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The shear flow of a binary mixture of rarefied gases over a plane wall is investigated on the basis
of the linearized Boltzmann equation for hard-sphere molecules with the diffuse reflection boundary
condition. This fundamental problem in rarefied gas dynamics is analyzed numerically by a
finite-difference method, in which the complicated collision integrals are computed by the extension
to the case of a gas mixture of the method proposed by Sone, Ohwada, ar{dAgki Fluids AL,

363 (1989]. As a result, the behavior of the mixture is clarified not only at the level of the
macroscopic variables but also at the level of the velocity distribution function. In addition, an
accurate formula of the shear-sligscous-slip coefficient for arbitrary values of the concentration

of a component gas is constructed by the use of the Chebyshev polynomial approximatii94©
American Institute of Physics[DOI: 10.1063/1.1714665

I. INTRODUCTION should also be noted, will be cited on appropriate occasions
in the sequel.

Consider a slightly rarefied gas around bodies with a  The general theory by Sone has been established for a
smooth boundary. In such a system, the Knudsen numbesingle-component gas, but the situation mentioned in the first
which is the ratio of the mean free path of gas molecules tgaragraph is the same for gas mixtures. In the case of gas
the reference length of the system, is small. A general theorynixtures, up to the order of the Knudsen number, there are
describing the steady behavior of the gas for small Knudsethree origins that cause the velocity slip, i.€l) the shear
numbers has been established by a systematic asymptofiow of the mixture,(2) the temperature gradient of the mix-
analysis of the Boltzmann equation by Sofeg., Refs. ture, and(3) the concentration gradient of a component gas
1-4). According to the theory, the overall behavior of the gasalong the surface of a body. The velocity slips caused by
can be described by a set of fluid-dynamic-type equationghem are called the shear sliyiscous slip, the thermal slip,
but, in contrast to the conventional treatment in fluid dynam-and the diffusion slip, respectively. The present paper is con-
ics, the slip condition for the flow velocity and the jump cerned with the shear-slip phenomenon, i.e., the velocity-slip
condition for the temperature must be used at the surface ¢gihenomenon caused by the shear flow along the surface of a
the body because of the gas rarefaction effect. That is, thBody. The others have already been investigated in Refs. 5
flow velocity of the gas is no longer the same as that of théand 6. ) . )
body (the so-called “velocity slip” phenomenonand the The _anaIyS|s of the s_hear—shp phenomenon is reduce(_j to
temperature of the gas is different from that of the béithg the_spatlally one—d|men5|o_nal half—spaqe pr_oblem of the lin-
so-called “temperature jump” phenomenoat the surface. earized Boltzmann equatlpn in the _5|tuat|0n Wher_e a gas
Moreover, the fluid-dynamic-type description mentionedﬂows along a plane wall with a velocity that grows linearly

above is to be corrected near the surface of the body in a thifyith réspect to the distance from the wall. Since the pioneer

9 .
layer with the thickness of the order of the mean free path\,NOrk by Maxwell,” this fundamental problem has been stu-

H =22
This thin layer is called the Knudsen layer. The problem of'ed by various approachts** (see also Refs. 4, 23, and 24,

obtaining the slip and jump boundary conditions and the corEind the references therginAs a result, for a single-

. . . T component gas, an accurate numerical solution of the origi-
rections to the fluid-dynamic description in the Knudsen :
. . . . nal Boltzmann equation, as well as that of model Boltzmann
layer is reduced to slip and jump problems in a half space.

. ?quations, was established more than a decade ago at the
These half-space problems are important fundamente}evel of the velocity distribution functiok1°

problems in rarefied gas dynamics and have been investi- Recently, in connection with micro-device engineering, a

gated by many researchers. Here., men_tion should be made,l%w in micro-systems attracts a deal of attentfoisince the
the contributions by Sqne, Cercignani, Loyalka, and the|rKnudsen number is no longer negligibly small in such sys-
co-workers. The reader is referred to Refs. 4, 7, and 8 and t'\%ms, the velocity slip is significant in the analysis of the

references therein for the details of their works. The receMfiow. which puts the shear-slip problem, especially that for
works by Sharipov and by Siewert on this subject, WhiChgas1mixtures in the limelight aga?ﬂ?22'26:3°Existing works

for gas mixtures are, however, based on model Boltzmann
dElectronic mail: takata@aero.mbox.media.kyoto-u.ac.jp equations or on the moment and the variational
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methods:01316-1820-2%,ch approaches are handy but of anordinate system defined byx;=Xl, }(V#/2)"%. The
approximate nature. In order to assess the validity of thos€2kT,/m*)¥?¢; [or (2kT,/m*)Y2¢] is the molecular veloc-
results, something that can be used as the standard is desirésgl, no(2kTo/m*) ~32( X5+ ¢*)E“ is the velocity distribu-
Not only from an academic interest but also from such aion function of the molecules of gas, where E%({)
practical viewpoint, we are going to carry out an accurate= (me/r)%exp(—mYg?) with m*=m*m?*, and de
numerical analysis of the shear-slip problem on the basis of 4*/d”, The molecular number density, density, pressure,

the original Boltzmann equation for hard-sphere moleculesemperature, flow velocity, stress tensor, and heat-flow
and to establish the standard solution of this fundamentajector of gas « are denoted, respectively, by
problem for gas mixtures. The numerical method is the comn (X&+N%), nomA(M*X§+w®), pPo(X&+P?), To(1
bination of the finite-difference and the numerical kernel . zey (2KkTo/mM)Y2ue, Po(X§ 8+ Py), and
methods, the latter of which was first proposed in Ref. 31 fory 2k T, /m*)2Q% | where 8; is Kronecker's delta. Those
the computation of the complicated collision integral in thegf  the  mixture are  denoted by ng(1+N),
case of a single-component gas and was extended 10 gASMA(S ,_, sMAXE+ w), Po(1+P), To(1+7),
mixtures in Ref. 5. The method has already been applie@ZkTO/mA)l’lzui, Po(8ij+ Pyj), andpo(2kTo/mA)Y2Q; .

to the diffusion-slip and the thermal-slip problems  The linearized Boltzmann equation in the present case

successfull;?.ﬁ _ . (91 9t= 9l dx,= 3l Ix3=0) is written ad>3*
In this paper, we first formulate the problem in Sec. Il

and then perform a preliminary analysis in Sec. Ill. The nu-
merical method is explained only briefly in Sec. IV because
it is described in detail in Ref. 6. The results and discussions _
are given in Sec. V, and finally concluding remarks are madavhereL#“ is the linearized collision integral defined by
in Sec. VL.

