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The shear flow of a binary mixture of rarefied gases over a plane wall is investigated on the basis
of the linearized Boltzmann equation for hard-sphere molecules with the diffuse reflection boundary
condition. This fundamental problem in rarefied gas dynamics is analyzed numerically by a
finite-difference method, in which the complicated collision integrals are computed by the extension
to the case of a gas mixture of the method proposed by Sone, Ohwada, and Aoki@Phys. Fluids A1,
363 ~1989!#. As a result, the behavior of the mixture is clarified not only at the level of the
macroscopic variables but also at the level of the velocity distribution function. In addition, an
accurate formula of the shear-slip~viscous-slip! coefficient for arbitrary values of the concentration
of a component gas is constructed by the use of the Chebyshev polynomial approximation. ©2004
American Institute of Physics.@DOI: 10.1063/1.1714665#

I. INTRODUCTION

Consider a slightly rarefied gas around bodies with a
smooth boundary. In such a system, the Knudsen number,
which is the ratio of the mean free path of gas molecules to
the reference length of the system, is small. A general theory
describing the steady behavior of the gas for small Knudsen
numbers has been established by a systematic asymptotic
analysis of the Boltzmann equation by Sone~e.g., Refs.
1–4!. According to the theory, the overall behavior of the gas
can be described by a set of fluid-dynamic-type equations,
but, in contrast to the conventional treatment in fluid dynam-
ics, the slip condition for the flow velocity and the jump
condition for the temperature must be used at the surface of
the body because of the gas rarefaction effect. That is, the
flow velocity of the gas is no longer the same as that of the
body ~the so-called ‘‘velocity slip’’ phenomenon!, and the
temperature of the gas is different from that of the body~the
so-called ‘‘temperature jump’’ phenomenon! at the surface.
Moreover, the fluid-dynamic-type description mentioned
above is to be corrected near the surface of the body in a thin
layer with the thickness of the order of the mean free path.
This thin layer is called the Knudsen layer. The problem of
obtaining the slip and jump boundary conditions and the cor-
rections to the fluid-dynamic description in the Knudsen
layer is reduced to slip and jump problems in a half space.

These half-space problems are important fundamental
problems in rarefied gas dynamics and have been investi-
gated by many researchers. Here, mention should be made of
the contributions by Sone, Cercignani, Loyalka, and their
co-workers. The reader is referred to Refs. 4, 7, and 8 and the
references therein for the details of their works. The recent
works by Sharipov and by Siewert on this subject, which

should also be noted, will be cited on appropriate occasions
in the sequel.

The general theory by Sone has been established for a
single-component gas, but the situation mentioned in the first
paragraph is the same for gas mixtures. In the case of gas
mixtures, up to the order of the Knudsen number, there are
three origins that cause the velocity slip, i.e.,~1! the shear
flow of the mixture,~2! the temperature gradient of the mix-
ture, and~3! the concentration gradient of a component gas
along the surface of a body. The velocity slips caused by
them are called the shear slip~viscous slip!, the thermal slip,
and the diffusion slip, respectively. The present paper is con-
cerned with the shear-slip phenomenon, i.e., the velocity-slip
phenomenon caused by the shear flow along the surface of a
body. The others have already been investigated in Refs. 5
and 6.

The analysis of the shear-slip phenomenon is reduced to
the spatially one-dimensional half-space problem of the lin-
earized Boltzmann equation in the situation where a gas
flows along a plane wall with a velocity that grows linearly
with respect to the distance from the wall. Since the pioneer
work by Maxwell,9 this fundamental problem has been stud-
ied by various approaches10–22 ~see also Refs. 4, 23, and 24,
and the references therein!. As a result, for a single-
component gas, an accurate numerical solution of the origi-
nal Boltzmann equation, as well as that of model Boltzmann
equations, was established more than a decade ago at the
level of the velocity distribution function.14,19

Recently, in connection with micro-device engineering, a
flow in micro-systems attracts a deal of attention.25 Since the
Knudsen number is no longer negligibly small in such sys-
tems, the velocity slip is significant in the analysis of the
flow, which puts the shear-slip problem, especially that for
gas mixtures, in the limelight again.20–22,26–30Existing works
for gas mixtures are, however, based on model Boltzmann
equations or on the moment and the variationala!Electronic mail: takata@aero.mbox.media.kyoto-u.ac.jp
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methods.10–13,16–18,20–22Such approaches are handy but of an
approximate nature. In order to assess the validity of those
results, something that can be used as the standard is desired.
Not only from an academic interest but also from such a
practical viewpoint, we are going to carry out an accurate
numerical analysis of the shear-slip problem on the basis of
the original Boltzmann equation for hard-sphere molecules
and to establish the standard solution of this fundamental
problem for gas mixtures. The numerical method is the com-
bination of the finite-difference and the numerical kernel
methods, the latter of which was first proposed in Ref. 31 for
the computation of the complicated collision integral in the
case of a single-component gas and was extended to gas
mixtures in Ref. 5. The method has already been applied
to the diffusion-slip and the thermal-slip problems
successfully.5,6

In this paper, we first formulate the problem in Sec. II
and then perform a preliminary analysis in Sec. III. The nu-
merical method is explained only briefly in Sec. IV because
it is described in detail in Ref. 6. The results and discussions
are given in Sec. V, and finally concluding remarks are made
in Sec. VI.

II. FORMULATION OF THE PROBLEM

A. Problem

We consider a semi-infinite expanse of a binary mixture
of gases, gas A and gas B, over a plane wall at rest with a
uniform temperatureT0 . The wall is located atX150, and
the mixture occupies the regionX1.0, whereXi is the rect-
angular coordinate system. Far away from the wall, the pres-
sure and temperature of the mixture and the concentration of
gas A ~the number fraction of the molecules of gas A! are
uniform, but the flow velocityv2 of the mixture in the
X2-direction grows linearly inX1 . Hereinafter, the former
three are denoted byp0 , T0 , and X0

A , respectively. The
Greek lettersa andb are symbolically used to represent the
gas species, i.e.,a,b5A,B.

We will investigate the steady behavior of the mixture
under the following assumptions:~i! The molecules of gasa
are hard spheres of massma and diameterda, and they
collide elastically with each other;~ii ! the behavior of the
mixture is described by the Boltzmann equation and the dif-
fuse reflection condition for the reflected molecules on the
wall; and ~iii ! the growing rate of the flow velocityv2 with
respect toX1 is so small that the equations and boundary
conditions can be linearized around the reference equilibrium
state at rest with temperatureT0 and pressurep0 of the mix-
ture and concentrationX0

A of gas A.

