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PREFACE

This paper is devoted to the study of some classes of optimiza-
tion problems in nonlinear control systems. The systems under consid-
eration are described by nonlinear differential equations containing small
parameters. Nonlinear functions in the equations are assumed analytic.
Suboptimal feedback controls for the systems are designed so as to opti-
mize a performance index of integral type. The approximation method
of approaches presented in the paper is based on a small parameter
method, or a perturbation method. The method proposed is applied to
some types of linear systems.

The text consists of five chapters. The first chapter is intro-
ductory one in which a perturbation method is outlined and the contents
of the text are summarized. Chapter 2 describes a method for subopti-
mal design of nonlinear feedback systems and fully discusses various
features in the design. The chapter that follows extends the method to
various control problems containing small parameters, mainly to a
large-scale problem and a problem of periodic systems. Chapter 4 is
concerned with a suboptimal feedback control for nonlinear systems un-
der noise disturbances. The last chapter deals with nonlinear differen-
tial game problems and presents approximation approaches to various
types of solution of the games. Various typical examples attached in
each chapter illustrate several calculational features of the proposed
method. Five appendices concerning supplementary remarks are an-

nexed to the text.
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GLOSSARY OF SYMBOLS

Throughout this text except for in the appendices and the sections
of examples, unless otherwise specified, the following symbol conven-
tions are generally adhered to the rules: Scalars are denoted by lower
case Greek letters, vectors by lower case Roman, and matrices by up-
per case Roman or Greek. Contrary to these rules, some exceptions
are permitted due to notational usage: times t and T, performance
index J, Hamiltonian H, dimensions of vectors n, m, etc., index
integers i, j, k, £, etc., number N, period L, mean value vector
K, covariance matrix o, and so on. With no exception, vectors are in
column form.

Following is a list of principal symbols appearing in this text.

A(t): system matrix
K(x, t): state-dependent system matrix in instantaneous linearization
Ae(t): system matrix for an evader
Ai(t): system matrix of the i-th subsystem
Ap(t): system matrix for a pursuer
A(0):  constant 'system matrix
A(l)(t): periodically-varying system matrix
control matrix of a system

Be(t): strategic control matrix for an evader

Bi(t): control matrix of the i-th subsystem; strategic control matrix
for Player i

Bp(t): strategic control matrix for a pursuer
B(®): constant control matrix
(t): periodically-varying control matrix

cov: covariance operator for a noise process
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C(t):

det:
D(t):
D(x, t):

J*:

output matrix of a system; disturbance matrix of a noisy sys-
tem

determinant operator for a matrix
degradation matrix in a suboptimal performance index

state-dependent control matrix in a system with controls ap-
pearing linearly

coupling matrix in a linear large-scale system

gradient vector whose i-th component is o9g/0x, for a scalar
g and a vector x !

matrix whose (i, j)-element is 8vi/8xj for vectors v and
X

2
Hessian matrix whose (i, j)-element is 0 é/axiax, for a
scalar ¢ and a vector x )

value of ov/dx at X = a

expectation operator for a noise process

nonlinear function in a system

nonlinear function in an evader's system

nonlinear coupling function in a large-scale system
nonlinear function in a pursuer's system

weighting matrix in J related to final states

weighting matrix in J related to the difference between evad-
er's and pursuer's final states

weighting matrix in J; related to the i-th final substates;
weighting matrix in Player 1i's Ji related to final states

Hamiltonian of a problem
Hamiltonian for Player i

index integer

k x k-identity matrix

index integer
performance index

minimum value of J
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performance index of the i-th subproblem or of Player i
value of J resulting from a suboptimal control

index integer '

index integer

period of time; number of points with a boundary condition
dimension of a control vector

dimension of an evader's strategic control vector

dimension of a control vector of the i-th subsystem; dimen-
sion of Player i's strategic control vector

dimension of a pursuer's strategic control vector
repeated Kronecker sum of a matrix M or M'
i-times repeated Kronecker sum of a matrix M or M'

(i, j)-element of a matrix M; (i, j)-submatrix in a composite
matrix M; notation of a matrix M related to Players i
and j

dimension of a system

dimension of the i-th subsystem

number of subsystems, frequency components, or players
costate vector

costate vector of Player i

optimal feedback gain matrix for a linear-quadratic problem

state-dependent feedback gain matrix in instantaneous lineari-
zation

Player i's optimal feedback gain matrix for a linear-quadratic
game problem

suboptimal feedback gain matrix

optimal constant feedback gain matrix for a time-invariant
linear-quadratic problem

degree of a polynomial
weighting matrix in J related to states

weighting matrix in Ji related to the i-th substates; weight-
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R(t):
Re(t) :
Ri(t) :
Rij (t):
Rp(t) :
S(t):