dP* _
& L > KPLAYXIHP XE D), (6h)
IX1  B=AB

- 1
Lﬁ“(f,g>=—f [(Z) (&) +9(Z) ~9(D]
42
II. FORMULATION OF THE PROBLEM

A. Problem XEA(L,)eV]d(e)d’, )
We consider a semi-infinite expanse of a binary mixturewith

of gases, gas A and gas B, over a plane wall at rest with a ~ Ba - Ba

uniform temperaturd,. The wall is located aX,=0, and =0+ — (e-\7)e, =0 — 'U:—B(e.\A/)e, (39

the mixture occupies the regiof, >0, whereX; is the rect- m m

angular coordinate system. Far away from the wall, the pres- ~_ . 3, _

sure and temperature of the mixture and the concentration of V=44 07 =000, 005, (30)

gas A(the number fraction of the molecules of gas @e de+ g8\ 2 2B

uniform, but the flow velocityv, of the mixture in the K A= > , ﬁﬁazw_ (30

X,-direction grows linearly inX;. Hereinafter, the former

three are denoted bpo, To, and Xg. respectively. The Hereeis a unit vectorZ, the variable of integration corre-
Greek lettersy and 8 are symbolically used to represent the sponding toZ, and d)(e) the solid-angle element in the

gas species, i.eq,=A,B. direction ofe. The integration in Eq(2) is carried out over
We will investigate the steady behavior of the mixture the whole space of, and over all the directions
under the following assumptioné) The molecules of gaa The diffuse reflection condition on the walk{=0) is

are hard spheres of mass® and diameterd®, and they \yritten as
collide elastically with each othefji) the behavior of the
mixture is described by the Boltzmann equation and the dif-
fuse reflection condition for the reflected molecules on the
wall; and (iii) the growing rate of the flow velocity, with ) -
respect toX, is so small that the equations and boundary ~ 1h€ macroscopic quantitids®, »®, u, etc., of gasa
conditions can be linearized around the reference equilibriur@'® Written in terms of“ as

state at rest with temperatufg and pressurg@, of the mix-

ture and concentratioXQ of gas A. N“=f ¢‘”E“d3§, (59

¢“=—2(7Tﬁ1“)1/2f 0§1¢“E“d3§, {1>0. 4

1<

B. Basic equation and boundary condition
| . o | =i [ §ESEE (~mNe), (50
We first summarize the main notation used in the paper.
The ng is the reference molecular number density of the 1
mixture and is defined byy=py/kTy, wherek is Boltz- uia:_aj L d EYd3¢, (50)
mann’s constant. Thi, is the mean free path of the mol- Xo
ecules in the equilibrium state at rest with the molecular 51 3
number densityng and temperaturg, when gas B is absent = _af (mag?_ _) HEd3, (5d)
(i.e.,lo=1[v2m(d*)?ny]). Thex; is the nondimensional co- 3 Xg b2



Phys. Fluids, Vol. 16, No. 6, June 2004

W 2

P =3fn“f P Ed3L (=N"+X57), (5¢)

Pi=2m" f {idjp Ed, (59)
a_ s 2 yapEaq3 > a«a

Qi'=m f@i(,‘(ﬁ Efd"(— 5 Xouy". (59)

Numerical analysis of the shear flow 1991
= XEiP, (119
B=AB
~ 877"& ” 6pa @
pe=—zm* | PBUHE(D)AL. (11b
15 0

Here & is a constant depending oy, mE/m”, andd®/d”,
which is related to the viscosity of the mixture by the

Here and henceforth, unless otherwise stated, the integraticralatior?‘"”37

with respect tog is performed over its whole space. The

macroscopic quantities of the mixture are expressed in terms

of those of component gases as

N= > NA o= > of P= Pe,  (6a)
B=A.B B=A.B B=A,B
ui=( > mﬁxguf) / mﬁxg), (6b)
B=A.B B=AB
= > XBrf, Py= > P, (60)
B=A.B B=AB
B o B B
Q= 2 |QF~5X6ui-uP)|. (60)

If we denote byXgy+ x* the concentration of gaa, x“ is
expressed as

X“=N—XgN. (7)

Note that y*=— x® because of the relation=N"-+NB
and X+ XE=1.

I1l. PRELIMINARY ANALYSIS
A. Asymptotic solution away from the wall
Let us consider the function
Dasy= Kol 2M*Lo(X1+b) = £1£-,B*()], (8)

where;=|¢l= /7. Hereb is an undetermined constant, and
the function B* is the solution of the following integral
equation®>-3%

B:ZAB Kﬂaxogtﬁa(iijBﬁ-ZijBa): —2m*Z;, (99
with
Li=4L— 50°6;. (9b)
The function ¢5, satisfies the Boltzmann equatioh).

The corresponding macroscopic quantities take the followin

form:

N“= 8= Y= 79= PI= Q=0 (108
Ui'=(X1+b) 8o, Pfj=—a"X5(8i10j2+ 29j1),
(10b)
N=w=r=P=Q,=0, (100
Ui=(X1+b)68i2, Pij=—(6i16j2+ 8i26)1), (100

where

J7

= Tﬁpo(ZkTo/mAYl/z' 0 (12
It is seen from the form oP, 7, u,, andx® in Eq. (10)
that, if we denote by the dimensionless growing rate of the

flow velocity

(duz)
C: P L]
dxy S

then ¢, of (8) multiplied byc is the solution describing the
state at infinity. The asymptotic solutiotpg, is seen to
represent the state of the mixture described by the fluid-
dynamic equation. Therefore, we cati¢g,, the fluid-
dynamic solution.

B. Knudsen-layer problem

Let us now seek the solution in the form

¢“=Cl pasyt P (X1, )]

Substituting Eq.(13) into Eqgs.(1) and (4) and taking into
account thaip,,, satisfies the condition at infinity, we obtain
the following equation and boundary condition fof :

e

(13

(== 2 KPLAXEoR XE ), (14)
X1 p=AB
P =—2mM*"Xgblr+X541L,B4()
~o(em | pggEed
{1<0
§1>0! X1:O! (15)
¢g—0, as x;—o. (16)

We call the half-space proble(i4)—(16) the Knudsen-layer
problem for the shear slip. For the problem, there is a unique

__solution ¢ if and only if the constanb takes a special
g/alue, andpy decays exponentially ag — . This is a con-

sequence of the existence and uniqueness theorem for the
Knudsen-layer problem for a binary mixture of hard-sphere
gasegqRef. 38; see also Refs. 3944t should be noted that
the constanb in the fluid-dynamic solutiort ¢, is deter-
mined by the analysis of the Knudsen-layer problem.
Sincem*=d"=1 andXj+XE=1, the problem is char-
acterized by the three parameters,
dB(or dB/d"),

mB(or mE/m?), Xg.
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Multiplying Eq. (14) by m*{,E* for a«=A,B, adding
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the resulting equations, and taking into account the condition

(16), one obtains the relation

> P f {18, dREPARE=0. (17)
B=A,B

This is the conservation law of the-component of the mo-
mentum.
C. Similarity solution and macroscopic quantities

Let us assume thaby is of the form
(ﬁz:(gzlgp)q)a(xlvglagp)v (18)

where{,= \/§22+ §32. This ¢y is compatible with Eqs(14)—
(16), which can be seen by using the spherical symmeify

the collision operatot.#®. Therefore, using the notations
W (X1,41,8,) = PU(X1,41.4,)EY, (193

Zﬂ“(ﬁfﬁ,\v%:(gﬂ/zz)tﬂa(écbﬂ, =
&L 4

we can transform the boundary-value probleé)—(16) for
¢g into that forw«:

(D“)E“, (19b)

1'2\1):1 =B:ZA’B KAaLAa(XaWP XEW ), (20)
Va=X3¢,(—2Mmb+{,BY)E?,

£1>0, x,=0, (21)
Te—0, as X;—oo. (22

Here E* andB“ are regarded as the functions §f and {,
because/=[Z]=(¢i+¢5)"% The integralC#* can be ex-
pressed in terms of integral kernels:

LP(f,9)=LE*(f)+L5(9) - L5(f )= vP({)g,
with

(23

B —ee [ e, [ deng g 00 L)

(J=1,2,3), (24a
o )—i ! exp(—me¢?)
YO= S| T SR
\W{ 2
+| 27+ r“n“g) fo exp—y )dy]. (24b)

The explicit form of integral kerneldCJﬁ“ (J=1,23) is
given in Appendix B of Ref. 6.