B. Basic equation and boundary condition

We first summarize the main notation used in the paper.
The n0 is the reference molecular number density of the
mixture and is defined byn05p0 /kT0 , wherek is Boltz-
mann’s constant. Thel 0 is the mean free path of the mol-
ecules in the equilibrium state at rest with the molecular
number densityn0 and temperatureT0 when gas B is absent
~i.e., l 051/@&p(dA)2n0#). Thexi is the nondimensional co-

ordinate system defined byxi5Xi l 0
21(Ap/2)21. The

(2kT0 /mA)1/2z i @or (2kT0 /mA)1/2z] is the molecular veloc-
ity, n0(2kT0 /mA)23/2(X0

a1fa)Ea is the velocity distribu-
tion function of the molecules of gasa, where Ea(z)
5(m̂a/p)3/2exp(2m̂auzu2) with m̂a5ma/mA, and d̂a

5da/dA. The molecular number density, density, pressure,
temperature, flow velocity, stress tensor, and heat-flow
vector of gas a are denoted, respectively, by
n0(X0

a1Na), n0mA(m̂aX0
a1va), p0(X0

a1Pa), T0(1
1ta), (2kT0 /mA)1/2ui

a , p0(X0
ad i j 1Pi j

a ), and
p0(2kT0 /mA)1/2Qi

a , whered i j is Kronecker’s delta. Those
of the mixture are denoted by n0(11N),
n0mA((b5A,Bm̂bX0

b1v), p0(11P), T0(11t),
(2kT0 /mA)1/2ui , p0(d i j 1Pi j ), andp0(2kT0 /mA)1/2Qi .

The linearized Boltzmann equation in the present case
(]/]t5]/]x25]/]x350) is written as32–34

z1

]fa

]x1
5 (

b5A,B
KbaL̃ba~X0

afb,X0
bfa!, ~1!

whereL̃ba is the linearized collision integral defined by

L̃ba~ f ,g!5
1

4A2p
E @ f ~z

*
8 !2 f ~z* !1g~z8!2g~z!#

3Eb~z* !ue"V̂udV~e!d3z* , ~2!

with

z85z1
m̂ba

m̂a ~e"V̂!e, z
*
8 5z* 2

m̂ba

m̂b ~e"V̂!e, ~3a!

V̂5z* 2z, d3z* 5dz* 1dz* 2dz* 3 , ~3b!

Kba5S d̂a1d̂b

2
D 2

, m̂ba5
2m̂am̂b

m̂a1m̂b . ~3c!

Heree is a unit vector,z* the variable of integration corre-
sponding toz, and dV(e) the solid-angle element in the
direction ofe. The integration in Eq.~2! is carried out over
the whole space ofz* and over all the directions ofe.

The diffuse reflection condition on the wall (x150) is
written as

fa522~pm̂a!1/2E
z1,0

z1faEad3z, z1.0. ~4!

The macroscopic quantitiesNa, va, ui
a , etc., of gasa

are written in terms offa as

Na5E faEad3z, ~5a!

va5m̂aE faEad3z ~5m̂aNa!, ~5b!

ui
a5

1

X0
a E z if

aEad3z, ~5c!

ta5
2

3

1

X0
a E S m̂az j

22
3

2DfaEad3z, ~5d!
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Pa5
2

3
m̂aE z j

2faEad3z ~5Na1X0
ata!, ~5e!

Pi j
a 52m̂aE z iz jf

aEad3z, ~5f!

Qi
a5m̂aE z iz j

2faEad3z2
5

2
X0

aui
a . ~5g!

Here and henceforth, unless otherwise stated, the integration
with respect toz is performed over its whole space. The
macroscopic quantities of the mixture are expressed in terms
of those of component gases as

N5 (
b5A,B

Nb, v5 (
b5A,B

vb, P5 (
b5A,B

Pb, ~6a!

ui5S (
b5A,B

m̂bX0
bui

bD Y S (
b5A,B

m̂bX0
bD , ~6b!

t5 (
b5A,B

X0
btb, Pi j 5 (

b5A,B
Pi j

b , ~6c!

Qi5 (
b5A,B

FQi
b2

5

2
X0

b~ui2ui
b!G . ~6d!

If we denote byX0
a1xa the concentration of gasa, xa is

expressed as

xa5Na2X0
aN. ~7!

Note that xA52xB because of the relationsN5NA1NB

andX0
A1X0

B51.

III. PRELIMINARY ANALYSIS

A. Asymptotic solution away from the wall

Let us consider the function

fasy
a 5X0

a@2m̂az2~x11b!2z1z2Ba~z!#, ~8!

wherez5uzu5Az j
2. Hereb is an undetermined constant, and

the function Ba is the solution of the following integral
equation:33–35

(
b5A,B

KbaX0
bL̃ba~z i j B

b,z i j B
a!522m̂az i j , ~9a!

with

z i j 5z iz j2
1
3 z2d i j . ~9b!

The functionfasy
a satisfies the Boltzmann equation~1!.

The corresponding macroscopic quantities take the following
form:

Na5va5xa5ta5Pa5Qi
a50, ~10a!

ui
a5~x11b!d i2 , Pi j

a 52m̂aX0
a~d i1d j 21d i2d j 1!,

~10b!

N5v5t5P5Qi50, ~10c!

ui5~x11b!d i2 , Pi j 52m̂~d i1d j 21d i2d j 1!, ~10d!

where

m̂5 (
b5A,B

X0
bm̂b, ~11a!

m̂a5
8p

15
m̂aE

0

`

z6Ba~z!Ea~z!dz. ~11b!

Herem̂ is a constant depending onX0
A , mB/mA, anddB/dA,

which is related to the viscositym of the mixture by the
relation36,37

m5
Ap

2
m̂p0~2kT0 /mA!21/2l 0 . ~12!

It is seen from the form ofP, t, u2 , andxa in Eq. ~10!
that, if we denote byc the dimensionless growing rate of the
flow velocity

c5S du2

dx1
D

x1→`

,

thenfasy
a of ~8! multiplied byc is the solution describing the

state at infinity. The asymptotic solutioncfasy
a is seen to

represent the state of the mixture described by the fluid-
dynamic equation. Therefore, we callcfasy

a the fluid-
dynamic solution.

B. Knudsen-layer problem

Let us now seek the solution in the form

fa5c@fasy
a 1fK

a~x1 ,z i !#. ~13!

Substituting Eq.~13! into Eqs. ~1! and ~4! and taking into
account thatfasy

a satisfies the condition at infinity, we obtain
the following equation and boundary condition forfK

a :

z1

]fK
a

]x1
5 (

b5A,B
KbaL̃ba~X0

afK
b ,X0

bfK
a !, ~14!

fK
a522m̂aX0

abz21X0
az1z2Ba~z!

22~pm̂a!1/2E
z1,0

z1fK
aEad3z,

z1.0, x150, ~15!

fK
a→0, as x1→`. ~16!

