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ABSTRACT

As technological systems continuously grow in size and complexity, we need
a large-scale system theory to overcome the computational and other sorts of
difficulities by the increase of the size of the systems.

In this thesis, several problems which concern with the Lyapunov stability
of large-scale systems are studied. The focus is set upon two special classes
of large-scale systems. The well-posedness, stability conditions, and the
stability regions of such systems are studied.

In Chapter 1, general results concerning the stability of composite systems
are reviewed, and the significance of this thesis is clarified. Further, a little
more detailed reviews on the past researches about the well-posedness conditions,
stability conditions and stability regions are made.

In Chapter 2, the well-posedness of large-scale systems describéd by
functional relations is studied, and a sufficient condition for well-posedness is
obtained.

In Chapter 3, a composite system method in the stability analysis of large-
scale systems which are described by differential equations is studied. A
stabllity condition and an estimate of the stability region are given. The former
result is used in Chapter 5.

In Chapter 4, the Lyapunov stability of a multi-input multi-output Lur'e
type system with time-varying nonlinearities is studied. A frequency domain
condition containing an arbitrary parameter ''weight'" s obtained, and the relation
between this weighted multivariable circle criterion and the other two conditions
are studied. A method of searching a feasible weight Is proposed.

In Chapter 5, the Lyépunov stability of composite systems which are composed
of Lur'e type subsystems is studied. Four cases of the composite systems are
considered according to the subsystem assumptions. In each case, a frequency
domain condition is obtained. And the relation between these conditions and
Lz-stability conditions are clarified,

In Chapter 6, the results of Chapters 4 and 5 are summarized from a view-

point of constructing a Lyapunov function and the estimates of the stability



regions are given by using these Lyapunov functions.

In Chapter 7, eight examples are examined to compare the results of the
preceding chapters with other conditions. As a practical example, the transient
stability of a multi-machine power system is studied.

In Chapter 8, the results of this thesis are summarized.



GLOSSARY

Notations
a, Ej ; vectors (underscored)
a, ; j-th component of the vector a
a}k) 3 j—th component of the vector ay

A, A, Ajk y matrices

[Az]jk’ A s jk-th element of the matrix A

2

] ; unit matrix
A>B ; the matrix A - B is positive-definite
A :.B ; the matrix A - B is positive-semi-definite
A* ; conjugate transpose of the matrix A
AT s transpose of the matrix A

mak(A) + maximum eigenvalue of the matrix A if it exlists
|al ; absolute value of the scalor a

|2l ; a vector whose ]J-th component is |aJ|

[1al] ; Euclidean norm of the vector a .

. ; d/dt

*
in Chapter 2, we use the symbols A, A", ||a]| in a different sense.
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Chapter 1 Introduction

In the last few decades téchnologlcal systems have been continuously growing
in size and in complexity. To catch up with this situation, we need new systematic
methods to overcome the computational and other sorts of difficulties by the
increase of the size of the systems. Actually, many researchers have been trying
to establish a large-scale system theory (ﬁesarovic & Takahara 1975, Michel &
Miller 1977, §i1jak 1978, 1EEE Control society 1978). This thesls a]go aims at
making a contribution in this field.. Especially, we study the problems which
concern with the Lyapunov stability of large-scale systems. The focusAis set
upon two special classes of the large-scale systems which often appear in
englineering problems. The well-posedness condition, the stability condition and
the stability regions of such systems are studied,

The fundamental method used in this thesis is to regard a large-scale system
as the interconnection of smaller systems (i.e. subsystems) and fo make three step
analysis. Namely, we first analyze the subsystem independently, next anﬁiyze the
interconnection, and lastly combine the results to reduce the property of the
whole. This method has been cal{ed the '"composite system method' or
"decomposition-aggregation method". The use of the composite system method in the
stability analysis of control systems appeared first In Bailey's paper (1966)
whereas the basic ideas tracé back to gellmég (\962) and Matrosof (1962). 'Up
to now, the composite system method”has been developed both for the LyapunoQ
stablliiy analysis and the input-output stability analysis. As for the former,
the method can be classified into two sub-classes, i.e. the vector Lyapunov
function method and the scalar Lyapunov function method. The principal idea of
the vector Lyapunov function method is to use a set of functions which
respectively represent the subsystems and to make a comparison system which
reflects the stability of the original one. This method has been studied by
Baily (1966), Siljak (1972, 1978), Grujic et al, (1976), Michel (1974),
Welssenberger (1973), and Mori (1977). On the other hand, the principal idea of
the scalar Lyapunov function method Is to construct a Lyapunov function for each
subsystem and to use the weighted sum of these Lyapunov functlons as the

candidate for the Lyapunov function of the whole system. This method has been
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studied by Michel (1970, 1975), Thompson (1970), Araki (1971), Araki & Kondo (1972)
Michel & Porter (1972), Suda (1973) and $iljak (1973). The comparison of the
above'two methods are as follows. Bailey's condition (1966), which uses the
vector Lyapunov function method, is. included in the condition obtained by the
scalar Lyapunov function method (Thompson 1970, Araki 1971, Araki & Kondo 1972,
Michel & Porter 1972). Generally, stability conditions which can be obtained by
the vector Lyapunov function method with linear, time-invariant comparison systems
are always reduced by the scalar Lyapunov function method (Araki 1978b).
Application of the composite systém method to thé input-oﬁtpﬁt stability was
studied by Tokumaru et al, (1974), Lasley & Michel (1976), and Araki (1976a). As
the Lz-stability, which is a spécific class of the input-outpﬁt stability, implies

the asymptotic stability in the large, the L,-stability condition is also useful

2
for the analysis of the Lyapunov stability. The input-outpﬁt analysis has-
advantage in giving a'transparent outlook; and actually simplevfreduency domain
conditions are obtainéd for the systems composed of Lur'e type subsystems
(Tokumaru et al 1974, Lasley & Michel 1976, Araki 1976). waevér, this method
has an important drawback that it cannot deal with local stability directly and
is importent in evaluating the stability regions. Since,jusually, p;actical
large-scale systéms can be stable only locally and since the stability region is
an important factor to evaluate the quality of'the large-scale sys;éms,vthe LZ-
stability analysis alone cannot bé a satlsfactory tool for our purpose.

Now, a number of general results are available concerning the stability
of composite systems as reviewed in the above. However, not much have béen done
about the application of those conditlions to specific systems, Especially,
construction of subsystems' Lyapunov fﬁnctions has been thé bottleneck in the
application and only a few results are available up to now. In this thesis, we
focus on the two classes of systems shown in Fig. 1.1 and Fig. 1.2 and make an
intensive study about their Lyapunov stability and related problemsﬂ I
deriving the Lyapunov stability condition of such systems, we can think.of two
possible ways as mentioned in the last paragraph; one is to apply the composite

type theorem on the Lyapunov stability directly, and the other is to use the

composite type theorem on the Lz-stability and assure the Lyapunov stablility in

_3_



the large by virtue of the general theorem‘on the relation of L2-stability and
Lyapunov stability. If we‘follow these two ways and obtain stability conditions
for the system of Fig. 1.2, the two results do not coiﬁcide. To be more accurate
the conditions obtained by the direct application of the Lyapunov stability
theorem turn out to be more conservative than the conditions obtained by the LZ-
stability theorem. This fact suggests that the existing theorem on the Lyapunov
stability of composite systems is not satisfactory with respect to its sharpnéss.
In the following, we first improve the Lyapunov stability theorem on the
composite systems so‘that sharper reéuits.can be obtained. Then, we present a
metﬁod to construct a Lyapunov fuﬁcfion of the systems of Fig. 1.1 and 1,2 based
on the positive-real lemmas. As the results of these schemes we can directly
" derive the Lyapunov stability condition which agrees with the Lz-stability
chéitions (Araki 1976, Saeki et al,1979). We also study a method of estimating
the stability regions using the above Lyapunov functions. In applying the above
fésuits to practical (physical) systems there is a fundémental question whether
- the baéic differential equation represents the physical system appropriately or
not. .This question arises when more than two mathematical models are combined
to describe a larger system, which is generally called the well-posedness problem.
Since our basic idea is to describe a large-scale system as the intercongection of
smaller parts, this well-posedness problem is of primary importance for the
agplication of our results. So, we use one chapter for the study of the well-
posedness of composite systems. C s

Now, let us make a little more detailed review on the past researches about
the well~posedness conditions, the stability conditions and the stanlIty regions
which can be applied to the classes of the large-scale systems treated i; this
thesls,

First, let us review the researchés about the wellrposédnéss conditions.
Zames (1964), J.C. Willems (1971b), and Desoer & Vidyasagar (1975) studfed this
problem for'single-loop feedback systems. Céncerning large-scale systems, lkeda
& Kodama (1973), and Vittaco & Michel (1977) gave sufficient conditions for the
existence and uniqueness of the solution, where the former dealt with the systems

LA

described by a block diagram form and considered the existence of a state space
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representation at the same time, while the latter treated systems described by a
set of differential and algebraic equations and studied the stability problem at
once. Maeda & Kodama (1977) and Vidyasagar (1980) studied a stricter well-
posedness property which requires the existence of the solution also for the
systems obtained by inserting parasitic delay elements. His result has advantage
in the points that he employed the functional description of systems which includes
the above two types of descriptions, that the requirements of the well-posedness
are stronger, and that the condition is given in terms of the properties of the
subsystems and interconnections. But it contains the drawback that the condition
does not reduce to Willems's condition (Th. 4.1 1971a) when applied to the single-
loop feedback system. This is mainly because Vidyasagar's condition is concerned
with the "qualitative'" (i.e. graph-theoretical) nature of the systems and does not
take the ''quantitative' property into consideration. We will study this topic in
Capter 2. We present a quantitave condition which reduces to the Willems's
condition when applied to a single-loop system and which is expressed in terms of
the Instantaneous gains of subsystems and interconnections. Our result includes
the Vidyasagar's condition, and is more powerful than his in the point that we

can guarantee the well-posedness of such systems which contain loops without any
smoothing*operator.

Secondly, let us review the researches about the stability of the system
given in Fig. 1.1. This system has been studied in the absolute stability problem
by many researchers (Popov 1973§ ﬁarendra & Taylor 1973). The single~input single-
output case was studied first, and the result was extended to the multi-input
multi-output case. It was shown that a certain class of Lyapunov function exists
if and only if a frequency domain condition is satisfied. This result gives a
method of constructing a Lyapunov function using the frequency domain condition.
This frequency domain condition is easy to apply except for the next two points.
One point is that the condition contains arbitrary parameters and do not have any
practical means to choose them. The other point is that, because of Its matrix
nature, it is not as convénient for graphical use as in the scalar condlt!én. As
far as the author knows, there is no research about the former. As for the

latter, .some graphical conditions, which were the sufficient conditions
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of the frequency domain condition, were obtained (Rosenbrock 1973, Cook 1973,
Shankar & Atherton 1977, Mees & Atherton 1980). On the other hand, by applying
the composite system method , a simple criterion using an M-matrix+ was obtained
for Lz-stability of the above system (Araki 1976a). This new criterion bears
strong resemblance to the above mentioned graphical conditions by Rosenbrock and
by Cook. This fact suggests that there exists a strong connection between the
M-matrix condition and the frequency domain condition. We will study this topic
in Chapter 4. We assume that the nonlinearities ¢j are time-varying. The well-
posedness condition of the system is obtained using the result of Chapter 2.

A frequency domain condition which contains arbitrary parameter ' wéight ' is
obtained and this condition is referred to as the ''weighted multivariable circle
criterion.' The relation between the weighted multivariable circle criterion
and the Lz-stabllity criterion, and also the Rosenbrock's criteria are studied.
A method of searching a feasible value of weight Is proposed.

Thirdly, let.us review the researches about the stability conditfons of the
system given in Fig. 1.2. Araki (1971) and §iljak (1972) applied their Lyapunov
stability conditions of composite systems to this system, respectively. The
obtained conditions contain parameters of Lyapunov functions used in their proof.
As Lz-stability conditions do not contain these parameters, it is obviously
difficult to clarify the relation between these Lyapunov stability conditions
and the Lz-stability conditions. In the special casés of thé system, the relation
between the Lyapunov stability and the input-output stability was studied.
Namely, Cook.{1974) considered the case that ¢j's are absent and gj‘s are linear
time invariant, and Araki (1978a) considered the case that ¢j's satisfy infinite
sector condition; and gj's are linearly bounded nonliﬁear?ffes. They used a
quadratic order Lyapunov function and showéd the équivalént relatioﬁ between the
Lyapunov stability and the Lz-stability for these systems. We will study
this topic in Chapter 5. The system of Fig. 1.2 is classified into four classes

and is described precisely. It is assumed that ¢j's satisfy a finite sector

condition and‘gjls are linearly bounded nonlinearities. The system is shown to

t) The definition of M-matrices and their fundamental properties are given in

Appendix.
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be well-posed. Circle criterion type and Popov criterion type conditions are
obtalqed using the new criterion given in Capter 3. These conditions assure the
existence of Lyapunov functions of the type '' quadratic form " and " quadratic
form plus the integral of the nonlinear function ' for each subsystem,

respectively. The relations between these conditions and the L_-stability

2
conditions (Araki 1976a, Saeki & Araki 1979) are clarified.
Lastly, let us review the researches about the estimate of the stability
regions. For a single-input single-output Lur'e type system (the system of
Fig. 1.1 with m=1), the estimate of the stability region Qas obtained on condition
that the system description is valid only for some bounded values of the output
" (Walker & McClamroch 1967, Noldus et al. 1973, J.L. Willems 1969). This result
was extended to a multi-input multi-output case (Pai & Narayana 1976). In these
studies the linear part of the Lur'e type system was assumed to have no feed-
through. Concerning composite systems, to obtain the estimate of the stability
region using the knowledge of subsystems was considered by Weissenberger (1973)
and Bitsoris & Burgat (1976). They assumed that each subsystem has a first order
Lyapunov function and derived thelr result§ based on the stability condition of
Siljak (1972). .1t is probable that we can obtain a larger estimate of the
stability region if we use some other conditions sharper than giljak's condition.
We will study this topic in Chapters 3 and 6. In Chapter 3, the stability region
of general composite sysfems is estimated using the new stability condition given
in this chapter. This new condition is sharper than the §i1jak's condition.
in Chapter 6, we obtain the estimates of the stability regions of the systems
given in Figs. 1.1 and 1.2. First, we presented a concrete method of constructing
Lyapunov functions of these systems. This method is directly obtained from the
proof of the stability conditions of Chapters 4 and 5. Next we obtain the
estimates of the stability regions. As we assume that the linear part of the
system of Fig. 1.1 has feed-through, the derivation of the stability region -
becomes rather complicated compared with the previous studies. The stability
region estimate of the system given in Fig. 1.2 s obtained by applying the
resul ts of Chaptgr 3 and the results of the stability region estimate of Lur'e

type systems.
-7 -



Chapter 2 Well-Posedness Condition of Large-Scale Systems

In this chapter, we study the well-posedness of large-scale systems. We
deal with the class of systems which are described by functional relations. The
systems described by differential equations are a subclass of the systems
considered in this chapter. The result of this chapter can be easily transformed

to fit the differential equation description.

Sec. 2.1. Preliminary Study
Let us study the notation and terminology which are used in this chapter.
The S denotes the interval tTo,m). The p is a positive number greater
than or equal to 1 and is fixed throughout this chapter. For a q-vector& ,

|[€]| denotes the p-th norm, i.e.

. q
lHell =1 £ g |P2/P
=1

where 62 is the g-th component of . Lg is the linear space of the p-th power

intergrable R9-valued functions defined on S, and ||x|| denotes its norm; i.e.

LS =0 | 52 Ix(@ [P ae <=3, JIxl| = U3 [1x(®)[[P ac 1177
0 X X
For a qxq' matrix F, ||F|]| denotes the norm induced from the above defined vector
norm; i.e.'||F|| =  max ||Fg|[. For Te€S, PT denotes the truncation operator;
lEl]=1

i.e. for a function defined on S, PTi_is inen by

(PTi)(t) = .’i(t) for T >t :TO

) 9_ for t>T
The LY is the extension of LY ; d.e.
pe P
Lge = { x| Prx € Lg for any Te S }

The equality of f_and 5} in Lge is defined by P.x = P

T
>0, De denotes the delay operator on Lge, i.e. Def_is given by

T q
' in Lp for any TeS. For

(Def)(t) = [ x(t-€) for t > Tote
0 for Tygte > t 2 Ty
]
An operator F from L9 to L9 is said to be causal if P_FP_ = P_F. The F is
pe pe T7T T



sald to be locally Lipschitz continouos if

| [P (Fx=Fx") ||
S:B T = - Y <@ for any TeS
P Tlep e ||

Sec. 2.2. System Description and Well-Posedness
Let us consider the situation where we construct a mathematical model of a
large-scale system by combining models of smaller parts. A general class of such

models would be given in the form

., = u, + z H..y. =1, ***, n 2-1
o T IR T = =)
y. = 2 G, .e i=1, eee,'m (2-2)
i i=1 ij=j -
J
where eJ, u €L J and x_JeLpe , Gij Is a locally Lipschitz continuous causal operator
q
from L J to Lpé which satisfies G'JO = 0 and Hji a locally Lipschitz continuous

q.
causal operator from Lp; to Lpé which satisfies H .0 =0,

Ji

In the above, each Gij and HJi correquﬁdS'to the model of each part of the
system (i.e., subsystem), and eqs. (2-1) and (2-2) to the physical connections
among those subsystems where Ej are’ the external inputsAto this interconnected
system. Here, define RM-valued functions e, u, and R%-valued functions Yo
respectively, by e(t) = (e](t), *++, el ()T, u(t) = (] (), +==, u ()T, and
y(t) = (x}(t), ses, xl(t))T where r = riteeetr , q = qtecetq . Let operators G
from Lr to Lq and H from Lq to Lr be defined by G = (Gij) and H = (Hjl)’
Then, eqs. (2- l) and (2-2) can be snmply written as

=y + Hy (2-1Y)

e

y = Ge (2-2")
In the following, we refer to the system given by egs. (2-1) and (2-2)
(equivalently by (2-1') and (2-2')) as the CSF (Composite system described by the
functional relation), and, to the SJ as the j-th subvector of e. The norm of
g;L;e can be given by the norms of its subvectors as
I P y1/p -

el =€ eyl 1P + +e + e [1P 3 (2-3)

In addition to the above norm, we need to consider a weighted mean square norm
: 2 2 41/2

Helly = Cwy eyl 12+ oee +w e 11232 (2-1)

Note that the above two norms are equivalent. Also note that (2-1') and (2-2')

-9_



are equivalint to, by the definition of equality in L;e and by causality of G and H,

= + -
Pe=Pu+PHP Y for any TeS (2-5)
Py=PGP £ s 2-6
Q= PGP e or any Tg (2-6)

The above equations (2-5) and (2-6) are refered to as the truncated system
equations.
Now, to characterize the suitability of the equations as a model of a

physical system, the well-posedness is defined as follows.

Definition 2-1

The CSF is said to be well-posed if it possesses the properties (1), (i)
and (iii).

(i) There exists a unique pair of caﬁsal, locally Lipschitz continuous

operators E from t" toL" and Y from L"
pe pe pe

to Lge such that the pair (EJ Z) given
by E_='Eg_and y = Yg_is the solution of CSF; i.e., these S_and Z_satisfy
eqs. (2-1') and (2-2').

(ii) Let CSF_ be the system described by the equations obtained from (2-1)
and (2-2) by replacing Gij and Hji with Deijcij and Dg'.Hji’ respectively. Then
CSF_ satisfies the above condition (i).

(iii) Let (SF, v€) be the solution of CSFe and let

g, = max - {e,., €', }. Then,
0 . . ’ ’
|=]""’ n;J=]r"" m Y 2
. €_ p. : € = o -
é;moPTs PTE R ALQOPT¥ pTX'for any teSs (2-7)

where (E) z) is the solution of CSF.

Condition (i) would be nathral as a model of a physical s?stém. Condition
(i1) reflects the consideration that it takés a finité timé, thoﬁgh it might be
very small, for a signal to travel from oné sﬁbsystém to another, and
condition (iii) requires that thé behavior of thé solution doés not changé
incontinuously even if we take those delay timés into con§idération. Comparison
of our definition to the Vidyasagar's (1980) and Willems's (¥971) will be done

in Sec. 2.6.

Sec. 2.3. Uniform Instantaneous Gain

- 10 -



Willems (1971) used the uniform instantaneous gain of operators to guarantee
well-posedness of single-loop systems. We follow the Willems's {dea and adopt

the following definition.

Definition 2-2
. ]
Let F be a locally Lipschitz continuous causal operator from Lge and Lge.
Let TeS and AT >0. Then, there exist two honnegative numbers MT,AT and KT,AT

such that
HPrypr = Progr) P = B 2 My p 1P pp = Pr_pg) (2 = x|

- x! -
* K prl Progrx - xO L (2-8)
' q o . % .
for all x, §_eLpe. We refer to the infimum MT,AT of the MT,AT as the uniform

%

ga”l 01 I n tlle inter Va] [I AI, I"AII’ and I”l “ as tlle WZLJOIHI
T,AI
AI ’Io

The existence of .lim M. in the above definition is guaranteéd b& the

T,AT .
AT+0

next lemma.

Lemma 2-1

M If AT > AT,

7,01 Z M7 areo
(Proof] By causality

(Progrs = Progre) (X = Fx') = Gy = Proyg ) (PP = FPr )
Therefore
P rgpre = Progp) P = PO T 2 1Py up = Propgd (FPrppqx = FPr x|
<M arl 1 Cragr = Proar) Craggox = Proprix) ]
+ Ky arlIPripr (e = x|
Shp ol I Proare = Progpd (2 - 2911
g+ K ) P - x|
From this, the conclusion of the lemma is evident. [Q.E.D.]
The uniform gain M:,AT can be interpreted as giving, roughly speaking, the
extent of the contribution of the difference between x and x' in the interval
[T-AT, T+AT] to the difference of the output In the same interval. So, the
uniform instantaneous gain can be interpreted as the absolute value of the

"" feed-through " of the operator F. This interpretation is justified by the next
_||..



theorems which give upper bounds of the uniform instantaneous gains of two

important classes of operators.

Theorem 2-1 (Uniform instantaneous gain of linear systems)

Let the operator F; Lge -+ Lq be defined by

(Fx) (t) = f Flt, T)x(t)dt + F x(t) + I F x(t € ) - (2-9)
where F(t, T) is an qxq' matrix whose elements are]dlfferentnable in both
arguments and which are absolutely integrable in T for any t, € (k=1, 2, 3,0+ )
are positive numbers, and the constant matrices Fk (k=0, 1, 2, *++) are assumed
to satisfy Z ||Fk|| <o, Then, the uniform instantaneous gain of F is less than

or equal to ||F l|

Theorem 2-2 (Memoryless system)
Let the operator F; Lge -+ Lg; be defined by
(Fx) (t) = ¢(x(t), t) (2-10)

where the function ¢( , ) satisfies

lotx(v), &) = o(x' (6), )] < BB ||x(t) - x' ()] (2-1D)
Here, B(t) is assumed to be piecewise continuous and bounded in any finite
interval [TO, T]. Then, the uniform instantaneous gain at T is less than or
equal to

B°(r) = 1im  sup B(t) (2-12)
AT+0 te(T-AT, T+AT)

In Theorem 2-2, it should be noted that B'(T) = B(T) if B(t) is continuous at T.

(Proof of Theorem 2-1] Choose AT so that 0< AT < %—min € - Define the
k
function z by
- z(t) = [P ar = Propp) FxI(t)

fT+AT

0 Flt, f)i(r)df + Fox(t)  for T-AT < t < THAT

0 : for t < T-AT or t > T+AT

where we employ the convention that F(t, T)=0 for t<t. Then,

Hzll = GTRT 1T Fie, Dx(mdr + Fox(e) |[Pae )P
<P U™ Fe, Dx(ar] + |18 Fe, Dx(er]

+ | Fgx(t)|[1Pay'/P
- ]2 -



Using Minkowski's inequality

lzll 2 GTRT 13 AT Fie, Dx(de] Pan) /P

+ (TAT | TRTEe, x(de| Pan) /P

1
+ (f¥+ﬁ$ ||F0§jt)||pdt) /p

Using the result of Vidyasagar (1980, Lemma A]) to estimate the second term.
' 17p  Up - '
Hzl Ky, ar Progrx ]+ i1, ar 2T, ar Pragr = Progr)xl]
R THPryp = Pro x|
where
STRT (F (e, o | ae

c = sup i
8T re[T-AT, T+4T) I7-a1
T#AT
c = sup T |IF(t, ©]]dt
2T, 8T e[T-4T, T+a] TOT
.‘- + .]_. = ]
P q

As F(t, T) is a continuous function of t and Ty + 0 when AT - 0.

T, a1 ot AT

Therefore, the uniform instantaneous gain of F is less than or equal to ||F,]|

(Note that F is linear). [Q.E.D.]

[Proof of Theorem 2-2] By (2-11) and by the definition of B*(T), we have
llate: © - o', O[] < 68°M + &}l jg - &'l
t e [T-AT, T+aT]
for small AT where § -+ 0 when AT + 0. From this, the conclusion is eyident.

[q.E.D.]

‘e

Sec. 2.4, Sufficient Condition of Well-foéédness

Concerning the well-posedness of the CSF, we have the next theorem.

Theorem 2-3

Let the uniform instantaneous gains of G,, and H,, at Te$S be a, (T) and

i) jt
bjI(T)’ respectively. Define the gain-product matriz Q(T)= (ijq(T)) by

8,.,(T) = Z b T sy JV =1, ees -
JJI( ) (=1 ( )aijl(T) j j 1 sy N (2 ]3)
Then, if the matrix 1 - O(T) is an M-matrix for all T, the CSF is well-posed in

the sense of Definition 2-1.

[Proof] (i) Define O(T, 8) = (6

jj'(TIG)) for 6 >0 by

..]3-



550 (T10) = "E‘ (b, (M + ) (a,,(1) + 6) (2-14)
Since | - B(T|0) = I - o(T) is an M-matrix, and since the elements of B(T|¢)
continuously depend on §, there is a positive number 8o such that | - 9(T]¢)
remains an M=-matrix for all 6<60. By the definition of the uniform ipstantaneous
gain and by Lemma 2-1, the next inequalities hold true for sufficiently small AT

and for some Kij >0 and K!. 50:

1 Prypr — TAT)(G x - 6 x ||

< (aij(T) + &) [Py = Pre AT)(X - X! )[] + K, || T- AT - x )||
I"'j r,
i=1, see, n; j=1,000s, m: X e Lpe ; fj € Lpé (2-15a)

1
W Prgpr = Propr) (B0 = By
- - ] ¥ - ]
< Gy M+ [ Pryyr = Proyd (v -y ]+ Ky HPopr(y = Y]
- X 9 |
i=i, eeey nj j=l, cee, m-ye Lpe; zf € Lpe (2'15§)
wa, let us assume that we have a unique solution Qé,sa for the interval
[TO, T'].r where T-AT < T' < T+AT, and show that the solution can be extended up to
T+AT uniquely. Substituting (2-6) into (2-5) and setting ¢ = T+AT,
Praat® = ProarCProare * Proart (2-16)

By assumption, we have

Prig = Py HGPT,e * P (2-17)

Subtracting (2-17) from (2-16) and considering the facts that e is an extention

of g_(i.e. PT,§_= PT'é) and that HG is causal, we obtain the equation

Presre™ (Progr = PradHOPr, e + Prie + (P = Pru
(2-18)
. \ r \
Now, if x and x' € L2e satisfy
Prox = Prx' (2-19)

we obtain from (2-15a) and (2-15b)++

t) To be exact, Eﬂt)ég and iﬂt)fg for t>T', and the pair (PT,E) PT'Q) is the
unique solution of the truncated equations (2-5) and (2-6) with 7=T'.
11+) Here, T-AT is replaced by T'. The validity of such replacement can be

proved in parallel to the proof of Lemma 2-1.
- 14 -



[Py pr = Progp) (Hox - Hex') ]|

m
< I

i=1 (by; (T + ) kz::l >{(aikm + O Py - PT!)-(ik “x) 1D

J=1, **e, n (2-20)

where (HGx - HGx'); Ts the j-th subvector of HGx - HGx'. From (2-20) and (2-14),

we obtain
|I(PT+AT - PTI)(HGE_- HG?}_I)HW
| n _ 2.1/2
- - x! -
2 Gkl B I Cr - P Gy - 5 1117) (2-21)
where ‘|] ||w on the left-hand side is the weighted mean square norm defined by

(2-4). If we set

g - (HPrypr = Prad Gy = 21 oees [Py pp = Prd (g = xID

(2-22)
the right-hand side of (2-21) can be expressed a§ ETGTW§§ where W = diag(wj);
j=1, *+¢, n. Since I - B(T|8) is an M-matrix, we can choose W = diag(wj) so that
W - @Twé'is positive definite (Lemma A-4). This means that there is a nonnegative
constant y <1 such that
§_T‘§Tw“§ < ygTw_e; (2-23)
As a result, we obtain
[[(Prypy .= Prod (Hx = Hex Y [| g < || (Pryyr = Prad (x'= xD]y, - (2-24)

for x and x' which satisfy (2-20). Here, let us consider a sequence PT+ATSk
(k=1,2,+¢+¢) which is given by

Pranteier = (Prapr = Pro)HOPr spey + Prie + (Pr g = Prdu (2-25)

From (2-2?), ( - PT,)HG is a contraction mapping. Therefore, PT+AT3k

PT+AT
converges to a limit PT+ATE which is the unique solution of (2-18). This
solution clearly satisfies PT'E-= E, Thus, we have shown that e can be

uniquely extended up to T+AT.

