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On the Fourier ultra-hyperfunctions, I
by Mitsuo MORIMOTO ;
"(f;onML&,IJMALJi) 
This paper is a continuation of our ﬁrevious.work
[7]. We study here the Fourier ultra-hyperfunctions
representing them by means éf holomorphic functibns‘with’
some‘growth cpnditidns. We will find a theory analogous
to thaﬁ of analxtic fﬁnctionals)discribed in [4].
A
51, Définitions
Let V be a real Euclidean space of dimension n and
E a compexification of V: V=1R", E =V x iv™ Rx ir" = ch,

i= /1. Put V' = HomR(V, R) and E' = Hme(E, C), then

E' is a complexification of V' : E' V'x iV', We are
going to denote generélly the point of E by z = (x, y)
= x + iy and the point of E' by ¢ = (§, n) = &+ in;
We denote the canonical inner product of V x V' and E X E'
by the same notation <,> so that we have
<x + iy, £ + in> = <x, £> - <y,n> + i{<y,g> + <x,n>} .
For a bounded set X' of V', we put
hpe{x) = sup{< x,n> j; n eK'}
and call it the indicator function of K". For two convex
compact sets K" and L' of V', the inclusion K'&€ L' is -
equivalenﬂ@o the relation ".hK,(x)£§ hL,(x) for allvx € V".
I£V = Rn, weridentify V' with R by the inner product

<X,E> = glgl“+ ngz +oeve + xngn. If XK' = [-k', k']n



i1

={xeR [x! k' forany J =1, 2, ..., n\}',Awe have
clearly hy,(x) = k'( lxl‘ + +ix 1) =k (x|, ‘Zjier"_e‘ we put
ix | =\x‘1\+ v x|

Notation. [" s [\ represent convex closed sets of V.

K, L (res». K' and L') represent convex cémpé-_ét sets inyV'
(resp. V').

Definition 1. Suppose P X and K' have non-empty

-]

interiors P,, K ‘and K' Then we denote by Q (f‘x ik Kf—'f) -

'. ‘kthe space of all continuou»s_vf'unctions f on r' x iK which are
holomorphic in the interior l!‘ X 112, and satisfy thé esti‘m&te;
sup {exp(hK.(x))lf(z)l; ze [ x mj’(bo,» x ="Re]z"’.‘ €1)
It is clear that the space Q ([ x iK' K') endowed with
the norm (1) is a Banach space. If Ax iL 2D vaiK and
L' DK', the restrlction |
a, (Ax in; L") —> Qb(rx 1K; K') (2)
is contlnuous.

Definition 2. For general r K and K', we put
( Axin; ot )s (3)

Q([" x iK; X*) = 1im ind Q
Ax LD x iR
"D) Kl
where Aﬁ)B means that A contains a neighborhood of B and the
inductive 1imit is taken following the mappings (2).

Proposition 1. The space Q(|' x 1K; K') endowed with

the locally convex inductive limit topology 1s a DFS space,
namely the strong dual space of a Fréchet-Schwartz space.

In fact, 1f A x 1L 3)[Mx 1K and L'3DK', then the
[ )

mapping (2) is compact. Hence, Me:d@&qam—}, Q' x 1Ky K'Y

is a DFS space.-



Suppose V = R?  and put

Bg ={X€Rn; li.\(E for any j = 1, 2, ...,n‘}. (4)
For rj and K we put [; =" P»+ By, K¢ = K + Bg . We will
denote by é} the sheaf of germs of holomorphic functions
on E and d’(éﬁg the space df all holomdrphic functions on
an open set SL of E. A function fe Q( [ x iK; K') can be
characterized as follows: There exist § 20 and E:,)O such
that £ € G l_" x 1Kg ) and that

sup iexp(hK,(x) + 8; [x]) |f‘(z)\ ; zZ € r‘a'x iK£.§< . (5)

Definition 3 For an open convex set ) of V and an

open convéx set go, of V' we put
QU x1w; K') = 1im proj Q( " x iK; K*), (6)
‘ Kdw
a( ' x iK; W') = lim proj Q( " x iK; K'), (7)
K'ccw’

o Tx iw; w ) = 1im proj ([ x iK; K'), (8)
Kccw

K'<C w’
where the projective limits are taken following the canonical
mappings induced from the mappings (2). »

In [7] we studied the space Q(E) = Q(V x iV; V'). We
established among others that the space Q(E) is a Frechet nuclear
space and inyariant under the Fourier transformation. A
continuous linear functional on Q(E) is, by definition, a Fourier
ultra-hyperfunction. On the other hand, Kawai [2] studied the
space Q(V x iW; 0O). which he denoted by 'g?(Dn X 1) and
its dual space in his study on the Fourier hyperfunctions of