We call the half-space problem~14!–~16! the Knudsen-layer
problem for the shear slip. For the problem, there is a unique
solution fK

a if and only if the constantb takes a special
value, andfK

a decays exponentially asx1→`. This is a con-
sequence of the existence and uniqueness theorem for the
Knudsen-layer problem for a binary mixture of hard-sphere
gases~Ref. 38; see also Refs. 39–44!. It should be noted that
the constantb in the fluid-dynamic solutioncfasy

a is deter-
mined by the analysis of the Knudsen-layer problem.

Sincem̂A5d̂A51 andX0
A1X0

B51, the problem is char-
acterized by the three parameters,

m̂B~or mB/mA!, d̂B~or dB/dA!, X0
A .
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Multiplying Eq. ~14! by m̂az2Ea for a5A,B, adding
the resulting equations, and taking into account the condition
~16!, one obtains the relation

(
b5A,B

m̂bE z1z2fK
bEbd3z50. ~17!

This is the conservation law of thex2-component of the mo-
mentum.

C. Similarity solution and macroscopic quantities

Let us assume thatfK
a is of the form

fK
a5~z2 /zr!Fa~x1 ,z1 ,zr!, ~18!

wherezr5Az2
21z3

2. This fK
a is compatible with Eqs.~14!–

~16!, which can be seen by using the spherical symmetry4 of
the collision operatorL̃ba. Therefore, using the notations

Ca~x1 ,z1 ,zr!5Fa~x1 ,z1 ,zr!Ea, ~19a!

L̃ba~Cb,Ca!5~zr /z2!L̃baS z2

zr
Fb,

z2

zr
FaDEa, ~19b!

we can transform the boundary-value problem~14!–~16! for
fK

a into that forCa:

z1

]Ca

]x1
5 (

b5A,B
KbaL̃ba~X0

aCb,X0
bCa!, ~20!

Ca5X0
azr~22m̂ab1z1Ba!Ea,

z1.0, x150, ~21!

Ca→0, as x1→`. ~22!

HereEa andBa are regarded as the functions ofz1 andzr

becausez5uzu5(z1
21zr

2)1/2. The integralL̃ba can be ex-
pressed in terms of integral kernels:

L̃ba~ f ,g!5L̃1
ba~ f !1L̃2

ba~g!2L̃3
ba~ f !2nb~z!g, ~23!

with

L̃J
ba~ f !5EaE

0

`

djrE
2`

`

dj1K J
ba~j1 ,jr ,z1 ,zr! f ~j1 ,jr!

(J51,2,3), ~24a!

na~z!5
1

2&
F 1

Am̂a
exp~2m̂az2!

1S 2z1
1

m̂az D E
0

Am̂az
exp~2y2!dyG . ~24b!

The explicit form of integral kernelsK J
ba (J51,2,3) is

given in Appendix B of Ref. 6.
Substituting Eq.~13! with the similarity solution~18!

@and~19a!# into Eqs.~5!–~7!, we have the following expres-
sion for the macroscopic quantities:

Na5va5xa5ta5Pa50, ~25a!

ui
a5c~x11b1Ua!d i2 , ~25b!

Pi j
a 5c~2m̂aX0

a1Sa!~d i1d j 21d i2d j 1!, ~25c!

Qi
a5cHad i2 , ~25d!

N5v5t5P50, ~25e!

ui5c~x11b1U !d i2 , ~25f!

Pi j 52cm̂~d i1d j 21d i2d j 1!, ~25g!

Qi5cHd i2 , ~25h!

where

Ua~x1!5
p

X0
a E

0

`E
2`

`

zr
2Cadz1dzr , ~26a!

U~x1!5S (
b5A,B

m̂bX0
bUbD Y S (

b5A,B
m̂bX0

bD , ~26b!

Sa~x1!52pm̂aE
0

`E
2`

`

z1zr
2Cadz1dzr , ~26c!

Ha~x1!5pE
0

`E
2`

`

zr
2S m̂a~z1

21zr
2!2

5

2DCadz1dzr ,

~26d!

H~x1!5 (
b5A,B

S Hb1
5

2
X0

b~Ub2U ! D . ~26e!

In deriving the expression ofPi j in Eq. ~25g!, the relation

SA1SB50, ~27!

which is deduced from the property~17!, has been used. This
relation will be used as a measure of accuracy of the numeri-
cal solution~see Appendix A!.

The functionsUa, U, Sa, Ha, andH, which we call the
Knudsen-layer functions, decay exponentially asx1→`. In
Eq. ~25!, they appear only in thex2-component of the flow
velocitiesu2

a andu2 , in that of the heat-flow vectorsQ2
a and

Q2 , and in thex1x2-component of the stress tensorsP12
a ~or

P21
a ). In other words, exceptu2

a , u2 , Q2
a , Q2 , andP12

a ~or
P21

a ), the macroscopic quantities are expressed only by the
fluid-dynamic solution: Equation~10! multiplied by c.

The expression ofui in Eq. ~25f! shows that, if the
Knudsen-layer function is neglected, the flow velocity of the
mixture on the wall (x150) is expressed as

u25bc5bS du2

dx1
D . ~28!

This means that the flow velocity of the fluid-dynamic solu-
tion is subject to the slip on the wall caused by the gradient
of flow velocity ~or the shear stress!. From this point of view,
the constantb is called the coefficient of shear slip~or vis-
cous slip!.

IV. NUMERICAL ANALYSIS

As in Ref. 6, we solve the boundary-value problem
~20!–~22! by the use of the following technique. This
method was devised in Ref. 14.
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Consider the functionC̃a and the constantb* given by

C̃a~x1 ,z1 ,zr!5Ca~x1 ,z1 ,zr!12m̂aX0
a d zr Ea, ~29a!

b* 5b2d, ~29b!

whered is an undetermined constant. The functionC̃a sat-
isfies Eq.~20! and the boundary condition on the wall~21!
with b replaced byb* , i.e.,

z1

]C̃a

]x1
5 (

b5A,B
KbaL̃ba~X0

aC̃b,X0
bC̃a!, ~30!

C̃a5X0
azr~22m̂ab* 1z1Ba!Ea, z1.0, x150.

~31!

At a large distanced for which Ca is negligibly small,C̃a

satisfies the reflection condition

C̃a~d,z1 ,zr!5C̃a~d,2z1 ,zr!, ~32!

andd is related to the following moment ofC̃a:

d5Ũ~d!, ~33!

whereŨ(x1) is the quantity defined by Eqs.~26a! and~26b!
with Ca replaced byC̃a. We solve the boundary-value prob-
lem ~30!–~32! for a givenb* under a proper choice ofd.
OnceC̃a is obtained,d is determined by Eq.~33!. ThenCa

andb are obtained from Eqs.~29a! and ~29b!. In the actual
computation, we repeat this solution process by puttingb as
new b* in order to avoid the accumulation of the numerical
errors caused by the computation of the collision integrals of
the second term of Eq.~29a! in the wide region ofx1-space.

