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Abstract

Cancer clinical trials often encompass various time-to-event (TTE) outcomes,

such as overall survival, progression-free survival, and time-to-treatment failure,

with each shedding light on related but di!erent aspects of treatment e”cacy.

However, given the intricate relationships and mechanisms by which survival

is extended for patients with cancer, making suitable treatment decisions for

patients becomes challenging. To address this challenge and enhance precision

in treatment selection, identifying patient subgroups before commencing treat-

ment is important. To achieve this objective, concurrently considering two TTE

outcomes and employing clustering analysis to determine the patient subgroups,

thereby facilitating the selection of the most appropriate treatment, might be

a more suitable approach. In this paper, on the basis of the random partition

model with regression on covariates (PPMx), we propose a PPMx based clus-

tering model (DbTTE-PPMx) with Gaussian copula to jointly model two TTE

outcomes while accounting for their correlations. Importantly, we account for the

presence of semi-competing risks to consider the complicated interplay between

these two TTE measures. In addition, we examine the operating characteristics
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of the proposed method in simulation studies. For illustration, we apply the pro-

posed method to data from a clinical study in patients with advanced breast

cancer.

Keywords: Product partition model, two time-to-event outcomes, semi-competing
risks, Gaussian copula, cancer clinical study

1 Introduction

In cancer clinical research, Pazdur [1] explained that various endpoints, such as overall
survival (OS), progression-free survival (PFS), and time-to-treatment failure (TTF)
are critical outcomes to consider. Prolonging the time that a patient remains free from
disease progression is particularly important in the context of cancer care, because it
enables individuals to lead a higher quality of life. Simultaneously, the possibility of
death is also a significant concern for both the patient and the clinician. However,
the relationship between these time-to-event (TTE) outcomes might not be straight-
forward. Notably, achieving a highly significant result in terms of PFS might not
necessarily translate into a similarly significant outcome in terms of OS [2][3] [4]. This
observation indicates that the complicated relationship between these clinical end-
points makes the decision-making process more challenging. Moreover, in practice,
substantial population-level heterogeneity often exists because of unknown subgroup
structures. Consequently, the interpretation of cluster structures is a critical aspect of
survival analysis.

Our objective is to identify common characteristics shared among the patient popu-
lation and determine the subgroup of patients to provide useful information for clinical
decision making. We assume that the patient population can be partitioned into dif-
ferent subgroups. Under this assumption, we propose that the production partition
framework might be more suitable for interpreting such partitioned subgroup struc-
tures [5]. Moreover, to incorporate the information of patients’ covariates, we analyze
the cluster structure of patients by using the product partition model with regression
on covariates (PPMx), as introduced by Müller et al. [6]. This approach enables us
to examine how covariates are associated with a TTE outcome by incorporating the
dependence on covariates. However, the model is limited by its ability to only accom-
modate a single TTE outcome at a time. Previous work on modelling the cluster
structure of patients using a product partition framework focused more on modelling
covariates. Page et al.[7] focused on the product partition model to handle missing
covariates, while Pedone et al.[8] extended the product partition model framework by
considering prognostic and predictive biomarkers.

Traditional approaches often involve a separate analysis of each TTE outcome,
which might not provide a complete understanding of how patient outcomes are related
to each other. This limitation arises from the observation that the membership assign-
ments are derived from the separate analysis of two distinct TTE outcomes that are
independent of each other, making the concurrent interpretation of the membership
from two di!erent outcomes using the existing methods impossible. In such a case, we
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cannot interpret a meaningful cluster structure from the results. The situation also
occurs in our application dataset when conducting inference in a clinical study, in
which two TTE outcomes are investigated after patients receive their anticancer treat-
ment with a number of baseline covariates for each patient. For example, as exemplified
in section 4, the traditional approach might well depict a complicated relationship
between a covariate and both TTF and OS with di!erent cluster structures separately.
This situation can underscore the challenge of interpreting the cluster structures of
patients when two TTE outcomes require concurrent consideration. Previous studies
on the joint analysis of two TTE outcomes have explored various aspects but have
certain limitations. Alternative approaches, such as [9] [10], they focused on binary
TTE outcomes but without considering patient covariates. Other approaches [11] [12]
modelled the relationship between two TTE outcomes by considering the covariates.
However, they have not provided the cluster structures of patients which may reveal
common characteristics shared among the patient populations. Motivated by these
compelling reasons, instead of simply analyzing the cluster structure using a single
TTE outcome, this study extended the PPMx model by using a Gaussian copula to
provide a reasonable interpretation by analyzing two TTE outcomes simultaneously.

In addition, when conducting an analysis involving two TTE outcomes, the pres-
ence of semi-competing risks might be important to be considered [13]. Unlike scenarios
involving standard competing risks, in a semi-competing risks setting, it might be
possible to observe both nonterminal and terminal events in the same patients. Xu
et al. [14] illustrated that this unique aspect implies the potential existence of some
partial information on the joint distribution of these events. To address this complex
challenge and utilize most of the available information, our proposed double-TTE-
outcomes PPMx (DbTTE-PPMx) method enables the concurrent analysis of both
TTE outcomes while accounting for the semi-competing risks problem making it highly
valuable in clinical settings. By jointly analyzing both TTF and OS , we may identify
the patient subgroups with di!erent patterns of treatment responses. On the basis of
the subgroups, we may gain a better understanding of the e!ect of treatments on,
for instance, patient outcomes and subgroup structure. These findings might enable
clinicians to make more informed decisions about treatment options for patients. The
remainder of this paper is organized as follows. Section 2 describes and presents
our proposed DbTTE-PPMx method for jointly modelling two TTE outcomes in the
framework of the semi-competing risks. In section 3, we conduct extensive simulation
studies to examine the operating characteristics of the proposed method. In section
4, we present an application of the proposed method. The paper closes with a brief
discussion in section 5.