M. Sato.
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In this paper, we study generally the space Q( F x iK; K')
and its dual space Q'( [ x iK; K'). 1In Section 2, we improve
a result of [7] concerning the Fouriér invariance of the space
Q(E). ‘Namely we prove the Fourier transformation gives a |
topological isomorphism of Q(V x iK; K') onto Q(V' x iK'; ~K)
(Theorem 1). By duélity we can define the Fourier trénsforﬁation
3‘& of Q'(V x iK; K') onto Q'(V' x i{(<K'); K). In Section 3,
we introduce some new spaces of holomorphic functions, by
" which the dual space Q'(V x iK; K') can be described. In
Sections 4 and 5 we restrict ourselves to the case whefe dim V = 1,
Firét we represent Q¥(V x iK; K') as the quotient space of
the space introduced‘in Section 3 (Theorem 2), then we study
again the Fourier transformation of Q'(V x iK; K') and
give it another definition. We may generalize the results of
Secfions 4 and 5 to the n-dimensional case. This will be the

subject of the forthcoming paper.

§a. Fourier transformation of Q(V x iK; K').

We improve a result of [7] concerning the Fourier invariance
of the space Q(E) = Q(V x iV3V').

If O€XK and 0€ K', the restriction

Q(V x 1K; K') o f l-—-—)fl € L (9)
is a contlnuouﬁ injection, where _gg(V) denotes the space
of -all rapidly decreasing C functions on V. In this case we
may consider the space Q(V x iK; K') as a subspace of gg(V7
by the injection (9).’ We recall the Fourier transform g;f =

of £¢€ 55 (V) is defined as follows:
(Y - j {20 expl-1¢x,§%) ax,...ax . (10)

_ -
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It is well known the Fourier transformationj‘ is a . topological
isomrphism: ,

F:dwm = 3am. | | (11)
The inverse Fourier trans formation J‘l is given by

Bg(x) - (21r)-nS.-‘.S so(g) exp(i<x,§ %) d§1...a}n (12)
for ?GS(V').V A

Let | € Q(V x 1K; K') be given. There exist positive
numbers &, and Eo’such that f GG(V X iKi. ) and that

sup{exp(hK,‘(x) + & lxDiez)| 5 z eV x iKE'}<0°; (13)
Therefore, for any y € K we have v

_SVS f(x + iy) exp(-i(x,})) dx,...dx

£ C SVS exp(—hK,(x) - & |x\ +< x,'rl)) dxl...dxn. ,
Hence, if <x,7l> < hyy (x) + g’[xl for all xeV (0< £/< €o )
the integral '

?"( S;_y) = S‘V‘g f(x + iy) exp(-—i(x,S) ) dxq...dx (14)
c’onverges absolutely and uniformly in § . As £' may be
chosen arbitrarily close to E: , f( ;; yj is holomorphic in

V' x iK'.r . It can be easily shown by the Cauchy integral

g
theorem that ?( g; y) 1is independent of y €& Ke - We denote
B ~ °
£(8) = £08 5y, ye K¢, - (15)
and call it the Pourier transformation of f & Q(V x iK; K').

kauTkW? {W;LJ
If O€K and O0€ K', this Fourier transformation is\ “‘the restriction

of the Fourier transformation of :8,(\/'). Therefore we use the

same notation 3‘ for the Fourier transformation of Q(V x iK; K').

T‘heorem 1. The Fourier transfo‘rmation 3\ gives a topological
isomorphism:
F o QV x 1K; K') —> Q(V' x iK'; -K). (16)

-5_
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Proof. Let € Q(V x iK; K'). Suppose f satisfy (13).
We éstimaﬁe \?( S )\ . For yeé Kip we have

~ ~

£y = £(&;5 ¥ |

= SS f(x + iy) exp(-ilx, §> + (x,‘vl) ) dxq...dx -

. exp(i(y,"‘l) + (y,§> ).
. ’ /
Hence we have for y € KE. and *rle K'S' (0 < ¢ <.£° ), '
|T(% )| exp(~¢y, )
/
£cC SS exp(—hK,(x) - L lx + hK,(x) + ﬁ"x\) dxl...dxn
v ’ / '
=C §--§ exp(( €~ € x| dxy...dx <@
vV
This gives

supiexp(hK(fE) + £olm )\f( S)‘ 5 116 K'e, <0 |
We have thus proved

Fav x ik; k') € Q(V' x 1K'; -K). n
As the transformation f(z) == f(-z) is a topological |
isomorphism of Q(V x iK; K') onto Q(V x i(-K); -K'), we have 7

FQ(V' x iK'; -K) C Q(V x 1K; K'J, (18)
where, by definition, 3’({(2) = (27t)_n(3'§?)(-z)-

If Oe¢ XK and O €K', the theorem results from the
topological isomorphism (11) thanks to (17) and (18).
Consider the general case. If Yo € K, the transfation

T . : f(z) |»-——)fi

1y y
o}
gives a topological isomorphism:

(z) = £f(z + iy )
o )

Q(V x iK; K') == Q(V x i(K = yo); K').
If s € K', the multiplica‘cionvf(z)  — e‘z’n") vf(z)-
gives a topological isomorphism: ' .