The numerical method is the same as that in Ref. 6,
except that the third-order finite-difference scheme is used
for ]/]x1 in place of the second-order one in Ref. 6~see
Appendix B!. Corresponding to this change, the following
new lattice system is used forx1 :

x1
( i )520 ln~p(N̄x)/~p(N̄x)20.7p( i )!!11024S i

N̄x
D

( i 50,1,. . . ,Nx), ~34!

with

p( i )525~ i 4/N̄x
3!/@1125~ i /N̄x!

3#, ~35!

wherex1
( i ) denotes thei th lattice point inx1-space, andN̄x

andNx(>N̄x) are given positive integers. We will denote by
S1 the system withNx5N̄x5300, byS2 that withNx5N̄x

5600, by S3 that withNx5320 andN̄x5300, and byS4
that with Nx5340 andN̄x5300, respectively. For the mo-
lecular velocity, (z1 ,zr)-space is truncated in the region
2Z1<Am̂az1<Z1 and 0<Am̂azr<Zr for gas a, and the
same lattice system as that in Ref. 6 is used.

Various accuracy tests were performed by using the sys-
temsS1 –S3 for x1 and the systems M1–M7 in Ref. 6 for
(z1 ,zr). They were intended to assess not only the appropri-
ate size of the lattice intervals but also the appropriate size of
the truncated region of (x1 ,z1 ,zr)-space. The results are

summarized in Appendix A. After the tests for different lat-
tice systems, the pair (S1, M1! is adopted as the standard
lattice system formB/mA52, 4, and 5. FormB/mA510, the
pair (S4, M1!, which covers a wider region ofx1 , is used
instead of (S1, M1!. All the results given in the next section
are obtained by using these systems. For the system (S1,
M1! @or (S4, M1!#, the original regions ofx1 , z1 , andzr are
limited to the regions 0<x1<24.08 ~or 32.49! @i.e., d
524.08~or 32.49!#, 24.5<Am̂az1<4.5 ~i.e., Z154.5), and
0<Am̂azr<4.5 ~i.e., Zr54.5) for gasa, and there are 301
~or 341!, 101, and 55 lattice points, respectively. Additional
information about the accuracy test for the standard systems
are also given in Appendix A.

Incidentally, the functionBa is often approximated by a
few terms of the Sonine polynomial expansion33 in the lit-
erature. In the present paper, however, we make use of the
accurate numerical data ofBa that are obtained by a direct
numerical computation of Eq.~9a! in Ref. 35.

FIG. 1. Coefficient of shear slip and the corresponding momentum.~a! Slip
coefficientb and ~b! momentum (0,M ,0) of the mixture per unit volume.
Both closed and open circles indicate the present result. The solid line indi-
cates the present result using the formula~37!. The data used to construct the
formula are marked with closed circles. The dashed line indicates the result
for mB/mA51.
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The computation was performed by using a parallel code
for 10 CPUs on the FUJITSU VPP800 in the Academic Cen-
ter for Computing and Media Studies of Kyoto University.
First the computation was carried out for a smaller lattice
system with 301373321 points in (x1 ,z1 ,zr)-space@sys-
tem (S1, M7!#, and the resulting data were transformed into
the data for the standard lattice system by interpolation.
Then, the computation for the standard system (S1, M1! or
(S4, M1! was performed by using the transformed data as
the initial guess in the iterative solution process. For each set
of parameters (mB/mA,dB/dA,X0

A), it takes about a half hour
for the smaller system, 3 hours for system (S1, M1!, and 3.5
hours for system (S4, M1!. The computing time does not
much depend on the values of the parameters.

V. RESULTS AND DISCUSSIONS

In the present paper, we carry out the computation for
mB/mA52, 4, 5, and 10 and for various values ofX0

A , re-
stricting ourselves to the casedB/dA51. Hereinafter, we as-
sume thatmB/mA>1, because the results formB/mA,1 can
be obtained from those formB/mA.1 by a simple transfor-
mation.

A. Slip coefficient

The coefficient of shear slipb versus the concentration
X0

A of gas A is shown in Fig. 1~a!. Sinceb is positive, the slip
is induced in the direction of the flow of the mixture far
away from the wall. Theb is larger for larger molecular mass
ratio mB/mA. For mB/mA51, it is independent ofX0

A be-
cause there is no difference~except ‘‘color’’ or ‘‘label’’ ! be-
tween molecules of different kind. But, formB/mAÞ1, b is
not uniform with respect toX0

A and attains the maximum at
an intermediate value ofX0

A in the interval of 0.5,X0
A,1.

This value ofX0
A increases withmB/mA and, consequently,b

changes steeply nearX0
A51 for largemB/mA. It should be

noted that the value ofb at X0
A50 ~the case of pure gas B! is

the same as that atX0
A51 ~the case of pure gas A!, irrespec-

tive of the value ofmB/mA. This means that the slip coeffi-
cient is independent of the molecular mass in the case of one
species gases.

The flow velocity of the fluid-dynamic solution along the
wall is given byu25c(x11b) @see Eq.~25f!#, namely, the
sum of the classical shear flowcx1 and the uniform flowcb
caused by the velocity slip. If we denote by (0,M ,0) the
momentum of the mixture of this uniform flow per unit vol-
ume,M is given by

M /cn0mA~2kT0 /mA!1/25 r̂0b, ~36!

where r̂0([m̂AX0
A1m̂BX0

B)5(12m̂B)X0
A1m̂B. Figure 1~b!

shows its dependence onX0
A . The momentum is larger for

largermB/mA and decreases monotonically asX0
A increases.

It takes a common value atX0
A51 because there is no gas B

in this case.
The numerical computations are performed for several

values ofX0
A , the results of which are indicated by closed or

open circles in Fig. 1. From the data shown by closed circles,
following Ref. 6, we constructed the formula ofb for arbi-
trary values ofX0

A by the use of the Chebyshev polynomial
approximation~Ref. 45!. Since the dependence ofr̂0b on X0

A

is much simpler than that ofb, the formula is constructed
from the data ofr̂0b, not from the data ofb itself. The
resulting formula is given as

b5 (
n50

N

b(n)Tn~2X0
A21!/ r̂0 , ~37!

whereTn(x) (n50,1,2,. . . ) is theChebyshev polynomial of
degreen defined for 0<u<p by the relation

Tn~cosu!5cosnu. ~38!