2 Methods

In our methodological exploration, we focus on the product partition model (PPM),
which was introduced by Hartigan [15], Barry and Hartigan [5] and Quintana and
Iglesias [16]. The PPM constructs the prior probability of partition using the cohesion
function, which has the advantage of reflecting how tightly the elements are grouped
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in the clusters. Additionally, the PPM could provide a representation of data distri-
bution as the product form of di!erent independent clusters, showing its advantage of
simplicity when modelling heterogenous data. Subsequently, Müller et al. [6] extended
the PPM by considering the regression on covariates; their model is referred to as
PPMx. By leveraging these strengths, we aim to extend PPMx to jointly analyze two
TTE outcomes. In this section, we will initially introduce the notation and further elu-
cidate how the PPMx is extended to jointly analyze two TTE outcomes and address
semi-competing risks challenges. Finally, we will explain how the posterior inference
is summarized.

2.1 Notation

Let i = 1, ..., n be the index of patients and let ωn = {S1, ..., Skn} denote a partition
of the n patients into kn subsets Sj . Let xi denote the patient-specific covariates
and X = (x1, ...., xn) be the complete set of covariates. In the case of a single TTE
outcome, let Y denote the TTE outcome for the n patients. In the case involving two
TTE outcomes, let the two distinct TTE outcomes of patient i be denoted as yS,i
and yL,i, where yS,i → yL,i. Let YS = (yS,1, ..., yS,n) and YL = (yL,1, ..., yL,n) be two
sets of TTE outcomes. Let Y = {YS , YL} represent the entire set for two di!erent
TTE outcomes. Let {εS,i, εL,i} be the indicator variables for yS,i and yL,i, where the
value 1 is assumed when the event is observed and the value 0 is taken otherwise.
Let x→

j = (xi, i ↑ Sj) and y→
j = (yi, i ↑ Sj) denote the covariates and TTE outcomes

arranged by clusters.

2.2 Product partition model for two time-to-event outcomes

In the context of the PPM, the probability model for the response data Y can be
expressed as

p (Y ) =
kn∏

j=1

pSj

(
y→
j

)
(1)

and the prior probability which is assigned to partition ωn is given by

p (ωn) ↓
kn∏

j=1

c (Sj) (2)

where c (Sj) ↔ 0 denotes the cohesion function, which measures the strength in how
tightly the elements are grouped in Sj . One simple form can be defined as depending
only on the number of subjects in Sj , which favor the large size of the subset. A
commonly used form, derived from the Dirichlet Process (DP), is c(Sj) = M(|Sj |↗ 1)
where M denotes the mass parameter of DP. The PPM is then specified through
equations (1) and (2). It is noted that the corresponding posterior distribution of ω
is obtained in a same product form of (2). The PPM is extended to the PPMx by
introducing an additional factor g

(
x→
j

)
to equation (2) to achieve the dependence on
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the covariates [6] . It can be defined as

p (ωn | X) ↓
kn∏

j=1

g
(
x→
j

)
· c (Sj) (3)

where g(·) denotes a non-negative function of x→
j that formalizes the similarity of

covariates among patients, with higher values g(·) assigned to sets of covariates that
exhibit greater similarity. As a default choice from [6], g(·) is the marginal probability
in an auxiliary probability model q(·), which can be represented as

g
(
x→
j

)
↘

∫ ∏

i↑Sj

q (xi | ϑj) q (ϑj) dϑj

where q(·) is defined as the probability density that depends on the type of covari-
ates. The correlation among covariates is induced by the cluster-specific parameters
ϑj , leading to higher values of g

(
x→
j

)
for tightly clustered covariates. For example,

for continuous covariates, the marginal distribution of x→
j can be defined as a nor-

mal sampling model. Let N(x|m,V ) be the normal model for the random variable
x, with mean m and variance V and let Ga(x|a, b) be a gamma model for random
variable x with mean a/b and variance a/b2. Therefore, the model can be shown as
q(x→

j |ϑj) =
∏

i↑Sj
N(xi|mj , vj), with conjugate prior for the cluster-specific parame-

ters ϑj = (mj , vj) as p(ϑj) = N(mj |m,B) ·Ga(v↓1

j |ϖ, D0) with predefined fixed values
for m,B,ϖ, D0. For categorical covariate, a default choice is on the basis of a Dirichlet
prior distribution. For count covariates, a default choice is on the basis of a mixture of
Poisson distributions. The details are provided in the supplementary materials. When
dealing with two TTE outcomes, PPMx is required to analyze two TTE outcomes inde-
pendently rather than simultaneously. The model is completed by specifying distinct
data sampling model for YS and YL separately as follows:

p(YS |ωn,ω, ϱ,X) =
kn∏

j=1

∏

i↑Sj

p(yS,i|xi,ςj , ϱ)

and

p(YL|ωn,ω, ϱ,X) =
kn∏

j=1

∏

i↑Sj

p(yL,i|xi,ςj , ϱ)

(4)

where ω is the cluster specific parameters ω = {ς1, ...,ςkn} and common
hyper-parameters ϱ. We extend the PPMx to model two TTE outcomes using
the Gaussian copula structure which can be shown as G(YS , YL|ε,ςj) =
φ
[
”↓1 {FS (yS,i | ↼Sj)} ,”↓1 {FL (yL,i | ↼Lj)} | ςj

]
where εj = {↼Sj ,↼Lj} denote the

parameters in the marginal exponential survival functions for the two TTE outcomes
and ςj is the cluster-specific parameter. Let ↽j = {ςj ,εj}, we can obtain the likelihood
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for patient i in cluster j:

p(Y |ωn,ϑ,X, ϱ) =
kn∏

j=1

∏

i↑Sj

p(yS,i, yL,i|xi, ↽j , ϱ), p(ϑ|ϱ) =
kn∏

j=1

p(↽j |ϱ) (5)

We complete the model with the combination of model (3) and (5) as DbTTE-PPMx.
However, in the context of analyzing two TTE outcomes, the potential challenge of
semi-competing risks might arise. Considering and addressing this risk might help
us improve understanding of the joint risk of two TTE outcomes, as illustrated by
Varadhan et al. [17]. Therefore, this challenge will be well introduced in the next
subsection.