S_():

ing matrix in Player i's Ji related to states

index integer

weighting matrix in J related to controls

weighting matrix in J related to evader's strategic controls

weighting matrix in J; related to the i-th subcontrols;
weighting matrix in Ji related to Player i's strategic con-
trols

weighting matrix in Player 1i's Ji related to Player j's
strategic controls

weighting matrix in J related to pursuer's strategic controls
dimension of an output vector; dimension of a noise vector

resultant system matrix for a linear-quadratic problem with
the optimal control

resultant system matrix with a suboptimal control

resultant constant system matrix for a time-invariant linear-
quadratic problem with the optimal control

time

trace operator for a matrix

final time

control vector of a system

optimal control

strategic control vector of an evader

control vector of the i-th subsystem; strategic control vector
of Player i

minimax strategy of Player i

Nash equilibrium strategy of Player i
Pareto optimal strategy of Player i
strategic control vector of a pursuer
suboptimal control

optimal or exact value of a quantity v

i-th component of a vector V; notation of a quantity v for
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Bt):
B(t):

the i-th subproblem or for Player i

i-th-order coefficient of a quantity v developed into a power

series
suboptimal or approximate value of a quantity v

time-independent form of a function v(t) or v(x, t)
o or t-—-»-o0

initial value of a quantity v(t) at t =71
suboptimal performance matrix

noise vector

state vector of a system

state vector of an evader

state vector of the i-th subsystem
state vector of a pursuer

output vector of a system

Wiener process vector

infinitesimal operator for a quantity
domain of a space

small scalar parameter

mean value of a noise process
covariance matrix of a noise process
initial time

fundamental matrix of a linear system
fundamental matrix of a linear system
angular frequency

zero scalar; zero vector; zero matrix
differentiation with respect to time
transposition of a vector or a matrix
positive definiteness of a matrix
positive semidefiniteness of a matrix

interval of time

as t —»



definition of a quantity
norm of a vector or a matrix
Kronecker product of matrices

Kronecker sum of matrices
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CHAPTER 1
INTRODUCTION

1.1 Perturbation Method

There have been numerous studies on the optimization problems
for linear dynamical systems: linear regulator problem [37, 40],* linear
stochastic control problem [24], linear differential game problem [33,
90], control problem of linear distributed parameter systems [29], lin-
ear filtering problem [38], state observer problem for linear systems
[54, 55], and so on. Each of these linear problems has been solved in
an elegant closed form. However, many problems faced today by engi-
neers may involve nonlinearities in system dynamics. Relatively few
works have been reported on nonlinear optimization problems. This is
because in general the determination of the exact solutions is difficﬁlt or
impossible for nonlinear problems, except for special classes of prob-
lems [16, 85, 89, 93].

There are some major trends in modern developments of nonlin-
ear analysis: the purely numerical methods using a digital computer [23,
79], the methods of linearization with application of linear theories [11, )
21, 27, 46, 78, 85, 86, 89], the methods of parameter optimization
with solutions of fixed cénfiguration [18, 20, 52, 53, 84-86], the analyt-
ical methods of successive approximations, and combinations of some of
these. The analytical methods based on successive approximations,
proposed in various forms by many investigators [1, 5, 25-27, 30, 39,
56, 81, 96], are most systematic. Most of the methods have given only

formal procedures of successive approximations, but have kept away

* Numbers in brackets indicate references at the end of the text.
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from related natures in successive calculations: uniqueness, solvability,
stability, continuity, and so on.

Foremost among the successive approximation techniques is the
small parameter method, or the method of perturbation in terms of a
small parameter. The use of the perturbation method was, in the ear-
lier period, limited to astrodynamical calculations. But the important
contributions of H. Poincaré and later mathematicians or engineers have
broadened applicability of the method to include a more general field of
nonlinear problems [8, 13, 62], especially a field of nonlinear oscilla-
tions [9, 31]. An initial-value problem of differential equations is of
primary interest in case of nonlinear oscillation problems; while a two-
point boundary-value problem has to be solved in most case of optimiza-
tion problems, to which the method may also be applicable.

This text presents approximate approaches to nonlinear dynamical
optimization problems with use of the perturbation method, and further-
more fully discusses various features in successive calculations. All
the problems treated in the text are reduced to the task of solving equa-

tions of the form*
gx, v, X, v, t; &) =0 (1. 1)

where x, v, and g are n-, nv-, and (n + nv)-vectors, respectively,
and t 1is time; &€ is a scalar parameter. A dot over a quantity de-
notes differentiation with respect to t. The parameter ¢, ideally a
nondimensional number, may naturally appear in Eq. (1.1), or may

artificially be introduced for convenience. The magnitude of & should

* Here and throughout the text, the symbol 0 is used, without
notice, as zero scalar, zero vector, and zero matrix, but should be un-
derstood. -



be small in some sense. The boundary conditions for Eq. (1.1) are

given by

x(T) = <0, v(T) = vi (1.2)

for we restrict our attention to the optimization problems of so-called
regulator type. Since we wish to obtain controls of feedback type, the

solution to Eq. (1.1) satisfying (1.2) may be found in the form as
v = h(x, t; €) (1. 3)

In application of the perturbation method, we develop the desired
quantity h(x, t; €) in powers of the small parameter & multiplied by

coefficients which are functions of x and t:

[00)
hex, te) = O ev®x, t) (1. 4)
k=0

The solution (1.4) is usually so determined as, if & — 0, the generat-

ing solution

(0)

hx, t; 0) = v '(x, t) (1.5)

is the exact solution to the unperturbed equation

gx, v, & ¥, 0 =0 (1. 6)

We assume the solution of Eq. (1.6) possible; and we then proceed to

(k)

determine the coefficients v of the development (1.4) one by one, by

solving a sequence of equations



g(k)(x, v(k), t) =0 k=1, 2, ...) (1.7)

This constitutes the principal subject of the text.

