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Abstract 

We consider a one parameter deformation of a cuspidal S1 singularity and 

its differential geometric properties. For that, we give a form representing the 

deformation using only diffeomorphisms on the source and isometries of the target. 

This note is an addition to the author's talk given in the RJMS workshop 

"Singularity theory of differentiable maps and its applications" which is held 

from December 16th to 18th, 2024. 

1 Introduction 

Singularities are deformed and turn into various singularities. The cuspidal st singu­
larities correspond to the appearance/ disappearance of cuspidal cross caps. Therefore, 
it is natural to include the deformation when we study such singularities In this paper, 
we give a normal form for the deformations of the st (k E Z2':0 ) singularities using a 
diffeomorphism-germ on the source space and an isometry-germ on the target space. 
Furthermore, using this form, we investigate the differential geometric properties of the 
deformations of the cuspidal st singularities. 

The cuspidal st (k E Z2':0 ) singularities are map-germs A-equivalent to the map­
germ defined by ( u, v) f----+ ( u, v2 , v3 ( uk+l +v2 )) at the origin. The cuspidal S0 singularity 
is also called a cuspidal cross cap. Here, two map-germs Ji : (R2 , 0) --+ (R3 , 0) and 
h : (R2 , 0) --+ (R3 , 0) are A-equivalent if there exist a coordinate change of source 
space cp and a coordinate change of target space 'ljJ such that h = 'ljJ o f1 o cp-1 . A 
map-germ f : (R2 , 0) --+ (R3 , 0) is called a frontal if there exist a normal vector field 
v : (R2 , 0) --+ R 3 along f such that (df(X), v) = 0 holds for any p E (R2 , 0) and 
X E TpR2 . This v is called the unit normal vector field. 

2 Normal forms of deformations of cuspidal st sin­

gularities 

Definition 2.1. A map-germ f : (R2 x R, 0) --+ (R3 , 0) is a deformation of g 

(R2 , 0)--+ (R3 , 0), if it is smooth and f(u, v, 0) = g(u, v) and f(0, 0, s) = (0, 0, 0). 
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In this definition, the parameter s E R as the third component of the source space 
is called the deformation parameter. We define an equivalence relation between two 
deformations preserving the deformation parameters. 

Definition 2.2. Let Ji, h: (R2 x R, 0)---+ (R3 , 0) be deformations of g. Then Ji and 
h are equivalent as deformations if there exist orientation preserving diffeomorphism­
germs cp: (R2 x R, 0) ---+ (R2 x R, 0) with the form 

cp(u,v,s) = (cp1(u,v,s),cp2(u,v,s),cp3(s)) (d:3 (0) > o) (2.1) 

and 1/J : (R3 , 0) ---+ (R3 , 0) such that 7/J o Ji o cp-1( u, v, s) = h( u, v, s) holds. 

The above form on cp, namely cp3 is defined depending only on s, implies that we allow 
change of parameter of deformation itself and prevent affecting the other parameters 
to the parameter of deformation. Since the third component of the source space is the 
deformation parameter, therefore this definition means an A-equivalence that preserves 
the deformation parameters is defined. 

Example 2.3. Let fs ± be a deformation of cuspidal Sf singularities defined by 

We show the deformation of fs + in Figure 1 and fs - in Figure 2. 

Figure 1: Deformations of cuspidal St singularity ( from left to right f~1 , f~1; 2 , frJ", f{; 2 

and ft) 

Figure 2: Deformations of cuspidal S-1 singularity (from left to right f~1 , f~1; 2 , fa, f02 

and f;-) 

Theorem 2.4. Let f: (R2 x R, 0) ---+ (R3 , 0) be a deformation of g: (R2 , 0) ---+ (R3 , 0) 
such that the 2-jet of g is A-equivalent to (u, v2 , 0) or (u, v2, uv). Then there exist an 
orientation preserving diffeomorphism-germ cp : (R2 x R, 0) ---+ (R2 xR, 0) with the form 
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(2.1), T E SO(3) and the functions hi, hi E C 00 (1, 1), h4, !33, !34 E C 00 (2, 1), h2 E 
C 00 (3, 1) such that 

fni 8 Tofocp(u,v,s) 

(u, u2 hi(u) + v2 + ush4(u, s), (2.2) 

u2 hi ( u) + v2 h2( u, v, s) + vl33( u, s) + usl34( u, s )), 

where h 2(0,0,0) = h 3 (0,0) = 0. If the 2-jet of g is A-equivalent to (u,v2 ,0), then 

(f33 )u(0,0) = 0 holds, and ifit is A-equivalent to (u,v2 ,uv), then (f33 )u(0,0)-=/- 0 
holds. 

In Theorem 2.4, the given f and fni 8 are equivalent as deformations (Definition 2.2), 
and they have the same differential geometric properties. 

For the frontality of the form f ni 8 , we have the following theorem. 