2.3 Semi-competing risks modelling

OS time represents the time from treatment initiation to the time of death from any
cause. However, longer TTE outcomes such as OS time are not always observable. For
instance, patients may drop out of the study early and may not be followed up. For
shorter TTE outcomes such as time-to-progression, consider a scenario where disease
progression assessments are intermittently missing. A patient is known to be alive
without progression at Time 1, and much later dies at Time 2. However, there are
no evaluations were conducted between Time 1 and Time 2 to confirm the disease
progression status. A terminal event (e.g. death) may preclude the occurrence of a non-
terminal event, which is described as a semi-competing risks by [13]. Recall that there
are the two TTE outcomes yS,i and yL,i, where yS,i → yL,i. In keeping with the general
convention, we consider only the right censoring. The independent, non-informative
censoring time for each patient i is denoted as Ci. The four cases of censoring described
with event indicators {εS,i, εL,i} for patient i are shown below:

1. yS,i and yL,i are both observed: εS,i = 1, εL,i = 1
2. yS,i is observed and yL,i is censored: εS,i = 1, εL,i = 0
3. yS,i is censored and yL,i is observed: εS,i = 0, εL,i = 1
4. yS,i and yL,i are both censored: εS,i = 0, εL,i = 0

Suppose that the time from the initiation of chemotherapy treatment/intervention
occurs at time 0. To illustrate these cases, we define Ai= {yS,i ≃ yL,i ≃ Ci} and Bi=
{yL,i≃Ci}, where ≃ is the minimum operator. By considering the relationship between
two TTE outcomes in a semi-competing risks framework, we form the likelihood func-
tion in four cases on the basis of the approach of Fu et al. [18]. Let G(·) and g(·) be
the marginal survival function and the probability density function (pdf) for censor-
ing time C; S(yS , yL) and f(yS , yL) are the joint survival function and the joint pdf
of (yS,i, yL,i), respectively, and the partial derivative expression form of joint survival
function can be shown as:

Ṡl (yS , yL) = ↗⇀S (yS , yL)

⇀yl
, l = S,L
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The four cases are introduced as follows:

Case 1: εS,i = 1, εL,i = 1

Pr [Ai ↑ (yS , yS + dyS) , Bi ↑ (yL, yL + dyL) , εS,i = 1, εL,i = 1]

= Pr [yS,i ↑ (yS , yS + dyS) , yL,i ↑ (yL, yL + dyL) , Ci > yL]

= f (yS , yL)G (yL) dyS dyL,

Case 2: εS,i = 1, εL,i = 0

Pr [Ai ↑ (yS , yS + dyS) , Bi ↑ (yL, yL + dyL) , εS,i = 1, εL,i = 0]

= Pr [yS,i ↑ (yS , yS + dyS) , Ci ↑ (yL, yL + dyL) , yL,i > yL]

= ṠS (yS , yL) g (yL) dyS dyL,

Case 3: εS,i = 0, εL,i = 1

Pr [Ai ↑ (y, y + dy), Bi ↑ (y, y + dy), εS,i = 0, εL,i = 1]

= Pr [yS,i > t, yL,i ↑ (y, y + dy), Ci > y] = ṠL(y, y)G(y)dy,

Case 4: εS,i = 0, εL,i = 0

Pr [Ai ↑ (y, y + dy), Bi ↑ (y, y + dy), εS,i = 0, εL,i = 0]

= Pr [yS,i > t, yL,i > y,Ci ↑ (y, y + dy)] = S(y, y)g(y)dy

Specifically, time y is employed instead of yl in cases 3 and 4 because we are constrained
to observe only a singular time for these two cases. This constraint is imposed by
the semi-competing risks nature of the data. Assume non-informative censoring for
yS,i, yL,i (the two TTE outcomes of patient i, i = 1, ..., n, ). On the basis of the
aforementioned semi-competing risks framework, the log-likelihood for patients i can
be shown as:

⇁ (yS,i, yL,i;ςj) =εSεL log [f (yS,i, yL,i;ςj)] + εS (1↗ εL) log
[
ṠS (yS,i, yL,i;ςj)

]

+ εL (1↗ εS) log
[
ṠL (yS,i, yL,i;ςj)

]
+ (1↗ εS) (1↗ εL) log [S (yS,i, yL,i;ςj)]

(6)
The cluster-specific parameters ςj can be updated using the maximum likelihood
method for computation convenience based on all the patients in cluster j in iterations.
The joint pdf of two TTE outcomes in cluster j can be derived with the cluster-specific
parameter ςj :

f (yS,i, yL,i | ε,ςj) =
φ
[
”↓1 {FS (yS,i | ↼Sj)} ,”↓1 {FL (yL,i | ↼Lj)} | ςj

]

φ [”↓1 {FS (yS,i | ↼Sj)}]φ [”↓1 {FL (yL,i | ↼Lj)}]
fS (yS,i | ↼Sj) fL (yL,i | ↼Lj)

(7)
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where φ(·) is the standard normal pdf, φ(·) is the standard bivariate normal pdf with
correlation as ςj , and FS and FL are the marginal CDFs for yS,i and yL,i, respectively;
f(yS,i) and f(yL,i) are the marginal density functions.

