;a) for the matter field and A(z;a) for the gauge field.
Let us consider the redefinition of the field
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where 7 is a complex parameter and o' is the new Wilson-line phase. The covariant derivative
becomes

(d—ie(A(z;a)))¥(z;a)

e 3.1.53
= IO pieIm(iyde) —ie(A(z;a)) ¢ (2;d)), ( )

by the redefinition. Therefore, we find that the new gauge field with redefined Wilson-line phase

is given by
(A'(z;d)) = (A(z;a)) — Im(i7dz2). (3.1.54)
This relation means
M 2 _ T M _ .
T o Im(a'dz) = g Im(adz) — Im(iydz)
M ~ delmT
—eImTlm{<a— 7 *y)dz] : (3.1.55)

Therefore, we find the relation between the new Wilson-line phase and the old one,

, ielmr

M

v (3.1.56)

In the language of the redefined field, the boundary conditions (3.1.13) still hold with the
redefinition of the parameters a, oy, a;,

V(24 p;a) = eexeGra)f2mic, gy (p=1,7), (3.1.57)

where we used the shorthand notation p = 1,7. Our second work in this section is to find the
relations of new Scherk—Schwarz phases o/, /. and the old ones «ay,a,. From the redefinition
(3.1.52), we find that

(2 +pia) = elemTp) glemlivzra)] s (o 4 - gf) (3.1.58)
On the other hand, the boundary conditions for original field, Eq. (3.1.13), lead to
’(,Z}(Z _|_p;a) — eiexp(z+a)+27riap . eieIm[if?(z-i—a’)] ’(,Z},(Z ; a/) ) (3159)

Therefore, by comparing Eq. (3.1.58) with Eq. (3.1.59), we find the boundary conditions for rede-
fined field as
w/(z —i—p,al) — eiexp(z+a)+27riap7ieIm(i"yp) wl(z ’ al) ) (3160)

By using the relation (3.1.56), the exponential of the above becomes
iex,(z+a)—ielm(iyp) +27icq,

. TM _ , lelm7 . . .
ZIImTIm plz+a — 7 —ielm(iyp) +27iaq,

=iex,(z+da)+ 27ri<a,, — % Re(ﬁ7)> : (3.1.61)
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Since this must equal to iex,(z + a') + 2miaj, we obtain the relations

e
a;,:ap—;Re(ﬁ*y), (p=1,7). (3.1.62)

Combining Eq. (3.1.56) and the above, we find that the Wilson-line phase can always be absorbed
into Scherk—Schwarz phases and vice versa: By choosing the value of v so that ¢’ = 0, we obtain
the new parameters

M M
a =0, a'1:a1+1m—a, ol =a; +Im i (3.1.63)
Im~ Im~
On the other hand, by choosing the value of v so that o} = o/ = 0, we obtain
d=a+" T =0, o =0. (3.1.64)

M

3.2 Twisted Orbifolds

In this section, we study the U(1) gauge theory on the twisted orbifold T?/Zy. The purpose
to consider the orbifold is as follows: As is mentioned at the end of previous section, toroidal
compactification with magnetic flux is not enough for realizing the flavor structure which is ob-
served in experiments. Twisted orbifolding with magnetic flux is useful for obtaining realistic
flavor structure. Furthermore, twisted orbifold is useful also for removing exotic particles in actual
model-buildings.

The twisted orbifolds T?/Zy is defined by the symmetry under the discrete rotation [31,32],

27i/N
)

Zwz, wi=e (3.2.1)

in addition to the torus-shifts z ~ z +1 ~ 2z 4+ 7.

Note that, it is known that only T?/Zy, T?/ Zs, T?/ Z, and T?/Zg are allowed on T?. Further-
more, the moduli parameter 7 has no limitation except Im7 > 0 for T?/Z,, but 7 must equal to
w for N =3,4,6. These are, for example, in Ref. [34].

On T?/Zy, there are fixed points zg, defined by *

2 = w2y + 11+ 0,7, (Cni,n, €7). (3.2.2)

We solve this equation with the torus identifications zg, ~ 2zg, + 1) +nl7 (n},n. € Z) and find the
fixed points for each T?/Zy as

T?/Zy | fixed points
1 7 1+71
T?/7 - - —
/ 2 072727 2
24717 14271
T2/7
/ 3 07 3 ) 9
1
/7, | 0,
2
T?/ Zs 0

!Fixed points are specified by the Z n-twist w and the torus-shifts n; + n, 7, and are defined as (w,n; + n,7)

with the language of space group. See, for example, [37].
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The fundamental region and the fixed points for each orbifold are depicted in Fig.3.4.

-

o0 1> 0 — 1

Figure 3.4: The fixed points and the fundamental region of the T?/Zy (N = 2,3,4,6). The upper-
left figure is for T?/Z,, the upper-right figure is for T?/Zs, the lower-left figure is for T?/Z,, and
the lower-right figure is for T?/Zs. The black dots denote the fixed points, and the gray areas
correspond to the fundamental region. Fach of the lines with arrows means the identification by
torus-shifts and Z y-twist. The number of arrows on the line represents the pair of the identification,
and the direction of arrows represents the direction of the identification. (Quoted from [42].)

3.2.1 The boundary conditions and allowed values of SS phases

The gauge fields transform under the twist as

Ay (r,wz) = Ay, 2),

_ (3.2.3)
A (r,wz) =wA,(z,2), As(z,wz) =wAs(z,2),

according to the general theory of coordinate transformations. The background configuration
(3.1.9) satisfies these transformation properties if the Wilson-line phase satisfies « = wa. This
condition means that the Wilson-line phase should be fixed points. For the torus-shifts, the
boundary conditions mentioned in the last section holds,

(A(z+1)) =(A(z)) +dxi(2), (A(z+71))=(A(2)) +dx,(2), (3.2.4)
with M M
x1(2) = eT;mT Imz, x.(2)= equ Im(7z). (3.2.5)
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Here and hereafter, we discuss in the base where the Wilson-line phase vanishes, a = 0, without
loss of generality.

The boundary conditions for the 6D spinor ¥ (z, 2) are determined so that the term '™ Dy, W, (z, 2)
to be covariant. This leads the following,

U,y (r,wz) =nSVi(z,2), (3.2.6a)
Uo(r,2+1)=Uy(2) Ui(z,2), U(z)=elex(z+2miar (3.2.6b)
Uo(z,247)=Ur(2) Wi(x,2), Uy(z)=elex-()+2miar (3.2.6¢)
where § := —1(T"I"* +wI'*I'%) = diag(I4, wl4) and 7 is the eigenvalue of the Zy-twist transforma-

tion satisfying the consistency condition n = 1. The first condition reduces for extra-dimensional
components 14 (z) to

{ i (wz) = ne(2), (3.2.7)

b (w2) = ) (2).

It is known that the Scherk—Schwarz phases are restricted in the particular values on the
orbifold without magnetic flux, in contrast to the case of T? where the Scherk—Schwarz phases can
take the values arbitrarily [36,37]. In the following, we show that there are similar constraints on
the Scherk-Schwarz phases on the magnetized orbifold T?/Zy. In order to investigate the allowed
values of the Scherk-Schwarz phases, we calculate ¥(w(z + 1)) and ¥(w(z + 7)) in two different
manners.

e T?/Z, case: The first method of calculation is to use the boundary condition for Z y-twist,
Eq. (3.2.6a), before using the boundary condition for torus-shifts, Eqgs. (3.2.6b) and (3.2.6¢),

VU(w(z+1)=nSV(z+1) =nS-Ui(2) ¥(z), (3.2.8a)

V(w(z+7)=nS¥(z+7) =18 U.(2)¥(2), (3.2.8b)

while the second method of calculation is to use the boundary conditions in the opposite order

of the above, that is, to use firstly the boundary condition for the torus-shifts Eqs. (3.2.6b)—
(3.2.6¢) and secondary to use the boundary condition for the Zy-twist Eq. (3.2.6a)

V(w(z+1) =T(wz—1) =Uj (w2) U(wz) = U/ (—2) - nST(z), (3.2.9a)

V(w(z+7)=V(wz —7) =Ul(wz) ¥(wz) = Ul(—2) -nS¥(2), (3.2.9b)

where we used w = —1 for T?/Z,. By comparing Eq. (3.2.8a) with Eq (3.2.9a), we obtain the
relation

Ui (2) = Ul (—2). (3.2.10)

On the other hand, we obtain the relation
U.(z) = Ul(-2), (3.2.11)

by comparing Eq. (3.2.8b) with Eq. (3.2.9b). These lead to the following constraints by using
the expression of U;(z) and U,(z) in Egs. (3.2.6b) and (3.2.6¢):

eZ7r1a1 — e*27T10¢1 , eZ7r1aT — ef27r1a7 ) (3212)
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Finally, we obtain the allowed values of the Scherk—Schwarz phases on the orbifold T?/Z, as

(a1, ) = (0,0), (% 0) : <0, %) : <% %) : (3.2.13)

T?/Zs case: The first method of calculation is

U(w(z+1)=nS¥(z+1) =nS-Ui(2) ¥(2), (3.2.14a)
V(w(z+7)) =nSY(2+71) =18 U (2) ¥(2), (3.2.14b)

while the second method of calculation is

VU(w(z+1) =Y (wz+7) =Us(wz) ¥(wz) =U,(wz) -nSY(z2), (3.2.15a)
V(wz+7)=V(wz—1—7)=Ul(wz—1—7)V(wz —7)
T

=Ul(wz —1—7) - Ul(wz — 7) ¥(w2)
=Uf(wz—1-1)Ul(wz —7) - nSV(2), (3.2.15b)
where we used the relations wr = —1 — 7 for T?/Z3. By comparing Eq. (3.2.14a) with

Eq. (3.2.15a), we obtain the relation
Ui(z) = Ur(wz) . (3.2.16)
On the other hand, we obtain the relation
Ur(z) =Uf(wz =1 — 1)Ul {wz — 1), (3.2.17)

by comparing Eq. (3.2.14b) with Eq. (3.2.15b). These lead to the following constraints by
using the expression of U;(z) and U, (z) in Egs. (3.2.6b) and (3.2.6¢):

2micr 2micr

2mia —e , e

o _ e—27ri(a1+067)+7riMef7;x;]\r/[ Im[(1+w+7)2] . (3218)

Finally, we obtain the allowed values of the Scherk—Schwarz phases on the orbifold T?/Zs as

(ar,00) =4 1 e Y (3.2.19)
PRI ECN RS R B A R (fOI‘ M:Odd)a
66 66 6 6

by using the relation

(0,0) (1 1) <2 2) (for M = even),

ltw+Ts=14+w+w?=0. (3.2.20)
T?/Z, case: The first method of calculation is

U(w(z+1)=nS¥(z+1) =nS-Ui(2) ¥(2), (3.2.21a)
V(w(z+7)) =nSY(2+71) =18 U, (2) ¥(2), (3.2.21b)

while the second method of calculation is

VU(w(z+1) =VY(wz+7) =U,(wz) ¥(wz) =U,(wz) - nSY(z2), (3.2.22a)
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U(w(z+7)) =TV(wz—1) = Ul (wz — 1) T(wz)
=Ul(wz—1) -nSU(z), (3.2.22b)

where we used the relations wr = —1 for T?/Z,. By comparing Eq. (3.2.21a) with Eq. (3.2.22a),
we obtain the relation
Ui(z) = Uy (wz) . (3.2.23)

On the other hand, we obtain the relation
Ur(2) = Ul (wz — 1), (3.2.24)

by comparing Eq. (3.2.21b) with Eq. (3.2.22b). These lead to the following constraints by
using the expression of U;(z) and U,(z) in Egs. (3.2.6b) and (3.2.6¢):

p2mian 627r1a7, plmiar _ g—2miar (3225)

Finally, we obtain the allowed values of the Scherk—Schwarz phases on the orbifold T?/Z, as

11
(Oél,a»r) = (0, 0), (5, 5) . (3226)
o T?/Zg case: The first method of calculation is
VU(w(z+1)=nSV(z+1) =nS-Ui(2) ¥(z), (3.2.27a)
V(w(z+7)=nS¥(z2+7) =18 -U.(2)¥(2), (3.2.27D)

while the second method of calculation is

wz+7)=U(wz)¥(wz) =U,(wz) -nSY(2), (3.2.28a)
wz+1—7)=Ui(wz —7)¥(wz —7)

U(wz —7) - Ullwz — 7) U(w2)

U(wz — 1) Ul(wz —7) - nST(2), (3.2.28hb)

U(w(z+ 1))
+ T

w(
U(w(z+7)) = U

where we used the relations wr = 1 — 7 for T?/Zs. By comparing Eq.(3.2.27a) with
Eq. (3.2.28a), we obtain the relation

Ui(z) = U (wz) . (3.2.29)
On the other hand, we obtain the relation
Ur(2) = Uy(wz — 1) Ul(wz — 1), (3.2.30)

by comparing Eq. (3.2.27b) with Eq. (3.2.28b). These lead to the following constraints by
using the expression of U;(z) and U, (z) in Egs. (3.2.6b) and (3.2.6¢):

. . . R _miM a4
e27r1a1 — eZ7r1aT, e27r10¢T — e27r1(o¢1 ar) 7T1Me e Im[(w—1+7)z] ) (3231)
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Finally, we obtain the allowed values of the Scherk—Schwarz phases on the orbifold T?/Zg as

(0,0) (for M = even),

ya;) =2 (11 3.2.32
(o, @r) Z2) (for M = odd). (3.2.32)
22
by using the relation
w-14+7=w(l+w’+uw')=0. (3.2.33)

Summarizing the results, we obtain the allowed values of the Scherk—Schwarz phases as

orbifold | M | allowed values of (a4, a,) | corresponding values of Ma
TQ/ZQ - (0,0),(%,0),(0,%),(%,%) Oa%a%aHTT
oz, e 00,6363 0.5
3

odd | (1532 RN
TQ/ZLL - (070)5(55%) OaHTT

even 0,0 0
TZ/ZG (1 1) 1+7

odd (3:3) 5

Here, the corresponding values of the Wilson-line phase are obtained by the redefinition of the
field discussed in the subsection 3.1.3 as

Mad' =aimr—a,, o=a.=0. (3.2.34)

T

Note that the allowed values of the Wilson-line phase are equal to fixed points except for T?/Z;
and T?/Zg with odd M. (See Refs. [35,36].)

3.2.2 Zy eigenfunctions

On twisted orbifold T?/Zy, the zero-mode part of the 6D fermion W, o(z, z) is decomposed in the
same manner of the T? case, Eq. (3.1.50), as follows

M-1
Z XRro,j(%) ® <¢+’j;g’v(z)> (for M > 0),
Uy o(r,2) =< 175 (3.2.35)

0
- (6 i) @320,

except for replacement the zero-mode functions 1. ;(z) by the eigenfunctions on T?/Zy, ¥+ ;.70 (2).
Since the mode functions (including higher modes) on T?/Zy must satisfy the boundary conditions
(3.2.7),

{ Ui (wz) = nipi(z), N =1), (3.2.36)

Y (wz) = (wn)v-(2),

the eigenfunctions are sorted by the Zy eigenvalues

n e { Lw,w? - Wt } ) (3.2.37)
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The zero-mode wavefunctions ¢y ;.7z,.n(2) (j = 0,1,---,|M| — 1), which satisfy the eigenvalue
equation ¥y j.zvn(W2) = Ny j74n(2), can be constructed as the following linear combinations,

N—-1
1
Yz (2) = % > 0 (w"z) . (3.2.38)
z=0

Here, the Z n-twisted functions ¢y ;j(w”z) (x = 0,1,---, N—1) can be expanded by the orthonormal
complete set {wi,k(z) ‘k =0,1,---,|M| - 1},

<

-1
Yaj(w2) =3 CWis(z), (2=0,1,---,N 1), (3.2.39)
0

=
Il

with the complex coefficient

cy = /deZ o j(W2) (Ve k(2)" (3.2.40)

Using this coefficient, the Zy eigenstates are rewritten in the form

M-l /) N- )
Ut gz (2) = Z <N Zﬁxcj(-;: )> Vi p(2). (3.2.41)

k=0 =0

By integrating the zero-mode part of the 6D chiral action over the extra space, we obtain 4D
effective action of chiral fermion,

/ d4$/ d*z \TIZN,-I-,O(va) 1FMD](\0/I) \IIZN,-I-,O(va)
M T2

M-1 (3.2.42)
— 7 N .
= [ 4 3 tnas(o) [K5 ] 197D xmos (o).
i k=0
Here, the complex coefficient matrix IC%N M s defined by
VANE *
’CgkN "= /11‘2 d*z V5o (2) (¢i,k;ZN,n(z))
| N=pomed
= 7 (O ) (3.2.43)
z,y=0 £=0
where we used the orthonormality
/ A2 e j(2) (Ve (2) " = Gk (3.2.44)
T2
We can obtain the number of physical states on T?/Zy as its rank,
[ The number of physical states] = rank [IC%N;")] : (3.2.45)

and this number is just the number of generations. As an example, the profiles of |1, j.z,,(2)[?
for M =2 and a; = «, = 0 are depicted in Fig. 3.5. One can see that the number of independent
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0.1 @) y1,1@)?

Figure 3.5: The probability densities |ty j.7,,(2)|> for M = 2. These figures are depicted with
a complex coordinate z = = + 7y (0 < x,y < 1) for convenience of explanation. The top two
figures are probability densities for n = 1, the middle two figures are for n = w, and the bottom
two figures are for n = . Three figures on the left-hand side are the profiles with 7 = 0, and three
figures on the right-hand side are for j = 1. The convention differs a little from the one in [42].

wj(g;?)zﬁ o(2)y corresponds to 1 j.zyn(2) with oy = a; = 0. (Quoted from Ref. [42].)
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zero-modes is 0 for n = w and 1 both for n = 1,w, and this result is consistent with first row of
Table 4.1.
In general, however, it is too difficult to evaluate the rank of the matrix IC%N;"). This is because

)

of the reason as follows: In order to evaluate rank [K%N " ], we should calculate the integral of

the products of Jacobi’s theta functions, as in Eq. (3.2.43). Such an integral is highly non-trivial
and cannot be performed analytically. Furthermore, since we need to calculate A/? components of
the matrix IC%N ;"), the evaluation becomes harder at an accelerated pace as the magnetic flux M
becomes larger.

The operator formalism analysis discussed in Chapter 4 make this evaluation straightforward,
because we can obtain the analytic form of the coefficients C](.‘,:z) with help of the operator formal-
ism.






Chapter 4

Operator Formalism Analysis

In this chapter, we study the operator formalism analysis [43] which is very useful for analyzing
magnetized orbifolds.

4.1 Quantum mechanics on T? with magnetic flux

Let us consider the Schrédinger equation

Hy(y) = E¢(y),

H = (—iV—eA(y))2, (4.1.1)

where y = (y,,¥,)" is the 2D coordinate vector, e is the gauge coupling constant. A(y) is the
gauge potential which is given by

1
Ay) = —QQ(era), (4.1.2)
where @ = (a;,a,)" is the Wilson-line phase. This is represented in the components as

Ay(y) = _%Zﬂij(yj +a). (4.1.3)

j=1
The field strength B;; is defined as follows and is equal to the anti-symmetric part of 2,

1
Since the field strength is gauge invariant, only the anti-symmetric part of 2 is physical, while the
symmetric part of €2 is unphysical and can be gauged away.
On the two-dimensional torus T?, the coordinate vector is identified as

2
y~y+znaua (na € Z), (4.1.5)

a=1
where u, (a = 1,2) are the basis vectors of the torus. We choose u; = (1,0)T and u, =

(Re7,Im7)" without loss of generality. For the torus-shifts y — y + u,, the gauge potential
(4.1.3) changes as

Ay +u,) = Aly) - %Qu (4.1.6)

35
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This must become a gauge transformation because of the consistency of the system. Correspond-
ingly, the torus-shifted matter field ¢ (y + u,) should relate with the original field 1 (y) through
the gauge transformation. Therefore, we find the following boundary condition on the gauge fields

Ay +ua) = A(Yy) + Vxa(y), (4.1.7)

(Y + u,) = eloXeWF2mice 4 gy (4.1.8)
where !

Xaly) = —5u, Q' (y +a), (4.1.9)
and ag(a = 1,2) are real parameters called the
Scherk—Schwarz phases. Furthermore, the single- Y
. . N Y+ uy Y+ u+ up

valuedness of the wavefunctions requires the quan- A

tization of the magnetic flux by considering con-
tractible loops, e.g.,

Yy—>Yy+u —yY+u +u —~yY+u —y, Y+ uy
— (A

as in Fig. 4.1,
Figure 4.1:  The contractible loop, y —
y+u —y+u t+tu - y+tu —y,

where B : — (Q QT) is the magnetic field (field is illustrated by red vectors. The blue and
strength) deﬁned in Eq. (4.1.4) green vectors show the torus identifications.

eul Buy =27M, (M€EZ), (4.1.10)

Next, we move on to the operator formalism, by introducing the coordinate operator y and
momentum operator p satisfying the canonical commutation relations,

[giaﬁj] =10, [?)za?)]] = [ﬁ“ﬁ]] =0. (4.1.11)

The wavefunction ¢ (y) is represented in the operator formalism as <y ‘ ¢>, and the Hamiltonian
and the Schrodinger equation becomes

A~ R (& R 2 R 2 A~
= (p+500+a) = (@), Hlw)=E[v). (4.1.12)
The constraint conditions (4.1.8) are rewritten as

<y‘ +iulp ‘1/)> <y‘ ul QT (g+a)+2miag

By using the formula (A.3), the exponentials of the above equation becomes

V) . (4.1.13)

eI it a) ol  giud (45975 ) eXP{§ [i g“aini(@j +a;), iuakﬁk] }

_ el (p 597+ a) i ful 250w, (4.1.14)

Therefore, we find the boundary conditions for the torus-shifts as follows:

ol Ty

w> — e27riaa

vy, T, 3=uaT<ﬁ+gQT(z}+a)>. (4.1.15)
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Here and hereafter, we choose the gauge !

Q+ Q7
2

=0. (4.1.16)

The operators p’ and T, satisfy the following commutation relations:

|p;,P;] =ieBij, (4.1.17)

[T.,Ty] = —27i Meg), (4.1.18)

(9., T.] =0, (4.1.19)
where €,, = — €, is the anti-symmetric tensor with €5 = +1.

For further analysis of this system, we define new operators,

V2,

Vi=—2"p,, P:=V2p, (4.1.20)
w
. Ty =270y - ;
= = =Ty +2 4.1.21
o M P 2 t+2may, ( )
where w := 2e Bj,. We find immediately that these operators satisfy the canonical commutation
relations
[V, P] =i, (4.1.22a)
[V, P] =i, (4.1.22b)

[V, y]=[Y,P]|=[P,Y]=[P,P]=0. (4.1.22c)

LD lt=1 2}—>{1715)>’ﬁ}iscanonical
) can be rewritten in the form of harmonic

P
These relations tell us that the transformation {gj Z
With these new operators, the Hamiltonian (4.1.1

oscillator,
= lpr Ly (4.1.23)
=3 R 1.
On the other hand, the constraint conditions (4.1.15) become
Q2T iMY vy =|v), (4.1.24a)
e Tly)y=|y). (4.1.24b)

The meanings of these constraint conditions can be shown clearly by taking an eigenstate of V,
which obeys the relation )7 \y} =) \y} The first condition reduces

MY YY = | V), (4.1.25)

and the second becomes
y-1)=1Y), (4.1.26)
with help of the relation (4.1.22b). These imply that the eigenvalue ) is quantized as

J .
. =0.1.2.--- M| =1 4.1.27
y M) (j Pl e ) 7| | )7 ( )

!Since the symmetric part of Q is gauge dependent as is mentioned in above, this gauge fixing is justified.
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in every energy level. Finally, we find that

gl J
H n,M>:En n’M>’ E,=|w|(n+1), (4.1.28)
k
<n’ﬁ n,’M> = Ongudjik » (4.1.29)
where n,n’ =0,1,---, and j,k=0,1,--- | M| — 1.

4.2 Operator formalism on twisted orbifolds

In this section, we investigate the operator formalism on twisted orbifolds T?/Zy.
The twisted orbifold T?/Zy is defined by the discrete symmetry under the rotation of 27 /N-
radians described as

(4.2.1)

. _ (cos(2m/N) —sin(27/N)
Zy:y — Rzyy, Rz, = (Sin(gﬁ/j\f) cos(2m/N) ) '

It is known that only T?/Zy with N = 2,3,4,6 are allowed on T? as is mentioned in Section 3.2.
The Zy transformation property of the coordinate operator and the momentum operator is given
by

g — Uy U =Ry 4,
ZN:{y oYy = Y (4.2.2)

p—UzdpU;l = Rzb,
where the unitary operator Uy, + describes the 27 /N-rotation. The Hamiltonian transforms under
the Zy rotation as

= Us 105! = (Rap + S0 i+ 0))
= (p + g(R%"NQRZN) (¥ + R%“Na,))2 : (4.2.3)
Thus, the discrete symmetry requires that
R} QR =Q, (4.2.4)

and
R, a=a. (4.2.5)

The former condition can be rewritten as
[Rz,.Q] =0, (4.2.6)

by using the property Ry, Rj = I, and is satisfied by the gauge condition (4.1.16), while the
later condition means that the Wilson-line phase a must be a fixed point up to the torus-shifts,

2
R; a=a+ Znaua, (ne € Z). (4.2.7)
a=1
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This constraint corresponds to Eq. (3.2.2) in the wavefunction analysis.

~

Torus-shift operators T, (a = 1,2) transform as follows:

To— Uny 1,05 L = (R ua) " (p+ 597 (5 +a))

39

(4.2.8)

In order to find the transformation properties of Ta, we need the expressions of the vector R%Nua,

Ly
Zis
Ly :
L

These lead to the transformation properties of torus-shift operators as follows:

o
U, U5} =~ 1T,

T T

RZzul = —Uu, RZ2’U/2 = — U2,
T T

Ry ui = —uy —uaz, Ry us=wug,
T T

Ry ui = —us, Ry us = uy,

T T
RZ6’U,1:’U,1—’U,2, RZSUQZUI.

U23TIUZ_31 = _Tl - TQ, UZQ,Tz Ui; = Tl )

Uy, U5 =~ T,
UZ6T1U261 - Tl - T2 )

UZ4TQ UZ_41 - Tl y
Uz, 12U, =T .

o
U, TyU; ) = — 1T,

(4.2.9)

(4.2.10)

In the following analysis, we need the expression of the Z y-twist transformation properties of the

operators )7, ’ﬁ,

ZQI

Z3I

Z4I

ZGI

\

NN ~ 75 2001 +
75 Y 31:_y+27rM M
AzsﬁAj:—27TM)>—27r(a1—a2),
N1 75 1 — Q9

1 — —

YUz = =57 M

o PUz, =20 MY — P+ 2m(0n + 201)
AZ j\)A_IZ 75 . 051"—052

‘ © 2T M M

7, P 741:—27TMy—27T(O[1—012),
N PR 75 1 — Q9

1 e — J—

VU2 = =507 M
7417DUZ4:27TM))+27T(C¥1+O(2),
~ A~ ~ 75 (65)

76Y Z(sl:y+27rM_M’

2673A71:—27TM5)—27T(C¥1—012),
N PR 75 1 — Q9

U Y0, = ———— —

20 Y V2 = =500 M

U, 'PUz, =20 MY + P + 270 .

6

=]

(4.2.11)

(4.2.12)

(4.2.13)

(4.2.14)
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In order to analyze the physical states on the T?/Zy, we calculate in the below along the
following steps:

1. In order to investigate the allowed values of Scherk-Schwarz phases by requiring that the
constraint conditions (4.1.24) hold for the Z y-twisted state Uy, 1), L.,

MY (g |9)) = (zy [9)), e P (Uy[0) = (Uay|0)).- (42.15)
2. In order to calculate the analytic formula of the Zy-twisted states (UZN)m j/M) (z =
07]-7"' 7N_]-)7
A M-
(Uzy)" [i/M) = Z ) kM) (4.2.16)
k=0

3. In order to construct the physical states on T?/Zy,

/My, =20 |§/M) (4.2.17)
Here, the operator
R | Nl o
ACEE 5 27 (02,)", (4.2.18)
=0

is the projection operator on the Z y eigenstate with the eigenvalue n and satisfies the relations
A~ ~ ~~ ~~ 2 -~
0 20 =2 (Z0) =29 (1219)
because of the Zy consistency, (UZN)N =1,7" =

4. In order to investigate the number of independent physical states, we evaluate the rank of

the matrix M](,%Nm) defined by

M—1
/My, = > M}f”m) |k/M) . (4.2.20)
k=0

This matrix can be written as

N—

M Z . (4.2.21)

=0

As mentioned at the beginning of this chapter, the purpose of the operator formalism is to find the
analytic expression of C’](f ) in Eq. (3.2.40). For this purpose, we investigate the correspondence
between the operator formalism analysis and the wavefunction analysis, and find the relations

w?® w® VANE 7 N
) =D KGN = M (4.2.22)

in the next subsection.
In the following, we denote the Z y-twist operator UZN as U simply in each case of T?/Zn(N =
2,3,4,6).
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4.2.1 Correspondence to the wavefunction analysis

In this subsection, we show the correspondence between the operator formalism analysis and the
wavefunction analysis.
Firstly, we examine the meaning of the eigenvalue j in the states ‘j/M>, ie.,

(2]3/M) =1;(2), (4.2.23)
where ‘z> is an eigenstate of the operator 2,
Zlzy=z|z), z:=g,+ig=(1i)y. (4.2.24)

Through this subsection, we denote the operator O as a differential operator acting on functions
of the coordinates, which is the coordinate representation of the quantum mechanical operator O
acting on states,

(2]0=0(z]|. (4.2.25)
Since the operator e2miY gives the eigenvalue e2midr by acting on the state ‘j/M>, what we need
to show is
eV 4y () = 2T 4(2). (4.2.26)
By replacing the operators as
y—y, p——iV, (4.2.27)

we obtain the torus-shift operator T} in coordinate representation as follows:

f=ao-i(Gan) +5 s (00 ()]
_i(0+8) — I7T—MIm(2+a). (4.2.98)

mrT

This representation leads to

_ ok m(eta) 40 o0 (4.2.29)

with help of the formula (A.4) . By acting the differential operator ¢/ 71% on the wavefunction
¥;(z), we obtain

T3 i (2) = o T I +0) o0 o Fr{ =Tz G0} y0) )
— —=L Im(z—l—a)e s (2+4+a)
% N e R (4 +a{Imz+a) + 251} {(J + al)/M] (M(z + 37 +a), MT)

- L7
/M

— e Im'r Im(z+a) e ZIm'r(Z+ +a X Nelrin'r e Im(z+a) eIm'r(Z+ +a)

et et | U3 A (0, ar)
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— 6271'1]._;/[‘11 % w](z), (4230)
where we used the equation of motion for ¢)(/)(2), the formula
en? f(z,2) = flz+ 4, 2), (4.2.31)

and the property of Jacobi’s theta function (3.1.36). By the definition of the operator Y, Eq. (4.1.21),
we find the relation

™Yl (2) = e 2715 e Tiir 0 (z) = 271 ) (2) (4.2.32)
On the other hand, by replacing the operator

TM 7(z+a)—71(Z+a)

Ty=—i(r0+70 4.2.33
5 1(7' + T ) + T~ 23 ) ( )
and operating ) ’ )
efiPﬁ — efﬁ(7%Im[T(z+a)]7787ﬁ9+27ro¢2) (4234)
on the wavefunction v;(2), we obtain
e*ipﬁ lbj (Z) = ,QZ}j-l-l (Z) . (4235)
By comparing Eqs. (4.2.32) and (4.2.35) with the relations in the operator formalism,
i 2 . ﬂ_iL . _i AL . .
TV jIMY = T /MY e P | /M) = | (+1)/M) (4.2.36)

we find that the correspondence (4.2.23) is justified. In other words, the index j of ‘]/M> is same
as the index j of the zero-mode function ;(z).