Substituting Eq.(13) with the similarity solution(18)
[and (193] into Egs.(5)—(7), we have the following expres-

sion for the macroscopic quantities:
N¢= = xy“=1“=P*=0, (259

Uia=C(Xl+b+U0‘)5i2, (25b)

Pij=c(— a"X5+S")(6i16)2+ 8i29j1), (259
Qi'=CcH"6jz, (250
N=w=r=P=0, (250
u=c(x,+b+U)s,, (25f)
Pij= —ci( 61052+ 6i26j1), (259
Qi=cHJdz, (25h)
where
V()= 3z f - J Lved,de,, (269
0J0 J—o
U(xl)z(B;AYB mﬁ’xguﬂ> / (B;AB r‘nﬁxg), (26b)
sow=2m || c2wednac,, (269

© [0 5
H(xy) =7 fo f _mgi(ma(ﬁui)—E)Wdadzp,
(260)

(269

H(xy)= >, |Hf+ gxg(uﬁ—U)).
B

=AB
In deriving the expression d?;; in Eqg. (259, the relation
Sh+sB=0, 27

which is deduced from the property7), has been used. This
relation will be used as a measure of accuracy of the numeri-
cal solution(see Appendix A

The functiondU ¢, U, S*, H¢, andH, which we call the
Knudsen-layer functions, decay exponentiallyxas-. In
Eq. (25), they appear only in th&,-component of the flow
velocitiesu5 andu,, in that of the heat-flow vectol®% and
Q,, and in thex;X,-component of the stress tensé$, (or
P51). In other words, excepts, u,, Q3, Q,, andP7, (or
P31, the macroscopic quantities are expressed only by the
fluid-dynamic solution: Equatiofil0) multiplied by c.

The expression ofy; in Eq. (25f) shows that, if the
Knudsen-layer function is neglected, the flow velocity of the
mixture on the wall ¥;=0) is expressed as

du,
dxy)”

This means that the flow velocity of the fluid-dynamic solu-
tion is subject to the slip on the wall caused by the gradient
of flow velocity (or the shear stresd~rom this point of view,

the constanb is called the coefficient of shear slipr vis-
cous slip.

UZZbC:b (28)

IV. NUMERICAL ANALYSIS

As in Ref. 6, we solve the boundary-value problem
(200—(22) by the use of the following technique. This
method was devised in Ref. 14.
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Consider the functiof?® and the constartt, given by
\T}a(xligl7§p)Z\I,a(xlvgligp)—i_zmaxg55;} Eaa (2959
b,=b—24, (29b

where § is an undetermined constant. The functdn sat-
isfies EQ.(20) and the boundary condition on the wé&lll)
with b replaced byb, , i.e.,

>

B=A,

av
& %,

KPLPYXGW P XET @), (30)
B

To=XgL,(—2m, +{BYE®, (>0, x,=0.
(31

At a large distancel for which ¥ is negligibly small, ¥«
satisfies the reflection condition

Te(d,g1,4,)=T(d, ~ {1.,), (32)
and is related to the following moment oF “:
5=0(d), (33

whereU(x,) is the quantity defined by Eq&26a and(26b)
with W replaced by¥ ®. We solve the boundary-value prob-
lem (30)—(32) for a givenb, under a proper choice df.
OnceW“ is obtained,d is determined by Eq(33). Then¥
andb are obtained from Eq$299 and (29b). In the actual
computation, we repeat this solution process by puttires
newb, in order to avoid the accumulation of the numerical

errors caused by the computation of the collision integrals of

the second term of Eq293 in the wide region of;-space.

The numerical method is the same as that in Ref. 6, ;
except that the third-order finite-difference scheme is used s

for 9/9x, in place of the second-order one in Ref.(&e
Appendix B. Corresponding to this change, the following
new lattice system is used fay :

i

N,

%)= 20 In( pM/(p™I—0.7p()) + 10—4(

(i=0,1,....Ny, (34)

with

p®=25(/N})/[1+25(i/N,)%], 39

Wherex(li) denotes theth lattice point inx;-space, andTX
and Nx(zﬁx) are given positive integers. We will denote by
S1 the system witiN, =N, =300, byS2 that withN,=N,
=600, byS3 that withN,=320 andN,=300, and byS4
that with N,=340 andWX=3OO, respectively. For the mo-
lecular velocity, ¢,,{,)-space is truncated in the region
—Z,<\m%,<Z; and 0<m%{,<Z, for gase, and the
same lattice system as that in Ref. 6 is used.
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summarized in Appendix A. After the tests for different lat-
tice systems, the pairS(L, M1) is adopted as the standard
lattice system fom®/m*=2, 4, and 5. Fom®/m*=10, the
pair (S4, M1, which covers a wider region ofy, is used
instead of §1, M1). All the results given in the next section
are obtained by using these systems. For the systei (
M1) [or (S4, M1)], the original regions ok,, {;, and{, are
limited to the regions &x;=<24.08 (or 32.49 [i.e., d
=24.08(or 32.49], —4.5<m*¢,<4.5(.e., Z,=4.5), and
0<%, <4.5 (i.e., Z,=4.5) for gase, and there are 301
(or 341, 101, and 55 lattice points, respectively. Additional
information about the accuracy test for the standard systems
are also given in Appendix A.

Incidentally, the functiorB® is often approximated by a
few terms of the Sonine polynomial expanstdin the lit-
erature. In the present paper, however, we make use of the
accurate numerical data &“ that are obtained by a direct
numerical computation of Eq9a) in Ref. 35.

1.6IIII|\\\\|IIII|\\\\

i m?B/m4 = 10

1o | TR R T TR S S NS S N
A 1
X()

15""I“"I""I“‘I

Various accuracy tests were performed by using the sysFIG. 1. Coefficient of shear slip and the corresponding momentanslip

temsS1-S3 forx, and the systems M1—-M7 in Ref. 6 for

(¢1.¢,)- They were intended to assess not only the appropri

coefficientb and (b) momentum (Gy1,0) of the mixture per unit volume.
Both closed and open circles indicate the present result. The solid line indi-

cates the present result using the form@@. The data used to construct the

ate size of the lattice intervals but also the appropriate size Ghrmula are marked with closed circles. The dashed line indicates the result

the truncated region ofxg,{1,{,)-space. The results are

for m&/mA=1.
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TABLE I. Data ofb™ (n=0,... N) in Eq. (37).

mB/mA

n 2 (N=8) 4 (N=12) 5 (N=12) 10 (N=16)
0 1.894 35 3.228 36 3.915 05 7.486 58

1 —6.276 54(1)? —1.887 19 —2.517 48 —5.65507

2 —1.351 92¢-2) —9.603 84(2) ~1.58381¢1) ~6.179 29¢ 1)
3 6.632 18( 4) 5.698 24( 3) 8.213 20¢ 3) 1.110 81¢4)
4 1.132 85(4) 2.477 04( 3) 4.893 79¢3) 2.369 40( 2)
5 1.012 51¢ 5) 5.191 18¢ 4) 1.253 85¢ 3) 1.045 64¢ 2)
6 9.39177¢7) 1.07521¢ 4) 3.054 54 4) 3.872 40( 3)
7 1.048 49¢ 6) 2.259 87(-5) 7.547 69¢5) 1.409 03¢ 3)
8 —7.37501¢7) 4.944 17¢-6) 1.924 14( 5) 5.187 87(- 4)
9 1.095 29¢ 6) 4.984 96(6) 1.937 82(4)
10 2.469 68(-7) 1.31392(-6) 7.32091¢5)
11 5.877 42(8) 3.695 48(7) 2.789 92(5)
12 1.27307¢8) 9.202 34¢8) 1.070 59¢ 5)
13 4.140 01¢ 6)
14 1.633 83(-6)
15 7.15263(-7)
16 2.42103(7)

®Read as—6.276 54< 107 1.

