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On symmetric composition
algebras and Lie algebras

— MR ERARE E ) — KB

Noriaki Kamiya (ffi3fEH)
University of Aizu (f2ERA Y RFIEAREKRT)

Abstruct: T D/NTIED B 8 RILAREL (symmetric composition algebra) O
all subalgebras and its Lie subalgebras induced from their basis #Z%& L £7.
FLTIZD8WILMAEIL Lie algebras, Jordan algebras, alternative algebras
and structurable algebras % % ¢; normal triality algebras & FEX 2 RER D
WZEENET. ThoDaHE UT bisymmetric spaces Za@%t U £7.

§0. Introduction (Motivation)

This article is to introduce a new concept called a normal triality algebra. To
describe the concept, first in the case of the complex number C, we denote the
standard product by x * y and the conjugation by T, respectively, and define
a new product defined by zy = T*y, here v/—1 is denoted by i. Also, the
notations Trid and Trig are described in the next section. Then, for j = 0,1, 2,
here the index j is defined by modulo 3 and with respect the product zy, we
have

2
() Der C={de EndC|d= gmri, n=0,1,2,--},
Trid C = {(dy,d1,ds) € (End C)*| d; = 6;i, 57_6; =0, and 6; € Re C},
2
and we have Aut C={g€ End C | g = exp(gnm'),n =0,1,2,---} 2 S;,

Trig C = {(go, 91, 92) € (End C)* | g; = exp(it;), 61 +02+03 = 0,0; € Re C}.

Next in a general linear group A = GL(n,F) := {x | det x # 0, = €
Mat(n, F)} with the standard product z * y of the matrix product over a field
F', we introduce g; with g;(a)z = ajjil * T * a;j42, and with respect to the new
product 2y = (z * y)~!, then for a = (a1,as,a3) € A% we obtain

gj(a)(zy) = (gj+1(a)z)(gj+2(a)y),
where j = 0, 1,2, This g; is denoted by
gj(a) = R(aj1)R(aj2) and R(aj)x = xaj = (x % aj)~".

On the basis of ([K.1],[K-O.1]), we call a “generalized structurable algebra”
with respect to a nonassociative algebra A equipped with endmorphisms D(x, y)
as follows:

1) D(Z‘,y) = _D(yax)a



217

2) D(zy,z) + D(yz,x) + D(zz,y) =0, Va,y,z € A,

3) D(z,y) is a derivation.

Remark. If A = Fe, that is, dimp A = 1, where e is the unit element
of A, then the triality group of A is Trigr A = K, (Klein’s 4 group), and if
7, v/—1 € F with a conjugation, then Tridp A={0,7v/-1,7/-1)}.

Remark. 50— tDO T~ OBL&#AATEE% Tits 12X 5 8 T D =
KL (W) 12DV T ([S],[T],[To] and [K.3] &) 22 L T 723\,

s DS ZE — OIS EMRE T FERL £9, U — R0 E0REGR
EFZEZETOT, PN E S R VEEBEFELET.

81. Normal triality algebra

Let A be an algebra over a field F' with ch F' # 2,3 and the algebra which pos-
sess dj(z,y) € End A for j =0,1,2, Vx,y € A, satisfying d;(y,z) = —d;(z,y),
di(z,y) = R(y)L(x) — R(x)L(y), and da(z,y) = L(y)R(x) — L(x)R(y), where
L(x)y = zy, R(x)y = yz, furtheremore, " principle of triality”;

(d8)  d;(a,b)(zy) = (dj+1(a, b)2)y + x(dj12(a, b)y).

We call A then be a regular triality algebra, and d; is called a triality derivation.
Note that a explicit form for do(x,y) is not specified at all. If A satisfies further

[dj(u,v),di(z,y)] = di(dj—k(u,v)z,y) + di(x, dj—k(u,v) and

do(z,y)z + do(y, z)x + do(z,2)y = 0,

in addition for any j,k = 0,1,2, then A is called a pre-normal triality algebra.
Next we introduce Q(x,y, z) € End A by

Q(z,y,2) = do(x,yz) + di (2, 2y) + da(y, 27).

We call the pre-normal triality algebra be a normal triality algebra if it
satisfies Q(z,y,2) = 0 Vz,y, z € A in addition.