Next, we find the representation of the coefficients C’](-;:m) in the operator formalism. We find
that the state ‘wz> which is an eigenstate the coordinate operator Z with the eigenvalue wz is
given by

lwz) =Tz |2) . (4.2.37)

By using this relation, we find that the Zy-twisted wavefunctions are represented in the operator
formalism as

Uyw2) = (w72 |3/M) = (=] (O2)" |9

YVt iz (2 Z < ‘ UZN

> (4.2.38)

> < ‘Z@ ‘j/]\/[> . (4.2.39)
Therefore, the coefficients C](.‘,:m) are represented as follows:

Ci 1= [ ) ()’
:/Wde (w2 |5/M) (kM |2)
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= /T?dZZ <z‘ (Uzy)" j/M> (k/M|z)
_ <k/M‘ (U2,)" j/M>
_pen, (4.2.40)

J

where we used the completeness relation

/Tzdz\z><z\:1. (4.2.41)

Similar calculation holds for IC%N ).

*

IC%N"’) = /TQdQZ Ve 2w (2) (Vi iz (2))
[ 20 e Corne 20|

(kat| 290 29| iar)

k/M‘Z(\?) ‘j/]\/[>
MG (4.2.42)

where we used the property of the projection operator (2]@)2 = 2](\7) Therefore, we find that
(The number of physical states) = rank [IC%N"’)] = rank [M;ZN;")] : (4.2.43)

Since we don’t know the analytic expression of IC%N;"), we should calculate the integral in Eq. (3.2.43)
whose integrand is the product of highly complicated linear combinations of Jacobi’s theta. This
troubles us about the investigation of the number of physical states. On the other hand, the calcu-
lation of rank [M](,%Nm) ] can be performed more smoothly than the calculation of rank [IC%N;") ]

since the analytic expression of M ](ZN ") can be obtain as in the below. This is the biggest advantage

of the operator formalism.

4.2.2 T?/7s

In this subsection, we discuss the T?/Z, orbifold.
e Allowed values of the Scherk—Schwarz phases on T?/Z,

In order to investigate allowed values of the Scherk—Schwarz phases, we operate U on the
both sides of the constraint conditions (4.1.24). By using the Z, transformation properties of the
operators ) and P, Eq. (4.2.11), we find that

D L () = O )

e ) (4.2.44)
elP X e27r1-20z2 (U ‘w>) =U ‘1/)> )
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From the requirements (4.2.15), we find the following constraints,

—27i- 20 —1 2mi-2a -1

e , e : (4.2.45)

These lead to allowed values of the Scherk—Schwarz phases as follows:

(a1, 02) = (0,0), (% 0) : (0, %) : (% %) : (4.2.46)

Next, we find the matrix elements D ) defined in Eq. (4.2.16). To do this, we first operate

2™V on the state U ‘]/M> By using the formula (A.1) and the Z, transformation properties
(4.2.11), we find that

e Zo-rotated states

eQwij} (U ‘]/M>) _ 06%1((‘]713}0) ‘]/M>
= Ue? V=% ‘]/M>
A e (4 ). (4.2.47)

This eigenvalue equation implies that the Zs-twisted state U ‘j/M> is proportional to the state
‘ (=j— 2@1)/M>a Le.,

Ulj/M) =e*™ | (—j —2a1) /M) , (4.2.48)

where n; € [0,1) is a real parameter. We operate the twist operator U on the both sides of the
above equation and obtain

U2 |j/M) = e?™iitn-s—2a) | j/NT) (4.2.49)

Since the twist operator U must satisfy the Z, consistency condition, U2 = 1, we find that

N +1 90, =n, (MEZ). (4.2.50)
On the other hand, Z,-twisted state U ‘]/M> is also obtained as follows:

U|j/M)=0U(e" 1P [0/M))

= eﬂ(UPU U [0/M)

— e i(— P+47ra2)ﬁ . eZ7ri770 ‘—2@1/M>

— 2™l 202) | (—j /M) — 20, /M) . (4.2.51)
By comparing this with Eq. (4.2.48), we find that

J

nj=mo— 57 202 tn, (neZ). (4.2.52)

Substituting this into Eq. (4.2.50), we find that

2c
Mo+ M—j-20, = 2N + ﬁl 200=n, (NEZ). (4.2.53)
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Therefore, the phase factor of twisted state U ‘0 /M > is obtained as

Mo = _%.gaﬁg (n=0,1). (4.2.54)

Here, we can put n = 0 without loss of generality since n gives unphysical phase. Substituting this
into Eq. (4.2.52), the phase factor n; becomes

n; = - Lal 205 (4.2.55)
Thus, we find the Zo-twisted states as follows:
U /M) = e 5202 | (—j — 20,) /M) . (4.2.56)
This gives the expression of the matrix element
DY) = em2mitit e (4.2.57)

Here, the index of the Kronecker’s delta is understood as mod | M.
e The number of physical solutions on T?/Z,

By investigating the rank of the matrix
: 1 w
M — ; (@-,k n nD](.k)) . ome{+1, -1}, (4.2.58)

we obtain the number of physical states. On the T?/Zs,, the expression of the matrix M (27
consists roughly in two Kronecker’s delta. Because of this simplicity, we can evaluate analytically
the rank of the matrix M%7, This is in contrast to the other orbifolds T2/ Zs 4.

1. (aq,a2) =(0,0) case

In this pattern, the explicit form of M;ZQ;") is

sy 1
M=) = 5 (i & ka1 5) - (4.2.59)

The Z, eigenstates in this pattern are given by the following linear combination,

1

M), =T /M) = 5 (15/M) £ [ (1M] = §)/M)) (4.2.60)

where the sign + means the Z, eigenvalue n = +1. It is found immediately that the above
states have the property

[(|1M| = j)/Ms£), ==x[j/M;+), (4.2.61)

because of the periodicity
|(G+M)/M)=]|j/M) . (4.2.62)
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This implies that the independent states are

3/M %), (j < %) . (4.2.63)

In addition, for j = 0 and j = |M|/2 with Z, eigenvalue n = —1 (the state for j = |M|/2
exists only when M is even), Z, eigenstate vanishes,

0/M;—), =0, [(IM|/2)/M;=)=0. (4.2.64)

These properties tell us the number of physical states as follows: For M = even, the inde-
pendent Z, eigenstates with n = +1 are

M
3/M5+),, (j =0, |—2|> ; (4.2.65)
and the independent eigenstates with n = —1 are
. . M
iy, (=1 B0 -

Therefore, the number of independent states are given by

_ 1M

i M e
rank [M](,%Q’"*Jr)] = |—2| +1, rank [M](,%Q’"* )] 5 (4.2.67)
On the other hand, for M = odd, since the independent states with n = 41 are
i . | M| —1
‘]/Mv+>Z2 (]_077 9 ’ (4268)
and the independent eigenstates with n = —1 are
o . M| —1
3/M =), <] =1 : (4.2.69)
the number of independent states are
i M|—-1 e M|—-1
rank [M;Zz’"_ﬂ] = % +1, rank [M;Zz’"_ )] = % : (4.2.70)
These can be expressed together as
M
(# of physical states for n = +1) = {|—2|] +1,
M1 (4.2.71)
(# of physical states for n = —1) = [ 5 } ,

where [z] is the floor function. This becomes in the form of a table as follows:

M][0 1234567289 10
T1/1 1 2 233 445 5 6
"T170 0 0112 2 3 3 4 4

This case has been already studied. The above table obtained by the operator formalism
analysis reproduces the same result as the earlier study, the Table 1 in [41].



4.2. OPERATOR FORMALISM ON TWISTED ORBIFOLDS 47

2. (o, ) = (3,0) case

In this pattern, the explicit form of M(ZZ’") i
= 1
M;ZM H = 5(6j,k & O ar|—j1) - (4.2.72)

The Z, eigenstates in this pattern are given by
. Sp—t | - 1/, .
G/M ), =2/ = 5(\j/M> + (M) -1 —j)/M>) . (4.2.73)
This has the following properties:

(M| —1—j)/M;x)==%|j/M;£),

j0/M;—) =0, ‘(%)/M;ﬁ:o. (4.2.74)

We count the number of independent states in the similar way to the (aq,as) = (0,0) case
as follows:

M|+1
(# of physical states for n = +1) = [| | + ] |

2

M| (4.2.75)
(# of physical states for n = —1) = {T] :
3. (a1,2) = (0,3) case
In this pattern, the explicit form of M (Zzim) 5
Zom=+) _ 1 rid
MG = 5 (O + e 2710 0y ar-g) (4.2.76)
The Z, eigenstates in this pattern are given by
- s n= - 1 - —27i ]
§/M ), =27 |j/M) = §<\J/M>ie 27 | (M) - j /M>) (4.2.77)
This has the following properties:
‘(|M| —J)/M; j:> j:e2’” ‘j/M j:>
(4.2.78)

o/Mi=) =0, |(&)/M5+) =0,

We count the number of independent states in the similar way to the (o, az) = (0,0) case
as follows:

# M| +1

(# of physical states for n = +1) = [| |2 ] ,
(4.2.79)

# M

(# of physical states for n = —1) = [| 5 |] .
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4. (a1, ) = (3,3) case

In this pattern, the explicit form of M
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(ZZyn) 3

1
2

it
M](]%Q =) (51 R £ TN G ary—ji1) - (4.2.80)

The Z, eigenstates in this pattern are given by

3/M %), =T | /M) = %(‘j/M} o2 (M) - 1 —j)/M}) . (4.2.81)

This has the following properties:

(M| —1=34)/M;+) = L e2milit /M),
‘ (M1 /M +>_0

(4.2.82)

We count the number of independent states in the similar way to the (aq,as) = (0,0) case

as follows:

M
(# of physical states for n = +1) = [_| 5 |] ,
(4.2.83)
M|+1
(# of physical states for n = —1) = [| |2+ ] )

4.2.3 T?/7;

In this subsection, we discuss the T?/Zj orbifold. Although we can analyze this orbifold in the

similar manner to the T?/Z, case, it is more complicated than the T?/Z, case because of the

mixing of the operators TI and TQ under the Zs transformation.

e Allowed values of the Scherk—Schwarz phases on T?/Z;

First, we investigate the allowed values of the Scherk-Schwarz phases on the T?/Zj. Similarly
to the case of T?/Z,, we operate U on the both sides of the constraint conditions (4.1.24). By
using formulae (A.1) and (A.4), we find that the left-hand sides of Eq. (4.1.24) become as follows:

O )

71’P ‘1/)>

_ Ue27riM)7 U—IU W>

=€

=e

=e

2miM(UYU) U

2mi M (=Y +5L — 221402y o

—27i(2a1+a2) | e—QFiMJ} 6175 e_%[_27TiM3},7TM75} U ‘¢>
o 672Wi(2a1+a2+M) —27iMY eif) U ‘w> , (4284)
717" U IU ‘w>
W(OPU—

=e

_ e—i[f27rM37*27T(041*a2)} [ v) . (4.2.85)
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On the other hand, the right-hand sides of Eq. (4.1.24) become U W> Therefore, we find that

6727ri(2a1+042+%) 6*27T1M57 ei’IS(U = U ‘w> , (4286&)

p27i(01—as) e27riM57(U ) =U|v) . (4.2.86b)

By multiplying e27i(2e1+a2+5) ¢ +27iMY oy the hoth sides of Eq. (4.2.86a) and using Eq. (4.2.86b),
we find that

(U ‘1/)>) 27r1 2a1+a2+ ) . 6727ri(a17a2) (U ‘1/)>) ) (4287)

By comparing Egs. (4.2.87) and (4.2.86b) with the requirement (4.2.15), we find the following
conditions:

M
a1+2a2+?:n, ar—ay=n", (n,n €Z). (4.2.88)
Therefore, the allowed values of the Scherk—Schwarz phases are follows:
0,2,2 (for M =
ai=ar=ap =433 (for B even) (4.2.89)
6°6°6 (OI'M—Odd).

e Zs-rotated states

Next, we find the matrix elements D](.‘,‘:z) defined in Eq. (4.2.16). For later convenience, we note
the Z3 transformation properties of the operators )A), P in Eq. (4.2.12) for the case @ = a1 = ax,

A - P o

UVU ==Y+ 5=~ (4.2.90a)

UPU =-21MY, (4.2.90D)
"YU = ———— 4.2.

Um0 = —5 ==, (4.2.90c)

U'PU=21rMY — P +67a. (4.2.90d)

By operating 2™ on the state U ‘j/M> and using the formula (A.1), we get the relation

27r1y U‘j/M> _ i(f]*lj;if)‘j/M>
= U (j+1)/M) . (4.2.91)
This implies that the state Zj U ‘]/M> is an eigenstate of the operator 2™ ith the eigenvalue
6271'1i 1e
M—1
YU n0/MY (4.2.92)
j=0

where A, €™ are the magnitude and phase parts of the proportional coefficient, respectively.
Operating e~iP7 on the both sides of the above equation, the left-hand side becomes

M-

o
E\?‘

o HUTIPO) ‘j/M>

Q
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— U e 2miVk+iP gy —6riagy ‘]/M>
j=0
M—-1
— U e*ﬂl% el’PM e 2wiYVk ~ [iP k _oriYk ‘]/M>
7=0
Wk6a+ﬂ1ﬁM71 jik o
=e "M M e “Tm U k)/M )
7=0
M—-1—k
:ef7r1k6a+7r1kﬁ Z 2mi ]Jrk)]” A /M>
j=—k
M-1 4
— o™ RN o2 /M (4.2.93)
j=0

with help of the formulae (A.1), (A.4), and the transformation properties (4.2.90). On the other
hand, right-hand side becomes A e™'" ‘k /M > Therefore, we find that

M-1
VRPN e 2 U] /M) = Aem | k/M ) | (4.2.94)

7=0
Multiplying et ™1 H57% on the both sides, summing over k = 0,1, -+, |M|—1, and using the formula

(A.6), we find that the twisted state of ‘O/M> is given by the following linear combination,

M-1
Ulo/M) = —e N S /M (4.2.95)
k=0
We can obtain the expression for the state U ‘]/M> by using the translation property, |j/M ) =
e~ Pir ‘0/M>, and the Zs-twist transformation property, Eq. (4.2.90), as follows:
Ulj/M) =0 Ph \0/M>
_ efl(U’PU
A M-t j klktoa)
27i y 71'1
=e 27 © K Z e’ |k/M )
k=0
M=l k(k+2 +6a)
e””7 em T |k/M) . (4.2.96)

k=0

Finally, we determine the magnitude factor A and the phase factor e™'” so that U3 is the identity
operator, U3 = 1. This is done as follows: First we operate U3 on the state ‘]/M> By using the
expression in Eq. (4.2.96) and the formulae (A.8), (A.6) in Appendix A, we find that

M-1 3 M-1M-1

N A . . m(m+2j+6a m-46a m+6a
U3 ‘]/M> — Z We:’mm Z Z o (m+2j+6 )+l(l+2M+6 )4k (k+2m+60) ‘k/M>

k=0 m=0 [=0
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3 . 0a? 1
= %ei’m(’ M2 e D | /MY (4.2.97)

Therefore, the factors A and 7 are determined by the Zj consistency, U3 = 1, as follows:

302 1
— M - _ - 4.2.
A M= T (4.2.98)

As the result, we find the following expressions of the matrix elements:

w 1 pif3e?_1 . 2j+6a
D = —e (%7 1) gri Mtz (4.2.99)
w2 1 _pi(32_1Y) . jG+2k+6a
- L, (% —5) o dUF2et0e) (4.2.100)
e The number of physical solutions on T?/Z;
By investigating the rank of the matrix
13
M = 3 S Dy, e {lwe}, (4.2.101)
z=0

we obtain Table 4.1-4.4 of the number of physical solutions.

M| |2 4 6 8 10 12 14 16 18 20 22
1/T 1 33 3 5 5 5 7 7 7
nlwl|0 2 2 2 4 4 4 6 6 6 8
|1 113 3 3 5 5 5 7 7

Table 4.1: The numbers of linearly independent zero-mode eigenstates with Zj eigenvalue 7 for
M = even and (ay, as) = (0,0) on T?/Zs.

M| |2 4 6 8 10 12 14 16 18 20 22
17112 2 3 4 4 5 6 6 7 8
nlw(l 1 2 3 3 4 5 5 6 7 7
w01 2 2 3 4 4 5 6 6 7

Table 4.2: The numbers of linearly independent zero-mode eigenstates with Zs eigenvalue n for
M = even and (ay,a9) = (£, %), (3, 2) on T?/Zs3.

331373
M| |1 3 5 7 9 11 13 15 17 19 21
111 23 3 4 5 5 6 17 7
nlw({O0O 1 2 2 3 4 4 5 6 6 7
w(f0 1 1 23 3 4 5 5 6 7

Table 4.3: The numbers of linearly independent zero-mode eigenstates with Zs eigenvalue n for
M = odd and (ay, ) = (£, %), (2,2) on T?/Zs.

6°6/2\676
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M| |1 3 5 7 9 11 13 15 17 19 21
110 2 2 2 4 4 4 6 6 6 8
nlw(l 1 1 3 3 3 5 5 5 7 7
w(0 0 2 2 2 4 4 4 6 6 6

Table 4.4: The numbers of linearly independent zero-mode eigenstates with Zj eigenvalue 7 for
M = odd and (ay,as) = (2,3) on T?/Zs.

676

4.2.4 T?/74

In this subsection, we discuss the T?/Z4 orbifold. The situation is similar to the T?/Z; case.
e Allowed values of the Scherk—Schwarz phases on T?/Z,

First, we investigate the allowed values of the Scherk-Schwarz phases on T?/Z,. By acting
the Z,-twist operator U on the both sides of the constraint conditions (4.1.24) and using formula
(A.1), we find that

ei75 e—2mi(a1+az) (U W>) —U
27riM;)7(U

V),
¥) =U[¥) .

By comparing the above with the requirement (4.2.15), we find the following conditions:

(4.2.102)

27mi(ar—az2)

e e

ar+ay=n, ay—ay=n", (nn €Z), (4.2.103)
Therefore, the allowed values of Scherk-Schwarz phases are follows:

(4.2.104)

DO | —

a:=a =ay =0,
e 7, -rotated states

Next, we find the matrix elements D](.‘,‘C’z) defined in Eq. (4.2.16). For later convenience, we note

the Z, transformation properties of the operators )>, P in Eq. (4.2.12) for the case a = a1 = ay,

YU = 4.2.1
uyu 5 ( 05a)
UPU=-27MY, (4.2.105b)
U YU = P (4.2.105¢)
2T M’ o
U 'PU=2rMY +4ra. (4.2.105d)
By the calculation same as the Z3 case, we find that
M—1
S U|j/M)y=Ae"|0/M) . (4.2.106)
j=0
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By operating e~1P37 on the both sides of the above equation, the left-hand side becomes
M-l M-1
e iPar U j/M>:UZe"( TPO) ‘]/M>
Jj=0 Jj=0
M-1
. o 2miVk—dmiag; ‘j/M>
j=0
M-1 _
— e N e 2N U | /M) (4.2.107)
j=0

with help of the formulae (A.1) and the transformation properties (4.2.105). On the other hand,
the right-hand side becomes A e™!" ‘k/M> Therefore, we find that

M-1
k-2 ~
Y

Jj=0

§/M) = Ae™" |k /M) (4.2.108)

By multiplying e*2™1*7* on the both sides, summing over k = 0,1, - - - ,|M| — 1, and using the
formula (A.6), we find that the twisted state of |0/} ) is given by the following linear combination,

Ulo/M) =2 emin Z 2T | kM) (4.2.109)

We can obtain the expression for the state U ‘j/M> by using the translation property, ‘]/M> =
e 1Pir ‘O/M>, and the Zs-twist transformation property, Eq. (4.2.105), as follows:

Ulj/M)=0U(e P \0/M>

— efl(UPU
wijy i ﬂlkﬁ
. i 2 keH2e)
=3¢ D e |k/M) . (4.2.110)

k=0

Finally, we determine the magnitude factor A and the phase factor e™'” so that U* is the identity
operator, U* = 1. This is done as follows: First we operate U* on the state ‘]/M> By using the
expression in Eq. (4.2.110) and the formula (A.6) in Appendix A, we find that

M—-1 M-1M-1M-1

N . A4 ( o) ( ) ( o) +k( )
Ut ‘]/M> = Z Vi pdmin Z Z Z o 11020+l (1 +20) Ha(lp+20) +h(lg+2 ‘ /M>

11=01[05=013=0

A4

- M

where we used the formulae (A.8) and (A.6). Therefore, the factors A and 7 are determined by
the Z, consistency, Ut = 1, as follows:

e N2 e 27 WM} (4.2.111)

202



54 CHAPTER 4. OPERATOR FORMALISM ANALYSIS

As the result, we find the following expressions of the matrix elements:

i 2
e?mio/M ke
D(UJ) _ e271'1 Vs
wo UM ’
(W?) _ Aria?/M —2qilt2e)2e
Djk; =e /M e M k—j—2a
6mia?/M ) . .
D(':B) _° —amiltile _opilh
J v M

e The number of physical solutions on T?/Z,

By investigating the rank of the matrix
13
L —x y(w” : :
M](k4n):ZZn D](k)a 776{1715_15_1}7
z=0

we obtain Tables 4.5 and 4.6 of the number of physical solutions.

M |1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
111 1 1 2 2 2 2 3 3 3 3 4 4 4 4
+ilo 0 1 1 1 1 2 2 2 2 3 3 3 3 4

M4 lo 11 1 1 2 2 2 2 3 3 3 3 4 4
~ilo 0o o o 1 1 1 1 2 2 2 2 3 3 3

M| |16 17 18 19 20 21 22 23 24 25 26 27 28 29 30
“1]5 5 5 5 6 6 6 6 7 7 7 7 8 8 8
+il4 4 4 5 5 5 5 6 6 6 6 7 7T 7T 7

"M 1|14 4 5 5 5 5 6 6 6 6 7 7 7 7T 8
~i|3 4 4 4 4 5 5 5 5 6 6 6 6 7 7T

(4.2.113)
(4.2.114)

(4.2.115)

(4.2.116)

Table 4.5: The numbers of linearly independent zero-mode eigenstates with Z, eigenvalue n for

(O[l, O[Q) = (0, 0) on TQ/Z4.

M |1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
11]lo0 1 1 1 1 2 2 2 2 3 3 3 3 4 4
+il1 1 1 1 2 2 2 2 3 3 3 3 4 4 4

""1l0o 0o 0o 1 1 1 1 2 2 2 2 3 3 3 3
~ilo 0o 1 1 1 1 2 2 2 2 3 3 3 3 4

M| |16 17 18 19 20 21 22 23 24 25 26 27 28 29 30

+1 5 5 5 6 6 6 6 T 7

+1

—1

7

7

i 4 5
4 5 5 5 5 6 6 6 6 7 7 7 7 8 8
"N\ 1|l4 4 4 4 5 5 5 5 6 6 6 6 T T 7T
4 4 4 5 5 5 5 6 6 6 6 7 T T 7T

8

Table 4.6: The numbers of linearly independent zero-mode eigenstates with Z, eigenvalue n for

(al,ag) = (%, %) on TQ/Z4.
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4.2.5 T?/Zg
In this subsection, we discuss the T?/Z¢ orbifold.

o Allowed values of the Scherk—Schwarz phases on T?/Zg

First, we investigate the allowed values of the Scherk-Schwarz phases on the T?/Zgs. By acting
the Zg-twist operator U on the both-sides of the constraint conditions (4.1.24) and using formulae
(A.1), (A.4), we find

—2mi(oa+2) 175 27riM;)7 g 2
e U U |y
_ ‘ >? > (4.2.117)
e?ﬁl(al—ag) e?7nMy( ) — U >
These lead the conditions
M _ ,
a1—2a2—7—n, ap—ay=n'", (n,n' €Z), (4.2.118)

Therefore, the allowed values of Scherk-Schwarz phases are follows:
ai=0 = Qg = {

Next, we find the matrix elements D ) defined in Eq. (4.2.16). For later convenience, we note

(for M = even),

4.2.119
(for M = odd). ( )

o= O

e Z¢-rotated states

the Zg transformation properties of the operators y, P in Eq. (4.2.12) for the case @ = a1 = ay,

I 24 a
= S —— 4.2.120
UVYU=Ytomr ( a)
UPU=—-21MY, (4.2.120b)
YU =——— 4.2.12
u—yu 5 ( Oc)
U™'PU =21rMY + P+ 27a. (4.2.120d)
By the calculation same as the Z3 case, we find that
M—
Y U|j/M)y=Ae|0/M) . (4.2.121)
By operating e~iP47 on the both sides of the above equation, the left-hand side becomes
M—1
k I -1
i3 Ulj/M) = UZe_‘ PO)3r ‘]/M>
7=0

E

-1

s o 2miVk—iP—2miag ‘]/M>

<.
I
=)
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- U e—ni% —iPL —2riYVk —i[-iPL —27iVk ‘]/M>
j=0
ke 2 N ik o~
_e7r1M T 3F e ﬂlMU(]+k)/M>
7=0
77ri@77riﬁM_l+k —opiU=kik
=e "M TN e o U|j/M)
ji=k
) M ik A
_ it e 2 5 [T | /M) (4.2.122)
j=0

with help of the formulae (A.1), (A.4), and the transformation properties (4.2.120). On the other
hand, the right-hand side becomes A ™" ‘k /M > Therefore, we find that

g

-1
- k(k=2a) Jik
e T e 2™ U

J

J/M)y=Ae™"|k/M) . (4.2.123)

Il
o

k(k—2a)

i on the both sides, summing over £k = 0,1,--- ,|M| — 1, and using the
formula (A.6), we find that the twisted state of |0/} ) is given by the following linear combination,

i

By multiplying e~

A = jR=2)
Ulo/M) = e |k/M) . (4.2.124)
k=0
We can obtain the expression for the state U ‘j/M> by using the translation property, ‘]/M> =
e iPir ‘O/M> and the Zg-twist transformation property, Eq. (4.2.120), as follows:

U|j/M) =U(ePH \0/M>

_ efl(U’PU

A M-l k(k=20) 2&)
6271'1])7 M ﬂlnze ‘k/M>
M—

1

Tin k(k 2] 2a)

e |k/M) . (4.2.125)

k=0

Finally, we determine the magnitude factor A and the phase factor e™'” so that US is the identity
operator, U6 = 1. This is done as follows: First we operate US on the state ‘]/M> By using the
expression in Eq. (4.2.125) and the formulae (A.8), (A.6) in Appendix A, we find that

M-1 6 M-1M-1M-1M-1M-1

- A . 0y (1 — 25— 20)+lg(lg— 211 —2a)
6| _ 6min —7i
U\j/M>_§j—M6e DI I I I M
k=0 [11=0102=0103=014=015=0
L la(lg—2ly—2a) 41y (4 =213 —20)+l4(I4 =213 —2a)
xe ™ w |k/M)

S S VIS L /M), (4.2.126)
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where we used the formulae (A.8) and (A.6). Therefore, the factors A and 7 are determined by

the Zg consistency, Us = 1, as follows:
A=V, g 1 (4.2.127)
B VAR T -

As the result, we find the following expressions of the matrix elements:

D(w) eni(ﬁJraT;) i k(=2 —2a) (4 9 128)
e *
D(“’2) e”i(%‘ﬁ) rilte)® o i k(i+20) (4.2.129)
D](_:S) _ e—27ri_(j+§l)-2a e s a, (4.2.130)
D( 1 eni(ﬁf%) s k(k42j42a) (4 )
= e ™ m 2,131
Jk VM ’
7Wi($+%) . (‘+a)2 Lk
pwWh _ ¢ eI 27 igE (4.2.132)
Jk VM
e The number of physical solutions on T?/Z;
By investigating the rank of the matrix
10
Mo = . YDl e {1w,w? Wt w! W'} (4.2.133)
z=0

we obtain Tables 4.7 and 4.8 of the number of physical solutions.

M| [ 2 4 6 8 10 12 14 16 18 20 22
1|1 1 2 2 2 3 3 3 4 4 4
wl0 1 1 1 2 2 2 3 3 3 4
w21 1 1 2 2 2 3 3 3 4 4

Twlo 0o 11 1 2 2 2 3 3 3
w0 1 1 1 2 2 2 3 3 3 4
Wlo 0o 0o 1 1 1 2 2 2 3 3

M| |24 26 28 30 32 34 36 38 40 42 44
115 5 5 6 6 6 7 7 7 8 8
wl4 4 5 5 5 6 6 6 7 T 7T
w24 5 5 5 6 6 6 7 7 7 8

MWl 4 4 4 5 5 5 6 6 6 7 7
wil4 4 5 5 5 6 6 6 7 7T 7
W3 4 4 4 5 5 5 6 6 6 7

Table 4.7: The numbers of linearly independent zero-mode eigenstates with Zg eigenvalue n for
M = even and (ay, ay) = (0,0) on T?/Zs.
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—
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O O OO = Ol
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Table 4.8: The numbers of linearly independent zero-mode eigenstates with Zg eigenvalue n for
M = odd and (ay,a3) = (3, 1) on T?/Zs.
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Chapter 5

Classification of Three Generation
Models

In this chapter, based on the aspects which are obtained in the previous three chapters, we propose
10D SYM on magnetized orbifolds for solving the puzzles in the SM, the origin of the generation,
the chirality, the mass hierarchy of the matters, and the gauge structure.

10D SYM is a well-motivated higher-dimensional field theory since this appears at low-energy
limit of Type-I, TIB, and heterotic superstring theories. From phenomenological point of view,
10D SYM on magnetized orbifolds has the following advantages: First, we can use the advantages
of higher-dimensional field theory and magnetized orbifold which have been mentioned in Chapter
3 and 4. That is, three generations of the matters and hierarchical Yukawa couplings can be
realized. Second, various particles in the SM arise from only two fields, the gauge field and the
gaugino field. Third, the gauge structure in the SM is obtained from a larger gauge group through
explicit symmetry breaking cased by the magnetic flux.

In the following, we start with 10D U(8) SYM on magnetized orbifolds and classify all the
possible configurations of the parameters which provide models with three generations of the
chiral matter fermions in 4D effective field theory [49].

5.1 Setups: 10D SYM on magnetized orbifolds

In this section, we review 10D SYM on magnetized orbifold.