Here, let IT=(T-AT, T+AT) be the open interval such that (2-15a) and (2-15b)
hold true and 1-8(T|8) is an M-matrix. By the Heine-Borel finite-covering
theorem, a finite closed interval [T, ?] can be covered by a finite number of
intervals I_. Therefore; the whole S can be covered by an infinite series of

T

intervals lTk (k=0,1,2,°¢¢; TO<T‘<-~-<Tk<Tk+I--- ). For the first Interval

- 15 - )



T ATO], we can show that there is a unique solution PAT e for the truncated

0’

0
equations (2-5) and (2-6) with T=AT, in the same way as the proof of the
existence of the extention. By extending this solution interval by interval as
shown in the preceding paragraph, we can conclude that there is the unique
solution (e, y) of (2-1) and (2-2).

The causality of the operators E: EJfE and Y: Ejﬂz_is evident from the
manner of constructing the solution (gj x). To show local Lipschitz continuity
consider two inputs u and u', and let e and e' be the solutions corresponding to
the inputs u and u', respectively. Then, by using (2-15a), (2-15b) and the

. _ . _ . - o
assumption that 1-6(T) is an M-matrix, |](PT+AT Prar) (& e')]| can be
bounded as
- - 1 - 1
HPriar = Proap (e - e ] 2 aplPy_pple - e _
- - ) -
+bpl [ (Prypy = Propp) (- uD ] (2-26)
where ar and bT are some finite numbers. By using (2-26) repeatedly, we can
show local Lipschitz continuity.
(ii) For the delayed operator Do Gij’ we have
i

- - 1
[(Prypr PT-AT)(DeijGiji DeijGiii M|

- - - 1

= ll(PT+AT-eij PT-AT-eij)(Gijf- 6521

[ Prypr = Propp) (6% - 652

A

- - t
+ 1Py PT-AT-ei.)(Gijf- 621
- - ] - 1 -
£ Py = Proap) G yx = Gx) ]+ vq_ gl Pp_p (- XD (2727)
where, in deriving the last inequality, we used the local Lipshitz continuity of

Gij' From this, we can conclude that the uniform gain of De Gij in [T-AT, T+AT]
iJ

is less than or equal to that of Gij in the same interval. For D_, Hji’ we
ji

can obtain the same conclusion. So, just as in the derivation of (i), we

can show that the solution (EF, EF) of the CSE on [T, T'] can be extended

07

e (k=1,2,+++) by

up to T+AT. Namely, define the sequence PT+AT—

€ _ 5 VWEREE ~€ _ _
Proateirt = (Praar = PpdH Gey + Prie” + (P g = Pru (2-28)

- 16 -



X € _ € :
where G~ = (DEHGU) and H (DS!.Hji).
ij ji
Then, PT+AT9E converges to PT+ATEF which is the unique solution of

€ ELE €
e

. _ ) ~ ) )
Praate = (Prypr = PpIHGe + Prie” + (Pr 0 = Prdu (2-29)
From this, we can conclude that CS, also has Property (i).

(ii1) By the fact that the uniform gains of D Gij and D_, Hji are not
ij ji
greater than those of Gij and Hji’ respectively, we can conclude that the

€ . . [
sequence PT+ATSk converges uniformly with respect to eij and Eji' So, the

order of égmo and k+» can be interchanged. Therefore, if égmo PT,EF =P

we obtain égmo PT+ATEF = PT+AIE’ By induction, we can conclude that

e

ligy Pre = Pe for any tes. , [Q.E.D.]

Sec. 2.5. Graph-Theoretic Expression of thé.Well-Posedness Condition
and Relation to the Vidyasagar's Resﬁlt
Here, let us study the graph-theoretic implication of the well-posedness
condition obtained in the preceding section: Thé ne*t theorem tells that the
M-matrix condition of Theorem 2-3 can be tésted in two steps: i;e. a preliminary
study of the digraph obtainéd from the systém equation and M-matrix tests of

matrices with smaller sizes.

Theorem 2-4 _

Let G(CSF) be the digraph with n+m .nodes labelled as €1s Tty 5 Yyttt
Y, and with 2nm edges connecting e to y; and y; to e (1=1, se+, m; j=1, +se,n).
Let Go(CSF) be digraph obtained from G(CSF) by striking out edgés as follows.

(a) If the uniform instantaneous gain aij(T) of Gij is zero for all TeS,
strike out the edge from ej to Yie

(b) If the uniform instantaneous gain bji(T) of H,, is zero for all TeS,

ji

strike out the edge from y, toe Let Gk(CSF) (k=1, «++, s) be the strongly

J’ ,
connected parts of GO(CSF). Assoclated with Gk(CSF), consider the smaller size
compos ite system CSFk given by

_]7_



u + I Hjiy_i jed, (2-30)
lelk

G,.e. iel 2-31
Y; jga LT Pely » (2-31)

where Jk is the set of j such that the node ej belongs to Gk(CSF), and Ik is the

e,
—

~<
It

set of i such that the node y, belongs to Gk(CSF). Let C&(T) be the loop-gain-
product matrix of CSFk. If - Gk(T) is an M-matrix for all TeS and k=1, ¢*°, s,

the CSF is well-posed‘in the sense of Definition 2-1.

[Proof] Since GO(CSF) has no edges connecting ej to ej; nor yj to yj,, the
strongly connected part Gk is uniquely characterized by the ej's which belong to
Gk. To find those ej's, eliminate the nodes Y from GO(CSF); i.e. connect e.j to
ej, directly if there is at least one node Y; sﬁch that Gb(CSF) has edges from ej
to y; and Y; to ej,. Then, we obtain a digraph 5b(CSF) with n nodes ey "ty e
If we consider the fact that aij(T) >0 and bji(T) 29 and the way of constructing
Eb(CSF), it would be evident that the node-to-node incideﬁce matrix of Eb(CSF) is
obtained from the loop-gain-product matrix O(T) by replacing non-zerc elements
with IT Now,>by renumbering ej's, we can bring the non-negative matrix o(T) to
the normal form which is lower block triangular given in Fig.AZ-l (Seneta 1973).
As shown in Seneta (1973), each strongly connecfed subgraph of Eb(CSF) corresponds
to a diagonal block 6, of this normal form. Now, | = O(T) is an M-matrix if and

only if its principal minors are all positive. Therefore, from the form of o(T)

given in Fig. 2-1, 1 - O(T) is an M-matrix
if and only if | - © (T) is an M-matrix for
y (7 6, 0z----9
k=1, **+, s. Since @k(T) is nothing but 9 \\~\\é
X---=- 2% 0

the loop-gain-product matrix of the CSFk,

we can obtain the conclusion of the .
Fig. 2-1 The normal form of ©(T)

theorem. [Q.E.D.] . The x indicates a block which
is not necessarily zero, and

The next corollary is evident. ek is a gquare block.

+) By the term *' non-zero element ", we mean the ejj,(T) which is not zero

for some T.
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Corollary 2-1

Af GO(CSF) has no cycles, the CSF {s well-posed in the sense of Definition

Now, let us compare the above result with that of Vidyasagar. He defined

smoothing operator as follows.

Definition 2-3

q'
pe
to be smoothing if, for any T » To and ¢ >0, there exists § such that 0< § < ¢

A causal, locally Lipschitz continuous operator F from Lqe to L’ is saild

and

[P, (FP_ = FP)x = P, (FP_ - FP)x!|]|
wup Tregt e+ t'2 7 Peag\ T ees 1 <

PregPes st IPerge ™ Pragl |

for any t € [0, T-8] (2-32)
Using this concept, he obtained the next result.

Theovem 2-5 (Vidyasagar 1980) T
Let GV(CSF) be the digraph obtained from g(cSF) by striking out the edge
from ej to Y; if Gij is smoothing and the edge from y; to eJ if Hji 1s smoothling.

I1f GV(CSF) has no cyclest the CSF has the properties (i) and (ii) of

Definition 2-1.

We can show that the abové theorem is included in our Theorem 2-4, As

preliminary, let us prove the next lemma,

+) He treated only the special case of the CSF [n which m=n and Gij=0.f°r i#].
It is evident that his result can be exténded to general C§F. The fulfilment of .
the property (ii) is not included in the main body of his theorem, but is noted
in the_rémarks‘afférfthé‘pfboF'OF'hTsAlémma H; o

++) He required GV(CSF) has no self-loops either, but this requirement is
automatically satisffed because of the special property of GV(CSf) mentioned in

the proof of Theorem 2-4.
_]9_



Lemma 2-2

&
If F is smoothing, its uniform instantaneous gain MT is Q for all T €5S.

[Proof] Choose T > T. From (2-32) we obtain

H(Pryg = PO (PP gx = PP ! T = (P g = PO (FPx = FPx) ||
2al[(P o= P)x - x|+ allp (x- x'}]
By local Lipschitz continuity of F, we obtain

1Cpg = PO Ex = BT g all(Pyyg = PO G = x|+ (ot K [[P G - x|
By setting t = T - g-and AT = §.< f - T we obtain
HPrepr = Progn) Fx = PO 2 al [Py pp = Propg) (x - 2D

+ K| [Pr_yr(x - x|

* 1
of F is not greater than ¢ for all

T,AT
Te [To, T-AT]. Since T can be chosen arbitrarily large and d can be made

Thus, we obtain that the uniform gain M

arbitrarily small by decreasing §, we can conclude that Gb(CSF) is a subgraph of
GV(CSF). Therefore, if GV(CSF) has no cycles, GO(CSF) has neither. So, by
Corollary 2-1, the CSF is well-posed in the sense of Definition 2-1, i.e. it
possesses properties (i), (ii) and (iii), if the CSF satisfies the requirements
of Theorem 2-5. Thus we have shown that Vidyasagar's resﬁ]t is included in

Corollary 2-1. [Q.E.D.]

Sec. 2.6. Remarks

Our definition of well-posedness (Definition 2-1) is stronger than
Vidyasagar's in requiring (ii) and (iii). We adopted this definition because of
the following reason. One of the representative examples of ill-posed models
can be obtained when we make a loop consisting of two adders in the analogue
computer operation. If we regard an adder as ekecuting multiplication by a
constant number, the system should have a unique solution if the loop gain is not
1. However, the actual system will bé saturatéd whén the loop gain is greater
than 1. This phenomenon can be ekplained by taking thé parasitic delays into
consideration (J.C. WEilems 1971), i.é. wé can éasily find that the model does

not possess the properties (ii) and (iii) in this case. Since the situation
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observed in this example is fairly plausible in other engineering models, we think
(in and (it1) are necessary requirements for well-posedness.

Willems included contlnﬁlty of ;olﬁtions with respect to a small change of
the operators as a requirement for well-posedness (J;C. Willems 1971). The reason
why we did not include this condition is rathér téchhical; i;é. it seéms
difficult to define abstractly the ' small ¥ changés of opérators so that we can
derive a pratical condition which is applicable to varioﬁs situations.

Theorem 2-3 seems to remain trﬁé even if we include sﬁch a requirement in the
definition of well-posedness.

1f we set n=m=1, Theorem 2-3 says that the systém

e=u+Hhy , y = Ge
is well-posed if 1 > ab whéré a and b are the ﬁniform instantaneous gains of G
and H, respectively. This is nothing bﬁt the case | of Theorem 4.1 of Willems
(1971).

Smoothness of an operator F given In Definition 2-4 implies, roughly
speaking, that the uniform instantanéous gaiﬁ M: of F is zero for all T e S and
that the convergence pf M:,AT to M? is ﬁniform with réspéct to T in the finite

interval T ¢ [TO’ f].
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Chapter 3 Composite System Method in the Stability Analysis

of Nonlinear Systems

In this chapter, we obtain a stability condition of general composite
systems and an estimate of their stability regions. The results obtained in
this chapter is used to analyze the stability of specific systems in Chapters 5

and 6.

Sec. 3.1. Composite System Method

First, let us roughly explain the composite system method. For the
detailed reviews, readers are referred to , for example, Siljak (1978). The
composite system %ethod has been developed to analyze large-scale systems. As a
large-scale syétem usﬁally has many variables and is composed of a large number
of parts (subsystems) which interéct in various ways, we encounter the following
problems when we try to analyze it in one piece; The computational efforts
become enormous because of the high dimensionality and the analysis becomes
Aifficult because of complexity. For example, it is difficult to get a clear
view over the influence of various factors on the behavior of the whole system,
which is important to synthesize control systems. To remove the;e
difficulities, the composite system method has been developed. This method

follows the next procedure.

(Step 1) Decompose a large-scale system into smaller subsystems and their
interconnections.

(Step 2) Analyze each subsystem independently as if their interconnections
do not exist, and

(Step 3) analyze their interconnection parts.

(Step 4) Combine the results of Step 2 and Step 3 to reduce the properties

of the whole.

Next, let us study the composite system method in the stability analysis.
As we have said in Introduction, in the Lyapunov stability analysis of composite
systems, there are two methods; the vector Lyapunov function method and the

scalar Lyapunov function method. As we use the scalar Lyapunov function method
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in this thesis, let us explain this method according to Araki (1978a).

-Let us consider a dynamical system given by

x = flx, t) (3-1)
where f(x, t).satisfies
Cf(0, t) =0 for all t (3-2)
From (3-2), x =0 is an equilibrium. 'We want to assure Lyapunov stabllfty of
this equilibrium. When the dimensionality of this system is high and fisa
nonlinear time-varying function, it is usually impossible to construct a
Lyapunov function suited to this system. Let us apply the composite system

method. We will decompose (3-1) as follows.

x = Filx,, t) +g/(x, t)
: (3-3)
x, = F(x, £) +g (xt)

where éj is an mj-vector, Ul +n, + ece + n,=m and

2
T T
£= (-)i], -o-, E‘n)

and fi(fj, t) and 55(53 t) satisfy
ij(g, t) =0, g;(0, t) =0 J=l, ++s, m for all ¢t
This system can be viewed as the composition of subsystems

5J =£J.'(_>gj, .t) 7 C o J=1, e, m (3-4)

which are interconnected by

Y =§J.‘(§_, t) J=1, cee,m (3-5)
We refer to this system (3-3) as the CSD (Composite system described by
differential equations). It will prove convenient to consider a free dynamical
system
%= £ (0 1) (3-6)

We refer to this system (3-6) as the j-th isolated subsystem.

Now, let us make a géneral consideration about how to analyze the CSD.
As the result of decomposition, we can expect that construction of Lyapunov

functions for the isolated subsystems is comparatively easy. So, let us assume that

a Lyapunov function Vj(xj’ t) is obtained for every isolated subsystem and let
-23_



us consider to use their weighted sum
vix, t) = d‘v] + eee + dmvm ' (3-7)
dj >0, j=l, eee, m
as a candidate for the Lyapunov function of the CSD. Since vi(xj, t) is positive-

definite, decrescent and radially unbounded, v(x, t) satisfies such properties.
Therefore, the only condition we have to examine is the negative-definiteness

of G[(3_3) (derivative along the solution of (3-3)). From (3-7), we obtain

° - m - -
V-3 = 5 95 Yileee (3-8)
where
. v Ty <
Vil(3-3) = g * (oradv) {F (xg, €) + 5 (x, 1)}
. T~_ ’ -
Vil(3-g) * (grad;v;) g (x, t) (3-9)
d (——{—)av' ”—-J(—)av' )T ' (3-10)
gra jvj = ax]j y oo, ox j . 3
. mj
and xﬁj) is the k-th component of X Eqs. (3-8) and (3-9) suggest the next

procedure of the stability analysis.

(Step 1; Analysis of subsystem) Obtain a bound for Gjl(3-6)'
(Step 2; Analysis of interconnection) Obtain a bound for §J(§J' t).
(Step 3; Condition for interconnected structure) Test a condition
for the existence of dj's that assure negative-definiteness of (3-8)

from the above bounds.

The next theorem which follows the above procedure is given by Araki (1978a).

In the nect section, we will give a more general theorem.

Theorem 3-1 = (Araki 1978a)

The origin of the CSD is uniformly asymptotically stable in the large if
the next three conditions are satisfied.

(a) For each isolated subsystem, there is a positive-definite, decrescent,
radially unbounded function Vj(fj’ t) with continuous partial derivatives such
that

. 2 m,
Vilz-6) &~ aj[uj(f_j)] - ugj{x;)s x; e R J (3-11) |
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where qj is a constant, uj(éj) a nonnegative-definite function and qu(éj) a
positive-definite function.

(b) There are constants B,, satisfying B,, >0 for j # k such that
Jk Jjk =

T (- : -
(gradjvj) 95(53 t) éauj(fj) kzl Bjkuk(fk) (3-12)

(c) The mxm matrix A = (ajk) given by
L. = O, - ;
455 " By

is an M-matrix.

a

=B GAK (3-13)

Stability conditions obtained by the composite system method usually have
the following defects.

(a) The stability condition tends to be more conservative if we decompose
the system into larger numbers of subsystems.

(b) We have no practical means to decompose a large-scale system,

'

(¢) We have no practical means to construct a suitable Lyapunov function
for each subsystem.

(d) The result obtained by the composite system method is sometimes blamed

to be too conservative for practical use.

In Introduction, we mentioned that generally the stability conditions which
can be obtained by the vector Lyapunov function method with liﬁear, time-
invariant comparison systems are always reduced by the scalar Lyapunov function
method (Araki 1978b). We willvexamine this fact in the concrete about Theorem
3-1 and Siljak's condition (1972) where the latter condition is obtained using
the vector Lyapunov function method. It should be noted that §Iljak's condition
was used by Weissenberger to-estimate the stability region of composite systems.

Siljak assumed that, for each isolated subsystem (3-6), there exists a
first order Lyapunov function vé(éd’ t) (j=l, s+, m) which satisfies

il o2 &0z e ||

* )
oiles.6) 2= my5llz;l] (3-14)

m.
' Jd
ng’adjij .f.nj for"'ﬁj €R

and that the interconnection funétione satisfy
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m
| lgj("ﬁ: e < k-z—l Bjkl Ii’kl l (3-15)
where ||x|| denotes the Euclidean norm of z. He derived that the CSD is

asymptotically stable in the large if the matrixz A' = (a;k);

!, = = -l -1 . [ - -1 s
%5 = 7 g2hs * Biiatie Sk = Palatge G 7K

satisfies the Hick's condition (namely, - A' is an M-matrix).
2
Here, put v, = v!“/(2n, and u, = |Ix.||. Then, our assumptions (3-11) are
» PUt vy = Vi (ngnjh) ] II_JII , p] (3-11)
3 3 3 = - I3 - |= . - 0.
satisfied with o njlnj3/(nj2njh)’ Since - A dlag(njh) A dnag(nj])
(A is given by (3-13)), the matrix A is an M-matrix if A' satisfies the Hick's
condition (Lemma A-3). This means that Araki's condition is always satisfied if
the $iljak's is satisfied. Next let us consider the inverse. Assume that (3-11)
is satisfied with rad.v, <u, and u, = ||x,|l. Put v =,. In many cases
[grad;v. ] < v 5 = lxll j I y
vj is a second order function of 5j’ and so, there exist nj‘ and nj2 such that
%] < vt <n..|Ix.||. Then §iljak's assumptions are satisfied with
n 1< vi <l jak's assunpton
., = 0,/(2n.,) and = 1/(2n,,). Thus we obtain
Nj3 = O ( ng) njy ( nJI)
- A = diagn’A) (8., (n,,/n. ) %, - B.,]
N R |t Rt A jk
where ij is a kronecker delta. As (njl/njz)2 21, Ais more likely to be an

M-matrix than -~ A'. This means that, with the above choice of v', the §iljak's

condition is not necessarily satisfied even if Araki's is satisfied.
_Sec. 3.2. New Stability Criterion of Composite Systems

Theorem 3-2
The origin of the CSD Is asymptotically stable if the next three conditions
are satisfied.
(a) For each isolated subsystem, there is a decrescent, positive-definite
function Vj(ﬁj, t) with continuous partial derivatives such that'
v, (x., t)] < - k,[u J(x)1% + 2200, (kDU (%) = u,lu (x)12
= (3-6) = "jT1jS s e J2) S
- qu(éj) 5j € Rj j=1, <=+, m (3-16)
where Kj and uj are positive constants, uoj positive-definite and Rj is the §et

including the origin fj = 0 as an inner point.
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(b) There are constants Yik such that
(grad,v.) T3 (x, t) (x,) 2 (
grad;v,) 'g;(x, t) < 2u;;(x kil Yk V2K x,) (3-17)
. X € Rk k=1, seoe, m
12,172 _ 3

(c) The matrix K - T is an M-matrix where

K diag(Kj), M= diag(uj) (3-18)
T= (3.0 5 ¥ = [¥es * A s oo = s j # k
(YJk) YJJ |Y_]J Jl ’ YJk IYJkI (G # k)
Jo k=1, eeeym
m,
If Rj =R J, the origin of the CSD is asymptotically stable ' in the

large''.

[Proof] Define v(x, t) by (3-7). By (3-8), (3-9) and (3-19), we obtain

vl <- % diw? +2 I da T odope?
- . RTRNTIUNE U
Vi(3-6) = =1 355 j=1 J 3%5%2j j=1 3¥3%2;
m m m
+2 3 I I d.us. for x eR

d,v. U, - .
o1 ke JYikMgtak T g2y Gtj
(3-19)
where R is the direct product of R], see, Rm. Here, let u be the 2m-vector given
by
= LR LE N T -
u= (u]]’ ’ U‘ ’ u2]’ ’ uZm) (3 20)

m

Then, eq. (3-19) can be written as

. ’ T m
VI(3-6) <-uvVu _IEI djug; for x e R (3-21)
where V is the 2Zm x 2m matrix given by

DK - D(A+T)
V= (3-22)

-+ DM
where

D = diag(dj) j=1, sse, m

The above V can be expressed as

(3-23)
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where

Vg = M7 2om1 2 L (o TRV 20kV2 (4 4+ ) (3-24)

By as;umption (c) and by the property of M-matrices given by Lemma A-lL, we can
choose D so that Vo is positive-semi-definite. Then, the positive-semi~
definiteness of V follows from (3-23). As Yo is positive-definite, the right-
hand side of (3-21) is negative-definite for xeR. Since v(x, t) is positive-
definite and decrescent from the definition (3-7), and since R is a set

including the origin X = 0 as an inner point, the origin of the CSD is

asymptotically stable. The last part of the theorem is evident. [Q.E.D.]

Let us show that Theorem 3-2 includes Araki's condition (Theorem 3-1) as
a special case. Assume that the conditions of Theorem 3-1 are satisfied, we

obtain from (3-11) and (3-12)

u U, U u
v - - g,.) ()2 Ay - (q. - —1y2

= U,.

0j (3-25)
T~ STk -
(gradjvj) 24(53 t) 2:2(“5) kEI BJk(VE) (3-26)

and from (3-13)

T L R IR I T R
ajy = Bj (J # k) , (3-27)
From the above equations (3-25)-(3-27), the conditions of Theorem 3-2 are

satisfied with

.,Uj uj
T Ut
K. =a, -B,,, A, =8,, L =aq, - B,, (3-28
J J BJJ’ j BJJ’ M ] BJJ )
Tik = Bk

Therefore, Theorem 3-2 includes Theorem 3-1.

From the above result, Theorem 3-2 is potential to give a sharper result
than Theorem 3-1. In Chapter 7, we will compare their sharpness quantitatively

by applying these theorems to a numerical example (Example 2).
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Sec. 3.3. Estimate of the Stability Region of Composite Systems

In this section, we consider the problem of obtaining an estimate of the
stability region of the CSD. We attack this problem using the stability condition
of Theorem 3-2. We derive an estimate of the stability region using the knowledge
about subsystems. The application of §i1jak's condition and Theorem 3-1 to the
estimation of the stability region has already been reported by Weissenberger

(1973) and Saeki & Araki (1979), respectively.
3.3.1. Fundamental Theorem

Theorem 3-3

Let us define a subset Sj by

5; = {x | vilx;) 2 vel (3-29)
. . s 1/2,1/2 _
and assume that Sj is contained in Rj’ Assume that K''"M - I given by (3-18)
is an M-matrix and let D = diag(dj) be a diagonal matrix with dj > 0 such that
M'/ZDM]/2 - fTK-]/ZDK-]/Zf is positive semi-definite. Then, the set Sx

s, = 0x | v(x) 27 ) (3-30)

Is included in the stability region of x = 0 of the CSD. Here, v(x) is given by

(3-7) and

F.= min d,v (3-31)
° ige S

[Proof] Since v(x) is a positive-definite function and G|(3-6) s negative-
définlte for dj's satisfying the condition of the theorem, we can apply the

result of Weissenberger (1973). Namely the region given by
[ - by | -
Sy {il"é“o} (3-32)

is included in the stability region of x = 0 where

fg = min v (3-33)
velU
m. - N .
U-jgl el vy=vop v SVgr KF T, kl, ooy}

and v = (Vl’ ces, vm)T From (3-7) we can easily derive that the value of (3-33)
is equal to ﬁo given by (3-31). Therefore we obtain the conclusion of the
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theorem. [Q.E.D.]

In the above theorem, it should be noted that there are many dj's which
make MI/ZDM]/2 - FTK-]/ZDK-]/zf positive-semi-definite and that the estimate Sx
given by (3-30) depends upon the values of dj's. So, we are faced to the
problem of finding dj's which give the best estimate. We examine this problem
in 3.3.2. It should be noted that Sx also depends upon Sj's given by (3-29)
(which are the estimate of the subsystems' stability regions). But in order to
obtain some concrete results about this sort of relation between the overall
estimate and the local estimates, we need to fix the forms of the nonlinear

functions f& and gﬁ’ Such study must be done for each type of large-scale

systems and is not included in the scope of this section.

3.3.2. Determination of dj's
We first clarify what we mean by the ' best estimate ' of the stability
region and then propose a method to determine dj's in this direction.