2.4 Prior set-up and posterior computation

For the cluster-specific marginal survival parameters εj = {↼Sj ,↼Lj}, we assume the
conjugate gamma priors as Ga(ϖ,ϱ), where ϖ = {αS ,αL} and ϱ = {▷S ,▷L} for the
two TTE outcomes, respectively:

εj ⇐ Ga(ϖ,ϱ)

ϖ,ϱ ↓ ◁(·)

where the hyper-prior for parameter ϖ,ϱ is denoted as ◁(·). We define flat gamma
priors for parameters ϖ and ϱ, and the prior distributions can be shown as

◁(ϖ) ↓ Ga(aS , bS)

◁(ϱ) ↓ Ga(aL, bL)

Therefore, given the specific values for aS , bS and aL, bL, the target distribution can
be obtained by

◁(εj ,ϖ,ϱ|Y ) ↓ L(εj |Y )◁(↼|ϖ,ϱ)◁(ϖ)◁(ϱ)

On the basis of the equations (5) and (6), the full conditional distribution can be
derived as ◁(εj |Y ,ϖ,ϱ), ◁(ϖ|Y ,εj ,ϱ), and ◁(ϱ|Y ,εj ,ϖ) to estimate parameter εj

by performing Gibbs sampling with the Metropolis-Hastings algorithm. Details are
provided in the supplementary materials.

2.5 Predictive inference on partition

The adoption of the default choice of g
(
x→
j

)
, as described by [6], could simplify the

posterior simulation. The posterior inference in product partition models (2) and (4)
is computational identical to the posterior inference that we would obtain if xi were
part of yi. The auxiliary model q(·) can be extended as

q (Y ,X | ωn,εj) =
kn∏

j=1

∏

i↑Sj

p (yS,i, yL,i | xi,ςj ,εj , ϱ) q (xi | ϑj)

q (ε, ϑ|ϱ) =
kn∏

j=1

p(εj |ϱ)q(ϑj)

The posterior distribution q(ωn|Y ,X) under the auxiliary model is iden-
tical to p(ωn|Y ,X) under the proposed DbTTE-PPMx (5). Specifically,
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p (yS,i, yL,i | xi,ωj ,εj) is illustrated in a copula form, as introduced in section 2.3.
To report p(yS,n+1, yL,n+1|Y ,X, xn+1), let x̃ = {xn+1} and ỹ = {yS,n+1, yL,n+1} to
simplify the notation and let ẽ = {en+1} denote the membership indicator of patient
n+ 1; we then find

p(ỹ|x̃,Y ,X) =

∫
p(ỹ|x̃, ωn+1,Y ,X)dp(ωn+1|x̃,Y ,X)

The integration equals to summation across all configurations of ωn+1. By using an
importance sampling re-weighting step, we could transfer the form as a posterior
integral with respect to p(ωn+1|x̃,Y ,X). Recall that x→

ω and y→
ω denote the covariates

and two TTE outcomes arranged by cluster ⇁, respectively. Defining g(⊋) = c(⊋) ↘ 1,
the prior on ωn+1 = (ωn, ẽ) can be shown as

p (ẽ = ⇁, ωn | x̃,X) ↓
∏

j ↔=ω

c (Sj) g
(
x→
j

)
c (Sω ⇒ {n+ 1}) g (x→

ω , x̃)

= p (ωn | X)
g (x→

ω , x̃)

g (x→
ω )

c (Sω ⇒ {n+ 1})
c (Sω)

.

(8)

Defining qω (x̃ | x→
ω ) ↘ g (x→

ω , x̃) /g (x
→
ω ), the posterior predictive distribution can be

written as

p (ỹ | x̃,Y ,X) ↓
∫ kn+1

ω=1

p (ỹ | x̃,y→
ω , x

→
ω , ẽ = ⇁) qω (x̃ | x→

ω )

⇑ c (Sω ⇒ {n+ 1})
c (Sω)

p (ωn | Y ,X) dωn

(9)

For each of these estimated ωn, the ẽ = l is generated with probabilities propor-
tional to wω = qω(x̃|x→

ω )c(Sl ⇒ n+ 1)/c(Sl) and ỹ is generated from p(ỹ|y→
ω , ẽ = ⇁),

weighted with wω. In a specific scenario where l = kn + 1, we define the weight wkn+1

as wkn+1 = g(x̃)c(n+ 1). To report the posterior inference for the random partition,
we will introduce a two-stage approach in the next subsection.

2.6 Posterior inference in two stages

At stage 1, the posterior simulation scheme is performed. In each iteration of the
posterior simulation scheme, the partition ωn and number of cluster K are obtained.
The optimal numberK = k of clusters can be determined on the basis of the maximum
posteriori after a period of iterations. At stage 2, we aim to summarize the posterior
samples to derive the point estimate of the clustering. We initialize stage 2 by retaining
all the parameters and cluster structures obtained from the final iteration of stage 1.
These parameters serve as the initial values for stage 2. Building upon the optimal
number of clusters we obtained from stage 1, we subsequently fix the number of clusters
to perform the MCMC. That is, the MCMC process is continued while conditioned on
K = k and on the acquisition of posterior MCMC samples of the random partition.
Let P define an (n ⇑ n) adjacency matrix, with P [ij] = 1 if patients i and j are in
the same cluster. We obtain Pm, where m = 1, ...,M of adjacency matrices, i.e., ***
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Pm ⇐ p(P |k→, data). Finally, we use the method proposed by Dahl [19] (hereafter
referred to as the least-squares method) to summarize the MCMC posterior samples.

In the context of applying the least squares method, we use the Hemming distance
as a distance measure, denoted by 0(PS , PL). Subsequently, a point summary of ran-
dom partition is determined as P → = argminQE(0(P,Q)|data), with the E(·) being
the posterior expectation over the random P . The determination of this optimal sum-
mary is achieved through the minimization of summary Q. To compute the posterior
expectation, we use the formula:

E(0(P,Q)|data) = 1/M(
M∑

m=1

0(Pm, Q))

Finally, the optimal value is evaluated as a minimum overQ ↑ Pm, wherem = 1, ...,M .
The R-package for DbTTE-PPMx is available at the website on https://

biomedstat.med.kyoto-u.ac.jp/statpkg.html. In addition, an example of the implemen-
tation of DbTTE-PPMx is presented in the Supplementary Materials.