AV x iK; K')  =———y Q(V x 1K; (K' = Mo )).
Fix 'yo € K and "lo € K'. "FThen the Fourier transformation of

Q(Vx iK; K') decomposes as follows:

-6 -
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T—l , e(Z.’)R
Q(V x iK; K') —— Q(V x i(K - vy K') ——
Q-(T\_f. x K -y ) 5 K" = Mo) —i——)‘g(o\{i,x i(K' = Mo)s =(K -y, ))
—%y Q(V' x iK'; K + Vo) —— Q(V' x iK'; -K).

All arrows being topological‘isomorphisms, (16) is a topological

‘isomorphism. qg.e.d.
Corollarx. For an open convex set W of V and an open

convex set Co,of V', the Fourier trans formation Eﬁ glves
a topological isomorphism:

Fravxiw; w) = v x1w -w). (19)
Remark. We established‘the isomorphism (19) in the case
where Lo‘s V and W = V' in [7]. Kawail [2] studied the |
.isomorphism (16) for g?(Dn) = Q(V x iO; 0).

By duality we can define the Fourier transformation
of Q'(V x iK; K') which we denote occasionally by EﬁL:

CFe, F oy = ey, L), (20)
for £ € Q(V x 1(-K); -k") and L€ Q'(V x ik; K').BO'L gives
a topological isomorphism: ‘

Jy s @ (v x 1k5 K') ——> Q'(V' x 1(-K"); K). (20) =2

We will gife another definition of the Fourier transformation of

Q'(V x iK; K').

§3. Some new spaces ofvholomorphic functions.
Denote by V the spherical compactification of V:

vV = V'LJSn—l, where sP1

is the sphere at the infinity.
@bs considered as a subset of V x 1V, If a subset F of E is
relatively compact in V.x iV, F is said to be imaginary

bounded.
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Definition 4. For an imaginary bounded closed set in E

and a convex compact set K' in V', we denote by Rb(F; K')

the space of all continuous functions f on F such that f is

holomorphic in %‘ and that |

. sup{lf(zﬂexp(-hK,(x)); z € an}<00 . (21)
R,(F; K') endowed with the norm (21) is clearly a

Banaéh space, If F G are two imaginary bounded clos"ed sets of

The .
E and K'¢C L', we have, follqwing continuous mappings:

Ry(G3 ') ——p R (G L")

&' | L - (22)

R (F; K') ——3 R (F; L').

Definition 5. . For an open set .Q, of E we put
R(.SL; K') = 1lim prog Rb(F; L"),
L' ok’ ‘
cC Su

where F runs through the all imaginary bounded closed
subsets ofﬂ, and the projective limit is taken following
the mappings(22).

Proposition 2. ‘The space R(.g,,; K') is an FS space.

In fact, if FG G and K'L', the mappings in (22)
are all compact. ’
We will see the dual space of Q( [* x iK; k') can be
" represented by means of the spaces of type R(.Q;; K'). in the

next section we study the case where V = R. Tle care wbue dw Vi
\L\c P)'(, b\la/\xol ta \M XQ’\.H«,L&'\\\\.\/& -&\Qfl\{/“

'§l&. Dual space of Q( 1" x iK; K'). (one dimensional case)

":In Sec¢tions 4 and 5 we ‘assume V = R.

~/
For a closed set D of C, we put D, =D + Bg , where _
lad ’ .
Bg =iz=x+iy € C; (X\(E,(Y\<ﬁk-_ , (23)
p .

-8 -
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For a closed set D in C, the space R(C~D; K') - coincides with
the space of all holomorphic functions f on Cs D such th'af,;
for any & » O and €’> 0 and for any compact set L in R,
sup{[£(2)| exp(-hy, () = €' 1x])52 € (R x 11) 4 (€N D} < 0. (21)

In the sequel, we assume for the simplicity D = f" x 1K,
1
wnere [' 15 Ve= r, [y ={xen; szj, =-T} or

o

D, = T, xikK, Do = [. x iK and D, = Ty x iK. We will

{o}, and K = [ky, k,]. We will denote Do = [ x iK,

assume also K' = [k!, ké], L' = 4, Qé], etc.
Prepare a lemma.
Lemma 1. "Let f be a holomorphic function in D£ for some

£ » 0 and satisfy the following two conditions:

(1) supd(£(z)f; z € ID}en <w;

n
(i1) |f(z € ¢C ec'lxl on D with some integer n and C® O
and c' 2 0.

Then |f| is bounded by M on D.
Proof. For D = Do’ Lemma is obvious by the maximum modulus
principle. Suppose D = D_. Put
W=7 e:‘Le = exp({-%z) = exp(q’l;:x) exp(i%;-;y)
and -
D! ={w =r eiG ; vyl l@\S{EJ’ .
Then f'(w) = f(z) 1is holomorphic in a neighborhood of D'
and lf'(w)\ is bounded by M on @ D'. On D', we have
lrrw)l € ¢ e’ I = C expl(ec'( %‘& log r)™) = O(eSrZ) v
for any § > 0. By the Phragmén-Lindele‘ theorem, ]f"(w)\
is bounded by M on D', which implies that |f| is bounded by
M .on D. For D =D_, the proof is similar. If D = Dew , \

applying the above argument two times we see that\fl is
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bounded on D. Hence by a theorem .of Lindelof, lf\ is béunded

by M on D. - q.e.d.