In order to simplify the discussion, define the vector z by.
| z; = vj(fj)/VOj ’ j=1, see,m (3-34)
Then, by (3-7) and (3-30), we can easily derive that the set Sx of Theorem 3-3

is determined by the condition

~

LT :
z] 4+ seoe +.~£zm'§l] (3-35)
0

W
zj=?-=0 for j=1, eee, m

ﬂzl__z

0

where ﬁj is the j-th element of the vector i‘and given by
?'rJ. = deOJ for j=1, *+e, m (3-36)

Generally, we want to make Sx as large as possible. Since the set S* becomes

larger as the set Sz:
s, ={z | (3-35) and (3-36) are satisfied } € R"

is made larger, we can consider SZ instead of Sx. The set Sz is the inside of a

hyperplane
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b4 4+ eee F+ e 2 = ] (3-37)

and the coordinate hyperplane zJ = 0 for j=1, ese, m. From the definition (3-31)
and (3-36), iolﬁj = 1 for some j and ﬁolﬁj < 1 for the other j's. This situation
is illustrated in Fig. 3-1 for the case m = 2 and ﬁ] < ﬁz. Now, consider the

normal ized-vector T;

(3-38)

[

o=

T, + eee +ﬁ
1 m
which is orthogonal to the hyperplane (3-37) and terminates on the hyperplane

z) +eee +z =1 (3-39)

1

. Because of the property of Sz stated above and the relation of i.and Sz we can
expect that Sz becomes larger as the angle § between ﬁ_and the hyperplane (3-39)
.becomes nearer to the right angle (See Fig. 3-1). Since the terminal point of i
is on the hyperplane (3-39), @ becomes nearer to the right angle if l[ﬁjl
becomes smaller. As a resultvwe can expect that S becomes larger-if ||EJ| is

made smaller. By the term "' best estimate ' of the stability region, we mean

2

A
1

T/ O
% hyperplane (3-39)
Il V4 o
Ty ' hyperplane (3-37) |
- Z

0 1 > 1

Fig. 3-1 Relation between 7 and §
— z
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the Sx which corresponds to the minimum value of IlEJI

Now, let us consider how to find d,'s which make the value of ||m]]

1/2p,1/2 _ 5T,=1/20,-1/23

smaller. The matrix M T can be expressed as

W/2p01/2 _ 5T -1/2,-1/25

= R, 4 eee 4 ﬁh}Mllzval/z(H - oTno)v(;”ZM”2 (3-40)

1

s _y-1/2,-1/2%.-1/2,.1/2 s
where Il = dlag(ﬂj), 0=V, K ™ Vo' 7o Vg = dlag(voj).

Since ﬁ] + eee ﬁm > 0, the matrix of (3-40) is positive-semi~definite if and
only if II - OTHO is positive-semi~-definite. Therefore our problem turns out

the problem of obtaining the vector my with the smallest norm Ilﬂbll in the set

. m
P = {E.I-Eo >0, jzl my = 1 and 1 - éTHO is positive-semi=
definite for I = diag(nj)} (3-41)
If I - OTO is positive-semi-definite, the solution of the above

minimization problems becomes staightforward, i.e. m = (1/m, <e°*, l/m)T is

the vector with the smallest norm. |If | - GTO is not positive-semi-definite,
llﬂJ' takes the minimum value on the boundary of the set P (We can easily show
that ||m|| cannot be the smallest on the open boundary m = 0 of P), In the
latter case, we construct a subset Q of the set P and obtain the vector E_with
the smallest norm in Q. Such a vector can be aetermined by the method of

Appendix IV of Demyanov & Malozemov (1974). The next theorem gives the set Q.

Theorem 3-4
Assume | - O is an M-matrix. Define the vectors 55 and fj (j=1, eee, m) by
-1 Ty=1.
.= (1 - e, I e, =42
=(0-0 "¢ » x (1 -0)"e (3-42)

where e}j) =1, eij) = e:‘j #ki j, k=1, e, mand 0 < < 1.

Define the vectors Eik (j, k=1, «es, m) by

e =R n =0, k) . -
T = Fp / [ R ] (3-43)
~(j, k) _ (k) (5) -
iy =% /%y (3-4k)
where ﬁéj’ k), xi(k) and xéj) are the 2-th components of the vectors fdk' 5&

and 5J’ respectively. Then, any member of the set Q defined by

-32-



Q={m | m= jgl krz:l ijlr-jk where jnél kgl GJ.k = 1 and ij‘;0 }
' (3-45)
is included in the set P. Namely, Q is the subset of P.
When | - O is irreducible, the above resﬁlt is true for € = 0,
Note that | - © is an M-matrix if and only if K”ZMV2 - T is an M-matrix.

{Lemma A-3).
The next lemma is a special case of Lemma A-4, It is stated here again

with a brief proof because such is needed to prove Theorem 3-4,

Lemma 3-1
Since | - O is an M-matrix, there Is a diagonal matrix Il = diag(wj) with

™, >0 such that T - O'I0 is positive-definite.

[Proof] Since | - © is an M-matrix, there are vectors x and x' with positive

constants such that the components of the vectors X' and g;

%= (1-0)x ; (3-46)

i_;_<'_= (I-O)i,
are all positive. Determine m by

m, = xX!/x,
J

J J

where xj and.xj are the j-th components of x and x', respectively. Then,

(1 - 6'mo)x

(1 - 0)'mx + 0'1(1 - B)x

L}

zl + OTH:)E_ (3"1’7)
Evidently, the components of the vector on thé righthand side are all positive.
Therefore, II - OTHO is an M-matrix (Lemma A-1). Since I - OTHO is symmetric, it

is positive-definite (Lemma A-1). (Q.E.D.]

[Proof of Theorem 3-4] All what we have to show is that II - GTHO becomes
positive-semi-definite where Il = diag(nJ). When | - © is reducible, the
components of EJ are all positive and, therefore, the components of fd and fj

are also all positive. So, fd and x} satisfies the requirements on x and X' in

g

the proof of Lemma 3-1. Therefore, I,, = dtag(néj’ k)) g=1, ees,.m glven by

ik
(3-43) make I - OTHG positive~definite for Il = ij. Since Il - OTHO is linear
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in I, it remains positive-definite for Il being a linear combination of ij with
nonnegative coefficients; i.e. any member T of the set Q satisfies the
requirement of Theorem 3-k.

When | - O is irreducible, we must step into thé proof of Lemma 3-1.
Since | - O is an irreducible M-matrix, the elements of (I - O)-] are all
positive (Lemma A-5). Therefore the components of éj and éj are all positive.
So, we can define ij = diag(néj’ k)) by (3'4&); Let 1T = ij in the proof of

Lemma 3-1. The righthand side of (3-47) becomes

Ej + G)Tl'lg_j where II = Hj and € = 0.

k

The components of the above vector are non-negative. Therefore, the components
of the vector

(m - OTHO + Tl)k =e, + OTHe. + TX, where II = II,
= = = Jk

are all positive for any T > 0, Therefore, the principal minors of I - OTHG
are all non-negative. Since Il - @THO Is symmetric, II - OTHO is positive-semi-
definite for Il = ij. The rest of the proof is the same with the

reducible | - 0. [Q.E.D.]

In Example 3 of Chapter 7, we will compare the method given in this section

with Weissenberger's method numerically.
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Chapter L. Stability Condition of Systems with Multiple Nonlinear Feedbacks

‘In this chapter, frequency-domain stability criteria of the multivariable
nonlinear system of Fig. 1.1 are studied where the nonlinear feedback ¢j(19 t)

. 2 2
is assumed to satisf . < ¢, t)y. £ n, .
Yy CJYj=¢J(1, )yJ=,,nJyj

Sec. 4.1. System Description and Well-Posedness

Let us consider the system described by

_;i = Ax + Be (4-1)
y = Cx + De (4-2)
e=-0(y, t) +u (4-3)

where x : n-vector, y, e, u : m-vector, A : nxn constant matrix
B : nxm constant matrix, C : mxn constant matrix, D : mxm constant matrix
- ¢{y, t) is an m-vector whose elements are nonlinear time-varying functions:
Bly, ) = (6(y, 1), *o , 0 (y, )T (4-4)
¢j(x, t) satisfies
cJ.yJ? ;-¢J.(y_, t)yj < njyf , n; > 0 (4-5)
where yj is the j-th element of y. In the following we refer to this system
as the system of type I (simply as System I). The structure of System | is
itlustrated in Fig. h.l»(; which is the same figure as Fig. 1.1) where the
mxm transfer matrix F(s) = (fjk(s)) Is given by
F(s) = C(sI-A)-]B +D (4-6)
If we set u=0 in System |, the origin x=0 becomes an equilibrium. In the
following, we are mainly concerned with Lyapunov stability of this equilibrium,
Especially we investigate the next three cases.
Case | : cl>0, c2>0, s, ;m>o
Case 2 : C]=0, szo, ses cm=0
Case 3 : ;‘<0, §2<0, LN ;m<0
Unfortunately, such cases as some cj's are positive and the other cj's are
zero or negative cannot be treated in the present work. The conjugate
transpose of a matrix Z is denoted by Z*.

In Cases ! and 3, we put
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f(sh..fy(s)

Yy
. . __________t:>

F ()

9, (y,t

| —

¢ (¥,t)

Fig. 4=1 Block diagram of System |

y% for j=1, **+, m

2
ye < 0. (y, . <,
2] =¢J(1 t)yJ < m5Y;

1, -1 -1 1 -1 -1 .
K, = = . + R , = = . - . l’-
SEx ey, =gl - (4-7)
The diagonal matrices with diagonal elements Cj’ nj, Kj and rj are denoted by

Z, n, K and R{ respectively. We also take the existence of the matrices

(K + F(s)1™! (in case 1), [n™' + F(s)17" and g7 + F(s)177 (in Case 2 and
Case 3) as graﬁted. Actually, existence of such a matrix is a natural
consequence of the facts that F(s) is the transfer matrix of the linear part
(4-1) and that K, n, or ¢ is nonsingular. To verify this we only need to

1 -1 ' - '
to Z + C(s!-A) '8 where Z is nonsingular,

multiply 27! - 27 c(s1-a+8z"'c) VB2
Now, let us examine the well-posedness of System |. We assume that the
nonlinear function ¢j satisfies not only (4-5) but also
.‘t-.'t<.t ) -yt (e L-8
6, ©) - ¢, (x's O] < B;(t) Iy (t) v (0] (4-8)
where Bj(t) is a piecewise continuous function and bounded in any finite interval.

As System | has loops which consist of feed-through, by applying Theorem 2-3

we obtain the next sufficient condition of well-posedness.

Theorem 4-1 (Well-posedness condition of System I)
Let ¢ satisfy (4-8). System | is well-posed in the sense of Definition 2-1,
if one of the next two conditions is satisfied.

(i) 1-B(T)D is an M-matrix for all T where

(0, = 1@, 1, 8 =36diag(e‘Jf(T)) (4-9)



and

BT(T) = lim SuFl) B (t) for j’ k.= l’.... , m
J AT+0  te(T-AT, T+AT) J
(4-10)
(i1) 1-a*b(T) is positive for all T where
a= A_(00), b(T) = max ‘{s?(T)} (4-11)

1<j<m

[Proof] (i) System | can be viewed as the concrete case of the CSF defined by
(2-1) and (2-2) where fjk(s) and ¢j correspond to ij and Hjj’ respectively (Hj =0

for j#k). We consider the well-posedness in the L,-sense, i.e. we set p=2. By

2
applying Theorem 2-1 and Theorem 2-2, we obtain upper bounds of the uniform
instantaneous gain of fjk(s) and ¢j as I(D)jk' and 8?(T), respectively. So, the
loop-gain-product matrix is E(T)B. By Theorem 2-3, System | is well-posed in the
sense of Definition 2-1 if I-B(T)D is an M-matrix for all T.

(ii) System | can also be viewed as a single-loop system which consists of
two blocks G and H where G is the m-input m-output subsystem whose transfer matrix
is F(s) and H is also the m-input m-output subsystem whose characteristics is
given by (Ho) (t) = (¢]Qz, t), ee-, ¢m(2’ t))T. Choose p=2. Then, by Theorem 2-1
the upper bound of the uniform instantaneous gain of G is a, and by Theorem 2-2

that of H is b(T). Since the loop-gain-product is a*b(T), System | is well-

posed if 1-a*b(T) is positive for all T. [Q.E.D.]

Sec. 4.2  Frequency Domain Conditions

Concerning the Lyapunov stability of System |, we have the next theorem.

Theorem 4-2 (Weighted multivariable circle criterion)

When u=0, the origin of System | Is stable in the sense of Lyapunov if a
diagonal matrix W = diag(wj) with wj>0 exists and the following condition is
satisfied in each case.

(i) In Case 1, [K + F(s)]-l has no poles in the closed right-half plane
Re s >0 and the matrix ’ ' '

Qw) = [K+F (i) WA IK+F (i) ] - RWPR (4-12)

is positive-semi-definite for all real w.

(ii) In Case 2, F(s) has no poles In the open right-half plane Re s >0 and
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the next three conditions are satisfied on the imaginary axis :
(a) The poles of F(s) on the imaginary axis are simple.

(b) For each pole iw, on the imaginary axis, the residue of the matrix

0
nf] + WF(S)W-I defined by 1lim (s-iwo)[n-] + WF(S)W-]] is Hermitian and
s*iw
0
positive~-semi-definite.
(c) For real w, the matrix
Q) = [n"H4F (W) W+ W2 4F (w) ] (4-13)
is positjve-semi-definite except at the poles in the imaginary axis.
(iii) In Case 3, F(s) has no boles in the closed right-half plane Re s >0
and the matrix

Q(w) = RWR - [K+F(iw)] W2 [K+F (iw)] (4-14)

is positive-semi-definite for real w.

The condition that [K + F(s)]-] has no poles in Re s >0 (in Case 1) can be
tested by various ways. For instance, when A, B and C of the linear system (4-1)
are given, we can use the fact that the poles of [K + F(s)]-] are the eigenvalues

of A-BK !

C. When the transfer matrix F(s) is given, we can use the Nyquist-
type criteria included in Araki & Nwokah (1975). For this purpose, set fj of

the reference (Araki & Nwokah 1975) equal to I/Kj. Then by the formulus (12)

of Araki & Nwokah (1975), we can conclude thét [k + F(s)]—] has no poles in

Re s 20 if and only if the Nyquist diagram of det[K + F(s)] encircles the origin
anti-clockwise as many times as the number of the poles of F(s) in Re s >0

(Note that, when F(s) has poles on the imaginary axis, the Nyquist contour must
be intended into the left-half plane to avoid such poles (Araki & Nwokah 1975)).
The test of positive-semi-definiteness of Q(w) over w=0 v = is not difficult with
the aid of a computer if m is not very large. But it should be noted that
arbitrary parameters wj are included in the theorem and that this causes some
inconvenience in applications. Actually, if we want to reach the shérpest resﬁlt
that can be derived from this theorem, we need to obtain a (practically testable)
necessary and sufficient condition for the existence of W that satisfies the
requirement of the theorem. But such a condition is not available at present.;

( and seems not to appear in near future except for very special cases). -

- 38 -



So, concerning determination of W, we must choose one of the following three
aftern;tive ways; to test the conditions (i), (ii), or (ii1) for several a priori
fixed W's, to use a sufficient (but not necessary) condition for the existence
of W, or to facilitate a method to search a feasible W for a given system. If we
choose the first or second way, we would be able to obtain a comparatively simple
condition but have to be ready to miss better results. If we choose the third
way, we would have to follow a little complicated procédure but be able to expect
a sharper result.

Some of the previously reported criteria can be regarded as belonging to
one of the three categories mentioned above though they were derived from seperate
viewpoints. In reality, Rosenbrock's four criteria (1973) belong to the first
category. The M-matrix condition of Araki (1976a) is a sufficient condition for
the existence of W as shown in 4.3.3 and, so, belongs to the second.

We can state the condition of the theorem more compactly in terms of positive
reality of matrices. In the next section such an alternative expression (i.e.
Lemma 4-3) of the weighted multivariable circle criterion will be given. The
reason why we choose the above as standard is that, from this form, the relation
to the M-matrix condition can be easily seen and, from the relation, we are hinted

about how to search a feasible W for a given system.

Theorem 4-3 (M-matrix condition)

There exists a constant diagonal matrix W = diag(wj) with wj > 0 that
satisfies the requirement of Theorem 4-2 (and, hence, the origin of System | Is
staGIe in the sense of Lyapunov for the null input) If the following condition
is satisfied in each case.

(i) In Case 1, [K + F(s)]_l has no poles in Re s >0 and the matrix I' = R is
an M-matrix where T' = (ij) is given by

1o igf lKj + fjj(iw)l (4-15)
Yik = -S:p |fjk(lw)l (J#Kk)

(i1) In Case 2, F(s) has no poles In Re s >0 and the matrix I' is an M-matrix

where T = (ij) is given by

-1 .
= I;f Re[nj + fjj(lw)] (4-16)

Y53
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(iii) In Case 3, F(s) has no poles in Re s >0 and the matrix R-T is an M-~

matrix where T = (ij) is given by

TR IR
(&-17)
Yjk T su |fjk(iw)| (3#Kk)

In the above theorem, the condition that [K + F(s)]-] has no poles in
Re s >0 (in Case 1) can be assured by means of the Nyquist diagrams of fjj(;i
on the main diagonal of F(s) as follows. -
Theorem 4-4

In Case 1, the matrix (K + F(s)]-] has no poles in Re s 20 if the following
three conditions are satisfied.

(a) F(s) has po-poles in Re s >0. )

(b) The Nyquist diagram of fjj(s) encircles the point (-Kj, 2) pj times
anti-clockwise and Py + eee +,pm = Py

(c) The matrix T of (4-15) is an M-matrix.

The outline of the proof is as follows.’ If we set fj of the reference
(Rosenbrock 1972) equal tO'Kj-], Theorem 2 of Rosenbrock (1972) is applicable to
our problem. By the result of Araki & Nwokah (1975) we can show that, if the -
condition {(c) holds true, the Nyquist diagram Pj of Theorem 2 of Rosenbrock (1972)
encircles (-1,0) as many times as the Nyquist diagram of fjj(s) encircles
(-Kj, 0). On account of this and the formula (12) of Rosenbrock (1972) we can
conclude that [K + F(s)1™' has no poles in Re s >0.

In the above theorems note that T given by (4-15) becomes automatically an
_ M-matrix if T - R is so. Therefore, if we use Theorem 4-3 together with
Theorem L=4, the conditions to be tested in Case | are {(a) and (b) of Theorem 4-4
and the one that I' = R is an M-matrix. |If we take this fact into consideration
we can immediately find that the stability condition given in Corollary L-1 of
Araki (1976a) is the same with that given in our Theorem 4-3 when F(s) is

asymptotically stable. In Araki (1976a) Lz-stability is treated whereas Lyapunov
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stability is studied in our case. Since Lz-stability generally implies Lyapunov
stability under certain controllability and observability assumption (J.C. Willems
1971), the above coincidence is not to be wondered. However, to have proved

exact coincidence is significant.
Sec. 4.3 Proof of Theorems 4-2 and L4-3

4,3.1 Proof of Theorem 4-2

Six lemmas are presented before the proof of Theorem 4-2.

Lemnma 4-1

When u=0 and z=0, the origin of System | is stable in the sense of Lyapunov
if a constant diagonal matrix w = diag(ﬁj) with WJ > 0 exists and D(s) is positive-

real where

B(s) = W[ + F(s)nIW"! (4-18)

[Proof] As B(s)i= I+QDQ-]n+QC(s|-A)-]BQ_‘n is assumed to be positive-real, by
Anderson's lemma (1967) there exists a positive-definite matrix P and matrices

L and H such that

PA + ATP = - e’

PBW ' - CTW = -LH

20 + WW T+ mi 'oTW = WTH

From the above equations we obtain the next inequality.

[x', e'on"'] [ Pasa’ PBW 'n-C'W x
i V8Tp-lic 2080l Tnnii o Th | {n Ve
= xT(PA + ATP)x + 2x'PBe - 2x'C'ii2n " 'e - 2¢"n e - 2¢'in “Tpe
<0 ' (4-19)

We adopt a positive-definite quadratic form v = fTPE as the Lyapunov function
candidate, then the time derivative along the solution of System | becomes
. T T T
VIsystem 1 = X (PA+ AP)x + 2x PBe
From (4-19)

< 2(ny - o(y)) "2 (y)

=2 T (ny, - ¢, (y))6, (y)a?n, 2
i Y Ty
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From (4-5)

v <

VlSystem | = 0
As the time derivative along the solution of System | is shown to be negative-
semi-definite, v is a valid Lyapunov function. Therefore the origin of System I

with £=0 and u=0 is stable in the sense of Lyapunov. [q.E.D.]

Lemma 4-2 (Alternative form of the weighted multivariable circle criterion)
When u=0, the origin of System | is stable in the sense of Lyapunov if a
A A A
constant diagonal matrix W = diag(wj) with Qj>0 exists and D(s) is positive-real
where
A -1 ol
WizT + F(s)] In"" + F(s)IW ' Case 1 (4-20)
R
A, - Ao
p(s) =4 Win~' + F(s)Iu”! Case 2 (4-21)

Sz s F )1 Y + Fee)Iw! case 3 (4-22)

[Proof] When the lower bound ¢ of the nonlinearity ¢ is not zero, Lemma k-1
cannot be applied directly. So, we will convert System | into the form of Fig. 4-2
where 2‘1} t) is defined by

(y, ) = ¢(y, t) - gy (4-23)

[e

From (4-23), §( , ) satisfies

~ 2
0 < ¢.ly, . . = T.)Y.,
< ¢J(l t)yJ < (nJ cJ)yJ

80, t) =0

and F(s) is given by

F(s) = [1 + F(s)zl "'E(s)

|l
=<

We obtain a- state space representation of

the converted system as

X = Ax + Be

l = Ei + DE (l!-Zlb)

5 - Fig. 4-2 Loop transformation of System |
e=-9ly, t)

where K=A-B;c and E=C-D;C. As the triplet [A, B, C] is completely controllable
and observable, by applying Lemma 4-1 to the system given by (4-24) we obtain the
stability condition; When u=0, the origin of System I is stable in the sense of

Lyapunov if a constant diagonal matrix W= diag(aj) with £j>0 exixts and D(e) is
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positive-real where

D(s)

Wl + F(s)(n - ©)u")

Wi+ ()21 + Fs)mu! (h-25)

We will clarify the relation between D(s) and D(s) in each case.
In Case |, as Z, n and W are all positive-definite diagonal matrices, D(s)

given by (4-25) can be represented as

0(s)

e TR ()1 TR 10 T
- C-l/Zn]/Z(C-I/Zn-]/Z)Q[E-I+F(S)]-l[n-l+F(s)]ﬁ-|(C']/Zn-l/z)c-l/znl/Z
From this equality and Lemma 4-4, D(s) is positive-real if and only if
t;I/Zn-'l/ZB(5)2;1/2],]-1/2 - (C-]/Zn-]/Z)Q[C-]+F(S)]_][n-]+F(S)]Q-](C-]/zn-l/z)
is positive-real. In this equality, if we put
0= C-I/Zn-l/ZQ , (4-26)
the righthand side of the above equality agrees with (4-20). Therefore if
S(s) given by (4-20) is positive-real, a diagonal matrix W given by (4-26) makes
B(S) positive-real and, hence, System | is assured to be stable.
In Case 2, as £=0, we can immediately obtain (4-21) by putting
W= (4-27)
in (4-25), Therefore, System | is stable, if 3(5) of (4-21) is positive-real.
In Case 3, as -, n and ﬁ are all positive-definite diagonal matrices,

B(s) can be represented as
D(s) = =(-0)" 22 ()2 VA ek ()17 In e ()10 () T 2072
_(_C)-I/anlz ,
and from Lemma 4-4 D(s) is positive-real if and only if
-0 207V25(5) (-0) V20V () T2 TR e ()1 I e () 107
'(-C)-]/Zn-llz
is positive-real. 1In the above equation if we put
5= (-C)']/zn-‘/zﬁ', (4-28)
the righthand side of the equation agrees with (4-22). Therefore if ﬁ(s) of
(4-22) is positive-real, a diagonal matrix W given by (4-28) makes D(s) of (4-25)
positive-real and, hence, System 1| is assured to be stable. This completes the

proof of Lemma 4-2. [Q.E.D.]
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To prove Theorem 4-2, we need the next four more lemmas about positive-

real matrices.

Lemma 4-3

A real rational matrix 3(5) is positive-real if and only if 6(5) has no
poles in the open right-half plane Re s >0 and the next three conditions are
satisfied on the imaginary axis:

(a) The poles of S(s) on the imaginary axis are simple.

(b) For a pole iw, on the imaginary axis, the residue of D(s) defined by

0
lim (s-iw.)D(s) is Hermitian and positive-semi-definite.
S*iw 0 ?
{c) For real w, the matrix
0 (iw) + D(iw) (4-29)

is positive-semi-definite except at the poles on the imaginary axis.

Lemma 4-4
. A . T4 .
If Q is a real constant matrix and D(s) is positive-real, then Q D(s)Q is

also positive-real.

Lemma 4-5
S(s) is positive-real if and only if
E(s) = [0(s) + 117V (B(s) - 1] (4-30)

exists and is bounded-real.

Lemmé 4-6
A real rational matrix E(s) is bounded-real if and only if E(s) has no
poles in the closed right half plane and the matrix
| - £ (1w E(iw) (4-31)

is positive-semi~definite for all real w.

The proofs of the above four lemmas and the definition of bounded-rea]ity

are found in Newcomb (1966). Now, let us prove Theorem 4-2 using these lemmas.

[Proof of Theorem 4-2] First consider Case 1. By Lemma 4-5, D(s) of (4-20) is

positive-real if and only if

E(s) = W[K + F(s)]-]RS—]
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Is bounded-real. By Lemma 4-6, the above E(s) is bounded-real 1f and only if
(K + F(s)]-l has no poles in Re s >0 and the matrix
1-E"(s)E(s) = | - W RIK+F " (s)] W2 [KeF ()1
= WRIKF ()1 LIk () TRTIWERV [k ()] - W2Y DkeF (s) 17 VR
is positive-semi-definite for s=iw where  is real. |If we note
FTRIKE ()17 = (e (s)] 'R

we can conclude that the above Condit!on agrees with the condition (i) of
Theorem 4-2 for

w2 = TR (4-32)
Next, consider Case 2. It is obvious from Lemma 4-3 that the condition (ii) of
Theorem L-2 agrees with the condition of Lemma 4-2 for

W= (4-33)
Lastly, consider Case 3. The proof is parallel to that of Case 1 except that, in
this case, E(s) is given by

E(s) = R [K + F(s) 10!

We can conclude that the condition (11i) of Theorem 4-2 agrees with the condition
of Lemma 4-2 for

wh o= TR | (-34)
In each case, it was shown that the condition of Lemma 4-~2 is satisfied if and
only if that of Theorem 4-2 is satisfied. Therefore, System | is assured to be

stable in the sense of Lyapunov if Theorem 4-2 is satisfied. This completes the

proof of Theorem 4-2. . [¢.E.D.]

4,3.2 Remarks on Rosenbrock's Four Criteria
Concerning Lyapunov stability of System | in Case 1, Rosenbrock gave the

next Theorem.

Theorem 4-5 (Rosenbrock 1973)
Assume ;]>0,--- , g“>0. Then the origin of System | (The feed-through D
Is assumed to be zero) is sfable in the sense of Lyapunov for the null input if
any one of the next four matrices is positive-real.
D,(s) = [n" + F()ITIE + F(s)]

0,(s) = [+ F()In + F(s)]™
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[+ nF(s) 101 + zF(s)]™]
[+ F(s)g] ™ [ + F(s)nl

05(s)
D, (s)

If we study some examples we cén immediately see that the four conditions in
the theorem (i.e. positive-reality of the four theorems) are independent. Now,
let us show that they all can be derived from the weighted multivariable circle
criterion (Theorem 4-2) by setting W equal to certain values.