3 Simulation study

We conducted a simulation study to evaluate the performance of PPMx and DbTTE-
PPMx in the presence of multiple combinations of covariates. The simulation study
was designed as a nonlinear regression method applied to di!erent covariate combi-
nations, which is the same method used by [6], enabling a comparison. We assume
three scenarios for covariates. In the first scenario (Scenario 1C2B), there are one
continuous covariate and two binary covariates ↗ thus, three covariates in total. In
the second scenario (Scenario 1C2B2N), we add two more nuisance binary covariates
to 1C2B; 1C2B2N thus contains five covariates in total. Finally, in the third sce-
nario (Scenario 1C2B7N), we add seven nuisance covariates to 1C2B, resulting in ten
covariates in total. We formulate the covariate combinations by exclusively considering
non-nuisance covariates. We trichotomize the continuous covariates into three levels
as x1,d ↑ {↗1, 0, 1} and the binary covariates x2,d, x3,d ↑ {0, 1}, where d denotes the
indicator of the covariate combinations. The variable x1,d with -1, 0, and 1 represents
small, medium, and large levels of continuous covariates, respectively. In total, there
are 12 covariate combinations in this simulation study ( i.e., d = 1, ..., 12).

3.1 Simulation settings

We generated 100 datasets, each comprising N = 300 samples, as the primary pat-
tern. To extend our analysis, we created additional datasets with the sample size
N = {100, 500}. Consequently, datasets with sample size N = {100, 300, 500} were
generated using the following sampling model. On the basis of the covariates in our
application study, we assume a continuous covariate x1 following a log-normal distri-
bution with mean = log(38) and standard deviation = 0.6; in addition, two binary
covariates x2 and x3 follow a Bernoulli distribution with probabilities p2 and p3,
respectively, where p2 = 0.3 for x2 = 1 and 0 otherwise and p3 = 0.6 for x3 = 1 and
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0 otherwise. For TTE outcomes, two correlated random variables sS,i and sL,i with
uniform distributions on (0,1) will be initially generated from a bivariate Gaussian
copula with a specified correlation matrix for each patient i. The correlation matrix
is defined as

# =

[
1 h
h 1

]

Recall that yS,i and yL,i denote the two TTE outcomes for patient i with the con-
straint that yS,i → yL,i. Let YS = {yS,1, ..., yS,n} and YL ={yL,1, ..., yL,n} denote the
entire set of two TTE outcomes with constant hazard following a marginal exponential
distribution [18]; yS,i and yL,i can be obtained by using the marginal inverse survival
function of S↓1

S and S↓1

L , respectively:

yS,i = S↓1

S (sS,i) and yL,i = S↓1

L (sL,i)

To obtain the marginal inverse survival function, the median yS,i and yL,i, where
patient i belongs to covariate combinations d, are assumed as ς = {1Sd, 1Ld} which
have a linear regression with covariates according to Zippin and Armitage [20].

yS,i ⇐ Exp{log(2)/1Sd}
yL,i ⇐ Exp{log(2)/1Ld}

1↓1

Sd = ϱ1xm,d + c1

1↓1

Ld = ϱ2xm,d + c2

ϱ1xm,d =





x1,1 x2,1 x3,1

x1,2 x2,2 x3,2

... ... ...
x1,k x2,k x3,k



 ·




▷S,1

▷S,2

▷S,3





ϱ2xm,d =





x1,1 x2,1 x3,1

x1,2 x2,2 x3,2

... ... ...
x1,k x2,k x3,k



 ·




▷L,1

▷L,2

▷L,3





where ϱ1 = {▷S,1,▷S,2,▷S,3} and ϱ2 = {▷L,1,▷L,2,▷L,3} are vectors of regression
parameters for two TTE outcomes, respectively; xm,d is a matrix for covariate com-
binations, where m = {1, 2, 3} and d = 1, ..., 12. For 1Sd, ϱ1 = {0.2,↗0.6,↗0.5} and
constant c1= 15; for 1Ld, ϱ2 = {0.8,↗0.4,↗0.1} and constant c2 =21. There is an
interaction of x2,d and x3,d with a shorter survival for (x2,d, x3,d) = (1, 1). With
the above settings, the regression parameters vary across di!erent clusters due to the
di!erent combinations of covariates. Independent, non-informative censoring time is
assumed to follow a uniform distribution; that is, C ⇐ U [0, 200]. We obtain y→S,i =
yS,i≃yL,i≃C, εS,i = I(yS,i → yL,i≃C) and y→L,i = yL,i≃C, εL,i = I(yL,i → C). For each

11

 1 
 2 
 3 
 4 
 5 
 6 
 7 
 8 
 9 
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 
37 
38 
39 
40 
41 
42 
43 
44 
45 
46 
47 
48 
49 
50 
51 
52 
53 
54 
55 
56 
57 
58 
59 
60 
61 
62 
63 
64 
65 



correlation coe$cient ς ↑ {0, 0.25, 0.5, 0.75}, 100 datasets will be sampled using Gaus-
sian copula, resulting in di!erent censoring rates: {5%, 29%},{6%, 27%},{7%, 25%}
and {8%, 23%}, respectively. For the other two scenarios, in addition to the three
aforementioned covariates, we introduce two additional binary covariates for Scenario
1C2B2N. In addition, to mimic the covariates in the application, we simulate one addi-
tional continuous covariate, five binary covariates, and one count covariate for Scenario
1C2B7N. The additional continuous covariate follows a log-normal distribution with
a mean equal to 0 and a variance equal to 1, whereas the additional binary covariates
are a Bernoulli-distributed with a probability of 0.2. The count covariate follows a
Poisson distribution with a mean equal to 1. Importantly, these additional covariates
do not a!ect the TTE outcomes. The number of covariates for these three scenarios
is 3, 5, and 10, respectively. The maximum follow-up time is 72 months (based on the
largest OS in the application).