We denote Trid A = span < d;(z,y),V j=0,1,2>.

The conjugation algebra A*of a normal triality algebra A defined by xxy =
Ty with involution Ty = yT satisfying d;(z,y) = ds—;(Z,7) is called a normal
Lie-related triality algebra ([K-O.1][K-0.2]).

Note that if this A* has an unit element, then A* is a structurable algebra
([K.1],[K-O.1]), and putting D = do + dy + do, then D is a derivation.

Proposition 1. For a normal triality algebra A , if we define

> (dj)? .
=Id+d;+ — + -+ (well — defined)

=expd

then we have
&i(zy) = (§417)(Ej12y)  (global triality)

(2 (exp 1) (eap td)Dimo = [d. ) € Trid 4,
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that is, as a generalization of the derivation of A, this means
d;(zy) = (dj412)y + x(dj12y) (local triality)

Example. The Jordan and Lie algebras are a normal triality algebra, with
T =z and T = —z, respectively. The case of Lie algebra with the product [z, y]
is d;(x,y) = L([z,y]),j = 0,1,2. This triality derivation is the inner derivation.

Example. For the matrix algebra, an alternative algebra and a struc-
turable algebra (A, z * y) with involution, the conjugation algebra is a normal
triality algebra, because x * y = Ty and so T * y = xy. Here a definition of the
structurable algebra is defined by a ternary product (triple system)as follows;

<ayz>=(xxY)*z+ (zxY)*xx — (2%T) xy
and it is a (-1,1)Freudenthal-Kantor triple system ([K.1],[K-O.1],[K-O.4]).
§2. Symmetric composition algebra

Z O TIE normal triality algebra ([K-0.1],[K-0.2],[K-0.3]) DA 725
#H1C &% % symmetric composition algebra IZ DWW TEZ%E L £3. LAMg, / —~xL
E % H# D Gell-Mann(quark theory DRIIEE) DHENALITE B 7272\ 8 IRIuflEK
(pseudo octonion) 2 &L < z,y > 2D Z DRECR ([O],[K.3]) 2F A LT

§2.1. Definitions and Results

Let A be an algebra with symmetric bilinear nondegenerate form < | > over
the field F of characteristic # 2. Suppose that we have

(1) 2(yz) = (2y)e =<zl >y, Vo,ye A
Then A is known as a symmetric composition algebra (SCA), since it satisfies
(1) <ayley >=<zlx ><yly > and < zy|z >=< z|lyz >, Vr,y,z € A.

Remark. Note that (§) <=7 (fl), that is, this means that the relation of
composition law ||zy|| = ||z||||y]| is equivalent to < zy|lry >=< x|z >< yly >,
because < z|z >= ||z||%.

For symmetric composition algebra, we have two Propositions as follows.

Proposition 2.1([0],[K.3]). Any symmetric composition algebra over a
field of ch F # 2, 3 is limited to be either

(a) a para-Hurwitz algebra, or

(b) an eight dimensional pseudo octonion algebra,
where the para-Hurwitz algebra is the conjugation algebra of Hurwitz algebra
(i.e., R, C, H (quaternion), O (octonion) if ch F =0), and the pseudo octo-
nion algebra is induced from Gell-Mann’s any traceless 3 x 3 matriz ([G],[K.3]).

Proposition 2.2([K-0.2],[K.3]). Any symmetric algebra A is a normal tri-
ality algebra. In particular, we have relations; di(x,y) = R(y)L(z) — R(x)L(y),
dol,y) = L(y)R(x) — L()R(y) and do(x, y)= = 2([L(x), L(y)] - Rlz,9])}= =
H< z,2 > y— <y,z > x}, furthermore, < d;j(x,y) >span== Da, and the local
triality relation (W@) that is, d;(zy) = (dj+12)y + x(dj+2y), j=0,1,2.
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Note that the ”principle of triality” due to Tits is a special case of this
proposition. These imply that there is a generalization of the derivation.

For a generalization of the symmetric composition algebra, without assuming
the nondegenerate property of < x|y >, it is said to be a generalized symmetric
composition algebra, we denote by GSCA.