First, Dh(s) is obtained from (4-25) by choosing W= I; Thérefore, from
(4-26) and (4-32), positive-reality of Dh(s) is equivalent that the condition (i)

of Theorem 4-2 is satisfied for W = R-IC-I/Zn-I/Z'

Secondly, consider Dl(s). By Lemma 4-5, D](s) is positive-real if and only

£ (s) = [0, (s) + 1170, (s) - 1]

[k + F(s)1™'R

is bounded-real. By Lemma 4-6, El(s) is bounded-real if and only if [K +F(s)]-]
has no poles in Re s >0 and the matrix

| = £, (s)E, (s) = RIK+F" ()17 {IKF™ () IRTTR T [keF ()] = 1} KeF ()] 7R

(4-35)
is positive-semi~definite for s=iw where w is real. It is easy to see that the
matrix of (4-35) is positive-semi-definite for s=iw if and only if Q(w) of (4-12)
is so for W = R-I.

Thirdly, consider Dz(s). We can show in the same way as the proof of D](s).
We can obtain that positive-reality of Dz(s) is equivalent to the condition (i)
of Theorem 4=2 with W = I,

Lastly, consider D3(s). Recall the fact that an invertible matrix is
positive-real if and only if its inverse is positive-real (Newcomb 1966). Since
D3(s) can be expressed as

Dy(s) = nln™! + F()1g™ + F()) 7!
D3(s) is invertible (as a function of s} as noted at the end of Sec. 4.1.
Therefore D3(s) is positive-real if and onl? if
[05()17" = 2lg™'+ ()1 In +F ()17
- cI/Zn-]/Z(Cl/ZnI/Z)[C-|+F(S)][n-|+F(S)]-1(C]/an/Z)-lcl/Zn-]/Z

.= 46 -



is positive-real. From Lemma 4-4 and the proof of positive reality of Dz(s), it

is easy to see that [D3(s)]-' Is positive-real if and only if the condition (i)

of Theorem 4-2 is satisfied for W = CI/ZnI/Z.

We have proved that the four criteria of Rosenbrock are obtained from the

weighted multivariable circle criterion by setting W according to W = R-]

W= 272, 1,oV2 /2

, W= 1,

and W= R~

4,3.3 Lemmas on M-Matrices and Proof of Theorem 4~3

The fundamental broperties of M-matrices are given in Appendix. The next
three lemmas relate M-matrices to our main result (Theorem 4-2). The first two
are easy consequences of the Lyapunov type theorems on M-matrices (Araki 1974).
So, only brief proofs will be given. The second is the generalization 6f Lemma
A=l ( or Lemma 3-1). The third was already reported in Araki (1974) in a Vittle

restricted form.

Lemma 4-7
IfT = (ij) is an M-matrix, there is a diagonal matrix W= diag(;j) with
Gj >0 such that the Hermitian matrix
Q(H) = ' + (4-36)
is positive~definite for any H = (hjk) satisfying
Vi (#K) (4-37)

Re h , |h

iIA

es 2 .
33 =755 Jkl
[Proof] By Lemma A-1 there are vectors x and x' such that the elements of TI'x
and PT§f are all positive. Define a diagonal matrix W by
w, = x! / x, 4-38
Wy =] / X; (4-38)
Then, the elements of Q(T)x become all positive. Since the off-diagonal elements
of Q(I') are non-positive it is an M-matrix by (ii) of Lemma A-1. Since (4~36) is
positive-definite, the elements of Q(T) = (ajk) and Q(H) = (qu) satisfy
. > 4. < -q k 4-
a5 2 95y o Iqu|,= Ay (j#K) (4-39)
Therefore, Q(H) is also positive-definite.(Lemma A-2 Is used in the last part. .

Note that this lemma holds true also when T' is an Hermitian complex matrix).

[Q.E.D.]
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Lenma 4-8
Let R = diag(rj), ] >0, 7 = ( ng and'yjk >0. If R--T is an M-matrix,
there is a diagonal matrix W = diag(Wj) with Wj >0 such that the Hermitian matrix

RWR - HWH (4-40)

Q(H)
is positive-definite for any H = (hjk) satisfying

|hjk| < Yjk (4-41)

fProof] By Lemma A-1 there are vectors x and x' such that the elements of
(i - FR—])é_and (- TR-])Té' are all positive. Determine W by (4-38). Then we
can conclude the positive-definiteness of Q(H) just in parallel to the proof of

Lemma 4-7. [Q.E.D.]

Lemma 4-9
let T = (ij), Yik >0 for j#k: R = diag(rj)‘and ] >0. If T - R is an M-
matrix, there is a diagonal matrix W = diag(ﬁj) with Qj >0 such that the
Hermitian matrix
Q(H) = HUH - RWR (4-42)
is positive-definite for any H = (hjk) satisfying

S LI R €L (4-43)

A

> .
LITUEALT

[Proof] By Lemma A-1 there are vectors x and x' such that the elements of

-])Tx' are all positive. Determine W by (4-38). Then

(1 - R )x and (1 - RT
we can conclude the positive-definiteness of Q(H) just in parallel to the proof

of Lemma b4-7.- [Q.E.D.]

[Proof of Theorem 4-3] In Case 1, we obtain

k., + f..(lw)] >2v.. d |f,, (iw}] £ -y, j#k

IJ JJ(|)|,=YJJ an le(.l ) < Yk (j#k) |
from the definition of I'. Therefore by Lemma 4-7, there is W = diag(wj) with

;j >0 such that

Qw) = [K+F(iw)]*W[K+F(im)] - RWR (4-Lk)
is positive-definite for all w. Determine W of Theorem 4-2 by
> 1/2 L4-4
W; W (4-45)

Then the matrix Q(w) of (4-44) becomes equal to that of (4-12) and, hence, is
positive-definite for all w,
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In Case 2, we obtain
| Re [nj" #6002y and 16 G0 | g -y ()
from the definition of I'. Therefore by Lemma 4-7, there is W = diag(wj) with
;j >0 such that
Q) = [n”' + FG) 1+ U™+ F(io)] (4-46)
is positive-definite for all w. Determiné W of Theorem 4-2 by (4-45), then the
matrix Q(w) of (h-46) becomes equal to that of (4-13) and, hence, is positive-
definite for all w.
In Case 3, we obtain
Yi; ;:|Kj + fjj(iw)l and vjy 2 Ifjk(iw)l (j#k)
from the definition of T. Therefore, by Lemma 4-8, there is W = diag(;j) with
;j >0 such that
Q) = RUR = [K+F (iw) 1 WIKHF (i) ] (4-47)
is positive-definite for all w. Define W of Theorem L-2 by (4-45), then the
matrix Q(w) of (4-46) becomes equal to that of (4-14) and, hence, is positive-

definite for all w. [Q.E.D.]

Sec. 4.4 Method to Search a Feasible Weight

As shown in the previous section, the weighted multivariable circle criterion
is potential to give a sharper result than the Rosenbrock's cr}teria (Theorem 4-5)
and the M-matrix condition (Theorem 4-3). However, to obtain such a good result,
we must find an appropriate weight matrix W suited to a given system. In this
section we will consider the problem of finding a '"feasible'" weight.

First, let us define a "feasible'" weight. In Theorem 4-2, the weight
wz;ﬁ has influence only on the positive-semi-definiteness of Q(w) except for the
condition (ii-b) of Theorem 4-2. Since the norm of the weight ﬁ does not affect
the positive-semi~definiteness of Q{(w), without loss of generality we may consider
only a normalized weight matrix W = dlag(ﬁj) which satisfles

~

Wk oeee bW o= (4-48)

From these facts, it is natural to define a feasible weight as follows.
Definition 4-1
A positive-definite diagonal matrix W is sald to be feasible if W satisfies
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(4-48) and makes the matrix Q(w) of Theorém 4-2 positive-semi-definite with Wz =W

for all w.

If one feasible weight exists for a given Q(w), there are usually many other
feasible weights, and they are the elements 9f a certain convex set. This
is obvious from the fact that when Wl and WZ are feasible the weight given by

(aW] + sz)/(a + B) is also feasible for any positive numbers a and 8. To

represent the convex set explicitly, we define a set V(w) as follows.

Definition 4-2
V(w) is the set of'positive-definite diagonal matrices W which satisfy
(4-48) and make Q{w) of Theorem 4-2 positive-semi-definite with wz = W for the
value of w, i.e.
Viw) = {W = diag(ﬁj) | Qj >0, (4-48) is satisfied, and Q(w) >0}

where Q{w) is given by

[K+F (i) U WIK+F (iw)] - RWR Case 1 (4-50)
Qw) = { I "+F(i) 10 + Uin T+F ()] case 2 (4-51)
RWR = [K+F (100) TWIKHF (i) Case 3 (4-52)

Then, the convex set is given by the intersection of V(w) for all w, i.e. G}V(w).
In the following, we consider the problem of obtaining a weight W which belongs
to the setia V(w). It is not easy to determine V(w) exactly, but we can obtain

a subset of V(w) by the next theorem.

Theorem 4-6

(i) In Case 1, assume that T(w) - R is an M-matrix where T = (§jk(w)) and

Yo = . .. (1 , Y. = -if, (i j#k
yJJ(w) |KJ + fJJ(nw)| YJk(w) | Jk(lw)l (j#k) (5-53)
for j, k=1, see, m
Define the vectors X; and fj' (j=i, ees, m) by
= '] | = Ty -1 ll' li
x = s k= D7 =
where A = |-Rf'-] (w) and ej(j) =1, ej(k) =¢ (j#k); j, k=1, *++, mand 0< € <l.
Define a diagonal matrix ﬁjk (j, *k =1, e, m) by
~ m .
1 — _(J) k) -
wjk-wjk/[ T Wy 1 (4 55).



. i, k) =H{J, k) (k) ,. ()
=4 Js d W = 5!
W;k |ag(Wi ) an . Xy /xz (4-56)
forj, k, ﬂ,=],-0n,m
Then, the set
(W= W= T () wh Wand T %
U(w) = W where q, an I I a, =1}
k—l 5 Sk = j=1 k=1 K
(4-57)

is a subset of V(w).
When T{w) - R is irreducible, the above result is true for ¢ = 0,
(ii) In Case 2, assume that T(w) Ts an M-matrix where T(y) = (;jk(ug) and
Y.. = 1/n, + Re {f, (i Fp (i j
Yy = Wng + Re {f (0)}, ij l L) | (k)
for J, k=1, m

(4-58)

Define the matrix A in (4-54) by A= T(yw and a diagonal matrix ﬁjk by (4-54),
(4-55) and (4-56). Then, the set defined by (4-57) is a subset of V(w).
When T(w) is irreducible, the above result is true for ¢ = O.

(i11) In Case 3, assume that R - T(y) is an M-matrix where I(w) = (;3k(w))

and . -
ij |K + f (|w)| , YJk( w) = |fjk(|w)| (j#k) (-59)
for j, k=1, e, m
Define the matrix A in (4-54) by A= 1 - f(w)R-] and a diagonal matrix ﬁjk by

(4-54) , (4-55) and (4-56). Then, the set U(w) defined by (4-57) is a subset of
v(w), |

When R - f(w) is reducible, the above result is true for € = 0.

We can prove this theorem in the same way as the proof of Theorem 3-4 by using
Lemma 4-9, Lemma 4-7 and Lemma 4-8 in Case 1, Case 2, and Case 3, respectively,
instead of Lemma 3-1. So, the proof of Theorem 4-6 is omittéd.

Let us consider what value of € of Theorem L-6 should be taken. As we can
expect that the subset U(®) becomes larger as the value of € becomes smaller, it
is desireable to take the value of € as small as possible. If the M-matrix is
irreducible, we can choose € = 0, If it is not so, we cannot choose so small
positive number £ for the next reason. Consider the critical case that we choose
€ =0.in Case 1. When I'(w) - R is reducible, some of the elements of A™Y are

zero and so someé of the components of 53 and ZJ' become zero. As a result,
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division by zero occurs for some triplet (j, k, &) in (4-56). Therefore, we
cannot choose € so small that the round off error cannot be neglected.

It should be noted that the M-matrix requirements of Theorem 4-5 is much
weaker than those of Theorem 4-3.

Now, let us consider how to use U(w) to obtain a feasible weight. We think
of the next two methods; i.e. to calculate the intersection of U(w) for ally
strictly, or to search a weight which can be expected to belong to the set /) V(w)
by using U(w) only as an index of V(w). If we apply the former method, we can
surely obtain a feasible weight when C}U(w) is not null. It seems to be
difficult and needs much computation to obtain the intersection of U{w) for all w.
When ﬁ}U(w) is null, we cannot obtain a feasible weight by the former method,and
we have to use the latter one. As the weight determined by this method is not
assured to belong to G}V(uﬂ,'it is necessary to ensure that the weight is
feasible. From the result of some numerical examples, we can point out that in
such cases as both the M-matrix condition and the Rosenbrock's criteria cannot
assure stability, in other words, the cases in which the weighted multivariable
circle criterion must be used, the set q} U(w) is usually null. This is mainly
because in such cases the M-matrix condition of Theorem L-6 is unsatisfied for
some W, |n this case the former method always fails to obtain a feasible weight.
Considering the above facts, we will investigate only the latter method.

We propose a method of searching a feasible weight by using U(w) as an

index of V(w).

Procedure of searching a feasible weight %

Step 1) Obtain the interval of w for which M-matrix condition of Theorem 4-6
is satisfied.

Step 2) Choose several frequenciés w = wi (i=l; ese, q) from the interval
obtained in Step 1.

Step 3) For those w = w, (i=l; see, q), compﬁté positive-definite diagohal
matrices ﬁjk(wi) (j, k=1, **¢, m) by (4-55):

Step 4) Compute Q = diag(@z) by
;2 = %:{ min @ak [ajk(wi)]ll + max min [ajk(wi)]lz } (4-60)

i Jo,k i J,k
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We choose this W as a candidate for the feasible weight.

Let us explain this procedure. From Step 1 to Step 3, we compute the sub-
set U(w) for each frequencyes w = w, (i=1, +++, q). Considering the facts that
V(w) and U(w) are convex sets and U{w) is a subset of V(w), we can expect that
the ' center " of U(w) would be feasible, and in Step 4 the ' center " of
C\U(wi) is given. Let us explain this in more detail. As U(w%) has the form
0; (4-58), each element W(w,) of the set Ulw,) sapisfies
minliy, (o)1 gy < [0 Tgp & maxliy, ()], for &= 1, ooe,

3 Jik
If the intersection of U(wi) is not null, each element W off? U(wi) satisfies

m?x ?ialﬁjk(wi)]lz < [W]zz,i mgn ?ii[sjk(wi)]zz for L. =1, eee, m
in (4-60), the center of this interval is calculated. Unfortunately the obtained
weight is not guaranteed to belong to f) U(wi). If the intersection is null,

it Is difficult to explain what this eq;ation (4-60) means, but the following
examples would be helpful to understand this equality intuitively. To visualize
Step 4, let us consfder m~dimensional vector space where the diagonal matrix

W= diag(;j) is represented as an m-vector Q.= (Qj). In this space, the set U(w)
corresponds to a hyperpol?hedron which is on a hyperplane (4-48). Three examples
are Illustrated in Fig. 4-3 where q=3 ahd m=3. In this figure, the hyper-
polyhedrons are projected onto the Q]-Ez plane and the symbol x corresponds to

W given by (4-60). This method is not strict, but this method is practical in the
point that the computation is simple and that in many cases this method gives a

feasible weight whereas the strict method fails to do so.
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Chapter 5 Stability Condition of Composite System Consisting of

Subsystems with Nonlinear Feedbacks

In this chapter, the composite system given in Fig. 1.2 is classified into
four cases according to the subsystem assumptions and in each case the Lyapunov
stability condition is obtained. The relation between these conditions and the

Lz-stability conditions are clarified.

Sec; 5.1. Classification of Composite Systems and Well-Posedness
We investigate a certain class of composite systems which have the
following characteristics.
- Each subsystem is Lur'e type system which is familiar to control engineers
through the absolute stability problem.
- These subsystems are interconnected from theirﬁodtpufs to Eh;};.inPUté‘J }
as shown in Fig. 1.2,
We refer to this class of systems as the system of type II (simply as System II)
Let us classify System I! into the next four cases according to the

subsystem assumptions. In each case, we assume that the interconnection

functions are linearly bounded and time-varying nonlinearities.

Case A: Subsystems are all single-input single-output with nonlinear time-

varying feedbacks ¢j(yj, t) satisfying ij§ g.d)jyj §=”jY§'

Case B: Subsystems are all single-input single-output with nonlinear time-

2
Y

invariant feedbacks ¢j(yj) satisfying 0 §'¢jyj in e

J
Case C: Subsystems are all multi-input multi-output with nonlinear time-

P j)y2 j j 2
varying feedbacks Qj(xj’ t) satisfying Cij)(yéJ)) < ¢£j)yéJ).§:néJ)(y£j)) .
Case D: Subsystems are all multi-input multi-output with nonlinear time-
. . ‘ot (3, (3),(3)y2
invariant feedbacks g)_j (lj) satisfying 0 < ¢ "'y, "' < ng (ykJ )°.
Now, let us describe the above four cases precisely.
In Case A, we consider a composite system described by
X, = A.x, + b,{~ t) + 2z} -1
Xy = Axp + by ¢J(yj. ) j (5-1)

T -
Yj = &% (5-2)
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~

Zj = gj(yl' *ety ym’ t) + Zj j=1, +ee, m (5-3)

where y., z., Z, . and g, are scalars and x., c., b, are m,-vectors.
Yir 2y Fjr 95 9% Ny Rt Rt J _
The scalar valued functions ¢j(yj, t) and gj(y], cees Yoo t) are assumed to

satisfy

2 2
zyYy < 50y tlyy < myy (5-4)

J J
¢j(0, t) =0 (5-5)

m
[g:(yys eves v o )] < I Bip Y for j=1, eee, m (5-6)
i N m = ) jk Tk

where Bjk is a non-negative constant, n; is a positive constant and Cj is a

constant less than n-

We refer to this system (5-1)-(5-6) as System IIA.

In Case B, we consider a composite system described by

Xj o= Apx; + bil- ¢ (yj) *z;) (5-7)
T

L= X, -8

" o

z, = gj(Y], soey, Ym, t) + Zj j=], ese. m (5'9)

where v., z, ;. . and are scalars and x.,, c,, b, are m,-vectors.
Yir By e 9 9% AT R R j

The scalar-valued functions ¢j(yj) and gj(y], et Yoo t) are assumed to

satisfy
0 < ¢ (yJ.)yJ. ;'anJ% (5-10)
¢j(0) =0 (5-11)

m
|gj(y|,' cenr Voo )] 2 kEI B IVl for j=1, <<, m (5-12)
We refer to this system (5-7)-(5-12) as System IIB.

In case C, we consider a composite system described by

fJ = Ajfj + Bj{- QQ(ZJ’ t) + EJ} (5-13)

.= C.x, -14
Zd Cde (5-14)
z-—_]‘ = g_j(ll, coe, Xm: t) + z—j j=l, eeey m (5—]5)
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where y.: s,-vector, z,:! s,~-vector, ;.: s,-vector, x,.: %,-vector
=i 7] =57 =] =7
A, : %, x £, constant matrix, B.: £, x s, constant matrix
b7 ] 177 J
C.: s, x L. constant matrix
J J J

.. 5,~vector .t s,.~-vector
2 ° %j ’ 33 J

The vector valued function

(j) (J) T .
Qj(zj, t) = (¢, J (yj, t), *e, ¢sj (xj, t)) (5-16)
is assumed to satisfy
g {2 < oy, 0y (J)(y(J)>2 517)
=
QJ(Q, t) =0 (5-18)

for k=]’ ono’ Sj’ j:]’ o.o, m -
denotes the k-th element of a vector Yy néJ)
(3)

and CéJ) is a constant less than nk

where y are positive constants

()
k
The vector valued function
ﬂj(xi’ Sty Yoo t) is assumed to satisfy

m
lg;Crys =ovs ¥ O 2 i Byl (5-19)

where Bjk is an s, X Sk constant matrix whose elements are nonnegative, |Xkl is

an s, - vector defined by

ly = Ay, eee, Iyit)l)T (5-20)
and |gﬁ| is an s; - vector defined by

lgg | = Us{paeee |g,§j’nT (5-21)

The inequality (5-19) is satisfied elementwise.

We refer to this system (5-13)-(5-19) as System IIC.

In Case D, we consider a composite system described by

Xy = Apxy + Byl g5(yp) + zy) (5-22)
;= cjfj (5-23)
zp=gglyys seen yy s B+ 2 ml, eee,m (5-20)

where the orders of the vectors and matrices are the same as those of Case C.
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The vector valued function Qj(xj) given by

_ . (3) vee +(0) T -
gj(y_j) = (¢ (y_j), , Qsj (lj)) (5-25)
is assumed to satisfy
0 24 ) <P N2 (5-26)
8,0 =0 (5-27)

for J=1, soe, m, k=1, eoe, s,

where yéJ) is the k-th component of !j and néj) is a positive constant. The

vector valued function QJ(XJ’ ety Yoo t) satisfies

m
|ij(l|’ ey, B kEI Bjkbik' (5-28)
This inequality is the same as (5-19).

We refer to this system (5-22)-(5-28) as System IID.

Remark 5-1
The block diagram of System [IA is illustrated in Fig. 5-1 (a) and each

subsystem Sj is illustrated in Fig. 5-1 (b). The transfer function fj(s) is

given by
f.(s) = cT(sl - A.)_Ib (5-29)
J =J = :
EJ is the subsystem input, EJ is the external input, and Zj is the output. gd

interconnects subsystems. Let x be the state vector of this system given by

)T (5-30)

T T
£= (_x‘], ...’51“

Then, from (5-5) and (5-12), the origin x = 0 is an equilibrium point for the

~ ~ ~NT
null input z = (EJ’ cee, Em) = 0.
Remark 5-2

System |IB has the same structure as System IIA (Fig. 5-1 (a)) and each
subsystem is illustrated in Fig. 5-1 (c). System IIB is a’special case of
System |1A and Remark 5-1 holds in this case, too. The condition (5-10) that
the lower bound of dhyj is zero is not restrictive. Because if the lower bound

of ?jyj is ?j (# 0), we can convert the system into the form (5-7)=(5-12), in
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Subsystem SJ of System 11C

(3);,0i)42 j i ;
0 917 < 60 () < 6Dy

for k=]’ o.o, S,
J

Subsystem Sj of System 11D

: (;) @
lEJ)]Z 0< ¢kJ (lj)YkJ

) o)

for k=1, *»°, s,
J
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fact, by substituting $j(yj) = ¢j(yj) - ijj we obtain

. _ T . -~
xj = Ay + bytepay + byl =45(yp) + 25}
T ]

and

~ 2
Aydy. < (0, - g.)ys
0;<I>J(YJ)\/J 3 (nJ t:J)yJ

Remark 5-3
The block diagram of System I1C is illustrated in Fig. 5-2 (a) and each
subsystem Sj is illustrated in Fig. 5-2 (b). Fj(s) is an sj x s, transfer

J

function given by
- - a7t -

When sj = 1 for all j, System 1IC agrees with System 11A. Therefore, System lIC

includes System |IA as a special case, From (5-18) and (5-19), the origin
. T T, T

f_"’ (i]’ "f: fm)
STy T

y 2)
—m

=0 is an equilibrium point for the null input

PG T -

Remark 5-4

System [ID has the same structure as System 11C (Fig. 5-2 (a)) and each
subsystem islillustrated in Fig. 5-2 (c). System IID is a special case of
System 1i{C and Remark 5-3 holds in this case, too.‘ When sj = 1 for all Js
System |ID agrees with System 11B, Therefore, System 11D includes System IIB as
a special case. The condition (5-26) that the lower bounds of ¢£j)y£j) are zero

is not restrictive for the same reason as stated in Remark 5-2.

As pointed out in the above remarks, in each case, x = 0 is an equilibrium
point for the null input 2_= 0. In the following sections, we will study’ the
Lyapunov stability of the equilibrium x = 0 for 2.5 0. First, we will obtain the
stability criteria for System I1A and System 1B, then we will extend the results
to System IIC and System 11D, respectively. o

Before we study stability, let us examine well-posedness of System IlA -
System |ID. A simple result can be obtained directly from
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Corollary 2-1.

Theorem 5-1

Systems I1A - 1ID are well-posed in the sense of Definition 2-1.

[Proof] Consider System I1A. This system can be viewed as a single-loop system
which consists of two blocks G and H where G is an m~input m-output system whose
transfer matrix is diag(fj(s)) and H is also an m-input m-output whose
characteristics is given by

- ¢y (oy, 1) * g;{g, t)

(Ho) (t) = ;

-6 (o, t) +g (g, t)
As the linear part fj(s) of each subsystem has no feed-through, the uniform
instantaneoqs gain is zero by Theorem 2-1. Therefore the uniform instantaneous
gain of G is zero and, so, System IlA has no loops consisting of subsystems which
uniform instantaneous gains are not zero. By Corollary 2-1, System IIA is well-
posed in the sense of Definition 2-1. This result clearly hol&s for the other

three cases. » [Q.E.D.]

We can consider more general situation that the linear part of each
subsystem has a feed-through and, in this situation, we can obtain a quantitative
condition for well-posedness. But, in this thesis, we do not consider this
situation, because it becomes much more difficult to apply Theorem 3-2 to those
systems whose subsystems have féed-through. We will explain the reason in more

detail in the next section (see Remark 5-11).

Sec. 5.2. Circle Criteria Type Conditions for Composite Systems
In this section, we consider the Lyapunov stability conditions of System [IA
and System IIC.

5.2.1. Frequency Domain Conditions of System lIA and System IIC

Theorem 5-2 (Stability condition of System |lA)
Consider System [lA givén by (5-1)-(5-6). Assume each (Aj, Ej) is a
controllable pair and let fj(s) be the transfér.function given by (5-29). Then,
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the originli = 0 of this system is asymptotically stable in the large if there

exists a positive number oy for each j such that

L+ (n; +a;)f,(s) (5-33)

h.(s) = .
J 1+ (;j - aj)fJ(S)

is positive-real and if the mxm matrix A - B is an M-matrix where

A= diag(uj), B = (Bjk) for j, k=1, eee, m (5-34)

In the following, remarks are made to give more concrete ideas about the
computational aspects of that procedure as well as to clarify theoretical back-

grounds of the theorem.

Remark 5-5 (Positive realness)

A rational function h(s) of the complex variables with real coefficient is
positive-real if h(s) has no poles in the open right half plane Re s > 0 and
if the Nyquist locus of h(s) lies in the closed right half plane (see Lemma 4-3).
The graphical interpretation of the requirement that our hj(s) given by (5-33)
should be positive-real is well-known as the circle criterion. Namely, when fj(s)‘
has no poles in the right half plane, the hj(s) of (5-32) is positive-real if the

Nyquist locus of fj(s)
(Case 1; when Cj - aj > 0) does not encircle nor intersect the clrcle with

1 3
center: - - ( - + = ) + 0i (5-35)
. 2 [N aj nj + aj

1

7 | (5-36)
2%y mey Nyt

radius:

(Case 2; when Cj - aj = 0) lies in the right of the line parallel to the
imaginary axis and crossing the real axis at -l/(nj + aj), or

(Case 3; when Cj - aj < 0) lies Inside the circle with the center and
radius given by (5-35) and (5-36).
When fj(s) has poles in the open right half plane, the encirclement condition
must be altered. Refer to Chapters 3 and 7 of Narendra & Taylor (1973) for

details.
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Fig. 5-3 Determination of o (aj <‘gj)

Fig. 5-4 Determination of aj (aj > cj)
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controllable and observable triplet. Llet Fj(s) be the transfer function given by
(5-32). Then the origin x = 0 of this system is asymptotically stable in the
large if there exists a positive constant o, and a positive-definite diagonal

(3)

matrix wj = diag(wk ); k=1, see, Sj for each j such that

H(s) = Wil + Fi(s) (g - aJ.l)]"[u + Fi(s) () + aJ.n]wJT‘ © (5-37)

is strictly positive-real where

(@) - draq (D Qe ]
nj dlag(nk ), Cj dlag(ck ) for k=1, 'Sy (5-38)

and if the mxm matrix A - B is an M-matrix where

A= diag(aj) (5-39)
B = (8;)
A 1.1 2 -1 _
where BJ.k = /Amax[wk i ijjkwk ] (5-41)

for j, k=1, c¢o,m

When sj =1 for all j, this theorem agrees with Theorem 5-2. Namely, this
theorem includes Theorem 5-2. When sj is greater than 1, we cannot use such
graphical technique as is stated in Remark 5-5 and we need to determine the.
value of the weight matrix wj. In the following remarks, we give more concrete

ideas about the computational aspects of the procedure.