The data ofb(n) are listed in Table I. The solid line in Fig. 1
is drawn by using Eq.~37!. The accuracy of this formula is
checked by comparing with the data shown by open circles

TABLE I. Data of b(n) (n50, . . . ,N) in Eq. ~37!.

n

mB/mA

2 (N58) 4 (N512) 5 (N512) 10 (N516)

0 1.894 35 3.228 36 3.915 05 7.486 58
1 26.276 54(21)a 21.887 19 22.517 48 25.655 07
2 21.351 92(22) 29.603 84(22) 21.583 81(21) 26.179 29(21)
3 6.632 18(24) 5.698 24(23) 8.213 20(23) 1.110 81(24)
4 1.132 85(24) 2.477 04(23) 4.893 79(23) 2.369 40(22)
5 1.012 51(25) 5.191 18(24) 1.253 85(23) 1.045 64(22)
6 9.391 77(27) 1.075 21(24) 3.054 54(24) 3.872 40(23)
7 1.048 49(26) 2.259 87(25) 7.547 69(25) 1.409 03(23)
8 27.375 01(27) 4.944 17(26) 1.924 14(25) 5.187 87(24)
9 ¯ 1.095 29(26) 4.984 96(26) 1.937 82(24)
10 ¯ 2.469 68(27) 1.313 92(26) 7.320 91(25)
11 ¯ 5.877 42(28) 3.695 48(27) 2.789 92(25)
12 ¯ 1.273 07(28) 9.202 34(28) 1.070 59(25)
13 ¯ ¯ ¯ 4.140 01(26)
14 ¯ ¯ ¯ 1.633 83(26)
15 ¯ ¯ ¯ 7.152 63(27)
16 ¯ ¯ ¯ 2.421 03(27)

aRead as26.276 5431021.
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in the figure. The results are summarized at the end of Ap-
pendix A. Some of the values ofb obtained by Eq.~37! are
shown in Table II.

The shear-slip problem has been studied by various ap-
proximation methods~the variational method, the moment
method, etc.! or by direct computation of model Boltzmann
equations. In contrast, in the present paper, the problems are
analyzed faithfully and accurately on the basis of the Boltz-
mann equation. As a result, the validity of the existing results
can be assessed by the present result. The results for a mix-
ture of hard-sphere gases in Refs. 18 and 20–22 are com-
pared with the present result in Fig. 2 and in Table III. Natu-
rally a comparison is made only among the results for hard-
sphere gases. The formulas in Refs. 20 and 21 are derived by
a special kind of half-space moment method, the former of
which is evaluated by the use of the first order Chapman–
Enskog expansions while the latter of which is evaluated by
the use of the second-order Chapman–Enskog expansions.
The result based on the second-order approximation~Ref.
21! agrees less well with the present result than that based on
the first-order approximation~Ref. 20!. However, the devia-

tions from the present result are both very small~less than
1%!. In particular, the result in Ref. 20 agrees quite well. The
results obtained by the direct computation on the basis of the
McCormack model46 by Sharipov and Kalempa22 are also
close to the present results. They overestimate the values
about 1–1.5 %. The result by Yalamov, Yushkanov, and
Savkov18 ~half-space moment method! shown in Fig. 2 over-
estimates the value by 2.2%. Table III suggests that their
results for other molecular mass ratio would overestimate the
value by the same degree. In Fig. 2, the shear-slip coefficient
for a single-component gas obtained by a finite-difference
method,14 on which the present method is based, is also

TABLE II. The values of the slip coefficientsb by the formula~37!.

X0
A\mB/mA

b

2 4 5 10

0 1.2540 1.2540 1.2540 1.2540
0.1 1.2594 1.2734 1.2792 1.2995
0.3 1.2678 1.3075 1.3253 1.3919
0.5 1.2720 1.3307 1.3593 1.4772
0.7 1.2707 1.3336 1.3677 1.5282
0.9 1.2619 1.2977 1.3202 1.4507
1 1.2540 1.2540 1.2540 1.2540

TABLE III. A comparison with the previous results for the shear-slip coefficientb.

mB/mA

X0
A50.1

Present result Ref. 18 Ref. 20 Ref. 21 Ref. 22

2 1.2594 ¯ 1.2644 1.2520 1.2781
4 1.2734 ¯ 1.2781 1.2660 1.2917
5 1.2792 ¯ 1.2838 1.2716 1.2975
10 1.2995 ¯ 1.3039 1.2912 1.3177

X0
A50.5

mB/mA Present result Ref. 18 Ref. 20 Ref. 21 Ref. 22

1.5 ¯ 1.27 1.2650 1.2528 ¯

2 1.2720 ¯ 1.2765 1.2654 1.2901
7/3 ¯ 1.29 1.2855 1.2750 ¯

4 1.3307 1.36 1.3335 1.3246 1.3470
5 1.3593 ¯ 1.3614 1.3526 1.3751
9 ¯ 1.48 1.4569 1.4470 ¯

10 1.4772 ¯ 1.4771 1.4668 1.4923
X0

A50.9

mB/mA Present result Ref. 18 Ref. 20 Ref. 21 Ref. 22

2 1.2619 ¯ 1.2668 1.2548 1.2805
4 1.2977 ¯ 1.3013 1.2912 1.3153
5 1.3202 ¯ 1.3230 1.3135 1.3374
10 1.4507 ¯ 1.4488 1.4403 1.4672

FIG. 2. A comparison with the previous results:b vs X0
A . The solid line

indicates the present result, the dashed line the formula in Ref. 20, and the
dot–dash line that in Ref. 21. The closed symbolsj, d, m, andl indicate
the result of Ref. 22 formB/mA52, 4, 5, and 10, respectively. The open
squareh indicates the result of Ref. 18 formB/mA54 andX0

A50.5. The
open circles indicates the result of Ref. 14 for a single-component gas.
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shown by an open circle. Incidentally, essentially the same
value is obtained in Refs. 15 and 28 for a single-component
gas. The approaches in these references are based on the
expansion of the kernel of collision integral in terms of as-
sociate Legendre functions.

In comparing the results by different authors, one needs
a conversion relation between the reference mean free paths.
For instance, the ‘‘slip coefficient’’sP in Ref. 22 is related to
b as

b5
l SK

l 0
sP , ~39!

wherel SK is the reference mean free path used in Ref. 22 (,0

in the notation there!. The l SK is defined as

l SK5
mSK

p0
S 2kT0

m D 1/2

, ~40!

with

FIG. 3. Knudsen-layer functionsUA

and UB of species gases.~a! X0
A

50.25, ~b! X0
A50.5, ~c! X0

A50.75,
and ~d! X0

A50.9.
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m5mAX0
A1~12X0

A!mB, ~41!

where mSK is the Chapman–Enskog approximation of the
viscosity whose explicit form is given in Ref. 22~m in the
notation there!. Eliminating p0 from Eq. ~40! by using the
definition of l 0 , i.e., l 05@&p(dA)2n0#21, one has the con-
version relation

l SK5
2p~dA!2

~mkT0!1/2mSKl 0 . ~42!

Substitution of this relation into Eq.~39! gives the conver-
sion of the data fromsP to b. The results of the other ref-
erences~Refs. 18, 20, and 21! were converted in a similar
way.

B. Knudsen-layer functions and velocity distribution
functions

The Knudsen-layer functions of species gases for some
cases are shown in Figs. 3–5 and Tables IV and V; that is,

FIG. 4. Knudsen-layer functions
HA/X0

A and HB/X0
B of species gases.

