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Continuity of the roots of a parametric polynomial

system and border bases.
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Abstract

We study continuity of the roots of a prametric polynomial system. We introduced several results
concerning the relationship between the continuity and a comprehensive Grobner system in our paper
of ISSAC2018. In this paper, we define the notion of a parametric border basis (PBB) and extend
our results in terms of a PBB.

Border Basis

Border Basis (Z DWW CHE i/ NROWEIZ 5 2 5. 75 L WEDUIA Z 1L [1] 227z,

RITEATTNIT CQ[Xy,..., Xp] KWL T, BRE Q[Xy, ..., X,/ & Q EOHRIKITHILZAM T H
Z D2 OFE # O OMHRMNFERIEH EEETH 5. HlRIL [2] TIE T O Grébner Basis %

W g REFRISHEICHHELTWS.

NI AN 74 T T IO\ L Tl Grobner Basis(GB) O ELOHLER T d % Border Basis % W T & Y
WNHRIN 7R FER D RRIZ 70 5.

ATTNI=(X?+Y?/4-1,X2/4+Y? - 1) C QIX,Y] OfUNGB IF (¥D &5 RIEEFIZHLTDH)
{5X2—4,5Y2 -4} THD. Thh o QX,Y]/I DMILEME LTORE {1,X,Y, XY} B7=EbiIES
ns.

[/

= (X24 V24— aXY —1,X2/4+Y2—aXY —1) CQIX,Y] ZHLTH a Ofii0 L B/ 5 k574

0 DIEFFIZBVWTH, {1, X,Y, XYV} i QX,Y]/I' DRILZEM L LTORETHS. L1, ED X5 RIH
JERF L TH LT(G) = {X2, Y2} £7%25 ' Df/NGB G IZFELRV. KoTED LR GB 26 b,
ZORERLEBITIZES DR,

I

2RK LOZHEHABR K[X]DO0OWRTAFTNVET 5.
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E&E 1

X ODHOBRES O BTN 2 AT L E, T ® order ideal & L.
(1) O T2 K[X]/I DRETH 5.

(2)t € O = V' (' dividest — t' € O).

00 = X,0UX,0U---UX,0\O % O @ border & &3
{t+h:t€dO,t+hel, hisa K-linear combination of terms in O}
%Z I ® O-border basis & &3

EEEFE1
- O-border basis (Z O IZ/2WLTa2=—J 2R E S.
- O-border basis(FEFRIZIEZ D —#B4) % AW T GB @ monomial reduction & [F5FDFIHRNPTE 5.

1
I = (X24+Y%/4—-1,X2/4+Y2-1) C QX,Y] i€ZWLT, O & {1,X,Y,XY} D& 90 &
{X2 Y2 X?Y,XY?). O—border basis |& {X? —4/5,Y? —4/5, b

I' = (X*4+Y?/4—aXY ~1, X% /4+Y?—aXY 1) C Q[X,Y] (a 1% 0 L E72 2 K 572 0 DIEFEDMH) 12720 LT
1,0, ={1,Y,Y2Y3},0, = {1, X, X2, X3},05 = {1, X,V,Y?}, 0, = {1,YV, X, X?},0 = {1, X, Y, XY}
OWTNE I' O order ideal TH 5.

(07 13X >Y B58ENET. O 3Y > X 220HERET. O3 13 X > Y 45 2RBOUHE AT,
04 7Y > X 32U HENEFO I' O GBh» 66N 5.)

O, —border basis 1%

4 40 2 16 16a®—25v3 | 5
{Y+16a2—25Y 16a2—257X+ 16a Y+4aY7

BEEER 2

I @ order ideal O 2% O = {t : t strictly divides LT (g) for some g € G} & 725 &k 5725 % HJHF DR/
GBZHWTRKE S5, O—border basis 2 H5HWVFTHEWAZLIHAZ RV DIXZDOHEFIZSIT 5
I @D reduced GB 1Zfli7e & 72\,

REREZE

D& S57 GB D5 HEFSNZ WK D% O—border basis BFIELES. L7zh > T, Border Basis 1% GB
DEDHFRIZAR > TN 5.

2 /XS X M) v 7 Border Basis

& 2

ARES FCK[AX] £ SCK™IZ7ZWLT, YaeS (F@) R 0RTTHET 5.

S @ partition {Sy,..., S} K(A)[X] OARES Bi,...,B.. X DHOARES O4,...,0, BT %A
=3eE B={(S,B1,01),...,(S, B, O)} Z(FYDS FD A%RNTA—R—LFTENTAN) v
Border Basis(PBB) & &.&.

1.VfeB; f DXDIEI (e K(A) OnHE S; ETOIRSA\.

2.VaeS; O; 1 (F(a)) ® order ideal TH 5.

3. Va € S; B;(a) \& (F(a)) ® O;-border basis T®h 5.

ERERX3

(1) Comprehensive Grébner System(CGS) & FfkIZ. B; #A\WT S; L T—Fk72 monomial reductions A
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THETH 5.
(2) —fI= CGS X 0 & DEROERAD 72\ PBB MF{ELAHHETE 5.

B 2

F={X24Y?/4— AXY - 1,X?/4+Y? - AXY -1} CQ[A, X, Y], A: NT A=K —_ X, Y: EEH T

7\ T,

G ={(S1,G1),(S2,G2), (S3,G3), (Ss, Ga)} V& (F) OFBERENET X - Y @ reduced CGS TH 5.