Theorem 2.5. A map-germ fni 8 is frontal for any s if and only if h3(u, s) = 0 holds 
identically. 

Corollary 2.6. Let f: (R2 x R, 0) ---+ (R3 , 0) be a deformation of g: (R2 , 0) ---+ (R3 , 0) 
such that the 2-jet of g is A-equivalent to (u,v2 ,0) or (u,v2 ,uv) and f is frontal for 
any s. Then there exist an orientation preserving difj"eomorphism-germ cp : (R2 x 

R, 0) ---+ (R2 x R, 0) with the form (2.1), T E SO(3) and the functions hi, hi E 
C 00 (1, 1), h4, !34 E C 00 (2, 1), h2 E C 00 (3, 1) such that 

fn2 8 Tofocp(u,v,s) 

(u, u2 hi(u) + v2 + ush4(u, s), (2.3) 

u2 hi ( u) + v2 h2( u, v, s) + usl34( u, s )), 

where 

h2( u, v, s) = c0 ( u, s) + vci (u, s) + v2c2 (u, v2 , s) + v 3 c3 ( u, v2 , s) (2.4) 

and h 2(0,0,0) = c0 (0,0) = 0. Furthermore, f(u,v,0) = g(u,v) is a cuspidal st 
singularity (respectively, cuspidal s-,; singularity) if and only if 8icif 8ui(0, 0, 0) = 0 
(i = 1, ... , k) and ak+icif 8uk+l(0, 0, 0)c3 (0, 0, 0) > 0 (respectively, < 0) hold (k E Z>o)­
lf (dci/ds)(0, 0)-=/- 0, then one can further reduce ci(0, s) = s. 

In Corollary 2.6, the given f and f n2 s are equivalent as deformations (Definition 
2.2), and they have the same differential geometric properties. 

We remark that normal forms for the cuspidal st singularities itself is given in [2]. 
If (dcif ds)(0, 0) -=/- 0, then fn2 8 is a generic deformation. In what follows, we assume 
(dci/ds)(0, 0) -=/- 0 and ci(0, s) = s in fn2 8 • When k = 1, the form fn2 8 is called the 
normal form of the deformations of a cuspidal Sf singularity. We see the set of singular 

points SiUn2 8
) of fn2 8 is 

Si(fn28) = {(u, v) IV= 0}. 

We set S2 (fn28) to be the set of singular points that are not cuspidal edge. Then it 
holds that 

The uniqueness of the normal form holds as in the following sense. 
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Definition 2.7. A function g(u, s) is said to be regular of order kins if og/8s(0, 0) = 
... = EJk- 1g/EJsk-l(0, 0) = 0, EJkg/EJsk(0, 0) -=/- 0. A function g(u, s) is regular of finite 

order in s if there exists k such that g is regular of order k in s. 

Proposition 2.8. Let f~x : (R2 x R, 0) ---+ (R3 , 0) (x = 1, 2) be a map-germ given by 

the form (2.2) or (2.3) satisfying that h4 or h4 is regular of finite order ins. If there 

exist orientation preserving diffeomorphism-germ cp : (R2 x R, 0) ---+ (R2 x R, 0) with 

the form of Definition 2.2 and T E 80(3) such that 

Then for any k E Z, it holds that fl = u and jkv(0) = lv(0) and jks(0) = jks(0), 

where cp( u, v, s) = ( fl, v, s). 

3 Geometry on deformations of cuspidal S1 singu­

larities 

In this section, we consider geometry on the case of k = l in Corollary 2.6. We set 
f = fn2 8 (see (2.3)). Here, we assume c1 (0, s) = s 

3.1 Description of singular point 

To obtain the location of the singular point, we sets = -s2 , since 8 2(!) -=/- 0 is equivalent 
to s::; 0. If (u, v) E 8 2 (!), then v = 0 and u depends on s. We set this function u(s). 

Since c1(0, 0) = (c1)u(0, 0) = 0 in (2.3), we set 

(3.1) 

Rewriting h 2 as (2.4) and (3.1), then we have the following theorem. 

Theorem 3.1. If (u, v) E 8 2(!) and d2 (0) > 0, then v = 0 holds, and the function u(s) 

can be expanded as fallows: 

u(s) = _dl s+ d\ (d1(0)d~0 -d3(0))s2 
20 2 20 

+ d\ ((di(O) + 4(d2)s(0))d~0 
8 20 

- 2(3d1(0)d3(0) + 2d4(0, 0))d~o + 5d~(o))s3 + 0(4), 

where d2 (0) = d§0 . Ifu(s)-=/- 0, fat (u(±s),0) are both the cuspidal cross caps. 

If d2 (0) < 0, the same calculation can be done by setting d2 (0) = -d~0 , and we 
obtain the same results. 
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3.2 Self-intersection curves 

In this section we focus on self-intersection curves of deformations of cuspidal S1 singu­
larities. In particular, deformations of the geodesic curvature and the normal curvature 
of self-intersection curves are considered. 