Example ([K.2],[K.4]). Examples of GSCA over a field Z,, (finite field) are

Z,\/4), Zp[\/q, V7] (qr =1 mod p), Z,[i, j, k], and Zyle1, ea, - -

§2.2. Multiplication tables

SCA @ 8 IR DFLEIZ B9 5 FFEER ( para and pseudo octonion algebras
) BENZTNRORTHR SN (KA]), Wlid o =" 2565, y =3y DL E
< x|y >= Zj T;Y;j Tﬁ%éfﬂiﬂ", 772U < €i|6j >= (Si,j (7DZ\‘ V=D 5)

(*) para octonion DHEE: e1, --,e7r DFEDH|, e1es = —e3,ere; = —eg, eger = —eq.

'767]'

para case €1 €2 €3 €4 €5 €6 er
ey —1 —es eo —es e4 —er e6
eg es —1 —eq eg —er —ey es
es —e2 el -1 —er —eg es eq
eq es —eg er -1 —e1 e2 —e3
es —eq er eg el -1 —e3 —e2
eg er eq —es5 —e2 es —1 —e1
er —eg —es —eq es e2 el -1

where eg(= 1) is the unit element, and omit from the multiplicative table, also

since Vx, egx = T, eg is said to be a para-unit.
conjugation algebra %%

L DKL para octonion D
octonion (Cayley number) THd I L EZRLUTVWET.

Note that the product [e;,ex] := ejer — erej, (4, kK = 1,---,7) makes a
Malcev algebra with seven dimension ([O]). Indeed, (e;e;j)e; = e; in SCA.
(**) pseudo octonion @%E e1,---,es @E@Wﬂ, ejeg = e3, €ge] = e1,egeg = —esg.

pseudo case el ) €3 eq
3 1
el es e3 —e2 %‘36 + zer
1 3
e2 —es3 es el 5€6 — %67
3 1
es3 e2 —e1 es gax + 3es5
3 1 1 3 3 1 3 1
€4 %‘36 — 367 T3f T per %ez& — 26 %eif —2°¢8
1 3 3 1 1 3 1 3
€5 ?;6 + %67 %66 *\/267 g\e/ng %65 *}63 - %68
3 1 1 3 3 1 3 1
€6 ezt yes —Tyeetger yen e
1 3 3 1 1 3 1 3
er 5€4 + ges —“5estzes  —5e6— -5 €r  —j€l— ?62
2 -
es el e €3 —tea+ Lles
pseudo case es €6 er es
1 3 3 1 1 3
el leg+ Ler  Lestles leat Les el
3 1 1 3 3 1
€2 %66 + 5er —5€e4+ g% —§64 — 565 €2
1 3 3 1 1 3
es —jest Pes  —Peo—er e — Loy €3
Lloo 4 V3 V3 1 lo /3 _le, 3
€4 %ﬁer 5 €8 5 €1 +\;§2 %;1 5 €2 }64 5 €5
3 1 1 3 3 1 3 1
€5 S e 68 —gé1t 5 e Sertger 5 €4 365
1 3 3 1 1 3 1 3
€6 st Per  —Pes—ges  —ges+ Pes  —jeq — Per
V3 1 1 V3 V3 1 V3 1
e7 21[61—262 3€3— €8 —5€3 — ;€8 5°€6 — 5€7
3 1 1 3 3 1
€8 g ea— g6 —zeetyer  —T5es — ge€r —€8
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Here for the pseudo case, assume that /3 € F.

PA% para octonion % O, pseudo octonion (or Okubo algebra) % O, & #<.

Remark. Note that Der O = G5 and Der O, = A,, furthermore with
respect to the product [z,y] = xy — yz, (O, [z,y]) is said to be a Malcev admis-
sible algebra. Also, (O, [z,y]) is said to be a Lie admissible algebra, and the
structure is an isomorphism to A, (eight dimensional Lie algebra). These (the
cases of para and pseudo) have an application to mathematical physics ([O]).

