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Abstract

Our aim in this note is to establish the boundedness of the maximal oper-
ator for double phase functionals ¢(x, t) = ?(®) 4 {b(2)t}9™), where p(-), ¢(-)
are log-Holder continuous exponents and b is a nonnegative, bounded and

Holder continuous function of order 6 € (0, 1].

1 Introduction

Regarding regularity theory of differential equations, Baroni, Colombo and Min-
gione [2, 3, 4, 5] studied a double phase functional ®(z,t) = t?+a(x)t?, z € RN t >
0, where 1 < p < g, a(+) is non-negative, bounded and Holder continuous of order
0 € (0,1]. In [4], the minimization problem of the double phase functional was
discussed under the assumption ¢ < (14 6/N)p. Hésto [9, Theorem 4.7] showed
the boundedness of the maximal operator on L¥(G) when ®(xz,t) = 7 + a(z)t9,
1<p<gq GCRYisbounded, a € C?(G) is non-negative and ¢ < (1 +60/N)p.
In this note, let us consider the double phase functional

Bz, t) = @) + {b(z)t} ") (1.1)

where p(+), q(-) are log-Holder continuous and b is nonnegative, bounded and Holder
continuous of order § € (0,1]. For an open set G C RY, recall that the Lebesgue
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space LP")(@G) is a Banach space with respect to the norm

p(y)
|Uhmwr4ﬁ{k>01é<u%l> (wg1}<m

(see e.g. [6], [7], [8], [13]). Further let us consider the Musielak-Orlicz space ¢(G)
of all functions f such that

1fllee —inf{k>0:/a¢<y,w> dy < 1} <00

(see e.g. [9], [11]).

Our main aim in this note is to establish the boundedness of the maximal
operator in ¢(RY) (see Theorem 2.1 in Section 2). We also extend Theorem 2.1
to the Herz case (Theorem 5.1).

2 Variable exponents
Let p(+) be a real valued measurable function on R" such that
(P1) 1 <p :=essinf,cgn p(z) < esssup,cry p(x) =: pT < o0;

(P2) p(-) is log-Holder continuous, namely

< %
< Togle 7 /]t —9)

Ip(x) — p(y) for all z, y € RN

with a constant C}, > 0.
Moreover we suppose that

(P3) p(-) is log-Hélder continuous at oo, namely, there exists a constant p(co) > 1

such that
Cpoo

| < —P* _ forallz € RY
log(e + |z()

[p(w) = p(o0)
with a constant C), . > 0.

In this case, we write p(-) € Po.
Our aim in this note is to give the boundedness of the maximal operator f —
M f in the Musielak-Orlicz space ¢(RY).
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THEOREM 2.1. Let p(-) and q(-) be variable exponents in Py. Suppose
0 < 1/p(x) — 1/glz) < min{1/p(c0), 6/}
for x € RY. Then there is a constant C' > 0 such that
I f oy < ClLf o 1)

In what follows, we always assume that p(-), q(-) € Po.

3 Maximal functions

Consider the maximal function

Mfw) =swp g [ 1wl

>0

where B(z,7) denotes the open ball with center at = and radius r.
For the boundedness of the maximal operator in LP(R") of constant exponent,
we refer to [1], [12] and [15].

LeMMA 3.1 (cf. [14, Lemma 3.5]). There is a constant C' > 0 such that

1/p(x) N
IT‘/ yldy < C erl/ Ddy) 4O+ )
’ .T T :E T

for all z € RN, r > 0 and measurable functions f on RY such that || f|| js¢) ) <
0.

COROLLARY 3.2. There is a constant C' > 0 such that
HMf“LP('>(RN) < CHfHLP(')(RN) for all f € Lp(')(RN)~

In fact, take 1 < py < p~ and apply Lemma 3.1 with p(-) replaced by po(-) =
p(-)/po- T || fllzee) vy < 1, then we find

Mf(z) < C(M[fo) ()™ + C(1 +|a)) ™V,
where fo(y) = |f(y)[°¥). Hence

/MM@W@M<C/wmmmwm+c/a+mrwwm
gc/ummm@+c/u+erdx

SC/V@m@@+Osa



4 Fractional maximal functions

Consider the fractional maximal function

M, yf(x) =su )| dy,
0 (@) DgBN,/” D) dy

where 7(-) is a measurable function on R satisfying
() 0 < 7~ = infyepy 7(x) < 7F = sup,cpy 7(z) < N.
THEOREM 4.1 (Sobolev type inequality). Suppose
0<1/p(x) —1/q(z) = 7(2)/N < 1/p(c0)
for all x € RN. Then there is a constant C' > 0 such that
HMT(-)fHLq<->(RN) < CHf||LP<->(RN)
for all f € LPO(RN).