~a! X0
A50.25, ~b! X0

A50.5, ~c! X0
A

50.75, and~d! X0
A50.9.
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FIG. 5. Knudsen-layer functionSA. ~a! X0
A50.25, ~b!

X0
A50.5, ~c! X0

A50.75, and~d! X0
A50.9.

TABLE IV. Knudsen-layer functionsUA, UB, HA/X0
A , andHB/X0

B in the case ofmB/mA52.

x1\X0
A

2UA 2UB HA/X0
A HB/X0

B

0.25 0.5 0.9 0.25 0.5 0.9 0.25 0.5 0.9 0.25 0.5 0.9

0.0000 0.3559 0.3588 0.3507 0.3502 0.3511 0.3391 0.1226 0.1273 0.1328 0.1427 0.1506 0.1614
0.0271 0.3145 0.3166 0.3079 0.3059 0.3056 0.2923 0.1170 0.1209 0.1254 0.1335 0.1400 0.1485
0.0988 0.2587 0.2599 0.2509 0.2478 0.2464 0.2326 0.1070 0.1100 0.1133 0.1193 0.1240 0.1300
0.2011 0.2103 0.2109 0.2023 0.1986 0.1967 0.1832 0.0961 0.0985 0.1009 0.1051 0.1085 0.1126
0.3838 0.1566 0.1568 0.1491 0.1452 0.1430 0.1307 0.0811 0.0827 0.0843 0.0869 0.0889 0.0913
0.5833 0.1195 0.1195 0.1128 0.1091 0.1070 0.0960 0.0684 0.0696 0.0707 0.0723 0.0735 0.0750
0.7967 0.0924 0.0923 0.0865 0.0832 0.0813 0.0717 0.0576 0.0584 0.0593 0.0602 0.0609 0.0619
1.1424 0.0636 0.0634 0.0590 0.0562 0.0546 0.0470 0.0441 0.0446 0.0453 0.0457 0.0460 0.0464
1.6669 0.0383 0.0382 0.0351 0.0331 0.0319 0.0265 0.0301 0.0303 0.0308 0.0308 0.0308 0.0311
2.4139 0.0200 0.0199 0.0181 0.0169 0.0161 0.0128 0.0178 0.0179 0.0182 0.0181 0.0181 0.0182
3.3368 0.0096 0.0095 0.0086 0.0079 0.0075 0.0057 0.0095 0.0096 0.0098 0.0097 0.0096 0.0098
4.7525 0.0034 0.0034 0.0030 0.0027 0.0025 0.0018 0.0038 0.0038 0.0039 0.0039 0.0038 0.0039
7.6134 0.0005 0.0005 0.0004 0.0004 0.0003 0.0002 0.0006 0.0006 0.0007 0.0006 0.0006 0.0007

11.4643 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0001 0.0001 0.0001 0.0001 0.0001 0.0001
15.3020 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000

TABLE V. Knudsen-layer functionsUA, UB, HA/X0
A , andHB/X0

B in the case ofmB/mA55.

x1\X0
A

2UA 2UB HA/X0
A HB/X0

B

0.25 0.5 0.9 0.25 0.5 0.9 0.25 0.5 0.9 0.25 0.5 0.9

0.0000 0.3934 0.4193 0.3914 0.3693 0.3808 0.3191 0.1105 0.1219 0.1336 0.1589 0.1829 0.2166
0.0271 0.3513 0.3749 0.3470 0.3220 0.3298 0.2656 0.1055 0.1157 0.1260 0.1473 0.1674 0.1957
0.0988 0.2930 0.3137 0.2873 0.2608 0.2654 0.2017 0.0960 0.1048 0.1137 0.1303 0.1459 0.1683
0.2011 0.2414 0.2596 0.2357 0.2094 0.2120 0.1514 0.0856 0.0931 0.1010 0.1139 0.1261 0.1443
0.3838 0.1828 0.1980 0.1782 0.1537 0.1548 0.1002 0.0711 0.0772 0.0840 0.0934 0.1022 0.1165
0.5833 0.1414 0.1543 0.1382 0.1160 0.1164 0.0680 0.0590 0.0640 0.0701 0.0773 0.0840 0.0959
0.7967 0.1107 0.1217 0.1087 0.0888 0.0889 0.0464 0.0489 0.0530 0.0585 0.0642 0.0694 0.0798
1.1424 0.0773 0.0861 0.0769 0.0604 0.0603 0.0257 0.0366 0.0397 0.0444 0.0485 0.0522 0.0610
1.6669 0.0475 0.0537 0.0483 0.0359 0.0358 0.0103 0.0242 0.0262 0.0299 0.0326 0.0351 0.0422
2.4139 0.0253 0.0292 0.0268 0.0185 0.0184 0.0018 0.0138 0.0150 0.0175 0.0192 0.0207 0.0261
3.3368 0.0123 0.0146 0.0138 0.0088 0.0088 20.0011 0.0071 0.0077 0.0093 0.0103 0.0111 0.0149
4.7525 0.0044 0.0054 0.0054 0.0031 0.0031 20.0014 0.0027 0.0029 0.0036 0.0041 0.0045 0.0066
7.6134 0.0007 0.0008 0.0010 0.0004 0.0004 20.0005 0.0004 0.0005 0.0006 0.0007 0.0008 0.0013

11.4643 0.0001 0.0001 0.0001 0.0000 0.0000 20.0001 0.0000 0.0000 0.0001 0.0001 0.0001 0.0002
15.3020 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
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UA andUB are shown in Fig. 3 and Tables IV and V,HA/X0
A

andHB/X0
B are in Fig. 4 and Tables IV and V, andSA is in

Fig. 5. Each function decays rapidly to zero as the distance
from the wall increases. The dependence onX0

A is larger for
largermB/mA. It is remarkable that, for largemB/mA andX0

A

close to 1,UB changes its sign from minus to plus as the
distance from the wall increases. Note that the functionSA

~or SB) is identically zero whenX0
A50 and 1.

The Knudsen-layer functionsU andH of the mixture for

some cases are shown in Fig. 6. Corresponding to the fea-
tures ofUa andHa, each function decays rapidly to zero as
the distance from the wall increases, and the dependence on
X0

A is larger for largermB/mA. It should be noted that the
profiles of U and H at X0

A50 are the same as those
at X0

A51.
The functionsU and H at X0

A50 ~or 1! are shown in
Table VI. They are the functions for a single-component gas,
which have already been obtained in Ref. 14 by the same

FIG. 6. Knudsen-layer functionsU
and H of the mixture.~a! X0

A50.25,
~b! X0

A50.5, ~c! X0
A50.75, and ~d!

X0
A50.9.
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numerical method, i.e., the combination of the finite-
difference and the numerical kernel methods. In the present
work, they are obtained with a higher accuracy. The differ-
ence is, at most, 6.331025 for U and 2.831025 for H.