The computation was performed by using a parallel code¢he same as that &= 1 (the case of pure gas)Airrespec-
for 10 CPUs on the FUJITSU VPPS800 in the Academic Cendive of the value ofm®/m*. This means that the slip coeffi-
ter for Computing and Media Studies of Kyoto University. cient is independent of the molecular mass in the case of one
First the computation was carried out for a smaller latticespecies gases.
system with 30X 73X 21 points in &;,{1,{,)-space[sys- The flow velocity of the fluid-dynamic solution along the
tem (S1, M7)], and the resulting data were transformed intowall is given byu,=c(x;+b) [see Eq.25f)], namely, the
the data for the standard lattice system by interpolationsum of the classical shear flosx; and the uniform flonch
Then, the computation for the standard systé& (M1 or ~ caused by the velocity slip. If we denote by NQ0) the
(34 M1) was performed by using the transformed data agnomentum of the mixture of this uniform flow per unit vol-
the initial guess in the |terat|V(=A solution process. For each sdétme, M is given by
of parametersr®/m?,d®/d”, X7), it takes about a half hour A A2
for the smaller system, 3 hours for systeﬁ_&( M2, and 3.5 M7enom™(2kTo /M) ™2=pob, (36)
hours for system $4, M1). The computing time does not where po(=m"Xg+mEXE) = (1—mB) X5+ mB. Figure 1b)

much depend on the values of the parameters. shows its dependence off;. The momentum is larger for
largerm®/m” and decreases monotonicallyﬁ@ increases.

V. RESULTS AND DISCUSSIONS It takes a common value =1 because there is no gas B
in this case.

In the present paper, we carry out the computauon for
mB/m”=2, 4, 5, and 10 and for various values X§, re
stricting ourselves to the cas/d”= 1. Hereinafter, we as-
sume tham®/m*=1, because the results for¥/m*<1 can
be obtained from those fan®/m”>1 by a simple transfor-
mation.

The numerical computations are performed for several

values ofXg, the results of which are indicated by closed or

open circles in Fig. 1. From the data shown by closed circles,

following Ref. 6, we constructed the formula bffor arbi-

trary values ofXy by the use of the Chebyshev polynomial

approximationRef. 45. Since the dependence @fb on XQ

is much simpler than that d, the formula is constructed

from the data ofpgb, not from the data ob itself. The
The coefficient of shear slip versus the concentration resulting formula is given as

Xé of gas Ais shown in Fig. (). Sinceb is positive, the slip N

is induced in the direction of the flow of the mixture far E

away from the wall. Thé is larger for larger molecular mass n=0

ratio m®/m”. For mB/m*=1, it is independent oK{ be-

cause there is no differen¢except “color” or “label” ) be- ~ WhereTy(x) (n=0,1,2,...) is theChebyshev polynomial of

tween molecules of differen/'g kind. But, fon®/mA#1, b is  degreen defined for G< 6= by the relation

not uniform with respect tXy and attains the maximum at _

an intermediate value ok5 in the interval of 0.5<X{<1. Tn(cos#)=cosnd. (38

This value ofxé increases witm®/m”* and, consequentiy The data ob(™ are listed in Table I. The solid line in Fig. 1

changes steeply nedih=1 for largem®m*. It should be is drawn by using Eq(37). The accuracy of this formula is

noted that the value df at XQzO (the case of pure gas)iBs  checked by comparing with the data shown by open circles

A. Slip coefficient

(n)T ZXO 1)/901 (37)
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TABLE II. The values of the slip coefficients by the formula(37). 1.6 T T T
b mB/mA =10
XHmB/mA 2 4 5 10
0 1.2540 1.2540 1.2540 1.2540
0.1 1.2594 1.2734 1.2792 1.2995
0.3 1.2678 1.3075 1.3253 1.3919 b
0.5 1.2720 1.3307 1.3593 1.4772
0.7 1.2707 1.3336 1.3677 1.5282
0.9 1.2619 1.2977 1.3202 1.4507
1 1.2540 1.2540 1.2540 1.2540
in the figure. The results are summarized at the end of Ap- 1.25 L T —

A 1
pendix A. Some of the values &f obtained by Eq(37) are X4

ShOWL] n ;able II.I' bl has b died b . FIG. 2. A comparison with the previous results:vs X5 . The solid line
T e S ear-slip problem _as_ een studied by various affigicates the present result, the dashed line the formula in Ref. 20, and the
proximation methodgthe variational method, the moment dot—dash line that in Ref. 21. The closed symidl|s®, A, and # indicate

method, etd.or by direct computation of model Boltzmann the result of Ref. 22 fom®/m*=2, 4, 5, and 10, respectively. The open
equations. In contrast, in the present paper, the problems af@uarel] indicates the result of Ref. 18 fon®/m*=4 andXg=0.5. The
analyzed faithfully and accurately on the basis of the BOItZ_open circleO indicates the result of Ref. 14 for a single-component gas.
mann equation. As a result, the validity of the existing results

can be assessed by the present result. The results for a mikens from the present result are both very snilss than

ture of hard-sphere gases in Refs. 18 and 20—22 are como). In particular, the result in Ref. 20 agrees quite well. The
pared with the present result in Fig. 2 and in Table Ill. Natu-results obtained by the direct computation on the basis of the
rally a comparison is made only among the results for hardMcCormack modéf by Sharipov and Kalempa are also
sphere gases. The formulas in Refs. 20 and 21 are derived lzjose to the present results. They overestimate the values
a special kind of half-space moment method, the former odbout 1-1.5%. The result by Yalamov, Yushkanov, and
which is evaluated by the use of the first order Chapman-Savkov® (half-space moment methpshown in Fig. 2 over-
Enskog expansions while the latter of which is evaluated byestimates the value by 2.2%. Table Il suggests that their
the use of the second-order Chapman—Enskog expansiongsults for other molecular mass ratio would overestimate the
The result based on the second-order approximatiRef.  value by the same degree. In Fig. 2, the shear-slip coefficient
21) agrees less well with the present result than that based dor a single-component gas obtained by a finite-difference
the first-order approximatiofRef. 20. However, the devia- method** on which the present method is based, is also

TABLE Ill. A comparison with the previous results for the shear-slip coeffickent

X5=0.1
mB/m? Present result Ref. 18 Ref. 20 Ref. 21 Ref. 22
2 1.2594 e 1.2644 1.2520 1.2781
4 1.2734 - 1.2781 1.2660 1.2917
5 1.2792 e 1.2838 1.2716 1.2975
10 1.2995 e 1.3039 1.2912 1.3177
X5=0.5
me/m? Present result Ref. 18 Ref. 20 Ref. 21 Ref. 22
15 1.27 1.2650 1.2528
2 1.2720 e 1.2765 1.2654 1.2901
713 e 1.29 1.2855 1.2750 e
4 1.3307 1.36 1.3335 1.3246 1.3470
5 1.3593 “e 1.3614 1.3526 1.3751
9 - 1.48 1.4569 1.4470 e
10 1.4772 e 1.4771 1.4668 1.4923
X5=0.9
me/m? Present result Ref. 18 Ref. 20 Ref. 21 Ref. 22
2 1.2619 e 1.2668 1.2548 1.2805
4 1.2977 - 1.3013 1.2912 1.3153
5 1.3202 e 1.3230 1.3135 1.3374

10 1.4507 e 1.4488 1.4403 1.4672
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i A

(b) X64 —05 FIG. 3&; Knudsenjlayer functlontslA

and U® of species gases(a) Xj

0.6 e =0.25, () X5=0.5, (0) X5=0.75,
— ] 04k ] and(d) X4=0.9.

