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PREFACE

　　　　　Thispaper is devoted to the study of some classes of optimiza-

tion problems　in nonlinear control　systems.　The systems under consid-

eration are described by nonlinear differentialequations containing small

parameters.　Nonlinear functions in the equations are assumed analytic・

Suboptimal feedback controls for the　systems are designed so as to opti-

mize ａ performance index of integral type.　　Theapproximation method

of approaches presented in the paper is based on ａ small parameter

method, or ａ perturbation method.　The method proposed is applied to

some types of linear systems｡

　　　　　Thetext consists of five chapters.　The first chapter is Intro-

ductory one in which ａ perturbation method is outlined and the contents

of the text are　summarized.　Chapter 2 describes ａ method for suboptl-

mal design of nonlinear feedback systems and fully discusses various

features　inthe design.　The chapter that follows extends the method to

various　control problems containing small parameters, mainly to ａ

large-scale problem and ａ problem of periodic systems.　Chapter 4 1ｓ

concerned with ａ suboptimal feedback control for nonlinear systems un-

der noise disturbances.　The last chapter deals with nonlinear dlfferen-

tial game problems and presents approximation approaches to various

types of solution of the games.　Various typical examples attached in

each chapter illustrate　severalcalculatlonal features of the proposed

method. Five appendices concerning supplementary remarks are ａｎ’

nexed to the text.

111
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GLOSSARY OF SYMBOLS

　　　　　Throughout this text except for in the appendices and the sections

of examples, unless otherwise spec ifLed, the following symbol conven-

tions are generally adhered to the rules: Scalars are denoted by lower

case Greek letters, vectors by lower case Roman, and matrices by up-

per case Roman or　Greek.　Contrary to these rules, some exceptions

are permitted due to notational usage: times　t　and　Ｔ， performance

indeχ　J, Hamiltonian　H, dimensions of vectors　ｎ， m, etc., index

Integers　i, i, k, £, etc., number　N, period　L, mean value vector

μ, CO variance matrix　ｏ･, and so on.　χVith no ｅχception, vectors are in

column form｡

　　　　　Following is ａ list of principal symbols appearing in this text.

　　A(t):

A(x, t):

　Ａｅ(t):

A(t):

Ap(t):

Ａ(o):

　
一
・

　
㈹
Ｉ０
　
　
Ａ

　
一
ゆ

りく　
Ｂ

B(t)
●

●

system matrix

state-dependent system matrix in instantaneous linearization

system matrix for an evader

system matrix of the　i-th subsystem

system matrix for ａ pursuer

constant system matrix

periodically-varying system matrix

control matrix of ａ system

strategic control matrix for an evader

B,(t):　control matrix of the　i-th subsystem; strategic control matrix
　1　　　forPlayer　i

Bp(t)

Ｂ(O)

B(1)(t)

　　cov

１
一

一
一

strategic control matrix for ａ pursuer

constant control matrix

periodically-varying control matrix

covariance operator for ａ noise process

　　　　　　　　　　　　　　　　　Ｖ，



C(t):　output matrix of ａ system; disturbance matrix of ａ noisy sys-

　　　tern

　　det:

　　Ｄ(t):

D(x, t):

D (t)

∂μ/ax

8v/9x:

2 2:

∂v(a)/9x:

　　　ε:

　f(x, t):

fe(゜c' t):

f.(x, t):

f(X. t):

　　　Ｆ:

　　　y:

Ｓ
一
　
ｅ
ｌ

Ｆ

determinant operator for ａ matrix

degradation matrix in ａ suboptimal performance index

state-dependent control matrix in ａ system with controls ap-

pearing linearly

coupling matrix in ａ linear large-scale system

gradient vector whose　i-th component is　∂μ/aｘ.foｒａ scalar

μ　and ａ vector　ｘ 1

matrix whose (i, j)-element is　加/9x

ｘ

Hessian matrix whose (i，j)-element is

scalar　μ　and ａ vector　ｘ

value of　8v/ax　at　ｘ＝ａ

expectation operator for ａ noise process

nonlinear function in ａ system

nonlinear function in an evader's system

for vectors　ｖ　and

∂2β/改iaj　for a

nonlinear coupling function in ａ large-scale system

nonlinear function in ａ pursuer゛ｓsystem

weighting matrix in　J　related to final states

weighting matrix in　J　related to the difference between evad-

er's and pursuer's final　states

weighting matrix in　Jl　related to the　i-th final substates;

weighting matrix in Player　i'Ｓ Ｊｉ　relatedto final states

H:　Hamiltonian of ａ problem

Ｈ.:　Hamiltonian for Player　i

　1

　i

I(k)

ｊ

Ｊ

　
Ｉ
Ｉ

＊
Ｊ

index integer

k ｘ k-identity matrix

index integer

performance index

minimum value of　Ｊ

vi
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●

　町

ｌ

ｔ

J

i

:

J

ｓ

:

　k:

　£:

Ｌ

performance index of the　i-th subproblem or of Player　i

value of　J　resulting from ａ suboptimal control

index integer

index integer

period of time; number of points with ａ boundary condition

　ｍ:　dimension of ａ control vector

ｍ :　dimension of an evader's strategic control vector
　ｅ
一
・　
ｅ
ｌ

ｍ

ｍ　：
　ｐ

　Ｍ：

　
・
・

Ｉ・
―く　
Ｍ

"li

dimension of ａ control vector of the　i-th subsystem; dim en-

sion of Player　i'ｓ　strategic control vector

dimension of ａ pursuer's strategic control vector

repeated Kronecker sum of ａ matrix　Ｍ or　M'

i-times repeated Kronecker sum of ａ matrix　Ｍ or　Ｍ'

(i, j)-element of ａ matrix　Ｍ; (L, j)-submatrix in ａ composite

matrix　Ｍ; notation of ａ matrix　Ｍ　related to Players　i

and　j

n:　dimension of ａ system

一
。
゜
ｌ

ｎ

　　　Ｎ:

p(x, t):

P.(x, t):

　　P(t):

P(x, t):

dimension of the　i-th　subsystem

number of subsystems, frequency components, or players

costate vector

costate vector of Player　i

optimal feedback gain matrix for ａ linear-quadratic problem

state-dependent feedback gain matrix In instantaneous llnearl-

zation

P.(t):　Player　i゛ｓoptimal feedback gain matrix for ａ linear-quadratic

　ｌ　　　gameproblem

ｅ
一
りｊＰ

Ｓ
ｅ

　
０
Ｐ

suboptimal feedback gain matrix

optimal constant feedback gain matrix for ａ time-invariant

linear-quadratic problem

　　ｑ:　degree of ａ polynomial

Q(t):　weightLng matrix in　Ｊ　related to states

Q.(t):　weighting matrix in Ji　related to the　i-th substates; wei^t-

vll



　　ing matrix in Player　i'ｓ　'i

ｒ:　index integer

related to states

　R(t):　weighting matrix in　J　related to controls

R(t):　｀″eightlngmatrix in　J　related to evader's strategic controls

Ri(t):　｀″eightingmatrix in　Ji related to the　i-th subcontrols:

　　　　　weightingmatrix in　J. related to Player　i'ｓ strategic con-
　　　　　trols　　　　　　　　　　　　1

R‥(t):　weighting matrix in Player　i'ｓ　J. related to Player　j'ｓ
　1J　　　strategiccontrols　　　　　　　　　　　　　１

R(t):　weighting matrix in　Ｊ　related to pursuer's strategic controls

　　　ｓ:　dimensionof an output vector; dimension of ａ noise vector

　S(t):　resultantsystem matrix for ａ linear-quadratic problem with

　　　　　theoptimal control

S(t):　resultant system matrix with ａ suboptimal、control

　　S:　resultant constant system matriχ for ａ time-invariant linear-

　　O　　quadratic problem with the optimal control

　　・t:　time

　　tｒ:　traceoperator for ａ matrix

　　Ｔ:　finaltime

　　ｕ:　control vector of ａ system

　　ｕ＊:　optimalcontrol

　　ｕ:　strategic control vector of an evader
　　　ｅ

　　ｕ.:　controlvector of the　i-th subsystem;　strategic control vector

　　　l　　ofPlayer i

ut:　minimax strategy of Player　i

－
ui:　Nash equilibrium strategy of Player　i

a

i:　Pareto
optimal strategy of Player　i

ｕp:　strategic control vector of a pursuer

ｕ :　suboptimal control
　Ｓ

Ｖ＊:　optimal or exact value of ａ quantity ｖ

ｖi:　i-th component of ａ vector　ｖ; notation of ａ quantity　ｖ　for

　　　　　　　　　　　　　　　　　　　　　viii
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１
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く　
　
Ｖ

・
・

Ｖ

　Ｓ

ＶＯ:

　０

Ｖ　：

the　i-th subproblem or for Player　l

i-th-order coefficient of ａ quantity　ｖ　developed into ａ power

series

suboptimal or approximate value of ａ quantity　ｖ

time-independent form of ａ function　v(t) or　v(x, t)　as　t４

CD or　t→- 00

initialvalue of ａ quantity　v(t) at　t＝７

V(t):　suboptimalperformance matrix

　ｗ:　noisevector

　ｘ:　statevector ofａ system

　ｘ　:　statevector of an evader　　ｅ
x

i

:

ｘ

p

:

　ｙ:

・
・Ｚ

　
―
一

ｅ
ｏ

　
一
一

ｊ

S

μ

(y

Ｔ

　
一
Ｉ

りぐ’
ｍ
3
1

一
・
りくΨ

一
・
ω

０

一
一

１
ｅ

１

【，

〉:

き:

1:

state vector of the　i-th subsystem

state vector of a pursuer

output vector of ａ system

Wiener process vector

infinitesimal operator for ａ quantity

domain of ａ space

small scalar parameter

mean value of ａ noise process

covariance matriχ of ａ noise process

initialtime

fundamental matrix of ａ linear system

fundamental matrix of ａ linear system

angular frequency

zero scalar; zero vector; zero matrix

differentiationwith respect to time

transposition of ａ vector or ａ matrix

positive definiteness of ａ matrix

positive semidefinLteness of ａ matrix

interval of time

　　　　　　　　　　　　　　　　iχ
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き:　definitionof ａ quantity

ll:　norm of ａ vector or ａ matrix

＠:　Kronecker product of matrices

ｅ:　Kronecker sum of matrices
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　CHAPTER Ｉ

INTRODUCTION

1.１　Perturbation Method

　　　　There have been numerous studies on the optimization problems

for linear dynamical systems: linear regulator problem ［37, 401 * linear

stochastic control problem ［24], linear differential game problem [33,

90], control problem of linear distributed parameter systems ［29], lin-

ear filtering problem ［38], state observer problem for linear systems

［54, 55], and so on.　Each of these linear problems has been solved in

an elegant closed form. However, many problems faced today by engi-

neers may involve nonlinearities in system dynamics. Relatively few

works have been reported on nonlinear optimization problems. This is

because in general the determination of the exact solutions is difficult or

impossible for nonlinear problems, ｅχcent for special classes of prob-

lems［16, 85, 89, 93］｡

　　　　There are some major trends in modern developments of nonlin-

ear analysis: the purely numerical methods using a digital computer ［23，

791, the methods of linearization with application of linear theories ［ｎ，

21, 27, 46, 78, 85, 86, 89], the methods of parameter optimization

with solutions of fixed configuration 【18, 20, 52, 53, 84-86], the analyt-

ical methods of successive approximations, and combinations of some of

these. The analytical methods based on successive approximations,

proposed in various forms by many investigators ［1, 5, 25-27, 30, 39,

56, 81, 96], are most systematic.　Most of the methods have given only

formal procedures of successive approximations, but have kept away

* Numbers in brackets indicate references at the end of the text.

　　　　　　　　　　　　　　　　　１



from related natures in successive calculations: uniqueness, solvability,

stability, continuity, and so ｏｎ｡

　　　　Foremost among the successive approximation techniques is the　　　　｀

small parameter method, or the method of perturbation in terms of ａ

small parameter.　The use of the perturbation method was, in the ear-　　　｀

Her period, limited to astrodynamical calculations. But the important

contributions of H. Poincare and later mathematicians or engineers have

broadened applicabilityof the method to include ａ more general field of

nonlinear problems ［8, 13, 62], especially ａ field of nonlinear oscilla-

tions [9, 31］.　An initial-value problem of differentialequations is of

primary interest in case of nonlinear oscillation problems; while ａ two-

point boundary-value problem has to be solved in most case of optimiza-

tion problems, to which the method may also be applicable･　　　　　　　　　　。

　　　　This text presents approximate approaches to nonlinear dynamical

optimization problems with use of the perturbation method, and further-

more fully discusses various features in successive calculations. All

the problems treated in the text are reduced to the task of solving equa-

tions of the foｒｍ＊

g(x, V, X, V, t; ｓ）＝0 (1.1)

where　X, V,　and　ｇ　are　ｎ“s　n -, and　（ll十n )-vectors,　respectively,

and　t　is time; ＆　is ａ scalar parameter. Ａ dot over ａ quantity de-

notes differentiation with respect to　t. The parameter　e, ideally ａ

nondimensional number, may naturally appear in Ｅｑ･(1.1), or may

artificially be introduced for convenience.‘The magnitude of　ｓ　should

　　　* Here and throughout the text, the symbol　0　is used, without

notice, as zero scalar, zero vector, and zero matriχ，but should be un

derstood.・

２
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be small in some sense.　The boundary conditions for Ｅｑ･(1.1) are

given by

ｖ（Ｔ）＝ｖＴ (1.2)

for we restrict our attention to the optimization problems of so-called

regulator type.　Since we wish to obtain controls of feedback type, the

solution to Ｅｑ･(1.1) satisfying (1.2) may be found in the form as

V = h(x, t;巳) (1.3)

　　　　In application of the perturbation method, we develop the desired

quantity　ｈ（ｘ，t;e) in powers of the small parameter　ｓ　multiplied by

coefficients which are functions of　ｘ　and　t:

h(x, t;　ε)
ｉ
い
skｖ(k)(ｘ，t) (1.4)

The solution (1.4) is usually so determined as, if　e - 0, the generat-

ing solution

h(x, t; O)＝ｖ(o) (X, t)

is the　exact solution to the unperturbed equation

g(x, ｖ(O)，i，i(O) t; O）＝0

(1.5)

(1.6)

We assume the solution of Ｅｑ･(1.6) possible; and we then proceed to

determine the coefficients ｖ（k）　ofthe development (1.4) one by one, by

solving a sequence of equations

･3



g(k) (ｘ，ｖ(k) t）＝0 (k = 1, 2. ..･) (1.7)

This constitutes the principal subj ect of the text｡

　　　　The above description, however, may be somewhat perfunctory･

If the parameter　ｓ　is sufficiently small, the series of Ｅｑ･(1.4) con-

verges fast enough so that merely the first two or three terms give

good accuracy.　When　ｓ　is large, the method ceases to be applicable,

and for such cases analji;ical methods are largely unexplored.　However

it is worth noticing that, from ａ practical point of view, the method

may still be applicable with satisfactory results even for not very small

values of the parameter.　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　ニ

1.２　Description of Contents

　　　　　The text consists of five chapters, including the present introduc-

tory chapter. In the subsequent two chapters, methods for suboptimal

design of nonlinear feedback systems are developed, with extensions to

various control problems containing small parameters. The chapter that

follows is concerned with ａ suboptimal feedback control for nonlinear

systems with noise disturbances. The last chapter deals with nonlinear

differential game problems and describes approximation approaches to

various types of solution of the games.　C omplementary remarks are

provided　in five appendices to the text.

　　　　　Chapter 2 presents ａ systematic procedure to construst ａ subop-

timal feedback control for nonlinear systems in which ａ parameter　E

is associated with nonlinearities. The nonlinearities are assumed ana-

lytic in states. For simplicity ａ performance indeχ is considered to be

quadratic in states and controls. For ａ sufficiently small value of　ｓ，

ａ desired feedback function may be expanded and sought in ａ power se-

ries in　ｓ.　The generating solution is the unperturbed solution, which

　　　　　　　　　　　　　　　　　　　　　　　4
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is usually obtained by solving ａ Riccati type equation. Correction terms

for improving the feedback function are yielded by successive solutions

of ａ sequence of linear partial differential equations. The method of

separation of variables permits to reduce the partial differentialequation

to ａ linear ordinary differential equation.　By using the notion of the

耳:roneeker sum of matrices, the ordinary differentialequation is written

in ａ simple conventional form, so that it can readily be solved either

analytically or numerically by ａ computer routine. When the system is

time-invariant and ａ control duration is infinite, and if the unperturbed

system is completely controllable and completely observable, the differ-

ential equation is further reduced to an algebraic equation, whose solu-

tion is again straightforward｡

　　　　　Chapter3 is concerned with extensions of the method of Chapter

2 to ａ wide variety of control problems containing small parameters.

The problem of nonlinear systems with controls appearing linearly is ａ

more generalized one of the problem of Chapter 2. The system consid-

ered is linear in controls, but contains product terms of states and con-

trols｡

　　　　　Anotherstraightforward application of the method is the synthesis

of ａ suboptimal control for ａ large-scale system.　If a system is com-

posed of weakly-coupled subsystems, the parameter　ｓ　could also be

associated with the couplings of the subsystems.　The idea of suboptimal

design　is discussed for　N-coupled systems｡

　　　　　Ａparticular problem of ａ large-scale system is　such that the

overall system is linear. �this case, the exact calculation of the

optimal control is theoretically possible; however, the high dimensional-

ity of the system makes the conventional method impractical. It is then

better to splitａ large-scale design problem into ａ set of simple subsys-

tern problems.　The approach which completely neglects the couplings

５



may result in unsatisfactory system performance. Chapter ３ contains a

discussion on ａ compromise between calculational simplicity of decoupled

design and performance degradation｡

　　　　　InChapter 3 an approximate construction of the optimal state

regulator is also proposed for ａ periodically-varying linear system.

The construction of an optimal state regulator for ａ linear time-varying

system involves the solution of ａ matrix Riccati equation. The closed

form solution of the Riccati equation is impossible even when ａ control

duration is sufficiently large. Hence, the aim is to determine ａ linear

feedback control which is relatively easy to implement, but results in

sub optimal performance index. The system considered contains ａ peri-

odic term which is taken to be perturbation to the time-invariant linear-

system equation｡

　　　　　After the deterministic optimal control has been studied in Chap-

ters 2 and 3, Chapter 4 treats the problem of stochastic optimal control.

The synthesis of optimal feedback control is considered in the ensemble

average sense assuming the presence of Gaussian noise. The problem

is to design the optimal control for ａ nonlinear system disturbed by

(�ussian white noise. Ａ perfect observation of the state of the system

is assumed. Ａ system with ａ feedback controller well responds to the

disturbances, even if the system is designed with neglect of noises.

However, provided that statistical characteristics of noises are known in

advance, a better control　is, expected to obtain, by taking the characte ｒ－

istics into account. By the reasoning similar to the deterministic case,

it is difficult to solve analytically the problem of nonlinear noisy sys-

terns. Also in Chapter 4 the small parameter method is applied to the

problem｡

　　　　　Chapter 5 deals with nonlinear differential game problems of

nonzero-sum as well as of zero-sum. Preliminarily, important differ-
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ences are illustrated between zero-sum and nonzero-sum games, refer-

ring to finitegames formulated as rectangular games.　Ａ zero-sum two-

person differentialgame is introduced whose state dynamics is governed

by ａ slightlynonlinear differential equation.　For simplicity, a cost

function is considered to be quadratic　in states and strategic controls.

Ａ mlnimax solution of the game is obtained in power-series form in　ｓ.

The zero-order term gives ａ well known Riccati equation, and higher-

order terms yield a series of linear differentialequations. This proce-

dure is an application of the method of Chapter 2. 1n succession ａ

nonzero一sum　N-person differential game with slightly nonlinear dynam-

ics　istreated.　Each player has his own cost of the quadratic type.　The

method sLmilar to that for the zero-sum case is applied to approximate

determLnatLon of the Nash equilibrium solution, the minimax solution,

and the Pareto optimal solution｡

　　　　　Varioustypical examples attached in each of Chapter 2 through 5

illustrate several features of the proposed methods. Some of these

examples are of physical nature, while others are artificialones . The

values of the performance index are calculated for suboptimal controls

of the various orders, analytically and/or numerically using a digital

computer｡

　　　　　Ashas been mentioned earlier, five appendices are anneχed to

the text. Append Lx l Ls concerned with the definitions and related prop-

erties of the Kronecker product and sum of matrices, which are used in

Chapter 2 to rewrite complicated differential equations into ａ simple

conventional form. Appendix II derives dynamical equations for some

control problems of space vehicles, which are used in the examples of

the text. The approximate equations of the various orders are derived

for two kinds of problems: the problem of attitude control of an orbiting

satellite and the problem of orbit transfer between neighboring elliptic

７



orbits. Appendices Ill and rv summarize the procedures for suboptimal

solutions of the problems with ａ nonlinear output equation and with ａ

nonquadratic performance index, respectively. Appendix ｖ examines the　　　’

transient variation of Nash equilibrium solution for ａ nonzero-sum dif-

ferential game, associated with ａ example treated in Chapter 5.　　　　　　　　゛
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　　　　　　　　　　　　　CHAPTER ２

SUBOPTIMAL CONTROL OF NONLINEAR SYSTEMS

2.1　Introduction

　　　　　There have been numerous studies on the optimal feedback control

of linear dynamical systems or on the optimal design of linear regula-

tors.　０ｎ the other hand, relatively few works have been reported on

nonlinear regulator problems, because of the difficulty in determining

the exact optimal feedback function.

　　　　　E. G.　Al'brekht [1】has shown ａ sufficient condition for obtaining

the optimal feedback control of ａ nonlinear analytic system, and devel-

oped formally ａ recursive procedure to construct ａ suboptimal control in

ａ power series with respect to states.　Ｄ.　Ｌ.　Lukes [56] has extended

the work of Al'brekht and relaχed the analyticity condition to twice con-

tinuous differentiability. However, a closed form solution for the re-

cursive procedure has not been demonstrated in their papers.　Ｊ. Ｄ.

Pearson［78］and Ｗ.　Ｌ.　Garrard, N. Ｈ. McClamroch, and Ｌ.　Ｇ.　Clark

［27］have developed several approximation methods.　Their methods are

essentially based on the idea utilizing ａ technique similar to that for the

linear　systems.

　　　　　�this chapter, ａ systematic procedure is proposed to construct

ａ suboptimal state regulator for ａ class of nonlinear systems in which a

parameter　8　is associated with nonlinear ities [66-68, 71, 76］.　The

e-parameter, called the perturbation parameter, is either inherent in

the system or introduced for convenience.　This procedure extends the

method developed by Ｊ.　Ｆ. Baldwin and Ｊ. Ｈ. S. Williams 【5】.　They

have tried to expand the solution of the Hamilton-Jacobi equation in ａ

power series with respect to the parameter　e, but have not deeply dis-

　　　　　　　　　　　　　　　　　　　　　　　　9



cussed various features of successive calculations.

　　　　　Theproblem considered is stated in Section 2.2. The nonlinear-

ities are assumed analytic in the state. For simplicity ａ performance

index is　considered to be quadratic in the　stateand control.　Section

2.3 discusses ａ necessary condition for the optimal solution, and Section　　　｀

2.4 summarizes the solution to the linear regulator problem｡

　　　　Section ２.5 outlines the method of instantaneous linearization pro-

posed by Ｊ. Ｄ. Pearson 【78】.　This method is one of the representative

approximation approaches to nonlinear problems.　By this idea the cal-

culation seems to be much simplified; however, the best possible solu-

tion can not necessarily be obtained, eχcept for ａ one-dimensional prob-

１ｅｍ【89],because of some arbitrariness in the system description. In

short, the method is not necessarily effective to treat the system of

high dimension｡

　　　　Section 2.6 clarifies that, for ａ properly small value of　Ｅ，

there exists ａ unique optimal solution neighboring that of the unperturbed

linear problem.　For the proof, an existence theorem for multi-point

boundary-value problems is used. For ａ sufficientlysmall value ’of　ｓ，

ａ desired feedback function may be expanded and sought in ａ power ｓｅ“

ries in　８.　The detail of power-series expansion is discussed and the

equations to determine the power series is derived in Section 2.7. The

generating solution is the unperturbed solution, which is usually obtained

by solving ａ Riccati type equation- Correction terms for improving the

feedback function are yielded by successive solutions of ａ sequence of

linear partial differentialequations.　In Section 2.8 the method of sepa-

ration of variables permits to reduce the partial differentialequation to

ａ linear ordinary differentialequation. Section 2.9 proves ａ lemma re-

11
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garding an extended Liapunov equation. In Section 2. 10, the lemma, to-　　・

gether with the notion of the Kronecker sum of matrices, enables us to

　　　　　　　　　　　　　　　　　　　　10　　　　　　　　　　　＜
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write the ordinary differentialequation derived in Section 2.8 in a sim-

pie conventional form. Then the equation can readily be solved either

anali^ically or numerically by ａ computer routine. Section 2.11 com-

ments on the analogy between the stability condition of the feedback

functions and the local controllabilityof nonlinear systems｡

　　　　�practical calculation we have inevitably to truncate the power

series, yielding a suboptimal control. The quality of the suboptimal

control is ｅχamined in Section 2.12｡

　　　　Several features of the method are illustrated by five typical

examples in Section 2.13.

2.2　Problem statement

　　　　We consider dynamical systems whose stateis governed by the

nonlinear differentialequation

i = A(t)x + ef{x, t) + B(t)u

defined on the interval【７，Ｔ】with

X（７）＝ｘ

o

The output of the　system is given by

�the above equations,

　　　　ｘ:　n-state vector

　　　　ｙ:　s-output vector

　　　　ｕ:　m-control vector

f(ｘ 1
1

1
f
ｔ

ｙ＝Ｃ(ｔ)ｘ

(2.1)

(2.2)

(2.3)

n-vector function analytic in　ｘ　and continuous in time　t　sat-

11



　　　　　isfying　f(0. t) = 0　for any　t

　　A(t):　ｎｘ n-matrix continuous in　t

　　B(t):　ｎｘ m-matrix continuous in　t

　　C(t):　ｓｘ n-matrix continuous in　t

　　　Ｅ:　small scalar parameter

　　　‘:　differentiation with respect to　t

The nonlinearity is taken to be ａ perturbation to the system. The pa-

rameter　e, the perturbation parameter, is either inherent in the sys-

tern or introduced for convenience.

　　　　Our problem is to find ａ feedback control function　u(x, t) for

which the performance index

Ｊ＝
1ｙ'(Ｔ)Ｆｙ(Ｔ)＋ 1S7【y'Q(t)yﾌﾞu'R(t)u]dt

輿

(2.4)　・

is minimized.　In Ｅq･(2.4)

　　　Ｆ:　ｓｘ s-positive semidefinite symmetric matrix

　Q(t):　ｓｘ s-positive semidefinite symmetric matrix continuous in　t

　R(t):　ｍ ｘ m-positive definite symmetric matrix continuous in　t

　　　':　transposition of ａ vector or ａ matrix

We assume that the control　ｕ　is not constrained in magnitude and the

final time　Ｔ　is specified.

　　　　Let us now see in what way the performance index given by Ｅｑ･

(2.4) represents ａ reasonable mathematical translation of the physical

requirements and specifications.　First, consider the term　y'Q(t)y/2･

Clearly, since　Ｑき0，＊it is nonnegative for all　y, so that it weights

１

ｙ

　海

　　* For ａ symmetric matrix　M, the expressions　Ｍ ＞Ｏ　and　Ｍき　　．

Ｏ　mean that　M　is positive definite and　Ｍ　positive semidefinite, re-

spectively.
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large outputs much more heavily than small outputs. Second, we con-

sider the term　u'R(t)u/2.　This term weights the cost of the control

and penalizes the　system much more　severely for large controls than

for small controls. The requirement　Ｒ＞O　instead of　ＲきO　is, as

we shall see in Section 2.3, a condition for the existence of ａ finite

control.　　Theintegral of the term quadratic　in control is often referred

to as the control energy.　Hence our problem may be called ａ minimum-

energy problem｡

　　　　Finally, we turn our attention to the term　y'(T)Fy(T)/2.　It is

referred to as the terminal cost, and its purpose is to guarantee the

small output at the final time　Ｔ. Accordingly this term should be in-

eluded if the value of　y(T) is particularly important; if this is not the

case, then we can set　Ｆ ＝O　and rely upon the rest term of　J　to

guarantee that　y(Ｔ)　isnot excessively large｡

　　　　We wish to emphasize that whether or not the performance index

of the form (2.4) should be used for a given problem is up to the de-

signer.　Nonetheless, it turns out that this performance index has two

very desirable properties: First, it is mathematically tractable, and

second, as we shall see in Section 2.4, it yields the exact optimal feed-

back control for linear systems｡

　　　　The physical motivation for the use of the performance index

(2.4) has been described above.　Ａ self-evident but useful fact is left: If

Q = F = 0, then the optimal control must be　ｕ(t)＝O.　To exclude this

trivial case, we shall assume throughout the text that　Ｑ　and　Ｆ are

not both the zero matrices, although we shall allow either　Ｑ ＝O　or

Ｆ＝0.

2.３　Necessary Condition for the Optimality

　　　　Our aim in this section is to develop ａ necessary condition for

　　　　　　　　　　　　　　　　　　　　　　13



the optimal solution of the problem of Section 2.2｡

　　　　Let us assume that an optimal control ｅχistsfor any initial state.

We can use the minimum principle of L. S. Pontryagin ［80］to obtain

the necessary condition for the optimal control. *　The Hamiltonian　Ｈ

of the system (2.1) with the output of Ｅｑ･(2.3) and the cost of Ｅｑ･

(2.4) is given by ・

Ｈ＝

１

'C'QCx + -u'Ru + p'(Ax + ef + Bu) (2.5)

The　n-costate vector　p(x, t)　is the solution to the vector differential

equation

ｐニー
誓＝－Ｃ゛ＱＣＸ

－ Ａ'p －
べI'-p

satisfying the boundary condition

ｐ(ｘ，Ｔ)＝Ｃ'(Ｔ)ＦＣ(Ｔ)ｘ(Ｔ)

絣

(2.6)

(2.7)

The　ｎ ｘ n-matrix　af/ax　is defined in such ａ way that the (i. j)-

element of　af/ax　is　8f./ax..**
　　　　　　　　　　　　　　1　J
　　　　Due to the minimum principle, ａ necessary condition for the

optimality is that the Hamiltonian be minimum with respect to　ｕ［80］・

Hence, along the optimal trajectory, we must have

∂Ｈ
-
8u
゜Ｒｕ＊＋Ｂ'ｐニ０ (2.8)

●

●

　４

　　　* Owing to no magnitude constraint on the control variables, we

may also use the dynamic programming of Ｒ. Bellman ［61 or the classi-

cal variational approach.　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　゛

　　　＊＊Ｔｈｅ　i-th component of ａ vector　ｖ　is denoted by　ｖi°

　　　　　　　　　　　　　　　　　　　　　　　14
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or equivalently

u*(x, t) = - R"＼t)B'(t)p(x, t)

The assumption that　Ｒ（t）＞Oguarantees the existence of

all　t（［７，Ｔ］.

R‾1(t

(2.9)

for

　　　　The condition　∂H/8u = 0　yields only an extremum of　Ｈ　with

respect to　ｕ. If the　m ｘ m-matrix ∂2H/∂ｕ2　ispositive definite,*

then the ｅχtremum of　Ｈ　Ｉ§ａminimum with respect to　ｕ. Since we

have, from Ｅｑ･(2.8),

∂２Ｈ

-

∂Ｕ
２
＝Ｒ (2.10)

the control　ｕ＊　givenby Ｅｑ･(2.9) does indeed minimize　Ｈ　and is

optimal, if　p(x, t) is obtained･

　　　　The system resulting from use of the optimal control　ｕ＝ｕ＊　is

交゜A(t)x + ef(x, t) - E(t)p

where　Ｅ　is the　ｎ ｘ n-symmetric matrix defined by＊＊

E(t)ＱＢ(t)Ｒ“1(t)Ｂ'(t)

(2. 11)

(2.12)

The problem is now reduced to that of solving the two-point boundary-

value problem: Ｅｑｓ･（2.11), (2.2), (2.6), and (2.7)･

　　　＊Ｆｏｒａ scalar function　^{x) analytic in ｘ，∂2μ/aｘ2　is the sym-

metric matrix, usually called the Hessian matrix, whose (i, j)-element

is　∂2β/改i勺゛

　　＊＊Ｔｈｅsymbol　会　denotes definition of ａ quantity.

15



2｡4　Optimal Control for Linear Systems

　　　　In this section we briefly discuss the solution to the linear regu-

lator problem･

　　　　It is well known that, for the unperturbed linear system, i.e.,

the system (2.1) with　e = 0, the solution　p(x, t) of Eq. (2.6) takes

the form 【37】

p(x. t) = P(t)x (2.13)

where　P, the　ｎｘ n-symmetric matrix, is the solution of the matrix

Riccati equation

P = - PA － A'P ＋ＰＥＰ － C'QC

satisfying the boundary condition

Ｐ(Ｔ)＝Ｃ'(Ｔ)ＦＣ(Ｔ)

(2.14)

(2.15)

It is noted that　P(t) is positive definite for all　t（＜Ｔ）.　By combining

Ｅｑ･(2.13) with (2.9) the optimal control is given by the linear form in

state:＊

u*(x, t) = - R‘1(t)Ｂ'(!)P(t)X (2.16)

The optimal trajectory is obtained by solving the linear homogeneous

system

　　　* Note that the optimal control is a function of the state　ｘ　rather

than of the output　ｙ.　This fact may appear disappointing to us, since

we might have expected the optimal control to be ａ function of the out-

put.　However, if the system is completely observable, we can compute

the state from knowledge of the output. This is the problem of con-

structing an observer【54, 55].
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X = S(t)x,

where　S　is the　ｎ ｘ n-matrix :

X(T) = X

S(t) ^ A(t) - E(t)P(t)

The minimum value of　J， J*, is

J* = -X'(T)P(T)X(7)

(2. 17)

(2.18)

(2.19)

　　　　Now we consider the time-invariant systems with　T = 00. Let

the matrices　A(t), B(t), C(t), R(t). and Q{t) be all constant matrices

and let　Ｆ ＝O.　Under the additional conditions that the system (2.1)

and (2.3) with　ｓ＝O　is completely controllable and completely observ-

able*　and that　Q　is positive definite, the optimal control is free of

explicit dependence on　t [3. p. 771]:

where　ＰO

゛＊㈲゜- r"'''B'P X (2.20)

is the　ｎ ?< n-constant positive definite matrix satisfying the

quadratic matrix algebraic equation

“ＰＯＡ ’ A'P 十ＰＯＥＰＯ C'QC = 0 (2.21)

Due to the time-invariance, the initialtime　７　is let zero with no loss

of generality.　　Thusthe optimally controlled system is also time-

invariant:

　　　　＊　Forthe definitions of controllability and observability, refer to

any standard textbooks on control theories ［ｅ･g･, 3, p. 200］.