We consider 10 SYM on the background space-time M* x (T?)?, where M* is 4D Minkowski
space-time described by the coordinates z* (u = 0, 1,2, 3), and (T?)3 is a factorizable 6-torus which
consists in the product of three 2-tori. For three 2-tori, we describe the i-th torus T?®) (i = 1,2, 3)
by the complex coordinates z; and z; = (2;)* which are defined by z; = y***3 +iy?*** from the 2D
orthogonal coordinates y?'*3, y?***. In addition, the coordinate is identified as z; ~ 2z, +1 ~ z;+7;
where 7; is the moduli parameter of T2,

10D SYM consists of the 10D gauge field Ay (M = 0,1,2,3, 21, Z1, 29, 22, 23, 23) and the 10D
Majorana—Weyl spinor field A. A is called the gaugino because this is the supersymmetric partner
of Ap;. The action of 10D SYM is given by

1 1
S:/ d4:c/ dﬁz[——tr(FMNFMN)+—tr(AirMDMA) : (5.1.1)
YK (T2)3 4 2

29
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where d°z is a shorthand notation of H?:l dz; dz;, and

FMN:8MAN—8NAM—1g[AM,AN} s (512)
are the gauge field strength and the covariant derivative of the gaugino field, respectively. ¢ is the
gauge coupling constant. '™ is the gamma matrices on 10D which are summarized in Appendix

B.
The gauge field and the gaugino field are decomposed in Kaluza-Klein (KK) modes as

ALY = D Ot ey (8) ® O (21) ® 5, (22) ® S5, (2) (5.1.4)
ni,n2,n3

Az = D Xnwnema(®) @ VP (21) @ U () ® ) (23) (5.1.5)
ni,n2,n3

where n; are KK mode indices on T?(). The fermion field @/}ff)(zz) is a 2D spinor describing the

n;-th KK mode on T2,
. Ui (2)
WD (z) = T : (5.1.6)
" v ()
and corresponding gamma matrices are given by the Pauli matrices 01,0, (again, see Appendix
B) in orthogonal coordinates,
FET =g, AT =io,. (5.1.7)

The extra-dimensional components of the gauge field possess the following background config-
urations which are given by straightforward expansion of (3.1.9),

(A=0) = 32 ((Aa @) ) dai + (As (=) dz:)

i=1
_ Z T M@ Im (z;dz) , (5.1.8)
where M is the N x N matrix given by
MOy, 0
M® = : (5.1.9)
0 M9 Ty
Here, M_" (a=1,---,n) are the magnetic fluxes on the i-th TZ/ZN and should be integers because

of the quantization condition [45]. Moreover, we assume that M # M )(for a # b), and N,s
should satisfy >."_ N, = N.!' This background configuration exph(:ltly breaks the orlgmal gauge
group down as U(N) — [['_, U(N,), and splits the gaugino into n? sectors Agy(a,b=1,---,n) as

Mi(r, {zi}) - A, {z:)
A (o)) = 3 : _ (5.1.10)
At (w,{2i}) o A, {z:})

I Here we put the Wilson line phases zero. If one wants to account them, replace M(Ei) z; by M(Ei) (z: + a&i)),

where a&i) is the Wilson line phase on the i-th orbifold.
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Correspondingly, KK decompositions of each sectors are also split as follows:

1 2 3
{Zz Z Xni,n2,n3; ab ) X 7/),(11);%(21) ® ¢£2);ab(22) X 1/)53);ab(z3) ) (Cl, b= 17 e 7n) .

ni,n2,n3

(5.1.11)
The diagonal components \,, correspond to the gaugino fields of the unbroken gauge group
[I,_,U(N,) while the off-diagonal components A,(a # b) are the matter fields which belong
the representation (N,, Nj) of the group U(N,) x U(N,).
The background configuration (5.1.8) satisfies the relation

(A{z +5ijpj )) = (A{z})) + djxp({2i})
i . (5.1.12)

m — i
Xp({2i}) ZXI% Zi _Zglmn Im(piM()),

where d; is the exterior derivative on the j-th T?, and we used shorthand notation p, = 1,7;.

Correspondingly, the gaugino field should satisfy the following boundary conditions

A, {20+ 6i50;}) = Up, (7)) Ma, {z:}) Uyt (25) (5.1.13)
Uy (z:) = exp[igxpi(zi) + 27ria§f)] ,
where the matrices ag) are of the form
| o) Ty, 0
ay) = (5.1.14)

and the Scherk—Schwarz phases a,(ﬁ)a are restricted to the allowed values on the i-th T?/Zy as we

have seen in Chapter 3.
For the Zy-twist z; — wz;, we specify the following boundary conditions for the fields

Az {wz}) = PAu(z, {z}) P!
w1, {wz}) =@ PA, (2, {z}) P
s (@ {wa}) = wPA, (2, {=}) P
Mz, {wz}) = SPAa,{z}) P!
where P describes a non-trivial gauge structure part and should satisfy PY = I. The spinorial

matrix S is defined by Eq. (B.41) in Appendix B. For the KK mode of the gaugino, 1/)7(1?(22-), the
boundary conditions (5.1.18) is reduced to

A
A

P (wz) = 5P (z) PO (5.1.19)

n;

where 5 is defined in Eq. (B.35), and P is a matrix describing a non-trivial gauge structure on

i-th orbifold. Now, we take the matrix P in the form
ngi)]INl 0
PO = : (5.1.20)

0 Iy,
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so that the matrix P causes no additional explicit symmetry breaking. Therefore, the total gauge

structure matrix becomes

U ]INI 0
p = pp@pe) — con, = [0, (5.1.21)
O nn]]:Nn

On the gauge background, the zero-mode equations for the gaugino

(4)
¢(z’) (z) = ¢+,ab,n(zz‘)
abyn \7 ()
w—,ab,n(zi)
are obtained as follows: 2
__"ab i ;) = 0,

(5.1.22)

(1) _
{ 0 1My zi]wm () =0,

aZi 2Im T; —abm

with Mézb) = MY — Mb(i). That is, no magnetic flux exists on the diagonal parts ¢£’2, the gauginos
of the unbroken gauge group. On the other hand, the off-diagonal parts wi?(a # b) are affected by
the effective magnetic flux M (Ezb) These equations are equal to the U(1) case discussed in Chapter
3, except that the magnetic lux M is replaced by Mézb) In addition, the boundary conditions

(5.1.13) and (5.1.19) are reduced to the effective ones on wgab,n(zi) as

N R X I EAR (5.1.23)
(i) N — (@), () _ (i) N @)y, (@) _ 5.1.24
w—l—,ab,n(wzl) = Nap w—l—,ab,n(zl) ’ w—,ab,n(wzl) - (wnab ) w—,ab,n(zl) ’ ( s )
with
0y = 0l — ) (5.1.25)
=m0 (5.1.26)

These are also equal to U(1) case with the replacements

ap — O‘;E) )ab, n— 775:2 . (5.1.27)

Therefore, we find immediately that the solutions are | M LEZ) |-fold degenerated and are given by the
function,

N-
Oy ) (25 7) ! Z 7OV (s r) (j=0,1,---, |M] = 1), (5.1.28)
=0
where ©U%7) (2 7) is given in Eq. (3.1.48).

2Here, we again omit the subscript “,” describing the zero-modes.
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It is also equal to the U(1) case that either wgf?ab or 1/)(_i?ab have physical solution according to

the sign of the effective magnetic flux M éz) In this case, the zero-mode solutions are the follows:

(i @ @

i Qa, (ZZ) (—) Ji +Cl(1 ab’a'r ab) . )
v = ] | SR
—,ab,n Zi 0 (Z)
. (fOI" Mab > 0) ) (5129)
wéi) (2) ¢$?ba,n(2i) _ Gira® ao(‘) )
@ ! 7 i 1,60 % ba s
N ! ,QZ}(*)ba n(zl) @Mlgl) 151) (ZZ ) TZ)
[ 90, () 0
e = (1) = [ gt
wj abn(Zi) M(b) 77(13 (ZZ )TZ) ()
. ‘ (for M, > 0). (5.1.30)
(7') (js +a5)b ()b ) ab
wéZ)n(zz) _ @Z}f,ba,n(zi) _ (—)M() nlg)a Qb (Zl : TZ') |
- Y () 0

The number of independent physical solutions on the i-th T?/Zy is given by the rank of the
matrix defined in Eq. (3.2.43),

]C%N,n) / d2zi (@S\I/c[ﬁ?;m,ar)(zi ;ﬁ)) @S\Z’[-I;]al,ar)(zi ;Ti) _ M](ZN;H) . (5.1.31)
T2 ’ ;

The results are in the tables in Chapter 4. From KK decomposition (5.1.11), we find that the
generation number of (a, b)- sector Xab(2), dap, 18 given by the product of the numbers of physical
solutions of each zero-modes 1 © 2(z) (i1=1,2,3), d((;b). That is,

3
day =[] 4S5 - (5.1.32)
i=1

Therefore, it is necessary that the numbers of independent zero-modes d‘(f;s are in combinations

(dy),d),d) = (3,1,1),(1,3,1), (1, 1,3), (5.1.33)

in order to realize three generations of 4D chiral fermion y,,. On the other hand, at least one of
dgb) (¢ = 1,2,3) must be zero in order to remove X5, while all of dt(fb)s must be not zero for leading
to non-zero generation of x,, in effective theory.

5.1.1 Integral formula of three-point function

In this subsection, we present the integral formula of three-point function of mode functions on
magnetized T?, which is developed in Ref. [45]. This formula is useful for computing the Yukawa
couplings in 4D effective field theory.

In the magnetized torus model without orbifolding, 4D effective Yukawa couplings are obtained
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by the following overlap integral,

. *
Y}ké = /T2 dZZ C_)S\]ljbal,abyar,ab) (Z : 7_) (C_)S\I;:;al,bcaaT,bc)(Z : 7_)) @S‘f;craaLca,ocr,ca) (Z ; 7_)

Mca(j + al,ab) - Mab(g + al,ca) + mMab Mca
- N%NMM Z v Mab MbcMca (X7 Y) (5134)
M. mEZMb 0

X 5(j+a1,ab)+(e+a1,ca)+mMab ) (k+0¢1,bc)+anc .

Here, n is a integer (that is, the Kronecker’s delta in the above equation is defined in mod M,,),
@g\?al’m)(z ; 7) is the zero-mode function on the torus defined in Eq. (3.1.48), X and Y are defined
by

X = Mab Qrcaq — Mca Qrab + Mab Mca(al,ab - CVl,ca) ) V= Mab MbcMcaT . (5135)
In addition, the parameters must satisfy the following constraint conditions:

Mab + Mca - Mbc )
a1,0b + A1,ca = A be (5136)

Q7 oab + 7 ca = Qe -

Although the integral formula, Eq. (5.1.34), is for 6D field theory, 4D effective Yukawa couplings
in 10D field theory are given by the product of this formula as follows:

Y;’kl = C}/}'lkllly}QkaY}sk?,fs : (5137)

Here, j, k, and £ represent the combinations of the indices, for example, 7 = (j1, j2, 73), Yiikie, (i =
1,2,3) is the overlap integral on i-th torus, and the constant ¢ is a factor arising from higher-
dimensional coupling constant.

In the case with orbifolding, the Yukawa couplings V;, are obtained by the linear combinations
of the above overlap integral as

‘Mab‘fl |Mbc‘71 |Mca‘71

i Zximye) | " Mea
Vie= D D2 D M;j'Nnab)<M1£kaan)> Mg ™" Ve (5.1.38)

j'=0  k'=0 £=0

Here, the matrix element MJ(,%N;") is defined by Eq. (4.2.20) in Chapter 4, and the parameters must

satisfy the condition

NabToeMea = 15 (5.1.39)

in addition to the conditions in Eq. (5.1.36). For 10D field theory, of course, Yukawa couplings are
in the same form of Eq.(5.1.37) as follows:

Vire = ¢ Viskrty Viskots Visksts - (5.1.40)
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5.2 Search conditions

In our model, the background configuration is taken to be the form

s M91, 0 0
(A=) =) prrepll B0 MP'T, 0 |Im(zdz), (5.2.1)
i=1 0 0 M1,

which breaks the original gauge group U(8) down to the Pati-Salam group U(4) x U(2); x U(2)y.
The gaugino is split into 9 sectors due to this background configuration. The (1,2)-sector, the
(3, 1)-sector, and the (2, 3)-sector correspond to the left-handed matter, charge-conjugation of the
right-handed matter, and MSSM-like (up-type and down-type) Higgsinos, respectively.

A2 <> left-handed quarks and leptons,
A31 <> (charge-conjugation of) right-handed quarks and leptons, (5.2.2)
Aoz > up-type and down-type (MSSM-like) Higgsinos .

In what follows, we denote the parameters of these sectors by the sector symbol, L for the left-
handed matter sector, R for the right-handed matter sector, and H for the Higgsino sector, instead
of the sector number, such as Ml(;) — MIEi).

What we perform in this section is to search for all the phenomenologically possible combina-
tions of the parameters

O, o alhn), (9, alhalhnd), (M, ol alln).  (5:23)

using the results obtained in the chapter 3 and 4. In the searches, the parameters should satisfy
the following conditions:

e Providing three generations of the quarks and the leptons
Three generations of the left-handed and the right-handed matters must be provided. That
is, the parameters of the left-handed matter and the right-handed matter sector must be
chosen as
@D, d®,d®y, @V, d?, d¥) = (3,1,1),(1,3,1),(3,1,1) . (5.2.4)

e Satisfying invariant conditions

(%)

From the definitions of the “double-indexed” parameters such as M Z in the last section,

a

the parameters of the left-handed matter, the right-handed matter, and the Higgsino sector
should satisfy the following constraint conditions:

MY + MY + MY =0,

al(f;)L + %(;Z;)R + a;i)H =0, (5.2.5)
nmg my =1

These conditions imply that the parameters of the Higgsino sector are determined automat-
ically if the parameters of the other sectors are given. In addition, the combinations of the
left-handed matter, right-handed matter and Higgsino sector must be invariant under the
unbroken gauge group U(4) x U(2);, x U(2)g in order to .
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e Avoiding rank-one Yukawa matrices
The Yukawa couplings in 4D effective theory is given by the following overlap integrals:

Vie= [ % hu5() dral) mel2). (5.2.6)
(T2)3

If the three generations of the left-handed and the right-handed matters originate from
different tori, the above integral gives the Yukawa couplings of the factorized form

Y}'kg = ajgbkg. (527)

The rank of the matrices of this form (assuming that j and & are column and row indices,
respectively) is one. Thus, such a type of the Yukawa couplings cannot provide realistic flavor
structure. This fact indicates that we focus only on single torus providing three generations
originate in order to find realistic possibilities of the parameters providing rank-three Yukawa
matrices. Thus, hereafter we omit the index ¢ distinguishing three tori.

e Additional condition
The above conditions, Eq. (5.2.5), are invariant under the exchange of the parameters of the
left-handed matter sector for the ones of the right-handed matter sector. This implies that
we can technically impose the additional condition,

| My | < [Mg]. (5.2.8)

In addition, from the constraint condition on the fluxes, the first line of (5.2.5), there are
two possibilities on the signs of the three fluxes,

M, <0, Mgp<0, (. Myg>0), (5.2.9a)

or

5.3 Results

Let us search possible configurations of the parameters on each orbifolds with the conditions
discussed in the last section. We show only the number of possible configurations in My, < 0, My <
0 case and M, < 0, Mg > 0 case separately in this section, while the full results of the search are
in Appendix D.

The conventions in the following tables are,

e “General cases” and “Trivial BC’s only” means the cases with and without nontrivial Scherk—
Schwarz phases respectively,

e dy show the numbers of the Higgs pairs for the parameter configurations,

® “livial” for dg show the configurations without magnetic flux, i.e., My = 0 and therefore the
Higgsino wavefunction has non-localized flat profile. Since they are not in phenomenological
concern, we distinguish them from the one Higgs cases with magnetic flux which cases are
denoted by “1”.
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General cases

Trivial BC’s only

ML<O,MR<O‘ML<O,MR>O

ML<0,MR<0‘ML<0,MR>0

41 (du = 5) 16 (du = Liviviat) || 5 (du = 5) 4 (dy = Lirivial)
56 (dys = 6) 65 (dy = 1) 2 (dy = 6) 5(dy = 1)

30 (du = 7)

8 (dg = 8) 2 (dg = 8)

136 4+ 81 = 217 in total

10 +9 =19 in total

Table 5.1: Result in Zy case. (Quoted from [49].)

General cases

Trivial BC’s only

ML<O,MR<O‘ML<O,MR>O

ML<0,MR<0‘ML<0,MR>0

11 (dy = 4) 17 (dn = Ligiviat) || 1 (du =4) 9 (du = Lirivial)
190 (dH = 6) 21 (dH = 2) 7 (dH = 6)
83 (dy = 7) 6 (du = 7)

378 4+ 180 = 558 in total

21 + 36 = 57 in total

Table 5.2: Result in Zj case. (Quoted from [49].)

General cases

Trivial BC’s only

ML<O,MR<O‘ML<O,MR>O

ML<0,MR<0‘ML<0,MR>0

9 (du =4) 24 (du = lisivial) 3 (dH =4) 12 (du = Lirivial)
128 (dyg = 5) 228 (dyy = 1) 37 (dy = 5) 60 (dy = 1)

254 (dy = 6) | 18 (dy = 2) 59 (dgs = 6) 6 (dy = 2)

120 (dy = 7) (dH —7)

528 4+ 270 = 798 in total

136 + 78 = 214 in total

Table 5.3: Result in Z, case. (Quoted from [49].)
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General cases Trivial BC’s only
ML<0,MR<0‘ML<0,MR>0 ML<0,MR<0‘ML<0,MR>0
14 (dy = 4) 24 (du = lyivial) || 4 (du = 4) 12 (du = Lirivial)
156 (dy = 5) 282 (dy = 1) 45 (dy = 5) 73 (dy =1)

326 (dg = 6) 27 (dg = 2) 76 (dg = 6) 8 (dy = 2)
150 (dg = 7) 36 (dg = 7)
20 (dy = 8) 10 (dy = 8)

666 + 333 = 999 in total 171 4+ 93 = 264 in total

Table 5.4: Result in Zg case. (Quoted from [49].)

We show the results in the form of histogram, Figure 5.1, and make comments on the results.

1. In the “Trivial BC’s only” of Zs, our analyze reconstructs perfectly the result which was
obtained in Ref. [41].

2. In “General cases”, the histograms 5.1 manifestly show that the number of possible config-
urations centers in the configurations with dy = 5,6,7 when M;, and Mg have same sign,
while dg = 1 when My, and My have different sign. On the other hand, there are no pos-
sible configurations with dg = 3 or dg > 9, except for one configuration with dg = 9 on
T?/7Z,. This trend is common for all of the orbifolds. Therefore, we can claim that the three
generations of the matters favors the certain number of Higgs generation.

In this Chapter, we found that 10D SYM theory on magnetized orbifolds is very desirable
framework since various puzzles in the SM, the generation, the chirality, the mass hierarchy of
the matters, and the gauge structure, originate from relatively simple geometrical background.
In addition, we obtained total 2572 possible configurations of the parameters which lead to three
generations of the matters by starting with U(8) gauge group and considering the breaking pattern
U(8) — U(4) x U(2), x U(2)g.
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Figure 5.1: These show the results of parameter search in the form of histogram. Horizontal-axes
represent the number of Higgsino generation, and vertical-axes describe the number of the possible
configurations in “General cases”. The top histogram is for Z,, the second is for Zs, the third is
for Z4, and the last is for Zg. On any orbifolds, the histogram shapes “double-mountain” whose
peaks at dgy = 1 and dy = 6.






Chapter 6

Summary and future works

In this thesis, we have focused on the 10D SYM theory on the magnetized twisted orbifolds and
proposed a desirable framework solving the puzzles in the SM.

We have reviewed briefly the SM in Chapter 2. We have mentioned the puzzles remaining in
the SM, the generation, the chirality, the hierarchy of the fermion masses, and the gauge structure.

In Chapter 3, we have investigated the phenomenological aspects of magnetized twisted orbifold
by studying the U(1) gauge theory on two-dimensional twisted orbifold T?/Zy (N = 2, 3,4,6) with
homogeneous magnetic field. By solving the zero-mode equation with non-trivial Wilson-line phase
and the Scherk-Schwarz phases on magnetized torus, we have found that the zero-mode solution is
degenerate, chiral, and quasi-localized. We have found also that the number of independent zero-
mode solution is determined by the magnetic flux. These properties of the zero-mode functions lead
to the generation, the chirality, and the hierarchical Yukawa couplings in 4D effective field theory.
Furthermore, we have constructed Zy eigenfunctions by the linear combinations of the zero-modes
on T?2. Since the zero-modes on T? are given by Jacobi’s theta function, as is seen in Eq. (3.1.33), it
is difficult to analyze the Zy twisted orbifolds with magnetic flux. In addition, we have found the
properties of the Wilson-line phase and the Scherk—Schwarz phases as follows: First, the Wilson-
line phase can be absorbed into the Scherk—Schwarz phases by the redefinition of the fields and
vice versa. Second, these phases are restricted to the particular values on twisted orbifolds. In
particular, we have found that non-zero values of these phases are needed for making the theory
consistent on certain orbifold. Third, the number of independent zero-mode on magnetized twisted
orbifold is determined by these phases in addition to the magnetic flux and the Zy eigenvalue.

In order to resolve the difficulty of magnetized twisted orbifold, we have studied the operator
formalism analysis in Chapter 4. This is the dual description to the wavefunction formalism which
is used in Chapter 3. We have confirmed the correspondence between the operator formalism and
the wavefunction formalism. By using this method of analysis, we have reproduced the limitation
on the Scherk—Schwarz phases which is obtained in Chapter 3, and found exact and analytic
expression of Z y-twisted eigenstates. We have investigated the number of independent zero-mode
on magnetized twisted orbifold, thanks to the analytic expression of Zy eigenstates.

In Chapter 5, we have proposed 10D SYM theory on magnetized twisted orbifolds, based on
the aspects which we have seen in Chapter 3 and 4. By starting with U(8) gauge group and
introducing Abelian magnetic flux as in Eq. (5.2.1), we have classified all the possible parameter
configurations which lead to three generations of chiral matters in 4D effective theory. We have
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obtained total 2572 possible configurations of the parameters by this classification. In addition,
we have obtained Pati-Salam gauge group U(4) x U(2), x U(2)r by explicit symmetry breakdown
due to the magnetic flux. This gauge group is one of well-motivated extension of the SM gauge

group.

As we have seen in this thesis, this framework has the following advantages:

First, the biggest advantage is that we can obtain three generation chiral fermions in 4D effective
theory because of magnetized torus with/without twisted orbifolding. In other words, the origin
of the generation and the chirality, which are the puzzles in the SM as are mentioned in Chapter 2,
can be solved by the language of the gauge field configuration and the extra-dimensional geometry.

The second advantage is that exotic particles, which often appear in model-building of beyond
the SM, can be projected out by taking appropriate configuration of the parameters. Such con-
figuration can be realized at the same time as a configuration providing three generation of SM
fermions.

The third advantage is that we can obtain analytic zero-mode function by solving equation of
motion. This is favorable phenomenologically because physical quantities (in particular, Yukawa
couplings) in the 4D effective theory can be calculated analytically through overlap integrals.
Moreover, such overlap integrals can provide hierarchical Yukawa couplings in the 4D effective
theory as are in the SM. In addition, the result of this calculation helps us checking the validity
of the model by comparing the obtained quantities with experimental results.

The fourth advantage is that the start point of this framework is 10D SYM theory. Tt is
favorable from the theoretical point of view because 10D SYM theory is a low-energy effective
theory of the superstring theories, which are the strongest candidates of the theory describing all
the particles and the interactions consistently.

These advantages motivate us to research the framework proposed in this thesis, which solves
the puzzles in the SM and gives us a route from the SM to the superstring theories.

Some future works which is necessary for actual model-building are the followings.

1. Investigating the flavor structure:
Now we have all the possible configurations of the parameters, therefore we can compute the
Yukawa matrices. These are given by overlap integrals as in Egs. (5.1.34), (5.1.37), (5.1.38),
and (5.1.40). This analysis is important because we can check the validity of models by
comparing Yukawa matrices in Eq. (5.1.38) with ones observed in experiments.

2. Searching the parameter configurations on the other two tori:
We have concentrated on the parameters only on a single torus because the rank-three
Yukawa matrices are obtained only when three generations of both the left-handed and the
right-handed matters originate from the same torus. On the other hand, we should investigate
the parameter configurations on the other two tori in order to remove exotic particles. In
other words, for constructing realistic models, we need the parameter configurations of exotic
sectors which lead to no independent zero-mode on at least one orbifold. Furthermore,
such configurations should be consistent with (i) the configurations of the matter sectors
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providing three generations, and (ii) the configurations of the higgsino sector providing non-
zero generation. The condition (i) is in Eq. (5.1.33), and the condition (ii) requires that all
d® (i =1,2,3) of the higgsino sector are not zero.

3. Investigating tachyonic modes:

In model building, we are interested in tachyonic modes arising from extra-dimensional com-
ponents of the gauge field. As is mentioned in Appendix C, tachyonic modes may appear in
the field Ay; 5 +1i As;y4 depending on the configuration of M® and A® | where M® and A®
are the magnetic flux on i-th torus and the are of i-th torus, respectively. Since the Higgs
fields arise from extra-dimensional components of the gauge field in the framework presented
in this thesis, the negative mass-squared of the Higgs potential (which is the essential for
Higgs mechanism) can originate from this tachyonic mode. However, this tachyonic mass is
of order of the compactification scale, therefore the EWSB scenario like this becomes un-
realistic depending on the compactification scale. We have to investigate this problem in
detail.

4. Investigating supersymmetry in effective theory:
It is also phenomenologically interesting whether the supersymmetry remains in 4D effective
theory. The method for seeking 4D N = 1 supersymmetry is given in Refs. [46,56]. If
the supersymmetry is preserved, 4D effective theory becomes MSSM with (possibly multiple
pairs of) up-type and down-type higgsinos, and there are no tachyonic modes. In such a
situation, EWSB occurs if the Higgs scalar potential satisfies certain conditions (see, for
example, Ref. [57]).

The framework which we proposed in this thesis is desirable since this solves the puzzles in
the SM and is obtained from the superstring theories with simple background configurations.
Therefore, this framework is valuable for researching.
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Appendix A

Some useful mathematical formulas

In this Appendix, we list some of the formula useful for calculations of non-commutative quantities
and summations in Chapter 3 and 4.
For any invertible matrices A and B, the formula

AeP At = ABAT (A.1)
holds. Baker—Campbell-Hausdorft’s formula is

eAeB:exp<A+B+%[A,B]+--->. (A.2)

If [A,B] commutes with both A and B, i.e., [A, [A,B]] = [B, [A,B]] = 0, the following
formulas hold

e eB = e P o2l 4B (A.3)
e P = o eB o2l 4Bl A.4)
edeP = oF o ol 4B]
The summation formula
N-1
S eTE =N (for NeZik=0,1,--- N 1), (A.6)
=0

is proven by using the property of N-th root of unity.
The formula

N-1 . g2 N 1. N_.
Z eZWIW — 5 ezm(l + e757”) , (fOI‘ N e N) (A7)
k=0

is derived by using residue theorem. By using the above, the formula

N-1

- Gs+en)? 1 0 for N =even
e~ =+VNei™, for NeN;seZ;(n= ’ A8
2 N {% for N = odd, (A.8)

<.

7
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1

is proven.” This formula is rewritten in the following form which is useful for calculations in
Chapter 4:
U2 Gheacy (s+¢n)?
e T = (/Neimem R (A.9)
j=0

"Proof of these formulas is in Appendix B.2 for (A.7) and Appendix B.1 for (A.8), of [43].



Appendix B
Clifford algebra

In this Appendix, we summarize the gamma matrices of 6D and 10D which are used in Chapter 3
and Chapter 5.

B.1 6D Clifford algebra
The 6D gamma matrices TV (M = 0,1,2,3,5,6) is defined by the Clifford algebra,
{rM TN} =2V ;= —TT'I*T°I°T, (B.1)
where n™" is the higher-dimensional Minkowski metric
MY = diag(+1, —1,---,—1). (B.2)

We choose the representation of the gamma matrices satisfying (B.1) as

o0
F“z’y“@]b:( #>, (k=0,1,2,3),

0 v

) (B.3)
M= ®ic = 0 175 M=~ ®ic? = 0 ’75
Y 1,)/5 0 ) Y _,YS 0 )
and define the matrix determining 6D chirality
I 0
_ 5 3 (L4
F7_7 ®o" = <0 _]I4> ) (B4)

where v* (p = 0,1,2,3) are the 4D gamma matrices, and 7° : = i7%y'y2+3. The gamma matrices

in the complex coordinate are defined by

A0
Fz::F5+iF6:’Y5®iO’+: (8 210’)/> ,

(B.5)

5 0 0
Z.o_ 5 a6 Bt —
[*:=1"-il" =9"®io (2175 0) ,

a+::al+102:<8 (2)>, J_::al—i(72:<(2) 8> (B.6)
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We find the Z y-twist boundary of a 6D spinor field ¥(z) interacting with gauge field. Here and
hereafter, we use the complex coordinate z = y° +iy% where y°, 9% are 2D orthogonal coordinate.
We denote the Z y-twisted boundary condition as

U(wz) =nSY(z), (B.7)

where w = e?™/N 1 is a numerical factor, and S is a spinorial matrix. We determine 7 and S as

the condition (B.7) makes the term T'” D, ¥ covariant.

For later convenience, we prepare a little. From the representation (B.3),

I*=+7"®ic", I"=9"®ic", (B.8)
we immediately find that
M1 = 41,06, I"I*=-41,®05_, (B.9)
(r*)* = (1)* =0, (B.10)
{T?, 1"} = -4, (B.11)

where we used (v°)%? = I, and

4 0 00
+ - _. -t _.
oo —<0 0) =:46,, o 0o _<O 4>—.45_,

(@) = () =0. (12
5iai:ai5¢:ai, drof =0%6L.=0.
It is convenient to define the matrices
1 . 1.
Sy i=—-I"I"=0L4®d,, S_.=——I*I"=0,®4_, (B.13)

4 4

which satisfy the following relations:

(S,)2=5,, (S)°=8, S.5.=0,
S_ Fz — FZS+ - 0, S_|_ PZ - PZS_ - 0, (B14)
S, T*=T0*S_=I%, S_.I"=TI%S, =I7.

Now, let us discuss the Zy-twist transformation, z — wz. Under this transformation, the
covariant derivative term transforms as

(I"D, +TI*D, +I*D;)¥(z) = n(I*SD, + wI*SD, + wI'*SD;)¥(z), (B.15)
where we used the Zy transformation properties of the covariant derivative operators
D,—D,, D,—&D,, D;—=wD:;. (B.16)
To make this term covariant, the matrix S should satisfy the conditions

I“S = ST*, (B.17a)
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wl*8 =8T7, (B.17b)
wl?8 =S8T7. (B.17¢)

Here, the third condition is the Hermitian-conjugate of the second condition. The Lagrangian
transforms under the Z y-twist as

L(wz) = (nST)' T i(T"D, +T*-@D, +T7 - wD:) - nST
= UISIT .inSTM D, U
=n'p(UI %) SIS itV Dy, v, (B.18)

where we used (B.17). The invariance £(wz) = L£(z) requires the condition

nn=1, S'S&=Is. (B.19)

In addition, since w’v =1

Y

U(z) = U(wV2) =nVSVU(2). (B.20)
Therefore, we find the conditions on n and S,
=1, SV=1I. (B.21)

Firstly, we find that the matrix S consists of even-power terms of I'*,I'?, and I';, because of
the commutativity with I'#, (B.17a). So the possible forms of S are

S., S, Ty, T°Ty, (B.22)

and their products. However, the products are reduced in the above four matrices because of the
relations (B.14) and

(0°17)* = —17(1%)’ 17 =0, (B.23)
(°1y)* = —T7(1%) Ty =0, (B.24)
DT -T°T; = —T*T%(T;)° = 45, , (B.25)
[T, -T°T; = —T°T%(T;)* = 45_. (B.26)
Therefore the possible form of § is
S=((S: +€S )+ 8,7 + B_I°T, (B.27)

where (, £, B+ are numerical factors. For this form, the both sides of the condition (B.17b) become

L.H.S. = wCeD? +wf T I°T,

— GCET 1 @ (rmrz + [ an])

=w(ElMP +wp I —4wp Ty, (B.28)
R.H.S. = ([* + 3 7T, T7, (B.29)
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where we used the relation (B.11) to calculate the commutator [I'*, I |. Therefore the following
two properties are necessary for the condition (B.17b) hold,

sE=1, B =0. (B.30)
Similarly, the other condition (B.17¢) requires the following two properties,
w&t=1, B,.=0. (B.31)

Therefore we find that the only possible form of S is

S=((S4++wS_)=CL4® <é g) : (B.32)

Furthermore, we find immediately that this form of S satisfies the unitary condition (B.19) only
when ( is a phase factor satisfying ¢V = 1,

SIS=13 < (=1,
o fvc (B.33)
ST=lg <= (" =1.
Therefore ¢ can be absorbed into 7 in (B.7).
Finally, we obtain the result
1 _ _
S:—Z(FzeerFze) =I,®s, (B.34)

where

§i= (é g) . (B.35)

B.2 10D Clifford algebra
On 10D, the gamma matrices are similar to 6D ones. They satisfy the Clifford algebra

{TM TV} = 2pMN (M,N =0,1,2,3,5,---,10), (B.36)
and their explicit forms are

M=9@LeLel, (1=0,1,2,3),
=9 Qic'@Lel, I'=1"0ic"0Lel,,

B.37
IM=7y"0LEic'®l, M=+yL®ic’xl,, ( )
MP=+y"9Lelic, T"=71"0Lel,®ic’.
We also define
Ty =TT'**I°I°I'*rr' = v’ @ o* @ 0* @ 0?, (B.38)

which corresponds to I'; on 6D. The gamma matrices in the complex coordinates are defined by

I"‘Zi _ F2i+3 + ir2i+4 : PZi — P2i+3 - il—\2i+4 , (7/ — 1, 2, 3) . (B39)
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Here, we find the Zy-twist boundary of a 10D spinor field ¥({z;}) = W(z, Z1, 29, 22, 23, Z3)
interacting with gauge field. Since the Zy-twist transformation on M x T? is described by the
direct product of the matrices, I, for M* and 5 for T?, we immediately find that the Zy twist
matrix S on M* x (T?)3, which is defined by

U({wz}) =nSY({z}), (B.40)

is given by
S=1LR505®5. (B.41)

This matrix indeed satisfies the followings:

e The relations

IS =ST*,

o748 = ST, (B.42)
3 7 (i=1,2,3),

wl%S = ST,

which are necessary for the term I'M Dy W ({z}) = [T*D, +37_ (T%D,, +T%D;) | ¥ ({z})
to be covariant under the Zy transformation,

e The unitarity condition STS = I which is required by the invariance of the Lagrangian,
e The Zy consistency condition SV = 1.