06— ——— T T 71—

(d) Xgt =0.9

shown by an open circle. Incidentally, essentially the same

. . . . ISK
value is obtained in Refs. 15 and 28 for a single-component b=-—05p, (39

I
gas. The approaches in these references are based on the 0

expansion of the kernel of collision integral in terms of as-Wherels is the reference mean free path used in Ref.&2 (

sociate Legendre functions. in the notation thene Thel gk is defined as
In comparing the results by different authors, one needs / 12
: ; Msi [ 2kTo
a conversion relation between the reference mean free paths. ISK=p— - , (40
0

For instance, the “slip coefficientdp in Ref. 22 is related to
b as with
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FIG. 4. Knudsen-layer functions
HA/XG and HB/XE of species gases.
(@ X4=0.25, (b) X4=0.5, (c) X5
=0.75, and(d) X5=0.9.

015 ——m—————T—T T 03— 77

m:mAX§+(1—X§)mB, (412) Substitution of this relation into Eq39) gives the conver-
sion of the data fronup to b. The results of the other ref-
erencesRefs. 18, 20, and 21were converted in a similar

way.

where ugk is the Chapman—Enskog approximation of the
viscosity whose explicit form is given in Ref. 22 in the
notation therg Eliminating pp from Eq. (40) by using the
definition of |y, i.e.,lo=[v2m(d*)?ne] %, one has the con-
version relation
27 (d™)?
ISK:WMSKIO-

B. Knudsen-layer functions and velocity distribution
functions

(42) The Knudsen-layer functions of species gases for some
cases are shown in Figs. 3—5 and Tables IV and V; that is,
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FIG. 5. Knudsen-layer functios®. (a) X§=0.25, (b)
X6=0.5, (c) X5=0.75, and(d) X5=0.9.

TABLE IV. Knudsen-layer functions)?, U8, HA/X5, andHB/XE in the case om®/m*=2.

—UA -yt HAIXS HB/XE
Xl\Xé 0.25 0.5 0.9 0.25 0.5 0.9 0.25 0.5 0.9 0.25 0.5 0.9
0.0000 0.3559 0.3588 0.3507 0.3502 0.3511 0.3391 0.1226 0.1273 0.1328 0.1427 0.1506 0.1614
0.0271 0.3145 0.3166 0.3079 0.3059 0.3056 0.2923 0.1170 0.1209 0.1254 0.1335 0.1400 0.1485
0.0988 0.2587 0.2599 0.2509 0.2478 0.2464 0.2326 0.1070 0.1100 0.1133 0.1193 0.1240 0.1300
0.2011 0.2103 0.2109 0.2023 0.1986 0.1967 0.1832 0.0961 0.0985 0.1009 0.1051 0.1085 0.1126
0.3838 0.1566 0.1568 0.1491 0.1452 0.1430 0.1307 0.0811 0.0827 0.0843 0.0869 0.0889 0.0913
0.5833 0.1195 0.1195 0.1128 0.1091 0.1070 0.0960 0.0684 0.0696 0.0707 0.0723 0.0735 0.0750
0.7967 0.0924 0.0923 0.0865 0.0832 0.0813 0.0717 0.0576 0.0584 0.0593 0.0602 0.0609 0.0619
1.1424 0.0636 0.0634 0.0590 0.0562 0.0546 0.0470 0.0441 0.0446 0.0453 0.0457 0.0460 0.0464
1.6669 0.0383 0.0382 0.0351 0.0331 0.0319 0.0265 0.0301 0.0303 0.0308 0.0308 0.0308 0.0311
2.4139 0.0200 0.0199 0.0181 0.0169 0.0161 0.0128 0.0178 0.0179 0.0182 0.0181 0.0181 0.0182
3.3368 0.0096 0.0095 0.0086 0.0079 0.0075 0.0057 0.0095 0.0096 0.0098 0.0097 0.0096 0.0098
4.7525 0.0034 0.0034 0.0030 0.0027 0.0025 0.0018 0.0038 0.0038 0.0039 0.0039 0.0038 0.0039
7.6134 0.0005 0.0005 0.0004 0.0004 0.0003 0.0002 0.0006 0.0006 0.0007 0.0006 0.0006 0.0007
11.4643 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0001 0.0001 0.0001 0.0001 0.0001 0.0001
15.3020 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
TABLE V. Knudsen-layer function&®, U8, HA/X%, andHB/XS in the case om®/m”=5,
—uA -u® HAIXG H®/X5
Xl\XS\ 0.25 0.5 0.9 0.25 0.5 0.9 0.25 0.5 0.9 0.25 0.5 0.9
0.0000 0.3934 0.4193 0.3914 0.3693 0.3808 0.3191 0.1105 0.1219 0.1336 0.1589 0.1829 0.2166
0.0271 0.3513 0.3749 0.3470 0.3220 0.3298 0.2656 0.1055 0.1157 0.1260 0.1473 0.1674 0.1957
0.0988 0.2930 0.3137 0.2873 0.2608 0.2654 0.2017 0.0960 0.1048 0.1137 0.1303 0.1459 0.1683
0.2011 0.2414 0.2596 0.2357 0.2094 0.2120 0.1514 0.0856 0.0931 0.1010 0.1139 0.1261 0.1443
0.3838 0.1828 0.1980 0.1782 0.1537 0.1548 0.1002 0.0711 0.0772 0.0840 0.0934 0.1022 0.1165
0.5833 0.1414 0.1543 0.1382 0.1160 0.1164 0.0680 0.0590 0.0640 0.0701 0.0773 0.0840 0.0959
0.7967 0.1107 0.1217 0.1087 0.0888 0.0889 0.0464 0.0489 0.0530 0.0585 0.0642 0.0694 0.0798
1.1424 0.0773 0.0861 0.0769 0.0604 0.0603 0.0257 0.0366 0.0397 0.0444 0.0485 0.0522 0.0610
1.6669 0.0475 0.0537 0.0483 0.0359 0.0358 0.0103 0.0242 0.0262 0.0299 0.0326 0.0351 0.0422
2.4139 0.0253 0.0292 0.0268 0.0185 0.0184 0.0018 0.0138 0.0150 0.0175 0.0192 0.0207 0.0261
3.3368 0.0123 0.0146 0.0138 0.0088 0.0088 —0.0011 0.0071 0.0077 0.0093 0.0103 0.0111 0.0149
4.7525 0.0044 0.0054 0.0054 0.0031 0.0031 —0.0014 0.0027 0.0029 0.0036 0.0041 0.0045 0.0066
7.6134 0.0007 0.0008 0.0010 0.0004 0.0004 —0.0005 0.0004 0.0005 0.0006 0.0007 0.0008 0.0013
11.4643 0.0001 0.0001 0.0001 0.0000 0.0000 —0.0001 0.0000 0.0000 0.0001 0.0001 0.0001 0.0002
15.3020 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
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and H of the mixture.(a) X5=0.25,
N 02 e () X5=0.5, (c) X(=0.75, and(d)

X5=0.9.

. 0.1 g

(d) Xgt =0.9

3 4581

UA andU® are shown in Fig. 3 and Tables IV and MA/X)  some cases are shown in Fig. 6. Corresponding to the fea-

and HB/X(E)‘ are in Fig. 4 and Tables IV and V, arg@f is in  tures ofU® andH?®, each function decays rapidly to zero as

Fig. 5. Each function decays rapidly to zero as the distancéhe distance from the wall increases, and the dependence on

from the wall increases. The dependence)«é\wis larger for XQ is larger for largerm®/m”. It should be noted that the

largermB/m”. It is remarkable that, for larg@®/m” andX;  profiles of U and H at X§=0 are the same as those

close to 1,UB changes its sign from minus to plus as theat Xézl.

distance from the wall increases. Note that the func&8n The functionsU and H at X§=0 (or 1) are shown in

(or SP) is identically zero Whet)(é:O and 1. Table VI. They are the functions for a single-component gas,
The Knudsen-layer functiorld andH of the mixture for ~ which have already been obtained in Ref. 14 by the same
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TABLE VI. Knudsen-layer functiont) andH for single-species gases, i.e.,
X5=0 (or ).