Cbrollary 1. Theyrestriction mapping R(C; K')7le--Q)
R(CND; K') being injective, R(C; K') 1s considered as

a subspace of R(CND; K'). Then R(C; X') dis a cidsed,Subspace
of the space R(C Dj K')y::~

Definition 6. We put

HI(C; R(K')) = R(CND; K') / R(C; K'). (25)
As a quotient space of an FS space by its closed subSpace,
‘the space H%(C; R(K')) is an FS space.
Lemma 2. If XK'¢ L', then the canonical mapping
Hl(c; R(K')) ——3 HL(C; R(L') (26)
is injective.
Proof. " We have only‘ﬁo show that f € R(C N D;.K')(\ R(C; L')

implies £ @ R(C; K'). If D =1D_

o H%(C; R(X')) is equal ﬁb,»

H%(C; (¥ ). Hence it is independent of K'. Suppose D = D,.
If £ € R(CND; K') A R(C; L'), then for any € » 0 and £ >0,

i '
le (k' + ¢ )z £(z)| 1is bounded on Dg and of exponential

type on Dc . Therefore, by Lemma 1, it is bounded 6n Dt .

The cases D = D_ and D = Dg can be treated similarly.

g.e.d.
Definition 7. We put
H3(C; R(K')) = 1im proj HA(C; R(L')). (27)
LK

We will denote by [ g%;] the element of Hé(c; R(K')) defined
by a system of functions ?S' € R(C\D; f{-";, ), g') o, suchvthét
/ ’
for any palr & <&

- Y
. ‘f€|ze R(C; Kt‘, ).

- 10 -
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?s.' will be said 4 representative of [ ?2' ] belonging to

R(CN\ D; K";, ). Remark we have by Lemma 2,
HI(C; R(K')) HL(C; R(K')

. D ) C D 5 R ). }
An element of Hé(c; R(X')) belongs to the subspace H%.(C; R(K'))
if and only if we can choose its representatives S’g'é
R(C\D; K, ) suszh that for any &< €’

Fer(2) = Fgr (2).
. 1 ~

Proposition 3. HD(C; R(K')) 4is an FS space.

Proof. Put T = {z =x + iy; |yl € n}’, Fo=T, N (c \Dl/n)'

= . ! = o 1 s
Put further X Rb(Fn, Kl/n) and Yn Rb(Tn, Kl/n)‘ Y is a

closed subspace of a Banach space Xn. Xn and Yn &re projective
. O\
systems of Banach spaces and we have ﬁ

R(C\ND; K') = 1im prj Xn’

R(C; K') = 1im proj Yn and
1,h. . .

HD(C, R(K")) = 1im proj Xn/Yn.

The mapping X — Xn' and Yn+l — Yn being compact,

n+l
Xn+l/Yn+l Y Xn/Yn is compact. Hence H]]:‘)(C; ?(K'))
’ is an FS space.

Remark. If R(CND; K') 1is dense in any of X and if
Yn is the completion of R(C; K') ih the topology of Xn’
then" H%(C; ?{-(K')) is equal to H%(C; R(K')). We see,

by a different way, that Hé(C; E(K')) = H%(‘C; R(X')) for

D =R x iK.

With these terminologies, we can state our theorem.
Theorem 2. Put D = [' x iK. The dual space Q'(D; K') of
Q(D; K') is topologically isomorphic to the spac‘e H%)(C; E(K\')).
The duality is given by the following inner product:

<f, [@]»= -j f(z) ‘5’2: (z) dz - (29)
for £ € Q(D; K') and [S’]é HD(C; R(X')). In the right

- 11 -
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hand of (29) € > 0, € > O and ?i.' is chosen as follows:

for £ € Q(D; K') we can find & > 0 and g/>0 such that f
€-A(9' (D £o ) and the estimate (5)‘ is satisfied.‘ Choose

£ and € such that 0<¢ & < £, and o<g/ <€l . $er €

R(C N Dy ETE, ) 1is a representative of [? 7.

Remark. If D= DO =£O§ X i[kl, k2], then the theorem
reduces to the special case of the well known duaiity of

G 0,) ana H) (¢; ) = (9(0~Do)/ G (o).

f__@_f_‘. (i) ° Suppose first r is a propoerly convex closed
cone, i.e. r‘ = n. or r_ . If f € Q(D; K'), we can find

€ Y 0 and €Jy0 such that f 6(9(D€’) and that the estimate
(5) is satisfied. Fix arbitrarily O << €, and 0 < €£c¢g. .