To evaluate the predictive performance, the root-mean-square error (RMSE) (10)
was used as the criterion. It was computed as the squared error between the predicted
median Ŷd,i, d = S,L from both methods and the generated simulation truth median
Yd,i across the di!erent correlation coe$cients and sample sizes.

RMSE =

 1

n

n∑

i=1


Ŷd,i ↗ Yd,i

2

(10)

3.2 Simulation results

Table 1 provides a summary of the average RMSE across all covariate combinations
for di!erent correlation coe$cients and sample sizes. As expected, DbTTE-PPMx
provided better prediction accuracy across all of the cases, leveraging the advantages
of considering two TTE outcomes simultaneously. Overall, we observed a decreasing
tendency in the RMSE for both methods, predicting both median YS and YL as the
correlation coe$cients increased. Specifically, the RMSE obtained from YL is larger
than that obtained from YS , possibly because of its greater variation.
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Table 1: Simulation results for the comparison between the DbTTE-
PPMx and PPMx methods, as expressed by the root mean squared error
of predicted median YS and YL under the three covariate scenarios with
three total sample size values {100, 300, 500} for four correlation coe$-
cients {0, 0.25, 0.50, 0.75} between YS and YL.

Sample

size

TTE

outcome
Scenario Method

Correlation

0 0.25 0.5 0.75

100 YS
DbTTE-PPMx 5.30 4.81 4.44 3.75

1C2B
PPMx 5.77 5.38 5.47 5.33

DbTTE-PPMx 5.41 4.89 4.56 3.94
1C2B2N

PPMx 6.07 5.74 6.22 6.30

DbTTE-PPMx 5.58 5.04 4.72 4.20
1C2B7N

PPMx 6.34 6.09 6.65 6.37

YL
DbTTE-PPMx 13.95 12.76 11.10 9.13

1C2B
PPMx 19.24 18.09 15.86 13.92

DbTTE-PPMx 14.09 13.05 11.39 9.40
1C2B2N

PPMx 20.12 18.87 16.69 14.22

DbTTE-PPMx 14.51 13.45 12.03 9.72
1C2B7N

PPMx 19.98 18.38 16.69 14.70

300 YS
DbTTE-PPMx 4.57 3.91 3.30 2.61

1C2B
PPMx 5.89 5.30 4.79 4.07

DbTTE-PPMx 4.88 4.24 3.70 2.94
1C2B2N

PPMx 6.06 5.51 5.17 4.79

DbTTE-PPMx 5.50 4.96 4.39 3.77
1C2B7N

PPMx 6.40 6.07 5.60 5.21

YL
DbTTE-PPMx 13.20 11.80 10.40 8.07

1C2B
PPMx 16.60 15.00 13.10 9.65

DbTTE-PPMx 13.40 12.00 10.70 8.25
1C2B2N

PPMx 16.60 14.90 13.10 9.87

DbTTE-PPMx 13.80 12.40 11.10 8.90
1C2B7N

PPMx 19.50 17.80 15.30 12.30

500 YS
DbTTE-PPMx 4.36 3.81 3.21 2.38

1C2B
PPMx 5.94 5.48 4.80 3.93

DbTTE-PPMx 4.53 4.04 3.40 2.65
1C2B2N

PPMx 6.09 5.61 5.06 4.29

DbTTE-PPMx 5.30 4.83 4.12 3.23
1C2B7N

PPMx 6.27 5.99 5.55 5.27

YL
DbTTE-PPMx 13.15 11.70 10.03 8.06

1C2B
PPMx 15.80 13.74 11.34 8.84

DbTTE-PPMx 13.40 11.88 10.09 8.19
1C2B2N

PPMx 15.70 13.80 11.33 9.25

DbTTE-PPMx 13.69 12.40 10.73 8.51
1C2B7N

PPMx 18.76 16.45 14.07 11.04
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Focusing on the simulations with N = 300, we find that, under Scenario 1C2B,
DbTTE-PPMx consistently outperformed PPMx in terms of a smaller RMSE for pre-
dicting both median YS and YL and a more significant decrease for predicting median
YS across all correlation coe$cients. We observed that, when the correlation coe$-
cients are 0.75, DbTTE-PPMx is modestly more favorable than PPMx, particularly in
the prediction of the median YS , underscoring its capability in capturing the intricate
relationships between the two TTE outcomes. That is, the advantage of DbTTE-
PPMx became more pronounced with increasing correlation coe$cients, as reflected
by a decrease in the RMSE. Under Scenario 1C2B2N with two nuisance covariates,
the increase in RMSE for predicting both median YS and YL was not substantial for
either method across all correlation coe$cients. DbTTE-PPMx continued to achieve
a smaller RMSE than PPMx across all of the correlation coe$cients. Under Scenario
1C2B7N, with seven nuisance covariates, the RMSE for predicting both median YS and
YL was increased for both methods across all of the correlation coe$cients. Notably,
the increase in the RMSE was more pronounced for PPMx than for DbTTE-PPMx
particularly in the prediction of median YL. This greater increase in the RMSE for
PPMx might indicate the benefit of the joint analysis of two TTE outcomes that
enhances the robustness of a large number of nuisance covariates, thereby improving
the predictive performance of TTE outcomes.

The simulation results for di!erent sample sizes are also summarized in Table
A1. With N = 100, whereas PPMx exhibited erratic RMSE patterns, DbTTE-PPMx
maintained the tendency of the RMSE to decrease with increasing correlation coef-
ficients. Compared with the results corresponding to N = 300, a slight increase in
the RMSE was observed; DbTTE-PPMx continued to outperform PPMx, suggest-
ing its capacity to deliver a more reliable prediction with a smaller sample size than
PPMx. When the sample size was increased to N = 500, both methods continued to
show a decreasing RMSE, with DbTTE-PPMx consistently performing better, partic-
ularly with higher correlation coe$cients. Compared with the results corresponding to
N = 300, the RMSE obtained from both methods for both TTE outcomes decreased
slightly. In particular, the improvement in RMSE for predicting the median YL by
PPMx was more noticeable than that for predicting the median YS .