Xq -U H

0.0000 0.3452 0.1338

0.0271 0.3023 0.1261

0.0988 0.2456 0.1138

0.2011 0.1973 0.1012

0.3838 0.1448 0.0845

0.5833 0.1090 0.0708 (a) 21=0 (b) 2,=0.052
0.7967 0.0834 0.0594

1.1424 0.0565 0.0454

1.6669 0.0334 0.0309

2.4139 0.0171 0.0183

3.3368 0.0081 0.0099

4.7525 0.0028 0.0040 = o]
7.6134 0.0004 0.0007 VG
11.4643 0.0000 0.0001 (c) 21=0.384 (d) 2,=1.964
15.3020 0.0000 0.0000

FIG. 8. Reduced velocity distribution functich®/(m®)%? of gas B and its
contour plots fom®/m*=5 andX4=0.5. (a) x;=0, (b) x;=0.052, (c) X,
=0.384, andd) x;=1.964. In the contour plots the curves are drawn with
the interval 0.01. See the caption of Fig. 7.

numerical method, i.e., the combination of the finite-

difference and the numerical kernel methods. In the present

Work,_they are obtained with a higher accuracy. The differ-5, gb)]. As the distance from the wall increaseis® de-

ence is, at most, 6:310"° for U and 2.8 10°° for H. cays to zero with keeping the distinct difference in the shape
Some of the results foXg=0.25, 0.75, and 0.9 in the petween the positive and the negative regiong.ofsee the

figures and tables in this section are obtained by the use Qfansition of the contour plots from Figs(a/—7(d) and from

Chebyshev polynomial approximation from the di‘tw- Figs. 8a)-8(d)]. These features are the same as those of

UE, HA/XG, H¥/Xg, andSYXG at the values oKg indi-  thermal-slip and diffusion-slip problems studied in Ref. 6. A

cated by closed circles in Fig. 1. TIRORTRAN code gener- ey feature of the present case is that there is an appreciable

ating the Knudsen-layer functions for an arbitrary value ofygjiow in the positive region of;. The hollow is more

X is available from the authors. remarkable in?® than in WA, For the former, according to

Figures 7 and 8 show the reduced velocity distributione gbservation of the other cases, it is larger for larger
qucUcA)ns‘lf antz‘lf and their contour plots in the case of B/mA and for largerx} ; for the latter, it is little affected by
m=/m”=5 andXy=0.5. There is a discontinuity &=0 on  1:B/mA and XA
the wall (x;=0) [see Figs. %@ and 8a)]. The discontinuity
disappears immediately inside the §abut its trace remains
as a steep gradient aroutig=0 near the wallsee Figs. i) VI. CONCLUDING REMARKS

In the present paper, by the use of the finite-difference
method developed in Ref. 6, we have established an accurate
numerical solution of the shear-slip problem for the original
linearized Boltzmann equation for a binary mixture of hard-
sphere gases. The obtained solution would serve as the stan-
dard to assess the validity of approximate solution methods
used for practical applications.

The hard-sphere model is chosen in the present study
because it is a simple but the most fundamental model in
kinetic theory. The present method can, in principle, be ex-
tended to more realistic models such as the Lennard-Jones
potential, since the linearized collision integrals can gener-
ally be expressed in terms of integral kernels. For such mod-
els, however, we need to handle more complicated kernels.
Another complexity arises from the fact that the problem, in
general, has a complicated dependence on the temperature as
well as on the concentration. For hard-sphere molecules, the
temperature dependence can be factorized, so that the num-
FIG. 7. Reduced velocity distribution functioh” of gas A and its contour  per of parameters in the problem is reduced. This simplicity
plots form?/m"=5 andXg=0.5. (& x,=0, (b) ;=0.052,(c) ,=0.384, 4|50 motivated us to study this model at the present stage.
and(d) x;=1.964. In the cont_qur plots the ctiryeg a_re drawn with _thg |nter—'vlaxwe”,S molecular model can be another target of the
val 0.005. The contour of positive values-of¥* is indicated by a solid line
and that of negative values ef ¥ by a dashed line. The nonclosed curve Present method because the temperature dependence can be
shown by a solid line indicates the contolif*=0. factorized for this model too. The extension to the variable

(d) 21=1.964
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TABLE VII. A comparison ofb among the different lattice systems for TABLE VIII. Maximum error of the integra|szﬁa(fﬁ’fﬂf) with f@

mB8/mA=2. The comparison was made at five sample value¥gof

Lattice systems Maximum relative error bf

=m*¢,E” for system M1. The maximum value ot is also shown for
comparison in parentheses.

— — — mB/m#
(S1,M7) vs 63,M7) 3.2x10
(S1,M5) vs 61,M6) 5.1x10°8 (B 2 4 5 10
=1 =5 -6
(S1,M7) vs §2,M7) 8.1x10 (AA) 351x10°®  351x10®  351x10°®  3.51x10°°
(S1,M3) vs 61,M4) 1.8x10°° (0.064 (0.064 (0.064 (0.064
(S1,M3) vs 61,M1) 7.2<10°° (B,A) 1.89x10°®  2.64x10°°®  3.03x10°®  5.06x10°°
(S1,M1) vs 61,M2) 1.2x10°° (0.053 (0.047 (0.046 (0.043
(A,B) 6.15x10°® 3.24x10°° 594x10°°  4.11x1074
(0.237 (0.908 (1.407 (5.528
(B,B) 9.93x10°© 2.81x10°° 3.93x10°° 1.11x 104
(0.182 (0.514 (0.719 (2.033

hard spherg(VHS) or variable soft spheréVSS) models
would also be worth trying because those models, which are
still simple enough, can describe some of the basic macro-
scopic properties of real gases. Such extensions are, how-
ever, left to future work.
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APPENDIX A: DATA OF COMPUTATION

We summarize the data of accuracy of the numerical
computation.

(i) Comparisons among the results for different lattice
systems were made for various purposes in the case of
mB/m”A=2. A part of the results are shown in Table
VII. Here information about the lattice system for the
molecular velocity would be in order. For the systems
M1-Mb5, the truncation of the velocity space is com-
monly set asZ;=Z7,=4.5. There are, respectively,
101x 55, 101X 73, 101x49, 11349, and 11X 37
points in the truncation region of{(,{,)-space in
system M1, M2, M3, M4, and M5. System M6 is the
same as M5 in the region ¢f4.5,4.9X[0,4.5] and
covers a wider regiond; =5 andZ,=5.25) than M5.
System M7 is a rather small system compared to M1—

M5) and (S1, M6 is made for an estimate of the
appropriate values d, andZ,. The comparison be-
tween 81, M7 and (S2, M7) is for determining the
number of lattice pointN, in x,. The comparisons
among 81, M1, (S1, M2, (S1, M3, and S1, M4
are for determining the number of pointd{,N,) in
(¢1.¢,)- After such a series of tests, the systei (
M1) is chosen as the standard lattice system for
m®/m*=2, 4, and 5. Fom®/m*=10, we used the
system 64, M1) that covers a wider range &f than
(S1, MD.
Two properties of£#* are used as accuracy tests of
the collision integrals for the standard lattice system
M1. The first is the relatiorC*(m#¢,EP, ¢ E®)
=0, which corresponds to the fact that the original
linearized collision integrals vanish when the collision
invariants are substituted. Table VIII shows the maxi-
mum error of the quantity on the left. The error comes
from the partZf*+ £5*—75* [see Eq(23)] because
v# can be computed exact[yote that the integral in
Eq. (24b) is the error functioh The maximum value
of |[m*¢,E“vP| is, therefore, shown in parentheses in-
the table. The second is the relation
(20 KOGL (1t BPER 11 BUEY)

+2m*¢,{ ,E*=0, (A1)
which comes from Eq(9a). The maximum error of
the quantity on the left is shown in Table IX, together

with the maximum value of2m“{,¢,E“| in paren-
theses.