By the Cauchy integral formula wé have for z€&D

| _ Ri+ e (w-) -
2(z) = b | Tl e aw o D=D, (30)

and /
(ki - (w-2) |
£(z) =-‘——S Fun) e ok wr {-wD--'D- (30')
. S %
%3“' ¢ < ? Dg | “QDS ; &t '3

7T e/
1/ /1

| .'D'-‘- D. D:—- Do

L
Ret ,Q € Q'(D; K') be given. Then Qis continuous on

— — V4 \
Qb(De s K'el) for-any € O and € » 0. Therefore, if 0 <€ &, ,

-

0<¢g'< E: and w & CND,, we have

- 12 -
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r(z), Ly .
S0 R (Bt EDLWI-2)
= ¢ { S Flwye " dur £ >
i JoDg , w - Z » T2
= - j £(w) ,Qy(w) dw for D = D, (31)
and " oD RS ‘
£(z), o
r@s Ay Rl-€7 (w-p)
PR S flw) e dwr (s>
e 3D, T, w-EF , *2 S
= - £(w) (w) dw for D = D_, (31")
| j:vg L -
nhere e put | e—-(&:+c')l.2—w)
Lol = g (S ;022 for D =p, (3)
and
y P - e) 2w |
Rfw) = — - "Lz forp=D_. (321
v ¢ -wr
. is well defingd for any ¢’ O, because the function
v o Bivena €7
i 2 ~w
belongs to Q(D, ;K') for any fixed w€&C \D+‘ and the function
: Te'c&:"&')z
T2 ——
2 —w

belongs to Q(D_; K') for any fixed wé CvD_.

Now estimate lés'(w)l. By the continuity of ,Q , for
any &€» O and £’>O, we éanV find C20 such that for any
f €& Qb(ﬁt H ‘K-;;' )

[¢r, 2| < c SUp{[f(z)I AT SE 26D,y  forD =D, (31
and : : ,
‘(f, l>l$ C sup{lf(z)[ e(kg.— cl)x ; Z€ De} for D4= D (341)
Suppose D = I?+. For wé C\BE', we have
le%%.ﬂ)?l othat /)
sup{ lz-—Wl 326D€/;§
§ Sup{"g“f(;_fe:;"“ P X 28 R-ecychote }

= C disk(w, D, y*

with some constant C. Therefore, for any € 2 O there exists

-13_
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a constant C=Cg ¢30 such that
L, c?m— 3 ) w

Ulgf(w)l Ce o diak (W, D - (35)
for any w €C \De_ . In particular we‘ get
2000 € R(CND; K)o | (36)

Forv D = D_, we can argue similar'ly and conclude (36)
We investigate now the £ —dependency of ,Qt . We
may suppose D = D+ »without loss of generality. Le‘t_: € > £.> 0.
Put ,
v v
= ! - 7
F(w) L (w) Lo/ (w).

Then we have

F(w) —hlr ) e-(ﬁz{-k ez -w)

"21:&‘ 2 —w 2

zm < Mrk-(?:;*'i.)cz-w’)g.cz-w) lev
where g(z)= ( eXP("“ ee) - L)/Z 15 an entire
function of z. We have clearly - ‘ _
IV
sup{\g(z -w)| oz €D3/2}\< C{eXp(( € - €, )u) + 1},

where C is a constant. Therefore F(w) is an entire function of w

and satisfies the folldwing inequality for any w € C.
\F(w)l , 4
: L£cC exp((ké + 5.’ yu), sup{exp((ké + E.’/Q)X)lexp(—(ké + E./)z)
g(z - w)l; z & DE/zk
C' exp((k} + E‘)u){exp(( g'- E; Ju) + 1 }
C'{exp((ké + g/)u) + exp((k) + £| )u)} .
This means ‘
,Q, "(w) - Jzef(w) € R(C; Kg. ). (u7)
‘Hence § ﬁ l‘deflnes an element of H2(C; R(K')) which we -

AN

denote by [f], [2] will be called the Cauchy transform

- 14 -
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of ,Qe Q'(D; K'). By the formula(22), the injectivity of the
Cauchy transformation is clear.
. ~
Let us show its surjectivity. Let [‘f]e H%(C; R(K')).
?QI denotes the representative of [‘f‘] beionging to R(CND; T{-:;: ).
Then ‘Q(‘ﬂ : f > {f, [ 917 defines a continuous linear
functional on Q(D; K'). By the definition, we have
<r, ?S,- ( E(g )€1> = 0 for any f G"Qb(b-t 3 K'gs ) (38)
Therefore we have only to show. that ‘-"c = ‘fel— ( L,fe' is
an entire function and of exponential type in any horizontal
band R x iL with compact,base L. Fix 5(75’ and put
‘ l gmthredir-e o
=-—-.-S - =2 dwr (39)
2T L Y9D¢ w2z _

for z¢ Dg . Let g <& . If z € D¢~ DE, we have thanks

6(z)

to (38) -hi+ €/)(w-2)
L {j +S ‘Se ket €)W ig,(mw
ame L J3De-3Dg,  JaDy, w-z
= ‘[/gl(z) + 0.