Proof. Let f be a measurable function on RY with [|f| joc)myy < 1. Let 2 € RY
and r > 0. First note that for 0 < r < 4 we have

A )y < &7 o)l
Eeyamm— y)ldy < o7 / Yy
|B(‘T7T)| B(z,r) |B z,r ‘ (z,r)

IN

and for 0 < § < r < (1 + |2|)?@ we have by Lemma 3.1

/ y)| dy
l('Crr.| CET‘

- 1/p(x)
Cr (‘BM)‘/M dy) L OO Jal)

Cpm@=N/p()

IN

IN

C§7@)=N/p(z)

IN

since 1/q(z) = 1/p(x) — 7(z)/N > 0. If r > (1 + |2|)P@, then, for z = rx/|z|, we



obtain by Lemma 3.1

(@)
B o O

= ‘Bzgr‘/z?ﬂ' w)ldy

< Or'® ( / dy) o +Crm @1+ |2))7N

N |B(z, 3r) zdr)

< Crm@7NPE L opT@ (1 4 2)) N

< O @=N/p@)

< COpm@=N/p(e)

< C(1+ |5ED )=N/p(o0))p(z)

< O(1 + |z|)r@-Nr@)RE),

Hence
My f(z) < 57(”)Mf(:1:) + C§T@=N/p(x) 4 C(1+ |x|)(7(w)—N/p(x))p(x)_
Now, letting § = {M f(z)} P@/N we find

M@ f(z) < C’{Mf(x)}lff(r)p(z)/l\f+C(1+’x‘)(f(z)fN/p(r))p(r)

< C{M f(z)}P@/9@) 1 C(1 + |a|) 7@ -N/pe)p)
so that
/ { Moy f(2)} P de < C / {Mf(z)}y") dz + C / (1 + |a)~VP@ g
< C,

as required.
Proof of Theorem 2.1. Let f be a measurable function on RY with

1Nl oo vy + ([0 [ oo vy < 1.

Let z € RN and r > 0. Set 7(z) = N/p(x) — N/q(z). First note that

d
|B:cr|/” vl dy

_ M‘/ RUCRLOIC )]dy+’B(1 b(y)| £ ()] dy

)|
= Cle —yI"™|f(y dy+ / dy,
|B(.CIZ',T')| /B(z,r) ’ | ‘ ( )| | (z,r) |

B(z,r)
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so that
b(x)M f(x) < CMr@) f(2) + M[bf](x).
Since 1/q(x) = 1/p(x) — 7(x)/N, Theorem 4.1 gives

[OM fll e myy < ClMeyfll ooy @y + IM[0f]]] Lao) vy
< Ol flleror@yy + ClIOf || Lao) my
which proves the result. O
EXAMPLE 4.2. Let 1/¢(0) < 1/p(0)—6/N. For 0 < # < 1and 0 < 8 < N, consider
b(z) = (min{max{0,zx},1})" and  f(y) = |y Pxs_ (),
where B_ = {z = (21, ...,x5) € B(0,1) : xx < 0}. Then note that

(1) Mf(x) = Cla|~" on B(0,1);

2) / oy, () dy < o0 when —Bp(0) + N > 0:
B(0,1)

(3) /B(O . o(x, M f(x))dx = co when (0 — 5)q(0) + N < 0.

Now take 6 and 8 such that 0 < 6 < 1,0 < < N and

R R B D S
-~ ™M TN TN oy

Then (2) and (3) hold.

5 Herz spaces

Let A(r) = B(0,2r) \ B(0,r) for r > 0. For a real number v and 0 < ¢ < oo,

consider the Herz space

o0 da 1/‘1
[ fllgaw = Ifllocae2y + (/1 (I fllocaey) —) < 0.

r

Theorem 2.1 is extended in the Herz settings.
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THEOREM 5.1. Suppose —N/q(o0) < v < N — N/p(oc0) and

0 <1/p(x) = 1/q(x) = 7(2)/N < min{1/p(c0),6/N}

for all x € RN. Then there is a constant C' > 0 such that

1M flloqo < Cllfllogw (5.1)
when [|f]lg.0 < 0.
For a proof of Theorem 5.1, we use Theorem 2.1 and the following lemmas.
LEMMA 5.2. There are constants C,Cy > 0 such that
CyrVP) <y gl pro < Cor™/P(e)
for allz € RY and r > 1.