Using the gamma matrices, this matrix can be written as

3
S=[[s", §:= —i(r% [% +wD%D%). (B.43)

1=1

This result can be extended immediately to the higher dimensions, M* x (T?)".






Appendix C
KK higher modes

In this Appendix, we discuss KK higher modes of spinor, scalar, gauge fields. We first discuss
higher modes on 6D magnetized torus/orbifold. As we will seen in the following, higher modes can
be analyzed by using same method as a harmonic oscillator. In addition, we show that tachyonic
mode appears in the zero-mode of gauge field. In the later of this Appendix, we discuss higher
modes on 10D magnetized tori/orbifolds. The mass spectra of higher modes on 10D are important
in actual model-building, as is mentioned in Chapter 6. The discussions in this Appendix are
based on Refs. [51,58].

C.1 Higher modes on 6D

C.1.1 Higher modes of fermion field

On 6D magnetized torus/orbifold, fermion KK modes ¢, 1 (z) (n > 0) satisfy the equation of
motion, Eq. (3.1.6),

2(Dz) Yn4(2) = mnthn,(2), 2(Dz) Pn,(2) = =mnthn,1(2), (C.1)

where are the covariant derivative in the background gauge configurations (A,(z)), (A:(2)), and
defined by

(D) =0—ie(A,(2)), (D:)=0—1ie(A:(2)). (C.2)
The background gauge configurations (A,(z)), (As(z)) are given by
(A(2)) = —27;;]‘:7(3 ta), (A2))= ;:If‘li (2 +a). (C.3)

The equation of motion, Eq. (C.1), leads to the following equations

—4(D.) (Dz) Yn,+(2) = mpthn(2),

) (C.4)
—4(Dz) (D2) thn,—(2) = mythn,(2) .
In order to solve these equations, we define the operator A by
A= =2((D.)(D;) +(D:) (D)) . (C.5)
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By using the relation

[<Dz> 7<D2>] :%a (06)

where A is the torus area, we find that the operator A satisfy the following commutation relations

47 M 47 M
(A (D] =T (D), [A,(D)] = -2 (D) )
These relations are equivalent to the algebra of single harmonic oscillator with the angular fre-

quency %. Therefore, we define the raising and lowering operators by

at =1y A 7 al =1y A or
+ 7T|M|<Dz>, + 7T|M|<Dz>’ (f M>0)7 (08)

. A P A )
a_:=1i —7r|M|<Dz>’ al =1 —7r|M|<DZ>’ (for M < 0), (C.9)

and the operator A is rewritten as follows:

4w |M 1
WJA | <a1a+ + 5) (for M > 0),
A= 1
M ot + 1) (or v < 0) o
i a_a- + 2 or .
As is well known, the eigenvalue of this operator is given by
A7 | M | 1
E, = -, =0,1,2,--+). A1
i (n + 2) (n=0 ) (C.11)
Therefore, we find that the fermion mass-squared is given by
4| M
2 = ”L b, (n=0,1,2,--), (C.12)
since Eq. (C.4) is rewritten as
2w | M
(A - .,|4 |>1/)ni(z) =m2i,+(2). (C.13)
Higher modes are constructed by operating the raising operators on the zero-mode states,
r 1 Fyn
Un43(2) = —=(al) "o.4.5(2),
¢ - (for M > 0), (C.14)
n,—,j - DZ n,+,j )
4 1 f\n
Un,—,j(2) = \/——’(CL) to,—i(2),
4 b (for M > 0). (C.15)
Un43(2) = =—(Dz) thn, ;(2),
\ mp
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where zero-modes 1)y 1 j(z) are given by Egs.(3.1.33) and (3.1.34). The explicit form of these
higher modes is given by the Hermite polynomial. Here, it should be noted that the higher modes
of negative-sign (positive-sign) chirality 1, _ ;(z) (¢n,+;(2)) exist also for M > 0 (M < 0), that is,
higher modes are not chiral. This is in contrast to the zero-modes, where only g 4 ;(2) (¢o_ ;(2))
are well-defined for M > 0 (M < 0).

On the orbifold T?/Zy, we can construct higher modes similarly to the case of T? as

_ 1 . 1 N—-1 .
_ 1 . 1 N—-1 .
Un,— gz an(2) = ﬁ(ai) o, jiznn(2) = N wn” (ab) "o - j(w"z) . (C.16b)

Il
S

x

Here, the higher modes of twisted zero-mode functions (al)”wo,i,j (w®z) are given by, e.g.,

A 0 M
T . T — 3 _ T . T
al o j(W2) =14/ ] (8(w‘”z) T z) Vo4 (W"2) . (C.17)

Note that, neither 1 nor wn are the eigenvalues of Jn7i,j;zN7n(z). This is because of the following

reason: From the Zy-twist transformation properties of (D, ) and (D;), the raising operators ak

transform as

Zy: d —swd | o —wd . (C.18)

Therefore, the higher modes have the Zy eigenvalue as follows:

’(Zn,-l-,j;ZNm(wz) = (@n ’ 77) 7:ETL,-I-,]';ZNW(Z) ) (019)
Vn,—jizn(W2) = (W" - 0N n— jizrn (2) - (C.20)

As an example, the fermion mass spectra for M = 2 on T? and T?/Zj are illustrated in the
Figures C.1 and C.2. In both figures,

e The red crosses mean the absence of zero-mode solutions,

e The blue (green) filled circles correspond to a zero-mode and its Kaluza—Klein modes of

wn,i,O(Z) (wn,i,l (Z)) )
)

e The blue (green) arrows mean that a' operates on the n-th modes v, , ;(z) and the next
modes 1.+ (%) are made by it,
e Two modes in each black oval, ¢, 1 ; and v, _ ; , make a pair to have a mass term.

C.1.2 Higher modes of scalar and gauge fields

Now, let us consider a 6D complex scalar field ®(z,y), which is expanded in KK modes as follows:

B(z,y) = D ¢nl) X d,(y) - (C.21)
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¢(070) 'l,b(O’O) ¢(1’0) ,dj(l,o)

T24+,n 7"T2—,n T24,n "T?2—,n

e g
oo
SR

! 1
I
n=20 —X% Q—3¢

q

Figure C.1: The mass spectrum of v, ; ;(z) for M = 2. (Quoted from [42].)

(4,0) (4,0) (3,0) (3,0) (3,0) (4,0)
¢1¥2/Z3+,?’L ’('b’_i]z/z;g s ¢T2/Z3+,TL ’l’sz/Zs N ¢1"?2/Z3+,n Ip’_lgz/Zg , T

n: 1 w w w w 1

Figure C.2: The mass spectrum of ¢1 ,, ;.7 (2) for M = 2. (Quoted from [42].)
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The equation of motion of mode function ¢, (y) is
Ao, (y) =mpd,(y).,
where A is defined by Eq. (C.5) and equal to
A=—(D™)(D,), (m=25,6).

Therefore, the mass-squared is immediately found as follows:

47| M 1
m? = | |<n+—>, (n=0,1,2,---).

A 2

For the gauge field, the quadratic term of the KK modes are

A —1 47:4M ¢5;n
(¢5;n’ d)G;n) <147:4M A ) (¢6;n> ’

which arises from the Lagrangian

1
EGD gauge — _ZFMNFMN .

The mass matrix in Eq. (C.25) can be diagonalized in the complex basis,

1 | | |
d)zm = ﬁ(d)g’?” + ld)ﬁm) ’ ¢2;n = ﬁ(d)&n - 1¢6;n) )

and the equation of motion become

47w M o
(A - A >¢z,n(y) - mz;n z,n(y) )

47 M o
(A + A >¢2,n(y) - mZ;n Z;n(y) .

Therefore, the mass spectra of these fields are given by

9 47r|]\/[|< 1) 47 M
ms., = n —

zn A 2 A

) 4| M| N 1 N 47 M
ms., = n 4+ — )

zZin A 2 A

These spectra imply the followings:

1. If M > 0, the zero-mode ¢,., becomes tachyonic, while all the mode ¢, (n

are massive.
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(C.22)

(C.23)

(C.24)

(C.25)

(C.26)

(C.27)

(C.28a)

(C.28b)

(C.29a)

(C.29b)

:0,1,2’...)

2. If M < 0, the zero-mode ¢,., becomes tachyonic, while all the mode ¢,., (n =0,1,2,---)

are massive.
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C.2 Higher modes on 10D

On 10D magnetized tori/orbifolds, the equations of motion for KK modes are obtained by replacing
the Laplace operator with

A=) A0, (C.1)

where A is the Laplace operator on i-th torus/orbifold. Therefore, the mass spectra of fermion
and scalar fields are given by the summation of the mass eigenvalues on single torus. That is, the
fermion mass-squared is given by

3

47| M|
nl,nz,ns = Z A6 T, (nz =12, 3) ) (02)

and the scalar mass-squared is given by

7()|<n+%> (i=1,2,3). (C.3)

3
El\'}
5
5
I
B

=
h-\-_
S| =

Here, M® and A® are the magnetic flux on i-th torus and the area of i-th torus, respectively.
For the vector KK modes, the equations of motion are

ArMON [ 0 ) pies viea | e ias]
<A B A(Z) ) H d)'(zju)”J (y2]+3’ y2]+4) = mgi;nl,nmns H qsg]l?n] (y2]+37 y2]+4) ) (C4a)
Lj=1 ] Lj=1 |
4 M® [ 3 0 bis ajie , 3 " siis i
A+ AG) H ¢2i§nj (y Y ) = Mz, 1 na,n3 H ¢2i;nj (y Y ) . (C4b)
Lj=1 ] L j=1 |

Here, gbg])n] and gb(zj)nj are defined in the same manner as Eq. (C.27) by
. 1 , o
¢£],?n] = ﬁ(¢é]z)+3,nj + 1¢g]i)-l—4;nj) )

| (C.5)

) () - (d)
¢2]i;”j - ﬁ(¢2ji+3;nj - 1¢2]i+4;nj) )

where ¢g~)+3;nj and gbgﬁzlmj are n;-th KK modes on j-th torus associated with the extra-dimensional
components of gauge field As;, 3 and Ay; 4, respectively. The mass spectra are given by

3 . .
4| MU)| 1\ 47M®
2 - dp MYV T
Zisn1,m2,ng T E 1: AG) n; + 9 —A(i) ) (C.Ga)
]:
3 . .
3 4| MU)| 1\ 47M®
2 p— —_— . J—
mzi;nlyn%n.‘i - — A(]) n] + 2 A(Z) . (C6b)
]:
In particular, the mass-squared of zero-modes (n; = ny = ng = 0) are
@) (4)
9 |MY| M
0= 27r[ éé- A0 —] : (C.7a)
VES
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m? o =2 [Z'M Mo ] (C.7h)

J#i

Therefore, tachyonic mode can be removed depending on the parameters M® and A®; There is

a tachyonic mode in 4D scalars, ¢, ., . when
3l ) )

or @,
na (pzi;m,nz,ny

M M
Z | _| .)| <0. (C.8)
J#i

All the scalars ¢, ., 00, and @, o are massive when d; > 0, while one massless mode exists
7 B ) )
in the scalars ¢, ., . . or g, . when ¢ = 0.






Appendix D

Possible parameter configurations

In this appendix, we list all the possible configurations of the parameters that satisfy the search

conditions given in Section 5.2.

The conventions used in the following tables are as follows:

1.

2.

D.1

The results of the two cases M, < 0, Mg < 0 and M, < 0, Mg > 0 are shown separately.

The parameters of the Higgs sector are not shown except for the number of generation,
because these are automatically determined by the parameters of the matter sectors through
the constraint conditions (5.2.5).

Since the Scherk—Schwarz phases o and «, related to the two basis of the torus are the same
on the orbifolds T?/ Z3.4.6, we denote the Scherk—Schwarz phases by a.

. The Zy eigenvalue is of the form of = w® (z = 0,1,---, N — 1) where w = e?>7'/V. We

represent the Zy eigenvalues as a function of x.

. We denote one generation of the Higgs with non-lozalized wavefunction by “”, instead

of ‘cltrivial” in Chapter 5.

T2/ Z,

Table D.1: Possible parameter configurations on T?/Zy with My, < 0, My < 0.

L-sector R-sector H-sector
My, Jap Joun [ arp || Mr [ 2r | aur | oarr || # of Higgs
—4 0 0 0 —4 0 0 0 5
—4 0 0 0 —5 0 0 0 5
—4 0 0 0 -5 0 0 1/2 5
—4 0 0 0 —5 0 1/2 0 5
—4 | 0 0 0 -5 | 1 | 1/2 | 172 5
-5 0 0 0 -5 0 0 0 6
—5 0 0 0 —5 0 0 1/2 5
—5 0 0 0 —5 0 1/2 0 5
-5 0 0 1/2 -5 0 0 1/2 6
5| 0 0 /2 || =5 | 0o | 1/2 0 5
-5 0 1/2 0 -5 0 1/2 0 6
5| 0 0 0 5| 1| 1/2 | 1/2 5
-5 |0 0 /2 || =5 | 1 | 1/2 | 1/2 5
5| 0 | 1/2 0 5| 1| 1/2 | 1/2 5
5 | 1|12 12| -5 1| 1/2 | 1/2 6
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L-sector

R-sector

H-sector

My, J o, [ oun | arp

Mg | TR | Q1R | Qr R

# of Higgs

4]0 0 0 —6 | 0 0 /2 5
-4 | o0 0 0 -6 | 0 | 1/2 0 5
-4 0 0 0 -6 | 0 | 1/2 | 1/2 5
-4 | o0 0 0 -6 | 1 0 1/2 5
-4 0 0 0 -6 | 1 | 1/2 0 5
-4 | o0 0 0 -6 | 1 | 1/2 | 1/2 5
5 | 0 0 0 —6 | 0 0 12 6
-5 | 0 0 0 -6 | 0 | 1/2 0 6
-5 | 0 0 0 -6 | 0 | 1/2 | 1/2 5
-5 | 0 0 /2 || =6 | o 0 1/2 6
-5 | 0 0 /2 || =6 | 0 | 1/2 0 5
-5 | 0 0 /2 || =6 | o | 1/2 | 1/2 6
-5 0 | 1/2 0 -6 | 0 0 1/2 5
-5 | 0| 1/2 0 -6 | 0 | 1/2 0 6
-5 0 | 1/2 0 -6 | 0 | 1/2 | 1/2 6
-5 | 0 0 0 -6 | 1 0 1/2 5
-5 | 0 0 0 -6 | 1 | 1/2 0 5
-5 | 0 0 0 -6 | 1 | 1/2 | 1/2 6
-5 | 0 0 12 || -6 | 1 0 1/2 5
-5 | 0 0 /2 || =6 | 1 | 1/2 0 6
-5 | 0 0 /2 || =6 | 1 | 1/2 | 1/2 5
-5 0 | 1/2 0 -6 | 1 0 1/2 6
-5 | 0| 1/2 0 -6 | 1 | 1/2 0 5
-5 0 | 1/2 0 -6 | 1 | 1/2 | 1/2 5
-5 1 |12 1/2] -6 | 0 0 1/2 5
5 | 1| 1/2 |12 -6 ] 0 | 1/2 0 5
5 | 1| 1/2 |12 =6 | 0 | 1/2 | 1/2 5
5 | 1|12 |12 -6 | 1 0 1/2 6
-5 | 1 | 1/2 | 12| -6 | 1 | 1/2 0 6
5 | 1| 1/2 |12 -6 | 1 | 1/2 | 1/2 6
—6 | 0 0 /2 || =6 | 0 0 12 7
-6 | 0 0 /2 || =6 | 0 | 1/2 0 6
-6 | 0 0 /2 || =6 | o | 1/2 | 1/2 6
-6 | 0 | 1/2 0 -6 | 0 | 1/2 0 7
-6 | 0 | 1/2 0 -6 | 0 | 1/2 | 1/2 6
6| 0 | 1/2 |12 -6 | 0 | 1/2 | 1/2 7
-6 | 0 0 /2 || =6 | 1 0 1/2 5
-6 | 0 0 /2 || -6 | 1 | 1/2 0 6
-6 | 0 0 /2 || =6 | 1 | 172 | 1/2 6
-6 | 0 | 1/2 0 -6 | 1 0 1/2 6
-6 | 0 | 1/2 0 -6 | 1 | 1/2 0 5
-6 | 0| 1/2 0 -6 | 1 | 1/2 | 1/2 6
6| 0 | 1/2 | 1/2 | -6 | 1 0 1/2 6
-6 | 0 | 12| 1/2| -6 | 1 | 1/2 0 6
6| 0 | 1/2 | 1/2 | -6 | 1 | 1/2 | 1/2 5
-6 | 1 0 /2 || =6 | 1 0 1/2 7
-6 | 1 0 /2 || -6 | 1 | 1/2 0 6
-6 | 1 0 2 || =6 | 1 | 1/2 | 1/2 6
-6 | 1| 1/2 0 -6 | 1 | 1/2 0 7
-6 | 1 | 1/2 0 -6 | 1 | 1/2 | 172 6
—6 | 1 | 12 | 12| =6 | 1 | 1/2 | 1/2 7
—1 | o0 0 0 —7 [0 | 1/2 | 1/2 5
-4 0 0 0 -7 |1 0 0 5
-4 0 0 0 -7 |1 0 1/2 5
-4 | o0 0 0 -7 1 | 1/2 0 5
5 | 0 0 0 —7 [0 | 1/2 | 1/2 6
-5 | 0 0 /2 || =7 | o | 172 | 1/2 6
-5 | 0| 1/2 0 710 | 1/2 | 172 6
-5 | 0 0 0 -7 |1 0 0 5
-5 | 0 0 0 -7 |1 0 1/2 6
-5 | 0 0 0 7|1 | 1/2 0 6
-5 | 0 0 2 || -7 | 1 0 0 6
-5 | 0 0 /2 || =7 | 1 0 1/2 5




D.1. T?/Z,

L-sector

R-sector

H-sector

My, J o, [ oun | arp

Mg | TR | Q1R | Qr R

# of Higgs

5 ] 0 0 2 | =7 ] 1 1/2 0 6
-5 0 | 1/2 0 -7 |1 0 0 6
-5 | 0 | 1/2 0 -7 |1 0 1/2 6
-5 0 | 1/2 0 7|1 | 1/2 0 5
5| 1 |12 12| =7 | o | 1/2] 1/2 5
5 | 1|12 |12 | 7|1 0 0 6
5| 1 |12 12| -7 |1 0 1/2 6
-5 | 1| 1/2 | 12| -7 ] 1| 1/2 0 6
—6 | 0 0 2 || =7 ] o | 1/2 | 1/2 7
-6 | 0 | 1/2 0 710 | 1/2 | 1/2 7
6|0 | 1/2 |12 -7 | 0o | 1/2 | 1/2 7
-6 | 0 0 /2 || =7 | 1 0 0 6
-6 | 0 0 /2 || -7 | 1 0 1/2 6
-6 | 0 0 2 || =7 | 1 | 1/2 0 7
-6 | 0 | 1/2 0 -7 |1 0 0 6
-6 | 0 | 1/2 0 -7 |1 0 1/2 7
-6 | 0 | 1/2 0 7|1 | 1/2 0 6
6|0 | 1/2 | 1/2 | -7 | 1 0 0 7
-6 | 0 | 12|12 | -7 |1 0 1/2 6
6| 0 | 1/2 | 12| -7 | 1 | 1/2 0 6
-6 | 1 0 /2 || =7 | o | 172 | 1/2 6
-6 | 1| 1/2 0 710 | 1/2 | 172 6
6 | 1| 1/2 | 12| -7 | o | 1/2 | 1/2 6
-6 | 1 0 /2 || =7 | 1 0 0 7
-6 | 1 0 2 || -7 | 1 0 1/2 7
-6 | 1 0 2 || =7 | 1 | 1/2 0 6
-6 | 1| 1/2 0 -7 |1 0 0 7
-6 | 1 | 1/2 0 -7 |1 0 1/2 6
-6 | 1| 1/2 0 711 | 1/2 0 7
-6 | 1 |12 12| -7 |1 0 0 6
-6 | 1 |12 12| -7 |1 0 1/2 7
-6 | 1 | 1/2 | 172 || -7 | 1 | 1/2 0 7
7 o0 | 1/2 | 1/2 || =7 | 0 | 1/2 | 1/2 8
7o 12|12 | -7 0 0 7
7o |12 |12 | 7|1 0 1/2 7
7o |12 2| =t 1| 12 0 7
-7 11 0 0 -7 |1 0 0 8
-7 |1 0 0 -7 |1 0 1/2 7
-7 11 0 0 711 | 1/2 0 7
-7 |1 0 /2 || =7 | 1 0 1/2 8
-7 |1 0 2 || =7 | 1 | 1/2 0 7
7| 1] 1/2 0 -7 1 | 1/2 0 8
—1 | 0 0 0 8 | 1 0 0 5
5 | 0 0 0 = [ 1 0 0 6
-5 | 0 0 12 || -8 | 1 0 0 6
-5 | 0 | 1/2 0 8|1 0 0 6
-5 | 1 |12 |12 -8 |1 0 0 6
—6 | 0 0 72 || =8 | 1 0 0 7
-6 | 0 | 1/2 0 8|1 0 0 7
-6 | 0 |12 1/2 | -8 |1 0 0 7
-6 | 1 0 /2 || -8 | 1 0 0 7
-6 | 1 | 1/2 0 -8 |1 0 0 7
—6 | 1| 1/2 | 12| 8| 1 0 0 7
—7 o0 | 1/2 | 1/2 || =8 | 1 0 0 8
-7 |1 0 0 -8 |1 0 0 8
-7 11 0 12 || -8 | 1 0 0 8
-7 1| 1/2 0 -8 |1 0 0 8
8 | 1 0 0 8| 1 0 0 9
4]0 0 0 —4 | 0 0 0 5
4]0 0 0 —5 | 0 0 0 5
-4 | o0 0 0 -5 ] 0 0 1/2 5
-4 0 0 0 -5 | 0 | 1/2 0 5
-4 | o0 0 0 -5 | 1 | 1/2 | 1/2 5
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L-sector

R-sector

H-sector

My, J o, [ oun | arp

Mg | TR | Q1R | Qr R

# of Higgs

—5 | 0 0 0 —5 ] 0 0 0 6
-5 | 0 0 0 -5 | 0 0 1/2 5
-5 | 0 0 0 -5 | 0 | 1/2 0 5
-5 | 0 0 /2 || -5 | o 0 1/2 6
-5 | 0 0 /2 || =5 | 0 | 1/2 0 5
-5 | 0 | 1/2 0 -5 | 0 | 1/2 0 6
-5 | 0 0 0 5| 1 | 1/2 | 1/2 5
-5 | 0 0 /2 || =5 | 1 | 172 | 1/2 5
-5 | 0 | 1/2 0 -5 | 1 | 1/2 | 1/2 5
5 | 1 |12 |12 =5 | 1|12 | 1/2 6
4]0 0 0 —6 | 0 0 172 5
-4 | o0 0 0 -6 | 0 | 1/2 0 5
-4 0 0 0 -6 | 0 | 1/2 | 1/2 5
-4 | o0 0 0 -6 | 1 0 1/2 5
-4 0 0 0 -6 | 1 | 1/2 0 5
-4 | o0 0 0 -6 | 1 | 1/2 | 1/2 5
5 | 0 0 0 —6 | 0 0 12 6
-5 | 0 0 0 -6 | 0 | 1/2 0 6
-5 | 0 0 0 -6 | 0 | 1/2 | 1/2 5
-5 | 0 0 1/2 || =6 | 0 0 1/2 6
-5 | 0 0 /2 || =6 | 0 | 1/2 0 5
-5 | 0 0 /2 || =6 | o | 1/2 | 1/2 6
-5 0 | 1/2 0 -6 | 0 0 1/2 5
-5 | 0| 1/2 0 -6 | 0 | 1/2 0 6
-5 0 | 1/2 0 -6 | 0 | 1/2 | 1/2 6
-5 | 0 0 0 -6 | 1 0 1/2 5
-5 | 0 0 0 -6 | 1 | 1/2 0 5
-5 | 0 0 0 -6 | 1 | 1/2 | 1/2 6
-5 | 0 0 12 || -6 | 1 0 1/2 5
-5 | 0 0 /2 || =6 | 1 | 1/2 0 6
-5 | 0 0 /2 || =6 | 1 | 1/2 | 1/2 5
-5 0 | 1/2 0 -6 | 1 0 1/2 6
-5 | 0 | 1/2 0 -6 | 1 | 1/2 0 5
-5 0 | 1/2 0 -6 | 1 | 1/2 | 1/2 5
5 | 1| 1/2|1/21| -6 0 0 1/2 5
5 | 1| 1/2 |12 -6 ] 0 | 1/2 0 5
5 | 1| 1/2 |12 =6 | 0 | 1/2 | 1/2 5
5 | 1|12 |12 -6 | 1 0 1/2 6
-5 | 1 | 1/2 | 12| -6 | 1 | 1/2 0 6
5 | 1|12 | 12| -6 | 1 | 1/2 | 1/2 6
—6 | 0 0 /2 || =6 | 0 0 12 7
-6 | 0 0 /2 || =6 | 0 | 1/2 0 6
-6 | 0 0 /2 || =6 | o | 1/2 | 1/2 6
-6 | 0 | 1/2 0 -6 | 0 | 1/2 0 7
-6 | 0| 1/2 0 -6 | 0 | 1/2 | 1/2 6
6| 0 | 1/2 |12 -6 | 0 | 1/2 | 1/2 7
-6 | 0 0 /2 || =6 | 1 0 1/2 5
-6 | 0 0 /2 || -6 | 1 | 1/2 0 6
-6 | 0 0 /2 || =6 | 1 | 172 | 1/2 6
-6 | 0 | 1/2 0 -6 | 1 0 1/2 6
-6 | 0 | 1/2 0 -6 | 1 | 1/2 0 5
-6 | 0| 1/2 0 -6 | 1 | 1/2 | 1/2 6
-6 | 0 | 12| 1/2 | -6 |1 0 1/2 6
-6 | 0 | 12| 1/2| -6 | 1 | 1/2 0 6
6| 0 | 1/2 | 1/2 | -6 | 1 | 1/2 | 1/2 5
-6 | 1 0 /2 || =6 | 1 0 1/2 7
-6 | 1 0 /2 || -6 | 1 | 1/2 0 6
-6 | 1 0 2 || =6 | 1 | 1/2 | 1/2 6
-6 | 1| 1/2 0 -6 | 1 | 1/2 0 7
-6 | 1 | 1/2 0 -6 | 1 | 1/2 | 172 6
—6 | 1 | 12 | 12| =6 | 1 | 1/2 | 1/2 7
—1 | o0 0 0 —7 [0 | 1/2 | 1/2 5
-4 ] 0 0 0 -7 |1 0 0 5




D.1. T?/Z,

L-sector

R-sector

H-sector

My, J o, [ oun | arp

Mg | TR | Q1R | Qr R

# of Higgs

—1 ] 0 0 0 —7 ] 1 0 12 5
-4 ] 0 0 0 7| 1 | 1/2 0 5
—5 | 0 0 0 710 | 1/2 ] 12 6
-5 | 0 0 2 || =7 | o | 1/2 | 1/2 6
-5 0 | 1/2 0 710 | 1/2 | 1/2 6
-5 | 0 0 0 -7 |1 0 0 5
-5 | 0 0 0 -7 |1 0 1/2 6
-5 | 0 0 0 7|1 | 1/2 0 6
-5 | 0 0 2 || -7 | 1 0 0 6
-5 | 0 0 /2 || =7 | 1 0 1/2 5
-5 | 0 0 /2 || -7 | 1 | 1/2 0 6
-5 0 | 1/2 0 -7 |1 0 0 6
-5 | 0| 1/2 0 -7 |1 0 1/2 6
-5 0 | 1/2 0 7|1 | 1/2 0 5
-5 | 1 |12 12| =7 | o | 1/2] 12 5
5 | 1|12 |12 | 7|1 0 0 6
5| 1 |12 12| -7 |1 0 1/2 6
-5 | 1| 1/2 | 12| -7 ] 1| 1/2 0 6
—6 | 0 0 2 || =7 ] 0 | 1/2 | 1/2 7
-6 | 0 | 1/2 0 710 | 1/2 | 1/2 7
6| 0 | 1/2 | 1/2 | -7 | o | 1/2 | 1/2 7
-6 | 0 0 /2 || =7 | 1 0 0 6
-6 | 0 0 2 || -7 | 1 0 1/2 6
-6 | 0 0 2 || =7 | 1 | 1/2 0 7
-6 | 0 | 1/2 0 -7 |1 0 0 6
-6 | 0 | 1/2 0 -7 |1 0 1/2 7
-6 | 0 | 1/2 0 7|1 | 12 0 6
6|0 | 1/2 | 1/2 | -7 | 1 0 0 7
-6 | 0 | 12|12 | -7 |1 0 1/2 6
-6 | 0 | 1/2 | 1/2 | -7 | 1 | 1/2 0 6
-6 | 1 0 /2 || =7 | o | 172 | 1/2 6
-6 | 1| 1/2 0 710 | 1/2 | 1/2 6
—6 | 1| 1/2 | 12| -7 | o | 1/2 | 1/2 6
-6 | 1 0 /2 || =7 | 1 0 0 7
-6 | 1 0 2 || -7 | 1 0 1/2 7
-6 | 1 0 2 || =7 | 1 | 1/2 0 6
-6 | 1| 1/2 0 -7 |1 0 0 7
-6 | 1 | 1/2 0 -7 |1 0 1/2 6
-6 | 1| 1/2 0 711 | 1/2 0 7
-6 | 1 |12 12| -7 |1 0 0 6
-6 | 1 |12 12| -7 |1 0 1/2 7
-6 | 1 | 1/2 | 172 || -7 | 1 | 1/2 0 7
7 o0 | 1/2 | 1/2 || =7 | 0 | 1/2 | 1/2 8
7o 12|12 -7 0 0 7
7o |12 |12 | 7|1 0 1/2 7
7o |12 2| =t 1| 12 0 7
-7 11 0 0 -7 |1 0 0 8
-7 |1 0 0 -7 |1 0 1/2 7
-7 11 0 0 711 | 1/2 0 7
-7 |1 0 /2 || =7 | 1 0 1/2 8
-7 |1 0 2 || =7 | 1 | 1/2 0 7
7| 1] 1/2 0 -7 1 | 1/2 0 8
—4 ] 0 0 0 8 | 1 0 0 5
—5 | 0 0 0 8| 1 0 0 6
-5 | 0 0 12 || -8 | 1 0 0 6
-5 | 0| 1/2 0 8 |1 0 0 6
-5 | 1 |12 |12 -8 |1 0 0 6
—6 | 0 0 /2 || =8 | 1 0 0 7
-6 | 0 | 1/2 0 8 |1 0 0 7
-6 | 0 |12 1/2 | -8 |1 0 0 7
-6 | 1 0 /2 || -8 | 1 0 0 7
-6 | 1 | 1/2 0 -8 |1 0 0 7
—6 | 1| 1/2 | 12| 8| 1 0 0 7
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APPENDIX D. POSSIBLE PARAMETER CONFIGURATIONS

L-sector R-sector H-sector
My, Jap Joun [ arp || Mr [ 2r | our | oarr || # of Higgs
-7 0 1/2 1/2 -8 1 0 0 8
-7 1 0 0 —8 1 0 0 8
-7 1 0 1/2 -8 1 0 0 8
-7 1 1/2 0 —8 1 0 0 8
—8 1 0 0 —8 1 0 0 9




D.1. T?/Z,

Table D.2: Possible parameter configurations on T?/Zy with My, < 0, My > 0.