Therefore \Pe, can be extended to an entire function of

exponential grouth.

(11) ~  Now we study the case T T"o, = R, Up to the end
of this section we put

Rx 1K, D, = [ex 1K, D_

D = . =T_xiK,Do=F;x1K,
K = 1= Tt
K [kl, k2] and K [k!, k2].

Lemma 3. " The follbwing sequence 1is exact:

9“ ) -0». '
0 —» Q(D; K') —> Q(D,; K@ Q(D_; K') —> a(D_; K') —» 0, (40)
where, for £ € Q(D; K'), hl(f) = (fl, f2), £ (resp. f2)
being the restriction of f to D_ (resp. to D_); for (fl, f2)
€Q(D,; K@ a(p_; K'), hy(fy, f,) = £, = f,. .
Proof. We abbreviate the sequence (40) as follows:

0=—Q—Q9,®q —q, — 0. | (40")
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The exactness at Q results from the unique continuation
property of holomorphic functions. The exacthess at the
- middle term is clear by the definition éf the mappings;" ‘
To show the exacthess‘at Q,» we first remark Qo = Q(DO; K') = C9’(D6).
Take any f e'C9(DO), then thefe exist bounded holomorphic ‘ -
‘functions fi'é(9‘((D+)€) and fé ‘eG‘((D_)i) for some € P O
such that e ' - ' '

exp(z?) £(z) = £1(z) - £3(2)
in a neighborhoodAof Do‘ "Putting

fl(z) =-exp(-22) fi(i) and fz(z) = exp(-zz) fé(z),
we have i&_e Q+ and f2 € Q_ such that f = fl - f2. - g.e.d.

The exact: sequence of Lemma 3 is composed of DFS épaces.
Therefore, taking the strong dual spaces, we get the exacﬁ
sequence of FS spaces. |
Cofollarg.. The/fbllowing sequence 1is exacg: . | ,
0 4= Q'(D; K') ém== Q"(D,; K') @ Q'(D_; K")é—Q'(D_; K') é— 0. (1)

We recall the definition of hi and hi: for K?e Q!(DO; K')
and (£, £,) €6, @a_, hy()(r, £,) = L, - £,);
ror (LY, 07) €(q)' @(a)' ‘and £ €Q(D; k'), nit £, 4D
= 2o+ L. | |

| Now finish the proof of Theorem 2. By Corollary, for ‘

anyleQ(D K),there existf"éQ(D K') and QGQ(D 3 K K')
such that ,Q Q Q For any £> 0, we put ,QQ'- l ¢ T iel .
‘Then clearly I r¢R(CND; K", </ )» and ng is determined

uniquely by Q2 €Q'(D; K'). We have also

L 2> =<1, [y D> (42)
Hence the mapping Q
Q' (0; kDL —= [ L 1 € nlec; R(x")) (43)

is in,je‘c’cive. We call this mapping the Cauchy transformation. ;

- 16 -



26
Now we will prove the surjectivity of the Cauchy
trnasformation (43). Suppose < € R(C\D; K'E:)' satisfies

{f, ®» = 0 for any f € Q(D; K")..

Then put 2 N2
-(w =2 :
__‘.'__S € P > zeD.
(=) = 3% )5p, 7 , €. (43)
The function G is holomorphic on Dg and of order 2 on Dg -
' (91
Let € ;70 and fix z é D;\ DE(;I,.( Then “ gy
| I T TR W),
O Tk TN (R - dur
2w Sabc-abe, aDe,k W -2
= @P(z) + 0,

which implies &’ can be analytiéally extended onto DE

and define an entire function. As this entire fuﬁction ﬂ?is‘
of order finte in any horizontal bands with compact base,

we cén conclude tha‘c ¢ € R(C; .I-{-';_/ ) by Lemma 1. This
implies the sdrjectivity of the Cauchy transformatioﬁ as

in' the proof of the case (i). ' q.e.d.

§5. Fourier transformation of Q' ([ x iK; K').

We festfict ourselves to the case of dimension 1. We
proved in § 1 the (dual) Fourier transformation 53_15 a
topological isomorphism of Q'(R x iK; K') onto Q' (R x i(-K'); K).
We give here another definition of the Foﬁrier transformation
of Q"(R x 1K; K'). ,

Put D = [ x iK. Let 1 € Q'(D; K') be given.