§2.3. Linear dependency of triality derivations d;(z,y), j =0,1,2

Z DHfiTlE symmetric composition algebra @  triality derivation ® d;(x,y)
IZ&D D dy(z,y) and do(z,y) DS LIKFESGTRIND I L 2R E T,

8 XTLRELD para octonion % O, pseudo octonion % O, DFLFTXL, [FAKk
IZ 4 IRIJLD para quaternion, pseudo quaternion HEFHI N E T, O % (a)type,
O, % (b)type XX, F7z b) type is called a Okubo algebra.

di(z,y), do(z,y), do(z,y) DEEFRIZDWTIX da(es, ex) and do(e;, er) B3
di(e;, ep) D—kKEE TRRAGEEZRLUXT. Vo,y € O, (pseudo octonion) D &
E di(z,y) ddi(es,ej) (1 <i#j<8) 7% gCy =28 1@%}57&%0 End O,
DIETH Y normal triality algebra ([d1(a,b),ds(c,d)] €< di(e;, €j) >span) P
B XY Lie algeba D, with 28 dim Z4EK LU £3. > T da(x,y) ® 28 {RTD
End O, LT DT dy(v,y) DIIED 1 IRAEHIZ L O RRAFETT. 2L T
normal triality algebra 22D T  do(z,y2) + d1(y, 2x) + da(z,2y) = 0 DD 3L
B, ZORE Y, do(e;, enes) + dileg, eze;) + da(es, eier) =0 720 FTRK LD
1<k<3%ioiEeyes =eger =ep and 4 < k < 772 51F epes + eser, = —ep,
€geg — —€38 J: O do(ei, ek) & do(ei, €]€L —|—ekeg) fé‘%éhf :MC) (=8 dl(ei, Ej) D
—IRFEETTRAGETT, DX 0 dao(z,y),do(z,y) B di(ei,e;) TREET.
para case of (a): eg DD D IT eg & FHWVIULFERRIZEI A BET T D THIK.

PExaFeddEROEHEIREET.

Proposition 2.3. Let A be any eight dimensional symmetric composition

algebra. For (do,dy,ds) € Trid A, then we have
do(z,y),d1(x,y),do(x,y) are linearly dependent in End A.
That is, do(e;,er) and do(e;,er) are represented by the linear combinations
of di(ei,ex), and dim < dj(z,y)|z,y € A >span= 28 (j=0,1,2), these im-
ply, < dj(z,y) >span™= D4(28 dimensional simple Lie algebra) and satisfies
< dj(z,y)ulv > + < uldj(z,y)v >= 0. Furthermore, < d;(x,y) >span 15 an
ideal of Trid A.

Remark. If A is a normal triality algebra satisfying AA = A and involu-
tive, then, do(x,y) is unique determined by dy(x,y), da2(x,y), V z,y € A.

§3. All subalgebras of symmetric composition algebra

83.1. All subalgebras of symmetric composition algebras

Z DHiITIX Symmetric composition algebra A over a field F with dimp A = 8
D trivial TR\ subalgebra B %5449 %, %12 para case % B and pseudo
case % B, LEXHILTH L. ZDWKE,1 <dim B<T7, and 1 < dim B, <7 T
D, "EKR I DIROFERVED LD, T2 Tl iIE%EEﬁcﬁf“’C%m LTWET.

Proposition 3.1. Let A be a symmetric composition algebra over a field
F. Then there is not a subalgebra of A with dimension 3, 5, 6 and 7.