M6. It has 73< 21 points in the truncation region with TABLE IX. Maximum error of the left-hand side of E§A1) at six sample
lezp:4_ (See Sec. 6 in Ref. 6 for the complete values ofX§ for system M1. The maximum value @m¢ ¢ ,E is also

information about the lattice systems for the molecu-

shown for comparison in parentheses just below the data.

lar velocity) These systems as well as those for
X1-space are made not only to assess the appropriate
size of the lattice intervals but also to assess the ap®

propriate size of the truncation region. For exampleA
the comparison between the systen®l( M7) and
(S3, M7) is made for an estimate of the appropriate

mB/mA
2 4 5 10
5.77x10°8 5.77x10°© 5.77x10°© 5.77x10°©
(0.066 (0.066 (0.066 (0.066
1.63<10°° 5.69x10°° 1.12x10™* 1.01x10°3
(0.19 (0.53 0.74 (2.08

value ofd. Similarly the comparison betweers{,
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(iii)  As mentioned in Sec. Il C, Eq27) provides another ma>(|\I’A(~,tZ’f,«)|,|\IfA(-,-,Z’;)|)
measure of accuracy. For the standard lattice system, mad VA 1.7x10°8,
the value of|S*+ SB|, which should theoretically be
zero, is calculated at ninem®/m*=2), thirteen max([W8(-, =78 )| [WB(- .- Z8)))
(mB/m*=4,5) or seventeenn{®/m*=10) sample a7 P<1.7x10°8.
values ofX§. The resulting value is bounded as fol-
lows: (v)  The accuracy of the Chebyshev polynomial approxi-
3.15x10 % (mB/m*=24y5), mation with respect tXj was checked. Thé ob-
ISS1<1, sax 10-5 (m®/mP=10) tained by the formul&37) with the coefficienb™ in
. ' A ' Table | is compared with that computed directly. The
(iv)  For the same values ofy as(iii), we compared the . !
. o o @ comparison was made at five sample valuex@)for
maximum values ofw*(d,-,-)|, |v*(-,=Z{,")|, By A ) B
W w 4 m°/m”~=2, 4, and 5, and at eight values for°/m
and [¥4(-,-,Z7)| to the maximum value of¥¢|, _ -
here 797 /\/— and z¢—7 /\/— The former =10. The sample values are indicated by an open
\tl;/wee all esl should be ne liible in order that the circle in Fig. 1. The relative errors to the directly
\; ty . thuf' i g'g' Py ' L computed data are, at most, &40 7, 2.8x10 °,
computation in the finite region o 0:41.4,) Is jus- 2.4x10°8, and 8.%<10° 8, respectively.
tified. The results are
|1.IIA(d,.,.)| 4.1x10°8 (mB/mAZZ), APPENDIX B: THIRD-ORDER FINITE-DIFFERENCE
—<
maf¥A |1.1x10°7 (mB/mP=4,5,10, SCHEME
& s BrA As is mentioned in Sec. IV, we use a third-order finite-
[W5(d,-,-)| [4.0x10 (m*/m*=2), difference scheme fai/ dx, . That s, in the present work, we
max | 6.7<10 7 (m®/m*=4,510, use the formula
(TP =T ED0) s (i=1),
h,+2h, - hi+h, h ~
- Y (Z(T)k) a zqffllT)k) : ?é?)k) (i=2),
Vijkq,a(n):< hz(h1+ hz) h h hl(hl+ hz) o (Bl)
wo(hi,hy—1,hi ) PG k)—wm hio i) WET
(A walhihiog i) WG g —wa(hi by i) TG0 (3<i=Ny),
in place of that in Eq(373a of Ref. 6 and the formula
( _WO(hNthNXathfl){‘PEll\(l:)fl,j,k)dl_Wl(hNXathrthfl)‘T’Eyl\(l:),j,k)
_WZ(hNXyhNthNxfl)qI?l\(l:)fl,fj,k)+W3(hNXyhNthNxfl)qf(al\(l:)fz,fj,k) (i=Ny—1),
—~Wo(hn — 1,0 )P+ wy(hy — g h )P
Vijk{i’a(n):< of N,— 151N N) (N, —2,j,K) 1 N,— 11N, NX) ~(Nx 1.k (B2)
—Wa(hy —1,hn )‘I’(N 0, k)+W3(th—1ath'th)‘l’ﬁ\(l:)—l,—j,k) (i=Ny—2),
—Wo(hi+1,hi+2ahi+3)‘l’(i,j,k)+W1(hi+17hi+2’hi+3)q’fyi@1,j|k)
\ ~Wo(his 1,20 ) TETS o+ walhisg hio i ) TETY; (0<i=N,—3),

|
in place of that in Eq(37b) of Ref. 6, where
hy=x{)—x{~1,

1 1

a(at+b)
c(b+c)(a+b+c)’

ws(a,b,c)=

Equation(B1) is the scheme whefy,>0 and Eq.(B2) is that
when ;=<0.

1Y. Sone, “Asymptotic theory of flow of rarefied gas over a smooth bound-
ary I,” in Rarefied Gas Dynamicedited by L. Trilling and H. Y. Wach-

man (Academic, New York, 1969 \Vol. I, p. 243.

Wo(a b= g * 3 Tarbic
(a+b)(atb+c)

wy(a,b,c)= abbto) (B3)
a(a+b+c)

Wz(a,b,C): m,

2Y. Sone, “Asymptotic theory of flow of rarefied gas over a smooth bound-
ary II,”
Scientifica, Pisa, 1971Vol. Il, p. 737.

in Rarefied Gas Dynamic®dited by D. Dini(Editrice Tecnico



Phys. Fluids, Vol. 16, No. 6, June 2004 Numerical analysis of the shear flow 2003

3Y. Sone, “Asymptotic theory of a steady flow of a rarefied gas past bodies?>G. E. Karniadakis and A. BeskoKjicro Flows: Fundamentals and Simu-

for small Knudsen numbers,” il\dvances in Kinetic Theory and Con-  lation (Springer-Verlag, New York, 2002

tinuum Mechanicsedited by R. Gatignol and Soubbaramay®pringer- ~ 26C. E. Siewert, “Two half-space problems based on a synthetic-kernel
4Ver|ag, Berlin, 1991, p. 19. _ _ _ o model of the linearized Boltzmann equation,” J. Quant. Spectrosc. Radiat.
Y. Sone Kinetic Theory and Fluid Dynamlg_Modellng and Simulation in Transf.75, 21 (2002.