Remark 5<9:(Determination of W,)
- J
Hj(s) is strictly positive-real, if and only if there exists a positive

constant € such that

S -1 -1
H.(s-e) = W.lI + F.(s-e) (g, - a,l| 1 + F.(s-g)(n, + a.§)]VW.
J(s ) J[ J(s )(cJ ; )1 J(s )(nJ o )] ;
(5-24)
is positive-real. Some properties of positive-real matrices are given in Lemma

4-3 - Lemma 4-6. In the above equality, if we set

wj =W, Fj(s-e) = F(s), ny + ajl =n, g - ajl = (5-43)

we obtain (4-25) which is one of the alternative representation of the weighted

multivariable circle criterion. Therefore, we can test the positive-reality of

Hj(s-s) in the frequency domain by Theorem 4-2 and search a feasible WJ by the
- 66 -



Remark 5-6 (Determination of 05)

Note that a matrix with nbn-positive off-diagonal elements is more likely
to be an M-matrix if the diagonal elements are larger. This fact and the fact
stated in Remark 5-5 justify the following way of determining aj. Here, consider
the case in which fj(s) has no poles in the open right half plane and Cj>0'

First draw the Nyquist locus of fj(s). Then, set &j = 0 and draw the circle with
center (5-35) and radius (5-36). If the Nyquist locus is found to encircle or to
intersect the above circle, Theorem 5-2 fails to assure asymptotic stability. |If
such is not the case, increase 05 until the circle with center (5-35) aqd radius
(5-36) touches the Nyquist locus of fj(s). While o remains less than Ty the
circle grows as aj increases (Fig. 5-3). |If dj exceeds Cj’ the circle turns over
and start shrinking (Fig. 5-4). 1In either case, the circle is sure to touch the
Nyquist locus at a certain value of dj and that value is exactly what we need in
Theorem 5-2. The above operation can be easily carried out if a computer with a

graphic terminal.is available. The other cases can be treated in a parallel way.

Remark 5-7 (Relation of Theorem 5-2 to Corollary 4.2 of Araki (1976))
1t would be evident from Remark 5-6 that the condition given in Theorem 5-2
is equivalent to the Lz-stability condition reported by Araki (1976) as Corollary

4.2 when no fj(s) has poles in the open right half plane.

Remark 5-8

From the proof of Theorem 5-2, this theorem assures the existence oan
weighted:sum of Lur'e type Lyapunov functions of subsystems (see 5.2.2). The
relation between the frequency-domain condition and the existence of the above
sort of Lyapunov functions was first suggested and partially proved in Araki
(1978a) where the major interest lay in showing the parallelism between the
Lyapunov stability analysis and the -input-output stability analysis. Araki
treated the special case of System IIA; i.e. Cj = 0 and nj = o for all j,

and the main tool was Theorem 3-1.

Theorem 5-3 (Stability condition of System 1IC)

Consider System 11C given by (5-13)=(5-19). Assume each (Aj’ Bj’ Cj) is a

- 65 -



R(s) = L DF(s). (5-45)
1 + zf(s)

is strictly positive-real where

f(s) 5T(sl - A)-]E

[Note] If we assume that A - CEET is Hurwitz, the condition turns out to be
necessary, too.
[Proof] By choosing the inversion formulas’

~_l

[ ‘

# e st = ATBIT = - T (st - A+ Bbe) bz

we obtain

his) = c'(s1 - A bR - B) +1
where
A=A - EEET (5-46)
Since E(s) is strictly positive-real, A has no poles in the closed right half
plane. Therefore, by the Lefschitz form of the Yakubovich-Kalman lemma (p. 49 of

Narendra & Taylor (1973)), there exist a positive-definite matrix P and a

vector ﬁ_which satisfy

A'P + PA=-qq -eQ : (5-47)
Pbn-12) -c=vZgqg (5-48)

for a sufficiently small € > 0. By substituting (5-46) into (5-47) and by using

(5-48), we obtain (5-45). [Q.E.D.]

[Proof of Theorem 5-2] Let 60 be the minimum eigenvalue of the M-matrix A - 8
and choose 0 < § < 60. Then A - 81 - B remains an M-matrix (Corollary to Theorem

6 of Araki (1972)). Note that

§ <86 §=“j for j=1, -';,‘m ) (5-49)

0
follows from the properties of M-matrices. Since hj(s) is positive-real and

since (5-49) implies nj + aj -8 > Cj - aj + §, we obtain that Ej(s) given by

- 1+, +a, =8)f,(s)
i i (5-50)

J e gy -+ 8)F,(s)
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method proposed in Section 4-k.

Remark 5-10 (Determination of 05)

Remark 5-9 and the M-matrix property mentioned in Remark 5-6 justify the
following way of determining the value of éj' First, set uj = 0 and determine
wj by the method of searching a feasible weight and next test the positive-
reality of Hj(s-e) for o = 0 by Theorem 4-2 (Here, we had better choose a
positive number € as small as possible). If Hj(s-e) with o = 0 is found not to
be positive-real for the values of Wj, there is no uj}o such that Hj(s-e) is
positive-real for the value of wj. So, in this case, choose another value of wj
and go back to the second step, or stop applying Theorem 5-3. If such is not the
case, increase aj until the positive-reality test fails (During this process, we
use the value of wj which is determined in the first step). The last value of aj

is what we need in Theorem 5-3.

5.2.2. Proof of Theorem 5-2 and Theorem 5-3

To prove Theorem 5-2 we need the next lemma. This lemma is concerned with
“the well-known relation between the frequency domain condition and the existence
of a positive-definite solution of a Riccati equation. It is essentially
equivalent to Yakubovich-Kalman-Lefschitz lémma. The case. g<0 of this lemma was
attributed to Rekasius & Rowland (1962) by Narendra & Taylor (1973). A

Parallel lemma with Q = 0 is also found in $iljak & Weissenberger (1970).

Since any explicit statements or proofs which cover our necessity'are not

available in the reference, we state the lemma here with a brief proof.

Lemma 5-1
Let A be an nxn matrix, b and E_;-vectors,.z and ﬁ scalars which satisfy
ﬁ > Z,‘and Q a positive-definite nxn matrix. Assume (A, E) is a completely
controllable pair. Then, there exists a positive-definite matrix P which
satisfies
PA+ ATP = - Hpb(7 - D)2TP - Pb( + D’ < ¢ + DbTP + cc'} - &0
(5-hh)

for a sufficiently small >0 If
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is strictly positive-real. Therefore, by Lemma 5-1, there exist €, >0, a
-vector qj which satisfy

positive-definite n. x n, matrix P, and an n
: Jj ] Jj J
T T : T
AP, +PA. =~-q.q. + (g. -~ a, + . +a, - 8)c,c, - .l
] AT g8y gt 8 oy - Qe - ey
1
P.b, - —~(g. + c. =q, -51
1% T 2lE e = g (5-51)
Let us define Vj(fj, t) by
(5-52)

T
v.{x,, t) = x,P,x,.
J(fa’ ) %555

and apply Theorem 3-2. For the CSD given by (3-1), the functions Eﬂ and éj are
given by

Ll ©) = Ay = byoy by ) | (5-53)

é_j(i(_]’ soe, im’ t) = ngj(y" vee, ym, t)

and the isolated subsystem (3-6) turns out to be

x, = A.x, - b.s,(y.,

fd Ade —d¢J(yJ t) (5-54)
= CTX

Y57 5%

By (5-51), we obtain
. - T,.T - T
vJ'I(S-Slo) fJ(AjP' + PjAj)Ej 2¢j(yj’ t)EJPjEJ

T 2, 2
5ij2j| (ﬂj - CJ + qu - 2§)
- 2(p,(y,, t) - LT ;')ch.)(xTP b.)

IRk ALY Y R o Rl
- leixg1? - epxix (5-55)

1
- EJ

From the assumption (5-4) we obtain
(5-56)

1 1
|¢j(yj’ t) - 'Z'(T'Ij + CJ)YJl ;z-(n_l - CJ)lle

Therefore, noting that Y; frff’ we obtain from (5-55)

. o Y 2 ) _

Yil(s-5m) £ 7 gy 7 gy * Zay = 269 Muy ()T ng = mpduy s (xgdup ()
(5-57)

1 2
- Zluzj(fj)] - UOJ(fJ)
where
T T 4
u ) = TxgPiby Ly ugy ) = epxyls gy lxg) = egxyxs
(5-58)
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As for the interconnection, we obtain the next from (5-6) and (5-52).
T T m
rad.v.] b.g. see t)| < 2ix,P.b.| T B,
I[g j J] —Jg_j(y]’ ’ Ym: )| = Ii_] J—Jl k1 B_]k|ykl

= 2} (x,) ;El By ) (5°59)

Thus, the requirements (a) and (b) of Theorem 3-2 are satisfied with the values

of the constants k., A, . and vy, bein

—
L -
B
N —

] 2 ]
,=«=n. -7z, + 20, -28.)"°, A, =N, - C.), U, =
K; 2(nJ % o J) ; 7(n £.), u

ij = Bjk for j, k=1, c¢*, m (5-60)
. V2, 1/2 =~ . .
So, the test matrix K '“M - T in the requirement (c) of Theorem 3-2 are

satisfied and, therefore, the origin of System I1A is asymptotically stable in

the large. Thus we have proved Theorem 5-2, fQ.E.D.]

Remark 5-11

When fj(s) has a feed-through it is considerably difficult to decompose
System 1A into the Lur'e type subsystems (5-54). In this case, System IlA is

described by

_)ij = Aj_)ij + 'llj{ -¢j(y-j! t) + ZJ-} (5"])
- T -

¥j =gyt d;2; (5-61)

zj = gj(y]’ *et Ym, t) (5'3)

And ¢j becomes a function of not only E}5j but also the other Elék‘ Therefore,

in order to obtain an isolated Lur'e type subsystem, we need at least to represent
the nonlinear function ¢j as the sum of a function of 5j and a function of Xy

(k=1, *++, n). By using (5-4) and (5-6), we can formally represent the system (5-1),
(5-61),and (5-3) in the form of (5-53). But this representation was found to be
unsuitable, because the stability condition obtained by applying Theorem 3-1 to

this representation was much more conservative than Theorem S-Z. When the feed-

through exists, the following decomposition seems to be appropriate.

‘ ?. X,) = A.X,
—ﬂ(—d) J=J

gj(i]’ cety l({.n’ t) =Ej{ _¢j(yj’ t) + gj(y]’ b ymr t)}
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The similar formulation can be found in McClamroch (1976). In the discrete time
case, Araki & Kato (1981) used this decomposition and obtained a parallel result
to Theorem 5-2 where each subsystem contains feed-through. In the next section,
we use a lLur'e type Lyapunov function to analyze System IIB and System’[I1D.’

In this casé, this decomposition is not useful and the decomposition. (5-53) seems

to be essential,

We can prove Theorem 5-3 in a parallel way to the proof of Theorem 5-2.

First, we give a lemma which is essentlially equivalent to Anderson's Lemma (1967).

Lenma 5-2
Let A be an nxn matrix, B an mxn matrix, C an nxm matrix, % and T diagonal
matrices which satisfy i > €. Assume (A, B, C) is a completely controllable and

completely observable triplet. Then there exists a positive~-definite matrix P

which satisfies

PA + AP = - %{PB(ﬁ - 022 - pa(fi + 2)c - cT(fi + 2)8TP + cTWiC )} - 2ep
. (5-62)
for a sufficiently small € > 0 if
H(s) = WD + F()Z17' 00 + Fs)flW (5-63)
is strictly positive-real where W = diag(wj), W > 0 and
F(s) = c(st - A)'8 (5-64)

[Proof] From (5-63), we obtain

f(s) = w(i + ¢(st - B '8(H - 2w

1 + WC(s!l - K)"B(ﬁ - Z)w'l

where

A=A - B
Since H(s) is strictly positive-real, H(s-€) is positive-real for sufficiently
small € > 0, Therefore, by Anderson's lemma (1967), there exists a positive-
definite matrix P and matrices L and Q which satisfy

T

PA+cel) + R+el)Tp=-LL (5-65)

PB(R - )W ! = we - LQ (5-66)
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QTQ = 21 (5-67)

From the proof of Anderson's lemma, we can assume that Q is invertible. Then by
substituting (5-64) into (5-65) and from (5-66) and (5-67), we obtain (5-62).
[q.E.D.]

Note that from the above proof we need to choose the value of € so that

H(s-€) is positive-real.

{Proof of Theorem 5-3] Since Hj(s) is strictly positfve-real, by Lemma 5-2 there

exists Pj which satisfies

T ] 2,,-2.T
P.A.+A.P.=-——P.B. . - WB P -P.B. .+ z.)C.
™ iP5 { (n ) i (n CJ)J
T 2
-c + B.P. + C.W-C.} - 2¢.P. -68
(n C)JJ JJ} &;P; (5-68)

for a sufficiently small € > 0. Let us define vj(fﬁ’ t) by

v, (x,, t} = xTP.x. (5-69)
J = = J=J

and apply Theorem 3-2. For the system given by (3-1), the functions Fj and a

are given by

£ige 0 = Ay - B0y )

-ij(ﬁl’ e, fm’ t) = ng-j(ll’ A lm’ t)

and the isolated subsystem turns out to be

Xy = Agxg - Bigglyye t) (5-70)
. = C.x, '
Yy ® 5
By (5-68) we obtain
VJ|(5-70) = X (A P + P A )x - 2¢j(y , t)BJPJxJ
_ o : 2.-2.T
{XJPJBJ (n. Z; + 2a 1) w BJPJXJ
T ' T.T T, T.T.2
- x,P.B, (n, )C.x. = %.C.(n. )8, C.WoC. X,
x;PBy(ny + 2))Cix; = x;C5Mng T;)B;Pyxy + X CW Cix )
- 2. xTP X, -‘2¢T(y., t)BTP.x (5-71)

Jj=i 3= +j =) Jj =i

From the assumption (5-17) we obtain
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|¢kJ)(Y(J)’ t) - _(n(J) + C(j))Y(J)I < l (3) _ éj)||Yéj)| (5-72)

. for j=1, see, my k=1, eeo, Sj
By (5-72)
1 TeT - T
|[ 3 (n vy) = oy, 18P x|
. - T -
; chiJl(nj CJ) |BijiJ| (5-73)

where the symbol |«

in the right-hand side of (5-73) is defined by (5-20).

By using (5-73), we obtain from (5-71)

y g 2 L9 1 2
Vil(s-70) & 7 wjluy (x001° + 2Aquy 5 (xpdug(xg) = gluy (017 - ug,

(5-7h)
where Ej = ;-mix(néJ) - ;éJ) + 2q,j)2
= %'mﬁX(“(j) o) (5-75)
u]j(fg) = ||x j § J ||’ uzj ||w ¢, lel
qu(zJ) = 2€J§IPJ§J for j=1, «eo, m; k=1, oo, s

and ||’|l means Euclidean norm.

As for the interconnection, we obtain the next inequality from (5-19) and (5-69).
|[grad.v.]TB-9'(Y »osees Yo, t)]
S R A4 A —m

1
< 2|54PJBJ”J | k§ Wi85iM JLEN

by (5-41) and (5-75)

. M a v
<2 u]j(ij) kzl Bjk"Zk(fk) (5-76)
Thus the requirements (a), (b) of Theorem 3-2 are satisfied with the values of

the constants . ., u. and .,. bein
KJy AJ’ LlJ 'YJk g

=1n (J) (j) 42
Kj bl 2 X(n Ck + zaj)
= Lmax(n() = £ (3)
AJ. =3 (n g ) |
" =1'
j 2 for j, 2 =1, ***, m
YJ'Q' = sz k=lv cee, Sj
. 1/2.1/2 T i N
So, the test matrix K '°M - in the requirement (c) is equal to A - B. Since
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A-Bis an M-matrix, all the requirements of Theorem 3-2 are satisfied.
Therefore the origin of System 11C is asymptotically stable in the large.

[Q.E.D.]

5.2.3. Alternative Proof of Theorem 5-2

In Remark 5-7, we pointed out that Theorem 5-2 agrees with the Lz-stability
condition. Usually, the input-output stability conditions tend to be sharper
than the Lyapunov stability conditions for composite systems. Considering this
fact and the agreement stated in Remark 5-7, we can expect that Theorem 5-2 is a
fairly sharp condition among conditions which will be obtained by Theorem 3-2.
But the proof of Theorem 5-2 does not give any information about the sharpness.
To ascertain this expectation, we derive a stability condition of System 1IlA
depending upon a principal idea of trying to make the stability cohdition as
sharp as possible.

The next theorem is the main result in 5.2.3.

Theorem 5-4
Consider System 1JA, Assume each (Aj’ Ej) is a completely controllable
pair and let fj(s) be given by (5-29). Then, the origin x = 0 of System IIA is

asymptotically stable, if there exist positive numbers Ej and ﬁj for each j

such that
n, + L, -
1+ (= RF ()
hy(s) = —T — (5-77)
Ve (ol - R G)
JJ J
is positive-real and if the mxm matrix R - E is an M=matrix where
R o ..n,.=.zC. A
A = diag(R §i, - 4= , B = (8, ) (5-78)
JJ 2 jk
1f we set
- n. - C. ’
.~ = -+ ._J____J- ’ -
»’KJuJ. o 5 (5-79)

in Theorem 5-4, we immediately obtain Theorem 5-2. Namely Theorem 5-4 s
equivalent to Theorem 5-2.

First, we roughly explain the difference between the proof of Theorem 5-2
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and that of Theorem 5-3. In the proof of Theorem 5-2, first we gave the value of
Pj as a solution of the Riccati equation (5-51) and next obtained the requirements
(a) and (b) of Theorem 3-2 by setting Upgs Up; @s (5-58). In the proof of

Theorem 5-3, we assume that Vi and Uy and u2j are given by (5-52) and (5-58),
respectively, where the value of Pj has not been given yet. On this assumption,
the requirement (b) of Theorem 3-2 is automatically satisfied and the main problem
is how to obtain the requirement (a) of Theorem 3-2., We derive the condition of -
Pj so that the time-derivative of Vj along the solution of an isolated subsystem

can be estimated as sharp as possible.

To prove Theorem 5-3, the next lemma is necessary.

Lemma 5-3
Let A be an nxn matrix, b and c n-vectors, T and n scalars satisfying n > 0
and n > Z, and Q a positive-definite AxA matrix. Assume (A, b) is a completely

controllable pair. Then, there ekists a positive-definite matrix P which satisfies

PA + ATP = - EPEE_TP +'-n:—CPEET + “—;-EEETP - ﬁgc_:_T - €Q
(5-80)
for a sufficiently small € > 0 if
cy . L QXL+ () (s-81)
h(s) = , 5-81
e (g - RDFGS)
is strictly positive-real where f(s) is given by
T -1
f(s) =c (sl =A) 'b : (5-82)

[Proof of Lemma 5-3] Al1l the assumptions of thls theorem correspond to those of

Lemma 5-1 by the relation

A=l ls i, =000 -/ (5-83)

Therefore, if the assumptions of Lemma 5-3 is satisfied, then from (5-L44), there
exists a positive-definite solution P which satisfies

PA + AT

P=- %{EgpzﬁgTﬁ - Bo(n + g)c’ +cln+ D)b'F +cc’y - &0
(5-84)
o ~ S P alE
for a sufficiently small € > 0. By setting P = Iﬁ-and € = ;-ln (5-84), we

_75-



obtain (5-80). : [q0.E.D.]

[Proof of Theorem 5-4] Let us define vj(§i, t) by

v,(x,, t) = xTP.x.
i =S

(5-85)

where Pj is assumed to be a positive-definite matrix. Let us apply Theorem 3-2.

For the system given by (3-1), the functions fg and éﬁ are given by

fF.(x., t) = A.x. - b.b.(y., t)
£(xg5 ) = Apxy = biyly;

g.j(?-(_]’ soe, §m, t) = l—)-jgj(yl’ see, ym’ t)
and the isolated subsystem (3-6) turns out to be

. . .
= A.x, - b.b (y., t), vy, = cix, -86
Xj = Ay byoylvps 8), vy = epx (5-86)

By (5-12). and (5-85), we obtain the requirement (b) of Theorem 3-1

1 om -
d.v.)'g. <2|xP.b.| I B,
(grad;v;)g; < I%Prﬂlkﬂ Bk leix!

. m . -
where we put
T T
.(x.) ="|x.P,b, , .) = |e.x, -88
uyjlag) = lxgP byl upy(xy) = legsl (5-88)

In the following, we examine the requirement (a) of Theorem 3-2. While
we Investigate this, we omit the suffix j which denotes the j-th subsystem
(all the parameters except for the time t have this suffix). From the assumption

(5-4), ¢(y, t) satisfies
(%, €) - ze'x) (ne'x - ¢(c'x, £)) > 0 (5-89)

The sufficient condition to assure (3-16) is that the right-hand side of (3-16)

is greater than or-equal to 01(5-86) for any nonlinear function ¢. satisfying

(5-89); i.e.

. 2 v
q(i) = min{~ Ku1 + 2}\u‘u2 - pui - uo -V (5-86)}
subject to (5-89)
; 0 (5'90)

+) As the function ¢ is characterized only by (5-89), this method is consideréd
to be the sharpest to obtafn'the estihate {3-16). This is the well-known

technique used in the proof of the absolute stability problem.
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Note that as each subsystem Lyapunov function v is defined by (5-85), the matrix
P contained in q(é) needs to be positive-definite. Let Yy be given by

u, = QﬁTQﬁ and assume that

0
A0 (5-91)

then, from (5-88), q(x) can be calculated as follows.

A = min- K Pbb Px + 2AlxPb [ |cTx| - ix'ec'x - ex'ax = x (PA + ATP)x
subject to (5-89) - §T (c X, t)}
2 - kxPbb'Px + 23xTPbe'x - wx'ce'x - ex'ax
- X (PA + ATP)ﬁ_- 2 min'{§TP99(gT§, t)} (5-92)
su:ject to (5-89)
= min'{§TR|§3 §TR2§} (5-93)
where R] and R2 are constant matrices given by
R, =-KP@TP+ ('X+c)ch_T+ (A+C)ch-ucc - (PA+AP) - gQ
(5-94)
R, = - KPEETP + (X + n)PEET + (X + n)cb P - ucc - (PA + A P) - €Q
(5-95)
and X is a real number satisfying
IX] = 2 (5-96)

To derive (5-92), we used the next inequality which is evident from (5-91) and
(5-96).

x'Pb|eTx| 2 AxPbe’x | (5-97)

From (5-93), we can conclude that (5-90) is satisfied if there exists a positive-
definite matrix P for which R] and R2 are simultaneously positive-semi-definite.
In order to apply Lemma 5-3, we need to obtain one matrix equation which assures

R] > 0 and R2 2> 0 simultaneously. Assume that there exists a positive-definite

solution P and a constant number a such that

- kPbb'P + aPbc' + ach'P - pcc' - (PA+ AP) - Q=0  (5-98)

If we put A =a - ¢ in (5-94), we obtain xTR]x = 0 and xTRZx > 0 for

xe {x | X Pbch > 0}, and if we put A=a- n In (5-95), we obtain xTRzﬁ =0

and x R].’Ei 0 for x e’-{)_( | x PP_QT}_i 0}. Therefore, in each case, v| (5-86) San
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be bounded as

- KI&TPEJZ +2(a - C)§TP§57§_- UliTEJZ - €§TQ§_

A

for x e {x | ETPEETﬁ.i,O} (5-99)

- le Pbl +2(a - n)x Pbch - ulx c| - e§?Q§

A

vl (5-86)
for x € {x | f.PEETf.; 0} (5-100)

From (5-99) and (5-100)

3 2
V|(5-86) < - Ku% + 2 max{la - ¢|, |a - n|} uu, - oWy - ug
for all x (5-101)

As the coefficient max{|a - |, |a - n|} takes the minimum value (n - £)/2 for
= (n+ g)/2, we choose a = (n + £)/2 to obtain a sharper estimate of &|(5-86Y
Thus, as for the requirement (a) of Theorem 3-2, we obtain the next result;

5j|(5-86) can be bounded as

-'Cj

2 J T
< - KJuZJ + 2 ———E———-u e.x.0.x.,

2
”|(5 86) = %5 = Yited T SiSi=d

for j=1, ++s, m (5-102)

if there exists a positive-definite matrix Pj satisfying

n. +¢c. N, +.C.
e pbpbp Iy b a1 p, —pe.e - (P4 + ALP)
Jd=i= J 2 J=J—J 2 Si%55d J=d—J JdJ Jd

- Eij =0 (5-103)
for j=l, ***, m
Lastly, we examine the requirement (c) of Theorem 3-2. Llet 60 be the
minimum eigenvalue of the M-matrix and choose 0 < § < 60. Then, K - § - 6l
remains- an M-matrix. Since hj(s) given by (5-81) is positive-réal, we obtain that

Ej(s) given by

" 1+(J2J+/s5_u--6)f(s)
hy(s) =

+ T,
1+ Q7L R - 0)F(s).
(= W )J()
is strictly positive-real. From Lemma 5-3, there exists a positive-definite
matrix Pj which satisfies (5-103) with /Kjuj = VKjﬁj - &, Thus, the requirements
(a) and (b) of Theorem 3-2 are satisfied with the values of the constants K., Aj’
uj and ij given by
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G0 kT Bk
So, the test matrix K - T in the requirement (é) is equal to A-B- SI.
Since A - B - 81 is an M-matrix from the choice of §, we can conclude that all
the requirements of Theorem 3-2 are satisfied and, therefore, the origin of

System |IA is asymptotically stable, Thus we have proved Theorem 5-4. [Q.E.D.]

Theorem 5-3 can be proved in the same way as Theorem 5-4,

Sec. 5.3. Popov Criteria Type Condition for Composite Systems
In this section, we will consider the stability conditions of System 1IB
and System 110D,

5.3.1. Frequency Domain Conditions of System |{B and System [ID

Theorem 5-5 (Stability condition of System |1B)

Consider System 1iB defined by (5-7)-(5-12). Assume that each (Aj’ EJ)
a completely controllable pair, all the eigenvalues of Aj have negative real
parts, and for the case Aj has some repeated elgenvalues, additionally that
(cJ + eJcJAJ, Aj) is a completely obseryable pair. Let fj(s) be the transfer
function given by (5-29). Then the origin x = 0 of System IIB is'stable if there

exist positive numbers KJ and u, and a constant ej for each j such that

J
1 5 T 2
— + Re{(1 + 8, s)f (s)} - 7'|(‘ * 8 s)f (s)| s u = +}f.(s)|" >0
nj J nj J =
where s = fw; 0 S w <o, for j=1, eee, m (5-104)
and
"j -
qj(Kj, Oj) 7—{KJGJ jb ) Jc bj} >0 | (5-105)
and if the mxm matrix A - E is an M-matrix Qhere
A= diag(/Kjuj), B = (Bjk) (5-106)

Additionally, if (5-104) is satisfied with s = iy = ¢ for sufficiently small

€ > 0, then System IIB is asymptotically stable in the large.