L-sector R-sector H-sector
My, J o, Joun [ arp || Mr [ 2r | our | oarr || # of Higgs
—4 o] o 0 4+ o] o 0
—4 0 0 0 5 0 0 0 1
—4 0 0 0 5 0 0 1/2 1
—4 0 0 0 5 0 1/2 0 1
—4 0 0 0 5 1 1/2 1/2 1
-5 0 0 0 5 0 0 0 1
510 o |12 5 ol o |12 1
-5 0 1/2 0 5 0 1/2 0 1
5|12z s | 1| 12| 12 1
—4 0 0 0 6 0 0 1/2 1
—4 0 0 0 6 0 1/2 0 1
-4 0] o 0 6 | o | 1/2 | 172 1
—4 0 0 0 6 1 0 1/2 1
4l o] o 0 6 | 1|12 o 1
40| o 0 6 | 1| 12 | 172 1
-5 0 0 0 6 0 0 1/2 1
-5 0 0 0 6 0 1/2 0 1
510 o |12 6 o] 0o |12 1
5 lo | o |12 6 | o | 12]|12 1
50| 12| o 6 | o | 12| o 1
50| 12| o 6 | o | 1/2 | 1/2 1
50| o 0 6 | 1| 12| 12 1
50| o |12 6 | 1|12 o 1
50|12 o0 6 | 1| 0o | 12 1
51|12 |y e |1 0o | 1/2 1
5|1 |12z 6 | 1|12 o0 1
s r |12yl e |1 | y2 | 12 1
6o o 2] 6 o] o |12 1
6| 0| 1/2] o 6 | o | 1/2] o 1
6o |12 12| 6 | o 12| 12 1
—6 1 0 1/2 6 1 0 1/2 1
6| 1] 12| o 6 | 1| 1/2] o 1
6|1 |12y e | 1| 12| 12 1
2 0] 0 0 71 0 | 1/2 | 1/2 T
—4 0 0 0 7 1 0 0 1
—4 0 0 0 7 1 0 1/2 1
4l o] o 0 7112 o 1
F 0] 0 0 71 0 | 1/2 | 12 T
5o o |12 7o | 12|12 1
50| 12| o 7|0 | 12 | 12 1
-5 0 0 0 7 1 0 1/2 1
5| 0| o 0 71|12 0 1
-5 0 0 1/2 7 1 0 0 1
5 lo | o |12 7 |1 |12] o0 1
-5 0 1/2 0 7 1 0 0 1
50| 12| o 7 |1 0 | 1/2 1
5|12z 7| 1] o 0 1
51|12 |y 7| 0o | 1/2 1
5 |1 a2 || 7| 1|12 o 1
6 (0] 0 |12 7 [0 1212 1
6|0 | 12| o 7 o | 12| 12 1
6o 12|12 7o 12]|12 1
6o | o |2 7 |1]|12]| o 1
6] 0|12 0 71| o | 12 1
6o |12 || 7|1 0 0 1
6| 1] 0o |12 7 |1] o 0 1
—6 1 0 1/2 7 1 0 1/2 1
—6 1 1/2 0 7 1 0 0 1
6| 1|12 o 7112 o 1
6|1 |12 |2 7|1 0 | 1/2 1
—6 | 1 |12 || 7| 1|12 o 1
710 |12 ] 172 7| o | 12 ] 172




100 APPENDIX D. POSSIBLE PARAMETER CONFIGURATIONS

L-sector R-sector H-sector

ML | Ty, | Q1L | Qr L MR | TR | Q1R | Qr R # of Higgs
-7 1 0 0 7 1 0 0 1
-7 1 0 1/2 7 1 0 1/2 1
-7 1 1/2 0 7 1 1/2 0 1
—4 0 0 0 8 1 0 0 1
-5 0 0 0 8 1 0 0 1
) 0 0 1/2 8 1 0 0 1
-5 0 1/2 0 8 1 0 0 1
) 1 1/2 1/2 8 1 0 0 1
—6 0 0 1/2 8 1 0 0 1
—6 0 1/2 0 8 1 0 0 1
—6 0 1/2 1/2 8 1 0 0 1
—6 1 0 1/2 8 1 0 0 1
—6 1 1/2 0 8 1 0 0 1
—6 1 1/2 1/2 8 1 0 0 1
-7 0 1/2 1/2 8 1 0 0 1
-7 1 0 0 8 1 0 0 1
-7 1 0 1/2 8 1 0 0 1
-7 1 1/2 0 8 1 0 0 1
-8 | 1 0 0 8 1 0 0




D.2. T?/Z;

D.2

T2/ Zs

Table D.3: Possible parameter configurations on T?/Z3 with My, < 0, My < 0.

L-sector R-sector H-sector
ML | Ty, | Qar, MR | TR | QR # of Higgs
—6 0 0 —6 0 0 5
—6 0 0 -7 0 1/6 5
—6 0 0 -7 0 5/6 5
—6 0 0 -7 1 1/2 4
-7 0 1/6 -7 0 1/6 5
-7 0 1/6 -7 0 5/6 5
-7 0 5/6 -7 0 5/6 5
-7 0 1/6 -7 1 1/2 4
-7 0 5/6 -7 1 1/2 4
-7 1 1/2 -7 1 1/2 4
—6 0 0 -8 0 0 5
—6 0 0 -8 0 1/3 5
—6 0 0 -8 0 2/3 5
—6 0 0 -8 1 1/3 4
—6 0 0 -8 1 2/3 4
—6 0 0 -8 2 0 4
-7 0 1/6 -8 0 0 5
-7 0 1/6 -8 0 1/3 6
-7 0 1/6 -8 0 2/3 5
-7 0 5/6 -8 0 0 5
-7 0 5/6 -8 0 1/3 5
-7 0 5/6 -8 0 2/3 6
-7 0 1/6 -8 1 1/3 4
-7 0 1/6 -8 1 2/3 5
-7 0 5/6 -8 1 1/3 5
-7 0 5/6 -8 1 2/3 4
-7 0 1/6 -8 2 0 5
-7 0 5/6 -8 2 0 5
-7 1 1/2 -8 0 0 4
-7 1 1/2 -8 0 1/3 5
-7 1 1/2 -8 0 2/3 5
-7 1 1/2 -8 1 1/3 5
-7 1 1/2 -8 1 2/3 5
-7 1 1/2 -8 2 0 6
-8 0 0 -8 0 0 5
-8 0 0 -8 0 1/3 6
-8 0 0 -8 0 2/3 6
-8 0 1/3 -8 0 1/3 6
-8 0 1/3 -8 0 2/3 5
-8 0 2/3 -8 0 2/3 6
-8 0 0 -8 1 1/3 5
-8 0 0 -8 1 2/3 5
-8 0 1/3 -8 1 1/3 5
-8 0 1/3 -8 1 2/3 5
-8 0 2/3 -8 1 1/3 5
-8 0 2/3 -8 1 2/3 5
-8 0 0 -8 2 0 6
-8 0 1/3 -8 2 0 5
-8 0 2/3 -8 2 0 5
-8 1 1/3 -8 1 1/3 5
-8 1 1/3 -8 1 2/3 6
-8 1 2/3 -8 1 2/3 5
-8 1 1/3 -8 2 0 6
-8 1 2/3 -8 2 0 6
-8 2 0 -8 2 0 5
—6 0 0 -9 0 1/6 5
—6 0 0 -9 0 5/6 5
—6 0 0 -9 1 1/6 5
—6 0 0 -9 1 1/2 4
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102 APPENDIX D. POSSIBLE PARAMETER CONFIGURATIONS

L-sector R-sector H-sector
ML | Ty, | Qar, MR | TR | QR # of Higgs
—6 0 0 -9 1 5/6 5
—6 0 0 -9 2 1/6 5
—6 0 0 -9 2 5/6 5
-7 0 1/6 -9 0 1/6 6
-7 0 1/6 -9 0 5/6 5
-7 0 5/6 -9 0 1/6 5
-7 0 5/6 -9 0 5/6 6
-7 0 1/6 -9 1 1/6 5
-7 0 1/6 -9 1 1/2 5
-7 0 1/6 -9 1 5/6 5
-7 0 5/6 -9 1 1/6 5
-7 0 5/6 -9 1 1/2 5
-7 0 5/6 -9 1 5/6 5
-7 0 1/6 -9 2 1/6 5
-7 0 1/6 -9 2 5/6 6
-7 0 5/6 -9 2 1/6 6
-7 0 5/6 -9 2 5/6 5
-7 1 1/2 -9 0 1/6 5
-7 1 1/2 -9 0 5/6 5
-7 1 1/2 -9 1 1/6 5
-7 1 1/2 -9 1 1/2 6
-7 1 1/2 -9 1 5/6 5
-7 1 1/2 -9 2 1/6 6
-7 1 1/2 -9 2 5/6 6
-8 0 0 -9 0 1/6 6
-8 0 0 -9 0 5/6 6
-8 0 1/3 -9 0 1/6 6
-8 0 1/3 -9 0 5/6 6
-8 0 2/3 -9 0 1/6 6
-8 0 2/3 -9 0 5/6 6
-8 0 0 -9 1 1/6 5
-8 0 0 -9 1 1/2 6
-8 0 0 -9 1 5/6 5
-8 0 1/3 -9 1 1/6 6
-8 0 1/3 -9 1 1/2 5
-8 0 1/3 -9 1 5/6 5
-8 0 2/3 -9 1 1/6 5
-8 0 2/3 -9 1 1/2 5
-8 0 2/3 -9 1 5/6 6
-8 0 0 -9 2 1/6 6
-8 0 0 -9 2 5/6 6
-8 0 1/3 -9 2 1/6 5
-8 0 1/3 -9 2 5/6 6
-8 0 2/3 -9 2 1/6 6
-8 0 2/3 -9 2 5/6 5
-8 1 1/3 -9 0 1/6 6
-8 1 1/3 -9 0 5/6 5
-8 1 2/3 -9 0 1/6 5
-8 1 2/3 -9 0 5/6 6
-8 1 1/3 -9 1 1/6 5
-8 1 1/3 -9 1 1/2 6
-8 1 1/3 -9 1 5/6 6
-8 1 2/3 -9 1 1/6 6
-8 1 2/3 -9 1 1/2 6
-8 1 2/3 -9 1 5/6 5
-8 1 1/3 -9 2 1/6 6
-8 1 1/3 -9 2 5/6 6
-8 1 2/3 -9 2 1/6 6
-8 1 2/3 -9 2 5/6 6
-8 2 0 -9 0 1/6 6
-8 2 0 -9 0 5/6 6
-8 2 0 -9 1 1/6 6
-8 2 0 -9 1 1/2 6




D.2. T?/Z;

L-sector

R-sector

H-sector

My, [ 2y [ oo

Mg | zr | or

# of Higgs

8] 2] 0 9 | 1 | 5/6 6
8| 2| 0 -9 | 2 | 1/6 5
8| 2| 0 —9 | 2 | 5/6 5
9 | o0 [1/6] -9 ] 0 |1/6 6
9| o0 |16 =9 | 0 |5/6 7
—9 | o0 |5/6| —9| 0 |5/6 6
9| o |16 -9 | 1 |1/6 6
9| o0 |16 -9 | 1 |1/2 6
9| o |16 -9 | 1 |5/6 5
9| 0 |5/6| —9 | 1 ]1/6 5
—9 | o0 |5/6| 9| 1 |1/2 6
9| 0 |5/6| —9 | 1 |5/6 6
9| o |16 9| 2 |1/6 6
9| o0 |1/6| -9 | 2 |5/6 6
9| 0 |5/6| —9 | 2 |1/6 6
—9 | o0 |5/6| -9 2 |5/6 6
9| 1 |16 -9 | 1 |1/6 6
9| 1 |16 9| 1 | 1/2 6
9| 1 |16 -9 | 1 |5/6 6
9| 1 |12 9| 1 | 1/2 6
—9 | 1 |12 -9 | 1 |5/6 6
—9 | 1 |5/6| -9 | 1 |5/6 6
9| 1 |16 -9 | 2 | 1/6 6
9| 1 |16 -9 | 2 |>5/6 7
9| 1 |12 9| 2 | 1/6 6
9| 1 |12 -9 | 2 |>5/6 6
—9 | 1 |5/6| 9| 2 |1/6 7
9| 1 |5/6| -9 | 2 |5/6 6
9| 2 |16 -9 | 2 |1/6 6
9| 2 |1/6| -9 | 2 |>5/6 5
9| 2 |5/6| -9 | 2 |>5/6 6
6] 0| 0 || -10] 0] o0 5
6| 0| 0 ||-10]| 1|13 5
6| 0| 0 ||-10] 1 |23 5
6| 0| 0o || -10] 210 6
6| 0| 0 ||-10] 2 |1/3 5
6| 0| 0o || -10] 2 |23 5
7|0 [1/6| ~10] 0 | © 6
7| 0 |5/6| -10] 0] 0 6
~7 1 o0 |1/6| ~10]| 1 | 1/3 6
71 0 |16 —10] 1 |2/3 5
~7 1 o0 |5/6| ~10]| 1 |1/3 5
~7 1 0 |5/6| ~10]| 1 |2/3 6
7| o0 |16 -10] 2| 0 6
~7 1 o0 |1/6| ~10]| 2 | 1/3 5
71 0 |1/6| —10] 2 | 2/3 6
~7 | o0 |s5/6| ~10] 2| 0 6
71 0 |5/6| 10| 2 |1/3 6
~7 1 0 |5/6| ~10]| 2 |2/3 5
7| 1 |12 -10] 0| 0 6
7| 1 |12 -10] 1 | 1/3 6
7|1 |12 —10| 1 | 2/3 6
7| 1|12 -10] 2| 0 6
7| 1 |12 10| 2 | 1/3 6
7| 1 |12 -10] 2 | 2/3 6
8| 0| 0 ||-10] 0] O 7
8| o0 |13 -10] 0| 0 6
8| 0 |23 -10] 0] 0 6
8| o0 | o0 ||-10]| 1|13 6
8| 0| 0o ||-10] 1 |23 6
8| 0 |13 -10] 1 |1/3 6
8| 0 |1/3 | —10] 1 |2/3 5
8| 0 |23 10| 1 ]1/3 5
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104 APPENDIX D. POSSIBLE PARAMETER CONFIGURATIONS

L-sector R-sector H-sector
My, [ 2y [ oo Mg | zr | ar || # of Higgs
-8 0 2/3 —10 1 2/3 6
-8 0 0 —10 2 0 6
-8 0 0 —10 2 1/3 6
-8 0 0 —10 2 2/3 6
-8 0 1/3 —10 2 0 6
-8 0 1/3 —10 2 1/3 6
-8 0 1/3 —10 2 2/3 6
-8 0 2/3 —10 2 0 6
-8 0 2/3 —10 2 1/3 6
-8 0 2/3 —10 2 2/3 6
-8 1 1/3 —10 0 0 6
-8 1 2/3 —10 0 0 6
-8 1 1/3 —10 1 1/3 6
-8 1 1/3 —10 1 2/3 6
-8 1 2/3 —10 1 1/3 6
-8 1 2/3 —10 1 2/3 6
-8 1 1/3 —10 2 0 6
-8 1 1/3 —10 2 1/3 6
-8 1 1/3 —10 2 2/3 7
-8 1 2/3 —10 2 0 6
-8 1 2/3 —10 2 1/3 7
-8 1 2/3 —10 2 2/3 6
-8 2 0 —10 0 0 6
-8 2 0 —10 1 1/3 6
-8 2 0 —10 1 2/3 6
-8 2 0 —10 2 0 5
-8 2 0 —10 2 1/3 6
-8 2 0 —10 2 2/3 6
-9 0 1/6 —10 0 0 7
-9 0 5/6 —10 0 0 7
-9 0 1/6 —10 1 1/3 6
-9 0 1/6 —10 1 2/3 6
-9 0 5/6 —10 1 1/3 6
-9 0 5/6 —10 1 2/3 6
-9 0 1/6 —10 2 0 6
-9 0 1/6 —10 2 1/3 7
-9 0 1/6 —10 2 2/3 6
-9 0 5/6 —10 2 0 6
-9 0 5/6 —10 2 1/3 6
-9 0 5/6 —10 2 2/3 7
-9 1 1/6 —10 0 0 6
-9 1 1/2 —10 0 0 6
-9 1 5/6 —10 0 0 6
-9 1 1/6 —10 1 1/3 7
-9 1 1/6 —10 1 2/3 6
-9 1 1/2 —10 1 1/3 6
-9 1 1/2 —10 1 2/3 6
-9 1 5/6 —10 1 1/3 6
-9 1 5/6 —10 1 2/3 7
-9 1 1/6 —10 2 0 7
-9 1 1/6 —10 2 1/3 6
-9 1 1/6 —10 2 2/3 7
-9 1 1/2 —10 2 0 6
-9 1 1/2 —10 2 1/3 7
-9 1 1/2 —10 2 2/3 7
-9 1 5/6 —10 2 0 7
-9 1 5/6 —10 2 1/3 7
-9 1 5/6 —10 2 2/3 6
-9 2 1/6 —10 0 0 6
-9 2 5/6 —10 0 0 6
-9 2 1/6 —10 1 1/3 6
-9 2 1/6 —10 1 2/3 7
-9 2 5/6 —10 1 1/3 7




D.2. T?/Z;

L-sector

R-sector

H-sector

My, [zL [ oo

Mg | zr | or

# of Higgs

—9 | 2 [ 5/6] —10] 1 | 2/3 6
-9 | 2 |1/6| -10] 2| 0 6
-9 | 2 |1/6 | —10] 2 | 1/3 6
-9 | 2 |1/6| —-10]| 2 | 2/3 6
-9 | 2 |5/6| -10] 2] 0 6
-9 | 2 |5/6| —10] 2 | 1/3 6
-9 | 2 |5/6| —10] 2 | 2/3 6
—10] 0] 0 ||[-10] 0] 0 7
10| 0| 0 || -10]| 1 |1/3 6
—10] 0| o ||-10]| 1|23 6
10| 0| 0 |[-10] 2] 0 6
—10| 0| o ||-10]| 2 |1/3 7
—10| 0| 0 || -10]| 2 |23 7
—10| 1 [1/3 || 10| 1 | 1/3 7
—10| 1 [1/3 || 10| 1 | 2/3 6
—10| 1 |23 -10] 1 |23 7
—10| 1 [1/3]| =10 2| 0 7
—10| 1 |1/3| —-10| 2 | 1/3 7
—10| 1 [ 1/3 || 10| 2 | 2/3 7
—10| 1 |2/3| -10] 2| 0 7
—10| 1 |2/3 || -10] 2 | 1/3 7
—10| 1 |2/3| -10] 2 |2/3 7
10| 2| 0 || -10] 2] 0 7
—10| 2| o || -10]| 2 |1/3 6
—10| 2| 0 || -10] 2 |23 6
—10| 2 |13 || 10| 2 | 1/3 6
—10| 2 |1/3| —-10| 2 | 2/3 7
—10| 2 |2/3|| —10| 2 | 2/3 6
=6 ] 0| 0 || -1t ] 1 [1/2 6
6| 0| 0 || -11] 2 |1/6 6
-6 | 0| 0o ||-11] 2 |5/6 6
7 [0 [1/6 | =11 | 1 |12 6
7| 0 |5/6 | —11] 1 | 1/2 6
710 |1/6| —11] 2 | 1/6 6
-7 o0 |1/6 | —11| 2 | 5/6 6
7| 0 |5/6| 11| 2 | 1/6 6
-7 1 0 |5/6| 11| 2 |5/6 6
7|1 |12 11| 1 | 1/2 6
7| 1 |12 11| 2 | 1/6 6
7| 1 |12 11| 2 | 5/6 6
=R | 0| 0 || -1L] 1 |1/2 6
-8 | 0 |13 | -11] 1 ]1/2 6
8 | 0 |2/3| —11] 1 |1/2 6
80| 0 ||-11]2]1/6 6
8| o0 | o || -11] 2 |5/6 6
8 | 0o |13 —-11] 2 | 1/6 7
-8 | 0 |13 -11] 2 |5/6 6
8 | 0 |2/3| -11] 2 | 1/6 6
-8 | 0 |2/3| -11] 2 |5/6 7
8 | 1 |13 | 11| 1 | 1/2 6
-8 | 1 |23 =11 ] 1 ]1/2 6
8 | 1 |13 11| 2 | 1/6 6
-8 | 1 |13 | 11| 2 |>5/6 7
-8 | 1 |2/3| 11| 2 |1/6 7
8 | 1 |2/3| -11] 2 |5/6 6
8| 2| 0 ||-11] 1 ]1/2 6
8| 2| 0 || -11] 2 |1/6 6
8| 2| 0 ||-11] 2 |5/6 6
9 [0 [1/6] =11 ] 1 |12 6
-9 | 0o |5/6 | —11| 1 | 1/2 6
-9 | 0o |1/6| —11] 2 | 1/6 7
-9 | o |1/6 | —11| 2 | 5/6 6
-9 | 0 |5/6| —11] 2 |1/6 6
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106 APPENDIX D. POSSIBLE PARAMETER CONFIGURATIONS

L-sector R-sector H-sector
My, [zL [ oo Mg | zr | ar || # of Higgs
-9 0 5/6 —11 2 5/6 7
-9 1 1/6 —11 1 1/2 7
-9 1 1/2 —11 1 1/2 6
-9 1 5/6 —11 1 1/2 7
-9 1 1/6 —11 2 1/6 7
-9 1 1/6 —11 2 5/6 7
-9 1 1/2 —11 2 1/6 7
-9 1 1/2 —11 2 5/6 7
-9 1 5/6 —11 2 1/6 7
-9 1 5/6 —11 2 5/6 7
-9 2 1/6 —11 1 1/2 7
-9 2 5/6 —11 1 1/2 7
-9 2 1/6 —11 2 1/6 6
-9 2 1/6 —11 2 5/6 7
-9 2 5/6 —11 2 1/6 7
-9 2 5/6 —11 2 5/6 6
—10 0 0 —11 1 1/2 6
—10 0 0 —11 2 1/6 7
—10 0 0 —11 2 5/6 7
—10 1 1/3 —11 1 1/2 7
—10 1 2/3 —11 1 1/2 7
—10 1 1/3 —11 2 1/6 8
—10 1 1/3 —11 2 5/6 7
—-10 1 2/3 —11 2 1/6 7
—10 1 2/3 —11 2 5/6 8
—10 2 0 —11 1 1/2 8
—10 2 1/3 —11 1 1/2 7
—10 2 2/3 —11 1 1/2 7
—10 2 0 —11 2 1/6 7
—10 2 0 —11 2 5/6 7
—-10 2 1/3 —11 2 1/6 6
—10 2 1/3 —11 2 5/6 7
—-10 2 2/3 —11 2 1/6 7
—10 2 2/3 —11 2 5/6 6
—11 1 1/2 —11 1 1/2 8
—11 1 1/2 —11 2 1/6 8
—11 1 1/2 —11 2 5/6 8
—11 2 1/6 —11 2 1/6 7
—11 2 1/6 —11 2 5/6 7
—11 2 5/6 —11 2 5/6 7
—6 0 0 —12 2 0 6
-7 0 1/6 —12 2 0 6
-7 0 5/6 —12 2 0 6
-7 1 1/2 —12 2 0 6
-8 0 0 —12 2 0 6
-8 0 1/3 —12 2 0 7
-8 0 2/3 —12 2 0 7
-8 1 1/3 —12 2 0 7
-8 1 2/3 —12 2 0 7
-8 2 0 —12 2 0 7
-9 0 1/6 —12 2 0 7
-9 0 5/6 —12 2 0 7
-9 1 1/6 —12 2 0 7
-9 1 1/2 —12 2 0 8
-9 1 5/6 —12 2 0 7
-9 2 1/6 —12 2 0 7
-9 2 5/6 —12 2 0 7
—10 0 0 —12 2 0 8
—10 1 1/3 —12 2 0 8
—-10 1 2/3 —12 2 0 8
—10 2 0 —12 2 0 7
—10 2 1/3 —12 2 0 7
—-10 2 2/3 —12 2 0 7




D.2. T?/Z;

L-sector R-sector H-sector
My, [y [ oo Mg | wr | ar || # of Higgs
—11 1 1/2 —12 2 0 8
—11 2 1/6 —12 2 0 7
—11 2 5/6 —12 2 0 7
—12 2 0 —12 2 0 7
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108 APPENDIX D. POSSIBLE PARAMETER CONFIGURATIONS

Table D.4: Possible parameter configurations on T?/Z3 with My, < 0, My > 0.

L-sector R-sector H-sector
My, [ @ | oL [| Mr | zr [ ar || # of Higgs
] oo 6] o] o
—6 0 0 7 1/6 0 1
—6 0 0 7 5/6 0 1
-7 1 1/6 0 7 5/6 0 1
-7 | 5/6 0 7 1/6 0 1
—6 0 0 8 0 0 1
—6 0 0 8 1/3 0 1
—6 0 0 8 2/3 0 1
-7 | 1/6 0 8 0 0 1
—7 | 1/6 | 0 8 [2/3] 0 1
-7 | 5/6 0 8 0 0 1
—7 | 5/6 | 0 8 |1/3] o 1
—8 0 0 8 0 0 1
-8 | 1/3 0 8 2/3 0 1
-8 |2/3] 0 8 [1/3] o 1
—6 0 0 9 1/6 0 1
—6 0 0 9 5/6 0 1
—6 0 0 9 1/6 1 1
—6 0 0 9 5/6 1 1
—6 0 0 9 1/6 2 1
—6 0 0 9 5/6 2 1
—7 | 1/6 | 0 9 [1/6 | 0 1
-7 1 1/6 0 9 5/6 0 1
-7 | 5/6 0 9 1/6 0 1
—7 | 5/6 | 0 9 |5/6| 0 1
-7 1 1/6 0 9 5/6 1 1
—7 | 5/6 | 0 9 |1/6 | 1 1
-7 1 1/6 0 9 1/6 2 1
—7 | 5/6 | 0 9 |5/6| 2 1
-7 |12 ] 1 9 |1/6 | 1 1
-7 | 1/2 | 1 9 |5/6| 1 1
—7 | 1/2 | 1 9 |1/6 | 2 1
-7 |12 ] 1 9 |5/6| 2 1
-8 0 0 9 1/6 0 1
—8 0 0 9 5/6 0 1
-8 | 1/3 0 9 5/6 0 1
-8 |2/3] 0 9 [1/6 | 0 1
-8 | 1/3 0 9 1/6 2 1
-8 |2/3] 0 9 |5/6| 2 1
-8 | 1/3 | 1 9 |1/6 | 1 1
-8 | 2/3| 1 9 |5/6| 1 1
-8 | 1/3 | 1 9 |5/6| 2 1
-8 [ 2/3| 1 9 | 1/6 | 2 1
—8 0 2 9 1/6 1 1
-8 0 2 9 5/6 1 1
-9 | 1/6 0 9 5/6 0 1
—9 | 5/6 | 0 9 [1/6 | 0 1
-9 | 1/6 | 1 9 |5/6| 2 1
-9 | 5/6 1 9 1/6 2 1
—9 | 1/6 | 2 9 |5/6 | 1 1
-9 | 5/6 2 9 1/6 1 1
—6 0 0 10 0 0 1
—6 0 0 10 1/3 1 1
—6 0 0 10 2/3 1 1
—6 0 0 10 0 2 2
—6 0 0 10 1/3 2 1
—6 0 0 10 2/3 2 1
-7 1 1/6 0 10 0 0 1
-7 | 5/6 0 10 0 0 1
—7 |1 1/6 | 0 10 |2/3] 1 1
-7 | 5/6 0 10 1/3 1 1
-7 1/6 0 10 0 2 1




D.2. T?/Z;

L-sector

R-sector

H-sector

My, [ ap | op

Mg | zr [ or

# of Higgs

—7 [ 1/6 | 0 0 |1/3] 2 1
-7 |1/6] 0 10 |2/3| 2 1
-7 |5/6| 0 0| o0 | 2 1
-7 |5/6| 0 10 |1/3| 2 1
-7 |5/6| 0 10 |2/3| 2 1
-7 |12 ] 1 0 |13 1 1
-7 |12 1 0 |23 1 1
-7 |12 ] 1 0| o0 | 2 2
-7 |12 1 0 |1/3] 2 1
-7 |12 ] 1 10 |2/3] 2 1
= | 0 | 0 0] 0] 0 1
-8 |1/3] 0 10| 0 | o0 1
-8 |2/3| 0 0| oo 1
-8 |1/3] 0 10 | 2/3| 1 1
-8 |2/3]| 0 10 |1/3 | 1 1
8| 0 | o 10 |1/3] 2 1
-8 0 | o0 10 |2/3| 2 1
8 |1/3| 0 0| o0 | 2 1
-8 |1/3] 0 10 |1/3| 2 1
-8 |2/3| 0 0| o0 | 2 1
-8 | 2/3]| 0 10 |2/3| 2 1
-8 | 1/3 | 1 10 |13 1 1
-8 | 2/3| 1 10 |23 1 1
-8 | 1/3] 1 0| 0 | 2 1
-8 | 1/3 | 1 10 |1/3] 2 1
-8 | 1/3] 1 10 |2/3| 2 1
-8 | 2/3| 1 0| o0 | 2 1
-8 | 2/3| 1 10 |1/3| 2 1
-8 | 2/3| 1 10 |2/3] 2 1
8| 0 | 2 10 |1/3 | 1 1
8| 0 | 2 10 | 2/3| 1 1
-8 | 0 | 2 0| 0| 2 1
—9 [ 1/6 | ©0 0] 0] o0 1
-9 | 5/6| 0 10| 0 | o0 1
-9 |1/6| 0 10 |1/3] 2 1
-9 | 5/6| 0 10 | 2/3| 2 1
-9 | 1/6 | 1 10 |13 1 1
-9 | 5/6 | 1 10 | 2/3| 1 1
-9 | 1/6 | 1 0| o0 | 2 1
-9 | 1/6 | 1 10 |2/3| 2 1
-9 | 1/2] 1 0 |1/3] 2 1
-9 | 1/2 | 1 10 |2/3] 2 1
-9 | 5/6 | 1 0| 0 | 2 1
-9 | 5/6 | 1 10 |1/3] 2 1
-9 | 1/6 | 2 10 | 2/3| 1 1
-9 | 5/6 | 2 10 |13 1 1
—10| 0 | o0 0| o] o 1
—10 | 1/3 | 1 10 |2/3| 2 1
—10 | 2/3 | 1 10 |1/3] 2 1
—10 | 1/3 | 2 10 |23 1 1
—10 | 2/3 | 2 10 |1/3 | 1 1
—6 | 0 | 0 T [ 1/2 | 1 2
6| 0 | o0 11 |16 | 2 2
-6 | 0 | o0 11 | 5/6 | 2 2
—7 [ 1/6 | 0 T [ 1/2 | 1 1
-7 |5/6| 0 1|12 1 1
-7 |1/6] 0 1|16 2 1
-7 |1/6| 0 11 | 5/6 | 2 2
-7 |5/6| 0 1m | 1/6 | 2 2
-7 |5/6| 0 11 | 5/6 | 2 1
-7 |12 ] 1 2|1 2
-7 |12 | 1 1n |16 | 2 2
-7 |12 ] 1 11 | 5/6 | 2 2
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110 APPENDIX D. POSSIBLE PARAMETER CONFIGURATIONS

L-sector R-sector H-sector
My, [ @ | oL [| Mg | zr [ ar || # of Higgs
-8 1/3 0 11 1/2 1 1
-8 2/3 0 11 1/2 1 1
-8 0 0 11 1/6 2 1
-8 0 0 11 5/6 2 1
-8 1/3 0 11 1/6 2 1
-8 1/3 0 11 5/6 2 1
-8 2/3 0 11 1/6 2 1
-8 2/3 0 11 5/6 2 1
-8 1/3 1 11 1/2 1 1
-8 2/3 1 11 1/2 1 1
-8 1/3 1 11 1/6 2 2
-8 1/3 1 11 5/6 2 1
-8 2/3 1 11 1/6 2 1
-8 2/3 1 11 5/6 2 2
-8 0 2 11 1/2 1 2
-8 0 2 11 1/6 2 1
-8 0 2 11 5/6 2 1
-9 1/6 0 11 1/6 2 1
-9 5/6 0 11 5/6 2 1
-9 1/6 1 11 1/2 1 1
-9 5/6 1 11 1/2 1 1
-9 1/6 1 11 1/6 2 1
-9 1/6 1 11 5/6 2 1
-9 1/2 1 11 1/6 2 1
-9 1/2 1 11 5/6 2 1
-9 5/6 1 11 1/6 2 1
-9 5/6 1 11 5/6 2 1
-9 1/6 2 11 1/2 1 1
-9 5/6 2 11 1/2 1 1
-9 1/6 2 11 5/6 2 1
-9 5/6 2 11 1/6 2 1
—10 | 1/3 1 11 5/6 2 1
—-10 | 2/3 1 11 1/6 2 1
—10 | 1/3 2 11 1/2 1 1
—10 | 2/3 2 11 1/2 1 1
—6 0 0 12 0 2 2
-7 1/6 0 12 0 2 2
-7 5/6 0 12 0 2 2
-7 1/2 1 12 0 2 2
-8 0 0 12 0 2 2
-8 1/3 0 12 0 2 1
-8 2/3 0 12 0 2 1
-8 1/3 1 12 0 2 2
-8 2/3 1 12 0 2 2
-8 0 2 12 0 2 1
-9 1/6 0 12 0 2 1
-9 5/6 0 12 0 2 1
-9 1/6 1 12 0 2 1
-9 1/2 1 12 0 2 2
-9 5/6 1 12 0 2 1
-9 1/6 2 12 0 2 1
-9 5/6 2 12 0 2 1
—-10 | 1/3 1 12 0 2 1
—10 | 2/3 1 12 0 2 1
—10 0 2 12 0 2 1




D.3. T%/Z,

D.3

T2/ Z,

Table D.5: Possible parameter configurations on

T2/ 7, with My, < 0, My < 0.