FBX (1) para type (a): dim B=1D& & B2 Feg, eq lFHAITLTT.
dim B=2®0D&& B l¥E<epej >gpan, and e; (1 < j < 7) D—D
T, A2 7 HBSEAE, BIRA F BNER DG T para complex number T# Y
Introduction DEEID new product D5 E (example) and e = —eg T
dimB=4®D&& Bl¥<eg,er,€,3 >span, < €0, €1, €4, €5 >spans
< €p, €1, €6, €7 >span7 < €, €2, €5, €7 >spana < €p, €2, €4, €6 >span7
< €9, €3, €4,€7 >span, (< €0, €3,€5,€6 >span, =4O L a para quaternion algebra
(the conjugation algebra of quaternion number) & FEIE3V 5 [AEL 7 7 M FERER
rXofEonxd.
(8t) pseudo type (b): dim B, =1 D& & B, = Feg, where (—eg)(—es) = —es.
dim Bp =20t E < €1,€8 >span,< €2,€8 >spans< €3,€8 >span FER 7 34
NEMEL L DESNE T (called a pseudocomplexnumber).
dim B, =4 D& & 2 {R5uD subalgebra < e3,eg >span ZFFD,
< €e1,€2,€3,€8 >span,< €4,€5,€3,€8 >span, < €6,€7,€3,€8 >span, DFEE R 3 H1
HF 5N E T (called pseudo quaternion by the author’s naming).[]
83.2. All Lie subalgebras induced from symmetric composition
algebras
para case (a) D& EiZ O & [z,y] = 2y —yz DT Lie T < Malcev
algebra (2720 2T OTH T D FRI VDD UNFRLADTH OERITRARFE T
Proposition 3.2. Let A be a pseudo octonion algebra (or Okubo algebra)
and for the Lie admissible algebra (A, |x,y]), then we have, there is not a Lie
subalgebra with dimension 5,6,7. That s, there only exist 1,3,4 dimension.
£, dim (B,,[, ) =1 D& & B, Feg.
dim (Bp,[,]) =2 DEEFEHEELD B, 1F <er,es >span,< €2, €8 >spans
< ez, €8 >span, W OERIND 2IRITD abel Lie subalgebra of (0,,[, ]) TY.
dim (Bp,[,]) =3 D& & B, I < e1,€2,€3 >spans < €1,€4,€7 >spans
< e1,¢€s5,€6 >span7 < €32,€4,€6 >span7 < e2,€5,€e7 >spana < e3,€4,€5 >spana
< €3,€6,€7 >span, WOEREIND THIO 3 KICD Lie subalgebra of (O,,], |)
TY, T LTENSIF A(z,y,2) =< z,y,2|[x,y] = 2, [y, 2] = 2,[2,2] =Y >span
RAENHEELVEHRSINSD 3IXILD Lie algebra & A TY .
dim (Bp,[,]) =4 D& E B, I < eq,ea,€3,68 >gpan, < €3,€4,€5,€8 >span,
< €3,€6,€7,€8 >span, 3 D 4 IRIED Lie subalgebra of (0,,[, ]) WEFILL £7.
< €1,€2,€3,68 >span DE E DA, [es, e1] = [es,e2] = [es,e3] = 0, 7205, eg B
center TH Y, F4Ud Feg & A(z,y,2) LA TT.O
Remark. (b)pseudo case: (Op,[, ]) =~ As. We create the Lie subalgebras.
(a)para case: (Lie algebra 2{E5 & &) dim (B,[,]) =1 D& &F Fey T
$.odim (B,[, ]) =2 DEEE <ep, e Sspan, & 1 F (1 <i<T7) DENNPTY.
dim (B,[,]) =4 D& EIX < eg,e1,€2,3 >span, < €0,€1,€4,€5 >span,
< ep, €1, €q, €7 >spana < €p, €2, €4, €6 >span7 < €p, €2, €5, €7 >spana
< €0,€3,€4,€7 >span, < €0,€3,€5,€6 >span, DHED T D Lie algebra T .
Feo @ A(z,y,z) EIRIBITY. 75 eg is the center, since [eg , e;] = 0.
dim (B,[, ) =30 &EIZ LD4RTDHET ey ZRW\ZHDHED 7D
Lie algebra T A(z,y,z) LRBTT. (O,[, ]) & Lie algebra Z/E5 7\,
A Cayley algebra is the conjugation algebra of a para-Hurwitz algebra with
eight dimension ([O],[K-0.2]). £ U T 8 IR DRXRRED—FETH % Cayley 1{
BUZDOWTIFE. Artin IZ X B2IROEHPH SN TWET ([S)).

31
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Proposition 3.3. The subalgebra generated by any two elements of alter-
native algebra A is associative.

£ para Hurwitz algebra O @ conjugation algebra (& Hurwitz algebra T
HY, Hurwitz algebra O —Ff®D Cayley algebra % alternative algebra T
H5Z LY, Proposition 3.3 %\ T type(a) D conjugation algebra 7%,
DFD  8IRILD Cayley algebra 2% ZOMWEZMELET. LrLads,
pseudo algebra O, DEEIIRER LY (e1e1)ea = e2 # e1(e1e2) = —eo and
(eses)es = —eq # eqleses) = eq, FD O Artin’s theorem % Jii 7z X 72 W REK
R T9Y. HIZ paraoctonion X para unit Z2&5 3%, pseudo octonion 1%
unit(BA6)  para unit HHFH EHA. D% D, symmetric composition algebra
IZHWT (a) type (para case) and (b) type (pseudo case ) DRER TiE MHEEMA
B0 ET. UL LRAIUHEEZTAET 25EHFAMELET. IREITHMHL 7.