17



where

X ° V x（O）＝ＸO

SO仝Ａ ’ＥＰO

The minimum cost　Ｊ＊　is given by

J＊゜|x'(O)P x(0)

(2.22)

(2.23)

(2.24)

や

Moreover, the matrix %　is stable,* and consequently the optimal sys-　　　゛

tern (2.22) is asymptotically stable｡

　　　　Ａterminal cost with　T = 00 does not make much engineering

sense, since an engineer is always interested in the response of ａ sys-

tern in ａ finitetime. Nevertheless, we let　Ｔ →CO for the following

reasons: First, we wish to guarantee that the output stays near zero af-

ter an initialtransient interval and, second, we wish to avoid the speci-

fication of ａ large final time　Ｔ ｡

2｡5　Approximation Approaches Based on Linearization

　　　　The exact determination of the optimal control for nonlinear sys-

terns is generally impossible, because of the difficulty in solving the

two-point boundary-value problem of Ｅqｓ・（2.11), (2.2), (2.6), and (2.7)･

One of approximation approaches to the nonlinear regulator problem is

the method of instantaneous linearization first proposed by J. D. Pearson

［78］.　Several investigations on this method have been reported ［11, 27,

　　　＊Ａ constant matrix　M　is said to be stable as　t →-〔x〕,or sim-

ply stable, if all the eigenvalues of　Ｍ　have negative real parts.
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85, 86, 89].　The method is essentially based on the idea utilizing a

technique similar to that for the linear systems. According to the

method, the nonlinear equation (2.1) is rewritten into ａ linearized form

such as

　　　　　　　　　　　　i＝χ(X, t)x + B(t)u

where　χ　is an　ｎｘ n-state-dependent matrix. χ　must satisfy

　　　　　　　　　　　λ(χ,t)x = A(t)x + ef(x, t)

(2.25)

(2.26)

Note that, when

by　Ｅｑ･　(2.26)･

n > 1, the matrix　Ａ　can not uniquely be determined

Pearson has proposed ａ suboptimal control

Ｕ　＝－Ｒ“１

　Ｓ
(t)B'(t)P(x, t)x

where　i5　is the positive definite solution of the equation:

　　　　　　　　　　.こ．　　　．～　　〃〃　　〃　〃　　　　　　　　　　p= - pΛ- A'P + PEP - C'QC

satisfying

P(x, T) = C'(T)FC(T)

(2.27)

(2.28)

(2.29)

　　　　This idea much simplifies the calculation formally; however,

since Ｅｑ･ (2.28) contains the state　ｘ， we again fall into the two-point

bounda ry -value problem of Ｅｑｓ・(2.25), (2.28), (2.2), and (2. 29) with

(2.27).　For the time-invariant problem with an infinite control duration

Ｅq･(2.28) is reduced to the algebraic equation.　In this case, we re-

quire to obtain the positive definite solution of the algebraic equation

(2.28) with　Ｐ＝Ｏ　analytically, if possible.　We can do it for ａ one-

dimensional problem 【89], but not for high-dimensional ones.　In addi-
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tion, the best possible solution can not necessarily be obtained, except

for ａ one -dimens ional problem, because of the arbitrariness in choosing

the matrix　A.　Ｎ. Sannomiya ［85］has given ａ neces sary condition万for

Pearson's control to be optimal｡

　　　　In short, the method of instantaneous linearization is not neces-

sarily effective for systems of high dimension.

2.6　Uniqueness of the Solution

　　　　Ａsystematic procedure to construct ａ suboptimal control will be

proposed in the succeeding sections.　Before that, we see the fact that,

for ａ sufficientlysmall value of　e, there exists the unique optimal

solution neighboring that of the unperturbed linear problem. To do this,

an existence theorem of Ｍ. Urabe ［95］for multi-point boundary-value

problems is useful.

　　　　We consider the differentialequation

V = g(v, t)

with the　L-point boundary condition

L
Σ

i＝1

G.v(t.)゜ｈ （t1くt2ぐ゛‘くtＬ）

(2.30)

(2.31)

where　ｖ　is the　k-vector and　g(v, t), the k-vector function, is con-

tinuously differentiable with respect to　ｖ　in ａ domain　∠1，∠l　being a

given domain of the tv-space intercepted by the two hyperplanes　t ° *1

and　tニtＬ; Ｇｉ are　k ｘ k-matrices and　ｈ　is a　k-vector. Assume

that Ｅｑ･ (2.30) has an approximate solution　ｖ＝゛ｓ（t）1ｙhlg i11　∠1飢d

satisfying a･pproximately the boundary condition (2.31)・

　　　　The following lemma summarizes the fact concerning the exist-

　　　　　　　　　　　　　　　　　　　　　20
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ence of the solution of Eq. (2.30) with (2.31)

Lemma ２.1

　　　　　Suppose that,　for the approximate solution　’ｖｓ（t）゛tｈｅｒｅexist a

k X k-matrix　M(t)　continuous　in　t 6 ［t1’tLI’ａ positive constant　pﾀ

and ａ nonnegative constant ぎ（く1) such that the　ｋ ｘ k-matrix

　　Ｌ

Ｕ４耳Gil(ti)

　　1＝1

is non singular and such that*

||か州

（X1λ十（12μ

１り’

where

ｆ
一
町

£ｐ

for ゛ｙ　(t, V) 6∠Ip

∠Ip ^ ((t. V)目|゛’゛ｓ（t）1げρ’tＧ【t1’
t
Ｌ
}（ｊ

(2.32)

(2.33)

(2.34)

(2.35)

Here, ^(t) is the fundamental matrix of the linear homogeneous equa-

tion

a = M(t)a

with the initial condition （D（t

(2.36)

1)゜I',
I being the　ｋ X k-identity

matrix; a　is ａ positive constant such that

　　　＊Ｔｈｅsymbol　llvll　denotes ａ norm of ａ vector　ｖ　and　IIMII　ａ

norm of ａ matrix　Ｍ　compatible with the vector norm previously defined,

i.ｅ･, such that　IIMvll f IIMilIIVII　holds for any　Ｍ　and　ｖ ［22. p. 1061.

21



tL

IIZ4t，4）|12d4 ・（x;

t1　　　　　　　　　　　　　

1 fｏ a゙ny　t6 lt1’tＬ］. (2.37)

where　Ｚ（t，£）iｓ the　ｋ ｘ k-piecewise continuous matrix defined by

　　　　　　l(t)【I(k)－Ｗ]l

ｚ(t･りき

{　　　　　　

-1
　　　　　　－l(t)WI(右)

ＷさＵ

'1(ξ)　　for　ξぐt

　　　　　for　右！ｔ

‾1　jh　G,(E(t,)

　　i=je+i　1　　1

£＋1
for　t。゜右くｔ （l°1･’2･・‥・Ｌ－1）　(2.38)

The nonnegative constants　（乙2゛λ, and　μ　are such that

Ill(t)Ｕ‾111 ゛ (x'2

llv (t) - g[v (t), t]|lfλ

L

Σ

i＝1

for ゜ｙ　t e lt1’tＬ］

　　　fo゛ any　t 6 lt1’ tＬ】

Gi゛ｓ（ti）‾h £μ

(2

(2

39）

40）

(2.41)

respectively.　Then Ｅｑ･(2.30) has one and only one solution　ｖ＝ｖ＊（t）

satisfying the boundary condition (2.31) in　べ）’゜d furthermore, for

this solution, it holds that

||゛＊（t）’゛

Ｓ
(t)|lｆ

(Ｘ'1λ

-
　1

＋

一
一

(Z2μ

- (2.42)

●

　●

　　　　To apply the lemma to our problem, we combine Eqs. (2.11) and　　　’

(2.6) to have the　2n-dimens ional system:
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１

卜

　乖

皿

Ｖａ

Ｘ

ｐ

g(v, t)！

V = g(V, t)

　Ａ(t) -E(t)

- C'(t)Q(t)C(t)　-A'(t)

Ｖ＋Ｓ

f(x,

-

The boundary conditions (2.2) and (2.7) are written as

G1

△

－

l(n)

　0

－０
　
０

G V(T)゛G v(T)゜ｈ

G2仝
　　　０

- C'(T)FC(T)

7

(ｎ)

卜

t〉

)゛p

　０

Ｘ

　Ｏ

(2.43)

(2.44)

Application of Lemma ２.1 requires ａｎ‘approximate solution of Ｅｑｓ・(2.43)

with (2.44).　Fortunately, the smallness of the parameter　ｓ　suggests

use of the solution for the unperturbed system:

v(t)
一

一

x(t)

ｐ
ｓ

(t) x(t)！*(t)x"　　　pｓ(t)！P(t)゜c(t) (2.45)

as an approximate solution.　�Ｅｑｓ･(2.45) *(t) is the fundamental

matrix of Ｅｑｓ･（2. 17）ｓａtiｓfyｉｎｇｌ’（７）＝I（11）

fies the boundary condition (2.44) exactly･

Note that　゛ ゜ ７ｓ（t）ｓａtiｓ“

!!!eorem 2.1

　　　There exists ａ positive number　ｓｍ　such that, for any　ｓ　being

圈ぎ
m
Ｅｑｓ・(2.43)have one and only one solution　ｖ= v*(t) satis-

fying the boundary condition (2.44) in the domain ∠], where

　　　　　　∠Ip ゛{(t, V)目Iv - V (t)||^ p, ｔ ･6 [T, T】｝

Furthermore the unique solution　ｖ = v*(t) satisfies

23
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Proof

llv*(t) - V

M（t）＝

(t)lｆ

　　A(t)

C'(t)Q(t)C(t)

糾

ｍ

- E(t)

- A'(t)

lii（７）゜I㈲’　　%{r) = 0

112(t)

122(t)

Ｕ＝

Ｙ仝

(i, j = 1, 2; i Z j)

　　　　　　I(ｎ)

121(Ｔ)“Ｃ'(Ｔ)ＦＣ(Ｔ)111(Ｔ)

－
Ｏ
Ｙ

122(Ｔ)‾Ｃ'(Ｔ)ＦＣ(Ｔ)112(Ｔ)

f lll(t)【I(211)－Ｗ唖‾1(4i)|l　　　for　７ ｇ £くt°Ｔ

　　　　　　　　　　　24

(2.47)

(2.48)

(2.49)

(2.50)

－

　為

　　　　Let us take the canonical equation for the unperturbed linear sys-

tern as Ｅｑ･(2.36) in Lemma ２.1 so that

Thereupon we partition the　２ｎｘ 2n-fundamental matrix　Φ（t）of the

system (2.36) into four　ｎｘ n-submatrices:

Therefore, by Ｅｑ･(2.32), we have

Due to the invert ibility of the matrix　Ｙ [3, p. 759], U　is nonsingular.

To check the condition (2.33), let us calculate the value of ≪･!　satis-

fying inequality (2.37).　From Ｅｑｓ・(2.38), we have



蒙

IIZ(t, 1)11゜|

|ll(t)WI‾1(ξ)|l　　　　　　　　for　７ｆtf4くＴ'

Ｗ＝Ｕ ‘10
21(ｌ)゜

ﾚ

当1
21(ｌ)－Ｃ

し

)1゛Cml11(i)】

7

(11)

(2.51)

Due to the smoothness of each quantity in Eqs. (2.51), there exists ａ

nonnegative number　η1　such that

　　　　　　l|Z(t.ξ）||！
j　　　　for

any　t, I Mt, T］

Hence we have

|IZ(t，ξ)112 dと！(T - T)7]

which allows us to suppose that

　　　　　　　　　　　　　　　　　(11 °(T - T)77

(2.52)

(2.53)

(2.54)

By similar reasoning, there exists　η(^ 0) such that for　Ｍ　of Ｅｑ･

(2.48)

||器一M(t)ﾄ|e|

畿　，

＿∂

2
(ｐ'f)

　　aｘ2

-

――

引SIη2　　for ゛ｙ （t’゛μ∠111　(2.55)

Thus, we see that the inequality (2.33) is true

|巳lｆ
　　『

(T - T)riv

　　25
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(2.56)



Lastly, let us check the condition (2.34).　For the approximate solution

(2.45), there exists ａ nonnegative number　773　such that*

llv (t) - g[゛ｓ(t)'.t]||゜|£|

　　　　f【Ψ(t)x, t]

I ax‘ｊﾘＰ(t)Ψ(t)ｘo

We may therefore　suppose that

λニ圃773

引81η3　　（2 57）

(2.58)

Si!ice　゛ｓ（t）　satisfiesthe boundary condition (2.44) exactly, the constant

1ﾉ　in the inequality (2.41) may vanish.　Thus the condition (2.34) is

satisfied if

' ' (T - T)7J^T,g

From the inequalities (2.56) and (2.59), we have finally

where

|ε|゜Ｓｍ

(2.59)

(2.60)

(2.61)

Let　ｐ　be an arbitrary positive number.　Then for any　Ｅ　satisfying

the inequality (2.60), the inequalities (2.56) and (2.59) hold, if we take

　　　＊Ｆｏｒa function　g(x), the conventional expression　9g(a)/ax　indi-

cates the value of　∂ｇ/∂ｘ　at X = a.

　　　　　　　　　　　　　　　　　　　　　　　26
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ｌ

}f(^ 0) as

ｙ＝ -

1 ゛ 773/1)772
く１ (2.62)

This proves that, for any　６　such that　圃！ｓｍ，all the conditions of

Lemma ２.1 are satisfied by Ｅqｓ･ (2.43) and their approximate solution

(2.45).　Substituting Ｅｑｓ･(2.54), (2.58), and (2.62) into the inequality

(2.42) yields (2.47)･

　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　Q.E.D.

　　　　The positive number　６ｍ　given by Ｅｑ･(2.61) is ａ bound of　ｓ

within which Ｅｑｓ･(2.43) are assured to have the unique solution.　The

quantity･　|e|p/e^　in the inequality (2.47) gives an error bound of the

zero-order approximate solution　ｖｓ（t）゜

2｡７　Recurrence Equations for a Suboptimal Control

　　　　For the nonlinear system (2.1) with ａ sufficiently small value of

e, it may be reasonable to assume that the optimal feedback control be

analytic in　ｓ　for all　t 6 【７，Ｔ】.　Therefore we try to find a subopti-

mal control in°ａ power-series form in ｓ.

　　　　We develop the costate vector　p(x, t) satisfying Eｑ･ (2.6) into

ａ power series with respect to　Ｅ:

ｐ(ｘ，ｔ)＝Ｐ(ｔ)ｘ＋
ｉよ

p(k)(ｘ，t)

　　　　　　k＝1

(2.63)

Differentiation of Ｅｑ･(2.63) with respect to　t　and use of Ｅｑ･（2.11）

gives

27



p = Px +
煙
Ｅ
　
叩
学ｉ

い

　　　(k)

6k警1(ＡＸ十Ef - Ep) (2.64)

Substituting Ｅｑｓ・(2.63) and (2.64) into (2.6) and equating the coeffi-

cients of the like powers of　ｓ　separately yields ａ sequence of equa-

tions:

必

8t
＋

殖
SX＋S゛ｐ(ｋ)＝ｈ(k)

with the boundary conditions

p(k)（Ｘ，Ｔ）＝０

(k
一

一

for any　ｘ

1, 2, ...)

The functions ｈ(k)(ｘ，t)　arethe　n-vectors defined by

h(1)

h(k)

(X, t)！－

(X, t)全一

⑤

⑥

Pχ － Pf,

p(k-l) _
c!IぐE:?2f＋

首Ｅ
Σ
匹

(k-i)

(k = 2, 3, ..･)

(2.65)

(2.66)

(2.67)

and　S　is the matrix defined by Ｅｑ･(2.18).　The zero-order equation

is identical with Ｅｑ･(2. 14)｡

　　　　Successive solutions of Ｅｑｓ・(2.65) with increasing　ｋ　may de-

termine the functions p(k)(ｘ，t).　Though Eqs. (2,65) are linear in

p , their solutions are difficult given ａ general form of the perturba-

tion　f{x, t).　However, if　f(x, t) is a polynomial in ｘ，ｐ(ｋ)(ｘ，t)

are also polynomials　in　ｘ　and their coefficients are exactly deter-

28
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mined under appropriate conditions, as will be seen Ln the subsequent

sections.

2.8　Solutions of the Recurrence Equations

　　　　　Laorder to discuss the solutions of the recurrence equations

(2.65), we consider the vector-matrix equation

丑g《X, t) +【^g(x. t)]S(t)x十S'(t)g(x, t) =まe(x, t)

with the boundary condition

g(x, T) = 0 for any　ｘ

(2.68)

(2.69)

g(x. t) is an　n-vector and　9(x, t) is ａ scalar.　The function　e(x, t)

is assumed to be continuous in　t. The problem is to determine the

function　g　given ａ polsniomial　Θ･

　　　　The function　o　is assumed to be, for the time being, ａ homo-

geneous pol5momial of the degree, say, r + 1　in　X, and is written as

e(x, t) =

　　１

"ｒ＋1

　　　　　　n

j1'‥

j?j

ｒ＋14

Θj
lj2゛゛

　　(t)ｘ. ゛. ・‥゛･　　　　(2.70)

Jｒ＋1　h J2　Jｒ＋1

The　coefficients　＠..　　.　（t）　are　(r + 1)-index quantities, each in-

　　　　　　　　　　　JIJ2°｀゜Jｒ＋1

d匹j1’ j2’‘゜‘’jｒ＋1 running from　ｌ　to　ｎ.　＠　are assumed to

be, without loss of generality, symmetric with respect to any pair of

indices.*　Hence we have （ｎ十r)I/(n - 1)1(r + 1)!　different coeffi-

cients. In what followｓ， we use the summation convention that ａ twice

repeated index is to be interpreted as ａ summation over that index from

ｌ　to　ｎ.＊＊　By using this convention Eq. (2.70) is simply written as

29



e(x, t) =
『

１

＋1
眠
Ｊ
1j2゛‥jｒ＋1

(t)゛j　χ．．．．χ．
１Ｊ２　　Ｊ

r＋1

The　i-th component of　∂8/ax, the gradient of　e, is given by

∂Θ
-
aｘi
＝Θ
‥　　　.χ.
1J1｀‘゛Jｒ J1

゛j

ｒ

(2.71)

(2.72)

　　　　From Ｅｑ･(2.68) it easily follows that the　i-th　component of　g

is ａ homogeneous polynomial of the degree　ｒ　in　χ. Hence one may

write the　i-th component of　ｇ as

sAx, t)゜Ｇ･
!
. . (t)x.]X. .゜゛゛j『 (2,73)

where the coefficients　Gj　　.　are symmetric with respect to the

、__.._‥_、..I　　　　、　、.、J1‘゜゜K　　　　　　　　　　　　　　　　　　　　　＼
lower indices and satisfy

．
♂
Ｊ
1j2'‥jｒ

(Ｔ)゜0

SubstitutingＥqｓ･(2.72) and (2. 73) into (2.68) leads to

(2.74)

＊ｒ－indeχquantities　Ｍ. .　　.　are said to be symmetric with
　　　　　　　　　　　　　　JIJ2°゛‘Jｒ

respect to any pair of indices, or simply with respect to indices, if the

values of　Ｍ　are invariant with any interchange of indices, i.e., if

M.　　　　‥　　　.　..　　　.＝Ｍ.　.　..　　　　　‥　　　.

　J1’ ゜゛Ji-1JiJi＋1” '･'k-l-'k-'k+l° ゛゜Jr　　　J1゛ ’･･'i-l-'k-'i+l” ゜Jk-1JiJk＋1’゜゛Jｒ

holds for any integers　i　and　k（1gi！ｒ，1gk.ｇｒ）・

　　＊＊Ｔｈｉｓconvention is not quite wild and is often used in tensor

analyses, called Einstein's summation convention ［51, p.　259].
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￥

　卜

・

((fl;

1'‥jｒ゛
゛｀17Skj

1

G;J

j2°‥jｒ

4 s゙kiGU°

･゚K'

where　S..

　　　　　　　1J

＠‥　　　．）Ｘ一‥χ.＝0
　1J1°゚ ゜Jｒ　h　　　Jｒ

(i = l, 2,　゜｀゜９ｎ) (2.75)

is the (i, j)-element of the matrix　S.　Equations (2.75)

hold for arbitrary values of　ｘ　if and only if the coefficients of

X. X. . . .X.　vanish for any combinations of the values of indices.
　h J2　　　Jｒ

Hence we have　n(n + r - l)I/(n - l)lrl　simultaneous equations for
．
ｄ
Ｊ
1°゛゜Jｒ

＝－S.GI.　　. - S. . G!　.　　.－‥・

　　kj, kJ2'゜゜Jｒ　kJ2 JlkJ3゛゛‘Jｒ

　‘skj

ｒ

べ

1'゛'jｒ-:Lk
“
ski(ぐ1°゜゛jｒ゛eij1‘゜゛jｒ

（i’j1’‥‘’jｒ°1, 2 ｎ）　(2.76)

with the terminal conditions (2.74)･

　　　　Now the following lemma can be established.

Lemma ２.２

　　　　The matrix　∂g/ax　givenby Eq. (2.68) is symmetric, and con-

sequently there existsａ scalar function　μ（ｘ，t）ｓｕｃｈthat

ｇ°
坐
改 for any　ｔ ６【T, T]

Thus, Eq･(2.68) is equivalent to

卜
∂
-
ax
(x'S'g) 一

一

∂Θ
-
8x

(2.77)

(2.78)

The coefficients of the polynomial　ｇ　are determined by solving Eqs

　　　　　　　　　　　　　　　　　　31



(2.76)

Proof

The function ｈ（1）１ｎＥｑｓ･(2.67) is integrable with respect to　ｘ

h(1) 一

一

ま(-
x'Pf)

32

(2.79)

・
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　　　　Since the coefficients　ｏ　are symmetric with respect to all the

indices, the coefficients　Ｇ　are also symmetric with respect to all the

indices, including the upper and the lower ones.　This is because ＥｑＳ・

(2.76) are invariant with interchange of the upper index and any lower

indices of　Ｇ.　It implies that ∂gi/aj°∂g./aK.　fo゛ any pair of　i

and　j .　It is known [61, p. 141 that, when　∂g/ax　is symmetric, there

exists ａ scalar function　β　satisfying Eq. (2.77)。

　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　Q.E.D.

　　　　In the above discussion, the function　e　is assumed to be ａ

homogeneous polynomial in　ｘ･ If　Θ　is composed of terms of different

degrees, the calculations should be done　separately for different degree

terms.　Due to the linearity of Eq. (2.68), the total solution is obtained

by simply summing up the resulting　g　polynomials｡

　　　　By virtue of Lemma 2.2, we can show an important theorem to

determine the polynomial　ｐ(ｋ)(ｘ，t).　Thistheorem exhibits an important

feature of the solution.

Theorem　2.２

　　　　The matrix　ap（k）/aｘ　givenby Ｅｑ･(2.65) is symmetric for eve-

ry　ｋき1.　The coefficients of the polynomial　ｐ（k）　aredetermined by

solving Eqs. (2.76) separately for different degrees in　ｘ･

Proof



(2.82)

か

　ｉ

番

４

Equation (2.79) is of the right-side form of Ｅｑ･(2.68).　Due to Lemma

2.2,∂p（1）/aｘ　is　symmetric.　Then　ｈ（2）ｉｎＥｑｓ･(2.67) is integrable

with respect to　X, and is rewritten Into

h(2) 一
一

£【“f゛p(1)
+1p(1)'Ep(1) (2.80)

This is again of the right-side form of Ｅｑ･(2.68), and consequently

∂p(2)/aｘ　issymmetric. Proceeding similarly, ｈ(k)

h(k) 一

一 去[-fip(k‾1) ＋
１

－
２

y
p(i)jEp(k‘i)]

i＝1

is rewritten into

(2.81)

and　∂p(k)/∂ｘ　Isknown to be symmetric for every　k き３

Q.E.D

2 ｡9　Extended Liapunov Equation

　　　　Here we make ａ lemma ready for examining, in the next section,

the stabilityof the suboptimal control function. The following lemma

regarding an extended Liapunov equation gives a backing to rewrite Ｅｑｓ・

（2.76) into ａ conventional vector-matrix form.

Lemma ２．３

Consider the　ｎｒ

tities　X.

　　　　呪j

　●　　　●わ…Jｒ

1

ｘ

kj2゛‥

一

一 Y..　　.

　JIJ2°゜゜Jｒ

simultaneous algebraic equations for　ｎｒ quan-

．十Ｍ．χ．．．十‥.＋Mk.χ..
Jｒ　　kJ2 JlkJ3’゜゜Jｒ　　　　　Jｒ J1°゜゜Jr-1^

（j
1’
J2' ･゜゜’ jｒ° 1, 2.゜゛゛’ ｎ）
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where　M..　and　Ｙ..　　.　are given quantities. A11 the indices run
　　　　　　1J　　　　　　Jll2°゜゙ Jｒ

from　ｌ　to　ｎ.　Equations (2.82) can be rewritten into the vector-

matriχ form:

where　Ｍ(l')

b(l')

is the　ｎｒ

M(l゛)

M(ｒ)ｖ(゛) ＝ｂ(17)

ｘ n -matrix defined by

４ Ｍ゛ｅＭ゛ ｅ . . . c M'

「

(2.83)

(2.84)

；ｖ(り and

●

are the　n -vectors of which the　£-th　components are　χ.　.

　　　　　　　　　　　　　　　　　　＿　　　　＿　　　　　　　　　　　　　　　　　　　　　　　　］1°゜’Jｒ　　　　　・

and　Ｙ.　　.，

　　　　　J1’゜’J『

respectively, £　being

　　　£仝
玄

（j　- l)n + 1
　　　　　k＝1　k

(2.85)

The symbol　ｅ　denotes the Kronecker sum of matrices.*

Proof-

　　　Let us proceed inductively.　First, for　ｒ = 2, Eqs・(2.82) re-

duce to

Mkj

lｘkj 2

゛ "k.

2ｘj lk

° Y.

IJ 2

(2.86)

By introducing the matrices　ｘ　and　Ｙ　whose (i, j)-elements are

　　　＊Ｆｏｒdefinitions and related properties of the Kronecker product

and sum, refer to Appendix l.
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-φ

^IJ　and　Yij゛respectively, Ｅｑｓ・(2.86)are rewritten into

In terms of　ｖ(2)

Ｍ'Ｘ十ＸＭ＝Ｙ

and　ｂ(2)

(2.87)

as defined in the lemma, Ｅｑ･(2.87) is

equivalent to, from Appendix l，

(Ｍ' ｅ Ｍ゛)ｖ(2)＝b(2) (2.88)

Secondly we show that the lemma is true for　ｒ＝皿十l　if it is true

for　r = H.　For　ｒ＝£十1, Eqs･(2.82) are written as

（Ｍ．χｋ．　　＋Ｍ．χ．　　　　＋．．．

　kj,　Ｊ２°゛‘h+1　　　kJ2　Jlk°゜'･･je+i

　　　゛Mkj

i

ｘ

j
1° ゛’
j£
-1kj£＋1）゛Mkj£＋1ｘj1°’゛≒k

° Yj1°"■"je+i　(2.89)

The terms in the parenthesis are identical, for a fixed value of

with those on the left side of Eqs. (2.82).　Hence, with use of

and　ｂ（£Ｕ）　Eqs.(2.89) are rewritten into

【I㈲＠Ｍ(£)＋Ｍ'＠I(
ぴ)
】ｖ(£゛1)＝ｂ(£゛1) (2.90)

where the symbol　＠　denotes the Kronecker product of matrices and

I（ｋ）　isthe　k ｘ k-identity matrix. Due to the definitionof the Kroneeker

sum, Eq･(2.90) is equivalent to

M V

+1）

＝ｂ(ド1) (2.91)

Q.E.D

Let　λ’i（i° 1’2”‘9 n) be the eigen゛alues of　M' or equiva-
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lently of　Ｍ.　Since, from Appendix l， the　ｎｌ７　eigenvalue ｓ of　Ｍ（1’）

are given by
‘λj14“λh

゛ ゜゜ 十゚λjｒ（j1’ j2’゜゛゜’七゜1’ 2’‘”’ ｎ）’

the following !emma concerning the uniqueness of the solution of Ｅｑｓ･

(2.82) is obtained.　It will be used to establish Theorem ２.4 in the next

section.

Lemma集ま

　　　　If and only if any sum of　ｒ　eigenvalues of Ｍ’λj1 ゛
゜゜゜
十X

（j1’‘’゜’七ニ1”゛゜, n), is not zero, X

1･ ‘゙jｒ

of Eqs. (2.82) are

uniquely determined. In particular, if　M　is ａ stable matrix, χ.　.

　　　　.　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　－
J1°‘゜J『

are unique.

Furthermore, we can readily see that, if　Y.　.

　　　　　　　　　　　　　　　　　　　　　　　　　　　J1°゜゛Jｒ

are　sym‘

metric with respect to the indices, χ.　　.　are also symmetric.

　　　　　　　　　　　　　　　　　　　　　　　J1’゜゛J『
Equations (2.82) are linear equations to determine the　n-index quanti-

ties　ｘ　given the two-index quantities　Ｍ　and the　n-index quantities

Ｙ.　For ａ special case of　n = 2, so called the Liapunov equation [50],

i.ｅ・，Ｅｑ･(2.87) is obtained.　　Hence　Ｅｑｓ･(2.82) are considered an ex-

tended version of the Liapunov equation.　In fact, they may afford a

Liapunov function of the　n-form for linear systems.

2.１０　Continuity and stability of the Feedback Function

　　　　　Inthis section the stability of the function p（k）iｓｅｘａｍｉｎｅｄ.

To do this, we turn our attention back to the linear differential equa-

tions (2. 76) again･

　　　　　By virtue of Lemma ２.3 in Section 2.9, a lemma for an extended

● ･

寸

　會

Liapunov equation, Eqs･(2.76) and (2.74) are rewritten into the vector-　　　.

matrix form:
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秀

　ｅ

・

　　　　　　　　　　　　　　　1･=- S(t)v + b(t),　　ｖ(Ｔ)＝0

　　　　　　　”where　S　is the　(r + 1)-times repeated Kronecker sum of　S'

　　　　　　　　　　　　　　　fW　　　　　　　　　　　　　　　S(t)^ S'(t) R S'(t) c・‥e S'(t)

and

are

Ｖ

り

and　ｂ　are the

0　　｡

1‘゜゜J『

(2.92)

(2.93)

　　　ｒ＋１

n -vectors such that the　je-th components

皿d　c. .°

゜゛jｒ’I゛ｅｓｐｅｃti7elｙ’

£　being

1仝
i
(j－1)nl”k＋1

　　k＝O　　k
(2.94)

Since Ｅｑｓ･(2.92) satisfy ａ Lipschitz condition for ordinary differential

equations, the solution of Ｅｑｓ･(2.92) is unique and continuous　in ・t ･[12,

ｐ. 22].　Therefore, by comparing the degrees in　ｘ　in both sides of

Ｅｑｓ･(2.65), the following theorem is established:

Theorem ２.3

　　　　If　f(x, t) is a polynomial of the degree　ｑ　in　ｘ， the coeffi-

cients being continuous in t，ｐ(k)(ｘ，t)　given by Ｅｑ･(2.65) is uniquely

determined and is the polynomial of the degree　ｋ(ｑ－1)＋1　in X

whose coefficients are continuous in　t. In particular, p (x, t) is the

poljTiomial of the same degree as　f(x, t)･

　　　　　InＥｑｓ･(2.92) and (2.93), if　S　and　b　are time-invariant, and

if　S　is stable, v(t) is uniformly asymptotically stable relative to ｖo

as　t→- 00, because　百　is time-invariant and, due to Appendix I, is

stable, where　ｖo is the solution of the linear algebraic equation

ＳｖＯ ° ｂ

　　　３７

(2.95)



Due to Appendix I. Eq･(2.95) is uniquely solvable under the given con

dition. Thus the following lemma is obtained:

-

　In Eq･(2.68), if　S　reduces to ａ stable constant matrix SO

and　e(x. t)　reduces to be free of explicit dependence on　t as　t４

- 00, then the function　g(x, t) is uniformly asymptotically stable as　t

→･ - c≫,　relative to the polynomial　g (x) such that satisfies the equa-

tion:

x'S'g(x)゜6o(x).

The coefficients

(2.95)･

　
・
～
ｔ

　
　
ｒ

．
ｄ
Ｊ

ｅ（ｘ）色　lim e(x, t)
O　　　t-*-oo

(2.96)

of the polynomial　g^(x) are given by Ｅｑ'

Further the following lemma is useful in Section 2.12

Lemma ２.6
〃

　　　　　　　Ifthe equation

ａ
一
池

趾
ａ (x'S'g) - 0 (2.97)

holds for any value of　ｘ　with the condition (2.69), and if the matrix

∂g/ax　is known to be symmetric, then　ｇ　is the identically zero vec-

tor. For the time-invariant case, if

x゛S590ニO　　　　or　　　　g5SOXニ０ (2.98)

holds for any value of　ｘ　withａ stable Sq, and if　9go/9x　is sym-

metric゛ｇo is the identically zero vector.
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ｔ

　　　　The following stability theorem for the function P '(X. t) is a

direct consequence of Lemma ２.5:

Theorem ２.4

　　　　Assume that the system of Ｅｑｓ・(2.1) and (2.3) and the perform-

ance index (2.4) are time-invariant with　Ｆ ＝Ｏ　and　Ｑ＞O.　If the

unperturbed linear system is completely controllable and completely ob-

servable, then, for every　kき1，p（k）（ｘ，t），thepolｙｎｏｍｉａｌfunction in

X, given by Ｅｑｓ･(2.65) is uniformly asymptotically stable as　t ４･ － 00,

relative to the polynomial　pi '(X) such that satisfies the equation:

一

一 ぐ (k = 1, 2, ..･)

where　el)(゛c)叩ｅ the ｓｃ・1・l'functions defined by

Θよ)(ｘ)き-<
に
Σ
匹

丿仰
pli）゛Epj’i）　　　（k＝2，3，‥･）

(2.99)

(2.100)

SO　is

tion

1.

the constant matrix defined by Ｅｑ･ (2.23).　The polynomial func-

り'(x),
satisfying Eq･(2.99), exists and is unique for every　k き

　　　　Now we have completed the procedure for calculatingａ subopti-

mal control.　The solution of Ｅｑｓ・(2.65)or (2.99) up to the order　£

in　＆　gives the suboptimal control of the　je-th　order. It is noted

that, when ａ time-invariant problem with　Ｔ = 00 is considered, the

complete controllabilityand complete observability of the unperturbed

system suffice, due to Theorem 2.4, to yield a suboptimal control of an
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arbitrary order.

　　　　　　Iffor any　ｘ　and　t （E［７，Ｔ］

x'Pf = 0 (2.101)

holds identically, then, from Ｅq･（2.79），h｀”＝Ｏ　and consequently

p（1）＝O　from Lemma 2.6. Further we readily see, by induction, that

p（k）＝O　for every　kき1.　Similarly we can conclude that,　iffor any

ｘ　and　t [T, T］

ｈ（２）＝０
(2.102)

holds identically, p = (　for every kき2.　However, note that, even

if ｈ(£)＝O　for ａ certain　£　き3，p(k)iｓｎｏtalways zero for any　kき

£. Thus we obtain the following theorem:

Theorem ２.5

　　　　If the identity (2. 101) holds for any　ｘ　and　t (: [T, T], the lin-

ear control （2. 16) is the exactly optimal one; if the identity (2.102)

holds for any　ｘ　and　t （E［T, T], the control

Ｕ＊＝－Ｒ‾１ (t)Ｂ'(t)IP(t)ｘ＋Ep(1)(ｘ，t)] (2.103)

is exactly optimal.

　　　　This theorem gives ａ sufficient condition that the optimal feed-

back control for ａ nonlinear problem is exactly determined.

2.11　Relationship between the Conditions for Controllability and stability

　　　　This section comments on the ｎ!1万alogybetween the condition of

Theorem ２.４and the controllabilityof nonlinear systems. For simplic-
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　ｆ

・

●

ity we consider only ａ time-invariant system with perfect observations,

i.ｅ･, with　C＝I㈲　in Eq. (2.3)・

　　　　Ｒ.Ｅ. Kalman has introduced the concept of local controllability

for nonlinear control systems in Discussion on Ｌ. Markus and Ｅ. Ｂ.