L-sector R-sector H-sector
ML | Ty, | arg, MR | TR | QR # of Higgs
-8 0 0 -8 0 0 5
-8 0 0 -9 0 0 5
-8 0 0 -9 1 1/2 4
-9 0 0 -9 0 0 5
-9 0 0 -9 1 1/2 4
-9 1 1/2 -9 1 1/2 5
-8 0 0 —10 0 0 5
-8 0 0 —10 0 1/2 5
-8 0 0 —10 1 1/2 4
-8 0 0 —10 2 0 5
-9 0 0 —10 0 0 5
-9 0 0 —10 0 1/2 5
-9 0 0 —10 1 1/2 5
-9 0 0 —10 2 0 5
-9 1 1/2 —10 0 0 5
-9 1 1/2 —10 0 1/2 4
-9 1 1/2 —10 1 1/2 5
-9 1 1/2 —10 2 0 5
—10 0 0 —10 0 0 6
—10 0 0 —10 0 1/2 5
—10 0 1/2 —10 0 1/2 6
—10 0 0 —10 1 1/2 5
—10 0 1/2 —10 1 1/2 4
—10 0 0 —10 2 0 5
—10 0 1/2 —10 2 0 5
—10 1 1/2 —10 1 1/2 5
—10 1 1/2 —10 2 0 5
—10 2 0 —10 2 0 6
-8 0 0 —11 0 0 5
-8 0 0 —11 0 1/2 5
-8 0 0 —11 1 0 4
-8 0 0 —11 1 1/2 5
-8 0 0 —11 2 0 5
-8 0 0 —11 3 1/2 5
-9 0 0 —11 0 0 6
-9 0 0 —11 0 1/2 5
-9 0 0 —11 1 0 4
-9 0 0 —11 1 1/2 5
-9 0 0 —11 2 0 5
-9 0 0 —11 3 1/2 5
-9 1 1/2 —11 0 0 5
-9 1 1/2 —11 0 1/2 4
-9 1 1/2 —11 1 0 5
-9 1 1/2 —11 1 1/2 5
-9 1 1/2 —11 2 0 5
-9 1 1/2 —11 3 1/2 6
—10 0 0 —11 0 0 6
—10 0 0 —11 0 1/2 5
—10 0 1/2 —11 0 0 5
—10 0 1/2 —11 0 1/2 6
—10 0 0 —11 1 0 5
—10 0 0 —11 1 1/2 5
—10 0 1/2 —11 1 0 5
—10 0 1/2 —11 1 1/2 5
—10 0 0 —11 2 0 5
—10 0 1/2 —11 2 0 5
—10 0 0 —11 3 1/2 6
—10 0 1/2 —11 3 1/2 5
—10 1 1/2 —11 0 0 5
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112 APPENDIX D. POSSIBLE PARAMETER CONFIGURATIONS

L-sector R-sector H-sector
My, [zL [ oo Mg | zr | ar || # of Higgs
—10 1 1/2 —11 0 1/2 5
—-10 1 1/2 —11 1 0 5
—10 1 1/2 —11 1 1/2 5
—-10 1 1/2 —11 2 0 6
—-10 1 1/2 —11 3 1/2 6
—10 2 0 —11 0 0 5
—10 2 0 —11 0 1/2 5
—10 2 0 —11 1 0 5
—10 2 0 —11 1 1/2 6
—10 2 0 —11 2 0 6
—10 2 0 —11 3 1/2 5
—11 0 0 —11 0 0 6
—11 0 0 —11 0 1/2 6
—11 0 1/2 —11 0 1/2 6
—11 0 0 —11 1 0 5
—11 0 0 —11 1 1/2 5
—11 0 1/2 —11 1 0 5
—11 0 1/2 —11 1 1/2 5
—11 0 0 —11 2 0 6
—11 0 1/2 —11 2 0 5
—11 0 0 —11 3 1/2 6
—11 0 1/2 —11 3 1/2 5
—11 1 0 —11 1 0 6
—11 1 0 —11 1 1/2 5
—11 1 1/2 —11 1 1/2 6
—11 1 0 —11 2 0 5
—11 1 1/2 —11 2 0 6
—11 1 0 —11 3 1/2 6
—11 1 1/2 —11 3 1/2 6
—11 2 0 —11 2 0 6
—11 2 0 —11 3 1/2 5
—11 3 1/2 —11 3 1/2 6
-8 0 0 —12 0 1/2 5
-8 0 0 —12 1 0 4
-8 0 0 —12 1 1/2 5
-8 0 0 —12 2 0 5
-8 0 0 —12 2 1/2 5
-8 0 0 —12 3 1/2 5
-9 0 0 —12 0 1/2 5
-9 0 0 —12 1 0 5
-9 0 0 —12 1 1/2 5
-9 0 0 —12 2 0 5
-9 0 0 —12 2 1/2 5
-9 0 0 —12 3 1/2 6
-9 1 1/2 —12 0 1/2 5
-9 1 1/2 —12 1 0 5
-9 1 1/2 —12 1 1/2 5
-9 1 1/2 —12 2 0 6
-9 1 1/2 —12 2 1/2 5
-9 1 1/2 —12 3 1/2 6
—10 0 0 —12 0 1/2 6
—10 0 1/2 —12 0 1/2 6
—10 0 0 —12 1 0 5
—10 0 0 —12 1 1/2 5
—10 0 1/2 —12 1 0 5
—10 0 1/2 —12 1 1/2 5
—10 0 0 —12 2 0 6
—10 0 0 —12 2 1/2 5
—10 0 1/2 —12 2 0 5
—10 0 1/2 —12 2 1/2 6
—10 0 0 —12 3 1/2 6
—10 0 1/2 —12 3 1/2 5
—-10 1 1/2 —12 0 1/2 5




D.3. T%/Z,

L-sector

R-sector

H-sector

My, [zL [ oo

Mg | zr | or

# of Higgs

—10 ] 1 |12 —12] 1 0 5
—10 | 1 |12 | =12 1 | 1/2 6
—10| 1 |1/2 | 12| 2 | o0 6
—10 | 1 |12 || =12 | 2 | 1/2 5
—10| 1 | 1/2 || =12 | 3 | 1/2 6
—10| 2| 0o || 12| 0 | 1/2 5
10| 2| 0o || -12] 1 0 5
—10| 2 | o || —12| 1 |1/2 6
10| 2| 0o ||-12]| 2] 0 6
—10| 2 | o || —12| 2 | 1/2 6
—10| 2 | o || 12| 3 |1/2 5
11| 0| 0 ||-12] 0 |1/2 6
—11 | o |1/2 || —12| 0 | 1/2 6
11| 0o | 0o ||-12]1 0 5
11| 0o | o || -12]| 1 |1/2 6
“11 | o |1/2 || 12| 1 0 6
—11 | o [1/2 ] 12| 1 | 1/2 5
“11 | o | o ||-12]| 2] o0 6
—11 | 0o | o || -12]| 2 |1/2 5
“11 | o |12 -12]| 2| 0 5
—11 | o |1/2 | —12| 2 | 1/2 6
“11 | 0o | o || 12| 3 |1/2 6
—11 | o |1/2 || —12| 3 | 1/2 6
11| 1| o ||-12] 0 |1/2 6
“11 | 1 |12 12| 0 | 1/2 5
1| 1| o || -12] 1 0 6
“11 | 1| o || -12]| 1 |1/2 5
—1 | 1 12| —12 ] 1 0 5
“1 | 1 12| 12| 1 | 1/2 6
1| 1| o ||-12] 2] 0 6
1| 1| oo || -12] 2 |1/2 6
“11 | 1 |12 -12]| 2| o0 6
—1 |1 12| —12 | 2 | 1)2 6
“11 | 1| o || 12| 3 |1/2 6
—1 | 1 12| 12| 3 | 1/2 6
“11 | 2| o || 12| 0 |1/2 5
11| 2| o0 ||-12]1 0 6
1| 2| o || -12]| 1 |1/2 6
“11 | 2| o0 ||-12]| 2] o0 6
—1 | 2| o || -12] 2 |1/2 6
“11 | 2| o || —12| 3 | 1/2 6
—11| 3 |12 =12 0 | 1/2 6
“11 | 3 |1/2 || =12 | 1 0 6
—11 | 3 |12 12| 1 | 1/2 6
“11| 3 |12 -12| 2| o0 6
“11 | 3 |1/2 || —12| 2 | 1/2 5
—11 | 3 |12 || —12| 3 | 1/2 6
—12 ] 0 [1/2 | 12| 0 | 1/2 7
—12| 0 |1/2 || =12 | 1 0 6
—12 | 0 |1/2 || =12 | 1 | 1/2 5
—12| 0 |1/2 ]| 12| 2 | o 6
—12 | 0 |1/2 || =12 | 2 | 1/2 6
—12 | o |1/2 || —12| 3 | 1/2 6
—12| 1 | 0o || -12] 1 0 6
—12| 1 | o || 12| 1 |1/2 6
—12 | 1 | 1/2 || —12| 1 | 1/2 6
—12| 1 | o ||-12]| 2] 0 6
—12| 1 | o || 12| 2 |1/2 6
—12 | 1 |12 -12| 2 | 0 6
—12 | 1 | 1/2 || —12| 2 | 1/2 6
—12| 1 | o || -12| 3 |1/2 6
—12 | 1 |1/2 || =12 | 3 | 1/2 7
—12| 2| 0o ||-12]| 2] 0 7
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114 APPENDIX D. POSSIBLE PARAMETER CONFIGURATIONS

L-sector R-sector H-sector
My, [zL [ oo Mg | zr | ar || # of Higgs
—12 2 0 —12 2 1/2 6
—12 2 1/2 —12 2 1/2 7
—12 2 0 —12 3 1/2 6
—12 2 1/2 —12 3 1/2 5
—12 3 1/2 —12 3 1/2 6
-8 0 0 —13 0 1/2 5
-8 0 0 —13 1 0 5
-8 0 0 —13 2 0 5
-8 0 0 —13 2 1/2 5
-8 0 0 —13 3 0 5
-8 0 0 —13 3 1/2 6
-9 0 0 —13 0 1/2 6
-9 0 0 —13 1 0 5
-9 0 0 —13 2 0 6
-9 0 0 —13 2 1/2 5
-9 0 0 —13 3 0 5
-9 0 0 —13 3 1/2 6
-9 1 1/2 —13 0 1/2 5
-9 1 1/2 —13 1 0 5
-9 1 1/2 —13 2 0 6
-9 1 1/2 —13 2 1/2 5
-9 1 1/2 —13 3 0 6
-9 1 1/2 —13 3 1/2 6
—10 0 0 —13 0 1/2 6
—10 0 1/2 —13 0 1/2 6
—10 0 0 —13 1 0 5
—10 0 1/2 —13 1 0 6
—10 0 0 —13 2 0 6
—10 0 0 —13 2 1/2 5
—10 0 1/2 —13 2 0 5
—10 0 1/2 —13 2 1/2 6
—10 0 0 —13 3 0 6
—10 0 0 —13 3 1/2 6
—10 0 1/2 —13 3 0 6
—10 0 1/2 —13 3 1/2 6
—10 1 1/2 —13 0 1/2 5
—-10 1 1/2 —13 1 0 5
—10 1 1/2 —13 2 0 6
—-10 1 1/2 —13 2 1/2 6
—10 1 1/2 —13 3 0 6
—-10 1 1/2 —13 3 1/2 6
—10 2 0 —13 0 1/2 5
—10 2 0 —13 1 0 6
—10 2 0 —13 2 0 6
—10 2 0 —13 2 1/2 6
—10 2 0 —13 3 0 5
—10 2 0 —13 3 1/2 6
—11 0 0 —13 0 1/2 6
—11 0 1/2 —13 0 1/2 7
—11 0 0 —13 1 0 5
—11 0 1/2 —13 1 0 6
—11 0 0 —13 2 0 6
—11 0 0 —13 2 1/2 6
—11 0 1/2 —13 2 0 6
—11 0 1/2 —13 2 1/2 6
—11 0 0 —13 3 0 6
—11 0 0 —13 3 1/2 6
—11 0 1/2 —13 3 0 6
—11 0 1/2 —13 3 1/2 6
—11 1 0 —13 0 1/2 6
—11 1 1/2 —13 0 1/2 5
—11 1 0 —13 1 0 6
—11 1 1/2 —13 1 0 6




D.3. T%/Z,

L-sector

R-sector

H-sector

My, [zL [ oo

Mg | zr | or

# of Higgs

1] 1 ] 0 | -13] 2] 0 6
1| 1 | o || -13] 2 |1/2 6
“11 | 1 |12 -13]| 2| 0 6
—1 | 1 f1/2 ] =13 2 | 1/2 6
1| 1| o ||-13]3]0 7
“11 | 1| o || 13| 3 |1/2 6
—1 | 1 |12 =13 3] 0 6
—11 | 1 | 1/2 || =13 | 3 | 1/2 7
—11 | 2| o0 ||-13] 0 |1/2 6
11| 2| o0 ||-13] 1] 0 6
11| 2| o0 ||-13]2] 0 7
“11 | 2| o || -13] 2 |1/2 6
“11| 2| o ||-13] 3] 0 5
—11 | 2| o || -13]| 3 |1/2 6
“11| 3 |1/2 || =13 | 0 | 1/2 6
—11 | 3 |12 =13 1] 0 6
“11| 3 |12 -13]| 2| o0 6
—11 | 3 |12 13| 2 | 1/2 5
“11| 3 [1/2]| 13| 3 | 0 6
—11| 3 |12 || =13 | 3 | 1/2 6
—12 ] 0 |12 -13] 0 | 1/2 7
—12| 0 |1/2 ]| -13]| 1] 0 6
—12| 0 |1/2]| 13| 2 | o0 6
—12 | 0 |12 || =13 | 2 | 1/2 6
—12| 0 |1/2]| =13 3 | 0 7
—12 | 0 |1/2 || =13 | 3 | 1/2 6
—12| 1| o || 13| 0 |1/2 6
—12 | 1 |12 ]| =13 0 | 1/2 6
—12| 1| o ||-13] 1] 0 6
—12| 1 |12 =13 1] 0 6
—12| 1 | o ||-13] 2] 0 6
—12| 1 | o || 13| 2 |1/2 7
—12 | 1 |12 =13 2| 0 7
—12 | 1 |1/2 || =13 | 2 | 1/2 6
—12| 1 | o ||-13] 3] 0 7
—12| 1 | o || -13| 3 | 1/2 6
—12| 1 |12 =13 3| 0 6
—12 | 1 |12 || =13 | 3 | 1/2 7
—12| 2 | 0o || -13]| 0 | 1/2 6
—12 | 2 |12 | =13 | 0 | 1/2 6
—12| 2| o0 ||-13| 1] o0 6
—12| 2 |12 | =13 1| 0 7
—12| 2| o0 ||-13] 2] o0 7
—12| 2 | o || -13]| 2 |1/2 6
—12| 2 [1/2 | 13| 2 | 0 6
—12 | 2 |1/2 || =13 | 2 | 1/2 7
—12| 2| 0o ||-13]| 3] 0 6
—12| 2 | o || —13| 3 | 1/2 6
—12| 2 [1/2| =13 3 | 0 6
—12 | 2 |1/2 || =13 | 3 | 1/2 6
—12 | 3 |12 | =13 | 0 | 1/2 6
—12 | 3 [1/2| 13| 1| 0 6
—12 | 3 |12 | =13 2 | 0 6
—12 | 3 |12 || =13 | 2 | 1/2 6
—12 | 3 |1/2| =13 3 | 0 6
—12 | 3 |12 || —13| 3 | 1/2 6
—13] 0 [1/2 ]| 13 ] 0 | 1/2 7
—13| 0 [1/2]| 13| 1] 0 6
—13| 0 |1/2]| =13 2| 0 6
—13 | 0 |1/2 || —13| 2 | 1/2 7
—13| 0 |1/2]| -13]| 3| 0 7
—13 | 0 |1/2 || =13 | 3 | 1/2 6
13| 1 | o ||-13] 1] 0 7
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116 APPENDIX D. POSSIBLE PARAMETER CONFIGURATIONS

L-sector R-sector H-sector
My, [zL [ oo Mg | zr | ar || # of Higgs
—13 1 0 —13 2 0 6
—13 1 0 —13 2 1/2 7
—13 1 0 —13 3 0 7
—13 1 0 —13 3 1/2 7
—13 2 0 —13 2 0 7
—13 2 0 —13 2 1/2 7
—-13 2 1/2 —13 2 1/2 7
—13 2 0 —13 3 0 6
—13 2 0 —13 3 1/2 6
—13 2 1/2 —13 3 0 6
—-13 2 1/2 —13 3 1/2 6
—13 3 0 —13 3 0 7
—13 3 0 —13 3 1/2 6
—13 3 1/2 —13 3 1/2 7
-8 0 0 —14 1 0 5
-8 0 0 —14 2 1/2 5
-8 0 0 —14 3 0 5
-8 0 0 —14 3 1/2 6
-9 0 0 —14 1 0 5
-9 0 0 —14 2 1/2 5
-9 0 0 —14 3 0 6
-9 0 0 —14 3 1/2 6
-9 1 1/2 —14 1 0 5
-9 1 1/2 —14 2 1/2 6
-9 1 1/2 —14 3 0 6
-9 1 1/2 —14 3 1/2 6
—10 0 0 —14 1 0 5
—10 0 1/2 —14 1 0 6
—10 0 0 —14 2 1/2 6
—10 0 1/2 —14 2 1/2 6
—10 0 0 —14 3 0 6
—10 0 0 —14 3 1/2 6
—10 0 1/2 —14 3 0 6
—10 0 1/2 —14 3 1/2 6
—10 1 1/2 —14 1 0 6
—10 1 1/2 —14 2 1/2 6
—-10 1 1/2 —14 3 0 6
—10 1 1/2 —14 3 1/2 7
—10 2 0 —14 1 0 6
—10 2 0 —14 2 1/2 6
—10 2 0 —14 3 0 5
—10 2 0 —14 3 1/2 6
—11 0 0 —14 1 0 6
—11 0 1/2 —14 1 0 6
—11 0 0 —14 2 1/2 6
—11 0 1/2 —14 2 1/2 6
—11 0 0 —14 3 0 6
—11 0 0 —14 3 1/2 7
—11 0 1/2 —14 3 0 7
—11 0 1/2 —14 3 1/2 6
—11 1 0 —14 1 0 6
—11 1 1/2 —14 1 0 6
—11 1 0 —14 2 1/2 7
—11 1 1/2 —14 2 1/2 6
—11 1 0 —14 3 0 7
—11 1 0 —14 3 1/2 6
—11 1 1/2 —14 3 0 6
—11 1 1/2 —14 3 1/2 7
—11 2 0 —14 1 0 6
—11 2 0 —14 2 1/2 6
—11 2 0 —14 3 0 6
—11 2 0 —14 3 1/2 6
—11 3 1/2 —14 1 0 6




D.3. T%/Z,

L-sector

R-sector

H-sector

My, [zL [ oo

Mg | zr | or

# of Higgs

—11 | 3 |12 ] —14] 2 | 1/2 6
—11 | 3 |12 -14| 3| 0 6
—11 | 3 |1/2| —14| 3 | 1/2 6
—12 | 0 | 1/2 || —14 | 1 0 6
—12 | 0 |1/2 || —14| 2 | 1/2 7
—12| 0 |1/2| -14| 3 | © 7
—12 | 0 |1/2 || —14| 3 | 1/2 6
—12 | 1 | 0 || -14] 1 0 7
—12 | 1 | 1/2 | -14 | 1 0 6
—12 | 1 | 0o || -14]| 2 |1/2 7
—12 | 1 |1/2| 14| 2 | 1/2 6
—12| 1 | 0o ||-14]| 3] 0 7
—12| 1| 0 || -14]| 3 | 1/2 7
—12| 1 |12 -14| 3| 0 7
—12 | 1 |12 || =14 | 3 | 1/2 7
—12| 2| 0 | -14] 1 0 6
—12 | 2 |1/2 || =14 | 1 0 7
—12| 2 | 0 || 14| 2 | 1/2 7
—12 | 2 |1/2| 14| 2 | 1/2 7
—12| 2| 0 || -14] 3| 0 6
—12| 2 | o || 14| 3 |1/2 6
—12 | 2 |1/2 | -14| 3 | 0© 6
—12 | 2 |1/2| 14| 3 | 1/2 6
—12 | 3 |1/2 || =14 | 1 0 7
—12 | 3 |1/2| 14| 2 | 1/2 6
—12| 3 |12 | 14| 3 | 0 6
—12 | 3 |1/2| —14| 3 | 1/2 7
—13 | 0 | 1/2 || —14 | 1 0 7
—13 | 0 |1/2 || —14| 2 | 1/2 7
—13| 0 |1/2| -14| 3 | 0 7
—13 | 0 |1/2 || —14| 3 | 1/2 7
“13| 1| 0 | —-14] 1 0 7
“13| 1| 0 || -14] 2 | 1/2 7
13| 1 | o ||-14]| 3] 0 7
—13| 1| 0 || -14] 3 |1/2 7
—13 ] 2| 0 || -14] 1 0 7
—13 | 2 |1/2 | -14 | 1 0 7
—13 ] 2| 0 || -14]| 2 |1/2 7
—13 | 2 |1/2| —-14| 2 | 1/2 7
13| 2| o0 ||-14]| 3] 0 6
—13 ] 2| 0o || 14| 3 |1/2 7
—13| 2 |1/2| -14| 3 | 0 7
—13 | 2 |12 || =14 | 3 | 1/2 6
—13| 3| 0 || —-14] 1 0 7
—13 | 3 |1/2 || =14 | 1 0 7
—13| 3| 0 || 14| 2 | 1/2 7
—13 | 3 [ 1/2 || —14| 2 | 1/2 6
~13| 3| 0 || -14] 3| 0 7
—13| 3 | 0 || 14| 3 | 1/2 6
—13| 3 [1/2]| 14| 3 | 0 6
—13 | 3 |1/2| —14| 3 | 1/2 7
—14 | 1| 0 || —14] 1 0 7
—14 | 1| o || -14]| 2 |1/2 7
14| 1| 0 || -14] 3] 0 8
—14 | 1 | o || -14]| 3 |1/2 7
—14 | 2 |1/2| 14| 2 | 1/2 8
—14 | 2 |12 14| 3 | 0 7
—14 | 2 |1/2| 14| 3 | 1/2 6
~14| 3| 0 || -14] 3] 0 7
—14 | 3 | 0o || 14| 3 |1/2 7
—14 | 3 |1/2| 14| 3 | 1/2 7
R | 0] 0 || -15] 2 | 1/2 5
-8 |0 ] 0o || -15] 3] 0 6
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118 APPENDIX D. POSSIBLE PARAMETER CONFIGURATIONS

L-sector R-sector H-sector
My, [zL [ oo Mg | zr | ar || # of Higgs
-9 0 0 —15 2 1/2 6
-9 0 0 —15 3 0 6
-9 1 1/2 —15 2 1/2 6
-9 1 1/2 —15 3 0 6
—10 0 0 —15 2 1/2 6
—10 0 1/2 —15 2 1/2 6
—10 0 0 —15 3 0 6
—10 0 1/2 —15 3 0 7
—10 1 1/2 —15 2 1/2 6
—10 1 1/2 —15 3 0 6
—10 2 0 —15 2 1/2 6
—10 2 0 —15 3 0 6
—11 0 0 —15 2 1/2 6
—11 0 1/2 —15 2 1/2 7
—11 0 0 —15 3 0 6
—11 0 1/2 —15 3 0 7
—11 1 0 —15 2 1/2 7
—11 1 1/2 —15 2 1/2 6
—11 1 0 —15 3 0 7
—11 1 1/2 —15 3 0 7
—11 2 0 —15 2 1/2 7
—11 2 0 —15 3 0 6
—11 3 1/2 —15 2 1/2 6
—11 3 1/2 —15 3 0 6
—12 0 1/2 —15 2 1/2 7
—12 0 1/2 —15 3 0 7
—12 1 0 —15 2 1/2 7
—12 1 1/2 —15 2 1/2 7
—12 1 0 —15 3 0 7
—12 1 1/2 —15 3 0 7
—12 2 0 —15 2 1/2 7
—12 2 1/2 —15 2 1/2 7
—12 2 0 —15 3 0 6
—12 2 1/2 —15 3 0 7
—12 3 1/2 —15 2 1/2 6
—12 3 1/2 —15 3 0 6
—13 0 1/2 —15 2 1/2 7
—13 0 1/2 —15 3 0 7
—13 1 0 —15 2 1/2 7
—13 1 0 —15 3 0 8
—13 2 0 —15 2 1/2 7
—13 2 1/2 —15 2 1/2 8
—13 2 0 —15 3 0 6
—13 2 1/2 —15 3 0 7
—13 3 0 —15 2 1/2 7
—13 3 1/2 —15 2 1/2 6
—13 3 0 —15 3 0 7
—13 3 1/2 —15 3 0 7
—14 1 0 —15 2 1/2 8
—14 1 0 —15 3 0 8
—14 2 1/2 —15 2 1/2 8
—14 2 1/2 —15 3 0 7
—14 3 0 —15 2 1/2 7
—14 3 1/2 —15 2 1/2 7
—14 3 0 —15 3 0 7
—14 3 1/2 —15 3 0 7
—15 2 1/2 —15 2 1/2 8
—15 2 1/2 —15 3 0 7
—15 3 0 —15 3 0 8
-8 0 0 —16 3 0 6
-9 0 0 —16 3 0 6
-9 1 1/2 —16 3 0 6
—10 0 0 —16 3 0 6




D.3. T%/Z,

L-sector R-sector H-sector
My, [y [ oo Mg | wr | ar || # of Higgs
—10 0 1/2 —16 3 0 7
—-10 1 1/2 —16 3 0 7
—10 2 0 —16 3 0 6
—11 0 0 —16 3 0 7
—11 0 1/2 —16 3 0 7
—11 1 0 —16 3 0 7
—11 1 1/2 —16 3 0 7
—11 2 0 —16 3 0 6
—11 3 1/2 —16 3 0 6
—12 0 1/2 —16 3 0 7
—12 1 0 —16 3 0 8
—12 1 1/2 —16 3 0 7
—12 2 0 —16 3 0 6
—12 2 1/2 —16 3 0 7
—12 3 1/2 —16 3 0 7
—13 0 1/2 —16 3 0 8
—13 1 0 —16 3 0 8
—13 2 0 —16 3 0 7
—13 2 1/2 —16 3 0 7
—13 3 0 —16 3 0 7
—13 3 1/2 —16 3 0 7
—14 1 0 —16 3 0 8
—14 2 1/2 —16 3 0 7
—14 3 0 —16 3 0 8
—14 3 1/2 —16 3 0 7
—15 2 1/2 —16 3 0 8
—15 3 0 —16 3 0 8
—16 3 0 —16 3 0 8
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120 APPENDIX D. POSSIBLE PARAMETER CONFIGURATIONS

Table D.6: Possible parameter configurations on T?/Z, with My, < 0, My > 0.