Z(;) = exp(-1z§), 9.27
~1is defined for g such that the function z =) exp(~iz ;)
’ ~

belongs to Q(D; XK'). The function L or c is called the Fourier

transformation of f e Q'(D; K'). If D= D, = 0 x iK,

- 17 -
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ji is an entire function of . ‘Suppose D = D, (resp; D).
As we have | -
| epr(—ivzg ) = exp(-i(xg- Y"l)) exp(x N+ y§ )s
th‘e' function z l==d evx‘p‘(-i_zg) bel,ongé to Q(D+;' K') if 'Q(-ké
(resp. to Q(D_; K') if > -—ki). It is easy to see I(;)
is a holomor‘phic function on {gé C; ’Vl = Im § (-—ké \' (resp.
{g; L —ki}). If D = Deo there is no such g but‘we‘ may define
the Fourier tranformation properly as We will see soon létéru
| We first consider the case where D = Do’ D+ or D;.’
,-In order to state explicitely the image of Q'(D; K?)‘under the
Fourier transformation, we introduce SOmebneﬁ spaces of 
"holomorphic functions. '
Let V be a real vector space of‘dimension'n and V!
its dual. For an open setS\fjle; =‘V':x iV', we denote by
Rexp(ST!; K) the space of all holomofphic functions f'on SZ{
which satisfy the following estimate:
Ye>o, Y¢'>0, T c20 such that
sup{(f(g)\exp(—(hK(’g) + el + f-l‘r]l)); S € SL’—C'.t‘w ¢ )
where. _Q_:_g'= .ﬂ.’- 'I;EE {gé E'y g + %;C. _Q_,’}' . (Let A and
B be subsets of a vector space X. We put A - B = { x € X;
"x +BC& A}. Remark that A - B # A + (-B) in general.)
We endow Réxp(flf;,K) with the topology defined by the
seminorm ( ). Rexp(S}/; K) Dbecomesan FS space. It is
clear that Rexp(jnf; K) is a subspace of R(Jﬂ!; K) introduced
in §3.
It is well known (Martineau [ 1) that the Fourier

transf‘ormation establishes a topological isomorphism:

- 18 -



28

Q' (Dy; k') = Reyp(Cs K.
We study now the case where D = D_(resp. D_). Let -
Le Q'(D,; K') (resp. Q'(D_; K')). As we have seen, - Z(f)
B is defined and holomorphic for ’Q( —ké" (resp. 'Vl > -ki). _
By the continuity of L , for any &> 0 and €2 O there exists
a constant c%0 such thaf | |
[¢£,0>]| ¢ ¢ supie(ké HUREITIE P zeDg §
"~ (resp. :
\¢£, 8>] ¢ ¢ supfe(¥i - RETCHEE 'ZGDE})
for any f € Qb(-ﬁ-'e _ f‘:: ). Therefore, for any ") <_k'2*_ e’
(resp. ~") ? ki o+ ¢/ ), we have
RSl
$ Csup{e | exp(x +y§) ;zeDék
$C sup {e(ké * e'+fl )x exp(y§); x> -¢, v € Ka}‘
= ¢ exp(- €(ky + € +1)) exp(ng(§) + g(§])
(resp.
135l
$ C sup{e(k'l - €/ )x exp(x 7 + y§); zéDek
§ ¢ sup{e(kj'l. - il*’*‘ )x exp(y %; x<¢ , yéKﬁk.
= coexp( € (k] € +7) exp(ng(§) + €15)04).
Hence { belongs to Rexp( {; ,'Yl< -kéx; K)
(resp. Rexp(\ §:7M > -kﬂ;’ K)).
Let us denote by I"* the dual cone of a cone [' of V.

(k;_, + e')x

Namely . , .
T'* = {‘;év' 3%, §> § 0 for any x € r'}

Remark that

Thov, T -{yp g TF-dpol, BF - dof
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We have clearly , . o
Tk evw, TR K"={§< 41‘5} o= & {E > —k'

'Therefore the Fourier transformation 3' ‘maps Q (D K')'
°

+*%
into R, (V' x G IR <D FE K) . for.D = D o» Dy or D_.
'Theorem 3. Let V be a real vector space of dimension 1. Suppose

D=1 xiK = D ,'~D+ or D_.’ ‘I‘hen the Fourier transformation

3' 'gives a ’copological isomorphism

Qs k') Roxp (V" X 1( ™ s ox).

As the case D = Do was treated by A. Martineauin much

more general situation, we will suppose D = D_ or D_. We"
. oy .

construct a mapping of R (V' x i( T‘ - K'); K) into Q' (D K')

exp
which will be called the Laplace transformation.._
Choose "1 € [9, - K' and put go = 171‘, .

/ .
$" be the unit vector such that - Im §’ = M e \" . (1£ D =D,

then Mo = -k} - ¢/, '1" 0. IfD=D_, then Mo = -ki + £,

11'_ 2 0.) It is clear the real half line S, + R+§’ lies -

» ' S ' ' S UDY y
in V' x 1(‘\" - K'). ket F €R, (V' x1( [T - K');5 K)
be given. Put |
/
F(Z; gos §

2.\1 S';.-HR";’ -F(t)e 6,
-3 67 Py BB

where \R 113 > O‘( is oriented from O to e . As we have
CARY]
IFCEN s Ce S+ el + ng (%)