Lee's paper [59]:　Consider the nonlinear system

X = g(X, U), g（0，0）＝0 (2. 104)

If there exists a neighborhood　∠lχ　ofthe orign ｘ＝O　such that each

point　ｘo G∠lχ　can be transferred to the orign in a finite time interval,

using an admissible control function, then the system (2.104) is said to

be locally completely controllable.

　　　　Ａ sufficientcondition for local complete controllabilityis known

[58, 59]:

Lemma　２．７

　　　　　Assume that　g(x, u),∂g/ax,皿d　∂g/9u　are continuous in　ｘ

and　ｕ(E∠lｕ゛where　∠lu　is the control restraint containing the origin

u = 0.　If it holds that

rank【B AB　…　XII‘111】＝il (2.105)

　　　　　～　　　　～where　Ａ　and　Ｂ　are the　ｎ ｘ ｎ- and　ｎ χ m-constant matrices, ｒｅ一

spectively, defined by

r A 9g(o. 0)
A－　　9x

1ζＡ∂S(0, 0)
Ｂ－　　8u

then the system （2. 104) is locally completely controllable.

(2. 106)

　　　　We turn our attention to our present system (2.1) which is as-

sumed time invariant. For this system,
χ　and　ｊ　of Eqs. (2.106)
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are

Ａ＝Ａ ＋£
9f(0)

aχ ゛
Ｂ＝Ｂ (2.107)

It follows that, if　af(O)/ax = 0, the condition (2. 105), for any　ｓ， is

equivalent to that of complete controllability of the unperturbed linear

system. When the Maclaurin ｅχpansion of　ｆ　contains no term linear

in　ｘ，∂f(O)/aｘ＝O　is true. Such　ｆ　may be called purely nonlinear.

We conclude that, if the system (2.1) is locally completely controllable

and　f(x) is purely nonlinear, then Theorem ２.4 holds.

2.12　Performance Evaluation

　　　　　Ａclosed-form ｅχact solution as stated in Theorem ２.5 is gener-

ally impossible. Impossibility of infinite calculation forces us truncation

of the series, yielding a suboptimal control. In this section the quality

of ａ suboptimal control is examined.

　　■　　　

Assume that a suboptimal feedback control　ｕ ニU (X, t)　i? given

by

11ｓ(i't)ニ‾Ｒ‾1(t)BI(t)p (X. t) (2.108)

where　p (X, t) is ａ suboptimal feedback function satisfying Eqs. (2.65)

up to a certain order.　The value of the performance index　J＝Jｓ

resulting from the feedback control of Ｅｑ･(2.108) would be ａ function of

７　and　x(t) and be written as

１
一
２

　
＝
　
　
Ｓ

　
Ｊ y'(T)Fy(T)゛1

ST

(y'Ｑy ゛11;Rllｓ)dtニダ^JX(T), T]

　　　　　　　　　42
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　ｆ

・

Evidently　βｓ（O’７）ニO　if　pｓ（O’t）＝O　for any　t G［T, Tl.　Now our

task is to examine the function べ岡７］’７］.　Differentiation of Ｅｑ･

(2.109) with respect to　７　and use of Eqs. (2.1), (2.3), and (2. 108)

gives:

-

In Ｅｑ･(2.110) all the values are estimated at　t ＝７.

　　　　We develop　p and　（　into power series in　ｓ

Pg(X. t) = P(t)x十

ﾀﾞt

ｓkp(k)(ｘ，

k＝1　　Ｓ

へ[X(T), T]゜fx'(T)P(T)x(T)゛
堂
い

t)，

ｓkぐ‰(T). T]

where the matrix　P　is the solution of Eq ･（2.14), and　p

satisfy, respectively,

p?)(ｘ，Ｔ) 一
一 ０， ぐ（ｘ，Ｔ）＝Ｏ　　　for any　ｘ

(2.110)

(2.111)

?）ａｎｄ　μ?）

(2; 112)

Substitution of Eqs. （2. Ill) into (2. 110) results in ａ sequence of equa-

tions:

where

ぞ　
づ

(k)
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（ｋ＝１，２，‥．） (2.113)

ぐ

ｰ
∂７

φ(1‰－ｘ'Pf，



で

爽

1苫
p?)'Ep?刈゛

苫
ｐ?‾i)IE

で

(2.114)

。

φ(k)公一ｒ七・

　　　　　　　　　　　　　　　　　　　　　　　　　　　(k-2, 3, ...)

　　　　Then the following theorem can be established:

Theorem ２.6

　　　　If　p (x, t)　is the optimal one, i.e.,　if

p?）＝p（k）　　　　　（k＝1，2，‥･） (2. 115)

where　ｐ(k)　are the solutions of Eqs. (2.65), then　Ｊｓ°J＊　is given

by

　　　　　　　　J＊＝!ｘ'(７)Ｐ(７)ｘ(７)＋

i

6klS(k)lｘ(７)，７]
　　　　　　　　　　　2　　　　　　　　　　●k＝1

where　μ(ｋ)[ｘ(７)，　月　arethe scalar functions satisfying

必

8x
＝ｐ(k)

(2.116)

φ（k）（0，７）＝o　　(k = 1, 2, ..･）　　　（2. 117)

Proof-
　　The theorem can be proved by induction. First comparison of

Ｅｑ･(2.113) with (2.65) for　k＝1　gives

み
ざ

－p(1)l煙ぴ･s･l

響

－ｐ(1)1}＝o

－

　●

（2. 118)　，



ｉ

By virtue of Lemma ２.6 in Section 2.10, the above equation, along with

Ｅｑｓ・（2.112), means that

Second we assume that

吋）
(k)

ぐ

ｰ
∂Ｘ

一

一 p(1)

(k = 1. 2.　゜゜｀ｌ　H - 1)

(2.119)

(2.120)

holds.　Then, by comparing Eq. (2.113) with (2.65) for k = £,we have

記

∂７【aχ

and consequently

‘ｐ

s

　　　　　　　　　(j!)

(幻)＋こい･S'[
響
－p(£)]}＝0

Ｉ
ｆ
ほ
い
Ｓ
￥

＝ｐ(£)
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(2.121)

(2.122)

Q.E.D

(2.123)

ax

Further the following theorem of interest is obtained:

Theorem 2.7　　　　　　　　　’
-

　If p (X, t)　is optimal up to the order　£　in　巳, then　Ｊｓ　is

equal to　J＊　up to the order　2£　十　1　in　e,that is,

(k = 1, 2,　゜゜゜9　21＋1)



(2.128)

where　μ(k)
are the functions defined in Eｑ･(2. 117), and　べ2H2)，tｈｅ

(2je + 2)-th　term in the expan叫on of　Ｊｓ'iｓ given by

∂
-
∂７

∂β(2£゛2)

　Ｓ

二=

(2j!＋2)

証{

　　　　　　(2£＋2)

Ｄ｀首(x'S

ぶ?XIﾚ二

一(2je+2)]}

[pj＋1]－ｐ(£゛1)PE【py゛1】－p(£゛1)]}
(2. 124)

Proof-

　　Again the theorem is proved by induction. First, corresponding

to　£= 0, assume that

pｓ(゛'t)゜P(t)x (2.125)

From Ｅｑｓ･(2.65) and (2. 113), it is readily observed that Ｅｑ･（2. 118)

holds .　Due to Lemma ２.6, it implies, along with Ｅｑ･(2.117) with　k

1, that　s　Second, assume that, if　　　　　　　　　ニ

then

pli）＝p（i）

ぐにφ(i)

Besides if p(り
　　　　　　ｓ

2£　leads to

＝p(1)

(i = 1, 2.　・・゜l　t-1)

(i = 1. 2,　゜゜・1　2lt - 1)

一

一

(2.126)

(2.127)

comparison of Ｅｑ･(2.113) with (2.65) for　k＝

　　(2£)

去[
べEご
９(2ﾀ)]＋こいs･【

　　　　　　　46

∂μ(2£)

計－p(2i)]}＝0
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Again it implies that μ（21）＝μ（2j!）.　Further,examination of Ｅｑｓ･

（2. 113）ａｎｄ（2.65）foｒ乙＝21＋1　leads to　べ2ド1）＝μ（2ト1）.　Com-

parison of Ｅｑ･ (2.113) with (2.65) for　k＝2£＋2　yields Eｑ･ (2.124)。

　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　Q.E.D.

　　　　Theorem ２.7 is an extension of the theorem obtained by :p. V.

Kokotovic and J. B. Cruz, Jr.［42］for linear systems.　Ａ similar re-

suit has been reported by Ｒ. Ａ. Werner and Ｊ. Ｂ.　Cruz ， Jr. [96] re-

garding an approximate construction of the optimal feedback control for

systems with unknown parameters; where the control is expanded in ａ

Taylor series with respect to the unknown parameters.　However the

present proof is given in ａ much simpler way by use of induction.

　　　　It is noted that Theorems 2. 6 and 2. 7 for ａ time-invariant sys-

tern with infinite　Ｔ　are also proven [66, 68, 71].

2.13　Examples

(a) One -Dimensional Problem

　　　　In order to examine the stabilizationproperty of the suboptimal

control obtained by the present method, let us consider ａ simple one-

dimensional problem:

x°ax + eg(x)x

Ｊニ157(ｘ2＋

＋ Ｕ

　
ａ
２
Ｉ

ｙ°Ｘ (2.129)

(2.130)

where　ａ　is ａ constant. The exactly optimal control of the problem

can be obtained [89]:

ｕ＊ニー[ａ＋８ｇ(ｘ)＋

47

2ｇ(ｘ)2
]Ｘ

(2.131)



The control of Ｅｑ･(2.131) assures the global asymptotic stability of the

system (2. 129)。

　　　　Let us apply our method to the present problem.　The task is to

obtain the solutions of Ｅｑｓ･(2.99).　Due to the one-dimens ionality of

the problem, this is possible with no explicit polynomial expression of

the function　ｇ(ｘ).　Thepower-series control obtained is given by

where

Ｕ＊　゜
堂
い
skｕ(k)

u(oし丿ａ＋ZΞ二二)ｘ，

ｕ(1しー(1＋ZΞ≒＝tT)g(ｘ)ｘ，

ｕ(2)仝一二g(ｘ)2ｘ，
　　　ぶＴ京

ｕ(3)４　ぶg(ｘ)3ｘ，

　　　2
x
a2＋1)5

u(４)！一一　参

;

=＝⊆＝1希ｇ(ｘ)４ｘ
　　　　Ｊコ

●●●●●●

(2.132)

(2. 133)

Equation (2. 132) along with（2.133) agrees with the formal expansion of

the exact solution･(2.131) with respect to　Ｅ･

　　　　We proceed to examine stabilityof the system （2.129) with tnin-

cated power-series controls.　Let　ｕ£　be the　£-th order suboptimal

control:

48
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Ｕ£
一

一

　£

Σ

ｋ＝0

The resultant system with　ｕ °ｕ£

k (k)

is of the form

i°- g£(x; ３)゛

(2. 134)

(2.135)

The function　h　is a polynomial of　eg(x) containing the parameter　ａ

The global asymptotic stability of the system (2.135) is equivalent to the

positive　definiteness　of h-　　Since　it is　impossible to find whether h

is positive definite or not for arbitrary form of　g(x), we here confine

g{x) to the function with a definite sign.　Table ２｡1 shows the lowe st

approximation to the optimal control assuring the global asymptotic sta-

bility of Ｅｑ･(2.135).　When　ｓｇ（ｘ）きＯ　and　ａ ｆ － 3 ｡243, the global

Table ２.１　Lowest Approximation to the Optimal Control

　　　　　　　Assuring Global Asymptotic stabilityof the

　　　　　　　System(2.135)

-

Value of　ａ

　　0 ^ a

- /2 < £

2.473くａ！一万

3.243くa ^ - 2.473

Value of function

eg(x) ^ 0

-

　"l

　Ｕ２

　Ｕ３

　Ｕ４

eg(x) ^ 0

　
Ｏ
　
　
・
０

Ｕ
　
　
Ｕ

"o

a ^ - 3.243

UO

UO



stability can not be assured unless　ｕ ＝ｕ£ with　£き5　is used.

　　　　　Thesimple one-dimensional case is above-mentioned. For a high-

dimensional problem, the stabilityexamination is more difficult,because　　・

of impossibility of finding the sign definiteness of ａ multivariable func-

tion.　Thus we have not always to be ａ sticker for global stabilitybut　　　　　・

may use ａ suboptimal control assuring stabilityin a finite region.

(b) Second-Order Problem Described by Duffing's Equation

　　　　We illustrate the calculation of ａ suboptimal control for the

second-order system described by Duffing's equation [31, p. 20]:

with the output

Ｘ１ ° ^2'

．　　　３

Ｘ２ ° ＥＸ１十Ｕ

yi ° ｘi

The performance index is

Ｊ＝
１

－
２

(i
一

一

２

１

1. 2)

　　　２

十,Ｘ２＋Ｕ

　
ａ
２
Ｉ

(2.136)

(2.137)

(2.138)

　　　　Since the control duration is infinite and the linear system with

ｓニO　is completely controllable and completely observable,* the deter-　　　｀

mination of ａ suboptimal control is reduced to calculation of the constant　　　・

　　　＊Ｆｏｒthe conditions of explicit criteria of complete controllability

and complete observability, refer to any standard textbooks on control

theories［ｅ･g-, 3, p.　205].
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matrix　ＰO satisfying Ｅｑｓ･(2.21) and

(2.99), respectively.*　The positive definite solution ＰＯ　of Ｅｑ°(2°21)

and the matrix　SO

PO
一

一

defined by　Ｅｑ･(2.23) are, respectively,

⊃ % =

|

　　　　The polynomial　p?）iｓ cubic in ）cl　and ゛2

2.3,　Further, owing to the symmetry of the matrix

may be written, １ｎcomponent forms, as

心 一

一 ゛3リ？(゛34){:

　　　　　2　　　3＋3a4×1×2＋a5×2

(2.139)

due to Theorem

∂p?)/aｘ，ｐひ)

(2.140)

where　ａ．

　　　　　　　１
are constants to be determined.　Substituting Eｑｓレ(2.140)

into (2.99) with　k＝1　and using Eqs. (2.139) yields

‾32

ぺ4'(‘11‾β12‾313) yy

2゛3(・2
- /3a - a )x^x^

リ3a - 3/3a^ '％}ｙLペリ・4“β15)べ1°“ぺ‾/yy2 (2. 141)

Equating the coefficients of the like powers of　ｘi　inboth sides sepa-

rately gives the five simultaneous linear algebraic equations in　a1゛

The　solution is

a1 　10β　　　　　　　　10ニＴ゛a2乱゛a3で７r゛
　＿ユ　　几Ｊ
ａ４‾13゛　　a5‾13 (2. 142)

　　　　＊　Thisstatement will be omitted in the subsequent examples of this

section, but always should be understood.
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In the like ｍａｎｎｅｒ，ｐ?） is determined from Ｅｑ･(2.99) with　k

゜2.　Thus the suboptimal control of the second order is

where

ｕ（Ｏ）仝　　－ｘ

ｕ　＝Ｕ(Ｏ)

　Ｓ
十eu

1‾1‘7321×2

(1)＋S2ｕ(2)

11(1)゜　‾ぺ‾1°3323x?x- ' 0.6923X X: ‾o°1332X:'

11(2)仝-0.5x^ -0.7392x^x^
゛0.3320ﾍﾟﾍﾟ十〇゜0190XﾄU

十〇.0523×1×1十〇゛0112ＸU

(2.143)

(2.144)

　　　　Now the stabilization property of the controller is examined.

With　llｓ °゛1(o)'the origin of Eqs °(2 1゙36) is globally asymptotically

stable with　ｓく0, while it is only locally asymptotically stable with　ｓ

＞O.　In fact, for　e > 0, there exist unstable singular points at

{±Aﾌe, 0), and trajectories passing through either of these points give

the stability boundaries.　with llｓ°
(0)十゜(1)'the

origin becomes

locally stable for　巳く0, so that the first-order approximation gives ａ

better result than the zero-order one only in a limited region around the

origin.　０ｎ the other hand, with　e > 0, the first-order controller sta-　　　　゛

bilizes the origin in the large.　The second-order controller is of ａ lo-

cally stabilizing nature for both signs of　ｓ.　　　　　　　　　　　　　　　　　　　‘

　　　　Figure 2. 1, showing the loci of the initial states for which　Ｊ ＝　　△　‘

5, reflects the stabilization property mentioned above･＊　The curves are

shown only on the upper-half plane, because they are symmetrical about　　　４

the origin. Within the regions illustrated, the higher-order approxima-
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(b) 一一1

-:　J by u　＝ｕ(O)

－－－:　J by ｕｓ＝ｕ(O)

-----:　J by ｕｓ＝ｕ(O)
　　　　　　　　　Ｓ

十ＥＵ
(1)

十Ｓｕ
(1)

2 (2)

Fig. 2.1. The loci of the initial states resulting J ＝5

　　　　　　　　　　　53



1ヽ、

1｡

-0.5 　　０

ε一一---●･･

-:J by u　＝ｕ(0)

－一一:J by ｕｓ ＝ｕ(O)

-一一一一:　J by ｕｓ ＝ｕ(O)
　　　　　　　Ｓ

＋Ｅｕ(1)

十a1
(1)

十＆
2ｕ(2)

Fig. 2.2. Variation of the performance index J with ｓ for

　　　　　　various approximations of the control.

tions improve the performance with　Ｅ

with　e = - 1.

一

一 1, but　itis not necessarily

　　　　Figure 2 ｡2 illustrates examples of variation of　Ｊ　with　£　for

various approximations.

* This figure is obtained in the following ｗａy:We take various ini‘
tial states　ｘ.

　　　　　　　　　　　　1

(0) neighboring the origin, ｅ・g., points on ａ circle of ra-

dius ， say ， 0 ｡0 1, and we integral numerically Eqs ･ (2.136) and (2.138)

in the negative time direction to obtain the states corresponding　Ｊ ＝－

5. The numerical integration using Runge-Kutta-Giir ｓ process is car-

ried out on ａ digital computer.
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(c) Second-Order Problem Described by Van der Pol's Equation

　　　　We shall compare various suboptimal controls by the present

method with those by ａ number of other known methods, using the sys-

tern described by van der Pol's equation [31, p.　171:

X1 ° X2゛

i2 ° - x^ + (1 - eぺ）゛c24‘11

(2.145)

The performance index of Ｅｑ･（2.138) and the output of Ｅｑ･(2.137) are

used.

　　　　　Thesuboptimal control of the second order is determined by our

method:

where

ｕ　(0)

　Ｓ
＋巳ｕ(1) 十

♂ｕ(2)

11
（o）仝

‾O°4142x　“
2°6818x_,

u(1) 仝　　1'1162xV 十〇.5689×1X:十〇' 1128X2,

｀l
(2)仝
“O' 1667°4゛2 “ 0 °1505゛}:“o'0100゛}:

　　　　　　　　　　　＋o°0291×1×
1＋O°0072x^

(2. 146)

(2.147)

　　　　There have been ａ number of suboptimal controls by various

methods applied to this example. Let the typical suboptimal solutions be

listed for the parameter　ｓ °1.　This example has solved by J. Ｄ･

Pearson. [78], with use of the method of instantaneous linearization out-
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lined in Section 2.5. His plausible assumption for the state-dependent

matrix　Ａ　in Ｅｑｓ･(2.25)and (2.26) is

"Ａ＝

　０

－１

and so his suboptimal control is

　１

１－

　２

Ｘ１

％゜(1‘/

9‾Ty‾7T

)゛1'(1‾゛l゛　+ 2g4‘1 ゛ 2/g^ + l)x

(2.148)

(2.149)

●

　　　　　ｇ公一１，　　　　ｈき1－χ?　　　　　　　　　　　　　　　　　　　　　　　　　(2.150)　　㎜

　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　J

utilizing ａ minimax algorithm, Ｎ， Sannomiya万［851 has shown that, for

relatively large initial values of X and　ｘ2゛tｈｅ functions　ｇ　and　ｈ　　　　’

defined by Ｅｑｓ・(2.150) are the best in the forms of

ｇ°‾１‾ｃｘｌｘ２゛ h＝1＋（ｃ－1）ｘ? (2.151)

where　ｃ　is ａ constant｡

　　　　On the other hand, G. Ｋ .　Ｌ. Kriechbaum and Ｅ.　Nogeｓ【461 has

proposed ａ least-squares approximation of nonlinear functions by ａｈｙ“

perplane through the origin and obtained the suboptimal control of the

form of Ｅｑ･(2.149) with

ｇ°‘１’

2

7×1×2゛
ｈ＝１－

　５　２

石゛1 (2.152)

　　　　Ｗ.Ｌ. Garrard, Ｎ. Ｈ. Me Clamroch, and Ｌ. Ｇ. Clark [27] and

J. Ｈ. Burghart [11] have ｏ!】tainedａ feedback gain matrix of power-

series form for ａ linear model given in advance. Garrard et a1. have

solved approximately Hamilton-Jacobi equation to have the sub optimal
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ゝ

control

Ｕ　= -0.414χ
　Ｓ

1‾2°682×2＋1°586×7×2 ’ O°194x^x (2.153)

Burghart has found another form of control which contains the term

ｘlｘ2° This seems a bit queer, since Ｅｑｓ・(2.145) are symmetrical with

respect to the origin　ｘ1 ° O　and　ｘ2 ° O’

　　　　Solutions based on ａ parameter optimization technique have been

calculated by Ｒ.　Ｃ.　Durbeck ［18］and Ａ.　Ｇ.　Longmuir and Ｅ.　Ｖ.　Bohn

[53].　Durbeck has assumed ａ reasonable form of function for the opti-

mal performance index ｎ!Id had the suboptimal control

Ｕ
Ｓ
° ’ 0.080×１ ’1°422×2 +0.219ＸU (2.154)

Longmuir et al. have had two possible controls under the assumption of

control function with an appropriate form｡

　　　　　Table２.2 shows how well the various controls perform for some

initial　conditions X (0) and　X2(0)‘　The results by our method ゛e

added to this table. The performance obtained by the second-order con-

trol of our method is somewhat better than the others for the initial

conditions considered. other numerical examples for this problem are

found in the reference [671.

(d) Rotational Motion Problem ofａ Rigid Body

　　　　Consider the third-order system governed bｙ:

X1 ° Ｅａ１×2×3十U1゛

X2 ° Ｅａ２×3×1＋U2゛
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Table 2.２　Comparison of Values of the Performance Index for Various

　　　　　　　Approximations

Method

Initialcondition (X (0). X (0))

(1，1) (2, 2) (1,-1) (2,-2)

Present method (second-
order approximation)

Present method (first-
order approximation)

Present method (zero-
order approximation)

Kriechbaum et a1.

Garrard et a1.

Durbeck

Pearson

2.560

2.573

2.699

2.569

2.632

3.413

2.616

6.614

　　(X)

8.108

7.522

7.555

8.381

6.796

2.002

2.003

2.034

2.007

2.078

3.497

2.072

3.920

4.037

5.107

4.494

5.692

5.284

4.492

　　　　　　　　　　　　　　　　　χ3 ° Ｅａ３χ1χ2＋U3

with the index of performance

１
一
２

　
＝
　
Ｊ

qi゛
"i

(x)ﾒり肖
(ｑ7×7十ｕF)dt，

0　1＝1　1

〉０

The output　is

yi ° ｘi

皿 ･

(i = 1, 2, 3)

(i＝1，
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(2.156)

(2.157)
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It is well known that, if

a1十a2＋a3°0 (2.158)

Eｑｓ・（2.155) describe the rotational motion of ａ rigid body･

　　　　First, the suboptimal control is calculated by the present proce-

dure up to the third order:

where

べo）

で）

で）

ぐ）

゛lｓに
ぺ0)゛al:1)゛62べ2)十ｓ3ぺ3)

，　　(i
= 1. 2, 3}

仝．

４Ｃ

q
i
ｘ
i゛

(1)
ｒ.χ.χ，
　　i j k

r)くナ(2) '.:]
仝l'i゛i[ｃij

(2. 159)

(3).2
- r.x.x,!30

c(1)合一
j:なS

‘，

　　　　£＝1 dｒ£

ＩMく
ゆ
１

ぐ △

－

13)く十ｃr)ｘl:1，
ｘ．＋ｃ：

　１　　Ｊ

【ａ.＋Ｃ(1)ｒ./21C(1)

　1　　　　　1〃
　　　d-q.

【ａ.十ｃ(1) ･?）

-

＋

－
＋

[＼

-
2q.

十ｃ(1)

(2)

(i, j. k=l, 2, 3; i 刈／ｋＺｉ)，

ｄ仝ｑ１十q2十ｑ3
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It follows from Ｅｑｓ･(2.160) that, if　c（1）＝0，

諮にｏ (i

This implies that　ｕi＝ｕ50）
　　　　　　　　　　　　1　　　1

-

- 1, 2, 3; k
一

一 1, 2, ...) (2.161)　゛

is the exactly optimal control for this case.　゛

K･S.　Ｐ. Kumar [47】has previously discussed ａ special case where

ｃ（1）゜0,i.e。

ａｌ十a2十a3°0,　　　ｑl°ｑ2ニｑ3 ° 1゛　　　ｒl ニｒ2ニｒ3 (2.162)

which is one of norm-invariant problems treatedin theｎｅχtexample･

　　　　Secondly,the method of instantaneouslinearizationby Ｊ.Ｄ.

Pearson［78] is applied toＥｑｓ･（2.155).　For the system (2.155) the

state-dependentmatrix　x　in Ｅｑ･(2.25)is here assumed in the form ψ

Ａ＝８

where　μ．
　　　　　　１

　　　0

・2(1 ‘･ ″2)゛c3

　a3μ3×2

a1

13(1

i'1゛3　　　ai(l - V )x

０

“”３）゛１

ａ
２
μ
２×１

　０

(2.163)

are arbitrary constants.　�order for Ｅｑ･(2.28) with　Ａ

of Eｑ･(2.163) to have the exact solution with the parameters of Eqs

(2.162), it is required that

μ1

‾μ1

0

１

‾μ2

0

μ2｀

　　0

　　μ3

1’μ3

　
１
　
(
Ｍ

Ｃ
Ｏ

ａ
　
ａ
　
　
ａ

＝０ (2.164)

Equation (2.164) holds for nontrivial values of the parameters　a., if

and only if arbitrary constants　μi　satisfythe following relation:
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1ﾉ1μ2十μ2μ3十Zﾉ3μ1＋1＝μ１十μ２十μ３ (2. 165)

It is noted that the form of　x　should skillfullybe chosen in order to

obtain ａ good solution.

(e) Norm-Invariant Problem

　　　　�this example, we shall consider the control of ａ special class

of systems: norm-invariant systems.　The system (2.1) is called norm-

invariant[41 * if　A　and　f　in Eq. (2.1) have the property that

　　　　　　　　　　　　　ｘ゛[A(t)x十£f(X, t)] = 0　　　　　　　　　　　　(2.166)

for any　ｘ　飢d　t6［７，Ｔ］・

　　　　If the function　f(x, t) has no linear term in　ｘ，the condition

（2. 166) is equivalent to the conditions that　A　is skew-symmetric and

that, for any　ｘ　and　t 6［T, T],

x'f(x, t) = 0 (2. 167)

All the other matrices in Eq. (2.1) to (2.4) are as sumed diagonal and

constant:

B＝.Ｃ＝I(ｎ)，　　Ｆ°gl(ｎ)，

Ｑ＝

ｑ１　０　　｀”　０

０　　ｑ２　°゜゛　０

●●●●●

０　０　・‥　＼

r1

0
Ｒ＝

０

0

ｒ
2

●●●

●●

●●●●●●

０
●●●

０

０

rｎ

F
(2.168)

　　　* The term ”norm-invariant”is due to that, in the absence of the

control, the Euclidian norm of the state vector remains constant.
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If

q
iﾀ ri ＞Ｏ　(i = 1, 2,　゜・・.n),　　g^o

　　　　　ｑ24ｑ
i’　!’i° 1 (i = 1, 2, ..・, n),　　q＞0　　　　(2.169)　　’

then the solution of the Riccati equation (2.14) is given by

　　　　　Ｐ（t）＝ｑ｝ぞjMtl㈲，　　h（t）At于jtｅ‾2ｑ（Ｔ‘t）　　　　　　　(2.170)

二こTheorem ２.5 with Eqs （2 167) and (2.170), the linear feedback　　，

　　　　　１十ｈｕ＊゜“ｑ二ｘ (2.171)

is the exactly optimal control for the present norm-invariant problem.

　　　　For the problem with infinite control duration, if

c2さｑiｒi　　（i°1･2･‥・. n),　　ｃ＞O　　　　　　(2.172)

the solution of Ｅｑ･(2.21) is

PO
一

一 cl(ｎ)

and the optimal control is, in component form,

叶＝－£-χ．
　１　　　　ｒ．１

　　　　　１

(ｉ°1. 2,　・・●９　ｎ)

(2.173)

(2.174)

It is noted that neither the optimal control （2. 171) nor （2. 174) is
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related to　Ａ

2.１４　Concluding Remarks

　　　　Ａ systematic procedure has been developed for the suboptimal

design of ａ nonlinear state regulator. Theorem ２.1 guarantees the

uniqueness of the optimal solution. When the nonlinearity is character-

ized by a polynomial function in the state, the definite way to determine

ａ suboptimal feedback control of ａ power-series form is established by

Theorems 2 ｡2 and 2｡3 .　The suboptimal control is yielded by solving ａ

set of ordinary differentialequations analytically or numerically. Since

the procedure is completely systematic, it can efficientlybe used in ａ

computer-programmed computation.

　　　　The stabilityproperty of the suboptimal feedback function is dis-

cussed in Theorem 2.4, which is useful to construct the time-invariant

control.　When the system is time-invariant and the control duration is

infinite, and if the unperturbed system is completely controllable and

completely observable, the task is further reduced to solving an alge-

braic linear equation, whose solution is again straightforward. Theorem

２.5 gives ａ sufficientcondition that the optimal control is exactly deter-

mined as ａ feedback form. The contents of Lemma ２.5 as well as of

Lemma ２.３ could also be used to construct ａ desired polynomial func-

tion, e･ｇ･，ａdesired Liapunov function.

　　　　Although the present procedure of power-series expansion resem-

bles, in some respects, that of Ｅ. Ｇ. Al'brekht［1］and Ｄ. Ｌ. Lukes

[56], the introduction of the　E-parameter is useful to give the recursive

formulas in ａ much neater fashion. Further, it facilitatesthe perform-

ance analysis to clarify the approximation property of the suboptimal

policy qualitatively. However the quantitative estimation of the perform-

・ince degradation is generally difficult. Theorems 2.６ and ２.7 reveal
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the fact that, if the feedback function is optimal up to the　ｌ-th order in

ｓ，the index of performance is minimized up to the (21 + l)-th order･

This is an extension of the theorem given by Ｐ. Ｖ. Kokotovic and J. Ｂ･

Cruz, Jr.［42］for linear systems, and is in accord with the theorem of

Ｒ，Ａ. Werner and Ｊ，Ｂ. Cruz, Ｊｒ.［961 for systems with unknown pa-

rameters｡

　　　　The effectiveness of the method is illustrated by examining typi-

cal examples.　Although the convergence of the series-form solution is

not always assured for large nonlinearity, the skillful truncation of the

series provides good approximations.　Namely, the method may be use-

ful, even if the nonlinearity is rather large.　But,　it is difficult in gen-

eral to select the number of terms of the series which gives reasonable

accuracy｡

　　　　In short, the method developed provides a promising tool for ａ

variety of problems, including linear or nonlinear, deterministic or sto-

chastic systems optimization.　Some of these problems will be subjects

of the subsequent chapters.
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　　　　　　　　　　　　　　　CHAPTER ３

EXTENSIONS TO SOME CONTROL PROBLEMS CONTAINING

　　　　　　　　　　　　SMALL PARAMETERS

3.1　Introduction

　　　　　Themethod developed in Chapter 2 offers an efficient means for

ａ suboptimal design of ａ variety of control　systems.　　Among them are ａ

problem of nonlinear systems with the control appearing linearly, a

problem of large-scale control　systems, a problem of linear control

systems with periodic coefficients, a problem of control systems with

nonlinear outputs, and ａ problem with ａ nonquadratic performance index.

The first three problems are fully discussed in Sections 3.2 through 3.4

0f this chapter. The last two problems are stated in Section 3.5, and

their solutions are　summarized in Appendices Ill and rv.

　　　　　InSection 3.2 the problem of nonlinear systems with the control

appearing linearly is treated, which is ａ more generalized one of the

problem of Chapter 2. The system considered is linear in the control,

but contains product terms of the state and control.

　　　　　Anotherstraightforward application of the method is the synthesis

of ａ suboptimal control for ａ large-scale system. Ａ special attention is

recently paid to a class of large-scale problems by many researchers.

One of the typical ideas is to use the concept of multilevel control or

system decomposition [77, 97].　If a system is composed of weakly-

coupled subsystems, generally containing nonlinearities, the parameter

ｓ　could also be associated with the couplings of the subsystems. In

Section 3.3 the idea of suboptimal design with use of decomposition

technique is discussed for　N-coupled systems.

　　　　　Ａparticular problem in which all the subsystems and the cou-
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plings are linear has been discussed by p. V. Kokotovic, W. R. Perkins,

J. Ｂ. Cruz ， Jｒ･， and Ｇ. D'Ans ［43］and the present author ［74, 75],

independently.　In this case the exact calculation of the optimal control

is theoretically possible; however, the high dimensionality of the sy stem

makes it impractical.　It is then better to split ａ large-scale design

problem into ａ set of simple subsystem problems.　The approach which

completely neglects the coupling may result in unsatisfactory system

performance .　Section 3 ｡３ contains a discussion on ａ compromise be-

tween calculational simplicity and performance degradation.

　　　　As mentioned in Section 2.4, the construction of the optimal state

regulator for ａ linear system involve ｓ the solution of ａ nonlinear matrix

differential equation, Riccati equation, which lies at the heart of the

problem. If the system is time-varying, the closed form solution of the

Riccati equation is impossible even when the control duration is suffi-

ciently large.　For any time-varying problem, Ｄ. Ｌ. Kleinman and Ｍ･

Athans [41］have proposed ａ suboptimal control consisting of an arbitra-

ry prechosen set of linear independent scalar time functions. Section

3.4 deals with an approximate construction of the optimal state regulator

for ａ periodically-varying linear system with quadratic performance in-

dex [69, 72, 73］.　The aim is to determine ａ linear feedback control

which is relatively easy to implement, yet one which results in subopti-

mal performance index. The system considered contains ａ periodic

term which is taken to be perturbation to the time-invariant linear-

system equation.

　　　　Typical examples of dynamical systems optimization are the atti-

tude control and the trajectory optimization of ａ space vehicle.　Dynam-

ical equations describing the attitude or the trajectory of ａ satellite can

be linearized under some reasonable assumptions. However, a more

precise model is often required.　Then we are faced inevitably with
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nonlinear and/or large-scale systems, and find the ordinary linear theo-

ries helpless.　The above two kinds of space problems are adopted as

examples attached in each section of this chapter. This is because one

of the motivations of the present research is to solve these problems

with nonlinearities and/or with high dimensionalities.

3.2　Problem of Nonlinear Systems with Controls Appearing Linearly

3.2.1　Problem statement

　　　　Inthis section, an extended version of the nonlinear problem of

Chapter 2 is treated. The problem of practical interest is that of ａ

control system linear in the control variables, but containing products of

state and control variables｡

　　　　Consider nonlinear control systems governed by the equation*

交＝Ａ(t)ｘ＋Ef(ｘ，t)＋[B(t) + eD(x, t)]ｕ

subject to the performance index

Ｊ 一

一

１

７Ｘ

∫ｼ

ｘ゛Ｑ(t)ｘ＋ｕ'Ｒ(t)ｕ】dt

(3.1)

(3.2)

where the　ｎχ m-matrix function　D(x, t), continuous in　t，is an ana-

lytic function in　ｘ; all the other quantities are the same as specified in

Section 2.2. For simplicity, the output of the system is assumed to be

the state itself.