L-sector R-sector H-sector
My, [ 2L [ oo Mg | zr | ar || # of Higgs
8 o] o s o] o
—8 0 0 9 0 0 1
9 1ol o 9 o] o
—8 0 0 10 0 0 1
—8 0 0 10 0 1/2 1
—8 0 0 10 2 0 1
-9 0 0 10 0 0 1
-9 1 1/2 10 2 0 1
0] 0] o lw|[ol] o 1
—10| 0 |12 10| 0 |1/2 1
—10 2 0 10 2 0 1
—8 0 0 11 0 0 1
—8 0 0 11 0 1/2 1
s o | o || 11| 1|12 1
—8 0 0 11 2 0 1
—8 | o | o || 11| 3|12 1
-9 0 0 11 0 0 1
-9 0 0 11 0 1/2 1
-9 0 0 11 2 0 1
-9 0 0 11 3 1/2 1
9 | 1 |12 1t | 1|12 1
-9 1 1/2 11 2 0 1
9 | 1 |12 1t | 3 |1/2 1
—10 0 0 11 0 0 1
—10| 0 |12 11| o |1/2 1
—10 0 0 11 3 1/2 1
—10 1 1/2 11 2 0 1
10 1 |12 in | 3 |12 1
—10 2 0 11 1 1/2 1
—10 2 0 11 2 0 1
11l o] o ] ol o 1
—1 o |12 11| o |12 1
1|1 12l o | o3 |12 1
—11 2 0 11 2 0 1
—11 | 3 L2 o |1 |2 1
S [0 o0 || 120 [12 T
—8 0 0 12 1 1/2 1
—8 0 0 12 2 0 1
—8 0 0 12 2 1/2 1
—8 | 0| o || 12| 3|12 1
9 [0 |0 || 120 [12 1
-9 0 0 12 1 1/2 1
-9 0 0 12 2 0 1
-9 0 0 12 3 1/2 1
—9 | 1 |12 12| 1 |1/2 1
-9 1 1/2 12 2 0 1
9 | 1 |12 12| 2 |12 1
—9 | 1 |12 12| 3 |12 1
100 ] 0 || 12| 0 |12 1
0] 0 |12 12| o0 |12 1
—10 0 0 12 2 0 1
0] 0 |12 2| 2 |12 1
—10 0| 0o || 12| 3 |12 1
10 1 |12l 2|1 |12 1
—10 1 1/2 12 2 0 1
—10 | 1 |12 12 | 3 |1/2 1
—10 2 0 12 1 1/2 1
—10 2 0 12 2 0 1
—10 2 0 12 2 1/2 1
11 o0 [z 12 |0 |12 i
—11 0 0 12 3 1/2 1
—11 1 0 12 2 1/2 1




D.3. T%/Z,

L-sector

R-sector

H-sector

My [ 2L [ oo

Mg | zr | ar

# of Higgs

1] 1 Ji/2 12 ] 2 ] 0 1
—1 |1 |2 | 12 | 3 |12 1
—11 | 2| 0 12 | 1 |1/2 1
-1 | 2| o0 12| 2| o0 1
—11 | 3 |12 | 12 | 1 |1/2 1
—12 | 0 |12 12 | 0 |1/2 1
—12 | 1 |12 | 12 | 3 | 1/2 1
—12| 2 | o 12 | 2| o 1
—12 | 2 |12 | 12 | 2 |1/2 1
—12 | 3 |12 | 12 | 1 |1/2 1
8 ] 0] o0 3|0 |1/2 T
8| 0] o0 13| 1|0 1
-8 | 0] o0 13|20 1
8| 0] o0 13 | 2 |1/2 1
-8 | 0] o0 13| 3| 0 1
-8 | 0] o0 13 | 3 |1/2 2
—9 | 0] 0 13| 0 |1/2 1
-9 ] 0] o0 13|20 1
9| 0] o0 13 | 2 |1/2 1
9| 0] o0 13| 3| 0 1
-9 ] 0] o0 13 | 3 |1/2 1
—9 | 1 |12 13| 1] 0 1
—9 | 1 |12 13| 2] 0 1
—9 | 1 |12 13| 2 |1/2 1
—9 | 1 |12 13 ]3] 0 1
—9 | 1 |12 13 | 3 |1/2 2
—10] 0] 0 13| 0 |1/2 1
—10| 0 |12 13 ] 0 |1/2 1
—10| 0 |12 13| 1] 0 1
—10| 0| 0 13| 2| o0 1
—10| 0 |12 13 ] 2 |1/2 1
—10| 0| 0 13 3| 0 1
—10| 0| 0 13 | 3 |1/2 1
—10| 0 |12 13 ]3] 0 1
—10| 0 |12 13 ] 3 |1/2 1
—10| 1 |12 13| 2] 0 1
—10 | 1 |12 13 ] 2 |1/2 1
—10| 1 |12 13 ]3] 0 1
—10 | 1 |1/2 | 13| 3 |1/2 1
—10| 2| 0 B3| 1|0 1
—10| 2| o 13| 2| o0 1
—10| 2 | o 13| 2 |1/2 1
—10| 2| 0 13 | 3 |1/2 1
—11] 0 | o 13| 0 |1/2 1
—11 | 0 |12 13 ] 0 |1/2 1
—11 | 0| 0 13|20 1
—11 | 0 |12 13 ] 2 |1/2 1
—11 ] 0| 0 13 | 3 |1/2 1
—11 | o0 |12 13 ]3] 0 1
—11 | 1] 0 13| 1| o0 1
—11 | 1| o0 13 | 2 |1/2 1
—11 | 1 |12 132 ] o0 1
—11 | 1] 0 13| 3| 0 1
—11 | 1] o0 13 | 3 |1/2 1
—11 | 1 |12 13 ]3]0 1
—11 | 1 |12 13 ] 3 |1/2 1
—11 | 2| 0 13|20 1
—11 | 2| o 13 | 2 |1/2 1
—11 | 3 |12 13| 1] o0 1
—11 | 3 |12 13 ] 3 |1/2 1
—12 ] 0 |12 13 0 |12 1
—12| 0 |12 13 ]3] 0 1
—12| 1] 0 13 | 2 |1/2 1
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122 APPENDIX D. POSSIBLE PARAMETER CONFIGURATIONS

L-sector R-sector H-sector
My [ 2L [ oo Mg | zr | ar || # of Higgs
—12 1 1/2 13 2 0 1
—12 1 0 13 3 0 1
—12 1 1/2 13 3 1/2 1
—12 2 1/2 13 1 0 1
—12 2 0 13 2 0 1
—12 2 1/2 13 2 1/2 1
—13 0 1/2 13 0 1/2 1
—13 1 0 13 3 0 1
—13 2 0 13 2 0 1
—13 2 1/2 13 2 1/2 1
—13 3 0 13 1 0 1
-8 0 0 14 1 0 1
-8 0 0 14 2 1/2 1
-8 0 0 14 3 0 1
-8 0 0 14 3 1/2 2
-9 0 0 14 1 0 1
-9 0 0 14 2 1/2 1
-9 0 0 14 3 0 1
-9 0 0 14 3 1/2 2
-9 1 1/2 14 1 0 1
-9 1 1/2 14 2 1/2 1
-9 1 1/2 14 3 0 1
-9 1 1/2 14 3 1/2 2
—-10 0 1/2 14 1 0 1
—10 0 0 14 2 1/2 1
—-10 0 1/2 14 2 1/2 1
—10 0 0 14 3 0 1
—10 0 0 14 3 1/2 1
—10 0 1/2 14 3 0 1
—10 0 1/2 14 3 1/2 1
—10 1 1/2 14 1 0 1
—10 1 1/2 14 2 1/2 1
—10 1 1/2 14 3 0 1
—10 1 1/2 14 3 1/2 2
—-10 2 0 14 1 0 1
—10 2 0 14 2 1/2 1
—-10 2 0 14 3 1/2 1
—11 0 1/2 14 1 0 1
—11 0 1/2 14 2 1/2 1
—11 0 0 14 3 0 1
—11 0 0 14 3 1/2 1
—11 0 1/2 14 3 0 1
—11 0 1/2 14 3 1/2 1
—11 1 0 14 1 0 1
—11 1 0 14 2 1/2 1
—11 1 1/2 14 2 1/2 1
—11 1 0 14 3 0 1
—11 1 0 14 3 1/2 1
—11 1 1/2 14 3 0 1
—11 1 1/2 14 3 1/2 1
—11 2 0 14 1 0 1
—11 2 0 14 2 1/2 1
—11 2 0 14 3 1/2 1
—11 3 1/2 14 1 0 1
—11 3 1/2 14 3 1/2 1
—12 0 1/2 14 2 1/2 1
—12 0 1/2 14 3 0 1
—12 1 0 14 1 0 1
—12 1 0 14 2 1/2 1
—12 1 0 14 3 0 1
—12 1 0 14 3 1/2 1
—12 1 1/2 14 3 0 1
—12 1 1/2 14 3 1/2 1




D.3. T%/Z,

L-sector

R-sector

H-sector

My [ 2L [ oo

Mg | zr | ar

# of Higgs

12 ] 2 |12 4 1] 0 1
—12| 2| o0 4 | 2 |1/2 1
—12 ] 2 |12 | 14| o2 |12 1
—12| 3 [1/2] 14| 1| o0 1
—12| 3 [1/2] 14 | 3 |1/2 1
i3] 0 |12 14 | 3| 0 1
—13| 1] o0 4 | 2 |1/2 1
—13| 1] o0 4 | 3]0 1
—13 ] 2 |12 14| 1| o0 1
—13 | 2 [1/2] 14 | 2 |1/2 1
13| 3 | 0 14 | 1] 0 1
—14 1] o 14 | 3] o 1
—14 ] 2 |12 14| 2 |1/2 1
—14| 3| 0 1] o 1
=8 | 0] 0 5| 2 | 1/2 T
—8 | 0| o 15 | 3] 0 2
—9 | 0| 0 | 2 | 1/2 1
—9 | 0] o 15| 3| 0 1
—9 | 1 |12 15| 2 |1/2 1
—9 | 1 |12 15| 3|0 2
Z10] 0 | 0 5| 2 | 1/2 T
10 0 |12 15| 2 |1/2 1
—10] 0| 0 15| 3| 0 1
10 0 |12 15| 3| o0 2
—10 | 1 |12 15| 2 |1/2 1
—10| 1 [1/2] 15| 3|0 1
10 2| 0 15 | 2 | 1/2 1
—10] 2 | 0 15 | 3] 0 1
—11 | 0] 0 5| 2 | 1/2 1
—1n oo |12 15| 2 |1/2 1
—11| 0| 0 15| 3] 0 1
—11 o |12 15| 3| o0 1
—11| 1] o0 15 | 2 | 1/2 1
—1n |1 12l s | o2 |12 1
—11| 1] o0 15| 3] 0 2
—1n |1 12 15| 3| o 1
“11 ] 2] 0 15 | 2 | 1/2 1
—11| 3 [1/2] 15| 3| o0 1
—12 0 [1/2] 15| 2 |12 1
—12] 0 |12 15| 3| 0 1
—12| 1] o0 15 | 2 | 1/2 1
—12 ] 1 |12l 15 | o2 | 1/2 1
—12| 1] o0 15| 3] 0 1
—12 ] 1 |12 15| 3| o0 1
—12| 2| o0 15 | 2 | 1/2 1
—12 ] 2 |12l 15 | 2 | 172 1
—12 | 2 |12 15| 3| 0 1
“3 0 [12] 15| 2 [1/2 1
—13] 0 |12 15| 3|0 1
“13 ] 1] 0 15 | 2 | 1/2 1
—13] 1] 0 15| 3] 0 1
“13] 2| 0 15 | 2 | 1/2 1
—13 | 2 [12] 15| 2 |1/2 1
13| 3 | 0 15 | 3] 0 1
14| 1] 0 5| 2 | 1/2 1
—14| 1| o0 15| 3] 0 1
—14 | 2 |12l 15 | 2 | 172 1
—15 | 2 [12] 15| 2 |12
—8 | 0 | 0 6 | 3 | 0 2
=9 | 0] 0 6 | 3 | 0 2
—9 | 1 |12 16| 3| o0 2
—10] 0] 0 6 | 3 | 0 1
—10] 0 |12 16 | 3| 0 2
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124 APPENDIX D. POSSIBLE PARAMETER CONFIGURATIONS

L-sector R-sector H-sector
My [ 2L [ oo Mg | zr | ar || # of Higgs
—10 1 1/2 16 3 0 2
—10 2 0 16 3 0 1
—11 0 0 16 3 0 1
—11 0 1/2 16 3 0 2
—11 1 0 16 3 0 2
—11 1 1/2 16 3 0 1
—11 2 0 16 3 0 1
—11 3 1/2 16 3 0 1
—12 0 1/2 16 3 0 1
—12 1 0 16 3 0 2
—12 1 1/2 16 3 0 1
—12 2 1/2 16 3 0 1
—12 3 1/2 16 3 0 1
—13 0 1/2 16 3 0 1
—13 1 0 16 3 0 1
—13 2 1/2 16 3 0 1
—13 3 0 16 3 0 1
—14 1 0 16 3 0 1
—14 3 0 16 3 0 1




D.4. T?/Zg

D.4

T2/ Z

Table D.7: Possible parameter configurations on T?/Zg with My, < 0, My < 0.

L-sector R-sector H-sector
ML | Ty, | arg, MR | TR | QR # of Higgs
—12 0 0 —12 0 0 5
—12 0 0 —13 1 1/2 4
—13 1 1/2 —13 1 1/2 4
—12 0 0 —14 0 0 5
—12 0 0 —14 2 0 4
—13 1 1/2 —14 0 0 4
—13 1 1/2 —14 2 0 5
—14 0 0 —14 0 0 5
—14 0 0 —14 2 0 5
—14 2 0 —14 2 0 5
—12 0 0 —15 0 1/2 5
—12 0 0 —15 1 1/2 4
—12 0 0 —15 3 1/2 5
—13 1 1/2 —15 0 1/2 4
—13 1 1/2 —15 1 1/2 5
—13 1 1/2 —15 3 1/2 5
—14 0 0 —15 0 1/2 5
—14 0 0 —15 1 1/2 5
—14 0 0 —15 3 1/2 5
—14 2 0 —15 0 1/2 4
—14 2 0 —15 1 1/2 5
—14 2 0 —15 3 1/2 5
—15 0 1/2 —15 0 1/2 6
—15 0 1/2 —15 1 1/2 4
—15 0 1/2 —15 3 1/2 5
—15 1 1/2 —15 1 1/2 5
—15 1 1/2 —15 3 1/2 5
—15 3 1/2 —15 3 1/2 6
—12 0 0 —16 0 0 5
—12 0 0 —16 1 0 4
—12 0 0 —16 2 0 5
—12 0 0 —16 4 0 5
—13 1 1/2 —16 0 0 5
—13 1 1/2 —16 1 0 4
—13 1 1/2 —16 2 0 5
—13 1 1/2 —16 4 0 5
—14 0 0 —16 0 0 6
—14 0 0 —16 1 0 4
—14 0 0 —16 2 0 5
—14 0 0 —16 4 0 5
—14 2 0 —16 0 0 5
—14 2 0 —16 1 0 5
—14 2 0 —16 2 0 5
—14 2 0 —16 4 0 6
—15 0 1/2 —16 0 0 5
—15 0 1/2 —16 1 0 5
—15 0 1/2 —16 2 0 5
—15 0 1/2 —16 4 0 5
—15 1 1/2 —16 0 0 5
—15 1 1/2 —16 1 0 5
—15 1 1/2 —16 2 0 5
—15 1 1/2 —16 4 0 6
—15 3 1/2 —16 0 0 5
—15 3 1/2 —16 1 0 5
—15 3 1/2 —16 2 0 6
—15 3 1/2 —16 4 0 5
—16 0 0 —16 0 0 6
—16 0 0 —16 1 0 5
—16 0 0 —16 2 0 5
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126 APPENDIX D. POSSIBLE PARAMETER CONFIGURATIONS

L-sector R-sector H-sector
My, [zL [ oo Mg | zr | ar || # of Higgs
—16 0 0 —16 4 0 6
—16 1 0 —16 1 0 5
—16 1 0 —16 2 0 5
—16 1 0 —16 4 0 5
—16 2 0 —16 2 0 6
—16 2 0 —16 4 0 6
—16 4 0 —16 4 0 5
—12 0 0 —17 0 1/2 5
—12 0 0 —17 1 1/2 5
—12 0 0 —17 2 1/2 4
—12 0 0 —17 3 1/2 5
—12 0 0 —17 5 1/2 5
—13 1 1/2 —17 0 1/2 4
—13 1 1/2 —17 1 1/2 5
—-13 1 1/2 —17 2 1/2 5
—13 1 1/2 —17 3 1/2 5
—-13 1 1/2 —17 5 1/2 6
—14 0 0 —17 0 1/2 5
—14 0 0 —17 1 1/2 5
—14 0 0 —17 2 1/2 5
—14 0 0 —17 3 1/2 5
—14 0 0 —17 5 1/2 6
—14 2 0 —17 0 1/2 5
—14 2 0 —17 1 1/2 5
—14 2 0 —17 2 1/2 5
—14 2 0 —17 3 1/2 6
—14 2 0 —17 5 1/2 5
—15 0 1/2 —17 0 1/2 6
—15 0 1/2 —17 1 1/2 5
—15 0 1/2 —17 2 1/2 5
—15 0 1/2 —17 3 1/2 5
—15 0 1/2 —17 5 1/2 5
—15 1 1/2 —17 0 1/2 5
—15 1 1/2 —17 1 1/2 5
—15 1 1/2 —17 2 1/2 5
—15 1 1/2 —17 3 1/2 6
—15 1 1/2 —17 5 1/2 6
—15 3 1/2 —17 0 1/2 5
—15 3 1/2 —17 1 1/2 6
—15 3 1/2 —17 2 1/2 5
—15 3 1/2 —17 3 1/2 6
—15 3 1/2 —17 5 1/2 5
—16 0 0 —17 0 1/2 6
—16 0 0 —17 1 1/2 5
—16 0 0 —17 2 1/2 5
—16 0 0 —17 3 1/2 6
—16 0 0 —17 5 1/2 6
—16 1 0 —17 0 1/2 5
—16 1 0 —17 1 1/2 5
—16 1 0 —17 2 1/2 6
—16 1 0 —17 3 1/2 5
—16 1 0 —17 5 1/2 6
—16 2 0 —17 0 1/2 5
—16 2 0 —17 1 1/2 6
—16 2 0 —17 2 1/2 5
—16 2 0 —17 3 1/2 6
—16 2 0 —17 5 1/2 5
—16 4 0 —17 0 1/2 5
—16 4 0 —17 1 1/2 6
—16 4 0 —17 2 1/2 6
—16 4 0 —17 3 1/2 5
—16 4 0 —17 5 1/2 6
—17 0 1/2 —17 0 1/2 6




D.4. T?/Zg

L-sector

R-sector

H-sector

My, [zL [ oo

Mg | zr | or

# of Higgs

7] o0 [1/2] 17 ] 1 ] 1/2 5
—17 | 0 |12 || =17 | 2 | 1/2 6
—17 | o |1/2 || =17 | 3 | 1/2 5
—17 | o0 |12 || =17 | 5 | 1/2 6
17| 1 {12 17| o1 |12 6
17| 1 |12 || 17| 2 | 1/2 5
17| 1 |12 || <17 | 3 | 1/2 6
—17 | 1 |12 || <17 | 5 | 1/2 6
17| 2 |12 || <17 | 2 | 1/2 6
“17 | 2 |12 || =17 | 3 | 1/2 6
—17 | 2 |12 || <17 | 5 | 1/2 5
—17 | 3 |12 || —17 | 3 | 1/2 6
—17 | 3 |12 || <17 | 5 | 1/2 6
—17 | 5 |12 || —17| 5 | 1/2 6
—12] 0] 0 ||[-18] 1] 0 4
—12| 0| o ||-18] 2] o0 5
—12| 0| o ||-18] 3] 0 5
—12| 0| o || -18] 4] o0 5
—13 ] 1 |12 | —18] 1 ] 0 5
—13 | 1 |12 18] 2 | 0 5
—13 | 1 [1/2]| =18 3 | o0 5
—13 | 1 |12 18] 4 | o0 6
—14 ] 0] 0 [|[-18] 1] 0 5
—14 | 0| o ||-18] 2] 0 5
14| 0| o ||-18] 3] 0 5
—14 | 0| o || -18] 4] 0 6
—14 | 2| o0 ||-18] 1] 0 5
—14 | 2| o0 ||-18] 2] 0 6
—14| 2| o || -18] 3] 0 5
—14 | 2| 0o ||-18] 4] 0 6
—15] 0 |1/2 | —18 ] 1 | 0 5
—15| 0 |1/2 ]| =18 2 | 0 5
—15| 0 |1/2]| =18 3 | 0 6
—15| 0 |1/2 ]| —18| 4 | 0 5
—15 | 1 [1/2 | 18| 1 | 0 5
“15 | 1 [1/2 ]| —18]| 2 | 0 6
—15 | 1 [1/2]| =18 3 | 0 5
—15 | 1 [1/2 ]| =18 4 | 0 6
—15| 3 [1/2| -18| 1 | 0 5
—15| 3 [1/2 | —18| 2 | 0 6
—15| 3 |1/2 | —18| 3 | 0 6
—15| 3 |1/2 ]| —18| 4 | 0 5
—16] 0| 0 || -18] 1] 0 5
—16| 0| o || -18] 2] 0 6
—16| 0| 0o ||-18] 3] 0 5
—16| 0 | 0o || 18| 4 | 0 6
—16| 1 | o ||-18] 1] 0 6
—16| 1 | o ||-18] 2] 0 5
—16| 1 | 0o || -18] 3| 0 6
—16| 1 | 0o || -18]| 4 | 0 6
—16| 2| 0o || 18] 1] 0 5
-6 2| 0 ||-18] 2] 0 6
—16| 2| 0o || 18| 3 | 0 6
—16| 2| 0o || -18]| 4 | 0 6
—16| 4 | o || 18] 1] 0 6
—16| 4 | o || 18] 2| 0 6
—16| 4 | 0o || -18] 3| 0 5
—16| 4 | 0o || 18] 4 | o0 6
—i7 ] o0 |12 -8 1 ] 0 6
—17 | o0 |1/2]| =18 2 | 0 5
—17| o |1/2]| =18 3 | 0 6
—17| o0 |1/2]| =18 4 | 0 6
17| 1 |12 =18 1] o0 5
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128 APPENDIX D. POSSIBLE PARAMETER CONFIGURATIONS

L-sector R-sector H-sector
My, [zL [ oo Mg | zr | ar || # of Higgs
—17 1 1/2 —18 2 0 6
—17 1 1/2 —18 3 0 6
—17 1 1/2 —18 4 0 6
—17 2 1/2 —18 1 0 6
—17 2 1/2 —18 2 0 6
—17 2 1/2 —18 3 0 6
—17 2 1/2 —18 4 0 6
—17 3 1/2 —18 1 0 6
—17 3 1/2 —18 2 0 6
—17 3 1/2 —18 3 0 6
—17 3 1/2 —18 4 0 6
—17 5 1/2 —18 1 0 6
—17 5 1/2 —18 2 0 6
—17 5 1/2 —18 3 0 5
—17 5 1/2 —18 4 0 6
—18 1 0 —18 1 0 6
—18 1 0 —18 2 0 6
—18 1 0 —18 3 0 6
—18 1 0 —18 4 0 6
—18 2 0 —18 2 0 6
—18 2 0 —18 3 0 6
—18 2 0 —18 4 0 7
—18 3 0 —18 3 0 7
—18 3 0 —18 4 0 5
—18 4 0 —18 4 0 6
—12 0 0 —19 0 1/2 5
—12 0 0 —-19 2 1/2 5
—12 0 0 —19 3 1/2 5
—12 0 0 —-19 4 1/2 5
—12 0 0 —19 5 1/2 6
—13 1 1/2 —19 0 1/2 5
—-13 1 1/2 —-19 2 1/2 5
—13 1 1/2 —19 3 1/2 6
—-13 1 1/2 —-19 4 1/2 5
—13 1 1/2 —19 5 1/2 6
—14 0 0 —19 0 1/2 6
—14 0 0 —-19 2 1/2 5
—14 0 0 —-19 3 1/2 6
—14 0 0 —19 4 1/2 5
—14 0 0 —-19 5 1/2 6
—14 2 0 —19 0 1/2 5
—14 2 0 —-19 2 1/2 5
—14 2 0 —19 3 1/2 6
—14 2 0 —-19 4 1/2 6
—14 2 0 —19 5 1/2 5
—15 0 1/2 —19 0 1/2 6
—15 0 1/2 —-19 2 1/2 6
—15 0 1/2 —-19 3 1/2 5
—15 0 1/2 —19 4 1/2 6
—15 0 1/2 —-19 5 1/2 6
—15 1 1/2 —19 0 1/2 5
—15 1 1/2 —-19 2 1/2 5
—15 1 1/2 —19 3 1/2 6
—15 1 1/2 —-19 4 1/2 6
—15 1 1/2 —19 5 1/2 6
—15 3 1/2 —19 0 1/2 5
—15 3 1/2 —-19 2 1/2 6
—15 3 1/2 —19 3 1/2 6
—15 3 1/2 —-19 4 1/2 5
—15 3 1/2 —19 5 1/2 6
—16 0 0 —19 0 1/2 6
—16 0 0 —-19 2 1/2 5
—16 0 0 —19 3 1/2 6




D.4. T?/Zg

L-sector

R-sector

H-sector

My, [zL [ oo

Mg | zr | or

# of Higgs

—16] 0 | 0 || —19] 4 | 1/2 6
—16| 0 | 0o || -19]| 5 | 1/2 6
—16| 1 | 0 || -19]| 0 | 1/2 6
—16| 1 | o || -19] 2 | 1/2 6
—16| 1 | o || 19| 3 | 1/2 6
—16| 1 | 0 || —-19] 4 | 1/2 6
—16| 1 | o || 19| 5 | 1/2 6
—16| 2 | 0 || -19]| 0 | 1/2 5
—16| 2 | o || 19| 2 | 1/2 6
—16| 2 | 0 || 19| 3 | 1/2 6
—16| 2 | 0o || —19]| 4 | 1/2 6
—16| 2 | 0 || -19]| 5 | 1/2 6
~16| 4 | 0 || -19| 0 | 1/2 6
—16| 4 | o || —19] 2 | 1/2 6
~16 | 4 | 0 || —-19| 3 | 1/2 6
—16| 4 | 0o || —19]| 4 | 1/2 5
~16| 4 | 0 || 19| 5 | 1/2 6
—17 | 0 |1/2 ] —19] 0 | 1/2 7
—17 | 0o |1/2 || =19 | 2 | 1/2 6
—17 | 0 |1/2| —-19| 3 | 1/2 6
—17 | 0 |1/2 || =19 | 4 | 1/2 6
—17 | 0 |1/2| -19| 5 | 1/2 6
“17 | 1 |1/2 | -19| 0 | 1/2 5
17| 1 |12 | 19| 2 | 1/2 6
“17 | 1 |1/2 | —-19| 3 | 1/2 6
17| 1 |12 || 19| 4 | 1/2 6
“17 | 1 |1/2 | -19| 5 | 1/2 7
—17 | 2 |12 || =19 0 | 1/2 6
“17 | 2 |1/2 | -19| 2 | 1/2 6
—17 | 2 |12 || =19 | 3 | 1/2 6
—17 | 2 |12 || =19 | 4 | 1/2 7
“17 | 2 |1/2 | -19| 5 | 1/2 5
—17 | 3 |12 || =19 0 | 1/2 6
“17 | 3 |1/2 | —19| 2 | 1/2 6
—17 | 3 |12 || =19 | 3 | 1/2 7
—17 | 3 | 1/2 | —19 | 4 | 1/2 5
—17| 3 |12 || =19 | 5 | 1/2 6
—17| 5 | 1/2 || =19 | 0 | 1/2 6
“17 | 5 |1/2 | —-19| 2 | 1/2 5
—17 | 5 |12 || =19 | 3 | 1/2 6
“17 | 5 |1/2 | —-19 | 4 | 1/2 6
—17 | 5 |12 || —19| 5 | 1/2 6
18] 1 ] 0 || -19] 0 |1/2 6
—18| 1| 0 || -19] 2 | 1/2 6
—18 | 1 | o || -19] 3 | 1/2 6
—18| 1 | 0 || 19| 4 | 1/2 7
—18 | 1 | o || -19] 5 | 1/2 6
—18| 2 | 0 || -19] 0o | 1/2 6
—18| 2 | 0 || -19] 2 | 1/2 6
—18 | 2 | o || —-19] 3 | 1/2 7
—18| 2 | 0 || -19] 4 | 1/2 6
—18 | 2 | o || -19]| 5 | 1/2 6
—18| 3 | 0 || 19| 0 | 1/2 6
—18 | 3 | o || -19] 2 | 1/2 7
—18| 3 | 0 || -19| 3 | 1/2 6
—18 | 3 | 0 || —-19| 4 | 1/2 6
—18 | 3 | o || -19] 5 | 1/2 6
—18 | 4 | 0 || 19| 0 | 1/2 6
—18 | 4 | o || —19]| 2 | 1/2 6
—18 | 4 | 0 || 19| 3 | 1/2 6
—18 | 4 | o || —19]| 4 | 1/2 6
—18 | 4 | 0 || 19| 5 | 1/2 6
—19 | 0 |1/2 | —19] 0 | 1/2 7
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130 APPENDIX D. POSSIBLE PARAMETER CONFIGURATIONS

L-sector R-sector H-sector
My, [zL [ oo Mg | zr | ar || # of Higgs
—19 0 1/2 —19 2 1/2 6
—-19 0 1/2 —-19 3 1/2 6
—19 0 1/2 —19 4 1/2 7
—-19 0 1/2 —-19 5 1/2 6
—-19 2 1/2 —-19 2 1/2 7
—19 2 1/2 —19 3 1/2 6
—-19 2 1/2 —-19 4 1/2 7
—19 2 1/2 —19 5 1/2 6
—-19 3 1/2 —-19 3 1/2 7
—19 3 1/2 —19 4 1/2 6
—-19 3 1/2 —-19 5 1/2 6
—19 4 1/2 —19 4 1/2 6
—19 4 1/2 —19 5 1/2 6
—-19 5 1/2 —-19 5 1/2 7
—12 0 0 —-20 1 0 5
—12 0 0 —20 3 0 5
—12 0 0 —-20 4 0 6
—12 0 0 —20 5 0 5
—13 1 1/2 —20 1 0 5
—-13 1 1/2 —-20 3 0 5
—13 1 1/2 —20 4 0 6
—-13 1 1/2 —-20 5 0 6
—14 0 0 —-20 1 0 5
—14 0 0 —20 3 0 5
—14 0 0 —-20 4 0 6
—14 0 0 —20 5 0 6
—14 2 0 —20 1 0 5
—14 2 0 —-20 3 0 6
—14 2 0 —20 4 0 6
—14 2 0 —-20 5 0 5
—15 0 1/2 —-20 1 0 6
—15 0 1/2 —20 3 0 6
—15 0 1/2 —-20 4 0 6
—15 0 1/2 —20 5 0 6
—15 1 1/2 —20 1 0 5
—15 1 1/2 —20 3 0 6
—15 1 1/2 —20 4 0 6
—15 1 1/2 —-20 5 0 6
—15 3 1/2 —20 1 0 6
—15 3 1/2 —-20 3 0 6
—15 3 1/2 —20 4 0 6
—15 3 1/2 —-20 5 0 5
—16 0 0 —-20 1 0 5
—16 0 0 —20 3 0 6
—16 0 0 —-20 4 0 6
—16 0 0 —20 5 0 6
—16 1 0 —-20 1 0 6
—16 1 0 —-20 3 0 6
—16 1 0 —20 4 0 6
—16 1 0 —-20 5 0 7
—16 2 0 —20 1 0 6
—16 2 0 —-20 3 0 6
—16 2 0 —20 4 0 7
—16 2 0 —-20 5 0 5
—16 4 0 —20 1 0 6
—16 4 0 —20 3 0 5
—16 4 0 —-20 4 0 6
—16 4 0 —20 5 0 6
—17 0 1/2 —20 1 0 6
—17 0 1/2 —-20 3 0 6
—17 0 1/2 —20 4 0 6
—17 0 1/2 —-20 5 0 7
—17 1 1/2 —20 1 0 6