——

“for § g - K%, s we have

IF(s ¥+ 6,01

$cem(etlyl+elen + Qo+ n(t 5
scet exp(s(e(§| + n (g + el)']).
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Therefore if _
< ! 7 Iy
- 28+ el +n )+ Ml <o,
. N , :
the integral F(z; S, s Q’ ) converges absolutely. Put
) s A ‘
W (3% =z -z g+ el§ 1+ n(§) +em'] <o
and
/ : s /
W8 =425 -y +n (%) <ol
(If D = D,, we may put Q’ = -i, 1, or -1 and we have
W(-1) k={z; x< o}, W(1) ={z; y>k2} and W(-1) = {z; y(kl} D)
We can easily prove the following three points: '
A / 1
1) F(z; Yo, g,) is holomorphic in W( § ).
A N 7 /
2) »F(z; S', ;’) = F(z; S,,S ) in W(g)f\W( g'l).
. ~ ' '
Hence F(z, go, S')'s define a holomorphic function F(z; §°)
€ R(CND; K'g, ), where Im §o= -k} -¢'1f D =D, and
Im&,= -kt +¢/ if D = D_.
A
3)  Put By (2) = Fz; §o).
~ »~ . ¢t !
Then FSI(Z) - st(z) € R(C;I(s{), € > EpO.
Hence {ng“ﬁ defines an element of H%(C; ﬁ?K')) which is
A
identified with Q'(D; K') by Theorem 2. The mapping F p—> {Fe,k
is said to be the Laplace transformation it.
| We will show that the Fourier transformation and the
Laplace transformation are inverse to each other.
Proof of at.'3‘= identity. v
Let f%@:]e H%(C; R(K')) and L ve the element of Q'(D; K*)
. , , ,
which corresponds to [?gl Let 0 < €, <% . We have
: A~
F(§) = L(%)
-iw
e gffe\, (w) aw |
for g { -k! =~ ¢/ (resp g > -k! + E’ Y. If ; = -k',-g’
i . 1 ] . P 2 &

(resp. §° = -kj + &’), we have
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. F(Z, gc’ S ) (§f= -1)
.an -’ 'FLS)G"“AS
zn S; -®ti e"qj 'D Lw;

= SaD Cer (W) &w'g ~a*¢€’°“"“”;at§
= dop, Gertwre bWy kv e Sy 4
?EI(W) : . ‘ 'q'e‘dé

Proof of Jed, = ldentity.

cf J Uar)w

i L}

B

~ We have to show for any F € R(V' x i( [‘* - K'), K)
P
F(§)=53D gFer(@)dz

—

We decompose the right hand side into three integrals:

ot |

where I, II and III stand for the following 1ntegration path:
N

- I |

LN

T4 “
!

5 lz\‘?ﬁ‘a'(z, 1) dz
= §. e“‘gjg Jgr FlretTlaz
S ei® (5 t)s «&r F(T)d
__Z_\T_t_ - -e u%.ci; 'z)/( -i(t-2)° Feryde

In the same way, we have

J:r_ ‘z\;h (zj;-idde | ,
&w?(- 2, (E-2)~ orp (—Liz(t-z))}/(_“g z,) “Fode

21[ -
and §°

e CTY¥T , (2)dz
S& F -i22(8-2)

= A e
i Sso-w oo Tt

Therefore we conclude

-s.z 5
() o . ;
) .Sr‘;'De e‘,-z. (,'ci { eb»i; (T 'g) .
2Tee e F()dz + Pl J = F ('c)d_*c.
"F- <
/
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Hence we have
I(§> ® 3—;1)2 e-q; \eg(z)dz = F(3

for S such that 7)< -k' - ¢/ andg 4 0. As ¢ is arbitrary,
we have E = F by the unique continuation property of )
holomorphic functions. o ; | ' | q.é;d.

Now we proceed to the case Q(R x iK; K'). Wevhave
constructed the exact sequence (39) and the topological
isomorphisms: |

Q'(Dy; XK@ Q' (D_; K') |

:*‘Rexp({"l < —k%; 5@ Rexp({ ’I>‘k'1}’ K) = Rgyp(C NM-D')5 K)
and

(0, K) = B = R g0 o
Hence we have a topological isomorphism, which we name
- the Fourier transformation: |

F:aq(o; k) — HED.(C; Rexp(K)) = Réxp(C \N(=D"); K)/Rexp(C; K)
such that the diagram
0¢— Q'(D; K') é= Q'(D,; K') @Q'(D_; K') ¢— Q' (D5 K') &= 0

L ¥ o bx b

0 ¢= HL,, (05 Ry, (X)) é— R, (CN(-D'); K) é= R, (C5 K) é— 0
is commutative.
Theorem 4. Put F = R x iK', The Fourier transformation 3!:
Q'(D; K') > H}D,(C; Rexp(K)) is a topological iso-
morphism and the composed mapping

Q' (D3 K') —y I, (03 Ry, (K)) —3 ml, (03 R0 = @' f-p'5 k)
is equal to the (dual) Fourier transformation:

Fy: ar(ds k) = Q(-D'; K,

- 23 -



Corollarx. We have the isomorphism:
il (c; R (X)) = HE,(c; ™K,
D72 “exp TS LoTpri Y /7 s

for Df = R x iK',
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