In the following, remarks are made to give more concrete ideas about the

computational aspects of that procedure.
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Fig. 5-5 Popov Locus and Popov Line
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Remark 5-12

If we set Ky = uy = 0 in (5-104), we obtain

2 : -
v) = ﬁ} + Rel (1 + ejs)fj(s)} >0 (5-107)

This is the Popov criterion for a single-input ;ingle-output system and can be
interpreted graphically; The inequality (5-107) is satisfied, if Popov locus of
fj(s) lies to the right of the Popov line which goes through the point (-I/nj, 0)
at a slope of ]/6_i (Fig. 5-5). The third and the fourth terms (5-104) are
considered to be the stability margine required of each subsystem so that the

whole system is guaranteed to be stable. As the value of Y, defined by (5-107)

J
becomes larger, (5-104) is expected to be satisfied for larger values of KJ and
UJ*'
Remark 5-13

When sfj(s) is strictly proper (i.e., g}Qj = 0), (5-105) is obviously
satisfied. As nj and Kj are positive, the necessary condition of (5-105) is

1+ n.e.gIg. >0
J 717

This inequality can be found also in the Popov criterion.

Remark 5-Z4‘(Determination of JE;ﬁ})
The M-matrix property stated in Remark 5-5 ana the fact stated in Remark
5-12 and 5-13 justify the following way of determining the value of /E;ﬁ3°
First, set Kj = 0 and uj = 0, aqd test (5-104) graphically (Remark 5-12).
In this step, we determine ej so that Yj in (5-107) becomes larger (Fig. 5-5).
If, for some j, there exists no ej that satisfies (5-107), Theorem 5-5
falls to assure stability. |[f such is not the case, increase aj = V?}ﬁ} until
the pair (Kj’ uj) does not satisfy (5-104) and (5-105). The last value is what
we need in Theorem 5-5. To test the existence of (KJ, uj), we may check, by

point by point method, the existence of k, which satisfies (5-104) with

J
uj = d?/Kj in the interval
T 2, T, (2 T
0 <y < (1+mn;0ye5b)/6)(c;b)) (if 8,¢/b, # 0)
LI
0 < K; (1f eJEJEj = 0)
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Theorem 5-6 (Stability condition of System 11D)

Consider System lID‘given by (5-22)-(5-28). Assume that each (Aj’ Bj)
a completely controllable pair, all the eigenvalues of Aj have negative real
parts, and for the case Aj has some repeated eigenvalues, additionally that
(C + eJCJAJ Aj) is a completely observable pair. Let Fj(s) be the transfer
function given by (5-32). Then, the origin x = 0 of system IID is stable if the
following two conditions are satisfied.

(a) For each j, there exist positive-definite diagonal matrices
wj = diag(wéj)) and Oj = diag(eéj)) for k=1, -, sj and positive numbers Kj and

uj such that

(- B.AT - 0.6.8. + (1 +s0.)F. ()1 k.1 + B.A7'5. 3]

JJ J 75 J ) J JJ
A A—l ~ o~ -~ ~k -~
| - D.H, 0.C.B. + (I + sO.)F. - u.F, F.
x{ it (- ;58 ( SJ) J(S)]} H; J(S) J(S)
~ o~ ~ fa=-] ~ o~ ~
- [-0.c.B, + (I + s0,)F, H. [- 6.C.B, + (I + sO,)F. >0
( ;€58; ( s J) J(S)] j [ 5€58; ( s J) J(s)] 2
for s=iw; 0Sw<w (5-108)
where
~ -1 =
F = W F W = B.W, C. = W.C,
(s) () J J I 3]
o ~TT
D, = x,B,C.0, - | -109
J JJ 3] & )
fo=2n' - «.0.C.8.5c0, +0.0.8, +BCoO,
J J J 3333 ] JJJ j37]
and
ﬁj >0 and det D; # 0 (5-110)
(b) if the mxm matrix A - B is an M-matrix where
A= diag(/scjuj)
B = (Bjk)’ V max [w Bka B_]k k ] (5']]].)

Additionally, if (5-108) is satisfied with s = iw-e for sufficiently small

g > 0, then System IID is asymptotically stablé in the large.

in the following remarks, we give more concrete ideas about the computation

aspects of the procedure.

Remark 5-15 (Determination of Oj and wj)
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As (5-18) includes 25j arbitrary parameters Oj = diag(eij)) and
wj = diag(wéj)) (for k=1, eeo, sj), we need to determine these values before
testing (5-108). If we set Kj = uj =0 in (5-108), we obtain, after some

calculation,

wJT‘{[nJT'WJ? + (wJ% + sW?Oj)FJ(s)]* + [n}‘wﬁ + (wJ? + sW?Oj)Fj(s)]}w;] >0
where s = iw ; O<w<ew (5-112)
This is Popov criterion for multi-input multi-output systems.and also a necessary
condition of (5-108). Let us determine the values of Wj and Oj by using (5-112)
instead of (5-108). First, we consider the determination of GJ. The next
properties are useful.

(i) In the same way as the proof of Theorem 4=3 (ii), we can obtain the

next sufficient condition of (5-112); there exists a positive-definite diagonal

matrix h& which satisfies (5-112), if Fj = ( Yii& 18 an M-matrix where

(g) , (7),-1 . (J) ,

Y =min {(n,?’ )" + Re(l + 100,V ) [F.(iw)],,}
Kk e kR koTTd Kk (5-113)
(7) _ . ~(F) . ‘

Yer = - mgxl(z + 1wl )[Fj(wm)]kgl (k#%)

for k, & =1, oe», sj

From an-M-matrix property, Fj is more likely to be an M-matrix, if Yrk Recomes
larger and - Vg (k#2) becomes smaller.

(ii) As the diagonal elements of a positive-semi~definite Hermitian matrix
are non-negative, the necessary condition of (5-112) is

(nlgj))" + Re((1 + iweij))[Fj(iw)]kk} 20 (5-114)

for all w and k=1, e« sj
This condition is also a necessary condition of (5-113), and can be easily

tested graphically (Remark 5-10).

(1)
K

graphically which makes Yéi) as large as possible. As the off-diagonal elements

From these facts, one simple method is to obtain the values of 6

of PJ become largér if the values of eéj) become larger, we cannot choose so
large values of GiJ). In Chapter 7, for a simple example, we will obtain the
best eﬁj) so that Pj is more likely to be an M-matrix (Unfortunately we cannot

examine (5-112) directly).
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Next, let us consider how to determine the value of wj on condition that
the value of Oj has already been given. In this case, (5-112) can be regarded
as {4-13) and we can determine wj by the method of searching a feasible weight

given in Sec. 4.k,

Remark 5-16 (Determination of VKjuj)

In the first step, set Kj = uj = 0 and determine the values of Oj and wj
for each j by the method stated in Remark 5-15. |f, for some (j, k), there
(j)
k
stability. In the second step, test (5-108) for each j with Kj = 0 and uj = 0.

exists no © which satisfies (5-114), then Theorem 5-6 fails to assure

If the test fails, there exist no positive numbers Kj and uj for those values of
Oj and wj. In this case, choose another values of Oj and Wj and go back to

the second step, or stop this procedure. If such is not the case, increase

uj = /E}E} until the pair (Kj, uj) which satisfies (5-108) and (5-110) does not
exist. The last value a, is what we wanted in Theorem 5-6. To test the

existence of (Kj, uj), we may check, by point by point method, the existence

of Kj which satisfles (5-108) with uj = a?/Kj in the Interval

0< .</A [(e,C, €.0.)(2n;" + ce +B e if0.65. #0
“] maX(JcJBJJJ)(n % c o 3C58 # 0
0< K, (if 0,C.B, = 0)
j _ 37305
and
det (<.B1E10, = 1) # 0
ISR
Remark 5-17

If each subsystem is single-input single-output, i.e., sj =1 (j=t, ¢, m)
(5-108) agrees with (5-104) though the former seems to be more complicated than
the latter. Namely, Theorem 5-6 includes Theorem 5-5. Especially, when

418 st(s) = 0 (namely Ejaj = 0), the condition (5-108) becomes much simpler;

[ +nJ'(| + 50,)F, (s)]*[K L+ 207 177) 0 F (s
== F jLrang 1 D+ (1 + se.)F.(s)]

et F (S)F (s) = [(1 + sG) )F (s)] 2nj [(I + sG) )F (s)1 >0
(5-115)

for s =iw; 0fw<e
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5.3.2. Proof of Theorem 5-5 and Theorem 5-6

To prove Theorem 5-5 and Theorem 5-6, we need the next lemma.

Lemma 5-4
N a A

Assueme that (A, B) ‘is controllable, all the eigenvalues of A have negative

real parts, ﬁ ;=0 and ﬁ fs invertible, and for the case where A has some repeated
A A

eigenvalues, additionally that (C, A) is observable. Then the following
properties are equivalent.

(a) R+ C-int - D78 + 8T(wr - AH71ET

- BTt - AN -A 85 0 forallw  (5-116)
(b) there exists a positive-definite matrix P which satisfies -

AT

R -l

P+ (PB - CHK'(PB - ENT = 0 (5-117)

This lemma is obtained from the result of Hattori & Kobayashi (1980)
immediately. Hattori and Kobayashi obtained their result utilizing the positive
systems theory of Popov. This lemma deeply relates to the Anderson's lemma which

was used in the proof of Theorem 5-3.
[Proof of Theorem 5-5] Let us define vj(x , t) by
= o —d ad
vj(fj’ t) xJPJxJ + 26j ¢ (o)do (5-118)

where Pj is assumed to be a positive-definite matrix. Let us apply Theorem 3-2.

For the system given by (3-1), the functions EJ and éJ are glven by

? (x , t) = A, xJ - b, ¢j(yj)

éj(i], LICL N fm’ t) =EJQJ(Y|, o, me t)

and the isolated subsystem (3-6) turns out to be

EJ = A.x, - EJ¢j(yj), Y = EIx

1% 3% (5-119)

By (5-12) and (5-118), we abtain the requirement (b) of Theorem 3-1.
(grad v ) gj = (ZXJPJ + 20J j¢j)bjgj
T
s2lxpiey + ooyl B oag x|
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where we define u,. and u,. as
1 2]

(x ) = |x P by + 8¢ ¢ b, | u2 ) = |c | (5-121)

5=
Next, let us examine the requirement (a) of Theorem 3-2. We will estimate

in the form of (3-16) with Aj =0 and u., = 0; i.e.

Vil (5-119) 0j

> e T 2
Vj|(5-119) b K {x P b eJCJbJ¢J} uj{fjgj} (5-122)

While we investigate this requirement (a), we omit the suffix j which
denotes the j-th subsystem (all the parameters except for time t needs;ghi; C
suffix).
From (5-118) and (5-119) we obtain
W (5-119) = KT (PA + ATP)x - 2x"Pbp(c'x)

+ 26¢(£T§)ETA§ - 26¢(ch)ch¢(ch) (5-123)

Since, by the assumption (5-10), ¢ (y) satisfies
(%) (nc'x - ¢(c'x)) 2 0 (5-124)
(5-122) is satisfied if the right-hand side of (5-122) is greater than or equal

to (5-123) for any nonlinear function ¢ which satisfies (5-124); i.e.,

min (§¢2 +ep +q) >0 ' (5-125)
¢
subject to (5-124)

where g, € and g are scalars given by

5= - xlec'n)? + 26c'd
e = - ZKETPEPETE.+ Zprk.' ZeETAﬁ (5-126)
§ = - k(TPb)? - ulx')? - X (PA + ATP)X

Assume that 8 + 2/n > 0. Then, the next inequality is obvjously satisfied.

min (§¢2 +ep +q) ;=min'{§¢2 +ep+q- 2¢(ET§ - o/m)}
¢ ¢
subject to (5-124) :
: WG+ 2/m% - G- 2¢'x)?

4(§ + 2/n)°
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— 1 "R (5-127)
g+ 2/n

where R is a constant matrix given by

A 2
(kBc'b - 1) PbbTP

R=PA+ AP +ycc +KPbb'P + cb - — Pbb
2/n - k8°(c'b)” + 26c'b

T .
ke b - | {Pg(e_c_TA )+ (6c'A + gT)ThTP}

+ -
2/n - KGZ(ETE)Z +20c b

+ 5 IT > < (@' + 1) T(ec'A + <N (5-128)
2/n - k8" (c'b)” + 26c'b

Therefore, the sufficient condition of (5-125) is

§+2/n = 2/n - k82(c)? + 26c'b > 0 (5-129)
and
RO | (5-130)
The condition (5-129) is assumed in (5-105). In order to obtain the frequency
domain condition (5-104), let us apply Lemma 5-4 to (5-130). As R can be

represented in the form of (5-117) where

2 K T T ia.T T T
M= agm BcA+c) (BeA+c) +uce
A=A
B=b
R} -kBcb Ty, T
C=]—TTK7‘];]=(GEA+S_)
A _2/n - xo’(cTh)? + 26cTh

T+ 2k/0

and all the other conditions of Lemma 5-4 are assumed in Theorem 5-5, there exists

a positive-definite solution which satisfies R=0 if and only if

2, T,\2 T T
2/n - k8°(c'b)” +26c’b 1 - KOc b T Ty oe o oay-)
T+ Z2]/M * e (BcA+c) (il - A) b

T
T o oyl Ta o TyT 1 = Kée'h
+b (-iwl - A) (6c A+c) T 2K/n

K T Ty=1 (0.7 T s o Tyt o ay”)
- Traem L (Rieh - AT (Bc'A + ¢ ) (Bc A+ c)(iwl ="A) b

&

X

+ ug?(-iwl - AT)-]ggT(iwl - A)"g_g,o for all W (5-132)
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Using the identity

cTeA+ (st - A7 'b = - 8c'b + (1 +0s)F(s)
in (5-132), we obtain (5-104) after some calculation. Thus, we have shown that
if the conditions (5-104) and (5-105) are satisfied, there exists a positive-
definite matrix Pj such that Ojl(5-119) is estimated aé (5-122).
Lastly, we examine the requirement (c) of Theorem 3-2. From (5-120) and
(5-122), we obtain a test matrix given by (5-106). As all the requirements of

Theorem 3~2 with u,, = 0 are satisfied, System 1IB is assured to be stable.

0]
This completes the first half of the proof.

Now, we will prove the last half of the theorem. In (5-130), if we set
R = -2¢P, (5-131) holds true with ﬁ = A+ ¢el. As all the eigenvalues of A have,
negative real parts, we can choose a small € so that all the eigenvalues of ﬁ have
negative real parts. Therefore, from Lemma 5-4 the matrix equation R = -‘eP
has a positive-definite solution, if and only if the frequency domain condition
(5-104) is satisfied with s = iw - €. By using the solution of Rj = - Zer,

Gj can be estimated as

(5-119)
2 2 T

. ™ UL = WX,
1T M2y T 2eRx

. o !
Vil(5-119) £ 7 k¥ |

Therefore uOj is given byyiex}?jxj and from Theorem 3-2 System !i3:is assured to*

be asymptotically stable in the large. This completes the proof. " [Q.E.D.]

We can prove Theorem 5-6 in a parallel way to the proof of Theorem 5-5.
[Proof of Theorem 5-6] Let us define Vj(fj’ t) by
Y. .
T j. T 2.,
v,(x,, t) = x,P.x, +2 . (o)W50.do 5-133)
J()—(-J’ ) = j= GQJ@ 3802 (
where Pj is assumed to be a positive-definite matrix. Let us apply Theorem 3-2.
For the system given by (3-1), the functions fj and éj are given by
f.(x., t) = A.x. - B.¢. [y,
—J (-)iJ’ ) 1% 7 P (lJ) ‘
_g_j(i, t) = ngj(l]’ eoe, Xm, t)

and the isolated subsystem (3-6) turns out to be

x. = A.x. - B.o.(y.), y, =C.x -134
S T T (5-134)

- 88 -



By (5-28) and (5-133), we obtain the requirement (b) of Theorem 3-2.

T
d.v, . = (2 P + 2 ec B,
(gra JvJ) g; (x ¢Jj ) 9
-] m -1
< zl(ngJ.B. + zg.e.chjaj)wj l kEI ”ijk"’k Iwkck5k|
< 2u,J.(_>gJ.) k‘:‘ BJk 2k (%) (5-135)

S

where\Bjklls given by {5-111) and the scalar functions u]j(§j) and u2k(§k) are

defined by
T, .2 -1
LAx,) = P.B.W 26.0.W5C,B W,
u]J(éJ) HXJJJJ +'qlJJJJJJ||
L(x.) = [|w,C.x, for j=1, e, -136
Uy (x;) [ ; J§JH or j=1, m (5-136)

Next, let us examine the requirement (a) of Theorem 3-2. We will estimate

VJ|(5'13“) in the form of (3-16) with >‘j =0 and ) 0j 0; i.e.

T 172
(5_]34);-KHXPBW +¢ewcew [

2
- wc
it I R | =j JJ uIl XJ”

v,
J
(5-137)

While we investigate this requirement, we omit the suffix j which denotes

the j-th subsystem (all the parameters need this suffix except for time t and

the suffix k).

From (5-133) and (5-134)
. T Tovo _ T T2 _ }
vi (5-13t) = % (PA + A'P)x - 2x PBY + 26 'W°OC(Ax - B) (5-138)
Since, by the assumption (5-26), ¢k(1) satisfies
WMy, -6 () 20 for k=1, ***, s (5-139)

(5-137) is satisfied if the right-hand side of (5-137) is greater than or equal

to (5-138) for any nonlinear function ¢ satisfying (5-139); i.e.

min (@G +oe+ed+Q) 20 (5-140)
]
subject to (5-139)
where
G = - xouceu ZBTCTWZO + 0wPcB + BTCTW70
e = (- xowlcaw28Tp + 8Tp - WPocA)x (5-141)
Q= - x (<PBW2BTP + mwCCTW + ATP + PA)x
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The next inequality is obviously satisfied.

min (3760 + ¢'e + &To + Q)
¢
subject to (5-139)
> min {960+ 06 + 816+ 4 - 28"WP(cx - n'9))

¢

min {[QT(@ + Zn_]wz) + (é_- wzcé)(é + 2n_]w2)-]](§ + Zn-lwz)-]

16+ 2nWhe! + (B + an WA T - w2ex)]
- @ - TE 20 WD) T E - WPew) + )

1f we assume G + an I > 0, then

Iv

- (6 - W) T@ + 2n WA - whex) + §

- ETﬁﬁ (5-142)
where R is a constant matrix given by

A s o - - T - T 1. -
R = (- «oCBBTP + 87P - OFA - 0) (- xOCBB'ClO + 688 + B Co+2n )"

T

“(- KOCEBTP + B'P - OCA = €) + kPBB'P + pCC' + AP + PA  (5-143)

and B and C are given by (5-109).
Thus, the sufficient condition of (5-140) is

1 kotBE cTo + oC8 + B'CO > 0 (5-1k4k)

WG + 20 WP = 2n
and
R<o (5-145)
The condition (5-144) is assumed in (5-110). To obtain the frequency domain

condition (5-108), let us apply Lemma 5-4 to (5-145). R.can be represented in

the form of (5-117) where

R=0-8E"8
A=a B=5 8=¢g R=¢" (5-146)
and
£=xl+ (K§TETO - I)(Zn-l - «OtBETETo + ot + §TETO)—](OE§K - 1)
§2 < (BT - 1) (20! - kotEETETo + ofE + B7¢T0) " (0FA + )
6= uETE + (ATcT0 + 1) (2n”) - «otEETET0 + oF + B1610) 7 (6EA + €)

(5-147)

As K is a positive constant and (5-144) is assumed, E is positive-definite and,
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] A= A
so, K (= E ]) is invertible. Since M can be represented as
A= kTa V20 - 0+ LoT ') AR
where D and f are given by (5-109) and X is defined by X = C + OCA, M is positive-
semi-definite (Note that H is positive-definite from (5-110)). As K860 - I is
non-singular from (5-110) and Cis given by (5-146), (A, €) is observable if

(c + OCA, A) is observable. Other requirements of Lemma 5-4 are clearly satisfied.

By substituting (5-146) into (5-116) and using the identity

(€ + OCAYE(sl - A)'E = - OFF + (1 + sO)F(s)
we obtain (5-108). Thus we have shown tha£ if the conditions (5-108) and
(5-110) are satisfied, there exists a positive-definite matrix Pj such that
&jl(5-13h) is estimated as (5-137).

Lastly, we examine the requirement (c) of Theorem 3-2. From (5-135) and
(5-137), we can immediately obtain the test matrix given by (5-111). As all the
requirements of Theorem 3-2 with uoj = 0 are satisfied,'System 11D is stable.
This completes the first half of the proof. As for the proof of asymptotic
stability, we can prove in a parallel way to the proof of Theorem 5-5.

[Q.E.D.]

Sec. 5.4. Remarks on Theorem 5-5

In this section, we clarify the relation between Theorem 5-3 and Theorem
5-5 and the relation between Theorem 5-5 and the Lz-stability condition (Saeki
et al, 1979). |

To compare Theorem 5-5 with Theorem 5-3, we assume Fhat Cj = 0, 91 =0
and all the eigenvalues of Aj have negative real parts. By abplying Lemma 4-3,

the positive-realness of hj(s) of Theorem 5;3 can be expressed as
n n. n.
Py _..L (D2 - *
1+ fJ.(s) +5 fj(s) + 1) KjuJ}fJ(S)fj(S) >0
for s = 1w 0<Lwge ‘ (5-147)
On the other hand, from (5-104) of Theorem 5-5, we obtain
n n, n. n .n .
g 3 D2 - L .
1+ 5 fj(s) + 3 fJ.(S) + {9 -+ Kj)(z + uj)}fJ(S)fj(S) >0

for s = ijw 0Swge (5-148)

=
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From the above two equations, (5-148) is satisfied with Kj =K, - r5/2,

0j

. = . - n,/2 , if -14 is satisfied with k., = k,. and p, = .« In this
My = Mg Ty (5-147) 5 My = Hg;

J 0j
case, the diagonal elements of the test matrices of Theorem 5-3 and Theorem 5-5

are given by

JKOj“Oj - nj/Z - Bjj (from (5-78))

gy = 720G, = 1.72) = By, (from (5-106))
respectively, and the off-diagonal elements of the matrices are the same. In
Theorem 5-3, the values of Kj and uj can be chosen arbitrarily without affecting
the M-matrix condition as long as the product Kjuj is fixed. On the other hand,
the diagonal elements of Theorem 5-5 attain the largest value for Koj = uoj ’
and in this case the test matrix of Theorem 5-5 agrees with that of Theorem 5-3.
Thus, we have shown that Theorem 5-5 with ej = 0 becomes as. sharp as Theorem 5-3
by choosing Kj = uj in Theorem 5-5. So, Theorem 5-5 is potential to give a
sharper result than Theorem 5-3 because of arbitrary parameters 6j.

Next let us compare Theorem 5-5 with the L_-stability condition of Saeki et al.

2
(1979). By applying Theorem 2 of Saeki et al, (1979) to System 1B, we obtain the

next theorem.

Theorem 5-6

System-11B .is.L ~stable if the leading principal minors of A - B are all

2

positive for some 8, > 0, *++, 6 > 0 where A= diag(aj), aj's are positive

1
constants such that the Nyquist diagram of each fj(iw)(l + iwej) lies inside

the disc with center

1 1 S . g
i'( a, n., + a, ) + 0
J J J
ahd radius
1,41 1
E'IET ) |
J J J

and B is given by B = (Bjk)'

From Remark 5-5 and the equivalent relation between Theorem 5-2 and

Theorem 5-U, Theorem 5-6 can be represented as follows.
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Theorem 5-7 (Alternative form of Theorem 5-6)

Assume that Aj is stable., System 1IB is Lz-stable if there exist positive

numbers Kj and uj and a constant ej for each j such that

N N . M2 o
] +Tfj(s) +2—-fJ.(s) + {97 - v’Kjuj} fJ.(S)fJ.(S) 20
for s = jw 0<w<e (5-149)
where
?j(s) = (1 + ejs)fj(s) (5-150)

and if the mxm matrix 3 - B is an M~matrix where

A= diag(/_KJuj - nj/Z), B = (sjk) (5-151)

The frequency domain condition (5-104) of Theorem 5-5 is represented as

Ak A
LI n, Kiny o n; ,fj(s)f.(s) _
1+ 5% fJ.(s) +2—J-?J(s) - -—J-z-—?j(s)?j(s) - uJ{Kj +2—}I~—J12—g’0

1 +8.,s
J

for s =iw 0<w<ow (5-152)

As |1 + Bjs|2 21 for s = iw, the sufficient condition of (5-152) is that
*

n.
JF
1+t §)

n. n n
() + 2 1,06+ LD - e ke uIF9)F ) 20

for s=iw 0Lw<w®  (5-153)
As (5-149) and (5-153) can be obtained by setting fj = ?j in (5-147) and
(5-148), respectively, we can conclude that Theorem 5-5 with Kj = uj‘is sharper

than Theorem 5-7 (equivalently, Theorem 5-6).
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Chapter 6 Estimate of Stability Regions

In this chapter, we consider the situation such that the description of
the systems given in Fig. 1.1 and Fig. 1.2 are valid only for some finite region.
We estimate the stability region by the Lyapunov functions which were used in

the proofs of Chapter 4 and Capter 5.

Sec. 6.1, Stability Region of Systems with Multiple Nonlinear Feedbacks
In this section, we assume that the nonlinear function ¢j(z3 t) of System |

satisfies (4-5) only for the values of yj restricted by
'p]j 2 Yj 2 ij for j=1, see, m (6-1)
where plj and p2j are positive constants. Let us study the estimate of the
stability region surrounding the origin.
Theorem 6-1 shows a concrete way of constructing a Lyapunov function of

System | and Theorem 6-2 gives a method of estimating the stability region of

System |.

Theorem 6-1 (Construction of Lyapunov function of System 1)
Assume that the requirements of Theorem 4-2 are satisfied. Then, there

exists a positive-definite nxn matrix P which satisfies

PBRBTP + PA + ATP + Q = 0 (6-2)
where
=052 + ol s+ ae ot !
A=A-oBni2l +0wln+ w2}t (6-3)
8 = €Thg21 + o7 % + 2oy T
C=C-DCC, A=A-BgC, H=n-¢ (6-4)

and, in each case, Wis given by

(i) in Case 1, W= gllzn]/ZRw
(ii) inCase 2, =W (6-5)
(iti in Case 3, W= ('C)]/ZHI/ZRW

and the function v(i)'defined by

v(x) = x'P (6-6)



is a Lyapunov function of System I.

Theorem 6-2 (Stability region of System 1)

Assume that the requirements of Theorem L-2 and the restriction (6-1) are
satisfied. Let P and v(x) be as given in Théorem 6-1 and let 0 = (ij) be given
by

0 = 10) jylmax(le,], n)  for J, k=1, seeym  (6-7)
If I - O is an M-matrix, then the region
S={x | v(x) < my} (6-8)

is included in the stability region of the origin of System | where

o= min m (6-9)
j=1, eeeym
52
To= min xPx = 3 Jj=1, eeo, m’(6-10)
’ ch=5._. B cTP-Ic
~j="] =i

Ej is the j-th row vector of the matrix C, and the positive constants p,

satisfy ,
o) Py
n-a'i | < | (6-11)
Sm Prm
pj = mln(p]ja pzj) (6-‘2)
Remark 6-1
In Theorem 6-~1, the algebraic eqﬁation (6-2) has the form of
PAP + PE+ B'P + T = 0 (6-13)

We can apply the Potter's method (1966) to solve this equation. But it must be
noted that there are, in general, many positive-definite solutions. Any one of
such solutions can be used to construct a Lyapunov function. The problem of

choosing P which gives the largest estimate of thé stability réglon is open.

Remark 6-2

In order to obtain a larger estimate by using Theorem 6-2, we need to

choose the value of 53 properly: This problem is to maximize the value of T
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subject to (6-11). If we define gj as
5
I LTl (172 ?
P
(g _c_j)

then the problem is formulated as the following maximization problem:

N>

Obtain n1/2 = ma* min z,
0 A . J
z
subject to the constraints
z) !
E hs
z 1
m
and N
Zj >0 for j=]’ e, m
where
D;l ) (cIP—lcl)]/Z
. 0 = B I 0
E = . - [1 - 0] .,
0 « -] 0 T,-1 /2
P (EmP Em)
A ‘ .
£ = (eij)’ eij >0 for all i, j

This problem is a min max problem with constraints. The method of Demyanov &

Malozemov (1974) would be helpful to solve this problem. In this thesis, we do

not investigate this problem further.