Some of the results forX0
A50.25, 0.75, and 0.9 in the

figures and tables in this section are obtained by the use of
Chebyshev polynomial approximation from the data ofUA,
UB, HA/X0

A , HB/X0
B , and SA/X0

A at the values ofX0
A indi-

cated by closed circles in Fig. 1. TheFORTRAN code gener-
ating the Knudsen-layer functions for an arbitrary value of
X0

A is available from the authors.
Figures 7 and 8 show the reduced velocity distribution

functionsCA andCB and their contour plots in the case of
mB/mA55 andX0

A50.5. There is a discontinuity atz150 on
the wall (x150) @see Figs. 7~a! and 8~a!#. The discontinuity
disappears immediately inside the gas,47 but its trace remains
as a steep gradient aroundz150 near the wall@see Figs. 7~b!

and 8~b!#. As the distance from the wall increases,Ca de-
cays to zero with keeping the distinct difference in the shape
between the positive and the negative regions ofz1 @see the
transition of the contour plots from Figs. 7~a!–7~d! and from
Figs. 8~a!–8~d!#. These features are the same as those of
thermal-slip and diffusion-slip problems studied in Ref. 6. A
new feature of the present case is that there is an appreciable
hollow in the positive region ofz1 . The hollow is more
remarkable inCB than inCA. For the former, according to
the observation of the other cases, it is larger for larger
mB/mA and for largerX0

A ; for the latter, it is little affected by
mB/mA andX0

A .

VI. CONCLUDING REMARKS

In the present paper, by the use of the finite-difference
method developed in Ref. 6, we have established an accurate
numerical solution of the shear-slip problem for the original
linearized Boltzmann equation for a binary mixture of hard-
sphere gases. The obtained solution would serve as the stan-
dard to assess the validity of approximate solution methods
used for practical applications.

The hard-sphere model is chosen in the present study
because it is a simple but the most fundamental model in
kinetic theory. The present method can, in principle, be ex-
tended to more realistic models such as the Lennard-Jones
potential, since the linearized collision integrals can gener-
ally be expressed in terms of integral kernels. For such mod-
els, however, we need to handle more complicated kernels.
Another complexity arises from the fact that the problem, in
general, has a complicated dependence on the temperature as
well as on the concentration. For hard-sphere molecules, the
temperature dependence can be factorized, so that the num-
ber of parameters in the problem is reduced. This simplicity
also motivated us to study this model at the present stage.
Maxwell’s molecular model can be another target of the
present method because the temperature dependence can be
factorized for this model too. The extension to the variable

FIG. 7. Reduced velocity distribution functionCA of gas A and its contour
plots for mB/mA55 andX0

A50.5. ~a! x150, ~b! x150.052, ~c! x150.384,
and~d! x151.964. In the contour plots the curves are drawn with the inter-
val 0.005. The contour of positive values of2CA is indicated by a solid line
and that of negative values of2CA by a dashed line. The nonclosed curve
shown by a solid line indicates the contourCA50.

FIG. 8. Reduced velocity distribution functionCB/(m̂B)3/2 of gas B and its
contour plots formB/mA55 andX0

A50.5. ~a! x150, ~b! x150.052, ~c! x1

50.384, and~d! x151.964. In the contour plots the curves are drawn with
the interval 0.01. See the caption of Fig. 7.

TABLE VI. Knudsen-layer functionsU andH for single-species gases, i.e.,
X0

A50 ~or 1!.

x1 2U H

0.0000 0.3452 0.1338
0.0271 0.3023 0.1261
0.0988 0.2456 0.1138
0.2011 0.1973 0.1012
0.3838 0.1448 0.0845
0.5833 0.1090 0.0708
0.7967 0.0834 0.0594
1.1424 0.0565 0.0454
1.6669 0.0334 0.0309
2.4139 0.0171 0.0183
3.3368 0.0081 0.0099
4.7525 0.0028 0.0040
7.6134 0.0004 0.0007

11.4643 0.0000 0.0001
15.3020 0.0000 0.0000
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hard sphere~VHS! or variable soft sphere~VSS! models
would also be worth trying because those models, which are
still simple enough, can describe some of the basic macro-
scopic properties of real gases. Such extensions are, how-
ever, left to future work.
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APPENDIX A: DATA OF COMPUTATION

We summarize the data of accuracy of the numerical
computation.

~i! Comparisons among the results for different lattice
systems were made for various purposes in the case of
mB/mA52. A part of the results are shown in Table
VII. Here information about the lattice system for the
molecular velocity would be in order. For the systems
M1–M5, the truncation of the velocity space is com-
monly set asZ15Zr54.5. There are, respectively,
101355, 101373, 101349, 113349, and 113337
points in the truncation region of (z1 ,zr)-space in
system M1, M2, M3, M4, and M5. System M6 is the
same as M5 in the region of@24.5,4.5#3@0,4.5# and
covers a wider region (Z155 andZr55.25) than M5.
System M7 is a rather small system compared to M1–
M6. It has 73321 points in the truncation region with
Z15Zr54. ~See Sec. 6 in Ref. 6 for the complete
information about the lattice systems for the molecu-
lar velocity.! These systems as well as those for
x1-space are made not only to assess the appropriate
size of the lattice intervals but also to assess the ap-
propriate size of the truncation region. For example,
the comparison between the systems (S1, M7! and
(S3, M7! is made for an estimate of the appropriate
value of d. Similarly the comparison between (S1,

M5! and (S1, M6! is made for an estimate of the
appropriate values ofZ1 andZr . The comparison be-
tween (S1, M7! and (S2, M7! is for determining the
number of lattice pointsNx in x1 . The comparisons
among (S1, M1!, (S1, M2!, (S1, M3!, and (S1, M4!
are for determining the number of points (N1 ,Nr) in
(z1 ,zr). After such a series of tests, the system (S1,
M1! is chosen as the standard lattice system for
mB/mA52, 4, and 5. FormB/mA510, we used the
system (S4, M1! that covers a wider range ofx1 than
(S1, M1!.

~ii ! Two properties ofL̃ ba are used as accuracy tests of
the collision integrals for the standard lattice system
M1. The first is the relationL̃ba(m̂bzrEb,m̂azrEa)
50, which corresponds to the fact that the original
linearized collision integrals vanish when the collision
invariants are substituted. Table VIII shows the maxi-
mum error of the quantity on the left. The error comes
from the partL̃1

ba1L̃2
ba2L̃3

ba @see Eq.~23!# because
nb can be computed exactly@note that the integral in
Eq. ~24b! is the error function#. The maximum value
of um̂azrEanbu is, therefore, shown in parentheses in-
the table. The second is the relation

(
b5A,B

KbaX0
bL̃ba~z1zrBbEb,z1zrBaEa!

12m̂az1zrEa50, ~A1!

which comes from Eq.~9a!. The maximum error of
the quantity on the left is shown in Table IX, together
with the maximum value ofu2m̂az1zrEau in paren-
theses.