83.3. Miscellaneous results

Z DHITW L DA D symmetric composition algebras ([K-0.2], [K-0.3], [K.3])
IZDOWT DFER%Z B FJ . That is, para and Okubo algebra cases TF .

Let ¥ = {a = (al,ag,ag) S A3|ajaj+1 = Qj42, < Qj,05 >= 1,Vj =0, 1,2},
and put o;(a) = R(aj41)R(a;12), 0j(a) = L(ajy2)L(aj1+1). Also we set G :=<
0j(a)0;(b) and 0;(a)o;(b)|V a, b € ¥ >gen. Then we have the following.

Proposition 3.4([K-0.3]). Let A be a symmetric composition algebra. Then

aj(a)(zy) = (oj11(a)7)(0542(a)(¥)), 0;(a)(zy) = (0j+1(a)x)(0;12(a)y),
<ojla)zr,y >=<uz,0;(a)y >,

and furthermore, G is a invariant subgroup of Trig A.

A symmetric composition algebra with dim A =2 DFE, Aut A= S;
if /3 € F, Trig A is a infinite group if F is infinite.

A be a symmetric composition algebra. The two cases of para and pseudo
have a subalgebra B =< e, f >;,qn of A eqipped with e, f € A satisfying

ee=e, ff=—cef=fe=—f,<ee>=<f,f>=1,<e,f>=< fle>=0.

The case of para is e = eg and f = one of e; (1 < j <7), the case of pseudo is
e =—egand f = oneof e1, ez, e3. Any xz,y € B satisfies the quadratic relation;
zy=yr=—<ex>y—<ey>zx+d<ex><ey>— <uzy>)e Hence
this subalgebra B is a quadratic algebra with the para-unit element.

84. Magic square tables and bisymmetric spaces

84.1. Magic square table of Lie algebras

Following ([K-0.2],[K.4],[K.5] and references of therein), triple systems or
normal triality algebras A (ZF{ff L 7z five graded exceptional Lie algebras L(A)
BB D, Dk, K F B0 ORBEAKE T 5.

I) A= 0 ® O DE# (tensor product case , and dim g_o = dim go = 14)
A=A, ® Ay, dim Ay, dim Ay 5 EEHAVS &, TNZ I construct 45
Lie algebra (&L FORKIZZ2 D, 2L T A= 0 ® O @ subalgebras 559 5.

L(A) = g_209-1Dgo®g1®g2 = Eg, g_2®g0Dg2 = Dg, go = D7®gl(1),A = g1
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dimA;\dimA; | 1 2 4 8
1 A1 Ag C3 F4
2 Ay Ay@ Ay As B
4 03 A5 D6 E7
8 Fy Eg E; FEs

Eg % extended Dynkin diagram THT & g 1 ® g1 = L(A)/(9—2 D go D g2) =
Eg/Dg 1% 128 X5t DX FRZE[H);
®—0—0—0—0—0— O—E, E omitted = Dsg, and ® is highest root.

I A= ( g ; D4 (balanced case, and dim g_o = dim g = 1)
L(A) = Es, g 2990 @2 = Er @ A1, go = Er&gl(1),A=g_1.
Z 2T H3(0) = H3(A)(= B) %2551 E%—.’rfﬁ@ia 7272L A 1% Hurwitz
algebras over F. =L T V( a8 > ( g ) =A 9 5L dimB IZxf
LT, D Lie algebra (&2 l\@ﬁ E
dimB | 1 15 27

dimA 4 14 20 32 56
dimL(A) | 14 52 78 133 248
L(A) Gy Fy Es E; Eg

Z D& D construct T 7z Eg % extended Dynkin diagram TH&KT & g_1Pgy =
©— E— 0—0—0—0—0—0, @ omitted & A; ¢ E7, © is highest root.
|

[e)

Remark. 56 {XJtD balanced 72%E[H A I$&#)IZ F.Hreudenthal {2 &k %
metasymmetric geometry OFFFLUZEL, normal triality algebra or triple system
T DT I DY ATBE A B 72 structure % FF D, generalized Zorn’s vector
matrix &EHENTWE T ([K-0.2],[K-0.3]).