The RMSEs of the predicted median YS and YL for 12 di!erent covariate com-
binations across di!erent scenarios and sample sizes are summarized in Tables S1-S9
in the supplementary materials. Across the three di!erent scenarios, we still observed
that DbTTE-PPMx led to a smaller RMSE than PPMx for the majority of covariate
combinations in predicting both median YS and YL, showing a consistent tendency.

In summary, we found that the proposed DbTTE-PPMx model led to a smaller
RMSE compared with PPMx, particularly under the condition of higher correlation
coe$cients. This observation suggests that, in situations involving two TTE outcomes
with higher correlation coe$cients, the DbTTE-PPMx model can potentially assist
in the medical decision-making process by providing more reliable predictions of TTE
outcomes compared with PPMx. In addition, an increase in sample size enhanced the
prediction of the median TTE outcomes for both methods but more notably for PPMx.
However, DbTTE-PPMx consistently demonstrated smaller RMSE values than PPMx,
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which might highlight the capability of DbTTE-PPMx to provide reliable predictions
even with small sample sizes.

4 Application

In the application study, we conducted data processing and analysis on a breast can-
cer clinical trial dataset comprising 278 patients [21]. The dataset includes two TTE
outcomes measured in months: TTF and OS with eight baseline covariates includ-
ing two continuous covariates, five binary covariates and one count covariate. In
this study, OS is defined as the duration from the commencement of the first set
of chemotherapy until the death from any cause. TTF is defined as the duration
from the initiation of chemotherapy to discontinuation of chemotherapy for any rea-
son, e.g., disease progression, treatment toxicity. The continuous covariates, there are
age in years at baseline and disease-free interval (DFI) defined as the time inter-
val in month from the initiation of primary therapy to the diagnosis of recurrence.
The binary covariates include two treatment indicators: one indicating if the patient
received paclitaxel chemotherapy and bevacizumab (1 for received, 0 for not received)
and another one indicating the receipt of eribulin (1 for received, 0 for not received).
The binary covariates also include a metastasis indicator: denoting the presence (1)
or absence (0) of liver metastasis at the time of diagnosis; a breast cancer stage indi-
cator, with 1 denoting stage IV and with 0 denoting recurrence; and a breast cancer
subtype indicator, with 0 representing the luminal subtype and with 1 representing
the triple-negative breast cancer (TNBC) subtype. Finally, for the count covariates,
the number of metastases: it represents the total number of metastases. The applied
DbTTE-PPMx model is constructed by combining models (3) and (5), as introduced
in section 2. To model the eight covariates, let xi,p = (xi,1, ..., xi,8) and the similarity

function can be shown as g
(
x→
j

)
=

∏
8

p=1
gp(x→

j,p). Following the suggestions described
in section 2.2, we specified the similarity function for each type of covariate accord-
ingly. Specifically, continuous covariates are standardized to have a sample mean of
zero and a unit standard deviation. The fixed parameters of similarity function are
defined as m = 0,ϖ = 0.25, B = 1 and D0 = 1.; For categorical covariates, the Dirich-
let parameters are defined as α = (0.1, 0.1). For count covariate, the shape and scale
parameters of Gamma prior are defined as (a, b) = (1, .0.25). To clarify the character-
istics of our proposed DbTTE-PPMx, we used the two-stage approach introduced in
section 2.6 to perform clustering to obtain the cluster structure of patients. The two-
stage framework was both applied to PPMx and the proposed DbTTE-PPMx. The
results obtained from stage 1 are shown in Figure 1. This illustrates the frequency of
the number of clusters obtained from DbTTE-PPMx, which is in between the results
obtained from PPMx by analyzing TTF and OS separately. Stage 2 is conducted using
nine clusters, as shown in Figure 1.
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Fig. 1: Frequency of the number of clusters obtained using PPMx and DbTTE-PPMx
to analyze TTF and OS
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(a) Median TTF and OS with DFI

(b) Median TTF and OS with TNBC

Fig. 2: Summary of the median survival time and the average disease-free interval
(DFI) in (a) and the proportion of triple-negative breast cancer (TNBC) in (b) per
cluster, as generated using PPMx and DbTTE-PPMx. The size of the bullets is relative
to the average cluster size.
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One of the notable advantages of our proposed DbTTE-PPMx is its ability to
jointly analyze TTF and OS and interpret the results simultaneously. In the context
of the application data, we show the cluster structures based on the covariates DFI
and TNBC. The relationship between covariates and TTE outcomes is visualized in
Figure 2. The results were obtained from PPMx, which analyzes one TTE outcome at
a time. In the bottom-right plot of Figure 2 (a), a tendency is observed; as the average
DFI increases, the median OS also exhibits an increase. However, such an interpretable
result is challenging to derive from the plots generated by PPMx. In addition, patients
with TNBC are widely recognized to experience a rapid progression and shorter OS
compared with patients with other subtypes of breast cancer (e.g. luminal subtype)
[22, 23]. Figure 2 (b) depicts the relationship between median survival time (TTF
and OS) and the proportion of TNBC within each cluster. Notably, we observe a
tendency in the bottom-right plot in Figure 2 (b); the OS tends to decrease with an
increasing proportion of TNBC. However, the tendency remains undetectable in the
PPMx-generated plots, which does not align with prior medical knowledge. Using the
information of the cluster structure obtained from the proposed model, it is possible
to examine the specific characteristics of each clusters to gain deeper insights. For
example, one cluster exhibits the longest OS of 39.1 months and the longest TTF of
9.8 months. The characteristics of this cluster are its notably longest average DFI of
138.9 days and the second lowest proportion of patients with TNBC (9%). In contrast,
another cluster has the shortest OS of 20.7 months, achieves the third shortest TTF of
4.9 months. This cluster has the second shortest average DFI of 5.4 days and highest
proportion of patients with TNBC (39%). These observations indicate that the cluster
with the characteristics of short DFI and a high proportion of patients with TNBC
might experience short TTF and OS. Moreover, There is a cluster that has the third
shortest average DFI of 17.4 months but the lowest portion of patient with TNBC
(0%). This observation suggests that in the absence of TNBC, patients might still
have a longer OS after treatment with eribulin chemotherapy , even with a short DFI.
Importantly, these insights are not available when modelling the two TTE outcomes
separately using PPMx, underscoring the value of our proposed model in capturing
the intricate relationships between cluster characteristics and TTE outcomes.