LEMMA 5.3 ([10, Lemma 2.5]). There is a constant C' > 0 such that
A / y)| dy < Cr=N/rte HfHLP(>(A(r))

for all x € RN, r > 1 and measurable functions f on RY such that £l ey agry) <

Q.

LEMMA 5.4. Ife + v — N + N/p(co) < 0 and € > 0, then

—eiN-N/poo)—v [ [ (petv g dt\'
/ |fy)ldy < Cr* i (/ (ts HfHLP<')(A(t))) ?>
B(0,r)\B(0,1) 1/2

for all7 > 1 and f € L} (R").

Proof. We may assume that f(z) = 0 for z € B(0,1). Let jo be the smallest
integer such that 2/ > r. By Lemma 5.3, we have

[l
B(0,r)\B(0,1)

IN

cy (27 d
Z A, O

< CZQJ YV NPCN F1| o (agz-s1y)-
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In case ¢ > 1, by Holder’s inequality, we have

Jo

Z(Tj?”)NiN/p(oo)||f||Lp<->(A(2fjr))

j=1
Jjo , 1q Jo 1/q
< (Z ((2j7a)s+NN/p(00)V)q) (Z ((2jr)€+l/||f||Lp(')(A(2j’l')))q)
j=1 j=1
T dt 1/q
< COp ety ( / / E1F o ay) 7) .
1/2

Therefore, we obtain the required result in this case.
For the case 0 < ¢ < 1, by the fact that (a+0)? < a?4b? for all a,b > 0 instead

of Holder’s inequality, we also obtain the required result. O
In the same manner we have the following result.

LEMMA 5.5. Let € R. If e+ — N/p(oc0) —v < 0 and € > 0, then

— — 00)—Vv - —e+v dt Ha
Lo 7170y < O ([ o) )

/2

for allT > 1 and f € L} (RY).

loc

Proof of Theorem 5.1. Suppose ||fll¢qr < 1. Set 7(x) = N/p(z) — N/q(x) and
7(00) = N/p(00) — N/q(c0). We show that

>~ dr
/1 (1M fl o> ary)* - < €

when 1 < ¢ < co.

For r > 1, write

I = fxBor/2) T XBO4r)\BOr/2) T fXBRN\B(0,4r)
= fl,r+f2,r+f3,r-
By Theorem 2.1 we have

- v dr
/1 (T‘ HbeZ,rHLq(-)(A(T)))q 7 < (.



Note that

1
! Cle =311, 0]+ 5 / Dl fr ()] dy

IN

[B(,D)] S
e [ \pldy+ o [ byl dy
B(0,r) B(0.r)

IN

and

1
b(x) —— - d
1 1
oyl Cle — (y) , d - b . d
: rmx,m/Bw oyl 4 g | L YOl dy

< c / (N f () dy + C / Vo) £ (4)] dy
RN\ B(0,2r) RN\ B(0,2r)

for all x € A(r) and t > 0. By Lemmas 5.2 and 5.4 we have for 0 < g <
N — N/p(co) —vand 0 < ey < N — N/g(o0) —v

dr

/ (r”||6M fip]| pac )(A(r)))q o

, a7\ \" dr
o / prEN/a(eo) (o) [ —e1=N/p(oc) v ( / (tm”llfHva(A(t)))q)
1/2 ! "

, ANANN
c v+N/q(c0) | ,.—e2—N/q(c0)—v / t2||b : T r
. / ( . » (=0 N oo aen)” 5 r
°dr\ dt
C 75E1+V (- I / S —
/1/2( 11l r) o) (t )

o dr\ dt
+C (t52+VHbf||Lq<) )) </ r€2¢I_> —
t

T

v = dt
= C/ (t ”f”LM‘)(A(t)))q— +C/ (#16f oerca)* — < C.
1/2 4 1/2 n

IN

IN

In the same way, by Lemmas 5.2 and 5.5, we obtain

= v dr
/ (7" Hbe:S,rHLq(->(A(T)))q o <,
1

which completes the proof. O
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