Theorem 6-1 is directly obtained from the proof ofATheorem k-2, So, the

proof of Theorem 6-1 is omitted.

[P(oof of Theorem 6-2] From the assumption of Theorem 4-2, we set u=0. Then,
from (4-2) and (4-3), we obtain the next algebraic equation with respect to y.

y = Cx - Doly, t) (6-14)
From (6-1) and (6-12), Y; satifies .

vl <oy ©  for =i, eem (6-15)

From the proof of Theorem 4-2, the time-derivative of v along the solution of
System | is negative-semi-definite for such yj that satisfies (6-15). Therefore,

the set S given by
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s=1{x | v(x) £ min v(x)} (6-16)
- - xedR = )
is contained in the stability region where the set R0 is the set of x which
satisfies both (6-14) and (6-]5): Now, let us estimate Ry From (4-5)
H ’ . < .,. . o 6"]
950, B < max (np [z Dy, (6-17)
From (6-7), (6-14) and (6-17)

T .
]§J |Y||

le
: > i-o | i (6-18)
T
le I |y |
As | - O is an M-matrix, we obtain
|EJ£| . |Y||
n-e' | 2| 5 | (6-19)
- N
lexl 1Yol

From (6-11) and (6-19), if |E}§J ; 5] is satisfied for j=1, ess, m, then

|Yj|,§ 3 is satisfied for j=1, «es, m. Therefore, an estimate of Ry Is given
by
Ro={x | [elx| < p, » J=1, e, m} (6-20)
e
As RO is included in RO’ we may use RO inStead of R0 in (6-16). It is obviously
satisfied that my = min v(x). This completes the proof. [Q.E.D.]
| ¥§Fs30‘ .

Sec. 6.2. Stability Region of Composite Systems Consisting of Subsystems
with Nonlinear Feedbacks
Let us conside; the stability reglon estimate of System tIA - 1ID. In this
section, we assume that the nonlinear fﬁnctions ¢J of System |IA and System |IB

satisfy (5-4) and (5-10), respectively, only for the values of Y restricted by
-p]jf; ¥j 20y for J=1, ese, m (6-21)

where p]j and ij are positive constants., And similarly we assume that the
nonlinear functions Qﬁ of System 11C and System 11D satisfy (5-17) and (5-26),

respectively, only for the values of ZJ réstrictéd by
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(6-22)

=.], oo, S.

(15)
k

where p and pézJ) are positive constants. In these situations we will

estimate the stability regions.

6.2.1. Constructibn of Lyapunov Functions
We obtain the following theorems to construct Lyapunov functions of
System IIA - LID from the proofs of Theorems 5-2, 5-5, 5-3, and 5-6,

respectively.

Theorem 6-3 (Construction of Lyapunov function of System t1A)

Assume that the requirements of Theorem 5-2 are satisfied, and let § be a
sufficiently small positive number which satisfies (5-49). Then, there exists
a positive-definite njxnj natrix Pj which satisfies

(n - ¢, + 20, - 28)2p.b.bIP. + P, (28, - (n, + .)b.c)

J J J J==1J J J J J ==
U P T (6-23)
for sufficiently sm;ll number Ej’ there exists a diagonal matrix D = diag(dj)

with dj >0 which makes MDH - fTDf positive-semi-definite where

A n. = [ A nj - L. A
A= diag( =—3 +q, -6), [=diag(—2—32L) +8 (6-24)
2 J 2
and the function v(x) defined by
v(i) = ¥ axp.x. (6-25)

is a Lyapunov function of System I1A.

Theorem 6-4 (Construction of Lyapunov function of System 1c)
Assume the requirements of Theorem 5-3 are satisfied and let € be a
sufficiently small positive number which makes Hj(s - €) positive-real. Then,

there exists a positive-definite njxnj matrix Pj which satisfies

-1,~ ~ -1 T ~ ~
P.B.W. (n. -.CZ.)W, B.P., + P,[2A, - €,1 - B,(n, + c.
Jj] (nJ CJ) J i J[ S J(nJ CJ) J]
> ~ T 2 .
+ [2A, - €,1 -8B.(n, +2.)c.1Tp. + C.WC, =0 6-26)
: J J J( J J) J] LJ i3] (

for j=1, e¢°*, m
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where

-~

S I B T T | (621

there exists a diagonal matrix D

[}

dlag(d;) with d;>0 which makes MoH - £Tpf
positive~-semi~definite where

f diag[mz‘?((nl((j) - céj) + ZOLJ)]

£

. G . Oy . g ]
dlag[maf(nk Ty )] + 8B (6-28)
and the function v(x) defined by

vix) = % d

T
P.X, . 6-2
& jéj X (6-29)

J=)

is a Lyapunov function of System t1C.

Theorem 6-5 (Construction of Lyapunov function of System |18B)
Assume that the requirements of Theorem 5-5 are satisfied. Then, there

exists a positive-definite njxnj matrix Pj which satisfies

T 2
(x.6.¢.b, - 1)
e ' + k1P bobi,
2, T, 2 T IESE
2/n, - k.05(c.b,)" + 20.¢c.b,
/nJ j J(EJ—J) eJE'J-J
T
_ K.0,c.b, =1
+P A, + I bt b, (8,c0A, +cl)}
Ty 02(cTh.)2 + 20.¢"b R
. = K.9, .D, .
0 R ==
T
K.8.c.b, =1
+ {A, +- J_J=i=) b, (6 A, + <)} P,
J 2/ 62( 'Tb )2 + 26 Tb =j j_j ] =j J
. K, .D. P
" MRS ==
+ ﬁ.grg, =0 for j=1, eee . m (6-30)

J==

T

there exfsts a diagonal matrix D = diag(dj) with d,>0 which makes Mo - f'of

J

positive-semi-definite where

M= diag(u}/z), I = diag(K}l/Z)ﬁ (6-31)
and the function v(x) defined by
T
) = B a kT x, + 20, /35 4 (o)do } (6-32)
- R T P R }

is a Lyapunov function of System 11B.
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Theorem 6-6 (Construction of Lyapunov function of System I1D)
Assume that the requirements of Theorem 5-6 are satisfied. Then, there
exists a positive-definite njxnj matrix Pj which satisfies
~ AT/\_] ~ ~

P.B.{k.I +DH.'D.}8'P, + P.{A, + B.D'H.' (8.C.A, +C.)}
IS SRR At A TN R TG et Af TN R Mt B

+ {A, + E.BTQTI(O.C.A. + E.)}TP. + u.E.ET
J J 3] JJ] J J JJJ

~ R P ~ .
+ (0.C.A, + C,)'H. (0.C.A, + C.) =0 f =1, eeo 6-
( €58 J) H; ( €Ay J) or ] , m (6-33)
there exists a diagonal matrix D = diag(dj) with dj>0 which makes MDM - fTDf

positive-semi-definite where

f = diag)), T = diag(c]'/ DB (6-34)
and the function v(x) defined by
W = B dCaTpx +2 £ 58T (@0 dod (6-35)
= . P.x, + . . =
VIR Y AT o =20

is a Lyapunov function of System IID.

Remark 6-3
Remark 6-1 is also applied to eqs; (6-23), (6-26), (6-30), and (6-33).

We can determine the values of dj by the method stated in 3.4.2,

6.2.2. Estimate of Stability Region
In 6,2.1, we presented the method of constructing Lyapunov functions of
System |IA - 11D, The following theorems give the estimates of the stability

regions of System IlA - 1ID by using these Lyapunov functions.

Theorem 6-7 (Stability region estimate of System 11A)
Assume the requirements of Theorem 5-2 and (6-21) are satisfied and let Pj’
D and v(x) be as given in Theorem 6-3. Then the region
s, = x| vix) £ 7} (6-36)
is included in the stability region of the origin of System [IA where
= min d,v,, (6-37)

m
° g O

- 100 -



2 2
1 Py

- Tl To-1
S gP g

Voj = min ( ) (6-38)

Theorem 6-8 (Stability region estimate of System 11C)
Assume the requirements of Theorem 5-3 and (6-22) are satisfied and let Pj’
D and v(x) be as given in Theorem 6-4. Then, the region Sy given by (6-36) is

included in the stability region of the origin of System !IC where LI is given

by (6-37) and vo; is given by

o tminC (o2 (o202 )} (6-39)
Vgj = min min GIT.1.G7 » (J)T,-1.05) )
P oske, o RN ha N (O N N

where EéJ) is the k-th row vector of C,.

J

Theorem 6-9 (Stability region estimate of System IIB)

Assume the requirements of Theorem 5-4 and (6-21) are satisfied and let Pj’

D and v(x) be as given in Theorem 6-5. The resion Sx given by (6-36) is included

in the stability region of the origin of System |IB where T is given by (6-37)

0
and vOj is given by
2
Vo = min{ — +20.f, ' ¢.(0)do, +20,f ¢, (0)do}
J To-l 3o J ST j°o J
5708 SR

(6-40)

Theorem 6-10 (Stability region estimate of System 11D)

Assume the requirements of Theorem 5-5 and (6-22) are satisfied and let Pj’
D and v(x) be as given in Theorem 6-6. The region S, given by (6-36) is included
in the stability region of the origin of System |ID where ﬁo is given by (6-37)

and voj is given by

(6-41)

The concrete method of computing voj is given by the next lemma,
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Lemmg 6-1 (Pai and Narayana 1976)
Consider a typical hyperplane defined by

Eéj)x. =p (6-42)

where EéJ) is the k-th row vector of Cj. Then, the minimum value of

T LI S L
L(x.) = x.P, o, .0, 6-
VJ(§j) xPix; + 2 o gj(g)wJeJdg (6-43)

under the constraint (6-42) is given by

~

Y-
A AT -1.Ty-1,7° e 2
v.(x.) =y.[(c.p.C. L+ 2 [70. W0 do . (6-Lk)
%) = 5 i Py 0= =
In the above equation, ij = cjfj and éj is given by solving the next nonlinear

algebraic equations in the unknowns X Ak and cj(j=l, Tt S j#k)

e, -1 [ x, -2420.9, (o)
i T = T A e - (6-45)

(]

o

>
la

where

k’

g'= [0 eve

1? ’ ck']' P, dk+]r **, O (6-h6)

[Proof of Theorem 6-7] Let us apply Theorem 3-3. From the assumption (6-21),

the set Rj in Theorem 3-3 is given by

. . o S
R, = s s “Py: £ C.x. < . -
! {§j | x; satisfies -p;; < c;x; ==02J} . (6-47)

and the description is valid in the set R=R]x coe me. As v, is a positive-

definite function and Voj is given by (6-38), Sj given by (3-29) is clearly

contained in Rj' This completes the proof. [Q.E.D.]

The other three theorems can be proved in parallel to the above proof.

To derive (6-40), we applied the result of Walker & McClamroch (1967). We

can obtain larger estimates than the estimates obtained by the above theorems,

respectively, by means of the open Lyapunov surface (J.L. Willems 1969)..
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Chapter 7 Examples

In this chapter, we examine eight examples. The contents are outlined as

follows.

Example 1
The well-posedness condition (Theorem 4-1) is applied to a 2-input 2-output
system of type |. In order to calculate the uniform instantaneous gains,

Theorem 2-1 is also used.

Example 2

Theorem 3-1 and Theorem 3-2 are applied to the transient stability analysis
of a multi-machine power system. By using the theorems, we obtain the stability
conditions and construct Lur'e type Lyapunov functions, respectively, Sharpness

of the two stability conditions are compared with each other,

Example 3
By applying Theorem 3-3 and Weissenberger's method, we obtain two estimates
of the stability region of a composite system which is composed of 3 subsystems.

The largeness of the two estimates are compared with each other.

Example 4

The method of searching a féas?blé wéight, which was proposed in Sec.vk.h,
is applied to a 3-input 3-outpht system of type |. This system -cannot be
assured to be stable by both M-matrix condition (Theorem 4-3) and Rosenbrock's

criteria (Theorem 4-5).

Example 5

The weighted multivariable circle criterion (Theorem 4-2) together with
the method of searching a feasible weight (Sec. 4.4), the M-matrix condition
(Theorem 4-3), Rosenbrock's criteria (Theorem 4-5), and Hurwitz condition are
applied to a 2-input 2-output system. System parameter regions in which stability

was assured by the four conditions are il1lustrated.
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Example 6

The circle criterion type condition (Theorem 5-2) is applied to a system
which is composed of three subsystems. We construct a quadratic form Lyapunov
function by using Theorem 6-3 and obtain the estimate of the stability region
by using Theorem 6-7. We also apply the Weissenberger's method (1973) and obtain

parallel results to the above. These two methods are compared.with each other.

Example 7

In Remark 5-5, we have examined how to find the feasible value of CE which
is an arbitrary parameter contained in Theorem 5-6. Ve calculate the ' optimum "
value of Oj for a simple system to investigate the influence of Oj on the

condition of Theorem 5-6.

Example 8

Popov criterion type condition (Theorem 5-5) is applied to the multi-machine
power system which was examined in Example 2. We construct a Lur'e type Lyapunov
function by using Theorem 6-5 and obtain the estimate of the stability region by
using Theorem‘6-9. We also apply the method of Arakf et al, (1980) to this system

and obtain the parallel results to the above.

Sec. 7.{. Example 1 ( Well-posedness)

Consider a dynamical system in a block-diagram form as shown in Fig. 7-1
where 97 9127 9270 and g,, are the plént models, and ¢] ané ¢2 are the gain
controller models which include the saturation of the actuators. Consider the
case where gjk and ¢j are as given in Fig. 7-2. Since all the above operators
are not smoothing, the Vidyasagar's digraph GV(CSF) has cycles-and; so, his
theorem cannot guarantee well-posedness. Now, let us apply our theorems. As
this system is System |, we can apply Theorem 4-1. By Theorem 2-1 and Theorem
2-2, we obtain the upper bounds of the uniform instantaneous gain as given in

Table 7-1. So, by the condition (i) of Theorem k-1, the test matrix is calculated

as
i 0 10 0 |]|0.05 0.02

0 1 “lo 10{[0.09 0.05
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T ] T° 9 I "
921
= 912 +
922 T =Y,
Fig. 7-1 System of Example 1
% (o) ¢,(0)
10 F--=---; L ;
1 ! i, |
T L o} T L
i 1 E 1
i !
S e <10 A -10
(2) (b)

Fig. 7-2 Characteristics of ¢l and ¢2
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0~5 -0.2

. @-1
-0.9 0.5 .

Since this matrix is an M-matrix, we can conclude that the system is well-posed

in the sense of Definition 2-1. Next, let us apply the condition (ii) of

Theorem 4-1. By (4-11), wé obtain a = 0.109 and b = 10. As the loop-gain-product
a*h = 1.09 is greater than 1, the well-posednéss of the systém cannot be
guaranteed by this condition. The main reason of the success of the condition (i)

is the use of the weighted mean square norm.

! SUbsyStem Transfer function Uniform instantaneous gain
or characteristics ’
1+0.5s

—0:5 4 .02 0.02
912 (1+5s)(1+10s) © - .

0.5(1+0.01s
921 (1+5s) (1+20s) * 0-09 0.09

1

922 d+10s)(1+s) T 00 0.05 '
o given in Fig. 7-2 (a) 10
9, given in Fig. 772 (b) 10

Table 7-1 Characteristics of the subsystems of Example !

and their uniform instantaneous gains

Sec. 7.2. Example 2 (Application of Theorem 3-1 and Theorem 3-2 to a trasient

stability analysis of a multi-machine power system)
Consider an n-machine power system which is described by

M, 8 +p8 =P . -P . for j=1, *** -
5O D0 T Py TPy for el (7-2)

where Gj is the absolute rotor angle of the j-th machine and Pej is the electrical

power delivered by the j-th machine which is given by

n
Pej = kzl BjkCOS(Gj - 6k - ejk) (7-3)
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The other quantities are

inertia coefficient

M. =

J .

Dj = damping coefficient

mj = mechanical power delivered to the j-th machine

Bjk = EJEkYJk

Ej = internal voltage

ij = modulus of the transfer admittance between the j-th and

k-th machines
ejk = phase angle of transfer admittance between the j-th and

k-th machines

and all assumed to be constant. |In addition, we assume uniform damping, namely,

~

D, ’
ﬁJ = A for j=1, *++, n (7-%)
J

We take the n-th machine as the comparison machine and, following Jocic
et al, (1978), decompose the system into m = n-1 Lur'e-Postnikov type subsystems.

As a result, we obtain the next equations:

§J.= 1 ?_ ¢J(yj)+g(v,. AADRAE
3 (7-5)
yj = gJ % for j=1, eee. m
where
_ _ A0, T
Xy = (@ 850 = 8yp)
ij = GJ. - Gk
0 _
ij the steady state value of 6]
. [x o N Q -6
A, = b, = c, = 7-
J 1 0 —J 0 _'.] ]
= (M~ Mol - -
¢j(yj) = (Mj )B snne [Sln(yj + 6 ) Sln5 0l 7-n
- ...H = -' - ‘ [} -
gj(y], » V) = (M My )Bjncosejn. (coséjn °°_55jn)
-| .
+ kfl M ¢ ak =N fjk) (7-8)
k#j
= - - 0o _ -
fjk = Bjk[cos(Gjk ejk) cos(éJk ,01k)] (7-9)

_]07_



The nonlinear time-invariant function ¢j(yj) given by (7-7) satisfies the next -

inequality in a finite region surrounding the equilibrium point ﬁj = 0:

0<zyl<

2
0. (y.) < n.vys . €[00y 0, -10
JJ=5%Wﬂ=mn ye{men] (7-10)

J

-1

_ -1 . ~ .
where nj = (Mj + Mn )BjnSlnejn, and p]j and pZj are the solutions of

0 0
.Y, = si , + 6. ) - sing, s ., = C./n, -1
€5Y; sun(yJ Jn) sind; g cJ/nJ (7-11)

: . 0 0 . : . .
in the interval (-7 Zsjn’ T Zdjn Y. The interconnection function gj(y], , ym)

given by (7-8) satisfies the next inequality:

gj(Y]v %y Ym) é,lelyll Foeee + Bjm‘yml (7-12)
where
B.o= ' -n'lB coso, + E wls,
3 L S N © ) B (7-13)
1 1 :

I
=
(o]
+
=4
@

As for the details of the above formulation, refer to Jocic et al.+
Now, let us apply Theorem 3-2 to the above system. The system (7-5) is a
special case of the system (3-3) where
;.(x., t) = A.x, - b.¢.(ch.)
it B J=J 3 J =3

~

. (x,
4%y

= T e e T . -

As a candidate for the Lyapunov function of each isolated subsystem, we adopt

+) It should be noted that Jocic et al's paper (1978) includes a minor mistake
in their equation (5'4)', This mistake was caused by using the first inequality
of (5.3) to evaluate the left-hand side of (2.13). The simplest way to correct

- . IR P -1
this mistake is to replace (5.4) by Ep = Cinil[an M, lAincosein + E Mi Aik]’

Eij = Eh;}[M;IAJn + M;‘Aij] (i#j), although a little more elaborate evaluation
is possible. Because such a correction increases the valﬁe of Eij’ their method
turns out to be unsuccessful in assuring stability for the example studied in
their paper. However, this does not hurt the validity of their method at all and

their result remains true if (5.4) is raplaced by the above.
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T QTZ
Vi(x)) = x;Pox; + 20,/ J J 3, (0do (7-15)
where Pj is a positive-definite matrix and eJ is a non-negative constant. First,
let us consider how the term (grad v ) gj(x, t) can be bounded for this choice of

vj(§j) Using (7-12) and c}b =0, we can easily obtain
(gradv)Te. (x, 1) < 2]xP.b | 3 B [cTx | (7-16)
N = = oy Tk
From this inequality, wé are suggested to use

b = -1
IXJPJ JI "2 lEJle (7-17)

"
for this problem. The result on the absolute stability problem (Narendra and
Taylor 1973) indicates that the inquality of the form (3-16) can be obtained by

.using Pj which satisfies the next three equations:

~T T
P.A, = -q.q, -18
Afs Tt JAJ 49 (7-18)
' T
b, - c = -1
Pibj =gy - Al =0 (7-19)
g5 = xjloye +-PJEj) (7-20)

where Kj and aj are constants. Since our subsystem is of order 2, the necessary
and sufficient condition for the existence of the positive-definite solution Pj
to the above set of equations can be written down as explicit inequalities on
parameters, i.e.,

ay =1, Aoy 2 1, 8 5 2 (7-21)

When (7-21) is satisfied, the solution Pj is given by

Py = . oy = > (7-22)
1 ) A Kj
From (7-14) and (7-15), we obtain
L] T . T
Vil3-6) = % (Pj i A P )x " 20, (eyxp)e X, (7-23)

By substituting (7-18)-(7-20) and applying the inequality (7-10), we obtain
. _ 22 2 2 )
le(3-6) = KUy 2¢2 uIj 2 (KJ + ZcJ)uzj (7-24)
T ) T _ _ _ _
for -p] E_Ejéj < Py (note EJEJ"O)' NOW, (7-16) and (7-24) correspond to (3-16)
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and (3-17) of Theorem 3-2, respectively, if we put Kj =.K%, A = Kz,

J7 ] i
2
My =K + ch, ugj = 0, and ik = Bjk' Here, from (7-17) éﬁd (7-21), we can
easily verify that ulj(ij) = uzj(fs) =0 is true only for fj = 0. For the above
values of parameters, the test matrix K]/ZM]/2 - T becomes
[K]/ZMI/2 - 7., = K.VK% + 25, - K? - B,.
3J J J J J JJ (7-25)

/2,172 _ % .
[K" M - r]jk = 'Bjk (j#k)

I/ZMI/Z

The M-matrix K - T is more likely to be an M-matrix as the diagonal

elements become larger. Therefore, let us choose the value of Kj which maximize

the diagonal elements within the restriction (7-21). Then, we obtain Kj = \VZ

and K]/ZM]/2 - T becomes A = (ajk) where

~ ~2
. = AWAT/h ., - - B..
45j Al CJ A2 BJJ (7-26)

aj =" Bjk (j#k)

Thus, we.obtain the next result from Theorem 3-2.
Theorem 7-1
If A given by (7-26) is an M-matrix, the system (7-5) is asymptotically

m :
stable and v(x) = .Z] djvj(xj) becomes a Lyapunov function for some positive
J= :

constants dj's where

‘ _ 2/X i L CIEJ

Next, let us examine the relation to the result of (Jocic et al, 1978) and
Theorem 3-1 (Araki 1978).

As for the power system problem studied above, Theorem 3-1 gives the next

result.
Theorem 7-2
If A= (ajk) given by
-
1
= J _
3j; — B33
+.z.
d//( —J )2 + 1
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o

ik = "Bk
: m
Is an M-matrix, the system (7-5) is asymptotically stable and v(x) = -z‘djvj(fj)
. J=
becomes a Lyapunov function for some positive constants dj's where
142.) /A 1 14z,
7 [(1+5)/ 5

C}ﬁj
VJ(_)_(_J) = ->—(-j ] 5 ij + 2 X fa ¢j(o)d0

Let us compare Theorem 7-2 with Theorem 7-1. The values of the diagonal elements
of the matrices A and Z are plotted for X = 0.5 and sjj =0 in Fig. 7-3. As a
matrix is more likely to be an M-matrix if the diagonal elements becomes larger,
A is much more likely to be an M-matrix than z if Ej are large. This means that
Theorem 3-2 gives considerably better results than Theorem 3-1.

Next, let us compare Theorem 7-1 to Jocic et al's result. As they used a
vector Lyapunov function method, from Sec. 3.1. we can expect that Theorem 7-1
is sharper than Jocic et al.'s.

To sum up, the sharpness of the stability conditions obtained from

Theorem 7-1, Theorem 7-2, and Jocic et al''s are expected to be In this order.

1 i

> CJ

0 50 100

Fig. 7-3 Diagonal elements of the test matrices A and A for
2=0.5 and B, .=0.
> JJ
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€= 0.99

€= 0.5

Jocic et al's

cannot assure

cannot assure

stébility stability
Case 1 | Theorem 7-2 | X > 0.59 X >0.64
Theorem 7-1 X>0.17 A > 0.25
Jocic et al's | cannot assure | cannot assure
stability stability
Case 2 | Theorem 7-2 X > 24.0 x> 27.0
Theorem 7-1 x>2.6 A>h.5

Table 7-2 Values of X for which the three methods can

assure stability
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Lastly, let us study a numerical example by applying Jocic et al's method,

Theorem 7-2, and Theorem 7-1. Consider a three-machine system with

=2.0

M] = 0.01, Mz = 0,01, M3

E] = E2 = E3 = 1.0

0 ¢ 0 _ .0 0 0
81275, 81324 8p3=-3

0 0 0
612 86 , 613 88 , 623 = 89
Let us study two cases:
= 1x1073 =0 =

Case 1) le = 1x10 °, Y]3 0.1, Y23 0.1
Case 2) le = 0.1, Y13 = 1.0, Y23 = 1.0

Case 1 was studied by Jocic et al, (1978) before (concerning their result, refer
to footnote in page 108). For the above system, the three methods can
respectively assure stability for the values of the parameters A and € (= C]/n]

= Cz/nz) tabulated in Table 7-2.

Here, note that if the values of ¢ is taken smaller, the region [-p]j. pzj]
given by (7-10) becomes larger and so we can obtain a larger estimate of the
stability region. Also note that smaller valué of X means that the generator

is less dampéd and that it is more difficult to assure stability. For these
reasons if a method can assure stability for the system with smaller values of

X and €, the method is more powerful. Table 7-2 shows our Theorem 7-1 is
considerably more powérful than the other two methods. The value 'of X ofteh

observed in actual power systems is about 0,05 and those of Yj are a little

k
smaller than 1.

Sec. 7.3. Example 3 (Stability region estimates using Theorem 3-3 and
Weissenberger's method)
Consider the system described by

X =A%y g (x, 8
iz = -6x2 + hx; + gz(g; t) (7-27)
%y = -8k3 + ng *95(x, t)
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in the region

Hx 1125, Ixl 21, Ixgl < ' (7-28)

where X is a 2-vector and
“36 0 )

A =
Vol a6 -12.64)

We assume that the interconnection functions gj(§3 t) satisfy
gy e 11 £ 21,1 + 31,

lgy (x, O] 2 0.511x, 11 + [x;] (7-29)

A -

logxs 1 < 1y 11+ 1,
First, let us apply Theorem 3-2 and Theorem 3-3. For each subsystem we

have a second order Lyapunov function

T 2 2
= = = 0. -30
vy ﬁqplfq’ v, O.S(Xz) » V3 0 5(X3) v (7-30)
where

0.5 0.024

P]= ..