D.4. T?/Zg

L-sector R-sector H-sector
My, [zL [ oo Mg | zr | ar || # of Higgs
—17 1 1/2 —20 3 0 6
—17 1 1/2 —20 4 0 7
—17 1 1/2 —20 5 0 6
—17 2 1/2 —20 1 0 6
—17 2 1/2 —-20 3 0 7
—17 2 1/2 —20 4 0 6
—17 2 1/2 —-20 5 0 6
—17 3 1/2 —20 1 0 6
—17 3 1/2 —-20 3 0 6
—17 3 1/2 —20 4 0 6
—17 3 1/2 —-20 5 0 6
—17 5 1/2 —20 1 0 6
—17 5 1/2 —20 3 0 6
—17 5 1/2 —-20 4 0 6
—17 5 1/2 —20 5 0 6
—18 1 0 —20 1 0 6
—18 1 0 —-20 3 0 7
—18 1 0 —20 4 0 6
—18 1 0 —-20 5 0 7
—18 2 0 —20 1 0 6
—18 2 0 —-20 3 0 6
—18 2 0 —20 4 0 7
—18 2 0 —20 5 0 6
—18 3 0 —-20 1 0 7
—18 3 0 —20 3 0 7
—18 3 0 —-20 4 0 6
—18 3 0 —20 5 0 6
—18 4 0 —-20 1 0 6
—18 4 0 —20 3 0 6
—18 4 0 —-20 4 0 6
—18 4 0 —-20 5 0 6
—19 0 1/2 —20 1 0 6
—19 0 1/2 —20 3 0 7
—-19 0 1/2 —-20 4 0 6
—19 0 1/2 —20 5 0 7
—-19 2 1/2 —20 1 0 7
—19 2 1/2 —20 3 0 7
—-19 2 1/2 —20 4 0 7
—19 2 1/2 —20 5 0 6
—-19 3 1/2 —-20 1 0 6
—-19 3 1/2 —-20 3 0 7
—19 3 1/2 —20 4 0 6
—-19 3 1/2 —-20 5 0 6
—19 4 1/2 —20 1 0 7
—-19 4 1/2 —-20 3 0 6
—19 4 1/2 —20 4 0 6
—-19 4 1/2 —-20 5 0 7
—19 5 1/2 —20 1 0 7
—19 5 1/2 —20 3 0 6
—-19 5 1/2 —-20 4 0 7
—19 5 1/2 —20 5 0 6
—20 1 0 —20 1 0 7
—20 1 0 —-20 3 0 7
—20 1 0 —20 4 0 7
—20 1 0 —-20 5 0 7
—20 3 0 —20 3 0 7
—-20 3 0 —-20 4 0 6
—20 3 0 —20 5 0 7
—20 4 0 —20 4 0 7
—20 4 0 —-20 5 0 6
—20 5 0 —20 5 0 7
—12 0 0 —21 2 1/2 5
—12 0 0 —21 4 1/2 5
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132 APPENDIX D. POSSIBLE PARAMETER CONFIGURATIONS

L-sector R-sector H-sector
My, [zL [ oo Mg | zr | ar || # of Higgs
—12 0 0 —21 5 1/2 6
—13 1 1/2 —21 2 1/2 5
—-13 1 1/2 —-21 4 1/2 6
—13 1 1/2 —21 5 1/2 6
—14 0 0 —21 2 1/2 5
—14 0 0 —21 4 1/2 6
—14 0 0 —21 5 1/2 6
—14 2 0 —-21 2 1/2 6
—14 2 0 —21 4 1/2 6
—14 2 0 —21 5 1/2 6
—15 0 1/2 —21 2 1/2 6
—15 0 1/2 —21 4 1/2 6
—15 0 1/2 —21 5 1/2 6
—15 1 1/2 —-21 2 1/2 6
—15 1 1/2 —21 4 1/2 6
—15 1 1/2 —21 5 1/2 7
—15 3 1/2 —21 2 1/2 6
—15 3 1/2 —21 4 1/2 5
—15 3 1/2 —21 5 1/2 6
—16 0 0 —21 2 1/2 6
—16 0 0 —21 4 1/2 6
—16 0 0 —21 5 1/2 7
—16 1 0 —21 2 1/2 6
—16 1 0 —21 4 1/2 7
—16 1 0 —21 5 1/2 6
—16 2 0 —21 2 1/2 6
—16 2 0 —21 4 1/2 6
—16 2 0 —21 5 1/2 6
—16 4 0 —21 2 1/2 6
—16 4 0 —21 4 1/2 6
—16 4 0 —21 5 1/2 6
—17 0 1/2 —21 2 1/2 6
—17 0 1/2 —21 4 1/2 7
—17 0 1/2 —21 5 1/2 6
—17 1 1/2 —21 2 1/2 6
—17 1 1/2 —-21 4 1/2 6
—17 1 1/2 —21 5 1/2 7
—17 2 1/2 —-21 2 1/2 7
—17 2 1/2 —21 4 1/2 7
—17 2 1/2 —21 5 1/2 6
—17 3 1/2 —21 2 1/2 6
—17 3 1/2 —21 4 1/2 6
—17 3 1/2 —21 5 1/2 6
—17 5 1/2 —21 2 1/2 6
—17 5 1/2 —21 4 1/2 6
—17 5 1/2 —21 5 1/2 7
—18 1 0 —21 2 1/2 7
—18 1 0 —21 4 1/2 7
—18 1 0 —21 5 1/2 7
—18 2 0 —21 2 1/2 6
—18 2 0 —21 4 1/2 7
—18 2 0 —21 5 1/2 6
—18 3 0 —21 2 1/2 7
—18 3 0 —21 4 1/2 6
—18 3 0 —21 5 1/2 6
—18 4 0 —21 2 1/2 7
—18 4 0 —21 4 1/2 6
—18 4 0 —21 5 1/2 7
—19 0 1/2 —21 2 1/2 7
—-19 0 1/2 —21 4 1/2 7
—-19 0 1/2 —21 5 1/2 7
—19 2 1/2 —21 2 1/2 7
—-19 2 1/2 —-21 4 1/2 7




D.4. T?/Zg

L-sector

R-sector

H-sector

My, [zL [ oo

Mg | zr | or

# of Higgs

—19 ] 2 [1/2 ] —21] 5 | 1/2 6
—19 | 3 |1/2 || =21 | 2 | 1/2 7
—19 | 3 |1/2 || —21 | 4 | 1/2 6
—19| 3 |12 || =21 | 5 | 1/2 7
—19 | 4 |12 || =21 | 2 | 1/2 7
—19 | 4 |1/2 || =21 | 4 | 1/2 7
—19 | 4 |12 || =21 | 5 | 1/2 6
“19| 5 [ 1/2 || —21 | 2 | 1/2 6
—19 | 5 | 1/2 || =21 | 4 | 1/2 6
—19| 5 |12 || —21| 5 | 1/2 7
20| 1 | 0 || 21| 2 |1/2 7
20| 1 | o || —21| 4 | 1/2 7
20| 1 | o || —21| 5 | 1/2 7
20| 3 | o || —21| 2 | 1/2 7
20| 3 | o || —21| 4 | 1/2 7
20| 3 | o || —21| 5 | 1/2 6
—20 | 4 | o || —21| 2 | 1/2 7
20| 4 | o || —21| 4 | 1/2 6
20| 4 | o || -21| 5 | 1/2 7
20| 5 | o || 21| 2 | 1/2 7
20| 5 | 0o || —21| 4 | 1/2 7
20| 5 | o || —21| 5 | 1/2 7
21| 2 |12 || 21| 2 | 1/2 7
—21 | 2 |1/2 || =21 | 4 | 1/2 8
21| 2 |12 || =21 | 5 | 1/2 6
21| 4 |1/2 || =21 | 4 | 1/2 7
—21 | 4 |12 || =21 | 5 | 1/2 7
21| 5 |12 || —21| 5 | 1/2 7
—12] 0| o0 || =223 ] 0 5
—12| 0| o ||-22| 5| 0 6
—13 | 1 [1/2 | 22| 3 | 0 6
—13| 1 |12 —22| 5 | o 6
—14] 0| o0 || —22]3] 0 6
—14 | 0| o ||-22]|5 ] 0 6
—14| 2| o0 || 22| 3]0 6
—14 | 2| o0 ||-22| 5| 0 5
—15 ] 0 |1/2 || —22| 3 | 0 6
—15| 0 [1/2 ]| —22| 5 | 0 7
—15 | 1 |12 | =22 | 3 | 0 6
—15 | 1 |1/2 | —22| 5 | 0 6
—15| 3 |1/2 | —22| 3 | 0 6
—15| 3 |1/2 || —22| 5 | o 6
—16] 0| 0 || —22] 3] 0 6
-6 0| 0o || -22| 5| 0 6
—16| 1 | 0o || 22| 3] o0 7
—16| 1 | 0o || 22| 5] o0 7
—16| 2| 0o || -22| 3| 0 6
—16| 2| 0o || 22| 5| 0 6
—16| 4 | 0o || —22| 3| 0 6
—16| 4 | 0o || 22| 5 | o0 6
—7 | o |1/2 | 22| 3 | 0 7
—17 | o0 |1/2]| 22| 5 | 0 7
—17 | 1 |12 —22| 3 | o 6
17| 1 |12 22| 5 | 0 7
“17 | 2 |12 | —22| 3 | o 7
“17| 2 |12 | —22| 5 | o 6
—17| 3 |12 | —22| 3 | o 7
—17 | 3 |12 | —22| 5 | o 6
—17| 5 |12 | =22 | 3 | 0 6
17| 5 |12 —22| 5 | o 6
—18 ] 1| 0 || —22] 3] 0 7
—18 | 1 | o || -22| 5 | 0 7
—18] 2 | o || 22| 3] o 7
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134 APPENDIX D. POSSIBLE PARAMETER CONFIGURATIONS

L-sector R-sector H-sector
My, [zL [ oo Mg | zr | ar || # of Higgs
—18 2 0 —22 5 0 6
—18 3 0 —22 3 0 7
—18 3 0 —22 5 0 7
—18 4 0 —22 3 0 6
—18 4 0 —22 5 0 6
—19 0 1/2 —22 3 0 7
—-19 0 1/2 —22 5 0 7
—-19 2 1/2 —22 3 0 7
—19 2 1/2 —22 5 0 7
—-19 3 1/2 —22 3 0 7
—19 3 1/2 —22 5 0 6
—-19 4 1/2 —22 3 0 7
—19 4 1/2 —22 5 0 7
—-19 5 1/2 —22 3 0 6
—-19 5 1/2 —22 5 0 7
—20 1 0 —22 3 0 7
—20 1 0 —22 5 0 8
—-20 3 0 —22 3 0 8
—20 3 0 —22 5 0 7
—20 4 0 —22 3 0 6
—20 4 0 —22 5 0 7
—-20 5 0 —22 3 0 7
—20 5 0 —22 5 0 7
—21 2 1/2 —22 3 0 8
—-21 2 1/2 —22 5 0 7
—21 4 1/2 —22 3 0 7
—-21 4 1/2 —22 5 0 7
—-21 5 1/2 —22 3 0 7
—21 5 1/2 —22 5 0 7
—22 3 0 —22 3 0 8
—22 3 0 —22 5 0 7
—22 5 0 —22 5 0 8
—12 0 0 —23 4 1/2 6
—-13 1 1/2 —23 4 1/2 6
—14 0 0 —23 4 1/2 6
—14 2 0 —23 4 1/2 6
—15 0 1/2 —23 4 1/2 7
—15 1 1/2 —23 4 1/2 6
—15 3 1/2 —23 4 1/2 6
—16 0 0 —23 4 1/2 6
—16 1 0 —23 4 1/2 7
—16 2 0 —23 4 1/2 7
—16 4 0 —23 4 1/2 6
—17 0 1/2 —23 4 1/2 7
—17 1 1/2 —23 4 1/2 7
—17 2 1/2 —23 4 1/2 7
—17 3 1/2 —23 4 1/2 6
—17 5 1/2 —23 4 1/2 6
—18 1 0 —23 4 1/2 7
—18 2 0 —23 4 1/2 7
—18 3 0 —23 4 1/2 7
—18 4 0 —23 4 1/2 6
—-19 0 1/2 —23 4 1/2 7
—19 2 1/2 —23 4 1/2 8
—-19 3 1/2 —23 4 1/2 6
—19 4 1/2 —23 4 1/2 7
—-19 5 1/2 —23 4 1/2 7
—20 1 0 —23 4 1/2 8
—20 3 0 —23 4 1/2 7
—20 4 0 —23 4 1/2 7
—-20 5 0 —23 4 1/2 7
—21 2 1/2 —23 4 1/2 8
—21 4 1/2 —23 4 1/2 7




D.4. T?/Zg

L-sector R-sector H-sector
My, [zL [ oo Mg | zr | ar || # of Higgs
—21 5 1/2 —23 4 1/2 7
—22 3 0 —23 4 1/2 7
—22 5 0 —23 4 1/2 8
—23 4 1/2 —23 4 1/2 8
—12 0 0 —24 5 0 6
—13 1 1/2 —24 5 0 6
—14 0 0 —24 5 0 6
—14 2 0 —24 5 0 6
—15 0 1/2 —24 5 0 7
—15 1 1/2 —24 5 0 7
—15 3 1/2 —24 5 0 6
—16 0 0 —24 5 0 7
—16 1 0 —24 5 0 7
—16 2 0 —24 5 0 6
—16 4 0 —24 5 0 6
—17 0 1/2 —24 5 0 7
—17 1 1/2 —24 5 0 7
—17 2 1/2 —24 5 0 7
—17 3 1/2 —24 5 0 6
—17 5 1/2 —24 5 0 7
—18 1 0 —24 5 0 8
—18 2 0 —24 5 0 6
—18 3 0 —24 5 0 7
—18 4 0 —24 5 0 7
—19 0 1/2 —24 5 0 8
—-19 2 1/2 —24 5 0 7
—19 3 1/2 —24 5 0 7
—-19 4 1/2 —24 5 0 7
—19 5 1/2 —24 5 0 7
—20 1 0 —24 5 0 8
—-20 3 0 —24 5 0 7
—20 4 0 —24 5 0 7
—20 5 0 —24 5 0 8
—-21 2 1/2 —24 5 0 7
—-21 4 1/2 —24 5 0 8
—21 5 1/2 —24 5 0 7
—22 3 0 —24 5 0 8
—22 5 0 —24 5 0 8
—23 4 1/2 —24 5 0 8
—24 5 0 —24 5 0 8
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136 APPENDIX D. POSSIBLE PARAMETER CONFIGURATIONS

Table D.8: Possible parameter configurations on T?/Zg with My, < 0, My > 0.

L-sector R-sector H-sector
My, [ 2L [ oo Mg | zr | ar || # of Higgs
—2] o] o i2]o0o] o
—12 0 0 14 0 0 1
—14 0| o ol o
—12 0 0 15 0 1/2 1
—12 0 0 15 3 1/2 1
—13 1 1/2 15 3 1/2 1
—14 2 0 15 3 1/2 1
15 0 |12 15| o |12 1
15 3 |12 15| 3 |1/2 1
—12 0 0 16 0 0 1
—12 0 0 16 2 0 1
—12 0 0 16 4 0 1
—13 1 1/2 16 2 0 1
—13 1 1/2 16 4 0 1
—14 0 0 16 0 0 1
—14 0 0 16 4 0 1
—14 2 0 16 2 0 1
—14 2 0 16 4 0 1
—15 1 1/2 16 4 0 1
—15 3 1/2 16 2 0 1
—16 0 0 16 0 0 1
—16 2 0 16 4 0 1
—16 4 0 16 2 0 1
—12 0 0 17 0 1/2 1
—12 0 0 17 1 1/2 1
—12 0 0 17 3 1/2 1
—12 0 0 17 5 1/2 1
i3 1 (12| 17 | 112 1
131 |12l | o3 |12 1
—13 | 1 |12 17 | 5 | 172 1
—14 0 0 17 0 1/2 1
—14 0 0 17 3 1/2 1
—14 0 0 17 5 1/2 1
—14 2 0 17 1 1/2 1
—14 2 0 17 3 1/2 1
5|0 |12 17 | 0 |12 1
15 1 |12l | o3 |12 1
—15 | 1 |12 17 | 5 | 1/2 1
—15 | 3 |12 17 | 1 | 1/2 1
15 3 |12 17| 3 |12 1
—16 0 0 17 5 1/2 1
—16 2 0 17 3 1/2 1
—16 4 0 17 1 1/2 1
—17 0 1/2 17 0 1/2 1
“17 |1 |12 17 | s |12 1
—17 3 1/2 17 3 1/2 1
s 2l o | |12 1
—12 0 0 18 2 0 1
—12 0 0 18 3 0 1
—12 0 0 18 4 0 1
—13 1 1/2 18 2 0 1
—13 1 1/2 18 3 0 1
—13 1 1/2 18 4 0 1
—14 0 0 18 2 0 1
—14 0 0 18 4 0 1
—14 2 0 18 2 0 1
—14 2 0 18 3 0 1
—14 2 0 18 4 0 1
—15 0 1/2 18 3 0 1
—15 1 1/2 18 2 0 1
—15 1 1/2 18 4 0 1
—15 3 1/2 18 2 0 1




D.4. T?/Zg

L-sector

R-sector

H-sector

My [ 2L [ oo

Mg | zr | ar

# of Higgs

—15] 3 J1/2]] 18 ] 3 | 0 1
—16 ] 0 | 0 18 | 4 | 0 1
—16 | 1 | 0 18| 3| 0 1
—16| 2 | 0 18| 2| 0 1
—16| 2 | 0 18| 4| 0 1
—16 | 4 | 0 18| 2| o 1
—17 | 1 |12 18| 4 | 0 1
—17 | 2 |12 18] 3] 0 1
—17 | 3 |12 8] 2| 0 1
—18 | 2 | o 18 | 4| 0 1
—18 | 3 | o 18| 3| 0 1
—18 | 4 | 0 18| 2| o 1
—12] 0 | 0 9 | 0 |1/2 T
—12 | 0 | o 19 | 2 |1/2 1
—12 | 0 | 0 19 | 3 |1/2 1
—12 | 0 | 0 19 | 4 |1/2 1
—12| 0| 0 19 | 5 | 1/2 2
13 1 |12 19 | 2 |1/2 1
—13 | 1 |12 19 | 3 |1/2 1
—13 | 1 | 1/2 | 19 | 4 | 1/2 1
—13 | 1 |12 19| 5 |1/2 2
—14] 0] 0 9 | 0 |1/2 1
—14 ] 0| o0 19 | 3 |1/2 1
—14 ] 0| 0 19 | 4 |1/2 1
—14 | 0| o0 19 | 5 | 1/2 1
—14 ] 2| 0 19 | 2 |1/2 1
—14 | 2| o 19 | 3 |1/2 1
—14 ] 2| 0 19 | 4 |1/2 1
—14 | 2| 0 19 | 5 | 1/2 1
—15 ] 0 |12 19 | 0 |1/2 1
—15 | 0 | 1/2 | 19 | 2 | 1/2 1
—15 | 0 |12 | 19 | 4 | 1/2 1
—15 | 0 |12 | 19 | 5 | 1/2 1
—15 | 1 |12 19 | 3 |1/2 1
—15 | 1 | 1/2 | 19 | 4 | 1/2 1
—15 | 1 |12 19 | 5 | 1/2 1
—15 | 3 | 1/2 || 19 | 2 | 1/2 1
—15 | 3 |12\ 19 | 3 |1/2 1
—15 | 3 |12 19 | 5 |1/2 1
—16 | 0 | 0 9 | 0 |1/2 1
—16| 0 | 0 19 | 3 |1/2 1
—16| 0 | 0 19 | 5 | 1/2 1
—16 | 1 | 0 19 | 2 |1/2 1
—16 | 1 | 0 19 | 4 |1/2 1
—16 | 1 | 0 19 | 5 |1/2 1
—16| 2 | 0 19 | 3 |1/2 1
—16| 2 | 0 19 | 4 |1/2 1
—16 | 4 | 0 19 | 2 |1/2 1
—16 | 4 | 0 19 | 5 | 1/2 1
—17 o0 |12 19 | 0 |1/2 1
—17 | 0 |12 | 19 | 4 |1/2 1
—17 | 1 |12 19 | 3 | 1/2 1
—17 | 1 |12 19 | 5 | 1/2 1
—17 | 2 |12 19 | 2 |1/2 1
—17 | 2 |12 | 19 | 4 | 1/2 1
—17 | 3 |12 | 19 | 3 |1/2 1
—17 | 5 |12 19 | 5 |1/2 1
—18 ] 1] 0 9 | 4 |1/2 1
-8 2 | o 19 | 3 |1/2 1
-8 3| o0 19 | 2 |1/2 1
—19 | 0 |12 19 | 0o | 1/2 1
—19 | 2 |12 | 19 | 4 |1/2 1
—19 | 3 | 1/2 | 19 | 3 | 1/2 1
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138 APPENDIX D. POSSIBLE PARAMETER CONFIGURATIONS

L-sector R-sector H-sector
My [ 2L [ oo Mg | zr | ar || # of Higgs
—19 | 4 2] 19 ] 2 |12
—12 0 0 20 1 0 1
—12 0 0 20 3 0 1
—12 0 0 20 4 0 2
—12 0 0 20 5 0 1
—13 1 1/2 20 1 0 1
—13 1 1/2 20 3 0 1
—13 1 1/2 20 4 0 2
—13 1 1/2 20 5 0 1
—14 0 0 20 3 0 1
—14 0 0 20 4 0 1
—14 0 0 20 5 0 1
—14 2 0 20 1 0 1
—14 2 0 20 3 0 1
—14 2 0 20 4 0 2
—15 0 1/2 20 1 0 1
—15 0 1/2 20 3 0 1
—15 0 1/2 20 4 0 1
~15] 0 |12 20| 5| o 1
—15 1 1/2 20 3 0 1
—15 1 1/2 20 4 0 1
—15 1 1/2 20 5 0 1
—15 3 1/2 20 1 0 1
—15 3 1/2 20 3 0 1
—15 3 1/2 20 4 0 1
—16 0 0 20 4 0 1
—16 0 0 20 5 0 1
—16 1 0 20 1 0 1
—16 1 0 20 3 0 1
—16 1 0 20 4 0 1
—16 1 0 20 5 0 1
—16 2 0 20 3 0 1
—16 2 0 20 4 0 1
—16 4 0 20 1 0 1
—16 4 0 20 4 0 1
—17 [0 |12 20 | 3| 0 1
—17 0 1/2 20 5 0 1
—17 1 1/2 20 4 0 1
—17 1 1/2 20 5 0 1
—17 2 1/2 20 1 0 1
—17 2 1/2 20 3 0 1
—17 2 1/2 20 4 0 1
—17 | 3 |12 20| 3| o 1
—17 5 1/2 20 1 0 1
—17 5 1/2 20 4 0 1
—18 1 0 20 3 0 1
—18 1 0 20 5 0 1
—18 2 0 20 4 0 1
—18 3 0 20 1 0 1
—18 3 0 20 3 0 1
—19 0 1/2 20 5 0 1
—-19 2 1/2 20 3 0 1
—19 4 1/2 20 1 0 1
20| 1 [ o [[20]5]o0 1
—20 3 0 20 3 0 1
—20 5 0 20 1 0 1
—12 0 0 21 2 1/2 1
—12 0 0 21 4 1/2 1
—12 0 0 21 5 1/2 2
I3 1 |12 21 | 2 |12 1
131 |12 21 | 4 |12 1
—13 | 1 |12 21| 5 |12 2
—14 0 0 21 2 1/2 1




D.4. T?/Zg

L-sector

R-sector

H-sector

My [ 2L [ oo

Mg | zr | ar

# of Higgs

—14] 0] o0 21 | 4 [ 1/2 1
—14 ] 0| 0 21 | 5 | 1/2 2
—14 | 2| o 21 | 2 | 1/2 1
—14 ] 2| 0 21 | 4 | 1/2 1
—14 | 2] 0 21 | 5 | 1/2 1
—15 ] 0 |12 21 | 2 | 1/2 1
—15 | 0 |12 | 21 | 4 | 1/2 1
—15 | 0 |12 21 | 5 | 1/2 1
—15 | 1 |12 21 | 2 | 1/2 1
—15 | 1 |12 21 | 4 | 1/2 1
—15 | 1 |12 21 | 5 | 1/2 2
—15 | 3 |12 | 21 | 2 | 1/2 1
—15 | 3 |12 21 | 5 | 1/2 1
—16 ] 0 | 0 21 | 4 | 1/2 1
—16| 0 | 0 21 | 5 | 1/2 1
—16 | 1 | 0 21 | 2 | 1/2 1
—16 | 1 | 0 21 | 4 | 1/2 1
—16 | 1 | 0 21 | 5 | 1/2 1
—16| 2 | 0 21 | 2 | 1/2 1
—16| 2 | 0 21 | 4 | 1/2 1
—16| 2 | 0 21 | 5 | 1/2 1
—16 | 4 | 0 21 | 2 | 1/2 1
—16 | 4 | 0 21 | 5 | 1/2 1
170 |12 21 | 2 | 1/2 1
—17 | 0 |12 21 | 4 | 1/2 1
—17 | 0 |12 21 | 5 | 1/2 1
17| 1 |12 21 | 4 | 1/2 1
17| 1 2| 21 | 5 | 1/2 1
—17 | 2 |12 21 | 2 | 1/2 1
—17 | 2 |12 21 | 4 | 1/2 1
—17 | 3 |12 21 | 2 | 1/2 1
—17 | 3 |12 21 | 5 | 1/2 1
—17 | 5 |12 21 | 5 | 1/2 1
—18 1] 0 21 | 2 | 1/2 1
—18 | 1 | 0 21 | 4 | 1/2 1
—18 | 1 | o0 21 | 5 | 1/2 1
—18 ] 2 | o 21 | 4 | 1/2 1
-18 | 3 | o 21 | 2 | 1/2 1
—18 | 4 | o0 21 | 2 | 1/2 1
—18 | 4 | 0 21 | 5 | 1/2 1
—19 ] 0 |12 21 | 4 |1/2 i
—19 | 2 |12 21 | 2 | 1/2 1
—19 | 2 |12 | 21 | 4 | 1/2 1
—19 | 4 |12 | 21 | 2 | 1/2 1
—19 | 5 |12 21 | 5 | 1/2 1
20| 1 | 0 21 | 4 | 1/2 i
20| 3| o0 21 | 2 | 1/2 1
21| 2 |12 | 21 | 4 | 1/2 1
—21 | 4 |12 | 21 | 2 | 1/2 1
—12] 0] 0 22 | 3 | 0 1
—12| 0| 0 2 | 5] 0 2
—13 | 1 |12 22 | 3 | 0 1
—13 | 1 |12 22| 5| o0 2
—14] 0] o 22 | 3 | 0 1
—14 ] 0| 0 2 | 5 | 0 1
—14 | 2| o 22 | 3] 0 1
—14 | 2| 0 2 | 5] 0 1
—15] 0 |1/2 22 | 3 | 0 1
—15| 0 |12 22| 5 | 0 2
—15 | 1 |12 22| 3 | 0 1
—15 | 1 |12 22| 5 | 0 1
—15| 3 |1/2| 22 | 3 | o 1
—15| 3 |12 22| 5 | 0 1
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140 APPENDIX D. POSSIBLE PARAMETER CONFIGURATIONS

L-sector R-sector H-sector
My [ 2L [ oo Mg | zr | ar || # of Higgs
—16 0 0 22 3 0 1
—16 0 0 22 5 0 1
—16 1 0 22 3 0 1
—16 1 0 22 5 0 2
—16 2 0 22 3 0 1
—16 4 0 22 5 0 1
—17 0 1/2 22 3 0 1
—17 0 1/2 22 5 0 1
—17 1 1/2 22 3 0 1
—17 1 1/2 22 5 0 1
—17 2 1/2 22 3 0 1
—17 2 1/2 22 5 0 1
—17 3 1/2 22 3 0 1
—17 5 1/2 22 5 0 1
—18 1 0 22 3 0 1
—18 1 0 22 5 0 1
—18 2 0 22 3 0 1
—18 3 0 22 3 0 1
—18 3 0 22 5 0 1
—19 0 1/2 22 3 0 1
—19 0 1/2 22 5 0 1
—19 2 1/2 22 3 0 1
—19 3 1/2 22 3 0 1
—-19 4 1/2 22 5 0 1
—20 1 0 22 3 0 1
—20 1 0 22 5 0 1
—20 3 0 22 3 0 1
—20 5 0 22 5 0 1
—21 2 1/2 22 3 0 1
22 3| o 2 [ 3] o
—12 0 0 23 4 1/2 2
—13 | 1 | 1/2 ] 23 | 4 |12 2
—14 0 0 23 4 1/2 1
—14 2 0 23 4 1/2 2
“151 0 | 1/2 || 23 | 4 | 1/2 2
—15 | 1 | 1/2 ] 23 | 4 |1/2 1
—15 | 3 | 1/2 || 23 | 4 | 1/2 1
—16 0 0 23 4 1/2 1
—16 1 0 23 4 1/2 2
—16 2 0 23 4 1/2 1
—16 4 0 23 4 1/2 1
17 [0 | 1/2] 23 | 4 |12 1
17| 1 |12 ] 23 | 4 | 1/2 1
—17 | 2 | 172 23 | 4 |1/2 2
—17 | 5 | 1/2 || 23 | 4 | 1/2 1
—18 1 0 23 4 1/2 1
—18 2 0 23 4 1/2 1
—18 3 0 23 4 1/2 1
191 0 |12 23 | 4 | 1/2 1
—19 | 2 | 1/2] 23 | 4 |1/2 1
—19 | 4 |1/2 || 23 | 4 | 1/2 1
—20 1 0 23 4 1/2 1
—20| 5 | 0 23 | 4 | 1/2 1
—21 | 2 | 1/2 | 23 | 4 | 1/2 T
—12 0 0 24 5 0 2
—13 1 1/2 24 5 0 2
—14 0 0 24 5 0 2
—14 2 0 24 5 0 1
—15 0 1/2 24 5 0 2
—15 1 1/2 24 5 0 2
—15 3 1/2 24 5 0 1
—16 0 0 24 5 0 1
—16 1 0 24 5 0 2




D.4. T?/Zg

L-sector R-sector H-sector
My [ 2L [ oo Mg | zr | ar || # of Higgs
—16 2 0 24 5 0 1
—16 4 0 24 5 0 1
—-17 0 1/2 24 5 0 2
—17 1 1/2 24 5 0 1
—-17 2 1/2 24 5 0 1
—17 3 1/2 24 5 0 1
—-17 5 1/2 24 5 0 1
—18 1 0 24 5 0 2
—18 3 0 24 5 0 1
—18 4 0 24 5 0 1
—-19 0 1/2 24 5 0 1
—19 2 1/2 24 5 0 1
—19 4 1/2 24 5 0 1
—-19 5 1/2 24 5 0 1
—20 1 0 24 5 0 1
—20 3 0 24 5 0 1
—20 5 0 24 5 0 1
—21 4 1/2 24 5 0 1
—22 5 0 24 5 0 1
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