84.2. Bisymmetric spaces associated with exceptional Lie algebras

U —BEOEZEHIN ) —REL L W d 2 BMR & [FRRIC I FR2E D #22E M AT Y —
:IEJMJG@('C% 5OTIITIFZHRTEZRLUEY. DF D Bisymmetric space

F(XIRD & 574 (By, Bs, By, Bs) ® Lie triple system @ pair T
(I) dim Bj/dim B, = dim By/dim Bg = dim Bg/dim B, =2, and
B, < Bg < B, < B;s

as Lie triple subsystem’s series of the Lie triple system g_; ® g; of 5-graded
Lie algebra g = L(A) = g_2 ® g—1 D go ® ¢1 D g2 associated the normal triality
algebra A = g_1 and Der (g—1 ® g1) = g—2 D go ® go.

- T, § 4.1 THRARAERZHNT (1) type DFA, XD & 5 72 bisymmetric
spaces O series BMFHNET. N % Type (I) D Bisymmetric spaces & IFE3.

(©) Fu/Bs< Eg/(Ds ® gl(1)) < Er/(Ds © A1) < Eg/Ds



34

and the dimensin of bisymmetric spaces of type (I);
16, 32, 64, 128  respectively.

extended Dynkin diagram (NFZE[H) D Er, Eg, Fy (ZLA NORRIZR D £77;
o—o]-o—o0—o0—0—®, [o]omitted = D& Ay, and ® is highest root.
|

o

[c] —o—o0—o0—[o] [o]omitted = D5 ® gl(1), and ® is highest root.

(¢]

|
®

® —o—o=>o—[o] [o]omitted = By, and ® is highest root.
(IT) type D&H# (balanced case) ® [AIBRDFER MK AIGETT. LA L
(II) (dim Bs + 16)/dim B, = (dim B, + 16)/dim Bs =

(dim Bg +16)/dim B, =2, and B, < Bg < By < Bs
LEFT S, £ LT Type(Il) ® Bisymmetric space LFERZ XIZL X7

(O0) Fu/(C3 @ A1) < Eg/(As © A1) < E7/(Ds © A1) < Es/(E7 © Ay)
and the dimension of bisymmetric spaces of type (II) ;
28, 40, 64, 112 respectively.

type (II) @ extended Dynkin diagram ONFRZE[E]) D Er, Eg, Fy D56
o—o—o—o0—o0—[0]-®, [c]omitted = Dg @& Ay, and ® is highest root.
|
@)
0o—0—0—0— o0, E omitted & A5 ® Ay, and ® is highest root.
|

|
®

® —[0o]-0o=>o0— o, [o]omitted = C5® A;. and ® is highest root.

Here Ay, As, B4, C3, D5, and Dg mean classical simple Lie algebras.
Remark. Type (II) IZHWT®D L(A)/go & L THIS vector spaces D series;

Fy/(C3 @ gl(1)) < Eg/(As ® gl(1)) < Er/(Ds @ gl(1)) < Eg/(E7 @ gl(1))

(dim Bs+18)/dim B, = (dim B,+18)/dim Bg = (dim Bg+18)/dim B, = 2,
and B, < Bg < By < Bs % bivector space & U T » %D REHEE B FIE
(bireductive homogeneous spaces) and their dimensions are 30, 42, 66, 114,
respectively, normal triality DOHEIREER & LT D algebraic structure 3 F(EL T
WHEEZTWVWEY. - SROMERED ~DTY.



Concluding Remark. One of our fundamntal philosophy is to study the
construction of 5-graded Lie (super)algebras g = g_2 ® g—1 ® go ® g1 © go,
satisfying [g;, g;] € g4 without using root systems and Cartan matrix.

EHDOBEDH ([K.5)) BNERE T WET Springer & O HHRI N72Z D
A (EERRRIREE) 3G GHIRE D B O REN A2 M 5 721213 &RIZ T2 L
ZEZEFTOTHIEDD S HIETSMI NIV, FREHOSREARE & R 22 HHY
DO HGEE HAGEDORLE UMM X2 D £ U7z, THALZI V.
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