　　＊ln particular, the system both with　f(x, t) = 0　and with　D(x. t)

linear in ｘ is called the bilinear control system [821.
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3.2.2　Construction ofａ Suboptimal Control

　　　　�the same manner as in Chapter 2，we can use the minimum

principleto obtainthe necessary conditionfor optimality. Also the

arguments on the unique existence of solutioncan be held similarly.

The Hamiltonian of the present problem is given by

Ｈ 一

一 １？ Qx + -u'Ru + p'[ＡＸ＋Ｅｆ＋(Ｂ＋６Ｄ)ｕ]

where　p(x, t) is the　n-costate vector satisfying the equation

f)＝－ＱＸ－Ａ'p－８(論'ｐ－

with the boundary condition

ｐ(ｘ，Ｔ)＝ＦＸ(Ｔ)

ｓま-(p'Du)

(3.3)

(3.4)

(3.5)

The optimal control, which has to minimize the Hamilton ian, is given by

u*(x, t) = - R~''"(t)[B'(t)+ eD'(x, t)]p(x, t) (3.6)

　　　　The problem is again reduced to solving the canonical equations

(3.1), (3.4), and (3.5) with (3.6), and the small parameter method of

the previous chapter is applicable, with slight modifications. Thus we

develop the vector　p　into ａ power series:

ｐ(ｘ，ｔ)＝Ｐ(ｔ)ｘ＋
ｉ
い &
kp(k)(ｘ，

t) (3.7)

４

卜

　争

By substituting Ｅｑ･ (3.7) into (3.4) with use of Ｅｑ･ (3.6) and by equat-　　　.

ing the coefficients of the like powers of　Ｅ　separately, we obtain ａ
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sequence of equations:

Ｐ＝－ＰＡ － Ａ'Ｐ 十PEP － Ｑ

学

十

響

SX＋S'ｐ(ｋ)＝ｈ(k)

together with the boundary conditions

　　Ｐ(Ｔ)＝Ｆ

ｐ(ｋ)(ｘ，Ｔ)＝０

(k
-

- 1, 2, ...)

(k = 1. 2, ..･)

(3.8)

(3.9)

(3.10)

(3.11)

E　and　Ｓ　are the　ｎ ｘ n-matrices defined by Ｅｑｓ･（2. 12〉and (2. 18),

respectively, and　ｈ（k）（ｘ，t）　arethe　n-vectors defined by

h(1)(ｘ，t)さー(ll)゛ＰＸ－Pf＋111(ｘｌＰＧＰＸ)･

ｈ(2)(ｘ，t)４(首゛p(1)十
右
ｇ十lt
y?
Ep(1)＋1ま(x'PHPx)･

ｈ(3)(ｘ，りA.9£ (2)゛君ｇ゛【景(ＨＰ゛)1'p(1)゛ax ゛右Ｅｐ(2)

＋

で
Ep(1)＋1景【p(1)'Gp(1)1十＼

8x ゛
{lty?P}Ｇｐ(1)･

h(k)(ｘ，t)仝(畿) p(k“1),＋
　9回上.．』.、＿、..、､､＿(k-2)．∂ｐ(k‾9ｕｎ..(3゛12)並2jドｇべ-

(HPx)]'p　　゛9x　ＨＰ｀

首Ｅ
嘔

(k-i)

十

y

ｐ(i)'Hp(ｋ“2‘i)】十

　i＝1

1＝1

舅{愉一白

うで{ぺy一白
（ｋ°4, 5, ･･･)



The　n-vector　ｇ　and the　ｎｘ n-symmetric matrices　Ｇ　and　Ｈ are

defined by

g(x, t) ^ G(x, t)P(t)x - f(x, t),

Ｇ(ｘ，t)仝Ｄ(ｘ，t)Ｒ爽1(t)Ｂ'(t)＋Ｂ(t)Ｒ‾1(t)Ｄ゛(ｘ，t)

Ｈ(ｘ，t)ｉＤ(ｘ，t)Ｒ“1(t)Ｄ'(ｘ，t)

(3.13)

　　　　Comparison of Ｅｑｓ･(3.9) with (2.65) and (3.12) with (2.67)

shows the following: Since the additional term　eD(x, t)u　exists in Ｅｑ･

(3.1), there appear the terms containing　D(x, t) in Ｅｑｓ・（3.12); while

the left side of Eqs. (3.9) is kept unchanged.　Then the method of

Chapter ２ may still work effectively and the recursive calculation may

proceed in much the same ｗａｙ｡

　　　　We can readily see that the matrix ∂p（k）/aｘ　issymmetric, in

its turn that Theorem ２.２ of Chapter 2 is again true. In fact, the in-

duction with respect to　ｋ　enables us to show the integrability in　ｘ　of

ｈ（k）（ｘ，t）　definedby Ｅｑｓ・(3.12) and, as ａ consequence, the symmetry

of　ap（k）/aｘ.　The analogue of Theorem ２.3 is the following:

Theorem ３.1

If　f(x, t) and　D(x, t) are polynomials of the degree　ｑ。 and
　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　f ...

t) given by Ｅｑ･(3.9) is the polynomial of the degree　ｋ（ｑ－1）＋1　in

X, whose　coefficients are continuous in　t, where

ｑ ４ ｎｌａｘ｛ｑｆ ｑ゙Ｄ‾１｝ (3.14)

When the time-invariant problem with the infinite control duration
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(3. 16)

71

is under consideration, the following theorem, the version of Theorem

2.4, is useful:

Theorem ３．２

　　　　Suppose that Ｅｑｓ･(3.1)and (3.2) are both time-invariant.　If the

unperturbed linear system, i.e., the system (3.1) with　e = 0, is com-

pletely controllable, then　ｐ(k)(ｘ，t)，the solution of Ｅｑ･(3.9), is uni-

formly asymptotically stable as　t ４･ － 00, relative to the polynomial

ｐ?)(ｘ)　satisfying the equation

゛%ぐしぐ (ｋ＝１，２，‥･) (3.15)

where　SO

defined by

μ
０
　
ｅ

is defined by Ｅｑ･(2.23) and　ｅ?） are the scalar functions

)(゛c)き｀'PO(1GPO゛‾f)

ぐ）

ぐ）

㈲４ ｇ゛ｐび)゛1p?｀)'Ｅｐ?)゛1｀'ＰＯＨＰＯ゛'

＋ｐ

ひ)
゛

Θ?)(ｘ)きｇ'pj‾1)

＋

十ｘiPOHp?‘2) ＋

Eｐ?)＋1p?)゛Gp?)，

1?ご
pg)゛Ep?‾1)

　1＝1

p?)'Gpr'1‾i)＋1

Sで

p?)'Hp?'2“i)

　　　　　　　1＝1

　　　　　　　　　(k＝4，5。‥･)

PO is given by Ｅｑ･(2.21)



3｡2.3　Example

　　　　　Thefollowing equations approximately describe, with considera-

tion of the second-order nonlinearity, a three-axis attitude-control sys-

tern of ａ space body whose orbit is circular:＊

X1 ° X2゛

X2 ° ＣＸ４ 十£X4×6十U1十ＳＸ３Ｕ３゛

X3 ° X4゛

X4°“ＣＸ２’£X2×6十U2 ’ ＥＸＩＵ３゛

X5 ° X6゛

X6 ° ８×2×4 十ＥＸ３×4十U3十ＥＸＩＵ２

(3.17)

The physical meanings of ｘi　a!ad ｕi　are explained in Appendix II･

The constant　c　is associated with orbiting angular velocity.　The per-

formance index is taken to be

Ｊ＝
１
－
２

　
冲

　
２

１
１
、
１

３
Σ
４

(3.18)

　　　The system (3.17) contains the product terms of ｘi　and　llj°

The linear system with　ｓ＝O　is completely controllable. Then the

method of the present section is applicable.　Due to the　infinitecontrol

duration, a suboptimal control is obtained by calculating the polynomials

ぐ）ｓａtiｓfying
Eｑｓ･(3.15).　When　c = 1, the suboptimal control of

the first order is given by

＊ＳｅｅＥｑｓ･(n. 10) in Appendix II.
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where

ぐ）

ぐ）

Ｕ　．＝Ｕ
　Ｓ１

:0）＋1ｕ11）　　　(i
= 1, 2, 3)

^-0.8546×1　　‾1‘6460×2　　十〇.5192χ3゛

^ -0.5192×1　-0.8546×3　’ 1°6460×4゛

4≪>.　　　
‾゛c5 /‾1°7321Xg,

べ

1 5十〇 ゜
1246゛c1゛6 奥O°0293x X + o'0699゛2°c6

(3.19)

　　　　＋o°5237×3×+ 1.4021×3×6 ‘ 0.0631×4×5 ゛ o°0657×4×6゛

　1　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　(3.20)

11
S）き　o

‘ 1622゛1゛5‘ O°0419゛1゛6 ‘
o‘063bC2゛C5

゛O゛0657゛C2゛C6

　　　　‘O°2023×3×-0.0403×3×6爽O’1400×4×5 ’O°0700×4×6゛

11
ひ）４
“O‘0191x^　゛ O’1246゛lj2 ゛ 0.3339X】?c3 s O‘0419Xﾋ1?c4

十〇.0350x
:

+1°4021×2×3爽0.0657×2×4 “ O‘0744x_

　　　　　　　爽0.0403×3×4’0.0350×１

Since Ｅｑｓ･(3.17) are derived with consideration of the second-order

nonlinearity, the above suboptimal control with the same order nonline-

arity may be reasonable｡

　　　　　Figure3.１ compares the values of　Ｊ　obtained by the zero- and

the first-order controls for various values of　ｓ.　The first-order con-

trol affords better results even for moderately large　ｓ.
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10

９

↑

ｆ

７

25

20

　
　
　
　
1
5

↑
ｎ

-

10

０

０

　　　０．５

＆→

（ａ）ｘ?＝f（i＝1，2，　゛゜゜96）

（ｂ）ｘ7＝ｘ2 一

一

　　　０．５

＆→

J by u .ニ
　　　Ｓ1

　０　　．
ｘ５ニを

(0)十巳ｕ51)

　1　　　　　1

０
２
　
　
χ
＝χ

０

４

　　０

°Ｘ６ニ
０

1.0

１．０

－一一一一:　Jby u . = u.
　　　　　　　　Ｓ1　　1

Fig･ 3.1. Variation of the performance index Ｊ with ＆.
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3.3　Problem of Large-Scale Control Systems

3.3.1. Problem statement

　　　　Another straightforward application of the method developed in

Chapter　2 is synthesis of ａ suboptimal control for ａ large-scale system

as composed of several subsystems of lower dimensions.

　　　　Consider the problem of optimizing the system

ii ° A.(t)゜ci十sf(x^. ゛2'゜ ' ” ゛Ｎ' t) + B.(t)u.

　　　　　　　　　　　　　　　　　　　　　　(i = l, 2,　.... N)

with respect to the performance index

　
り

ｘ
Σ
匹

　
＝
　
Ｊ

Ｊ．

　１

△

－

|x:(T)F.x.(T)
4‘1ST【x:Q.(t)x√111Ri(t)ｕi]dt

　　　　　　　　　　　　７

where, for　i = 1, 2,　｀゜゜９　Ｎ，

xi
－
・　
一
―

Ｕ

ｆ
ｉ
（ｘ１゛

” ゜’ＸＮ゛ｔ

一
一

Ｉ

A(t)

B(t)

ｊ
ｌ
Ｆ

Qi(t)

(3.21)

(3.22)

n-vector of the　i-th sub state
　ｌ

m.-vector of the　i-th subcontrol

　1

n.-vector function anal3i;ic in　ｘ1゛ ｘ2゛
゜゚・゛
ＸＮ　and

continuous in　t satisfying f.(0 0, t) = 0　for

any　t

n. X n.-matrix continuous in　t
　1　　　1

n. X m.-matrix continuous in　t
　1　　　1

^ ｘ ni‘positive semidefinite symmetric matrix

ni ｘ n.-positive semidefinite symmetric matrix con-

tinuous　in　t

R.(t):　1111 χ ｍ．
　　　１
-positive definite symmetric matrix continu-
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　　　　　　　　　　　　　ousin　t

　　　　　　　　　　ｓ:　smallscalar parameter

　　　　　　　　　　Ｎ:　numberof the subsystems

　　　　　From the outset the performance index is separable in　ｘi and

111° Thus, if the parameter ｓ　is naught in Eqs. (3°21),the present

problem. is separated into the　Ｎ　independent problems each of which

contains　ｘi ｕ゙i a゙nd　Ji゛ These　Ｎ　independent problems are said

subproblems, while the original problem is called the total problem.

The　n.-vector function　h　is regarded as representing the coupling of

the subsystems and　ｓ　regarded as the coupling parameter.　The

smallness of the coupling parameter means that the overall system is

made up of weakly interacting subsystems.

　　　　Such a kind of large-scale control problems is recently paid

special attention to by many researchers.　By use of the concept of

multilevel or hierarchical control, algorithms are proposed for comput-

ing the optimal solution to these problems ［77, 97］，　However, the solu-

tion obtained is mostly of no feedback form. In this section we try to

treat the problems as a modification of those of Chapter 2.

3.3.2　Construction of ａ Suboptimal Control

　　　　Ifwe define the　n-vector　ｘ　and　m-vector　ｕ， respectively,

by

Ｘ仝

X1

×2

●
・
・

ＸＮ

Ｕ＆

UI

Ｕ2

Ｓ
一
・

ＵＮ

(3.23)

where

ｆ

　●

４



ｎ色

N
Σ

i＝1
ni

m a Σm.

　　i＝1　1

(3.24)

　　　then our problem is identical with the problem dealt with in Chapter 2

゛　　　Theoptimal control is found to be

ぢ（゛c1’‥゜’゛Ｎ’ t）゜‘ぺ’１

where　Ｐ.

　　　　　　　1
and　pr>

(t)B:(t)[p.(t)x.十

　
㈹

ｌ

　
ｋ
ｐ
　
‘

　
　
Ｓ
　
　

　
　

ぶ
Σ
リ

(X , ..゜’゛Ｎ’
t）］

　　　　　　　　　　　　(i = 1, 2,　゜゜゜IN）　(3.25)

are the　ｎ. χ n-matriχ and the　n.-vector, re-
　　　　　　1　　　1　　　　　　　　　　　　　　1

spectively, satisfying　　　　　　　　　　－

　　　　p. = - p.A. - A!Ｐ.十P.E.P. - Q.
　　　　　１　　　　　１　１　　　１　１　　　１　１　１　　　１

(3.26)

で↓

希か厚汁＝ぐ　(k = 1, 2. ..･）　　　(3.27)

under the boundary conditions

１

Ei
S,, and

(k)
(0，

e(k)

P(T)

‥●，０
Ｔ）

一

一

一

一

Ｆ
ｉ

０ (k =1, 2, ...)

are defined by. respectively,

Ei(t)きBiR71B1'　　S.(t) ^ A. - E.P.

e（1）（゛
1’‥”゛Ｎ’

t）゜‾

j＝1
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(3

28）

29）

(3.30)

(3.31)



0

（k）

（゛1゛・
‘ ’･’

゛Ｎ’ t）゜

jﾄ
1ぱ‾1)ｊ回心l:

j
ぐ‾1)1

　　　　　　　　　　　　　　　　　　　　　　　　　(k = 2, 3, ...)

　　　　If the　Ｎ　subsystems are all completely controllable, the solu-

tion for the time-invariant problem with　Ｔ ° 00, F.ニＯ’ ａ�　Ｑｉ＞０

is given by

吋収1’゜゜゜' V゜1
1【^Oi^i

゛
ｉ
い I'^l””’ ゛Ｎ）】

　　　（i＝1，2，　゛゜゜, N) (3.32)

POi’ positive definite, and　ｐ詣）llｒｅ given by, respectively,

POiＡi

Ｈ
Σ
回

^Oi

－Ａ!Ｐ 。

　　１　０１ 十^Oi

．
司
．
．
．

＝ぐ）

仝Ai “ EiPOi゛

EiPoi ’ Qi ニ０

(k
一

一 1. 2. ..･）

Θ;
）
‘”（゛1’‥゜’゛Ｎ）仝　lim e

　　　　　　　　　　　　t→－（χ）

（k）（

゛1’‥゛’｀Ｎ’t）

(3.33)

(3.34)

(3.35)

　　　　　Equations(3.26) or (3.33) are　separated for each　ｉ，　This

means that the zero-order solution of the total problem is formed of the

solutions obtained individually in each subproblem.

3｡3.３　Weakly Coupled Linear Systems

　　　　Ａ particular problem in which the overall system is linear has

been discussed by Ｐ. V. Kokotovic, W. R. Perkins, J. B. Cruz, Jr.
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Ｄ
£ｉ
"‘D' .P,.)

(3.37)

卜

and Ｇ. D'Ans ［431 and the present author［74, 75], independently.　In

this case, the exact calculation of the optimal control is theoretically

possible. However, the high dimensionality of the system makes it im-

practical. Intuition and experience may indicate how to splitａ large-

scale design problem into ａ set of simple subsystem problems.　The

approach which completely neglects the couplings may result in unsatis-

factory system performance.　In this subsection, ａ compromise is

sought between calculational simplicity and performance degradation｡

　　　　Consider ａ weakly coupled linear system

ぺ゜A.(t)x.゛ｓ

　　N

j＝

?j

Zi

D(t)x 4‘B.(t)u.　　(i = l, 2, ..・，Ｎ)　(3.36)

subject to the index of performance (3.22)・

ified in Section 3.3.1 with the addition that

matrix continuous in　t.

A11 the quantities are spec-

D (t) is the　ni ）（nj“

　　　　The optimal feedback control for the overall problem is given by

Ｅｑ･（2.16).　Decomposing the feedback gain　Ｐ　of Ｅｑ･（2.16) into sub-

system gains　Ｐｉｉ and coupling gains Pij（i’ j °1, 2, ..・，Ｎ; i Zj），

we may write the optimal control as

u*(x^. ...,x t)゜“R71(t)B1(t)

where　Ｐ..

　　　　　　　1］

are the　ｎ.

　　　　　　　　　1

p.. = - p..A. -A!Ｐ‥
　11　　　　11　1　　　1　11

一巳

　
り
。

　
呻
　
孔
Ｎ
Σ
４

(i = 1, 2,　゜゜., N)

Ｘ n.-matrices satisfying the equations

　Ｎ
　Σ

£=i,iiA

(P
i£
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Pij ° ’ PijAj “ AIPij “
S（

-l･Σｐ

　£＝1
迂Ｅ£Ｐｎ

“ %

Ｎ　　　　　　　　　　　Ｎ
∃

zﾉ)il％≒＝Rzil)ｋりj)£＝1,哨

and the boundary conditions

P..(T)゜１゛i

＋

N

Σ

£＝1

PEP

Pij（Ｔ）゜o　（iZj）

　　　The matrix equations(3.38) represent ａ system of

nonlinear scalar equations, where

ｎ
　ｐ

△

－
|n(n
+ 1)

(iZj)

(3.38)

(3.39)

n -coupled
　ｐ

(3.40)

with　ｎ　defined in Ｅｑｓ・(3.24).　When　ｎ　is large, solving these

equations presents extensive difficulties.　　　　　　　　　　　　　丿

　　　　The problem considered here is to approximate the optimal feed-

back gain　p..　by ａ gain which is obtainable by much simpler calcula‘

tions. To establish such an approximation, note that the calculations

become simpler with　８ ＝O　a刄d that the solutions p (t)　of Eqs.

(3.38) and (3.39) are analytical in　ｓ　for all　t 6 ［T, T].　Therefore it

is　reasonable to expand Ｐｉｊ　inａ power series with respect to　Ｅ:

p..(t)゜
㈹
‥
1
3

％８
Ｗ
Ｓ

(i. j = 1. 2.　゜゜゜ｓ　Ｎ) (3.41)

Substituting Ｅｑｓ･(3.41) into (3.38) and equating the coefficients of the

　　　　　　　　　　　　　　　　　　80
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１

like powers of　Ｅ　separately yields ａ sequence of equations:

　　　岬)＝一岬)Ａ．－Ａ㎡?)→ｙ?)Ｅ．岬≫-Q,,

　　　　11　　　　　11　1　　　1　11　　　U　　1　11　　　1

　　べ7)(t)＝o　　　　　for t 【７，Tl　　(iメj)

　‾ij

p(2k-l)

こミ

(t)

が芦）

ず

＝０

-

-

-

＝０

p(2k‘1)S.

　1J　　　J

－StＰ(2k爽1)
　　i ij

for ｔ ６ [r, T】

p(2k)s_ _ s,p(2k)

Ｕ　　１　　１　１１

for

^p(k),
　　1J

4- H5?k‾1）
　　1J

＋H5?k)，
　　11

t [T, T]　　（iZj）

(k = 0, 1. 2, ...)

and the boundary conditions

(3.42)

(iメj)，

　　　(k = l, 2, ...)(3.43)

(k ゜１，２･, ...) (3.44)

(3.45)

　　　　　べ?）（Ｔ）゜Fi’　　Ｐt）（Ｔ）゜o　　(k = 1, 2, ..･）　　　(3.46)

Ｅｉ　are defined in Ｅｑｓ‘（3°30）;H17）皿d　Si　゛ｅ th e　lli X n.-皿d　ni

X n.-matrices, respectively, defined by

　　　回）（い
li ii
－％づ）･

H!2k+l)
　1J

(1)≒

N
['も]％'当i咄)‘゛“七)ｖ41)1

(い“ぐ％ij叫il)7)
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H5?k＋2）

　11

(t)仝

‘1‘

r=l

】

1 ij‘1)゛べ7k‾21゛4'1)EjP171')]

N
よI)ご゛1)I)

“jei £i

ｋ
Σ
ｒ＝１

Si(t)仝Ａi

‾1)Ｅ
£P
Iでk-2r-‘'3)1゛営Ply)Ｅ

ｉＰ
?k'21゛゛2)

　　　　　　　　　ｒ＝1

　　　　　　　　　　　　　(k = l, 2, ...)

Ｉω
い
‥
1
1

　
P
　
　
・
１

　
Ｅ

(3.47)

(3.48)

　　　㎜　　Thusthe zero-order terms PI?）.of the　series in Ｅｑｓ・(3.41)

are obtained by solving Eｑｓ･(3.42) separately for each　i, since they

are not coupled.　The first of Ｅｑｓ･(3.42) represents ａ system of n .

scalar equations, where

11pi仝

1

111（1114‘1） (3.49)

Provided that　nl゛ n2゛
’゚９　ｎＮ　are

all equal, the total number of sea-

lar equations in the first of Ｅｑｓ･(3.42) is approximately one by　Ｎ　of

tｈｅ皿mber of coupled scalar equations in Ｅqｓ･(3.38).　　This greatly

reduces computation. However, if　E　is not very small, the perform-

ance achieved by the zero-order series in Ｅｑｓ･(3.41) may be far from

optimum. The system may even be unstable.

　　　　　Addition of higher-order terms will improve performance, while

retaining the advantage of decoupled calculations. The procedure involves

obtaining　Ｐt）ｓｕｃｃｅｓｓiｖelｙfrom Ｅｑｓ･(3.43) and (3.44) with increasing

k. An examination of these equations shows that the homogeneous parts

of the equations are the same for all　k. Provided that n . n .゜’゛

"n　are equal, each of decoupled equations, Ｅｑｓ・(3.43), represents ａ
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　寸

・

system of approximately　2n /N^　linear scalar equations and each of　　　　　　　　　　　。　　　　　　ｐ

Eｑｓ°（3°44）I≒）/N2°It is recalled that　llp　is the number of coupled

nonlinear scalar equations in Ｅqｓ･(3.38)・

　　　　　When the problem is time-invariant, Q. > 0, F. = 0。and　T＝

00, p!?are the positive definite solutions ofltｈｅｎｏｎｌｌｉｎｅａｒalgebraic

ｅqｕａt

こ

ｎｓ，　Ｅqｓ・(3.42) withべ?）＝Ｏ； ＰＩ） for　ｋき1　are the solu-

tions of the linear・lgebraic equations, Eqs°(3.43)｡゜d（3‘44) with　ぺ7）

= 0. If all the subsystems are completely controllable, it is guaranteed

that there exist unique positive definite
岬）ａｎｄ，dｕｅ

to direct use of

Appendix I, exist unique
べ7）foｒ　kき111

　　　　　Theorems 2.6 and 2.7, which clarify the approximation property

of ａ suboptimal policy in terms of powers of　e, are valid for the pres-

ent linear problem. Theorem ２.7 for this problem is ａ particular

case of the theorem obtained by p. V. Kokotovic and J. B. Cruz, Jr.

【42】.　An explicit expression for the performance index resulting from ａ

suboptimal control is also possible as follows.　Let　％i（゛c’t）ｂｅ ｌ

suboptimal control such that

％i（゛’t）

where　Ｐ 。．
　　　　　　　sij

＝－R71(t)B1(t)

N
Σ

j＝1

Pｓij（t）゛j　　（i＝し2，‥・，Ｎ）　　(3.50)

are suboptimal feedback gains (3.41) truncated after ａ cer-

tain order in　･Ｅ.　The value of the performance　index　J＝Ｊｓ’14ｓ‘

(3.22), associated with the control of Ｅｑｓ･(3.50) may be written as

where

Jｓニ|x'(T)F刈Ｔ)゛1S

T

(゛'ＱＸ゙ u'Ru)dt °
1゛゛(T)V(T)X(T)

　　　　　　　　　　　　　７
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●●●

０
　
０

%

ｌ

(3.52)

and　ｖ　is an　ｎ ｘ n-symmetric positive semidefinite matrix satisfying

　　　　　　　　　　　　　　　Ｖ（Ｔ）＝Ｆ　　　　　　　　　　　　　　　(3.53)

　　　　Let us derive equations for the suboptimal performance matrix

ｖ.　Differentiation of Ｅｑ･(3.51) with respect to　７　and use of Ｅｑｓ・

(3.36) and (3.50) yields

- (3.54)

where　Ｐｓ is the overall feedback gain matrix composed of the subma-

trices　Ｐ‥　and　S　is the matrix defined by
　　　　　　sij　　　　　　Ｓ

Ｓ　仝Ａ－ＥＰ，
　Ｓ　　　　　　　　Ｓ

Ａ仝

　Ａ1　　８Ｄ12

^°21　　Ａ2

●●●

●●●

●●●●●●

EＤIＮ

８Ｄ2Ｎ

８ＤＮ１　^°N2　°゜゜　ＡＮ

Ｅ
１

０

Ｅ４

０

０
●●●

E2　゛゜゜

０

●●●●●●

Since Eq. (3.54) holds for arbitrary values of　ｘ，we have
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０

０

ＥＮ

(3.55)
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Ｖ＝－ＶＳ

　　　　　Ｓ
－ｓ゛V - Q - P EP
　　Ｓ　　　　　　　　Ｓ

(3.56)

Then the suboptimal performance matrix　ｖ　must satisfy Ｅｑ･(3.56)

with the boundary condition (3.53)・

　　　　For the time-invariant problem with　Ｑｉ＞o’Fi ° o’ 飢ｄ　Ｔ

00, we assume that the system resulting from ａ suboptimal feedback

gain　Ｐｓ　is stable, i.e.,　Ｓｓ

一

一

is ａ stable matrix. Then the matrix　ｖ

Is given by the solution of the linear algebraic equation

vs

　　Ｓ
十S- V = - Q - P EP

Ｓ　　Ｓ
(3.57)

Due to Appendix I, stableness of　Sｓ　leads to uniqueness of the solution

of Eq. (3°57）゜　If unfortunately　Sｓ　is ゛ｏt stable, Eq‘(3.57) tu°ｓ into

meaninglessness, because the value of the suboptimal performance grows

infinite.

3.3 ｡4　Examples

(a) Attitude Control Problem

　　　　Ａ physical problem is examined to illustrate the application of

the method above discussed. The following set of equations is ａ linear-

ized model of the two-axis attitude-control system of an orbiting space

body:＊

X1 ° X2゛

Ｘ２ ° ＳＸ４

X3 ゜X4゛

＋Ｕ

* See Ｅqｓ･(II. 9) in Appendix Ｈ
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X4 ° ‾ＥＸ２十Ｕ２

The physical meanings of　ｘi　9!id　ｕi　areexplained in Appendix ｎ’

The performance index is assumed to be

Ｊ＝

１

－
２
C)(が

　２

Ｘ２

　　２

十Ｘ3
十ｘl十ｕで＋ｕU)dt (3.59)

　　　　The parameter　E　is associated with the orbiting angular veloc-

ity.　When　e = 0, i.e., the satelliteis at rest, the system of Ｅｑｓ・

(3.58) is decoupled into two subsystems, each of them being ａ double

integral system and being completely controllable. The method for

weakly coupled linear systems can be applied then｡

　　　　We shall illustrate the calculation for ａ suboptimal control. For

the present problem, the value of various quantities in Ｅｑｓ・(3.22) and

(3.36) are specified by

N = 2,

Ai°

D12 弔

７°０，

ｉ

１０
１

Ri
゜１，

T＝（X），

10
1
1

D21ニ

Ｆ．＝０，

　１

13 　0

－1

(i = l. 2), (3.60)

Equations (3.42) for the solutions of the decoupled subsystems are re-

duced to

一球）
0
0

0
1

－11
0

0
0

－
卜?）

十Ｐ

10
1

1
0
1印

・
―

く
・
1

10
1

0
0
4
L
佃
‥
1
1

(i-1, 2) (3.61)

Equation (3.61) consists of three nonlinear scalar equations.　The posi-
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４

４

●

●

tive definite　solution of the equation is

剛
2
2

　
P

向
1
1

　
Ｐ

The equations to determine　Ｐ

両
1
2

　
Ｐ

　0

-1

　１

一万

＋

(1)

ij

r0

１

β

１

　１

β

are Ｅｑｓ･(3.43) with　k

１
　
β

一
　
　
　
’

山
一
1
2

　
Ｐ

The　solution of Ｅｑ･(3.63) is uniquely obtained:

PU?＝Pa）’＝矢|

and　球)，

　　　　　　1J

0

-1

１

０

form ａ suboptimal gain　Ｐ

３

β

０

Ｓ

β

３

-６

０

　０

一巳

　３

β

Ｓ
　
Ｏ

β

３

一
・
　
１
　
Ｓ

一

一
１

(3.62)

(3.63)

(3.64)

(3.65)

This is the first-order approximation of the optimal gain　Ｐ. The

zero-order approximation of　Ｐ’ＰｓO’iｓgiven by Ｅｑ°(3.65) with　巳゜

O.　P　is obtained from　１０　coupled nonlinear equations, Eqs・(3.38),

as

Ｐ＝

Pi

ｐ２

０

ｐ３

　p2

　p4

‾p3

　0

０

‾p3

　Pi

　ｐ
2

ｐ
３

０

p2

p4

(3.66)

87



where

and　p4

p1仝p2p4十epg.　　　p2 仝1(pl‾1)'　　　p3！

is the largest real root of the equation

　６

ｐ４ 十（ε

　
　
一

４
４
　
ｐ
　
Ｉ
　
９
一

　
　
一

２

(2８

2

(3 67）

(3.68)

　　　　　Now, using Ｅｑ･(3.57), we proceed to examine the performance

degradation resulting from suboptimal gains. We can readily see that

Sｓ　defined by Ｅｑｓ･(3.55) is stable for any　ｓ　both when　Ｐｓ ° ^sO

and when　Ｐｓ ニＰｓ1’　Itfollows that the value of the suboptimal per-

formance is finite in either case.　Thus the solutions　ｖ ＝ＶＯ　and　ｖ

°Ｖｌ　of Ｅｑ°（3°57)corresponding to　Ｐｓ ニ^sO　and　PE1 °Ｐｓ1’17e“

spectively, are uniquely given by

vi
-

-

一Ｖ

㈹
３

　
　
Ｉ
　
　
Ｉ
　
　
Ｉ

Ｏ
　
μ
３
ａ
ｌ
ａ
２

㈹
３

０

㈹
２

ぐ

(i = 0, 1)

where

V?))≒

Ｖ?)仝ﾒは(27↓9ε2＋S4)，Ｖ?)白石(18十£2)，

V7)仝ﾌli(9＋♂)Ｓ，Ｖ?)仝liF(6十S2)，
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ｄ仝９＋2Ｓ2

It is easily seen that the difference ∠IV　of　ｖｏ　and　ＶＩ:

　　　　　　　　　　　　　　　　　　　　　　　　∠IV仝VO‾Ｖ1 (3.71)

is positive definite for any　ｓ Z 0.　Therefore the first-order subopti-

mal gain is always better than the zero-order for any　ｓ: J　resulting

from the first-order gain is less than that from the zero-order gain for

arbitrary nonzero　巳.

　　　　　�Fig.3.2, the suboptimal performance matrices ｖｏ　and　ｖl

are compared with the optimal performance matrix　Ｐ　for various val-

ues of　ｓ　in　Oと‘e^ 2.　Observe that the values of the elements of

Vl　remain within 10（μ3of those of　p. The values of performance

achieved by using the various gains　ＰｓO゛Ｐｓ1 a゙nd　Ｐ　can be read out

of Fig.　3.2 for arbitrary initial conditions; for example, those for the

initial condition ゛1（O）゜X2(0)- 1　°d　X3(0)゜X (0)゜O　are given by

the sums of values read out of the figures (a), (b), and (d).　other nu-

merical examples are found in the references ［74, 75］.

(b) Orbit Transfer Problem

　　　　　Ａspace problem is adopted again.　The motion of ａ space vehi-

cle which transfers between two neighboring circular orbits is approxi-

mately described by the equations containing the　second-order nonlinear-

itｙ:＊

X1 ° X2゛

＊Ｓｅｅ Ｅｑｓ・(11.18) in Appendix II.
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i2･ ゜“ 2×4 ＋2SXIX3＋UI

X3 ° X4゛

ぺ2゛c2＋3゛3十巳（ぺ’2゛
χ
十ぺ) +u

X5

X6

゜X6゛

ニ‾X5＋2EX3×5十Ｕ３

The physical meanings of　ｘi and　ｕ．
　　　　　　１

(3.72)

are explained in Appendix II

The performance index is taken to be quadratic in accordance with con-

sideration of the minimum fuel transfer of ａ low-thrust power-limited

rocket:

Ｊ＝

　
２
ｙ
ｌ

６
Σ
に

∞
ぐ
０

球
り -l･

i
♂)at

　｡　　1
(3.73)

　　　　The system (3.72) with　Ｅ＝O　is decoupled into two linear sub-

systems: the systems in　ｘl　to　ｘ4　and in　ｘ5　and　ｘ6° Hence the

method of Section 3 ｡3 ｡ 2 for large-scale systems with nonlinear couplings

is　applicable　to　ll】qs.(3.72) with (3.73).　Due to the infinite control

duration, determination of ａ suboptimal control is reduced to computa-

tion of the constant matrices　POi　and the vector functions　pl） given

by Ｅｑｓ･(3.33) and (3.34), respectively.　Finally the suboptimal control

of the first-order is as follows:

where

Ｕ　．ニU
50）＋EU51）

　Ｓ1　　　1　　　　　1

(i = 1, 2, 3)

ll
?))仝
‾O°3200｀1　　‾1‘9697X2　　' 2.9960X

　　　　　　　　　　　　　　　　　　92

ｆ

(3.74)　　｀

“O°6732×4゛



JO).　0

°9474×1　‾0°6732x “
4’0119゛3　- 2.4244×4’

11
?）さO

゛4142゛5　“ 1゛3522｀6’

べjl｀）仝
‾O‘563h

?　
‘ 0.7243X X ‾2゛2322Xj^×3 “ O°3097゛clｘ4

‾O’1363X;　　-0.1511×2×3＋O°1413×2×4＋1’6626X;

+ 1.2042×3×4＋o°1773×1　　‾O°4285X　“ O°3314×5×6

－0.1084X

χ

，

(1)

さ爽1.1902X　　’ 0°3097×1×2＋1°1041×IX3＋o’7724×1×4

　十〇゛0706XU　　＋1°2042×2×3十〇゜3546×2×4＋3°0067×1

　十〇.9346×3×4爽O°0028×1　　爽O‘8079X
χ　　

゛ O°5849×5×6

－0.1619X

χ

(3.75)

　　　"' 4　0‘ 2257×1×5十〇.0791×IX6‾0’3314×2×- 0.2168×2×6

　　　　　　　-1.9368×3×5‘ 1.0710×3×6‾O 5゙849×4×5 ’o’3239×4×6

　　　　　Figure 3.3 illustrates examples of variation of　J　with　巳　ob-

tained by the zero- and first-order controls.