Science, Engineering and Technolo@irkhauser, Boston, 2002 27C. E. Siewert and F. Sharipov, “Model equations in rarefied gas dynamics:

5S. Takata, “Di_ffusion slip for a binary mixture_of hard-sphere molegular_ Viscous-slip and thermal-slip coefficients,” Phys. Flult 4123(2002.
gases: Numerical analysis based on the linearized Boltzmann equation,”izsc £ sjewert, “The linearized Boltzmann equation: Concise and accurate
Rargfled Gas Dy_namlced_lted by T. J. Bartel and M. A. Galli@merican solutions to basic flow problems,” Z. Angew. Math. Phgid, 273 (2003.

alsnsfl.'t:ligtgf zhcécsi dgeg'"i’ogg’ jogrfs'é ZAoki “Numerical analvsis of29C. E. Siewert, “Viscous-slip, thermal-slip, and temperature-jump coeffi-
th.ermal—slip énd diﬁuéiori—slip fIEV\;s of a t-)inary'mixture of hard—s);)here cients as defined by the linearized Boltzmann equation and the

Cercignani—Lampis boundary condition,” Phys. Fluitls 1696 (2003.

molecular gases,” Phys. Fluidss, 3745(2003. F Shari “Application of th . . . ing kernel
’C. Cercignani,Rarefied Gas Dynamics: From Basic Concepts to Actual F. Sharipov, “Application of the Cercignani—Lampis scattering kemel to

Calculations(Cambridge University Press, Cambridge, 2000 calculations of rarefied gas flows. II. Slip and jump coefficients,” Eur. J.
8. H. Ferziger and H. G. Kapeklathematical Theory of Transport Pro- _ Mech. B/Fluids22, 133(2003.

cesses in Gasedlorth-Holland, London, 1972 5lY. Sone, T. Ohwada, and K. Aoki, “Temperature jump and Knudsen layer
QJ. C. Maxwe”’ “On stress in rarefied gases arising from inequa”ties of in a rarefied gas over a plane wall: Numerical analysis of the linearized

temperatures,” irScientific Papers of James Clerk Maxweltlited by W. Boltzmann equation for hard-sphere molecules,” Phys. Fluids 863

D. Niven (Dover, New York, 1965 Vol. 2, p. 681. (1989.
0V, M. Zhdanov, “Theory of slip at the boundary of a gaseous mixture,” %M. N. Kogan, Rarefied Gas Dynamio®lenum, New York, 1969

Sov. Phys. Tech. Phy&2, 134 (1967). 333, Chapman and T. G. Cowlingthe Mathematical Theory of Non-
113, K. Loyalka, “Velocity slip coefficient and the diffusion slip velocity for Uniform Gases3rd ed.(Cambridge University Press, Cambridge, 1995
2 multicomponent gas mixture,” Phys. Fluidd, 2599(1971. 343. O. Hirshfelder, C. F. Curtiss, and R. B. Bildplecular Theory of Gases

Y. On|sh_|, “On the behavior of a slightly rarefied gas mixture over plane gng Liquids(Wiley, New York, 1954.

boundaries,” Z. Angew. Math. Phy87, 573 (1986. 355, Takata, S. Yasuda, K. Aoki, and T. Shibata, “Various transport coeffi-

13H. Frisch, “Analytical solution of the velocity-slip and diffusion-slip prob-
lems by a Cauchy integral method,” Transp. Theory Stat. Phys615
(1988.

14T, Ohwada, Y. Sone, and K. Aoki, “Numerical analysis of the shear andsg
thermal creep flows of a rarefied gas over a plane wall on the basis of the
Illniggge((ig%c;tzmann equation for hard-sphere molecules,” Phys. Fluids A light of Kinetic theory,” Phys. Fluidd.1, 2743 (1999

) . a7 S . ) -

155, K. Loyalka and K. A. Hickey, “The Kramers problem: Velocity slip and S. Takata an(_i K. Aoki, “The ghost effect in the contlnut_Jm limit for a

defect for a hard sphere gas with arbitrary accommodation,” Z. Angew. VaPor—gas mixture around condensed phases: Asymptotic analysis of the

cients occurring in binary gas mixtures and their databaseRamefied

Gas Dynamicsedited by A. D. Ketsdever and E. P. Muntamerican
Institute of Physics, New York, 2003p. 106.

S. Takata and K. Aoki, “Two-surface problems of a multicomponent mix-
ture of vapors and noncondensable gases in the continuum limit in the

Math. Phys41, 245(1990. Boltzmann equation,” Transp. Theory Stat. Ph§8, 205(2001); erratum,
18 V. Volkov and V. S. Galkin, “Analysis of slip and temperature jump Ssibid- 31, 289(2002. _
coefficients in a binary gas mixture,” Fluid Dy&5, 937 (1990. K. Aoki, C. Bardos, and S. Takata, “Knudsen layer for gas mixtures,” J.

7C. Cercignani, M. Lampis, and A. Lentati, “Calculation of the slip coef-  Stat. Phys112, 629(2003.
ficient for a mixture,” inRarefied Gas Dynamics: Theory and Simulations 3°H. Grad, “Singular and nonuniform limits of solutions of the Boltzmann
edited by B. D. Shizgal and D. P. Wea\&iAA, Washington, DC, 1994 equation,” in Transport Theoryedited by R. Bellman, G. Birkhoff, and I.
p. 565. Abu-ShumaygAMS, Providence, RI, 1969 p. 269.

'8Yu. I. Yalamov, A. A. Yushkanov, and S. A. Savkov, “Boundary conditions “ON. B. Maslova, “Kramers problem in the kinetic theory of gases,” USSR
for the slippage of a binary mixture of gases and their application in the Comput. Math. Math. Phy2, 208 (1982).
dynamics of aerosols. 1. Flow of a mixture of gases along a solid planélc. Bardos, R. E. Caflisch, and B. Nicolaenko, “The Milne and Kramers

wall,” J. Eng. Ph_ys. Thermophy$6, 367 (1994. ) ) problems for the Boltzmann equation of a hard sphere gas,” Commun.
M. Wakabayashi, T. Ohwada, and F. Golse, “Numerical analysis of the Pure Appl. Math:39, 323 (1986.

shear and thermal creep flows of a rarefied gas over the plane wall of & Cercignani
Maxwell-type boundary on the basis of the linearized Boltzmann equation '
for hard-sphere molecules,” Eur. J. Mech. B/Fluits 175 (1996.
201 N. Ivchenko, S. K. Loyalka, and R. V. Tompson, “Slip coefficients for 43
binary gas mixtures,” J. Vac. Sci. Technol. %5, 2375(1997). .
21 N. Ivchenko, S. K. Loyalka, and R. V. Tompson, “Boundary slip phe- layer problems,” Commun. Pure Appl. Math1, 409(1988.
nomena in a binary gasymixture » 7. Angew I\Blath Phgs, 58 (yZOOFZ)) PR 4ar " Golse and F. Poupaud, “Stationary solutions of the linearized Boltz-
?2F. Sharipov and D. Kalempa, “Velocity slip and temperature jump coeffi- , MaN" equation in a half-space,” Math. Methods Appl. 9¢j.483(1989.
cients for gaseous mixtures. |. Viscous slip coefficient,” Phys. Fldifls S ?asq’::et a\r;d kP \l/\sl;st)c;mslﬁouner Analysis and Application&Springer-
1800(2003. erlag, New York,
2y, I. Roldughin and V. M. Zhdanov, “Non-equilibrium thermodynamics 46F, J. McCormack, “Construction of linearized kinetic models for gaseous
and kinetic theory of gas mixtures in the presence of interfaces,” Adv. Mmixtures and molecular gases,” Phys. Flultg 2095(1973.
Colloid Interface Sci98, 121 (2002. 47y, Sone and S. Takata, “Discontinuity of the velocity distribution function
24, Sharipov and V. Seleznev, “Data on internal rarefied gas flows,” J. in a rarefied gas around a convex body and the S layer at the bottom of the
Phys. Chem. Ref. Data7, 657 (1998. Knudsen layer,” Transp. Theory Stat. Phyd, 501(1992.

“Half-space problems in the kinetic theory of gases,” in
Trends in Applications of Pure Mathematics to Mechanidited by E.
Kroner and K. Kirchgasner(Springer-Verlag, Berlin, 1986p. 35.

F. Coron, F. Golse, and C. Sulem, “A classification of well-posed kinetic