The self-intersection curves are determined by f(u1,v1) = f(u2 ,v2 ) in general. In 
our case, by looking the first component of fn28, we see u1 = u2 , we rewrite as u. 

Focusing on the second component, vf = V§ holds. If we set v = v1 = -v2 , then the 
self-intersection curves are determined by i(u,v,s) = c1(u,s) +v2 c3 (u,v2 ,s) = 0 from 
the third component. Since iu(u, 0, s) = sd1(s) + 2ud2 (s) + 3u2d3 (s) + 4u3d4 (u, s) + 
u 4 (d4 )u(u, s) and by the assumption d2 (0) > 0, it holds that iu(u, 0, s) =/- 0 for small 
s =/- 0 and u =/- 0. By the implicit function theorem, there exists a function u( v, s) such 
that i(u(v, s), v, s) = c1(u(v, s), s) + v 2c3 (u(v, s), v2 , s) = 0 holds for any v ands=/- 0. 

Theorem 3.2. Let r;,g(v, s) be the geodesic curvature and r;,n(v, s) be the normal cur­

vature of self-intersection curves v H f(u(v, s), v, -s2). Then these curvatures can be 

expanded as fallows 

r;,g(0, s) 

r;,n(0, s) 

± (-2h1(0)c3(0, 0, 0) + (c1)uu(0, 0)) + 0,(l), 
c3(0, 0, 0) 

2h1 (o) + 0,(1). 

In particular, both of the geodesic curvature and the normal curvature are bounded for 

fixed s =/- 0. 

When s = 0, only cuspidal S1 singularity has self-intersection curves. Therefore, 
we assume (c1)uu(0, 0)c3(0, 0, 0) < 0. 

Theorem 3.3. If (c1)uu(0, 0)c3(0, 0, 0) < 0, then the geodesic curvature r;,g and the 

normal curvature r;,v of the each branch of self-intersection curves are bounded and they 

are 
K,g = 2h1(0)c3(0, 0, 0) - (c1)uu(0, 0) K,v = 2hi(0). 

c3(0,0,0) ' 

Furthermore, these coincide with the absolute value of the limits of the geodesic curva­

ture and the limits of the normal curvature of the self-intersection curves on the case 

of s =/- 0 respectively. 

3.3 Geometric invariants of deformation 

In [1], the bias and the secondary cuspidal curvature arc defined for non-degenerate 
singular point which is not a cuspidal edge. The bias measures the bias of a curve 
around the singular point, and the secondary cuspidal curvature measures sharpness of 
5/2-cusp. We calculate these invariants for deformations of cuspidal Sf singularities. 

Definition 3.4. [1, Definition 3.7] Let f : (R2 , 0) -+ (R3, 0) be a frontal satisfying 
j 2 f(0) = (u,v 2,0) such that fat v = 0 is not a cuspidal edge. We take a coordinate 
system ( u, v) satisfying the set of singular point of f S (f) = { v = 0}. Then there exists 

a vector field fil{v=O} such that 

fjf(u,0) = 0, Uu,f/2 f)(u,0) = Uu,f/3 f)(u,0) = 0. 
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Then there exists£ such that fJ3 f (0, 0) = £fJ2 f (0, 0). Using this vector field iJ and£ the 
bias Tb and the secondary cuspidal curvature r c are defined by 

- lful5/2 det(fu, T/2 f, 3iJ5 f - 10£fJ4J) I 
Tc - If ~2Jl7/2 • 

u X rJ (u,v)=(0,0) 

Theorem 3.5. Let f : (R2 , 0) ---+ (R3 , 0) be a deformation of cuspidal S1 singularities. 

Then the bias Tb and the secondary cuspidal curvature Tc off at ( u(±s), 0, -s2 ) can be 
expanded as a function of s as follows: 

3.4 Geometry on trajectory of singular points 

We give a geometric meaning of the lowest order coefficients h 4(0, 0) and h 4(0, 0) 
including the deformation parameters. The trajectory of the singular points S2 (fn2 -s2) 
for the deformation of the cuspidal Sf singularities f = fn28 is a space curve passing 
through the origin. It is parameterized by 

where u( s) is given in Theorem 3.1. Then the curvature K, of I as a space curve at s = 0 

satisfies K, = 2(ffi(0) + fl1(0))1/2 . Moreover, if fi1(0) + fl1(0) =/- 0, then 

- K,T h1 (0) - h1 (0)d20K,' + 3K, d::1 (0) 
h4(0, 0) - 3 d2 

K, 20 

and 

K,T h1 (0) + h1 (0)d20K,' - 3K, d::1 (0) 
h4(0, 0) = - 3 d2 

K, 20 

hold, where Tis the torsion of,, and K,1 = dK,/ds. 
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