3.4　Problem of Linear Control Systems with Periodic Coefficients

3.4.1　Problem statement

　　　　　Ithas been mentioned in Section 2.4 that the optimal solution　ｕ

°ｕ＊　for the linear regulator problem is gener･ated by the linear feed-

back control of the form （2. 16).　The elements of the feedback gain ma-
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　慟

１

trix　P(t) are the solution of the matrix Riccati equation （2. 14), which

lies at the heart of the problem. If the system　is time-varying, the

closed form solution of　P(t) is impossible even when the control dura-

tion is sufficiently large.　In spite of apparent mathematical simplicity

of formulation, there may be ａ certain engineering shortcoming associ-

ated with the implementation of the time-vary ing feedback gains｡

　　　　This section deals with an approximate construction of the opti-

mal state regulator for ａ linear system with periodic coefficients. The

goal is to determine ａ linear feedback control which is relatively easy

to implement, with little performance degradation｡

　　　　Consider dynamical systems governed by the linear time-varying

equation

交＝［Ａ（O） ＋ｓＡ(1)(t)lｘ＋[Ｂ(O)＋巳Ｂ(1)(t)lｕ (3.76)

where

　　　ｘ:　n-statevector

　　　ｕ:　m-control vector

　　Ａ(O):　ｎｘ n-constant matrix

　　Ｂ(O):　ｎｘ m-constant matrix

Ａ(1)(tl):　ｎｘ n-matrix continuous and periodic in　t　with period　Ｌ

Ｂ(1)(t):　ｎｘ m-matrix continuous and periodic in　t　with period　L

　　　ｓ:　small scalar parameter

�the present discussion, the periodic terms of the system are taken to

be perturbations to the time-invariant system equation.

　　　The problem　is to findａ feedback control　u(x, t) for which the

quadratic index of performance

T→(X)

QＸ十u'Ru)dt

95
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IS minimized, where

　　　Ｑ:　ｎｘ n-positive definite constant matriχ

　　　Ｒ:　mｘ m-positive definite constant matrix

　　　　Itis assumed throughout this section that the imperturbed time-

invariant system, i.ｅ･, the system (3.76) with　e = 0, is completely

controllable.

3｡4.２　Construction of ａ Suboptimal Control and Related Characteristics

　　　　　Dueto the assumption of complete controllability,the optimal

feedback control for the unperturbed time-invariant system is given by

Ｅｑ･(2.20), that is,

where　Ｐ(O)

ｕ＊(ｘ)＝－Ｒ‾
１Ｂ(ｏ)゛Ｐ(ｏ)ｘ

(3.78)

is the　ｎｘ n-symmetric positive definite matrix uniquely

determined by the quadratic algebraic equation

with

-

P(O)Ａ(O)＿Ａ(O) P(o) ＋Ｐ(O)

E仝Ｂ(O)Ｒ“1B(O)i

　　　　　　Similarly, the optimal control

of Ｅｑ･(3.76) is given by Ｅｑ･（2. 16),

this section, we write

(3.79)

(3.80)

u*(x, t) for the periodic system

　By virtue of the nomenclature in

u＊(ｘ，t)＝－Ｒ'1【Ｂ(O )＋ｓＢ(1)(t)PP(t)ｘ

where　P(t) is the solution of the matrix Riccati equation

96
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11)＝－Ｐ[Ａ(O)＋ｓＡ(1)]－【Ａ(o)＋ｓＡ(1)]'Ｐ

＋Ｐ【Ｂ(o)＋ＥＢ(1)]Ｒ‾1【Ｂ(0)十巳Ｂ(1)】･P -Q

with the boundary condition

ｎｍＰ(Ｔ)＝０

Ｔ→(Ｘ)

(3.82)

(3.83)

Since the closed form solution of Eq. (3.82) is generally impossible to

obtain, we have to rely upon ａ numerical calculation. ０ｎthe other

hand, we might expect that, under appropriate conditions, the steady-

state solution of Ｅｑ･(3.82) as　t -●･－（x）be periodic and use of the

steady-state solution throughout the control be legitimate because of the

infinite control duration. Our primal aim is then to have approximately

the periodic solution in analytic form｡

　　　　For ａ sufficientlysmall value of　e, it is reasonable to assume

that the optimal feedback gain　P(t) given by Eq. (3.82) be analjrticin

Ｅ　for all　t6［７，Ｔ］.　Therefore we try to find a suboptimal gain in ａ

power-series form in　巳.　We develop the steady-state solution　P(t) of

Ｅｑ･(3.82) into ａ power series:

Ｐ（ｔ）＝Ｐ
堂
四

回 skP(k)(t) (3.84)

where　Ｐ（k）（t）（ｋ°1,2, ...),　symmetric, are　ｎ ｘ n-matrices to be

determined.　Substituting Eq. (3.84) into (3.82) and equating the coeffi-

cients of the like powers of　ｓ　separately yields ａ sequence of equa-

tions:

ｉ)(ｋ)＝－Ｐ(ｋ)Ｓ － Ｓ'Ｐ(ｋ)＋Ｈ(ｋ)(ｔ)

　　　　　　　　　　　　　　９７

(k = 1. 2, ..･) (3.85)



with the boundary conditions

H(k)

lim Ｐ(k)

Ｔ→(χ)

（Ｔ）＝０

and　S　are the　ｎ ｘ n-matrices defined by

H(1)(lj)公一Ｐ(O)Ａ(1)(t)－Ａ(1)4(t)Ｐ(o)

十Ｐ (O)【Ｂ(O)Ｒ爽1B(1)'(t)＋Ｂ(1)(t)Ｒ“1B(o)1]Ｐ(O)，

H(k)(t)４－Ｐ(k'1) (t)Ａ(1)(t)－Ａ(1) '(t)Ｐ(k‾1)(t)↓

y

Ｐ(i)(t)ＥＰ(k‘'>(.)

　　　　i＝1

゛

営

Ｐ(i)(t)【Ｂ(o)Ｒ‾1B(1)1(t)＋Ｂ(1)(t)Ｒ‾1B(O)']p(k-i“1)(t)

　i＝0

＋

k-2

Σ

i＝0

P(i)(t)Ｂ(1)(t)Ｒ‘1B(1)'(t)Ｐ(k'i“2)(t)

(k = 2, 3, ..･)

Ｓ４Ａ(０)－ＥＰ(ｏ)

(3.86)

(3.87)

(3.88)

The zero-order equation for p(0)　is identical with Ｅｑ･(3.79).　Sue-

cessive solutions of Ｅｑｓ･(3.85) with increasing　ｋ　may determine the

functions P (t).　Since Eqs・(3.85) are linear in Ｐ(k)，tｈｅｉｒsteady-

state　solutionsare uniquely determined under appropriate conditions.

The following theorem is established:

Theorem ３.3

　　　　If the unperturbed time-invariant system, i.ｅ･, the system (3.76)

with　e = 0, is completely controllable, the steady-state solution, as　t

-> - CO, of Ｅｑ･(3.85) is uniquely determined, and is continuous and

periodic with period　L.
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Proof

P(k)

P(1)

(t) = - e

(ｔ＋Ｌ)＝－ｅ

P(1)

's゛tこ【∫
y

ｅs'ξＨ(k)(ξ)ｅs4d4]ｅ'st

-S't
lim【

　　　　Ｔ→（χ）

Ｔ

t十Ｌ

(ｔ＋Ｌ)＝－ｅ

eS'(ξ“Ｌ)Ｈ(1)(ξ)eS(トＬ)dξle爽st

Ｔ
　
　
ｔ

ｒ
ａ
Ｊ

　
こ

　
Ｉ
Ｔ

99

eS'ξＨ(1) (と＋Ｌ)eSξdξ]ｅ‾St

(3.89)

　　　　　The theorem can readily be proved inductively.　From complete

controllability of the unperturbed system, all the eigenvalues of the ma-

trix　S　of Eｑ･(3.88) have negative real parts, as shown in Section 2.４

Therefore the　steady-state solution Ｐ(k)(t)，ａｓ　t-* - 00, of Ｅｑ･ (3.85)

for any　k き1　uniquely exists and is formally written as

First, since　Ｈ(1)　of Ｅｑｓ･(3.87) is continuous and periodic with period

L, the evaluation of the quantity Ｐ(1)(t十L) shows that Ｐ(1)(t)iｓ

continuous and periodic with period　L.＊　Second, assume that the

steady-state solutions Ｐ(k)(t)　with　k = 1, 2, ..., £　are all continu-

ous and periodic.　Then it is readily observed that Ｈ(£＋1)(t)iｓ contin-

uous and periodic and consequently the steady-state solution Ｐ(£＋1)(t)

is continuous and periodic.　　　　　　　　　　　　　　　　　　　　　　　　　.

　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　Q.E.D.

　　　　　　Byusing these　solutions Ｐ(k)(t)，ｗｅmay write the optimal feed-

back control　ｕ＊(ｘ，t)　as

* We may write

An appropriate variable transformation in the integral yields

Since　Ｈ(1)　is periodic with period　L, we have Ｐ(1)(t＋Ｌ)＝Ｐ(1)(t)



u＊（ｘ，t）＝－Ｋ
ｉ
四

回 skK(k)(t)ｘ (3.90)

where　K , constant, and　Ｋ(k)(t)(k＝1，2，‥・), periodic in t　with

period　L, are given by, respectively,

K(O)仝Ｒ'1B(o)

K(k)
(t)仝Ｒ‾1【Ｂ(o)

P(O)，

･Ｐ(k) (t)＋Ｂ(1)' (t)Ｐ(k“1)(t)1 (k＝1，2，‥･)

(3.91)

　　　　The linear periodic version of Theorem ２.５in Chapter 2 is

readily obtained as follows:

Theorem ３.4

　　　　　　■　Ｐrovided that Ｂ（1）＝0.　1f　H（1）defined in Eqs・(3.87) satis-

fies　Ｈ（1）（t）＝O　for any　t, the constant feedback gain

Ｐ＝Ｐ(ｏ)

is the exactly optimal one; if

back gain

is exactly optimal.

(3.92)

H(2)(t)＝O　holds for any　t， the feed-

P(t)＝Ｐ(O) 十eP
(1)(t) (3.93)

3.4.3　Systems with Periodic Coefficients of Finite Fourier Series

　　　　　Inthis subsection we consider ａ particular system governed by

an equation whose periodic coefficients consist of finite numbers of fre-

quency component s, i.e., the system described by
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古

●

　　i＝【Ａ(0)＋ｓＡ(1)(t)]ｘ＋Ｂ(o)ｕ，

Ａ(1)(t)ニ

jk

(Ａｃ£ｃｏｓ2£゜Jt゛
sje
sin 2jea;t)

(3.94)

where　Ａｃｉ　and　Ａｓl are　ｎｘ n-constant matrices and　ω　is a posi-

tive constant.　The index of performance is that given by Ｅｑ･(3.77).

For this problem, the Riccati equation can be　solved by an algebraic

procedure as shown below｡

　　　　　Followingthe procedure of Section 3.4.2, we obtain, for the sys-

tern (3.94), the optimal feedback control

ｕ＊(ｘ，ｔ)＝－Ｒ‾１Ｂ(Ｏ)'[Ｐ(ｏ)＋
£
い
skP(k)(t)]ｘ

(3.95)

where　Ｐ（k）（t）　arethe periodic solutions of Eqs. (3.85) to (3.87) with

B（1）＝0.　The functions Ｈ（k）（t）　definedby Ｅｑｓ･(3.87) can now be

written as

H(k)(t)＝
昆

IH

t)ｃｏｓ

2lla)t十sH 211u)t】，

　喘＝，

where 一心）

(k=l, 2, ..・) (3.96)

are the　ｎ ｘ n-constant matrices.　As ａ conse-

quence the periodic solutions are given by

P(ｋ) (t)
一

一

where　Ｐ(k)

　　　　　　　Ｃ£

kN

Σ

£＝0

[PI]COS 2£ωt＋P2ｓin 2£ωt]

一略）

(k = l, 2, ..･）　(3.97)

are the　ｎ ｘ n-constant matrices satisfying the
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equation

ＰﾂS＋S'PI)

Ｐ詣)S十S･PI)

+2£ωPI）

－2£ωＰ

＿（k）

‾ＨＣ£

㈲
Ｍ

㈲
ｄ

(£ =0, 1, 2,　゜・・, kN; ｋ = 1, 2, ..･) (3.98)

Equations (3.98) result from substitutingＥｑｓ･(3.96)飢d (3.97) into

(3.85) and equating the coefficients of the like components of frequency

separately･　‘

　　　　　Thussolving the linear algebraic equations (3.98) with increasing

k　determines Ｐ（k）（t）.　Dueto Appendix ｌ concerning the Kronecker

product and sum, for fixed values of　k　and　£, Eqs・(3.98) are re-

written into the vector-matrix form:

where　l(
♂)

S' e S’

５　
伍
　
　
Ｉ

　
　
ω

　
　
雅

2匈I(
♂)

Ｓ’ｅ Ｓ゛

Pc

Ps

　
Ｃ
　
　
Ｓ

ｈ
　
　
ｈ

－

is the ｎ２ｘ n2゛identitｙmatrix; Pc
Ps

(3.99)

the　n -vectors of which the　q-th components are the (i, j)-elements

of the matrices　Ｐ次)， PI)，HI)，ａｎｄ　Ｈ詣)，ｒｅｓi)ｅｃtiｖelｙ，ｑ　being　ｎ(i

-1) + j.　Since the constant matrix　S　is stable, so is the Kronecker

sum of　S' S' c S≒　Then it can be readily verified that, for any　£

and　c∂, the　２ｎ２ × 2n2－ｃｏｅｆｆｉｃｉｅｎtｍａtｒiｘin Ｅｑ･ (3.99) is nonsingular. *

Hence Ｅｑ･(3.99), namely Ｅqｓ･(3.98), are uniquely solvable｡

　　　　In the above discussion, the matrix B is assumed identically

zero, for simplicity.　When this is not the case, the procedure in this

subsection, however, is also applicable.
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3｡4.４　Performance Degradation Analysis

　　　　Similarly to the statements in Chapter 2, for ａ sufficiently

small value of　ｓ，the infinite power series of Ｅｑ･ (3.84) is convergent

to the optimal solution. However, impossibility of the infinite calculation

forces us truncation of the series, yielding a suboptimal control. In

this subsection the linear periodic versions of the performance evalua-

tion theorems in Section 2.12 are summarized.

　　　　Let　ｕ＝11ｓ（゛c’t) be ｌ suboptimal feedback control of the power‘

series form:

％(゛c't)゜‘Ｒ‘1B(o)゛Ｐ(O) χ一 ‰ぐｋ
８
ｉ
匹

(3.100)

where　Ｋ?)(t)　are those given by Ｅｑｓ･(3.91)up to ａ certain order of

ｋ The value of the performance index　Ｊ ＝Ｊ
　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　Ｓ

resulting from the

feedback control of Ｅｑ･（3. 100) would be written as

１
一
２

　
＝

　
　
　
Ｓ

　
Ｊ

　lim

T→(χ)

T

　(x'Qx + u' Ru )dt ° μ[刈７]'７1

７

We develop　4　into the power series in　ｓ

(3.101)

　　　* When　£ = 0, the statement is clearly true. When　£＞0，it is

sufficientto show that the determinant

　
Ｍ
t
-
4

ド　
　
ｄ

I(k)

　Ｍ

＝det Ｍ･det(Ｍ＋Ｍ'1)

is nonzero, M　being a　k ｘ k-stable matrix.

we can　readily see that the matrix　Ｍ 十Ｍ“１
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is stable also.



^[X(T), T]＝!ｘ'(７)Ｐ(O)ｘ(７)＋iEkβ(k)【ｘ(７)，71

　　　　　2　　　　　　　　　k＝1

(3.102)

where the matrix p(0)　is the positive definite solution of Eq. (3.79)

Evidently　β（k）（o’７）゜O　because　llｓ（O’t）゜O°　Then the following

theorems　are the linear periodic versions of Theorems 2.6 and 2j7:

Theorem i!･旦

　　If　u (x, t) is the optimal one, that is, if for all　ｋ ！ 1，

K::(t) are those given by Ｅｑｓ･(3.91), then　Jｓ ゛ J＊

where　Ｐ(k)

J＊

Theorem 3.6

一

一

|x'(T)P (O)ｘ(７)＋1JIEkｘ゛(７)Ｐ(k)

are the solutions of Eqs. (3.85)

(T)X(T)

is given by

(3.103)

If　u (x, t) is optimal up to the order　£　in　ｓ　and truncated

after that, that is, if　K｀‘｀j　is given by Ｅｑｓ･(3.91) for -k = 1. 2, ..・

£　飢ｄ　Ｋ?） ゜O　for ｅ゛:ry　kl£十1, then　Ｊｓ＼　is equal to　J＊　up

to the order　2£，十　１　in　e, i.e.,

β(k) ＝
1ｘ'(７)Ｐ(k)

(T)X(T) (k = 1, 2, 2je + 1) (3.104)

゛d the (21‘l'2)-th term 111the ｅ｀p°sion of　Jｓ' φ(21゛2)'ｓ‘itisfies

　泌ゴ

＋ｘ'Ｓ'

泌ゴ
エ

＝1ｘ･{i(2μ 2)十Ｐ(2£゛2)S＋SIP(2ド2)
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Ｊ

１

[Ｐ(ト1)･Ｂ(O) ＋Ｐ(£)Ｂ(１)
】Ｒ'1[Ｂ(o)゛Ｐ(£゛1)＋Ｂ(1)'Ｐ(£)4ｘ　　(3.

105)

　　　　The above theorems are proved, by using induction, in much the

same way as in Section 2.12. Theorem ３.6 is ａ particular case of the

theorem obtained by Ｐ. Ｖ. Kokotovic and J. Ｂ. Cruz, Jr. 【421｡

　　　　Theorems 3.5 and 3. 6 clarify the approximation property of the

suboptimal policy in terms of powers of ｓ.　An expression for the per-

formance degradation, on behalf of ａ suboptimal performance matrix as

obtained in Section 3.3.3, is now derived as follows.　Let　゛,(x. t)　be

ａ suboptimal control such that

(3.106)

The value of the performance index　J ＝J　associated with the control
　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　ｓ

of Ｅｑ･(3.106) is written as

T→(X)

+ u' Ru )dt °
|x'
(T)P(T)X(T) +

|x'
(T)D(T)X(T) (3°107)

where　Ｐ　is the exact solution of Ｅｑ･(3.82) and　Ｄ　is an　n X n-

symmetric positive semidefinite matrix satisfying

lim Ｄ(Ｔ)＝０

Ｔ４(χ)

(3.108)

That is to say, the first term on the right side of Eq. (3.107) is the opti-

mal value of　J; while the second term represents the degradation of　Ｊ

due to the approximation. Let us derive an equation which the degrada-

tion matrix　Ｄ　satisfies.　Differentiation of Eq. （3.107) with respect to

７　and use of Eqs. (3.76) and (3.106) leads to
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　　　　'

ト'(Ｑ
゛Ｋ;ＲＫｓ)゛゜ｼc'[]:> + DリＰ｀l“Ｄ)Sｓ ゛ S' (P + D)]゛　　　(3.109)

where　Ｓｓ is the matrix defined by

Sｓ(t)仝Ａ(t)'Ｂ(t)Ｋｓ(t)'

　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　(3● 110)

　　　　　　　Ａ(t)４Ａ(O)＋ＥＡ(1)(t)，　　　Ｂ(t)４Ｂ(O)＋８Ｂ(1)(t)

Since Ｅｑ･(3.109) holds for arbitrary values of　X, we have, upon use

of Eq. (3.82),

‾１Ｂ'Ｐ｀Ｋ
ｓ)'Ｒ(Ｒ“

１Ｂ'Ｐ‾Ｋ

ｓ) (3.111)　　・

3｡4.5　Eχamples

(a) Orbit Transfer Problem

　　　　　Ａ physical problem is examined to illustrate the application of

the present method.　Suboptimal controls are compared with the optimal

one.

　　　　　The motion of ａ space vehicle which transfers between two neigh-

boring low-eccentricity elliptic orbits is approximately described bｙ＊

　　　X1ニX2゛

　　　交2°‾2゛4 + e(cos t°゛c1＋2 sin t'゛3 ‾４ COS t°゛c4)゛111'　　　　　　　(3.

112)

　　　●　　　X3 °X4゛

文４ニ2Ｘ
2
+ 3x + e(- 2 sin t.x^ ＋４ COS t°゛2＋10 COS t'゛3)＋112

＊Ｓｅｅ Eqs. (II. 16) and (II. 17) in Appendix II.
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ｉ

and

X5 ゜Ｘ６

Ｘ６°’Ｘ５ －３８ COS t X5十Ｕ3

(3. 113)

The physical meanings of the quantities ｘi　and　ｕi　are explained in

Appendix II. The parameter　e, appearing in the periodic terms. rep-

resents the eccentricity of the initial vehicle orbit. That is to say,

periodic variation in the orbital velocity along the ellipticorbit produces

those periodic terms. When　e = 0, the system is completely control-

lable. Hence the method of the foregoing subsections is applicable to

the present problem.　The system of Ｅｑｓ･(3.112), the in-plane motion,

is independent of the system of Ｅｑｓ･(3.113),万theout-of一犬planemotion･

Accordingly we discuss the two motions separately｡

　　　　First, the system of Ｅｑｓ･(3.113)is treated and the calculation

for ａ suboptimal control is illustrated. For ａ more general investiga-

tion, we introduce ａ variable frequency parameter　ω　to consider the

system

Ｚ１°Ｚ ２゛

Z2°゛Ｚ1 - 'e cos 2wt-z

(3.114)

＋Ｖ

where　ｖ　is the control variable.　Equations (3.114) free of the control

are the familiar equations of Mathieu type［31, p. 861.　The perform-

ance　index is taken to be quadratic:

Ｊ＝
１

－
２

２ 　　２

十Ｚ2
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ａ
２
Ｉ
　
Ｖ
　
＋ (3. 115)



　　　　The zero-order solution of the Riccati equation is calculated from

Ｅｑ･(3.79):

P（o）＝

J‾こ‾Ξ

β－１

万一1

/2/2 - 1

(3. 116)

The first-order coefficient　inthe power series (3.84), P' ', may be

written as

where　ｃ．
　　　　　　１

P(1)（t）＝

and　ｓ．

　　　　　　１

cl　c3

COS 2(Jt十　lｓl　ｓ3

Ｃ3　Ｃ2　　　　　　　　　Ｓ3　Ｓ2

sin 2(Jt (3. 117)

are constants to be determined. Substituting Eｑ･

（3. 117) into (3.85) with　k = 1, using Ｅｑ･（3.116), and equating the

coefficients of　COS 26)t　and　sin 24》t　in both sides separately yields

the six simultaneous linear algebraic equations for　ci

solution of the equations is

and　ｓ．
　　　　１

c1ニか/ロΞ‾二‾iフト2βｊ
‘ 3(2一河)ｊ゛3(2 －

/i)]･

c２ニシ/？ｒこて［2j爽（2゛/2)a;^ - (2 - /2)］･

c3ニ1【’
ｙ
“（7‾β）ｊ‾（5/i ’ 6）］’

S1
一

一

Ｓ２ニ

Ｓ３ °

^[4(/2
－ 1)ｊ－(8淳一9)ｊ－(11 － 4/2)]ω，

か(4/i
－ 1)ｊ－(4万一5)]･・J，　尚

か/2/2二百【2j＋3(β－1)ｊ－3(/i－1)]ω，

d！4j－(5－2/Ξ)ｊ＋(9－2/Ξ)ｊ＋2(2/Ξ－1)
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Then the first-order approximate solution of the Riccati equation (3.82)

is

P3(t)゜Ｐ(O)゛ΞＰ(1)(t) (3.119)

Using the elements of the above matrix ^s'　we have the suboptimal

control

゛ｓ°‘Ｐ３(ｔ)゛１．‘ Ｐ２(ｔ)２２'

P
I

Ｐ
3

P
3

Ｐ
2

- p
　　Ｓ

(3.120)

　　　　Figure 3.4 shows, for　ｇニ1　and　cj ° 0.5, the approximate

solutions of Ｅｑ･（3.119) with (3 ｡116) and (3.117) as well as the exact

solution.　The exact solution is obtained by ａ numerical integration of

Ｅｑ･(3.82) using a digital computer.　Figures 3.5 and 3.6 show exam-

pies of variation of　J　with the perturbation parameter　g　and with the

initialtime　7’，respectively, for various approximations of the control.

These figures are obtained, based upon the discussion from Eq. (3.106)

to (3. 111).　The stabilizationproperty of the controllers is illustrated in

Fig. 3. 7.＊　The solid and the chain lines 命ｏｗthe stabilityboundaries

of the system with the first-order and the zero-order controls, respec-

tively, on the (1/ω, e) plane.　The stabilityboundary of the system

without control is also shown dotted.　We see that the first-order ａｐ“

proximation improves significantlythe stabilizabilityof the control｡

　　　　Secondly, the system of Ｅｑｓ･（3.112) is considered.　The per-

for mane e index is assumed to be

　　* Floquet's theory［31. p.　83］is used for the stabilityinvestigation,

because the system considered Is linear and periodic.
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:Ｐ(O)゛igP(1)(t)　－'－:Ｐ(O)　－一一:exact P(t)

り

６

５

４

４

Fig. 3.4. Approχimate and exact solutions of the Riccati

　　　　　　equation for the problem (3. 114) and (3.115)・

一
一

　　　　　　　　　Ｏ　　　　。　１　　　　　　２

　　　　　　　　　　　　　　　ε→

Ｊ by ＰｓニＰ（O）゛1’irＰ（1）　‾爽‾:JbｙＰｓ°Ｐ（0）‘“’‘‾:J＊

　　Fig. 3.5.　Variation of Ｊ of Eq. (3.115) with E｡
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ｉ
ｎ

４
１
１
Ｑ

　
　
　
　
　
　
～

１
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　　7「

→

27「

：JbyP　＝Ｐ(Ｏ)

　　　　Ｓ

３

－一一一一:　J＊

-一一一一:　with ｖ ＝0

Fig. 3. 6， Variation of Ｊ of Ｅｑ･（3. 115) with ７.

　　　　　2
1如一

：with Ｐ　＝Ｐ(Ｏ)

　　　Ｓ

:　with Ｐ　＝Ｐ(O)＋irＰ(1)

　　　　　Ｓ

Fig. 3. 7.　stability chart for Ｅｑｓ･（3. 114) with the controls of various

　　　　　　　approximations.
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Ｊ＝
１
－
２

(X)

７

　　２

十Ｘ2

　　２

十Ｘ3

　　２

十Ｘ４ 十ｕ?＋ｕ:)dt (3.121)

After ａ modest amount of algebraic calculation, we have the approximate

solution of the Riccati equation and the associated suboptimal controls:

where

ｕ　(0)
　Ｓ１　　　１

十Ｅｕ
!1）

　　1
(i＝1，2)

ｕ?）４‘0° 3200X “ 1’9697X “ 2’9960゛3 ‾ 0°6732x^,

u
g))！　0.9474X

- 0.6732×2 ' 410119゛3 ' 2.4244X ,

u- ！ （1‘3196°c1 ’ 1’2962x- ‾9°3930x - 1.3114X )cos t

　　　+ (0.5722X 4“1°120k2 ＋3゛ 244 2x ゛ O
°
7430x )sin t’

(3.122)

(3.123)

　　　"' ！ （1°5454°c1’Ｌ 3114X2 ’6.7712X ‾O°229lx)COS t

　　　　　　　゛（1°657:bc1゛o°7430x ゛1’9562゛3゙ O°0349x )sin t

　　　　�Figs. 3.8 and 3.9, examples of variations of　J　with　ｓ　and

with　７９　respectively,are shown for various approximations of the con-

trol.　other numerical examples for this problem are found in the ref-

erences [69, 72, 73].

(b) Attitude Control Problem

　　　　　Thefollowing set of equations is a linearized model of the two-

axis attitude‘controlsystem of ａ space body whose orbit is ａ low-

eccentricity ellipsis:＊
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Fig. 3. 8.　Variation of Ｊ of Ｅｑ･ (3.121) with ｓ.

30

　
０
　
(
Ｍ

↑

ｒ

10

:　J by ^si

　　　　7「

Ｔ→

＋ｓｕ51）

　　1

ゆ
・

27『

J by %i °ｕ10 一一一一一 J＊

Fig. 3, 9 ， Variation of Ｊ of Ｅq･ （3. 121) with ７
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・

φ

X1

X2

X3

X4

一

一

一

一

-
-

一

一

X2゛

ＣＸ４

Ｘ４

+６ COS ｃt゛ｘ4＋ｕ1゛

ＣＸ２

The physical meanings of　χ

- e cos ct

ｉ

and　ｕ．

　　　　　　１

（3. 124)　　’

IX2十Ｕ２

are explained in Appendix II.

The parameters　ｃ　and　Ｅ　are associated with the mean angular ve-

locity and the eccentricity of the orbit, respectively.　The performance

index of Ｅｑ･(3.121) is used･

　　　　　When　ｃニ1, the suboptimal periodic control of the first order

is given by

where

ぐ）

ぐ）

ぐ）

Ａ

－

△

－

u　.＝jO）

　ｓ1　　　1
十Ｅｕ51）
　　1

(i＝1，2)

- 0.8546×1　- 1.6460×2十〇゜5192×3

0.5192×1 - 0.854､6×3 ‘　1° 6460×4゛

仝　（　0.3311>‘:1十〇.1714χ2 ゛ O°2785｀3）ｃｏｓt

　+ (- 0°0757X - 0°0981x - 0.1541X )sin t’

仝　(- 0.2785X ゛ O°3311x十〇.1714χ)cos t

十（　O°154:ｂｃ１ ’ 0.0757X - 0.098:LX4）ｓill t

＊Ｓｅｅ Ｅqｓ・(II. 7) in Appendix II.
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　　　　Figures 3. 10 and 3. 11 show ｅχamples of variations of　Ｊ　with

ｓ　and with　T, respectively, for various approximations of the control.

3｡5　other Problems of Nonlinear Control Systems

　　　　We may remain some of important classes of nonlinear control

problems unconsidered; for instance, the problem with ａ nonlinear output

equation, the problem with ａ nonquadratic performance indeχ， the prob-

lem with combination of some problems treated so far, and so on.

　　　　In Chapter 2， the output of the system has been assumed linear

in state　X, as given by Ｅｑ･(2.3).　However, an output nonlinear in　χ:

y = C(t)x + eg(x, t) (3.127)

may represent ａ reasonable mathematical translation of physical models.

　　　　Inａ special problem, it may be desirable to minimize the non-

quadratic performance index such as

Ｊ＝
1ｙ'(Ｔ)Ｆｙ(Ｔ)＋μ[ｙ(Ｔ)]＋

Ｔ
　
　
ｂ
-

鼻
Ｌ
Ｉ
Ｉ
ｆ

　
ｌ
一
２ [ｙ'Ｑ(t)ｙ＋2φ(ｙ，t)＋ｕ'Ｒ(t)ｕ】dt　(3.128)

rather than the quadratic one, where　^(y) and　0(y, t) are scalar

functions nonnegative for arbitrary values of their arguments.

　　　　The solutions for these two classes of problems are summarized

in Appendices m and IV.

3.６　Concluding Remarks

　　　　Several straightforward applications of the method developed in

Chapter ２ have been discussed.　Section 3 ｡2 has dealt with the problem

of systems linear in the control, but containing product terms of the
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state and control.　Although these product terms are contained in the

system equation, the method of Chapter 2 still works effectively. In

fact, these terms lead to additional terms in the recurrence equations,

but no substantial change occurs in solving the equations.　The calcula-

tion of ａ suboptimal control proceeds in much the same way as in Chap-

ter　2｡

　　　　　As shown in Section 3.3, an application to ａ composite system,

whether it is linear or nonlinear, is also straightforward ･ �ａ particu-

lar problem with linear couplings, the method of Chapter ２ has enlarged

the　range of applications.　The first step of the　solution involves the

solution of lower-order Riccati equation of each subsystem. In the sub-

sequent　steps one has only to solve linear equations.　This fact much

relaxes the complexity of computation.　The various theorems in Chap-

ter 2 apply to the composite problem.　Especially, the complete con-

trollability of all the subsystems is sufficient to guarantee the luiique-

ness of an improved solution｡

　　　　　The method for weakly coupled linear systems is applicable to

any problem for which solution of ａ matrix Riccati type of equation is

required; for instance, linear filtering problems with the Riccati equa-

tion for ａ covariance of estimation error［381, linear distributed control

problems with the Riccati equation for an operator ［291, and so on.　An

important problem remaining unconsidered for ａ large-scale system is

how to decompose the system into subsystems ［87］.　Ａ certain decompo-

sition will result in less value of performance than others. Hence, it

is significant to choose carefully the suitable scheme of decomposition

before proceeding to the present method.　　Another problem of ａ large-

scale system is the problem in which vanishing of ａ small parameter

yields reducing the system order. This kind of problem has been dis-

cussed by Ｐ.　Ｖ.　Kokotovic, P.　Sannuti, and Ｒ.　Ａ.　Yackel［44, 45] and
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M. Aoki ［2］with use of ａ singular perturbation technique and an aggre-

gation technique, respectively｡

　　　　The subject of Section 3.４has been about an approximate con-

struction of the optimal feedback control for ａlinear system with peri-

odic coefficients.　The procedure is based on ａ power-series expansion　　　’

１ｎａ small parameter. When the control duration is sufficientlylarge,

the solution of the Riccati equation is reduced to solving ａ nonlinear

algebraic equation and obtaining steady-state solutions of ａ sequence of

linear time-invariant differentialequations. It has been shown that, if

the unperturbed system is completely controllable, the steady-state solu-

tions for those linear differential equations exist and are periodic. K,

in particular, the periodic coefficientsin the system equation are given

in finite Fourier series, the steady-state solutions are obtained merely

by solving linear algebraic equations. An approximation property of the

suboptimal policy is clarified and the performance degradation suffered

by the approximation is estimated｡

　　　　For several control problems of ａ space-vehicle motion, the sub-

optimal controls of the various orders have been calculated by the pres-

ent procedure.　In the illustrations, the values of the performance index

resulting from these controls have been compared for variation of the

value of the small parameter　e. The approximate controls afford good

results even for moderately large　ｓ，and we have observed the effec-

tiveness of the proposed methods.
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　　　　　　　　　　　　　　　CHAPTER ４

SUBOPTIMAL CONTROL OF NONLINEAR NOISY SYSTEMS

4.1　Introduction

　　　　　Havingstudied deterministic optimal control in the foregoing

chapters, we will now proceed to consideration of stochastic optimal

control. In particular, we will consider the synthesis of feedback con-

trol which is optimal in the sense of ensemble average under the pres-

ence of random disturbances.