TABLE VII. A comparison of b among the different lattice systems for
mB/mA52. The comparison was made at five sample values ofX0

A .

Lattice systems Maximum relative error ofb

(S1,M7) vs (S3,M7) 3.231028

(S1,M5) vs (S1,M6) 5.131028

(S1,M7) vs (S2,M7) 8.131026

(S1,M3) vs (S1,M4) 1.831026

(S1,M3) vs (S1,M1) 7.231026

(S1,M1) vs (S1,M2) 1.231025

TABLE VIII. Maximum error of the integrals L̃ba( f b, f a) with f a

5m̂azrEa for system M1. The maximum value ofnb f a is also shown for
comparison in parentheses.

~b,a!

mB/mA

2 4 5 10

~A,A! 3.5131026 3.5131026 3.5131026 3.5131026

~0.064! ~0.064! ~0.064! ~0.064!
~B,A! 1.8931026 2.6431026 3.0331026 5.0631026

~0.053! ~0.047! ~0.046! ~0.043!
~A,B! 6.1531026 3.2431025 5.9431025 4.1131024

~0.237! ~0.908! ~1.407! ~5.528!
~B,B! 9.9331026 2.8131025 3.9331025 1.1131024

~0.182! ~0.514! ~0.719! ~2.033!

TABLE IX. Maximum error of the left-hand side of Eq.~A1! at six sample
values ofX0

A for system M1. The maximum value ofu2m̂az1zrEau is also
shown for comparison in parentheses just below the data.

a

mB/mA

2 4 5 10

A 5.7731026 5.7731026 5.7731026 5.7731026

~0.066! ~0.066! ~0.066! ~0.066!
B 1.6331025 5.6931025 1.1231024 1.0131023

~0.19! ~0.53! ~0.74! ~2.08!
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~iii ! As mentioned in Sec. III C, Eq.~27! provides another
measure of accuracy. For the standard lattice system,
the value ofuSA1SBu, which should theoretically be
zero, is calculated at nine (mB/mA52), thirteen
(mB/mA54,5) or seventeen (mB/mA510) sample
values ofX0

A . The resulting value is bounded as fol-
lows:

uSA1SBu,H3.1531026 ~mB/mA52,4,5!,

2.6431025 ~mB/mA510!.
~iv! For the same values ofX0

A as ~iii !, we compared the
maximum values ofuCa(d,•,•)u, uCa(•,6Z1

a ,•)u,
and uCa(•,•,Zr

a)u to the maximum value ofuCau,
where Z1

a5Z1 /Am̂a and Zr
a5Zr /Am̂a. The former

three values should be negligible in order that the
computation in the finite region of (x1 ,z1 ,zr) is jus-
tified. The results are

uCA~d,•,•!u
maxuCAu

,H4.131028 ~mB/mA52!,

1.131027 ~mB/mA54,5,10!,

uCB~d,•,• !u
maxuCBu

,H4.031028 ~mB/mA52!,

6.731027 ~mB/mA54,5,10!,

max~uCA~•,6Z1
A,•!u,uCA~•,•,Zr

A!u!
maxuCAu

,1.731028,

max~uCB~•,6Z1
B,•!u,uCB~•,•,Zr

B!u!
maxuCBu

,1.731028.

~v! The accuracy of the Chebyshev polynomial approxi-
mation with respect toX0

A was checked. Theb ob-
tained by the formula~37! with the coefficientb(n) in
Table I is compared with that computed directly. The
comparison was made at five sample values ofX0

A for
mB/mA52, 4, and 5, and at eight values formB/mA

510. The sample values are indicated by an open
circle in Fig. 1. The relative errors to the directly
computed data are, at most, 9.431027, 2.831029,
2.431028, and 8.931028, respectively.

APPENDIX B: THIRD-ORDER FINITE-DIFFERENCE
SCHEME

As is mentioned in Sec. IV, we use a third-order finite-
difference scheme for]/]x1 . That is, in the present work, we
use the formula

¹i jkC̃a(n)55
~C̃ (1,j ,k)

a(n) 2C̃ (0,j ,k)
a(n) !/h1 ~ i 51!,

h112h2

h2~h11h2!
C̃ (2,j ,k)

a(n) 2
h11h2

h1h2
C̃ (1,j ,k)

a(n) 1
h2

h1~h11h2!
C̃ (0,j ,k)

a(n) ~ i 52!,

w0~hi ,hi 21 ,hi 22!C̃ ( i , j ,k)
a(n) 2w1~hi ,hi 21 ,hi 22!C̃ ( i 21,j ,k)

a(n)

1w2~hi ,hi 21 ,hi 22!C̃ ( i 22,j ,k)
a(n) 2w3~hi ,hi 21 ,hi 22!C̃ ( i 23,j ,k)

a(n) ~3< i<Nx!,

~B1!

in place of that in Eq.~37a! of Ref. 6 and the formula

¹i jkC̃a(n)55
2w0~hNx

,hNx
,hNx21!C̃ (Nx21,j ,k)

a(n) 1w1~hNx
,hNx

,hNx21!C̃ (Nx , j ,k)
a(n)

2w2~hNx
,hNx

,hNx21!C̃ (Nx21,2 j ,k)
a(n) 1w3~hNx

,hNx
,hNx21!C̃ (Nx22,2 j ,k)

a(n) ~ i 5Nx21!,

2w0~hNx21 ,hNx
,hNx

!C̃ (Nx22,j ,k)
a(n) 1w1~hNx21 ,hNx

,hNx
!C̃ (Nx21,j ,k)

a(n)

2w2~hNx21 ,hNx
,hNx

!C̃ (Nx , j ,k)
a(n) 1w3~hNx21 ,hNx

,hNx
!C̃ (Nx21,2 j ,k)

a(n) ~ i 5Nx22!,

2w0~hi 11 ,hi 12 ,hi 13!C̃ ( i , j ,k)
a(n) 1w1~hi 11 ,hi 12 ,hi 13!C̃ ( i 11,j ,k)

a(n)

2w2~hi 11 ,hi 12 ,hi 13!C̃ ( i 12,j ,k)
a(n) 1w3~hi 11 ,hi 12 ,hi 13!C̃ ( i 13,j ,k)

a(n) ~0< i<Nx23!,

~B2!

in place of that in Eq.~37b! of Ref. 6, where

hi5x1
( i )2x1

( i 21) ,

w0~a,b,c!5
1

a
1

1

a1b
1

1

a1b1c
,

w1~a,b,c!5
~a1b!~a1b1c!

ab~b1c!
, ~B3!

w2~a,b,c!5
a~a1b1c!

bc~a1b!
,

w3~a,b,c!5
a~a1b!

c~b1c!~a1b1c!
.

Equation~B1! is the scheme whenz1.0 and Eq.~B2! is that
whenz1<0.
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