5 Discussion

This study proposes the DbTTE-PPMx model to elucidate the subgroup structure by
analyzing patients’ covariates, that is, clinical characteristics in conjunction with two
TTE outcomes. Our model is an extension of the PPMx, which is the random partition
model framework, enhanced by the incorporation of the copula method and the semi-
competing risks framework to account for interpretation of the intricate relationship
between two TTE outcomes. Leveraging this interpreted relationship might provide the
feasibility to perform subgroup identification and subgroup structure interpretation
with consideration of the two TTE outcomes. Although we have primarily discussed
the application of our methodology to TTF and OS in the Application section, any
other pair of TTE outcomes, such as PFS and survival post-progression (SPP) [24],
is applicable in our model.
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The proposed DbTTE-PPMx model can be used to analyze data from a phase
II clinical trial, and then design a subsequent phase III clinical trial. Suppose that
a phase III trial will evaluate progression-free survival (PFS) time as the primary
endpoint and OS as the key secondary endpoint, as discussed in [25]. On the basis of
a cluster structure obtained by analyzing both PFS and OS outcomes in combination
with relevant patients’ baseline covariates from a phase II trial, it could help to select
or prioritize an appropriate target patient population for a phase III trial, in which
patients could obtain a su$cient benefit in prolonging not only PFS but also OS.
From another perspective, it could also help identify the potential high-risk patients
to improve the chance that those recruited patients have an acceptable risk-benefit
balance. This could minimize the potential risks to vulnerable patients and lowers the
chances of trial failures.

In this manuscript, the proposed DbTTE-PPMx only considered right censoring.
However, other types of censoring, such as interval censoring, can occur in actual
clinical trial data. Moreover, we have only considered the univariate censoring time,
which means that scenarios involving two censoring times have not been explored.
More complicated censoring scenarios might be considered in future work.

19

 1 
 2 
 3 
 4 
 5 
 6 
 7 
 8 
 9 
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 
37 
38 
39 
40 
41 
42 
43 
44 
45 
46 
47 
48 
49 
50 
51 
52 
53 
54 
55 
56 
57 
58 
59 
60 
61 
62 
63 
64 
65 



Acknowledgements. We thank Dr Shoichiro Ohtani and Dr Masahiko Ikeda for
providing us with invaluable clinical data. Kang Lei’s work was supported by JST
SPRING, grant number JPMJSP2110. Satoshi Morita was partially supported by the
Project Promoting Clinical Trials for Development of New Drugs (19lk0201061h0004)
from the Japan Agency for Medical Research and Development (AMED). We sincerely
appreciate the insightful comments and suggestions of the reviewers and the editor,
which have significantly improved the quality of this manuscript.

Declarations

Competing interests

The authors have declared no conflict of interest.

References

[1] Pazdur, R.: Endpoints for assessing drug activity in clinical trials. The oncologist
13(S2), 19–21 (2008)

[2] Maroun, J.: The significance of progression-free survival as an endpoint in evalu-
ating the therapeutic value of antineoplastic agents. Current Oncology 18(Suppl
2), 3 (2011)

[3] Hess, L.M., Brnabic, A., Mason, O., Lee, P., Barker, S.: Relationship between
progression-free survival and overall survival in randomized clinical trials of tar-
geted and biologic agents in oncology. Journal of Cancer 10(16), 3717 (2019)

[4] Shukuya, T., Mori, K., Amann, J.M., Bertino, E.M., Otterson, G.A., Shields,
P.G., Morita, S., Carbone, D.P.: Relationship between overall survival and
response or progression-free survival in advanced non–small cell lung cancer
patients treated with anti–pd-1/pd-l1 antibodies. Journal of thoracic oncology
11(11), 1927–1939 (2016)

[5] Barry, D., Hartigan, J.A.: Product partition models for change point problems.
The Annals of Statistics, 260–279 (1992)

[6] Müller, P., Quintana, F., Rosner, G.L.: A product partition model with regression
on covariates. Journal of Computational and Graphical Statistics 20(1), 260–278
(2011)

[7] Page, G.L., Quintana, F.A., Müller, P.: Clustering and prediction with variable
dimension covariates. Journal of Computational and Graphical Statistics 31(2),
466–476 (2022)

[8] Pedone, M., Argiento, R., Stingo, F.C.: Personalized treatment selection via
product partition models with covariates. Biometrics 80(1), 003 (2024)

1

 1 
 2 
 3 
 4 
 5 
 6 
 7 
 8 
 9 
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 
37 
38 
39 
40 
41 
42 
43 
44 
45 
46 
47 
48 
49 
50 
51 
52 
53 
54 
55 
56 
57 
58 
59 
60 
61 
62 
63 
64 
65 



[9] Kavelaars, X., Mulder, J., Kaptein, M.: Decision-making with multiple correlated
binary outcomes in clinical trials. Statistical Methods in Medical Research 29(11),
3265–3277 (2020)

[10] Sun, T., Liu, Y., Cook, R.J., Chen, W., Ding, Y.: Copula-based score test
for bivariate time-to-event data, with application to a genetic study of amd
progression. Lifetime data analysis 25, 546–568 (2019)

[11] Li, D., Hu, X.J., Wang, R.: Evaluating association between two event times with
observations subject to informative censoring. Journal of the American Statistical
Association 118(542), 1282–1294 (2023)
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