　　　　　Werestrict our attention to systems with Gaussian noise.　We do

this for the reasons that many technically important systems can be

adequately represented by models disturbed by Gaussian noise and that

the theory for systems with Gaussian noise can readily be applied In

practical design problems.

　　　　　Theproblem to be considered is that of designing the optimal

control for ａ nonlinear system disturbed by Gaussian white noise, where

the performance index is quadratic.　Ａ perfect observation of the state

of the　system is assumed.　Ａ feedback control　system makes ａ great

feature that, even if the system is designed with neglect of noises, the

system well responds to the disturbances.　However, provided that sta-

tistical characteristics of noises are known in advance, we may expect

to obtain ａ better control by taking the characteristics into account.

　　　　　Ｊ.J. Florentin［24］has originally investigated such ａ class of

problem and obtained the closed form solution to a linear case. Subse-

quently many researchers have participated in ａ variety of stochastic

optimal control problems.　Ｈ.　J.　Kushner ［49］has surveyed their works.

By similar reasoning to ａ deterministic case, very few nonlinear noisy

problems have been solved analytically so far.　In this chapter the
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small parameter method developed in Chapter 2 is applied to the prob-

lem [701.　This is an extension of the work tried by Ｙ. Sawaragi and Ｔ，

０ｎｏ［88］onａ special problem of one-dimensional d3Tiamics｡

　　　　゛lnthe next section the problem is stated, and related prelim ina-

ries are　annexed on stochastic processes.　Section 4.3 derives the par-

tial differential equation satisfied by the optimal performance index, and

in succession Section 4.4 summarizes the solution to ａ linear case.

For ａ nonlinear case, due to an additional term associated with the

noise, the equation is even harder to solve than that in ａ deterministic

case.　Section 4.5 attempts to obtain the solution in ａ power-series

form with respect to ａ small parameter　e. The procedure is based on

the idea for deterministic problems developed in Chapter 2. What dif-

fers from ａ deterministic case is pointed out. The control system with

the noise of nonzero mean is discussed in Section 4.6｡

　　　　Section 4.7 presents an alternative method to obtain ａ suboptimal

feedback control of the same noisy system, where the exact determina-

tion of the optimal control is possible for the corresponding determinis-

tic system. It is assumed that the deterministic control is given by the

form of finite series in　ｓ　as in Theorem ２.５of Chapter 2，and that

the noise variance is adequately small. Thus, the solution is obtained

in ａ power-series form with respect to the variance. In order to make

comparison of the solutions by the methods of Sections 4.５ and 4.7, a

one-dimensional problem is minutely examined in Section ４.8.

4.2　Problem statement and Preliminaries

mode1:

Let the control system be represented by the following nonlinear

文＝Ａ(t)ｘ＋ｓf(ｘ，t)＋Ｂ(t)ｕ＋Ｃ(t)ｗ(t)
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where

　　　ｘ: n-state vector

　　　ｕ:　m-control vector

f(x, t):　n-vector function anal3^ic in ｘ　and conti皿ous in　t　satisfying

　　　　　f(0，t)＝O　for any　t

　w(t):　s-noise vector

　Ａ(t):　ｎｘ n-matrix continuous in　t

　B(t):　ｎｘ m-matrix conti皿ous in　ｔ

　C(t)：　ｎｘ s-matrix continuous in　ｔ

　　　巳:　small scalar parameter

The random disturbance　w(t) is assumed to be of the white Gaussian

type.　Physically the whiteness may be interpreted to be with very large

covariance皿d very short correlation time relative to characteristic

times of the system.

　　　　The resemblance of Ｅｑ･(4.1) to an ordinary differentialequation

is misleading, because　ｗ　Is not a function. To eliminate this confus-

ing property, we usually write Eq. (4.1) in the form*

dx = A(t)xdt + ef(x, t)dt + B(t)udt + C(t)dz (4.2)

where　ｚ　is ａ Wiener process or classicallyａ Brownian motion pro-

cess.**　Let

6z(t) ^ z(t + 6t) - z(t) (4.3)

　　　＊A precise interpretation of Eq. (4.2) is given in any standard

textbooks on stochastic processes［ｅ･g･, 17, p.　2731.　　Equation (4.2) is

also written as an integral equation by use of the so-called stochastic

integral.

　　　＊＊Ｔｈｅrepresentation　dz　is, formally, regarded as　w(t)dt.　As

for some relations between ａ ｗｈ比ｅGaussian noise and ａ Wiener pro-

cess, see the reference [36, p.　851｡
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with an infinitesimal time increment　6t. The quantity　6ｚ　is assumed

to have the following statisticalmoments:

　　£[6z(t)]＝0，

£[6z(t)6z'(t)]= o-6t

(4.4)

where a, symmetric positive definite, is an　ｓｘ s-covariance matrix

and　Ｅ　is the ｅχpectationoperator. Higher moments are of the order

higher than　６t，under the assumption of Gaussianess of　z(t)･

　　　　Let the performance index for the system (4.2) be the ensemble

average of ａ quadratic form like the one considered in Chapter 2:

J(X, T)･＝と{1ｘ'(Ｔ)ＦＸ(Ｔ)＋1

S7
【x'Q(t)x +･ u'R(t)u]dt} (4.5)

where

　　　Ｆ:　ｎｘ n-positive semidefinite matrix

　Q(t):　ｎｘ n-positive semidefinite matrix continuous in　t

　R(t):　ｍ ｘin-positive definite matrix continuous in　t

Clearly, we wish to determine the control　ｕ　to minimize this average

value.

4｡３　Necessary Condition for the Optimality

　　　　Let　β(x, t) be the optimal value of　J　starting from the state

ｘ　at time　t:

β(ｘ，t)さｍｉｎ J(x, t)

　　　　　Ｕ

(4.6)

ｆ

・

　●

Assume that　β　isdifferentiablewith respect to t　and twice differen-
・

tiablewith respect to　ｘ.　Now, with use of the principleof optimality
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･

and with the added complication of including second-order terms in the

Taylor series expansion, it is　straightforward to show that

μ(ｘ，t)＝minE{β(ｘ，t)＋登6t＋(1と)

　　　　　　　　　　　　。み6．

゛[(Ax + ef + Bu)6t + C6z]

where　£　represents the ｅχpectationover　6ｚ.　For the above equation

to have meaning, the system (4.2) must have the so-called Markovian

property.　It is known that the various assumptions in the problem

statement of Section 4.２ certainly assure the satisfaction of the

Markovian proper‘ty［481｡

　　　　�Ｅｑ･(4.7), upon taking expectations, cancelling the common　β，

dividing by　6t， and letting　6t 4 0，we have the equation from which

the optimal　ｕ　is obtained. Due to the principle of optimality, the

optimal control is given by

u＊＝－Ｒ゛1B゛11

We also obtain the equation for　β

where

趾

∂t
＋(ＡＸ＋ｓf)

(4.8)

首
‘
か|と)゛Ｅ首＋1tｒ(Ｃ'

とI
C(y)＋1ｘ゛ＱＸ＝O　(4.9)

ＥきＢＲ“１Ｂ (4.10)

and the symbol　tr　denotes the trace of ａ matrix. Due to the defini-
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tion of μｂｙ Ｅｑｓ･(4.6) and (4.5), the boundary condition for Ｅｑ･ (4.9)

is

β(ｘ，Ｔ)＝言ｘ'(Ｔ)ＦＸ(Ｔ) (4.11)

With (7=0, i.ｅ･，with no process noise, Ｅｑ･(4.9) becomes the

Hamilton-Jacobi partial differentialequation for the deterministic case

［3, p.　3571.

4｡４　Optimal Control for Linear Systems

　　　　This section summarizes the optimal solution to the special case

in which Ｅｑ･(4.2) is linear.　The solution of Ｅｑ･(4.9) under (4.11)

with　巳＝O　is [24］

び(t) (4.12)

where　Ｐ　is the ｎｘ n-symmetric matrix and　¢　is the scalar satis-

fying the equations, respectively,　　　犬

Ｐ

φ

＝－ＰＡ － A'P 十PEP － Ｑ，

= - tr(C'PC(7),

Ｐ（Ｔ）＝Ｆ，

φ（Ｔ）＝０
(4. 13)

With (7 = 0, we obtain　φ（t）＝O　for any　t 6 [T, T】; then Ｅｑ･（4. 12）

is identical with the optimal performance index of Section 2.4. Since

φ（t）＞O　for　t＜T　due to the positive definiteness of　Ｐ　and　a, the　　　々

presence of the process noise increases the performance index,　on the

average.　Clearly, the optimal control　ｕ °ｕ＊　is, from Ｅｑ･(4.8),

identical with the deterministic control of Section 2.4:
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u＊＝－Ｒ‾1(t)Ｂ'(t)Ｐ(t)ｘ (4.14)

4｡5　Solutions of the Recurrence Equations for a Suboptimal Control

　　　　　For the nonlinear case (e ^ 0), Eq･(4.9) is even harder to solve

than the Hamilton-Jacobi equation, because of the existence of the

second-order term. Very few truly nonlinear ｅχample s have been

solved so far.

　　　　　We shall attempt to obtain the　solution　β　of Eq. (4.9) under the

boundary condition (4.11) in ａ power-series form with respect to　ｓ:

^(x, t) = -x'P(t)x ＋1φ(t)＋ﾀ1 ｓkβ(k)(ｘ，t)

　　　　k＝1

(４. 15)

Note that the generating solution is Ｅｑ･（４.12).　Partial differentiation

of Ｅｌｑ･(4.15) with respect to　t　and　ｘ　gives

首
＝1χ･15χ十

首

吉

∂Ｘ
2

＝ＰＸ十

＝Ｐキ

1わJ1パ

(X)
Σ

k＝1

堂
匹

　ｋ

Ｓ

　ｋ

Ｓ

遮

ａχ ゛

ヱ

aｘ2

(4. 16)

Substituting Ｅｑｓ･（4. 16) into (4.9) and equating the coefficients of the

like powers of　６　separately yields ａ sequence of equations:

ぐ√

x'S'

で

＋1tｒlCI

ぎ

Ｃ則＝e（k）｛ｋ＝1，2，‥･｝　（4. 17）
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with the boundary conditions

β(k)(ｘ，Ｔ)＝0 (k = 1, 2, ..・)

e(k)(ｘ，t) are the scalar functions defined by

ｅ(１)(ｘ，ｔ)公一x'Pf,

(4.18)

Θ(k)(ｘ,t)仝－fJ
ぐﾐﾌ2
＋1

y

[

亦
'Ｅ包
IE:と

'(k°2,3･‥)

(4 19)

　　　　　1＝1

and　S　is the matrix defined by

Ｓ！A - EP (4.20)

The zero-order equations for　Ｐ　and　ψ　are identical with Ｅｑｓ・（4.13）｡

　　　　Successive solutions of Ｅｑｓ･（4.17) with increasing　ｋ　may de-

termine the functions μ（k）（ｘ，t）.　Equations(4. 17) differ from the coun-

terpart for the deterministic case, i.ｅ･，Ｅｑｓ・(2.65), through the inclu-

sion of the second derivatives. This fact may not make our circum-

stances difficult. That is, as in the deterministic problem of Chapter 2，

if　f　is ａ polynomial in ｘ，μ（k）　arealso polynomials in　ｘ　and their

coefficients are exactly determined under appropriate conditions.　The

following theorem states the details.

-

　　If　f(x, t) is ａ homogeneous polynomial of the degree　ｑ　in ｘ，

the coefficients being continuous in　t, then　μ(k)(ｘ，t)giｖｅｎ by Ｅｑ･

(4. 17) is the polynomial, but not homogeneous, of the degree　ｋ(ｑ－1)＋

2　in　X. When　ｋ　is even or　ｑ　is odd, the function μ(k)　contains

the terms of the degrees　k(ｑ－1)＋2，k(q－1)，　゜゜゜s　2, and　O ； while ，

when　ｋ　is odd and　ｑ　is even, the terms of the degrees　k(q - 1)十

・



　　●

●

2, k(q -　1), ･∴, 3, and　ｌ　appear.*　The coefficients of the polyno-

mial　μ(k)　are continuous in　t　and are given by the equation of the

form (2.92)・

Define the vector

　　　　　　　　(k)

べ
(ｒ｀1) (4.21)

where　gS(k)(ｘ，t)　is the homogeneous term of the degree　ｒ　collected

from tｈｅｌｎｃtｉｏｎβ(k)(ｘ，t).　Thefollowing theorem, which is the ver

sion of Theorem ２.4 for the deterministic problem, shows asymptotic

stability of the function ｇ(k)(ｘ，t).　The theorem is useful for calculat-
　　　　　　　　　　　　　　　　　　　ｒ　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　・

ing ａ suboptimal control function of ａ time-invariant problem with infi-

nite, or sufficiently long, control duration.

Theorem 4. 2

　　　　Ifthe problem (4.2) and (4.5) is time-invariant with　F ＝Ｏ　and

Q > 0, and if the corresponding unperturbed, noiseless linear problem

(e = a = 0) is completely controllable, then
ぐ）
(X, t) for every　kき１

and　r ^ 0　is uniformly asymptotically stable as

the polynomial　ｇ７)(ｘ)　which satisfies the equation

Θ

（k）

　『

Cct]

t -> - CD, relative to

(4.22)

is the collection of the homogeneous terms of the degree　ｒ　in

　　　* Hence, if　ｑ　is ｅｖｅｎ，ｇ(k)さ∂β(k)/aｘ，the　k-thorder coeffi-

cient in the control function, k　being odd, contains the term independ-

ent of　χ.
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Θ(k)　defined by Ｅｑｓ・(4. 19).　The polynomial function g^ '(x), satisfy-

ing Eｑ･(4.22), exists and is unique for every　k き１　and　r ^ 0.

。。－

r二言∵二言二ごご二ご器二ご二

tion (4.22) shows that, for a fixed value of
, (k)　is

determined with

decreasing　ｒ.　The zero-dｅｇｒee term
べy)(t)ご　β(k)(ｘ，t)，ｗｈｉｃｈ

is

not considered in Theorem 4.2, is uniformly asymptotic as　t →－(x)，

relative to the quantity

　　　　　(1)
々j
(t)＝jト[ｃ･

等

ｃ・](T-t),

ぺy)(t)＝tltｒ【ｃ゛

寧

ｃ(yl－Θご)}(Ｔ－t)　(k＝2， 3，‥･)

(4.23)

in which the matrix ∂ｇ(k)/aｘ　is,of course, independent of　ｘ. The

solution　ぺ, however, has no influence on the determi皿tion of ａ sub-

optimal control, due to Eq. (4.8)｡

　　　　Itis an interesting problem whether the performance evaluation

theorems. Theorems 2.6 and 2.７in Chapter 2，hold for the present

case or not. χＶｅcan conclude, after some complicated manipulations,

that the theorems are also valid for the present problem.　We omit the

theorems and the related explanations, however, only because those are

cumbersome.

4.6　Systems with Noise of Nonzero Mean

　　　　Consider again the problem of optimizing the noisy system (4.2)

with respect to the expected performance index (4.5).　The noise pro-

cess　z(t) is of the Wiener type like as in the preceding sections, but
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of the nonzero mean:＊

　　　　(C[5z(t)]＝μ6t，

cov[6z(t)6z'(t)】= o-6t
(4.24)

where　μ　is an　s-constant vector and （y　Is the matrix as defined in

Section 4.2.　The symbol cov　denotes the covariance operator. Since

from the first of Ｅｑｓ･(4.24)

we have

covfSz 6ｚl】= £[(5z －μ5t)(6z －μ5ty]

　　　　　　= £[6z 6ｚ'】－μμ'6t2

£:[6z(t)5z'(t)]= a5t

(4.25)

(4.26)

1ｎthe expression up to the first order of　6t･

　　　　The optimal control　ｕ＝ｕ＊　isagain given by Eq. (4.8).　Using

Ｅｑ･(4.26) and the first of Ｅｑｓ･(4.24), we obtain

亙

9t
十(Ax + ef + Cμ)

首－1(|と)'Ｅ首＋1tｒ(Ｃ' とI
C(y)＋1ｘ゛ＱＸ＝0(4.27)

The boundary condition for　lS（ｘ，t）　isgiven by Ｅｑ･（4.11).　　Note that

the same equation as Eq. (4.27) can formally be derived for the system

(4.2) with ａ constant term　Ｃμ　and with ａ noise of zero mean･

　　　　The generating solution of Eq. (4.27) is as follows ［24］:

　　　　*The term ”Wiener process with nonzero mean” is not rigorous

and should be precisely referred to ａ temporally homogeneous additive

process.
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β(ｘ，t) = -x'P(t)x + d'(t)x･＋晋φ(t) (4.28)

where　ｄ　is the　n-vector and　Ｐ　and　が　are of the same dimensions

as in Section 4.4 satisfying, respectively,

う

ａ

一一

一一

- PA - A'P十PEP － Ｑ

- S'd － ＰＣμ，

φ= - tr(C'PCo-) + d゛Ed － 2d'Cμ，

P(T) = F,

ｄ（Ｔ）＝Ｏ，

φ（Ｔ）＝０

(4.29)

The matrix　S　is defined by Ｅｑ･(4.20)・

　　　　Accordingly, we try to obtain the solution of Ｅｑ･(4.27) in ａ

power-series form:

φ(ｘ，t)＝1ｘ'Ｐ(t)ｘ÷d'(t)ｘ＋1φ(t)＋
堂
匹
skβ(k)(ｘ，t)

The functions μ(k)(ｘ，t)　satisfyａ sequence of equations:

(4.30)

ぞ

＋(ＳＸ＋C11)'

響

ち1t゛【Ｃ'

子

Ｃ°】゜e(k)(ｋ＝1，2，‥･) (4.31)

where the right-hand sideｓ e(k)(ｘ，t)　have the　same form as Eqs.

(4. 19).　The existence of the terms μ'Ｃ'∂μ(k)/aｘ　leadsto modification

of Theorem ４.1 with little different contents: If f(x, t) is ａ homoge-　　　　゛

neous polynomial of the degree　ｑ　in　ｘ， the function β(k)(ｘ，t)iｓ

also the polynomial and contains the terms of all the degrees up to　k(ｑ　　　'

－1)＋2　inclusive.　For the present case, Theorem ４.2 is still valid　　　　・

with the equation
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x'S'gf)゜Θj?1‾μ゛Ｃ゛gy1 “
1t゛［Ｃ゛

in place of Ｅｑ･(4.22)

,ご

- ax
Ccj] (4.32)

4.7　Alternative Method for the Case in Which the Optimal Solution Is

　　　Known Exactly for an Associated Deterministic Problem

　　　　This section presents an alternative method to obtain a subopti-

mal feedback control of the stochastic system (4.1) or (4.2) with (4.5)

for which the exact determination of the truely optimal nonstochastic

control　ispossible.

　　　　We again consider the problem of Section 4.2. Assume that the

optimal control　ｕ＝ｕji　isexactly determined for the corresponding de-

terministic problem and it is given by

べに爽ｌ‾1 (t)B'(t)p(x, t),

P(x, t)＝Ｐ(t)ｘ＋ま:k
(k).
t)

　　　　　　k＝1

(4.33)

Furthermore, we assume that the noise covariance is adequately small

and is written as

　　　　　”〃CT = ECT (4.34)

where　g　is ａ small scalar parameter and　ａ　is the　ｓｘ s-symmetric

positive definite matrix.

　　　　　Dueto Theorem ２.２and Lemma 2.2, there exists ａ scalar poly-

nomial function p' (x, t) satisfying
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8x
一

一 ｐ μ（O）（0，t）＝O　　　for any　t （E［７，Ｔ］　　　　(4.35)

Therefore, we shall attempt to obtain the solution　μ　of Eq. (4.9) in ａ

power-series form with respect to　百:

β（ｘ，t）＝
堂
い
ik4(k)(ｘ，t) (4.36)

having the generating solution β（O）　definedby Ｅｑｓト(4.35).　Substitut-

ing Ｅｑ･(4.36) into (4.9) and equating the coefficients of the like powers

of　ぎ　叩parately yields ａ sequence of equations:

ぞ

＋（ＡＸ＋Ef）lp －
1p｀Ｅｐ＋1×'Qx

° 0 (4.37)

ぞ

＋（ＡＸ十£f－Ｅｐ）’

響
＝e（k）（k＝1， 2， ..) (4.38)

with the boundary conditions

μ(o)(ｘ，Ｔ)＝1ｘ'ＦＸ

β(k)(ｘ，Ｔ)＝O　　(k = 1, 2, ..･)

(4

(4

39）

40）

Θ(k)公一1tｒ【し'
岑

Ｃ司＋1
回

[

亦
'Ei
lE:2と(4.41)

　　　　　(k＝2,3,‥･)
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Due to the fact that the function　p　is optimal for the corresponding

deterministic problem, Eq･(4.37) with (4.39) is of itself satisfied｡

　　　　Although successive solutions of Ｅｑｓ･(4.38) with increasing　ｋ

may determine the functions μ（ｋ），tｈｅclosed form solutions of　μ（k）

are in general impossible. In fact, if　f　is a polynomial of the degree

ｑ　in　X, then, due to Theorem　2.3, p　is the polynomial of the degree

μｑ－1）＋1　in　X, and　Θ（1）iｓof the degree　£(q - 1); it follows

that, provided　μ（k）　is obtained in the polynomial ｆｏｒｍ，μ（k）　should

contain terms of infinitely high degree｡

　　　　Nonetheless, two special cases are solvable: The first is that of

the one-dimensional problem in which Ｅｑ･(4.38) is analytically solva-

ble in ∂β（k）/∂ｘ.　Thiscase Is minutely discussed in the next section.

The second is the case in which the corresponding deterministic problem

has the optimal feedback control linear in　ｘ. In this case, the function

p　is given by

and　Θ(1)

p = P(t)x

defined in Ｅｑｓ･(4.41):

e(1)＝－1tｒ(Ｃ'ＰＣぢ)

(4.42)

(4.43)

is free from ｘ.　From Ｅｑ･(4.38) with (4.40) for　k＝1， we have

　（1）＿！μ　

‾2
゛ＰＣ&)dt (4.44)

Since　β（1）iｓ independent of X, we know successively

　　　μ（ｋ）（ｘ，t）＝O　　forany　ｘ　and　t 6 ［７，Ｔ］(k = 2, 3, ..・) (4.45)
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Thus we obtain the following theorem:

Theorem ４.3

　　　　Ifthe linear feedback control（2.16) is optimal for the nonl㎞ear

deterministic problem, Eqs･(4.1) and (4.5) with a = 0, then the same　　“

linear control is optimal for the nonlinear noisy problem with （yメＯ．

4.8　Example

　　　　In order to examine the solutions obtained by the methods of Sec-

tions ４.5 and 4.7, let us consider the one-dimensional system governed

by the equation

dｘ＝g(ｘ)ｘdt＋ｕｄt＋ｄｚ (4.46)

where　g(x) is ａ scalar function analytic in　ｘ.　The index of perform-

ance is

Ｊ＝ど【1SJ(ｘ2＋ｕ2)dt] (4.47)

Y. Sawaragi and Ｔ. Ono [88] have treated ａ similar example formerly･

The control duration　Ｔ　is assumed sufficientlylarge.　Furthermore,

we assume that the parameter　ｇ　in Eq. (4.34) is u　itself:

e = a (4.48)

and, as ａ consequence, a:＝　1.

　　　　　Asshown in the example of Section 2. 13(a), the optimal feedback

function　p　for the corresponding deterministic problem is exactly given

by
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is given by the constant term

　　奏

？

P = (g + /g -二二）ｘ (4.49)

Hence, for the present simple problem, Eqs･(4.38) and (4.41) are re-

duced to

遮
　∂t

e(1)

Θ

－
χ7二万‾;lｘ響

＝Θ（k）　(k = 1, 2, ..･）

ﾆｰ1(ｇ＋x7万二

/g +てat)，

(4.50)

（゛）＝｛⑤｛苫営ﾍﾟﾄﾞ
(k = 2, 3, ...)　　　(4.51)

　　　　Due to the one-dimensionality of the problem, Ｅｑｓ･(4.50) may

be analytically solvable. We apply the method of separation of variables

to Ｅｑｓ・(4.50).　Letus put

β(k)(ｘ，t)＝jk)(ｘ)＋η(k)(t)

By making use of the quantities　右

(4.50) into

(k)

(4.52)

and　77｀‘, we can rewrite Eqs

xyiTilｘ響
＋e（k）＝勾（k）４（x（k）

where all scalars ａ.(k)

遮

ax

(4.53)

If　(k)

have to be constants, and therefore we obtain

一

一

茫

dx
一

一

α,(k)－e(k)

７二 (4.54)

can be found, ∂μ(k)/aｘ　arecalculated, and then the optimal

control　is obtained.　The quantity ｏ;(k)
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in the Maclaurin expa！ision of　e゛‘, because the numerator in the last

side of Eｑ･(4.54) must have ａ factor　ｘ.　For, if not, the numerator

would not tend to zero as　ｘ ９ ０　and consequently the function

∂μ（k）/aｘ　toinfinity, which leads to ｍｅ飢inglessness.　Equation (4.54)

shows us that the optimal control function is independent of　t｡

　　　　For more explicit computations, we consider the case

ｇ（ｘ）＝－１＋ｓｘ２ (4.55)

�accordance with the above-mentioned procedure, we obtainthe subop-

timal control of the second order in　ｏ･:

where

u
(O)

　(y

ｕ(1)

　(y

u(2)
　(y

u　＝ｕ（O）

　０’　（y

(x; e) ^ - (g十a)x,

(x;e)公一

(x; e) ^ -

―bx,
ａ

毎

ａ

(Ｘ; Ｓ)十(7Uy)(Ｘ; Ｓ)＋(y2U?)(Ｘ;ε)

　　　３
゛こてマΞ‘－

(4.56)

まづ噴足ニなう/　（･Ｊ）

平常≒手嵩でう1ﾄ，

a仝./li]TT;，　　　ｂ！1＋1:十i?≒二jｼΞ･

From Eqs. (4.57), when　８＝0，ｕ?）＝O　for　k °1√2，‥‥　As

stated in Section 4.4, this means that the linear system with noise has

the optimal control free from （y.

　　　　　０ｎthe other hand, using the method of Section 4.5, we obtain
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The control　ｕoo 　is the optimal one for the corre sponding deterministic

problem.. The controls ｕ（戊　and　ｕ喊（£＝1，2）ａｒｅ the suboptimal

ones of power‘series forms in cr and　e, respectively; while u , (£　゜

0, 1, 2) are the same as 11£　given by Ｅｑｓ°（2°134) and (2. 133〉, i.e・，
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(4.60)

　　や

ｙ

the alternative form of the suboptimal control in ａ power series in　巳

where

ｕ　＝ｕ(Ｏ)

　Ｓ　　　Ｓ
(Ｘ)＋ＳＵ?)(Ｘ;(y)＋６２Ｕ?)(Ｘ;(y)

ぐ)(ｘいー(β－1)ｘ，

Ｉ０
　
ｓ

u(2)

　８

(Ｘ;(y)きー
ヤ
(2βX2＋3(y)Ｘ，

(x; cり゛づl[叙4 4 (゙12 - /2)ox^ + 3(6β- 5)(j＼

(4.58)

(4.59)

We readily see that Ｅｑｓ・(4.58) and (4.59) agree with Ｅｑｓ･(4.56) and

(4.57) rewritten into series form in ｓ.

　　　　We make comparison among the values of　Ｊ　resultingfrom the

suboptimal controls of eight possible approximations:

　
Ｊ
‰化
σ
凡―

Σ
い

　
‰

£
Σ
ｄ

　
　
＝

ｋ

　
　
£

　
　
Ｕ
巳

s
kｕ(ｋ)

　E，

(£ = 0, 1, 2)

(x; a) (H = I, 2),

孔o °uf≪.

凡ドぐ＼x) +吝凡f (X-,0)　m = 1, 2)



the suboptimal controls obtained in disregard of the noise｡

　　　　For　Ｔニ5, Figs. 4.1 and 4.2 illustrate examples of variation

of　Ｊ　with (J　and with　E, respectively, for the various suboptimal con-　　’

trols of Ｅｑｓ･(4.60).　Ａ computer-generated pseudorandom一皿mber se-

quence with Gaussian distribution is used in place of the Wiener process　　　’

noise.*　The averages of the results of　30　runs with various random-

number sequences are plotted in each figure.　We see that the control

with consideration of noise is almost better than the same order control

without it.

4.９　Concluding Remarks

　　　　　Ａ　successiveprocedure has been developed to construct ａ subop-

timal control for nonlinear noisy systems. Theorems 4.1 and 4.2 are

the stochastic versions of Theorems 2.3 and 2.4, respectively, in Chap-

ter 2. Theorem 4.1 shows that, when the nonlinear function in the sys-

tern equation is ａ pol3Tiomial, the feedback function for the stochastic

case contains terms of more degrees in state than for the deterministic

case.　In ａ certain case even ａ term independent of the state is con-

tained in the feedback function. Theorem ４.2 discusses the stability

property of the feedback function for the problem with infinite duration

time. The infinite control duration is meaningless in both mathematical

and physical senses, because it leads to the infinite value of the per-

formance index due to the noise. Hence, Theorem ４.2 should be used

for the problem with very large control duration｡

　　　　　Theorem ４.3 reveals the fact that, if the linear feedback control

　　　　＊Ａ　Gaussianpseudorandom-number sequence with specified mean

and variance is generated by a digital computer with use of the method

of Box-Muller［10］.
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is optimal for the nonlinear deterministic system, the same linear con-

trol is optimal also for the corresponding noisy system｡

　　　　　Forａ simple one-dimensional problem, the suboptimal solutions

have been calculated in two different forms: the power-series form in　巳

and the power-series form in cr. Averaged values of the performance

index resulting from these suboptimal controls have been compared with

each other by using various random-number sequences generated by ａ

computer. We have seen that the suboptimal control with consideration

of noise is almost better than the same order control without it.
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　　　　　　　　　　　　　　　　　　　CHAPTER ５

　　　　SUBOPTIMAL SOLUTION TO NONLINEAR DIFFERENTIAL

　　　　　　　　　　　　　　　　　GAME PROBLEMS

５.1　Introduction

　　　　Since Ｒ. Isaacs initiated the study of differential games ［351,

there have been numerous works on the subject. Most of them have

treated zero-sum two-person problems governed by linear dynamics.

The games of linear pursuit-evasion type are extensively　investigated in

those works [33, 83】.　However, in order to apply the differential・game　　　’

theory to ａ wider class of problems, including those of economics and

behavioral sciences, the restrictions such as zero-sum, two-person,　　　　　゛

and/or linearity must be removed. This chapter presents a first-step

treatment of ａ class of zero-sum and nonzero-sum differential games

with slightly nonlinear dynamics 【651.

　　　　An elementary game, first discussed by J. von Neumann and ０.

Morgenstem［63], is a finite zero-sum two-person game which can be

formulated as a rectangular game.　�the zero-sum rectangular game,

two players have completely conflicting interests. Under such ａ situa-

tion, at least one set of minimax strategies exists among mixed strate-

gies [60, p. 21】.　Since the minimax strategy set assures an equilib-　　　　。

rium between the interests of two rational players, it can be regarded

as an optimal solution of the zero-sum two-person game.　However, if　　　･’

the restriction of zero-sum or two-person is removed, the interests of

players do not necessarily conflict.　Under this situation the notion of

solution becomes more complicated. In fact, various notions for solu-

tion have been developed; among them the Nash equilibrium solution, the

minimax solution, and the Pareto optimal solution are typical ones. In
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Section 5 ｡2 of the present chapter, we illustrateimportant differences

between zero-sum and nonzero-sum games, referring to simple rectan-

gular games｡

　　　　Section 5.3 introduces ａ zero-sum two-person differentialgame

whose state dynamics is governed by ａ slightly nonlinear differential

equation.　The nonlinearity is assumed analytic in states, and is taken

to be ａ perturbation to the state dynamics. Ａ parameter　ｓ　is intro-

duced to stand for the perturbation. For simplicity, ａ cost function is

considered to be quadratic in states and strategic controls.　We develop

ａ method which gives ａ minimax solution of the game in power-series

form in　ｓ. The zero-order term gives ａ well-known Rice ati equation,

and higher-order terms yield a series of linear differentialequations.

This procedure is 911万applicationof the method for suboptimal design of

nonlinear regulators developed in Chapter 2｡

　　　　Section 5.4 treats ａ nonzero-sum　N-person differentialgame

with slightly nonlinear dynamics.　Each player has his own cost of the

quadratic type.　The method similar to that of Section 5.3 is applied to

approximate determination of the Nash equilibrium solution, the minimax

solution, and the Pareto optimal solution. This is an extension of the

work done by Ａ. Ｗ. Staar and Ｙ. Ｃ. Ho ［901 on the problem with lin-

ear dynamics｡

　　　　Section 5.5 illustratesａ simple example of tｗｏ‘playergame with

scalar dynamics and examines some features of a differential game.

5｡2　Fundamental Notions of Solution of（�mes

　　　　Before discussing our differential games, we briefly explain some

fundamental notions of the ”solution”of game. Especially we try to i1－

lustrate the conceptual difference between the solutions of zero-sum and

nonzero-sum games, using simple rectangular games.
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5.2.1　Zero-Sum Rectangular Games

　　　　　ln（や？le　l　ofFig. 5.1, Player　ｌ　chooses the　strategy　ｕl

or　V , while Player　２　chooses　ｕ2　or　ｖ2’ The entries of the matrix

show the cost　Jl　of Player　l　and　J2　of Player　２　corresponding

to ａ chosen pair of strategies°　For example, the costs　J1.゜1　and

J2 ° ‾1 ’result from the strategy pair (u , 112）‘　Since J1 4‘J2 ° 0

for every strategy pair, Game　ｌ　is zero-sum. In the zero-sum game

the interests of two players completely conflict: What is best for one

player is worst to the other. Hence each player must play taking the

worst situation for him, the best for the opponent, into account｡

　　　　　Suppose that Player　ｌ　chooses the strategy　ｕ1゛　Then　･^1　is

maximum, i°ｅ°J゙1ニ1　when Player　2　uses his　strategy　ｕ2°Simi-

larly if Player　ｌ　chooses　ｖl　the maximum is　J1 ° 2°　Then, of

course Player　l　will choose　"l　by which the maximum possible,

i.e., the worst cost is minimized. ･This principle for decision of

strategy is called the minimax principle. Player　2, if he is rational,

will also choose his minimax strategy　ｕ2゛ By use of the minim ax

strategy pair, the resulting costs are just ones expected by the players;

then the game is solved, and the values J1ニ１　and　Ｊ２ ° ‾:1　are

called the security level of the players. Ａ zero-sum game whose opti-

mal solution exists among pure strategies is called ａ closed game｡

　　　　　Generalizing the above idea, we define ａ minimax strategy in an

N-person game: Ａ strategy　ｕr　isａ minimax strategy for Player　i　if.

for any admissible strategies　ｕ1゛ｕ2

　max

11j’j^i

J
i
（111’

゜゜”
111-1’ ぢ

Ui＋1ﾀ

ｆ　max　Ｊ

u,,J7^i
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’　　Player 1

Player 2

U2 V2、

U1
1, -1 0，0

V1
2, -2 ‘2，　2

(a) Game ｌ: Ａ closed game

Player 1

Player 2

U2 V2

U1 -1, 1 0，0

V1 2, -2 -2, 2

Player 1

(b) Game Ｈ: An open game

Fig. 5.1. Typical zero-sum rectangular games.