ZZT

S1=V(A), S =V(A-35), S =V(4+3), 8 =C\ V(A4 - 3)(4+3)),

Gr={X?—2 Y22} Go={Y?- 2, X+Y},G3 ={Y?—2, X -V}, Gy = {(—1642+25)Y* —40Y % +

16,16AX + (1642 — 25)Y° 4 20Y} TH 5.

ZDCGSMHOUTFD LS % (F) D PBBB WM -EbilEsN5.

B ={(S1,B1,0,),(S2, Bz, 03), (S3, B3, 03), (S4, B3, 04)}

01 ={1,X,Y, XY}, Oy =03 = {1,Y}, Oy = {1,Y, Y2, Y3},

By ={Xx?-1Yy2-1 LB ={Y?-2X+Y, LBy ={Y?-2 XY,
b Ba={Y"+ 16,4420725)/2 - 16A2 2”X + 16A 725Y3 + %Yv

}

TRTO PBBH CGSMHEASNDE DI TIERY. BATD (F) ® PBBB 13X DX 5% CGS h 5 & &
ATER,

B' = {(Ss, Ba, 03), (S3, B3, 03), (S}, B}, 01)}

S| =8U8=C\V((A-3)(A+2)),

By ={Y?—2 X+4Y,XY+2} By ={Y?-2 XY, XY -2} Bl ={X?+2AXY -1 Y24+ 2AXY -1,

85T 5 2 DD segment (S1, B1,01) & (Sy, By, O4) % 1 DD segment (S, B}, 01) A TEL2DTH
B0, ZDEX S segment XD ES7% CGS M HB/BENBNDTHS.

ZD&S4PBB 23R T A Z EWNERIZARETH S Z & AL 7=,

EE 3

{LFT N (F) € K[A,X] ® CGSG = {(S1,Gh), .. (S1,G)} (2720 LT, Gy 12 &% S, L—He% monomial

reduction % FAWTUA FDEIEDTHETH 5.

(1) 7> T7% order ideal O BEZ BNFEL E, TRTD ae S, TO MM KX]/(Gi(a) ORER
R5ME S IPOHE.

(2) (1) DY SEDBE. 612 (S, Bi, O) 28 (F) @ PBB @ segment TH % & 572 B; DFHHA.

Tz, S &S WERETH D, K[X]/(Gi(a) & K[X]/(G,(a)) 2 S;US; ED aiz7z\w L Tl D IR

O RO & (S,B;,0) & (S;,B;,0) &—2®D segment (S;US;,B,0) IZHET I eNTED.

3 PBB &t iROERKME & D%
T3] THRLNTVDIERERRS.
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EIE 4

F C Q[A,X] D#i/N CGS G = {(81,G1),...,(S,,G)} 1272wl T, (G@) M aedS ETOWL
(C[X]/(G(a)) DITLZRE LTDRIT s BARLE) THH L &, Fa,X) O (EREEDHT s ) 13 S
T a oGBS,

ZOEBDWINLA D N7z, U235 T, CGS DEETIZ/ AT A MY w 7 RGN DR 0l %
AT 2 2 213 TE R,

5 3

B2 AL FIZ720W LT, A=0 DB VT, (F) ZERTRVAHEOMEEFL, Th o1k A Ol
BEich 2, A=0 DiEfEE2ED (F) D CGS @ segment 13 €D & 5 RIANEFIZ DWW T HFIEL B,

—Ji. 20D (F) DPBBB I3 A=0%2E&8 S; D segment (S7,B],01) 2D,

PBBZ72\WULTH, EHA LEBDOEHTUTRE OO L 2 RTIENTES.

EE 5

F Cc Q[A, X] ® PBB @ segment (S;, B;, 0;) IZ7z\WUL T, F(a,X) Offf (EMREAHT)IXS, ETa D
THES LU A

PBBIZOWTHRHEMANETIDEEOM LY DI & ZAH L T-.

TR 6

FCQAX]IZEWLT, a BPINIATHRVES BB S 0B WT, [LREDbe SITHLT F(bX) HE

RTRW (& (F(b, X)) BHIEA T70) A CEROERMEDES2/Kb, Thon S BT b ORI
%B%6IE, 5 O ZWLT, F ik Su{al 2B WT—kk7% O— border basis Z£iD.

ZAUZ &Y, ERERZZWE S NI ANy Z e REGRA DR O 2 PBB O F HECREN 175
ZEMMTESN, BEREROL EITRMBRTHS. TOHAELUTOFEDVED LD EHEZ SN DFEHIC
W7z o TWnn,

Conjecture

F CQUAX] 2720 LT, a BN ATARNE S 2K S KBV T, Db e S IHLT F(b,X) A
A UEEOAREOF S Z2RHE, TNoH S LT o 0EGEHEBUC R 251, 5 O XL T, F X
Su{a} IZBEWT—HkZ O— border basis ZHfD.

N

AHF5E 13 JSPS BHFEE JP21K03375 DBk 2 Z 17 T\ T,

Z £ X M

[1] Kreuzer, M., Robbiano, L.: Computational Commutative Algebra 2, Section 6.4 Border Bases.
Springer, 2005.

[2] Fukasaku,R., Iwane,H., Sato,Y.: Real Quantifier Elimination by Computation of Comprehensive
Grobner Systems. Proc. ISSAC2015, pp. 173-180, 2015.



199

[3] Sato,Y., Fukasaku,R., Sekigawa,H.:On Continuity of the Roots of a Parametric Zero Dimensional
Multivariate Polynomial Ideal. Proc.ISSAC2018, pp.359-365. 2018.