0.024 0.12

Put u]] =u, = l|54||, u2) = Uy = |x2|, u31 = u32 = |x3l. Then the assumptions

(a) and (b) are satisfied with K, =M =3, A =0, Ky =W, =2, Az =0,

K3 =My =3, A3 =0, Y1y = ¥y = Y3350, ¥y =2, Y13 =3, Yy = 0.5, Y3 = 1,

Yor = 1y Yaq =l and v.., = 2.9, v, = v., = 0.5, So we obtain
31 32 01 02 03

' 3 0 .0 0o 2 3
M72d/2 _F-lo 2 0| - 0.5 0 1 (7-31) -
0 o0 3 1 1 o

Let us apply the method of 3.3.2 to determine the values of dj’ From (3-40)

0 0.34 o0.42

0= lo.49 0 0. ‘ (7-32)
0.80 0.4 0
| -0 is an irreducible M-matrix. Since | - OTO is not positive;deflnite, the

vector T = (1/3, 1/3, 1/3)T does not belong to the set P given by (3-41).
Therefore, we obtain the set Q by Theorem 3-4. The minimum value of ||EJ| in the
set Q is given by m, = (o.41, 0.34, 0.26jt The set P and the set Q are

- 114 -



i1lustrated in Fig. 7-4, where P and Q are projected on the coordinate hyperplane
ﬂ3 = 0 and the inside of the dotted line and of the hexagons correspond to P and

Q, respectively (P is determined by point by point calculation). In Fig. 7-4, L

Is denoted by the circle. We obtain the estimate of the stability region as

Gqr () (4
TanZ z * 2
(1.35) (0.62) (0.70)

)2

A
—

(7-33)

Next let us apply the method of Weissenberger. For the above problem we

also have first-order Lyapunov functions ;j

~

v 1/2 ~ ~

= (x] = = -
1 - (§4P]§q » Vo F lle r V3 |x3| (7-34)
In the region (7-28), the coefficients of the comparison system become
-3 2,92 4,39

Ap = |l.k2 -2 1 (7-35)
2.92 i -3

As the matrix A] does not satisfy Hick's condition, Weissenberger's method
cannot be applied in this form. So, we restrict the region (7-28) as ||§4|| <5,
|x2| < a and |x3| < o so that Hick's condition may be satisfied. The coefficient

of the comparison system become

- 3 2.92 l{~39

A 142 -g+ha? ! (7-36)

2.92 1 -8+50L2

The suprimum of o which makes A2 satisfy Hick's condition is 0.393. So, let

a = 0.39, Vo1 = 1.7, Voo = 0.39 and Vo3 = 0.39. For this value of a, the vector
q satisfying A23_< 0 is almost unique (with arbitrary scalar multiple) and given
by g = (0.556, 0.193, O.ZSI)T. So, the estimate of the stability region by
Weissenberger's method is obtained as

(§IP]§4)I/2 !le |x
max 086~ ' 0.3 ' 039l s! (7-37)

The estimates of the stability regions given by (7-33) and (7-37) are illustrated
in Fig. 7-5. The volumes of the two estimates are 1.22 and 0.402, respectively,
“and the region given by (7-37) is contalned in the region given by (7-33). Thus

the estimate of our method is considerably larger than that obtained by Welssenberger's,
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0 0.5 i

Fig. 7-4 Sets P and Q on ﬂ3=0.

1.35

]
A

et

/ —
HZ~"0.7 -3

0.62

)

Fig. 7-5 Estimates of the stability region
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Sec. 7.h. Example 4 (Application of the method of searching a feasible
weight proposed in Sec. 4.4.)
Let us examine the method of searching a feasible weight proposed in

Sec. h.4. Let us study System | with

1+0.6s 0.8 0.4
(1+s)3 (1+5)? (1+s)?
F(S) = 0.05+0é035 ]+0.6§ 0.|+0.025 (7"38)
(1+s) (1+s) (1+s)
0.1+0.06s 0.4 1+0.6s
(14s) (1+s)? (1+s)3
CI = Cz = §3 =0 (7-39)

for the next two sets of n's.
Case a : nl = nz =
Case b : ny=nmn, = ny = 6.2

As lower bounds Cj of nonlinearities ¢j are assumed to be zero, this example
corresponds to Case 1 of System |.

Case a) Weighted multivariable circle criterion (Theorem 4-2) with W =1
cannot assure stability, because with this weight Q(w) of (4-13) is not positive-
semi-definite in the interval 0.8 < w < 1.8. So, by applying the method of
searching a feasible weight, we will choose another weight. In Step 1, ['(w) given
by (4-59) is an M-matrix for 0.0 L wZg0.7 and 2.0 £ w, and is not an M-matrix for
0.8 < w< 1.8 (from this fact, Theorem 4-3 cannot assure stability): In Step 2,
we choose 3 frequencies; m|=0.l, w2=0.7, w3=2.0. In step 3, for these frequencies
the diagonal matrices ﬁjk(wi) (J, k=1, 2, 3) are calculated by (4-56) and
(4-57). In Step 4, we obtain W= (0.0587, 0.7336, 0.2150) as a candidate for a
feasible weight. As the condition (4-13) is satisfied with this weight, this is
found to be feasible. Namely, this example is guaranteed to be stable. To
visualize the above procedure, the set U(wk) (k=1, 2, 3) and the weight W are
I1lustrated in Fig. 7-6, where they are projected on a coodinate plane w3=0.

In Fig. 7-6, three hexagons correspond to the set U(wk) (k=1, 2, 3) and the

symbol x corresponds to W.

_]]7_



{ \’“
0 0.5 T - v

Fig. 7-6 The sets U(wi) and weight W on ;3=0 in Case a

I

I ~ W
0 0.5 1
Fig. 7-7 The sets U(mi) and weight W on w3=0 in Case b
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Case b) As the values of nj are greater than those of Case a, Theorem 4-2
cannot assure stability with W=, Therefore, let us apply the method of
searching a feasible weight. In step 1, F(w) is an M-matrix in the interval
0.0 £w< 0.6 and 2.5 < w, and is not an M-matrix in the interval 0.7 S w< 2.0,

In Step 2, we choose four frequencies such as W = 0.3, w, = 0.6, w, = 2.5, and

3
w, = 3.0. Ve obtain W= diag(0.0743, 0.6857, 0.2437) as a candidate for a
feasible weight. These results are illustrated in Fig. 7-7. Theorem 4-2 is

satisfied with this weight W, and, so, this is found to be feasible,

Sec. 7.5. Example 5 (Comparison of the weighted multivariable circle criterion
and other methods)
Let us study System | with

1 1

1 + s + s2
F(s) = (7-40)

for various values of hI and h2. The Rosenbrock's criterion using Dh(s)
(Theorem 4-4), the M-matrix condition (Theorem 4-3)) and the weighted multivariable |
circle criterion together with the method of searching a feaslble Q were apélled.
In Fig. 7-8 the regions of (h], hz) in which stability was assured by those

methods are drawn where a, b, ¢, and d correspond to

a: Stability region obtained by the Rosenbrock's criterion

b: Stability region obtained by the M-matrix condition

c: Stability region obtained by the weighted multivariable circle criterion

with the method of searching a feasible Q.

d: Hurwitz region
respectively. Here, by the term "Hurwitz reglon' we mean that the region in
which the linear systems obtained by replacing ¢j(l, t) with linear gains
satisfying (4-5) are stable.

Next, System | with the same F(s) given by (7-40) was studied again. This

time, Cj and hj were fixed as
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Fig. 7-8 Example 5 The region of d is given by the union of
the region of c and the second and the fourth

quadrants.
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and nj's were changed. The region of (nl, nz) in which stability was assured

by the three methods are drawn in Fig. 7-9.

M
3L
2 |-
PARv4
Cc
] d
a
b
- 1
n
2
0 | 2 3 b

Fig. 7-9 Example 5
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Sec. 7.6. Example 6 (Application of Theorem 5-2, Theorem 6-3, Theorem 6-7,

and Weissenberger's method)

Let us study System IIA which is described by

: 0 1 0
. . oy, = (1, . j=t1, 2, -4
X, [-z, -h]éJ + []]UJ Y; a, Dx; j=1, 2,3 (7-41)

-41.6 sin(yj) + gj(i) (7-42)

c
1

where the functions gj(i) are assumed to satisfy

lgy (1 < 815lv5ls Ta (1 < 851y 1y 19301

A

Bayl Y, (7-43)

This system was treated by §iljak (1978) before. Because of the form of the
nonlinear functions, stability in the large cannot be expected for this system.
In the following, let us compare our method with the previous one (§iljak 1978)
on local stability from th slightly different viewpoints.

First, let us fix the range of y, as |yj| < 1.94% (j=1, 2, 3) so that the

J
.6 sin(yj) satisfies the inequality

nonlinear function ¢j(yj)

20 y

In

2o by e mibyy ie1, 2,3 (7-44)

Under this assumption, we calculate the value of the product 613621832 for which
each method can assure stability. First, let us apply the §iljak's method.
Define ;jﬁfj) by

1/2 7.91 1.81

where Hj = ' (7-45)
1.81 1.86

“ T
(x.) = (x'H.x,
vylxp) = (xphpx,)

This function is a Lyapunov function of the isolated subsystem. According to
the method given in Eiljak (1978), we obtain the result that the system is
asymptotically stable for

3 -
B13B21B32 < (0.0417) (7-46)

Next, let us apply our method (Theorem 5-2). From the Nyquist locus of the
transfer function of the linear part of (7-41), we can easily find that
o < 3.205 makes the hj(s) of (5-33) positive-real. So, our Theorem 5-2 téils

that the system is asymptotically stable if
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3.205 0 0 0 0 8

A-B= 0 3,205 0 - le 0 0 (7-47)
0 0 3.205 0 832 0
is an M-matrix, i.e., if
< (3.205)3 (7-48)

81382183,
is satisfied. Thus our method can allow considerably larger values for the
interconnections.

Next, let us fix the values of these interconnections as 613 = BZI =
332 = 0.0417 and calculate estimates of the stability region by Weissenberger's
method (1973) and by our method (Theorem 6-3 and Theorem 6-7). First, let us

apply the former. From the Lyapunov functions of subsystems given by (7-45), we

can obtain the following estimate of the stability region:

S = {x | xHyx) < 264, xjHyx, < 2.6, xIHox; < 2.64) (7-49)

(For details of the method of calculation, refer to}weussenberger (1973)). Next,
let us apply our method. For the above value of 313, 32‘ and 632, the M-matrix
condition of Theorem 5-2 is satisfied if o > 0.0405 (j=1, 2, 3). For a.=0.0h2,
the h (s) of (5-32) is positive-real if Z; 2 -3.199. For this value of g (i.e.,

for ¢j to satisfy -3.199 y < ¢, yj < .6 yj), the admissible region of yj is

- 3.h;yj=<=3.le

(The above bound is obtained by solving (sin yj)/yj = - 3,199/41.6). Now, set

tj = =3.199, n; = 41.6, a; = 0.042, ¢; = 0.01, and & = 0.5x10™3 and solve (6-23).
Then, we obtain
33.5 17.3
P, = for j=1, 2, 3
L 17.3 23.0

(This is the maximum solution of the Riccati equation). Since plj = p2j = 3.4,
the vo j of (6-38) becomes 249.58, For =M, = M, the matrix 1 - OTHO given
by (3-h0) becomes positive-definite. From the result of 3.3.2, we choose

d, =d, =4d, (= ﬂj/Voj). Thus, we obtain the following estimate:

. ) T
S = {x | fqplfd X,Po%, + x3P3x3 < 249.58} (7-50)
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By a suitable transformation we can easily prove that S completely contains S.
In order to visualize the difference of the two estimates, the intersections of

S and S with the hyperplane Xp = X3 = 0 are illustrated in Fig. 7-10.

N

/

6

Fig. 7-10. Comparison of the two estimates of the

stability region

Sec. 7.7. Example 7 (Further examination of Remark 5-15)
In Remark 5-15, we examined how to find the value of Oj which can be
expected to satisfy the condition (5-112). The method proposed in Remark 5-5

ignors the influence of Gj on the off-diagonal elements of (5-112). To examine

the influence, let us'study the next example. In (5-112), we consider the case

4

K1y K12
1 + ST]I 1+ sle
Fj(S) = ‘ . (7-51)
21 22
Ll + STZI 1 + sT22

oj = diag (6, ©,) , n; = diag (ny, n,)

/
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where klZ and Tkl (k, 2 =1, 2) are non-negative constants. In order to determine

Gj] and ejz, we use the next relation.

min Re {(+{§{£§154 k iFT<®
w (7-53)
g k if T>6
(1 + jwd)k 9 .
min |f——lN = =lk] ifT<eo
w ] + jwT T (7_51‘)
[k| ifT>6

We will choose the optimum values of 9' and 62 so that the T given by (5-113)

becomes more likely to be an M-matrix (we examine M-matrix condition instead of
(5-112)). For this example, we can easily find the best 8, and 6,, and by using
those values we obtain the M-matrix condition as shown in Table 7-3. This

procedure is as follows. As we can choose 6] and 62 independently, we examine

the optimum value only about 6 . The leading principal minors of the matrix Fj

become more likely to be positive if Y(j) becomes larger and Y(J) becomes smaller,

(j)

In order to have the largest value of Y7 e it Is desirable to choose TII <0

1
by (7-53), and in order to have the smallest values of Y(J) it is desirable to

choose 0, T by (7-54). In the first case of Table 7-3, as T,, < T.. is

11 ="12
satisfied, T] can be chosen to satisfy these two conditions. But in the second

case of Table 7-3, we cannot choose 6 to satisfy the both conditions. Here,

(J)

if 61 ;:T]], Yfi) does not change and Y12 becomes larger as el becomes larger.

And if 9] é:le, Yf{) becomes smaller and Yfi) does not change as 6] becomes

smaller. Therefore the optimum choice exists in the interval T2 g,e] ZTh:

If T2 28, £ Ty, the H-matrix condition becomes

T T,
. -1 -1
T ki _e'—”l Ykgy +1y7) > [kp, [ Ky, | (7-55)

where 62 is chosen to satisfy T, 22 S 92 T So the best choice of el is

21°

6] = TIZ‘ The results of the other cases are obtained in the similar way.

According to Remark 5-15, we choose BI = Tll and 62 = T22. From Table 7-3,
this choice is valid when the time constants of off-diagonal elements are larger

than those of diagonal elements.
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optimum 6], 62 M-matrix condition
T <T T <6, <T -
11 = 12 11="1= 12 -1 -1
Case 1 (Kya#ny ) (K4 ) =Ky | 1Ky, | > 0
TZI 2 T22 T22 §=92 2 T‘2 11 1 22 "2 2! 1712
T, 2T o, =T T T
11 = 12 | 12 11 -1 -1 11
Case 2 (Ky =, ) (Kyo4n, ) ==—| K, | | Ky, ] > O
Ty 2T | Top S8, Ty | 1T 122 e T R T
T ST, | T, €8, <7 T T
11 =12 N="1="12 -1 22 -1 22
Case 3 : - (K, 40y ) (K he=mn ) =—| K, | [K ] > 0
TZ] L TZZ 62 = TZ] 1 22 TZ] 2 TZ] 21 12
T, 2T 8, =T T T, g ToiT
case b | 112 o = T (Ky priiny ) (o D ~pr 2 Ky LK | > 0
21 = 22 2 21 12 . 21 12721
Table 7-3. Optimum value of Oj = diag(e‘, 62)
Sec. 7.8. Example 8 (Application of Theorem 5-5, Theorem 6-5, Theorem 6-9, and

Araki et al)s method to the power system considered in

Sec. 7.2)

Let us consider the multi-machine power system which was studied in

Sec. 7.2. In Sec. 7.2, we have presented a method of applying Theorem 3-1 and

Theorem 3-2.

system when a subsystem is of order greater than 2.

Unfortunately, this method cannot be applied to the composite

This is because eqs. (7-18)-

(7-20) are not solvable when the order of Kj of (7-18) is greater than 2.

In this section, we will apply Theorem 5-5 and the method of Araki et al, (1980).

These methods are also derived by applying Theorem 3-2 and Theorem 3-1,

respectively, but do not have the above restriction.

sharpness of these methods numerically.

We will compare the

As the matrix Kj given by (7-6) contains zero eigenvalue, we cannot apply

Theorem 5-5 to the system {7-5) directly.

system (7-14) by putting

oyly) = o, 0vp) - gy
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in (7-14). Then, from (7-10) we obtain
(7-57)

< 2
0 < ¢,.ly.)y, < . - .
=¢J(yJ)yJ < (nJ cj)yJ
and (7-14) is represented as
..=A. .+b‘. "~. " y °°, _8
X = Axy _J{ ¢J(YJ) + gj(yl y, )} (7-58)
= T i= LN )
yj Ejéj for j=1, , m
where -
- A -T
A=A -b.Z.cl = J (7-59)
0

bl =it 1

As this system (7-57) and (7-58) is System 11B, we can obtain the next stability

criterion from Theorem 5-5 and Theorem 6-5.

Theorem 7-3
Let Cj be a positive number and let fj(s) be given by

F(s) = ] (7-60)
J s +2As + ¢ '
J
If there exist k., uj, ej for each j such that
1 : Kj 2
— ¥ Re{(1 + ejmi)fj(iw)} -5 |00+ ejwi)fj(iw)l
J J
K, i 2
S —— +|f. (lw]° >0 forallw  (7-61)
i'm. -z, 211 =
J J
and if the mxm matrix A - B is an M-matrix where
(7-62)

A= dlag(ijuj) > B =/ (Bjk)

then there exists a positive-definite 2x2 matrix P, which satisfies
n, -z, I o ny - g, T
(k, + d——Dpbbp, + P {A - Jb (a.cTA, +c,)}
J 2 == i 2 =)=
+ {A, - Ei—:—fi b, (6 cTA + ¢ )}TP +yu.c cT
J 2 =V S J J=i=i

for j=1, eee, m
>0 which makes MDM - fTDf positive-

there exists a diagonal matrix D with dj
semi-definite where M and T is given by (6-31), and the function v(x) defined by

=0 (7-63)

d.{ x'p.x, + 20 fgjij ¢, (0)do} (7-64)
I =i j’o ]

vix) = I
N
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is a Lyapunov function of (7-58).

We can obtain the estimate of the stability region by Theorem 6-3.
Araki et al, (1980) applied Theorem 3-1 to a multi-machine power system
whose subsystems are multi-input multi-output. Following their method, we can

obtain the next theorem for a single-input single-output case.

Theorem 7-4

If there exist 0j, ej for each j such that

1
n. - ¢.
J J

+ Rel(1 + iji)fj(iw - °5)} >0 for all w (7-65)

and if the mxm matrix E = (ejk)

= .h.) =B, -
€5 ZUJ./(qJ J) BJJ (7-66)
ek = - Bjk (7-67)

is an M-matrix where
1/2

g =2\ [PI/Z bTp1/2)
J ma =373 (7-68)
h. = )\‘/2 [P']/Zc CTP-]/Z]

joomax U§ 0 TiTid

and Pj is the solution of the next equation.

1 T ~ 1
=(n, - z.)p.b.b.P, + P.[A, -=(n, - T,)(b.c cTA.
205 CJ)J—'J'-J j {[J 2( )Lﬂﬁj —Tﬂ J”

~ 1 T
+ [A, -=(n, -5, )(b.c. +98.b A P
_ ! J 2( J CJ)(—uEu 50 ' J
1 ~T ~T T
+=Mn, -C.)(A.c.8, +c.)(Ac.B, +c.) =0 -6
7 j CJ)( 158 gj)( 559 gj) (7-69)
A, = A, +0.I
SIS R _
then the function defined by (7-64) is a Lyapunov function of (7-58) where

Pj is given by (7-69).

The most important difference between the above two theorems is that in
Theorem 7-4 we need to solve a Riccati equation (7-69) to assure the existence
of a Lyapunov function whereas in Theorem 7-3 we do not. By this difference,

Theorem 7-3 is much easier to be applied than Theorem 7-4.
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Now, let us examine the same numerical example that was examined in Example 2.

We only consider Case 1. Theorem 7-3 and Theorem 7-4 can assure stability for those

values of the parameters X and € tabulated in Table 7-4. From Table 7-2 and
Table 7-4, the sharpness of the stability conditions obtained from Theorem 7-1,
Theorem 7-2, Theorem 7-3, Theorem 7-4 and Jocic et all!s condition is expected
to be in the next order:

Theorem 7-1 - Theorem 7-3 > Theorem 7-2 > Theorem 7-4 > Jocic et al)s
condition

The numerical values which were obtained by applying Theorem 7-3 to this
example for € = 0.507 are tabulated in Table 7-5. From Table 7-5 (c)

and (d),'the estimate of the stability region is given by

S, = {x | v(x) < 100} (7-70)
€ = 0.99 € = 0,507
Ay 20.17, A, 2 0.185 | A, > 0.25, A, 2 0.26
8. =0_ =10 =0, =8
1 2 1 2
Theorem 7-3 Ky = K, = 0.02 K, = K, = 0.033
u] = uz = ‘8 ) UI = uz = ]0'9
Al 2 h.8, }‘2 25 cannot assure
Theorem 7-4 |0, = 6, = 10 ] stability
c] = 02 = 1,1 )

Table 7-4. Values of Xj for which Theorem 7-3 and theorem 7-4

can assure stability
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By B2 B2y 822
0.516 | 0,155 | 0.159 | 0.291

(a) Interconnection parameters

. . [ . N
i CJ J P1; P2;

Subsystem 1 12.03 | 6.1 0.507 | 1.936 | 1.823

Subsystem 2 | 11.05 | 5.6 | 0.507 | 1.797 | 1.965

(b) Subsystem parameters

0. X. K. . VK H.
J J J uJ JuJ

Subsystem 1 | 8 0.25| 0.033 | 10.91 | 0.6

Subsystem 2. | 8 0.26 | 0.033 | 10.91 | 0.6

(c) Frequency domain test (7-61)

Pl | P127P21| P22
Subsystem 1 | 0.028 | 0.689 17.17

Subsystem 2 | 0.0336| 0.760 17.40

(d) Solution of Riccati equation (7-63)

Vn. d.
0j J

Subsystem 1 | 64.5 | 0.775

Subsystem 2 | 73.1 | 0.685

(e) parameters for stability region estimate

Table 7-5. Parameter values for € ='0.507
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Chapter 8 Conclusion

Let us summarize the main results obtained in the preceding chapters.

In Chapter 2, we presented a new well-posedness condition for large-scale
systems (Theorem 2-3). The condition can be tested easily if the uniform
instantaneous gain (or its upper bound) of each operator, which corresponds to
a subsystem, is known. For linear systems and memoryless systems, Theorem 2-1]
and Théorem 2-2 give upper bounds of the uniform instantaneous gains. The
condition can be interpreted in terms of a digraph derived from the system
equation. Theorem 2-3 includes Vidyasagar's result (1980) as a special case.

If we consider the simplest structure, our condition reduces to Willems's result
(1971) for single-loop systems.

In Chapter 3, we presented a new stability criterion (Theorem 3-2) which is
applicable to a wide class of composite systems. This criterion is obtained on
condition that each subsystem has a second order Lyapunov function in a finite
region surrounding the origin. This theorem deeply relates to Araki's criterion
(Theorem 3-1) and it was shown that Theorem 3-2 includes Theorem 3-1 as a special
case. This fact was examined numerically in Example 2 of Chapter 7 by applying
these theorems to a transient stability analysis of multi-machine power systems.
When Theorem 3-2 can assure stability, there exists a stability region,
and Theorem 3-3 gives the estimate of this region. This theorem was compared
with the result previously obtained by Weissenberger in Example 3 of Chapter 7,
and Theorem 3-3 gives a considerably larger estimate than Welssenberger's method.

In Chapter 4 and Sec. 6.1, we studied a system illustrated in Fig. 4-1
in detail. First, the well-posedness condition (Theorem 4-1) of the system was
obtained by using Theorem 2-1 - Theorem 2-3. Next, we obtained the weighted
multivariable circle criterion (Theorem 4-2) and the M-matrix condition
(Theorem 4-3). These conditions are represented in a frequency domain term. It
was shown that if the M-matrix condition is satisfied, there exists a weight
such that the weighted multivariable circle criterion is satisfied and that the
M-matri* condition agrees with the L2-stability condition previously obtained

by Araki. The weighted multivariable circle criterion was compared with
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Rosenbrock's four criteria, and it was shown that they are obtained from the
weighted multivariable circle criterion by choosing the value of the weight
appropriately. In other words, there exists a weight such that the weighted
multivariable circle criterion is sharper than both M-matrix condition and
Rosenbrock's four criteria. In Sec. 4.4, we proposed a simple method to search
such a feasible weight. In Examples 4 and 5 of Chapter 7, the weighted multivariable
circle criterion with the method of searching a feasible weight gives sharper
results than the other two conditions. In Chapter 6, we presented a method of
constructing a Lyapunov function (Theorem 6-1) by using the result of the weighted
multivariable circle criterion, and we gave a method of estimating the stability
region by using the Lyapunov function on condition that the system description is
valid only for finiFe values of the output.

In Chapter 5 and Sec. 6.2, we studied composite systems illustrated in
Fig. 5-1 and Fig. 5-2 in detail. First, it was shown that the composite systems
are well-posed (Theorem 5-1). In Sec. 5.2, we presented a circle criterion type
condition for the system of Fig. 5-1 {(a)(b) and extended this criterion to.the
system of Fig. 5-2 (a)(b) (Theorem 5-2 and Theorem 5-3). In Sec. 5.3, we
presented a Popov criterion type condition for the system of Fig. 5-1 (a)(c) and
extended this criterion to the system of Fig. 5-2 (a)(b) (Theorem 5-5 and
Theorem 5-6). The above four theorems are represented in a frequency domain term,
namely, they do not contain the parameters of Lyapunov functions used in the
proofs of these theorems. They deeply relate to L2-stability conditions
obtained by Araki (1976) and Saeki et al. (1978). It was shown that Theorem 5-2
can assure asymptotic stability'in the large under weaker assumptions than the LZ-
stability condition of Araki, and it was shown that Theorem 5-5 is sharper than
the Lz-stability condftion of Saeki et al. and implies Theorem 5:2 as a special
case. In Sec. 6.2, we presented a method of constructing Lyapunov functions from
the results of Theorems 5-2, 5-3, 5-5 and 5-6 (Theorems 6-3 - 6-6, respectively),
and gave a concrete way of calculating an estimate of the stability region by
using those Lyépunov functions (Theorems 6-7 - 6-10, respectively). In the
analysis of composite systems, construction of the Lyapunov functions of subsystems'

has been the bottleneck in the overall procedure. The results obtained in
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Chapters 5 and 6 carry both "handiness'" and ''goodness'' to certain extent. We can
test the Lyapunov stabiliky of composite systems in frequency domain, which enables
. us to obtain a comparatively transparent view over the influence of the parameters
on the overall stability. We can obtain subsystem Lyapunov function systematically
by using these theorems. In Example 6 of Chapter 7, Theorem 5-2, Theorem 6-3

and Theorem 6-7 were applied to a simple system, and these results were compared
with-the result obtained by Weissenberéer. In Example 8 of Chapter 7, Theorem 5-5

was applied to the multi-machine power system which was treated in Example 2.
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Appendix  M-Matrices
Fundamental properties of M-matrices are enumerated. The details are left.

to Fiedler & Ptak (1962), Araki (1974, 1976), and Berman & Plemmos (1979).

Definition A-1
‘ A square matrix I' = (ij) is said to be an M-matrix if and only if the
off-diagonal elements are all non-positive and the leading principal minors of

T are all positive.

Lemma A-1

Let T be a real gquare matrix with non-positive off-diagonal elements.
Then the next four conditions are mutually equivalent.

(i) The leading principal minors of I' are all positive.

(ii) There is a vector x = (x], oee, xm)T with X > 0 such that the
elements of I'x are all positive.

(iii) There is a vector X = (il, ser, §m)T with ij >‘0 such that the
elements of PTg_are all positive.

(iv) T is nonsingular and its inverse F-l = (§jk) satisfies ij > 0 and

Yik 20 (j#k).

Lemma A-2

IfT = (ij) is an M-matrix, any I = (7jk) that satisfies ?jj 2=ij for
all j and O z=vjk ;=ij for all j, k (j#k) is an M-matrix.
Lemma A-3

If T is an M-matrix and D = diag(dj) with dj > 0, I'D and DI' are M-matrices.

Lerma A-4
Let R be a positive-definite diagonal matrix. Let A= (§jk) be a non-
negative matrix. If R - A is an M-matrix, there is a positive-definite

diagonal matrix W such that the matrix
Q= RWR - AlwA
is pésitive-definite. In addition, for the W, the matrix

3 = RWR - AW
- 13 -



Is positive-definite for any A= (Ejk) satisfying
8 2 185,

Lemma A-5 (Varga 1962)

Let T be an irreducible M-matrix, all the elements of P-]fafq~D°5itiV3~ \

There are many other properties. Some of them are enumerated in Sec. 4.4.
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