Player 2

ｆ

U2 V2

U1
･０，１ 2，2

V1
2，2 1，0

Player 1

Player 2

U2 V2

U1
2，2 10, 1

V1 1, 10 ５，５

(a) GameⅢ:Dating game　　(b) GameⅣ:Prisoner's dilemma game

　　　Fig. 5.2. Typicalnonzero-sum rectangulargames.

where　Ｊ

i（ｕ1゛ｕ2゛゜”■
V is the cost to be minimized by Player　i

The value of the left side in the inequality (5.1) is the security level of

Player　i.

　　　　Game　Ｈ　is also ａ zero-sum and the minimax pair is　（ｕ1’112）

However the resulting value　Ｊ１°爽1　is different from Player　1゛ｓ

expecting value　Ｊ１°O‘ Now no solution exists among pure strategies。
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If Player　l　uses　u , Player　2　will （?hange the strategy from　ｕ2

to　ｖ2　to reduce his cost.　Then Player　l　will use　ｖl　rather than

ｕ1゛　Again Player　2　will change his strategy, and so forth.　Ａ zero-　　　　゛

sum game which can not be solved by pure strategy set is called an

open game.　In every open zero-sum rectangular game the optimal solu-　゛

tion exists among mixed strategies ［60, p. 21].　In the mixed strategy,

ａ probability is assigned to each choice of strategy.

5.2.2　Nonzero-Sum Rectangular Games

　　　　　Game　Ill　and Game　IV　of Fig. ５．２are nonzero-sum, i.e.,

Ｊ１十Ｊ２　isnot necessarily zero nor constant° In ａ nonzero-sum game

ａ minimax strategy set does not yield an equilibrium between players.

The notion of equilibrium or Nash equilibrium in an　N-person game is

　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　一　　－defined as follows: Ａ set of strategies　(u,. u゜゛’

equilibrium strategy set if. for all　i = 1, 2,　1゛゜9　N，

　　－　　　　　　－
Ｊ
ｉ（ｕ１゛゜’９

ｕｉ゛゛‘９

where　ｕ．
　　　　　　１

－

11N） ｆＪ

－
11N）　is ・ Nash

　一　　　　　　一　　　　　　一　　　　　　　－

i（ｕ1” ’゚ ’
ｕi-1’ ｕi’ji＋1’゛゜゜’ 11N）　（5°2）

is any admissible strategy for Player　i

　　　　The intuitive meaning of the Nash equilibrium set is this: The

Nash equilibrium strategy is the optimal strategy for each player if a11

the other players adhere to their Nash strategies. In ａ zero-sum two-

person closed game, a minimax set is ａ Nash equilibrium set and vice

versa.

　　　　　Game　m　has two Nash equilibri・’（lll’112）　and　(V.. V ),

with different costs.　Each of these equilibria may not necessarily be

chosen without negotiation between the players. But, if Player　l

plays　ｕl first and announces his choice to Player　2, Player　2　has

no choice but to play　u , giving an advantage to Player　1’　lt; is ad‾
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vantageous　in some nonzero一sum games to disclose one's strategy to the

opponents in advance. In contrast, this is never true in zero-sum

games｡

　　　　　The Nash equilibrium strategy may be regarded as ａ sort of

solution of ａ nonzero-sum game.　However it does not necessarily pro-

vide players with the most desirable results. In Game　IV　the only

Nash equilibrium set is （71’ ゛2）’ｙｅt（111’112） clearly gives ａ better

result for both players.　Suppose there exist two sets of strategies, S

and　S2°　If, for every player, the cost due to Sl　is not larger than

due to　S2゛then　Sl　is said to dominate S2’ In this terminology the

and　S2.　　If,　for every player, the cost due to Sl　is not larger than

due to　S2゛then　Sl　is said to dominate S2’ In this terminology the

strategy pair (u^, 112）dollli°tes (v , ゛2）゜�spite of domi皿nee

（111’112）　ishard to be used, because this pair is vulnerable to cheating

by one player｡

　　　　　Ifａ negotiation among players is allowed before playing ａ nonzero-

sum　N-person game, and players' cooperation is guaranteed, the strat-

egy set which is not dominated by any other strategy set is considered ａ

reasonable object of the negotiation.　Such ａ set is called the Pareto

optimal set or the noninferior set of strategies: Ａ strategy set (u

‥・, n^) belongs to the Pareto optimal set or the noninferior set if

there ｅχists no admissible strategy set （゛11’"2'゜
゜゜,
u ) satisfying

Ji（゛1’112”
゜゜’゛IN）゜■'i<"r

a2”゜゜’ aN）

八
U2゛

(5.3)

for all　i＝1 1, 2,　・゜・I　N　withat least one strict inequality.　In Game

ni　the strategy pairs (u , 112）゜d（71’ Vg) belong to the Pareto

optimal set and in Game　rv （111’112）’（111’72）’゜d　（゛1’112）　do°

　　　　When no negotiation is allowed, there is not available so far any

principle which can be considered completely reasonable. Although the

minimax principle is ａ means for decision of strategy, the idea is too
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pessimistic for nonzero-sum games.　Because the minimax strategy for

ａ player, say, the　i-th player is chosen on the assumption that all the

other players wish to maximize the　i-th player's cost without regard !;ｏ

their own costs. Also the notion of equilibrium may not be appreciated

too highly. However we have to notice the following: When ａ game is

played repeatedly for a fairlylong period, by a group of people, it

sometimes happens that they fallinto the habit of playing an equilibrium

[94, p. 651.　Thus the Nash equilibrium strategy could be accepted as ａ

conventional standard of behavior for the group: One player violates tｈｅ･

convention at one's peril, unless one succeeds in persuading others to

violate it also｡

　　　　Discussion about the notions of the solution of game is discontin-

ued, because it is not ａ subject of the present chapter.

５．３　Zero-SumDifferentialGames

5.3.1　General Zero-Sum DifferentialGames

We consider the slightly nonlinear system

i°A(t)x゛ 8f(゜i,t)゛BI(t)｀11 4‘B2(t)U2

with the initial condition

x（７）＝ｘ
o

(5.4)

(5.5)

In Ｅｑ･(5.4),

　　ｘ:　n-state vector

　　ｕi:　m.-strategic control vector of Player　i (i - 1, 2)

f(x, t):　n-vector function analytic in ｘ　and conti皿ous in t　satisfying

　　　　　f(0，t)＝O　for any　t
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１

A（t）:　nX n-matrix continuous in　t

B.(t):　n X m.-matrix continuous in t（i
一

一 1，2）

s:　small scalar parameter

　Player　l　wishes to minimize the cost

J(111' 112)ニ|x'(T)Fx(T) 4‘1 ＼ [x'Q(t)x ゛ u-R (t)u ゛ u'2R2(t)U2]dt　(5.6)

　７

where

　　　Ｆ:　ｎｘ n-positive semidefinite symmetric matrix

　Q(t):　ｎ ｘ n-positive semidefinite symmetric matrix conti皿ous in t

　R (t):　m X m -positive definite symmetric matrix continuous in　t

　R2(t):　1112)(゛2‾１１ｅｇｌti゛edefinite symmetric matrix continuous in　t

On the other hand, Player　2　wishes to maximize the same cost of Ｅq･

(5.6).　Accordingly, the problem is of ａ zero-sum type and the game is

solved by determining minimax strategies.

　　　　The minimax strategy pair　u*　and　-*2　is such that satisfies

　　　　　　　　　　　Ｊ(111'112)゜J(u*, u*J ° J(u^, u*) (5.7)

for arbitrary admissible strategies　｀11　and　112’The similarity of the

differential game problem to the problem of optimal control is imme-

diately apparent; it is only necessary to determine the strategies of

feedback form.　　We can also apply the usual minimum principle to the

problem　of Ｅｑ･(5.4) to (5.6).　　TheHamilton ian is given by

H°|(x'Qx ゛叫R1゛11†111R2112）゛p'(Ax ゛ Ef゛B1｀11 ゛ B2112）　　　(5.8)

where　p(x, t) is the　n-costate vector satisfying
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ｐニー
∂Ｈ
-
ax
= -Qx －Ａ'ｐ－ε(玄)゛ｐ，　ｐ(ｘ，Ｔ)＝ＦＸ(Ｔ) (5.9)

A necessary condition for the minimax solution is that the Hamiltonian

be minimum with respect to　ｕl and maximum with respect to　ｕ2:゜

Hence the solution does not exist unless

ム
ペ
゜Ｒ１〉Ｏ゛

み
縦
ニＲ２＜０ (5.10)

which are satisfied, by assumption, in our problem.　Thereupon the

solution is to be given by, for　i = 1, 2.

Ｏ「

∂Ｈ

-

∂Ｕ

i

゜RU.十Ｂｌｐニ０

ｕ!
゜ － Ｒ７１Ｂ!ｐ

　１　　　　　１　　１

争

(5.11)　　・

(5.12)

　　　It can readily be seen that, for the dynamics (5.4) with　ｓ＝0，

the solution is written as

ｕざ＝－ＲＴＩＢ!Px

　１　　　　　１　　１
(5.13)

where the matrix　Ｐ， S3mimetric, is the solution of the Riccati equation　　。

with

Ｐ 一

一 -PA - A'P - Q十PEP,
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Ｐ（Ｔ）＝Ｆ (5.14)

あ



　　●

き

Ｅ ４ ＢＩＲ;１Ｂ１１ ＋Ｂ２Ｒ;1Ｂ1 (5.15)

　　　　The exact determination of the true minimax strategy is general‘

1ｙimpossible for nonlinear problems.　The present aim is to obtain an

approximate strategy in ａ series form. For ａ sufficiently small value

of　e, it may be ａ reasonable assumption that the minimax solution be

analytic in　ｓ　for all　t G【７，Ｔ】.　Thereforewe develop the COstate

p(x, t) into ａ power series with respect to　巳:

p(x, t) = P(t)x十
(X)
Σ

k＝1

k (k)
(X, t) (5.16)

SubstitutingＥｑ･(5.16) into (5.9) with use of Ｅｑｓ･(5.4)and (5.12) and

equating the coefficients of the like powers of　ｓ　separately, we obtain

a sequence of equations for the function　ｐ

認

8t
＋

君
SX＋S゛p(k)＝ｈ(k)

and the boundary conditions

ｐ(ｋ)(ｘ，Ｔ)＝０

　
　
・
・

㈲

(k = 1,･2，‥･)

The vector functions ｈ(k)(ｘ，t)　aredefined by

h(1)(ｘ，t)４－(11)'ＰＸ － Pf

h(k)(ｘ，t)さ
(昏lp(k“1)一旦くﾐﾃﾞjf＋

yjty
Ep(k‘i)

　　　　　1＝1
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(k = 2, 3, ..･)

(5.17)

(5.18)

(5.19)



and the matrix　S　is defined by

ＳらＡ－ＥＰ (5.20)

　The zero-order equation is identical with Ｅｑ･(5.14)･

　　　　　Equations (5.17) and (5.19) are the same as Ｅｑｓ･(2.65) and

　(2.67), respectively, so that, if the solution of Ｅｑ･(5.14) exists for　t

　G［７，Ｔ］,all the statements in Section 2. 8 are true for our game prob-

　lem as well.　Consequently Eqs. （5. 17) are successively solved with in-

・creasing　k　to determine the functions p（k）（ｘ，t）.　Formore details of

the procedure for obtaining the suboptimal strategies, we can refer to

Section 2.8.

　　　　　Itshould be noted. however, that the stability theorem for the

　suboptimal control function, Theorem 2.4, does not always apply, owing

　tono assurance of having ａ stable solution of Ｅｑ･(5.14) as　t -> - 00･

　�fact, even when　Ｑ　is positive definite, the solution of Ｅｑ･ (5.14)

　may have a finite escape time.

　　　　　The stability theorem regarding the function ｐ（k）（ｘ，t) of the

　present problem is as follows:

Theorem ５.1
-

　Let us suppose that all the parameters in the system equation

(5.4) and the cost (5.6) are time-invariant.　Furthermore, we suppose

that　F = 0.　If the solution　P(t) of Ｅｑ･(5.14) is stable as　t ４ - 00,

i.e., there exists the constant matrix such that

PO

and if the constant matrix SO

仝1im P(t)

　t→-00

defined by
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ｅ

●

SO ４Ａ‾ＥＰＯ (5.22)

is　stable as　t→00, then the　solution p(k)(ｘ，t)　of Eq. (5.17) is uni-

formly asymptotically stable as　t →- 00, relative to the polynomial

p': (̂x) which satisfies the equation

where

゛%々しぐ

0 ^ ' 0 '

e?)(ｘ)４ －ｒｐ?‾1)
１
一
２

　
＋

(ｋ＝１，２，‥･) (5.23)

k-1　　　　　　　　　　　　　　　　　　　　　　　　　(5.24)

耳pSi）’Ep?爽i）　　(k = 2. 3, ..･）

1＝1

　　　　We can use again Lemma ２．５in Chapter ２ to complete the proof

of this theorem.

5｡3.2　Pursuit-Evasion Games

　　　　Ａspecial class of zero-sum differential games is ａ familiar

pursuit-evasion game.　So far linear pursuit-evasion games have been

studied most extensively［33, 83］.　Inthis subsection, we treat ａ type

of pursuit-evasion game whose state is governed by the following differ-

ential equations:

Ｘ
　ｐ

Ｘ
　ｅ
゜Ａｅ(ｔ)゛ｅ

sfp(゛p' t)＋Bp(t)11p'

＋ｄし(X , t) + B
e(t)lle'
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゛ｐ(７)
一

一

０

ｘ

ｐ゛

　０

X(T)゜Ｘ

(5.25)



(5.27)

where

　　　　kp:　n-state vector of the pursuer

　　　　ｘ　:　n-statevector of the evader
　　　　　ｅ

　　　　ｕ　:　m-strategic control vector of the pursuer
ｐ

ｅ

＠
・Ｕ m -strategic control vector of the evader
　ｅ

f.(x.. t）: n-vector function analytic in ｘｉ　and continuous　in　t　satis-

　　　fying　fi（O’ t）゜O　for皿ｙ　t（iニｐ’ ｅ）

Ｓ
参

りｊ
ｌ
Ａ n ｘ n-matrix continuous in　t (i = p, e)

　　B(t):　ｎ）（1111‾lllatｒiｘcontinuousin t (i = p. e)

　　　　The cost to be minimized by the pursuer is assumed to be quad-

ratic:

Ｊ＝
１

－
２

where

【゛p(Ｔ)‾％(Ｔ)]'i?ぺ)(Ｔ)‘゛ｅ(Ｔ)]゛1

sT

”Ｆ

・
一
Ｉ～Ｒ

n ｘ n-positive semidefinite symmetric matrix

m. ｘ mi‘positive definite symmetric matrix continuous in t（i

＝p，ｅ）

The pursuer wishes to minimize　Ｊ　ofＥｑ･(5.26)and the evader to

maximize it. meaning ａ zero-sum game.　Thus the game is solved by

determining ａ minimax strategy･

　　　　By defining

Ｘ仝

Ｘ
　ｐ

ｘ
　ｅ

０

f仝

|

。
ｒ
ｐ

Ｏ
ｘ
ｅ

ｐ

A仝

|でｐ　ﾐ|

゛B1仝
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Ｕ　仝Ｕ
　２　　ｅ

Ｂ

　ｐ

　ｏ
B2仝
ﾐ|

●



φ

参

Ｆ４

　～　　一二

Ｒ１４ Ｒｐ゛　　Ｒ２ さＲｅ

the state equations and the cost are rewritten into

文＝ＡＸ十ｓf十Ｂ ｌｕ１＋Ｂ２ｕ２

１
一
２

　
＋

x（７）＝ＸO

Ｔ

　叫Vi 4‘u'R.uJdt

(5

(5

28）

29）

which are of the same form as Ｅｑ･(5.4) to (5.6).　Thus the minimax

solution is given by

ｕ＊＝－Ｒ爽１Ｂ’ｐ，　　　　　ｕ＊゜Ｒ“１Ｂ゛ｐ
　ｐ　　　　ｐ　ｐ　　　　　　　ｅ　　　ｅ　ｅ

(5.30)

The zero-order coefficient　P(t) in the power-series solution （5. 16）

satisfies

with

Ｐ＝－ＰＡ － Ａ゛Ｐ十PEP,

Ｅ　き

ＢＲ‾１Ｂ’　　　　　０

　ｐ　ｐ　ｐ

０
●

Ｐ（Ｔ）＝Ｆ

Ｂ Ｒ’１Ｂ゛

　ｅ　ｅ　　ｅ

(5.31)

(5.32)

The higher-order equations are identical with Ｅｑｓ･(5.17) to (5.19)
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5.４　Nonzero-Sum Differential　Games

5,4.1　Problem statement

　　　　　Inthis section we are concerned with ａ nonzero-sum　N-person

differentialgame of nonlinear-quadratic type, and examine its solutions

of various kinds.

　　　　　For　i= 1, 2 N, Player　i　wishes to choose his strategy

u. to minimize
　1

Jiﾍﾟﾄ'(i)堅(l')｛
C

【゛Q(t)x+大字VI)゛j](11

subject to the state-dynamics constraint

X = A(t)x + ef(x, t)十

N
Σ

j＝1

(5.33)

B<t,u

where

　　ｕi:　m.-strategiccontrol vector of Player　i

●
一
　
一
―

Ｆ

・
・
㈲～

x（７）＝ｘ

o

(5.34)

n ｘ n-positive semidefinite symmetric matrix

ｎｘ n-positive semidefinite symmetric matrix continuous in　t

R (t):　IIlj）（111j‾ｓｙllllnetｒｉｃmatrix continuous in　t

B.(t):　ｎ）（1111‘matrixcontinuous in　t
■

　　Ｎ:　number of players

The other quantities　X, f, and　Ａ　are the same as defined in Section

5T3°1’　The sign definiteness of the matrices ＼　will be specified

later, corresponding to the kinds of the game solution considered｡

　　　　We must recall that the nonzero-sum rectangular games in Sec-

tion 5.２ could not be approached until one specified what properties the

solution should have.　Similarly, in the nonzero-sum differential game,
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(5.37)

(5.36)

　　嗜

争

one must demand that the solution have some attribute such as the Nash

equilibrium, the mixiimax, or the Pareto optimality.　�this section

solutions with these properties are investigated by using ａ power-series

method analogous to that of Section 5 ｡3.

5.4.2　Nash Equilibrium Solution

　　　　With consideration of the definition(5.2) of Nash equilibrium, we

may use the idea of the usual minimum principle to obtain ａ solution.

The Hamiltonian for Player　i　of the problem is given by

　＿！Ｈｉ‾２

　　　　　　Ｎ　　　　　　　　　　　　　　　　Ｎ

ヤ｛

.j

Ξヅ゛

ijTり5'(AX
4‘６９

Ξi
B.u

(i＝1， ２，
●●●

N） (5.35)

　　　　　　　　　　　　　　　　　　　　　　　　　　　　　－The Nash strategy for Player　i゛ｕi °ｕi゛is the strategy which mini-

mizes　≪i　on the assumption that all of the other players choose their

Nash strategies.　Therefore　p^(x, t), the　政一COstate vector, in Ｅｑ･

(5.35) satisfies the differentialequation

Pi
ミ？四

∂Ｈ．

一一ﾕ＿

ax

P.(x, T)゜F.x(T)

　　　　一　　　　　　一　　　　　　一　　　　　　　一
9H{u“９ ｕl‾1゛ｕi゛ｕi＋1゛゜７゛ ｕＮ）

The Nash solution for Player　i　is

provided that

　
　
一
―

－
Ｕ

　　　au

(i = 1, 2,　゜゜゜IN)

゜－I゛ごやi
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∂1

‥ぺ
＝Ｒ‥
　　11

＞０ (i = 1, 2,　・゛・ｓ　Ｎ) (5.38)

　　　　　Here we develop the costate vector　pl（゛c’t） into ａ power series

with respect to　ｓ:

Pi(x, t)ニP(t)x゛
ｉ
に E
kplk)(ｘ，t)

(5.39)

Proceeding in ａ way similar to that of Section 5.3, we obtain ａ se-

quence of equations for successive determination of　Ｐ.

　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　1

Ｐ．＝－Ｐ．Ａ
　１　　　　１

　　　　　　　Ｎ　　　＿　　　　　　－　　　　　　－

‾Ａ゛Pi
-Q, '

y]
(P.E..P. - P.E..P. - P.E..P.)

　　　　　　　　　　(i = 1, 2,　゜゜゜IN)

　祠町　

－
十寺SX十S’

and

　　　　　　　　　(k)

や)≒

＝

lj【谷叩..x
+ t:.や】}Tぐ)

P.(T)
一

一 Fi゛

Ｉ化
ｉ
　
ｐ

(5.40)

（ｉ＝１，２，　・・・ＩＮ; k = l, 2, ..･) (5.41)

plk)(ｘ，Ｔ)＝0
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(5.42)

(5.43)

申

　　甲

硝

∂t

with the boundary conditions

In Ｅｑ･(5.41)

h|^)(x. t) ^ - (f )'P.x - P.f

ぐ)(・t)゛-るぜ‾1)一
回

f{で訃でり即}



ｉ

－

一
Ｓ

　
勺
谷

Eij’ ゜d T..

－
Ｅ
ij

are

　　　　(£)

lk‾£)
‾【

写

Pへ(k-je】}

the matrices defined by

Ｎ
－
S ^ A ろ

一
瓦
Ｊ

Σ
｛

きＢ ＲこV.Rこ1B!，　Ｔ
　JJ 1J 33 J

(ｋ＝２，３，‥･)

　
　
一
Ｊ

‘
Ｒ
Ｊ

　
一

　
Ｐ
．
Ｊ

　
　
一
Ｊ

’
ミ
ー

△
一

‘
Ｉ
Ｊ

　
　
Ｉ
Ｉ

Pi

(5.44)

　　　　If the system (5.34) is linear (e = 0), the solutions of Ｅqｓ･ (5.40)

exactly give the Nash strategy.　It is noted that, with　Ｎ ° 1， the prob-

lem reduces to the optimal regulator problem in Chapter 2 and Ｅｑ･

(5.40) to the familiar Riccati equation (2.14).　The equilibrium results

only from ａ simultaneous use of the Nash strategies by all the players・

The coupling of Ｅｑｓ・(5.40) or (5.41) for all　i　reflects this fact.

　　　　If the matrices ∂pF）/aｘ　are symmetric for　i = 1, 2, ..., N

and　£　= 1, 2,　゜゜゜9　k- 1, then Ｅqｓ・(5.43) are integrable with respect

to　X, and Ｅｑｓ･(5.41) are rewritten into

㈹
ｉ
　
卯

Ｉ化
ｉ
　
邸
∂t

ax
Sx + S'p!''^ニ公{'j＝んご町jや －f゛plk'1)

゛

k-1 N ,】'iijjpjk“1)'か)r}'ぺjplk‾1)]}

(5.45)

Though the right side of the above equation contains the other players'

unknown functions plk）（j＝1，2，‥・, N; j /i），itis integrable with

respect to　X, which inductively shows the symmetry of the matrices

∂p5k）/aｘ　forall　k　and　i　like as in Section 2.8.
　1
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　　　　Hence, in each step of the successive calculation of Ｅｑｓ･(5.41)

it is required to solve the equations

∂h
７゛

一
Ｓ

　　　Ｎ　　　　　　∂e.

ｇに

j＝

?j

ﾉi

x'TJg)ニ1ご‘ (i= 1. 2 N?　　　（5°46）　　．

｀″here　gi（゛c’t） are unknown　n-vectors with the boundary conditions

gi（゛c’Ｔ）゜0 (5.47)

飢d e.(x. t） are given scalars.　The funcりons　^　are assumed to be

homogeneous polynomials of the degree　ｒ ＋1　in　X, and are written

ａＳ＊

e (X. t) = ’
｀
Ｊ

ぐ
‰出

゛

j

　・・．χ．

１ヽ　　

Ｊ

「

Thus the　jO‾tｈｃｏ°ponents of　gi　may be written as

gijo（｀’t）゜Ｇ

;

oj1°‘゜

. (t)X. X.°’゛゛j『

with the conditions

The coefficients　＠

　．（Ｔ）＝０

゛゛゜Ｊｒ

ｉ

JOJ1'゛゜]ｒ

and
G;

oj1'゜゜j『

(5.48)

(5.49)

(5.50)

are ｓｙｍ‘metric with re-

spect to the lower indices.　By substitutingＥｑｓ・(5.48) and (5.49) into

　　　* Here and in what follows the summation convention as in Section

2.8 is used again.
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　　ｌ

ｙ

(5.46), we have

（y.　. =-s..
d.　.

-s.. g!　.　.－…-s.. g!

　JOJ1°゜’Jｒ　　　kJO　kJ1‘゜゜Jｒ　　kj,　JOkJ2’“Jｒ　　　　　　kJｒ　JO’゛゜^r-l'^

Ｎ　　　　．．　．
Σ　IT,

. G,
　　／一一」　１‾|.2

j＝1,jZi　
kJ
O

　　　　　●●　　●

¨

叉

(

g

o

kj1‘゛'j『

‥゜Ir-l''

(i = 1, 2 ●●●

＋ｌ･(?)(j　.　　　　+ ...
　　kj, JOkJ2‘゛゛Jｒ

＋Ｏt .

　　JOJ1°‘’Jｒ

N; jo 1゛゜’゜゛
Jｒ ゜1. 2,　゜゜゜, n) (5.51)

where　Ｓｋｌ　and　ＴＪ’ａｒｅ the (k, £)-elements of the matrices §

and　Ｔ４’ respectively. ニ

　　　　　By virtue of Lemma ２.3 in Section 2. 9，Ｅｑｓ･(5.51) are rewrit-

ten into

i
i°‾S

(l｀1゛1)(t)7

i‾

i

Ｔ？1)(t)ヽ，
　　J£一一」　‾jj
j＝1,jZi

1J

with the boundary conditions

ｊ
十ｂ
i（t）　(i

= l. 2 N) (5.52)

　　　　　　　　　　　　　　　　v.(T)゜０　　　　　　　　　　　　　　　　　　　(5.53)

Ｓ（Ｉ’＋1）　and　T.. ' are the (r + 1)-times repeated Kronecker sums of

§･and　Tlj’
ﾕ

spectively; 7i
.
and　bi　are tｈ?　1117＋1“ｖｅｃtｏｒｓsuch that

the　£-th components are　　ｄ .　　.　and　＠t.　　. , respectively, H

being　　　　　　　　　　　　　　　　　
JOJ1° ’゙ Jｒ　　　　　　JOJ1°”Jr

r　

－1)nl'‾k＋1

　　k＝O　ｋ
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　　　　　　　　　　　　　　　　　　　　　　　　　　－Assume that, as　t -*■ - 00, S　and　Ｔ

ces　SO 飢d　Toij°
Let　Sy）

repeated Kronecker sums of

reduce to the constant matri-

and　ぶ?7?　be the matrices of r-times

S' and　T'., respectively, ・nd let　Ｍ

be the　Nn'^ ｘ Nn -composite matrix defined by

M
（I｀）仝

ぐ）

喘

頑

ｴ

喘

ぐ）

●●●

●●●

●●●●●●

庖 ●●●

べ‰

Ｉ昌

ぐ）

(ｒ)

(5.55)

The behavior of the solution of Ｅq･(5.52) is characterized by the sta-

bility of the matrix Ｍ(I'＋1).　Contraryto the optimal control problem

1ｎ Section 2.10 * the stability of Ｍ(I')

that of SO

ity of　Ｍ

is not the direct consequence of

alone, as will be seen later in an example, and the stabil-
(ｒ)

for　ｒ ・2　is not explicitly related to that of Ｍ(1)

Therefore the stabilitytheorem for the function　p

tioned in ａ simple form as Theorem　2.4.

can not be men-

5.4.3　Minimax Solution

　　　　The minimax strategy for Player i, 111°u*, is the ｓt°tegy

satisfying the inequality (5.1).　The strategy　ｕr　is to minimize the

Hamiltonian　Ｈｉ　ofＥｑ°(5.35) on the assumption that all the other

players try to maximize

u. = -
　Ｊ

H., i°e.,　they choose

R51B;pi　　　　　（jZi） (5.56)
１

　　　＊Ｗｅ have observed, in Section 2. 10，that, if Eｑｓ･(2.92) are time-　　，

invariant and if　S　is stable, the solution　v{t) of Ｅｑｓ･(2.92) is sta-

ble as　t →- 00.
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ｔ

膏

provided that

　　　　　　　　　　　　　　　　RijくO　　　（jメi）

Then the minimax strategy for Player　i　is

　　　　　　　　　　　　　　　　　　1° ’ ^u'^iPi

provided that

　　　　　　　　　　　　　　　　　　　　R..>0

where　ｐ.

　　　　　　1
satisfies

　　　　　　∂Ｈ.

pド‾否

(5.57)

(5.58)

(5.59)

(5.60)

When the condition R.. < 0, the inequality (5.57), fails to satisfy, the

expected cost by Player　i， i.e., his security level, is infinite, reduc-

ing the minimax solution meaningless.

　　　　By developing the costate vector　p

(5.39), we obtain

　　　　　　　　　　　　　　Ｎ
Ｐ．＝－Ｐ．Ａ
　１　　　　１

A’Pi ’≪l ゛
耳

　　　　　J＝1

十

　(k)ｙ

s。ax　1

P.E..P.
　1 1J 1

(i

ｉ into ａ power series of Ｅｑ･

゜１， ２，　゛゜゜９Ｎ） (5.61)

(k)

(i = 1, 2,　゜゜゜9N; k= 1, 2, ..･) (5.62)
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h11)(゛'t)g!爽(ll)'Pi゛ ' Pif'

hlk)(゛t)仝'((E)゛plk‾1)‾

jjlLﾝ]?

f゛

言大学

Eijp
lk‾£)

E.. ^ B.Rこ1B!
1J　　J　IJ　J

S. ^ A -
　１

The 'boundary conditions are

Pi(Ｔ) ゜Fi゛

N
Σ

j＝1

E..P.
　1J 1

ぐ

(k = 2, 3, . .･)

（ｘ，Ｔ）＝０

(5.63)

(5.64)

(5.65)

　　　　　Equations (5.61) and (5.62) are separated for each　ｉ.　　This　is

because Player　i　presumes, by himself, his opponents' strategies, all

of which try to maximize his cost Ji’　Corresponding to Theorem 5 1゙

for the zero-sum game, the following theorem is established:

Theorem 5.旦

　　　　Assume that the system (5.34) is time-invariant, all the parame-

ters in the perform・nee 叫dices (5‘33)are const°t’and　FiニO’ If

the constant matrices

Poi

△

－ lim p,(t)

t→-(X)1

(5.66)

　　* The matrices　S， §, and　ａ　defined in Eqs. (5.20), (5.44), and

(5.79), respectively, are the resultant system matrices with the corre-

sponding optimal strategies y?ｒ ８ ° O; while not so is S., because for

　　　　　　　　　　　　　　　　　　　　Ｎ

the minimax solution Ａ －
12 Ｅ

j＝1
jjPj
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ｔ

exist and if all the constant matrices defined by

　　　　　　　　　　　　　　　　　　　　　　　Ｎ

　　　　　　　　　　　　　　　soiきＡ“Ξ1 ■=1)^01

are　stable, p

tive to　pl）

where

(k)

i

(5.67)

is uniformly asymptotically stable as　t →- CD, rela-

satisfying

゛s5

H (X) X F^.t,

ぐ (ｘ)４－ｒp次“1)

一

一

１
一
２

　
＋

ぐ （ｋ°1, 2, ...) (5.68)

　　　　　　　　　　　　　　　　　　　　　　(5.69)
回訃卜

u
が）　（k＝！,

3, ..･）

5.4.4　Pareto Optimal Solution

　　　　　Ifcooperation among the players is allowable, clearly dominated

strategies are disregarded and ａ strategy is chosen among the Pareto

optimal set.　Solving for the Pareto optimal set is equivalent to solving

an optimal control problem with ａ vector ｃｏｓtftlylctｉｏｎ（J1’J2’゜‥’

JN）゜　When values of the costs form ａ convex polyhedron in the　Ｎ－

dimensional space, the problem is equivalent to an　Ｎ － 1　parameter

family of control problems with ａ scalar cost criterion 【15】.　That is to

say, the Pareto optimal solution （a1‘’
a2’“

’゚
aN） minimizes the　sea-

lar function

　　Ｎ

Ｊ＝Σり.

　　.　　11　　1＝1
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　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　－

for some （（゛1’（゛2’゜゜゜, a ) satisfying

Σ・．＝１，

ｉ＝１　１

（ｘ．＞Ｏ　　（ｉ＝

　１
1, 2,　゜゛゛ｓ　Ｎ） (5.71)

Conversely, for any a.　satisfying Eq. (5.71), the corresponding solu-

tion which minimizes　J　in Eｑ･ (5.70) belongs to the set of Pareto

optimal solutions.

　　　　The values of a.　satisfyi昭Ｅq°（5°71) are to be determined by

ａ negotiation among the players. This determination involves ａ conflict

of the players' interests:Decreasing one player's cost enforces increas-

ing at least one of the others≒　Here we assume that the values of a.
　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　１

have already been determined by some means.

　　　　The Hamiltonian of the problem (5.34) and (5.70) is given by

H●1χ･4ｘ＋1

　
ｄ
'
-
’

　
ら
．
．
。

Ｎ
Σ
４

　
〈
Ｑ

N　　　　　　　　　　　　　　　　　　Ｎ

i-l

゛ p'(Ax ゛ ef 4‘
?I Ｂilli

〈
民
―
４Σ・乱

　j＝1　J Jl

where　p(x, t)　satisfies

ｐ°－

△
一

〈
Ｆ

誓＝一娠－Ａ･ｐ－ε(沓･ｐ，　p(ｘ，Ｔ)＝fχ(Ｔ)，

N
Σ

i＝1

(ｘiＦi

The Pareto optimal solution　a.
　　　　　　　　　　　　　　　　　　　1

a

i°一町1Ｂlｐ

(5.72)

(5.73)

to minimize　Ｈ， is obtained:

(i = 1, 2,　・・・9　N)
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や

　　４

ｔ

provided that

　
０
　
ツ

〈
Ｒ
Ｉ (ｉ＝１，２，　゜゜・９　Ｎ)

The inequality (5.75) is necessary for existence of

　　By use of the power-series expansion of Eq

P = - PA - A･P - Q + PEP

響
゛旦
ぐ2§ｘ十合'p(k)゜ｈ(k)

where

h(1)(ｘ， t)

h(k)

Ｅき

N

Σ

i＝1

！-(|)'Px-Pf,

Ａ

Ｕｉ

(5.75)

to minimize　Ｈ

(5.16) we obtain

(k = 1. 2, ..･)

･φ(゛'1)－ぺyｈylご私(゛‾ii

　　　　　　1＝1

　　　　　　　　　(k＝2,3，‥･)

　-●耳13
1

町≒
･　　§４Ａ－£Ｐ

(5.76)

(5.77)

(5.78)

(5.79)

The boundary conditions are

　　　　　　　　　　　　Ｐ（Ｔ）＝j?，　　　　p（k）（ｘ，Ｔ）＝O　　　　　　　　　　(5.80)

　　　　　The problem of Ｅqｓ･(5.34) and (5.70) is now one of the simple

optimal　control problem rather than game problem.　Thus, it　is readily

seen that the sufficient condition to have Theorem ２.4 is the following:

4　is
positive definite, I? ゜ 0, and　Ａ　and　Ｂ　are of complete con-

trollability, where　Ｂ　is the　n X (m ゛ 1112＋　...十m )-composite
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matrix defined by

B ^ [B　Ｂ２　ｙ’　ＢＮ】

Then Theorem ２.4 is also true for this case.

(5.81)

5｡5　Example

　　　　　Inthis section, we examine ａ simple example and illustrate some

features of the differentialgame.　For simplicity, here we treat ａ two-

person game whose state dynamics is governed by the scalar differential

equation:

．　　　　　　３
Ｘ＝Ｘ＋£χ 十Ｕ1 十U2゛

x（0）＝ｘ

o

The cost functions of Players　l　and　2　are, respectively,

J1 °

J2

１
－２

SJ

(｀

2

゛ I'1111＋l'211:)dt,

１
一
２

　
＋
２

･'0
゛
2
゛ r^u:)dt

(5.82)

(5.83)

where　Ｆ
ｌ　and　Ｆ２

are nonnegative constants.　These costs may be

called symmetric with respect to　ｕl　and　ｕ2゛

　　　　　Tobegin with,　we examine values of the parameters　ｒl　and

ｒ2　for which various kinds of solutions exist. Due to the condition

(5.38) a Nash equilibrium solution exists with　ｒ1＞O゛ and ａ minimax

solution with　171＞O　飢d　172＜O　due to the conditions (5.57) and (5.59)・

For Pareto optimality　ｒ1＋ｒ2＞O　is required by the condition (5.75)・
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(a) A Case in Which Three Kinds of SolutionsExist

　　　　Consideringthe above result we choose

ｒ１ ゛
２゛

r2
＝－１ (5.84)

because all the three kinds of solutions exist for this parameter pair

The initialcondition and the game period are taken

　０

Ｘ
一

一
１， T＝10 (5.85)

respectively, throughout the 皿merical calculation.

(a.1) Pareto optimal solution

　　　　Since the Pareto optimality gives the best possible solutions in ａ

sense, first we examine it.　By using the approximation procedure of

Section 5.4.4, the Pareto optimal strategies are obtained up to the sec-

ond order in　８:　　ヽ

aｓにー
?{y1りｒこ;}｀丿L門占K戸Ξ93

　　　　゛[!Tﾆy?ﾐ]ど2 i゛”2U?1)1　1+v]ｓ15}(i°1'
2) (5°86)

where

μ＿４
１

μ2４

１

μ仝μ1
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　　　　　1
＋μ2゛　liく(ｘく

２

－
３

(5.87)
1　3a- 1' 2 -3a'

To be exact, the coefficientsin the power series of Ｅｑｓ・(5.86)vary

with time　t, because they are solutions of differentialequations.　How-

ever, with ａ relatively long game period, ｅ.ｇ･，Ｔ＝10　in our example,

their steady-state values can be used through the game.　It is noted that



１
ｆ

10

５

０

　●３

　　　　　０３

－

　　　　　　　　　　χ

　　　　　　　　　　　Ｎ

　　　　　　　　　　　　χ

受　　　　　／

　ｔ

，　　　１
０

J1→

:　Pareto (e - 1)

170

５

:　Ｐａｒｅtｏ(ε＝o)

10

　　　　　　　　●:　Nash(e = 1)　　　　　　ｏ:　Nash(e = 0)

Fig. 5°3' Costs ･^1 and J due to the Pareto optimal strategies

　　　　　　　(5.86)and the Nash equilibrium strategies (5.88) o「

　　　　　　　(5.89)･

these steady-state values are unique and consequently not affected by the

values of　Ｆｌ　and　Ｆ２°　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　’

　　　　　In Fig. 5.3 the　sets of costs　Jl　and　J2　attained by the Pareto　　ｌ

optimal strategies are illustrated with　Ｅ ＝O　and　E = 1. By defini-

tion, no cost below the curve of the Pareto optimality is possible to at-　　，

tain with respective value of　ｓ; that is, the right-upper region to the



●

● s

●

curve　is the attainable set of the costs.

(a.2) Nash equilibrium solution

　　　　When　Ｆ１ °F2゛ the approximate strategies are

-

0.7595X - 0.4580ex^ - 0.0548e×5

The resulting costs　Ｊｌ　and　Ｊ２　arealso equal.　However,

F2’a drastic change occurs in the strategies and the　costs°

Ｆ2

－

%1

－

%2

= - 6.3589X －　6.5883eχ｀'十〇. 12086χ｀’，

一

一 2.3589X + 2.5883ex －0.1208巳2×5

(5.88)

if　FI Z

For　F1〉

(5.89)

and　Jl　is far larger than　Ｊ２‘　　】f　F1くF2゛tｈｅｒｅｓｕltis reversed

for Player　ｌ　and Player 2. That is to say, if the cost functions are

in completely symmetric forms, the strategies and the cost values are

same for both players, but ａ slight difference in the cost parameters

results in ａ big change of the Nash equilibrium solution.　This change

might well be understood by examining transient variations of the solu-

tion, which is detailed for　Ｅ＝O　in Appendix ｖ｡

　　　　　The costs attained by the Nash equilibrium strategies are plotted

in Fig.　5°3° Points　1’2゛ and　３　are for　F1 ° F2゛ F ■>F and

Ｆ１くF , respectively. The numeral assigned to each point for the

case of　ｓ ° O　indicates the corresponding singular point on the phase-

plane diagram of Fig. Ｖ.l(c) in Appendix ｖ.　Clearly every Nash strat-

egy is dominated by some part of the Pareto optimal ｓｅt｡

　　　　　When the opponent uses his Nash strategy, the player can do best

by also using the Nash strategy.　This is illustrated in Fig. 5.4 for
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一
一

　ｒ･4

トつ

Ｊ
１

１

　Ｈ
り

10

８

　　０．５

e f･

1.0

　　　　　－　　　　　　　　　　　　　　　　　　　　　　　　　　　　－due to ｕｓ
l
of the first or the second order, or ｕ1

　　　　　　－due to ｕｓ1

10

８

６

０

－2

of the zero order

０

1
due to ｕ;1

　　0.5

6→

1.0

of the first or the second order or u* and ｕ2

(5.98) (security level of J1）

due to ｕ＊
　　　　　ｓ1

of the zero order and ｕ

172

2
of Ｅq°(5.98)

－

１

－--一一:　J

Fig.　5.4.　Variation of the Nash equilibrium cost ■^1with Ｅ°Player

　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　－　　　　　　　　2is using his exact Nash strategy ゛12of Eqs . (5.94?゜

：　Ｊ

of Eq.

:Jl due to｀11aJld｀1;of Ｅｑｓ‘(5.97)

　Fig. 5.5.　Variation of the minimax cost Jl with Ｅ°

"'‾‾：　Ｊ１



卜

４

F1＞F2’　Here Player　2　is choosing his Nash strategy.　For Player

1, the cost is improved by using higher-order approximations to the

Nash strategy. The effectof improvement becomes remarkable as　ｓ

increases.

(a.3) Minimax solution

　　　The minimax solutiondiverges very quickly:In fact, the zero-

order solutionsof Ｅｑｓ･(5.61)are given by

P1(t)゜P2(t)゜

ＦきＦ１ °Ｆ２

These have, for　Ｆ

(5.90)

き0，tｈｅ final escape time

t = T Al gド誉十予 (5.91)

The detail is omitted here.

(a.4) Application of the method of instantaneous linearization

　　　　　Themethod of instantaneous linearization of J. Ｄ. Pearson [78]

gives the exact solution to ａ nonlinear regulator problem having ａ scalar

state, as mentioned in the example of Section 2.13(a). The method

works also for the exact solution of the present differentialgame which

is governed by the scalar equation.

　　　　　ThePareto optimal and the Nash equilibrium solutions are calcu-

lated: Pareto optimal solutions are

八
Ｕ

i

二= ｝［匹］
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１

Nash equilibrium solutions are, with　Ｆ１ニＦ２゛

ｉｉｌ【゜石マＦ可】Ｏ

and, with　Ｆ1 ＞Ｆ2

ｉ 【（ ゜）ぷ匹箔ヰﾌ］

ら【（゛）ぷ匹話てて］
(5.94)

　　　　The power-series approximations of the second order, Eqs･

(5.86), (5.88), and (5.89), turn out to agree with the formal expansions

of the exact strategies, Eqs･(5.92), (5.93), and (5.94), respectively･

(b)Ａ Case in Which the Minimax Solution Has No Finite Escape Time

　　　　We choose values of the parameters　ｒl　and　ｒ2　as

ｒ１ ° ２ r2 ° ‾3 (5.95)

For these values of ｒl　and　^2'　there is no value of （li　satisfying

the ｃｏｎｄ叫on(5.75) for Pareto optimal solution, and, as seen in Appen-

dix ｖ，the Nash equilibrium solution has no steady-state value except

for　F1 ° F2’

　　　　　Bythe approximation method in Section 5.4.3, we obtain the

minimax　solution in the　steady　stateup to the second order:

二Ｕ＊　= - 6.2404X - 5.7775ex^
　　　　Ｓ２

0.1984e^×5 (5.96)

Application of the method of instantaneous linearization gives the exact
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ｆ

minimax solution:

一
一
＊
Ｉ
Ｕ 【匹】

When one player, say Player

er's cost　J , that iｓ゛

(5.97)

29 uses the strategy maximizing the oth

［匹］ (5.98)

then the minimax strategy is optimal for Player　1.　Figure 5.5　shows

the values of　Jl　when Player　l　uses the strategy (5.96) or (5.97)

and Player　2　uses (5.97) or (5.98).　Provided that Player　2 uses

the　strategy (5.98), then　Jl　is almost at the security level, the solid

line in the figure, when Player　l　uses his power-series form minimax

strategies (5.96) of the more than first order.　The value of Jl　ｒｅ“

suiting from the both players' minimax strategies (5.97) is fairly less

than the security level.　This shows the pessimistic feature of minimax

strategies in ａ nonzero-sum game.

(c) A Case in Which the steady-state Higher-Order Solutionof Nash

　　Equilibrium Can Not Be Determined Uniquely

　　　　By choosing values of the parameters　ｒl　and　ｒ2　as

ｒ１ °
２゛

r2
-

- 2/vi - 8 (5.99)

there arises an irregular situation in computing higher-order solutions

of Nash equilibrium. In fact, the steady-state solution as　t →- 00 of

Ｅｑｓ・(5.40) with　F = F。きO　is given by
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and　SO゛ to which
－
S　defined

亙土ユ

　４
(5.100)

in Eqs. (5.44) is reduced, is stable:

S- = -ぷ戸１
０　　　　　４

Nevertheless, in this case, the matrix Ｍ(l')

(5.101)

of Eq･(5.55), by which

higher-order solutions of Nash equilibrium is calculated,

M（I’）＝－
zi≒ニュ

『

１

１

１

１
(5.102)

is singular,　and hence the coefficients of the higher order can not be

uniquely determined.
４

5｡６　Concluding Remarks

　l An approximation method has been presented to obtain various so-

lutions of differential game problems with nonlinear dynamics. A zero-

sum two-person differential game has been treated in Section 5.3. The

minimax strategy of the game is obtained in ａ power-series form of the

small parameter　Ｅ. If the nonlinearity of the system is of ａ polyno-

mial in state, the coefficients of the series are also pol3Tiomials十and

can be determined successively with increasing order.　　　　　　　　　　　　　　ｉ

　　　　Ａ nonzero-sum　N-person differential game has been discussed in

Section 5.4. The nonzero-sum game could not be approached until one　　　，

specified what properties the solution should have. Typical solutions of

　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　l

the nonzero-sum game are the Nash equilibrium strategy, the minimax

strategy, and the Pareto optimal strategy.　The　small parameter method

has also been applied to approximate determination of these solutions.
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夢 ･

　　　　The stabilityproperties of the approximate minimax solutions

have been discussed in Theorems 5.1 and 5.2 for ａ zero-sum and ａ

nonzero-sum game, respectively. For the Nash equilibrium solution,

such ａ stabilityproperty can not be mentioned in ａ simple form; and,

for the Pareto optimal solution, the property is the same as that for the

nonlinear regulator solution in Chapter 2｡

　　　　Ａnonzero-sum two-person differential game with scalar dynamics

has been examined in Section 5.5. Some features have been illustrated,

including the above-mentioned stabilityproperties of the approximate

solutions.
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　　　　　　　　　　　　APPENDIχ Ｉ

KRONECKER PRODUCT AND SUM OF ］MATRICES

　　　　The definitions and important properties of the Kronecker product　　・

and sum of matrices are briefly mentioned ［7, p. 227].*　Let　Ａ　and

Ｂ　be　ｎχn- and　ｍχm-matrices, respectively･

Definition 1.1

　　　　The　nm ｘ nm-matrix whose (p, q)-element is A..B,£’ｐ　ｂｅ‾

ing　m(i - 1)十k　and　ｑ　being　ｍ（j－1）＋£, is called the Kronecker

product of　Ａ　and　B, and written　A R B.

Definition 1.2
-
　The　nm ｘ nm-matrix　Ａ＠I(111)＋I(11)＠Ｂ，ｗｈｅｒe　l(k)　isthe

k ｘ k-identity matrix, is called the Kronecker sum of　Ａ　and　B, and

written　Ａｅ Ｂ.

　　　　　Let　λi（i°1, 2 n) and　μi（i°1, 2, ..., m) be the ei-

genvalues of　Ａ　and　B, respectively.　Then the Kroneeker product and

sum have important properties of interest: The　nm　eigenvalues of　Ａ

＠Ｂ　are　ス.λ.　and　lun　eigenvalues of　Ａ ｅ Ｂ are　λ.十λ.（i＝1．
　　　　　　　　1J　　　　　　　　　　　　　　　　　　　　　　　　　　　　　I　　J

‥・, n; j ° 1， ゛゜゜9　m）．

　　　　　The following fact has been used to establish Theorem ２.4 in

Chapter　2.　　Let　x　be the　ｎｒｘ ｎｒ-ｍａtｒiｘwhich is the　r-times re-

peated Kronecker sum of　Ａ:

　　　＊ln some textbooks on matrix theories the terms ”directproduct

and ｓｕｍ”are used in place of the Kronecker product and sum ［ｅ.ｇ･，

57, p.　81］.
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ｌ

１

ｆ

・

χａＡ（ＤＡ（Ｄ…c
A

　　太一

It is inductively shown that the　ｎｒ　eigenvalues of ・Ｘ

tj

1

十λj

2

゛
゜’ 十゚λjｒ（j1’

j2’゜゜゛’七゜1, 2,゜｀9 11）

if　A　is stable, so is　χ.

(1.1〉

are given by

　�particular,

Consider the matrix equation for an unknown　ｎ ｘ m-matrix　χ

　　　　　　　　　　　　　　Ａχ十χＢ＝Ｃ　　　　　　　　　　　　　　　(1.2)

where　A, B, and　Ｃ　are given　ｎ χｎ-，ｍ χ ｍ-， and　n χ m-matrices。

respectively.　It is known that Ｅｑ･ (1.2) can be rewritten into the equa-

tion in an unknown vector　ｘ ［7, p.　231］:

(A c B')x = c (1.3)

where　χ　and　ｃ　are the　nni-vectors whose　l -th components are

xij　and　Cij’ respectively, l　being　m(i - 1) + j
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　　　　　　　　　　　　　　　　　APPENDIX Ｈ

DERIVATION OF DYNAMICAL EQUATIONS FOR SOME CONTROL

　　　　　　　　　　PROBLEMS OF SPACE VEHICLES

　　　　Some examples of dynamical systems optimization problems are

found in attitude control and trajectory optimization of ａ space vehicle･

Dynamical equations describing the attitude rotation or the trajectory

motion of ａ satelliteare linearized under some reasonable assumptions.

Many works are concerned with such linearized models ［14, 19, 28, 32,

64, 911. It may often be required, however, to treat ａ more precise

model. Then we are inevitably faced with nonlinearities and find the

ordinary linear theories helpless.　In addition, taking nonlinearities into

consideration may make the system large-scale due to nonlinear cou-

plings between subsystems｡

　　　　To solve ･such kinds of space problems with nonlinearities and/or

with high dimensionalities is one of the motivations of the research de-

veloped in the present text.　Some space problems are adopted as

examples mainly in Chapter 3.　The present appendix gives the deriva-

tion of dynamical equations for two typical space problems used there.

II.1　Equations for Attitude Control of an Orbiting Satellite【64】

　　　　Consider an active attitude control system of ａ satellite orbiting

around the earth. The controlled element dynamics is characterized by

ａ set of differentialequations relating an external torque to the rotational

response of ａ satellite.　Equations for the attitude of ａ satellite are

summarized in what follows.

　　　　The attitude of the body is defined by Euler angles　(I),e, and　φ

which determine the orientation of three body-fixed axes with respect to
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earth-centered reference axes.　The angles　<l>,9, and　φ　Γepresent

the pitch, yaw, and roll motion, respectively, of the body about its

principal axes of inertia. The angular velocity of the satelliteis writ-

ten, in terms of components along the body-fixed axes, as

ω1°“（ａ゛ﾀﾞi') sin e 十が’・

“J2°（ｎ十β’）ｓｉｎφｃｏｓΘ十e゛ ｃｏｓφ

｀J3 °（ａナβ') COS ^ COS 9‘ ０’ｓｉｎφ

(n. 1)

where　ｎ　is the angular velocity of the radial line from the gravity

center of the earth to the satellite:only here and throughout this appen-

dix, a prime denotes differentiationwith respect to real time　tｒ゛a1’

thou^, in all the other parts of the text, it denotes transposition of ａ

vector or ａ matrix｡

　　　　If we assume the satelliteto be ａ spherical body, the Euler

equation of the rotational motion is, in component forms,

Ｍ．＝Ａω!

　１　　　　１
(i = 1, 2. 3) (n.2)

where　Mi　is the　i-th component of an external torque applied to the

satellite and　Ａ　is a principal moment of inertia about ａ diameter of

the spherical body.

　　　　　For the satellite revolving along an elliptic orbit, the angular ve-

locity　ヽｎ　of the earth-centered frame is approximately given by

　　　　－　　　　　　　　　－ａ°ａ（１十ｅ COS ａ ｔｒ） (n.3)

　　　　　　　－where　ｎ　is the mean value of　ａ　over one revolution along the orbit

and　ｅ　denotes the eccentricity of the orbit.　The time at which the
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satellite passes through the perigee of the orbit is taken to be zero in

Ｅｑ･(n.3)・

　　　　Substitution of Ｅqｓ・（II. 1) into (II. 2) yields ａ set of second-order　　　　｀

differential equations with respect to　</>, 0, and　φ.　Solving the se

equations for　φ”，9”, and　β”, we obtain　　　　　　　　　　　　　　　　　　　　　　‘

ψI’＝（ａ＋β’十μ' sin 9)9'

　　　　＋

ｌ

ｃｏｓe ＋lｓin y≫sin e ＋ly ｃｏｓφsine,

e”＝－(ｎ＋β')戸'ｃｏｓΘ＋
響

ｃｏｓφA sinφ，

β”＝（ｎ＋μ゛）el tan ｅ + e'0' sec 9 - a'

＋

で

-sinφsec ｅ ＋ｌｃｏｓφｓｅｃ e

(II. 4)

Eauations (II.4) describe the exact dynamical model of the attitude mo-

tion.

　　　　We introduce nondimensional quantities defined by

~
＾
'
<
ｏ

　
Ｘ

　よ

ｕｉ‾８Ｍ

Ｏ

m

･
-
ａ
Ｊ
　
1
0

　
△
一

　
　
　
２

　
χ

X3

ａ。　　　　ムを　　　　AI!!　　　　.i

‾８゛　　X4‾６゛　　X5‾６゛　　X6‾ε:

(i = l. 2, 3),　　ｔ仝

μ仝2Ｃｅ

しい虎 (11.5)

where　】V【O　is an appropriate base quantity of the torque and　Ｅ　is ａ

nondimensional parameter introduced for convenience. Ａ dot over ａ

quantity denotes differentiation with respect to the normalized time　t.

By use of the quantities in Ｅｑｓ・(II.5), Eqs･(II. 4) are rewritten into
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ｆ

ｔ

４

X1 ° X2゛

交2°(ｃ十μCOS ct‘1'８゛6゛巳゛c2sin ex )x

　　　　　　　　十"l COS ＥＸ３十ｕ2 sin ex ｓｉｎＥＸ３十ｕ３COS ａｘlsin ｓｘ3゛

ｘ3 °ｘ4゛

文4°'(ｃ十μCOS ｃｔ＋ａｃ６)ｘ２
COS むc3十ｕ２ COS ex ゛ｕ３sin ａ１'

ｘ５°ｘ６゛

Xg=(c十μCOS ct ゛ ac6)゛4 tan ひc3十Ｑｃ♂：４sec ａ３ 十でsin ct

　　　　　　　　　　　　　　　　十ｕ２ sin ex sec ＥＸ３＋ｕ３COS ex sec ８×３

(11. 6)

　　　　　Somespecial types of approximate equations, which are easy to

handle, are derived under the corresponding adequate　conditions.　The

nonlinear terms, including those nonlinear in ｘi　and　ｕi m゙ay be dis
“

regarded under the assumption that the deviation angles and their time

rates are sufficientlysmall. Retaining only linear terms yields

X1 ° X2゛

X2 °ex

X3°

４十μCOS ｃt°ｘ4＋ｕ1゛

and

X4゛

x4°-ex -μCOS ｃt'ｘ2十ｕ2

X5 °X6゛

i＝1!£sin ｃt＋
　6　　ε U3

(n.7)

(n.8)

The method developed in Section 3.4 is applicable to the periodic system
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of Eｑｓ･（11.7）・

　　　　　Ifthe orbit is circular, the angular velocity　，ｎ　ofthe orbital

motion is constant, that is, μ゜O.　Equations (11.7) then are reduced to

冬1 °X2s

X2 ° CX4 ＋U1゛

X3ニ X4゛

X4 ゛“ ＣＸ２十Ｕ２

(II. 9)

When　ｃ＝O， the system of Ｅｑｓ･(II.9) is decoupled into two subsys-

terns, each of them being ａ double integral system. Hence the method

of Section 3.3.3 for weakly coupled linear systems is applicable to Ｅｑｓ･

(n.9).ト

　　　Under special requirement, 1t is desirable to retain higher-order

terms in　χ. and　u.. If the terms up to the second order are re-
　　　　　　　1　　　　　　1
tained and the orbit is circular, we obtainニ

X1 ° ^2'

Ｘ．、’ＣＸ

X3° Ｘ４

4 4×6＋U1＋６×3U3゛

X4°‾ＣＸ２ “ ＥＸ２×6＋U2‾６×1Ｕ31

Ｘ５ ° Ｘ６

X6° 6×2×4＋ＥＸ３×4十U3十ＥＸＩＵ２

(II. 10)

The method in Section 3.2 works effectively for the system of Ｅｑｓ･

(II.10) with the controls appearing linearly･
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II.2　Equations for Orbit Transfer between Neighboring Elliptic Orbits

　　　　[321

　　　　　Thisitem is concerned with the motion of ａ space vehicle, in an

inversely square gravitational force field, which transfers between two

neighboring low-eccentricity ellipticorbits. In order to describe dｙ“

namical behabior of ａ vehicle, we have to define ａ reference coordinate

system .　We may choose ａ rotating rectangular system whose origin re-

volves along the final orbit in the　specifieddirection｡

　　　　　Thedistance　ｒ　of the origin from the center of the earth is

related to the true anomaly　Θ　by

ｒ＝
　１-
１＋ｅ COS ｅ

(11. 11)

where　ｌ　and　ｅ　denote the semilatus rectum and the eccentricity of

the final orbit, respectively｡

　　　　　Let　X,y, and　ｚ　be three components of the vehicle displace-

ment in the reference frame: ｙ　is the component directed outward along

the local vertical, x　the component perpendicular to　ｙ　in the final

orbit plane, and　ｚ　the component normal to the orbit plane and di-

rected so as to form the coordinates ａ right-handed triad. In compo-

nent forms, the equation of motion of the vehicle is given by

x” ゜ － 2e'y' ＋Θ゛‾χ－さｘ十A1゛

y” ゜ 29'x' + 9' (r + y)

z" = -
旦

Ｒ3
Ｚ十Ａ3

－旦

　Ｒ3
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(r + y) + A (11.12)



where　μ　is the product of the universal gravitational constant and the

mass of the earth, and　Ｒ　is defined by

Ｒ仝

２

(II. 13)

A A° and　Ａ３　are circumferential, radial, and normal components

of the thrust acceleration of the vehicle, respectively.

　　　　The time variation of　o　is approximately given by

e = cot　＋2e ｓｉｎωｔ
　　　　ｒ　　　　　　　　　　「

(II. 14)

where　ω　is the mean value of the angular velocity of the origin over

one revolution along the orbit‘　The time origin is chosen ゛1ｓ　tｒ° 0

when the origin passes through the perigee of the orbit. Under the as-

sumption that　e　is not so large, terms of order higher than the first

in　ｅ　are discarded in Ｅｑ･（II.14）｡

　　　　　Forconvenience, we introduce nondimensional quantities defined

by

Ｘ
一
ぶ
△
一

　
町

Ｘ
一
ぶ

△
一

　
包 VI

111仝ｊ　（iニ1. 2, 3),　　r

X5！

Ｓａ
記
一
趾

ｌ

ｄ゛

Ｚ
一
ぶ
△
一

　
孔
。

(II. 15)

ｉ

●

where　ｄ　is an appropriate base quantity of the distance.

　　　　　Since the initial and target orbits are located close to each other,　。

we may assume that　ｘ， y, and　ｚ　are sufficiently small relative to　ｒ｡

　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　加

Hence, by neglecting terms of order higher than the first in　x/r, y/r,

and　z/r　in Eqs. (II. 12), we obtain, in terms of the quantities defined

by Ｅｑｓ･(II. 15).
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and

XI ° X2゛

文2°‘2x + e(cos t-x + 2 sin t°゛3 ‾４ COS t‘)c4)＋111'

ｘ3 °ｘ4゛

交４ ° 2゛c2゛
ａ:g - 2e(sin t°゛1

‾２ COS
t°゛2‘ ５ COS t°゛3)゛112

X5 ° ^6'

へ

(II. 16)

(II. 17)

Equations (II.16) are mutually related; while Eｑｓ･(n. 17) are independent

of Ｅｑｓ・(II.16).　�other words, the out-of-plane motion is decoupled

from the in-plane motion in the linearized system.

　　　　This is not the case if higher-order terms in Ｅｑｓ･（ｎ.12) are

introduced. In fact, taking the terms up to the second-order in　x/r,

y/r, and　z/r　yields

X1 ° X2゛

交2 ° ゛ 2゛C4 + 2ex×3十U1’

X3 ° X4゛

i4°駄2＋3゛c3 ゛巳（ぺ‘n.2
2　゛゛12’

X5 ゛ X6゛

仙゜゛゛5＋2aｘ3×5＋Ｕ3

(II. 18)

In Eqs. (n. 18), the orbit of the vehicle is assumed circular, i.e･，ｅ ＝

0, for　simplicity･

　　　　The method of Section 3.4 is suitable for treating the system of
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Eｑｓ・（ｎ.16) and (II.17).　The system of Ｅｑｓ・(II.18) with　ｓ＝O　is

decoupled into two linear subsystems: the systems of Ｅｑｓ･（ｎ.16) with

6＝Ｏ　and of Ｅｑｓ･（ｎ.17) with　ｅ＝O.　Hence the method of Section

3.3 for large-scale systems is applicable to Ｅｑｓ・（Ｈ.18）・
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　　　　　　　　　　　　　　APPENDI:χm

SUBOPTIMAL SOLUTION TO THE PROBLEM WITH Ａ

　　　　　　　NONLINEAR OUTPUT EQUATION

　　　　　Therecurrence equations are　summarized for ａ sub optimal con-

trol of the system with ａ nonlinear output equation. Consider the sys-

tern

交゜A(t)x + ef(x, t) + B(t)u

with the output and the performance index

y = C(t)x + eg(x

J＝1ｙ'(Ｔ)Ｆｙ(Ｔ)

，t)

＋1sT[y'Q(t)y + u'R(t)u]dt

(III. 1)

(in. 2)

(111.3)

where　g(x, t) is the　s-vector function analytic in ｘ　and continuous

in　t6［７，Ｔ］such that

g（0，t）＝0 for any　t G【７，Ｔ】 (III. 4)

All the other quantities in Ｅｑ･(HI. 1) to (m. 3) are the same as speci-

fied in Section 2.2.

　　　　The optimal control for the above problem is

ｕ＊＝一Ｒ‾1(t)Ｂ'(t)【Ｐ(t)ｘ十
ｉ
匹 6
kp(k)(ｘ，

t)] (in. 5)

The unknown　n-vectors p(k)(ｘ，t)　satisfyａ sequence of equations:
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必

∂t
＋
∂-
dx

【ｘ'S'p(k)1＝

with the boundary conditions

p(1)

p(2)

p(k)

∂Θ

(k)

(k
一

一 1, 2, ...)

(k
一

一 3, 4, ...)

(in. 6)

(III. 7)

(in. 8)

●

１

４

ｊ

8x

(ｘ，Ｔ)＝友【:x'C'(T)Fg(x, T)]，

(X, T) -
|-^[g'(x,

T)Fg{x, T)],

(ｘ，Ｔ)＝o　　　(k＝3，4，‥･)

The scalar functions Θ(k)(ｘ，t)ａｒedefined by

Θ(1)(ｘ，t)公一x'(Pf十C'Qg),

Θ(2)(ｘ，t)仝－fip(1)＋1p(1)ｉＥｐ(1)－1g゛Ｑｇ，

Θ(k)(ｘ，t)仝－f'p(ｋ“1)＋！
tご
p(i)'Ep(ｋ'i)

　　　　　　　　2i＝1

P(t), S(t). and　E(t) are given by Ｅｑｓ･(2. 14), (2. 18),飢d (2.12), re-

spectively･

　　　　The recursive solution of Ｅｑｓ･(in. 6) proceeds in much the same

way as in Chapter 2.
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　　　　　　　　　　　　　　APPENDIχIV

SUBOPTIMAL SOLUTION TO THE PROBLEM WITH Ａ

　　　　　NONQUADRATIC PERFORMANCE INDEX

　　　　　Therecurrence equations are summarized for ａ sub optimal con-

trol of the system with ａ nonquadratic performance index. Consider the

system

i°A(t)x + ef(x, t)十B(t)u

with the output and the performance index

y = C(t)x

(IV. 1)

(IV. 2)

J=-y'(T)Fy(T) + e?([y(T)]＋1ST【ｙ'Ｑ(t)ｙ＋2印(ｙ，t)＋ｕ゛R(t)u】dt (IV. 3)

　　　　　　　　　　　　　　　７

where　ﾀﾞi(y) and　４ぷ(y,t) are the scalar functions analytic in　ｙ， con-

tinuous in t 6［T, T], and nonnegative for any ｙ and t 6 [T. T],

such that

β(O) -
-
０ φ（0，t）＝0 for any　ｔ ｅ［７，Ｔ］ (IV.４)

respectively.　　A11 the other quantities in Eq. (Ⅳ.1）tｏ（Ⅳ.3) are the

same as specified in Section　2. 2･

　　　　　　Theoptimal control for the above problem is

u＊゜- R"^(t)B'(t)[P(t)x十i 6kp(k)(ｘ， t)]

　　　　　　　　　　　　　　　　　　　　　　ｋ＝1

(IV.5)

The unknown　n-vectors ｐ(k)(ｘ，t)　satisfyａ sequence of equations:
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必

at
＋ (k)]＝

with the boundary conditions

Θ
(1)

Θ

(k)

(ｘ

(ｘ

t）

t）

p(k)（ｘ，Ｔ）＝０

公一ｒp(k‾1)

ae(k)

(k＝1，2，‥･)

(ｋ＝２，３，‥･)

Eｐ(k‾i) (k = 2. 3, . .・)

(IV.6)

(IV. 7)

(IV.8)

y

ゝ

●

Ｊ

ax

p(1)(ｘ，Ｔ)＝景β【C(T)x],

The scalar functions Θ(k)(ｘ，t)　aredefined by

４¬x'Pf -が(Cx, t),

p(i)

P(t), S(t), and　E(t)　are given by Eqs, (2.14), (2. 18), and (2.12), re-

spectively.

　　　　　The recursive solution of Ｅｑｓ・(IV. 6) proceeds in much the same

way as in Chapter 2.
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　　　　　　　　　　　　　　　　　　APPENDIχＶ

　　　　　EXAMINATION OF TRANSIENT VARIATIONS OF Ａ NASH

　　　　　　　　　　　　　　EQUILIBRIUM SOLUTION

　　　　As seen in Section 5.5(a), a slight difference in the cost parame-

ters results in a drastic change of the Nash equilibrium solution. This

change might well be understood by examining transient variations of the

solution. In this appendix, we will do it for the simple example of Sec-

tion 5.5 with　ｓ＝O　and　ｒ1 ニ 2'

　　　　From Ｅｑｓ・(5.40), the Nash equilibrium strategies of each player

for　ｓ＝O　are given by '

where　Ｐ.

　　　　　　　1
satisfy

u. = -
　１
1り

Ｐ．．＝－２Ｐ．－１十

P2
一

一

‘2?2 －１十

and the boundary conditions

P.(T) ＝Ｆ．ｌｏ
　　１

図

１

－
２

(i = 1, 2)

- 屈

屈

十ＰIＰ2

＋ＰIＰ2

(i = 1, 2)

(Ｖ.1)

(Ｖ.2)

(V.3)

　　　　Figure ｖ.1 shows the schematic patterns of phase-plane diagram

for Ｅｑｓ‘(V.2)̂ ゛ithvariation of　172° The diagrams are symmetrical

with respect to the straight line　P1 ‘ Ｐ2 ＝０． The arrows indicate the

direction of decreasing time.　There exist some　singular points　ineach
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P2

P1

P2

P1

(a) -21°46く172く-16.25　　　　　(b) -16.25く172く-2.0

　　　　Ｐ2　　　　　　　　　　　　　　　　　　　　Ｐ2

P1

(c) -2°oくｒ2くo°246　　　　　(d) 0.246くｒ2＜6.0

P2

(e) 6.0<r2く1010

P1

P1

Fig. Ｖ. 1.　Phase-plane diagrams for Ｅｑｓ・(V. 2) with various

　　　　　　　　　valuesofｒ2°
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diagram, and their classification is listed in Table V.I.

　　　　　For　ｒ2 °‾1゛　chosen in Section 5.5(a), we readily see from

Ｆｉｇ°Ｖ‘l(c) that, if　F1 ° F2’ａ solution t°jectory terminates at Point

1; while, if　FI Z F2゛it leads to Point　2　or　3 ‘resulting a big dif-

ference between ｕl　and　ｕ2’ Also note that, for some　ｒ2゛ｓolｕtｉｏｎｓ

diverge to infinity even with nonnegative　Ｆ

　　　　　　　　　　　　　　　　　　　　　J

ｉ

Table ｖ.1　Classification of the Singular Points in Fig. V.I

Value of r2
Singularpoint

１ 2，3 ４

　　　　　　r2＜爽21°46

- 21.46くr2く- 16.25

- 16.25くｒ　く- 2.0
　　　　　　　２

　- 2.0くr2くO‘246

　0‘246くr2く６．０

　　　６‘ｏ＜ｒ２く10°0

　　10.0くr2

　　　Saddle

　　　Saddle

　　　Saddle

　　　Saddle

　stable node

Unstable node

　　　　　-

Unstable focus

Unstable node

　　-

　stable node

　　-

　　-

　　-

　　　Saddle

　　　Saddle

Unstable node

Unstable node

Unstable node

　　　Saddle

　　　　-
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