The above description, however, may be somewhat perfunctory.
If the parameter € is sufficiently small, the series of Eq. (1.4) con-
verges fast enough so that merely the first two or three terms give
good accuracy. When & is large, the method ceases to be applicable,
and for such cases analytical methods are largely unexplored. However,
it .is worth noticing that, from a practical point of view, the method
may still be applicable with satisfactory results even for not very small

values of the parameter.

1.2 Description of Contents

The text coﬁsists of five chapters, including the present introduc-
tory chapter. In the subsequent two chapters, methods for suboptimal
design of nonlinear feedback systems are developed, with extehsions to
various control problems containing small parameters. The chapter that
follows is concerned with a suboptimal feedback control for nonlinear
systems with noise disturbances. The last chapter deals with nonlinear
differential game problems and describes approximation approaches to
various types of solution of the games. Complementary remarks are
provided in five appendices to the text.

Chapter 2 presents a systematic procedure to construst a subop-
timal feedback control for nonlinear systems in which a parameter €
is associated with nonlinearities. The nonlinearities are assumed ana-
lytic in states. TFor simplicity a performance index is considered to be
quadratic in states and controls.” For a sufficiently small value of g,
a desired feedback function may be expanded and sought in a power se-

ries in €. The generating solution is the unperturbed solution, which
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is usually obtained by solving a Riccati type equation. Correction terms
for improving the feedback function are yielded by successive solutions
of a sequence of linear partial differential equations. The method of
separation of variables permits to reduce the partial differential equation
to a linear ordinary differential equation. By using the notion of the
Kronecker sum of matrices, the ordinary differential equation is written
in a simple conventional form, so that it can readily be solved either
analytically or numerically by a computer routine. When the system is
time-invariant and a control duration is infinite, and if the unperturbed
system is completely controllable and completely observable, the differ-
ential equation is further reduced to an algebraic equation, whose solu-
tion is again straightforward.

Chapter 3 is concerned with extensions of the method of Chapter
2 to a wide variety of control problems containing small parameters.
The problem of nonlinear systems with controls appearing linearly is a
more generalized oné of the problem of Chapter 2. The system consid-

“ered is linear in controls, but contains product terms of states and con-
trols.

Another straightforward application of the method is the synthesis
of a suboptimal control for a large-scale system. If a system is com-
posed of weakly-coupled subsystems, the parameter & could also be
associated with the couplings of the subsystems. The idea of suboptimal
design is discussed for N-coupled systems.

A particular problem of a large-scale system is such that the
overall system is linear. In this case, the exact calculation of the
optimal control is theoretically possible; however, the high dimensional-
ity of the system makes the conventional method impractical. I is then
better to split a large-scale design problem into a set of simple subsys-

tem problems. The approach which completely neglects the couplings



may result in unsatisfactory system performance. Chapter 3 contains a
discussion on a compromise between calculational simplicity of decoupled
design and performance degradation.

In Chapter 3 an approximate construction of the optimal state
regulator is also proposed for a periodically-varying linear system.

The construction of an optimal state regulator for a linear time-varying
system involves the solution of a matrix Riccati equation. The closed
form solution of the Riccati equation is impossible even when a control
duration is sufficiently large. Hence, the aim is to determine a linear
feedback control which is relatively easy to implement, but results in
suboptimal performance index. The system considered contains a peri-
odic term which is taken to be perturbation to the time-invariant linear-
system equation.

After the deterministic optimal control has been studied in Chap-
ters 2 and 3, Chapter 4 treats the problem of stochastic optimal control.
The synthesis of optimal feedback control is considered in the ensemble
average sense assuming the presence of Gaussian noise. The problem
is to design the optimal control for a nonlinear system disturbed by
Gaussian white noise. A perfect observation of the state of the system
is assumed. A system with a feedback controller well responds to the
disturbances, even if the system is designed with neglect c;f noises.
However, provided that statistical characteristics of noises are known in
advance, a better control is expected to obtain, by taking the character-
istics into account. By the reasoning similar to the deterministic case,
it is difficult to solve analytically the problem of nonlinear noisy sys-
tems. Also in Chapter 4 the small parameter method is applied to the
problem.

Chapter 5 deals with nonlinear differential game problems of

nonzero-sum as well as of zero-sum. Preliminarily, important differ-



ences are illustrated between zero-sum and nonzero-sum games, refer-
ring to finite games formulated as rectangular games. A zero-sum two-
person differential game is introduced whose state dynamics is governed
by a slightly nonlinear differential equation. For simplicity, a cost
function is considered to be quadratic in states and strategic controls.

A minimax solution of the game is obtained in power-series form in E.
The zero-order term gives a well known Riccati equation, and higher-
order terms yield a series of linear differential equations. This proce-
dure is an application of the method of Chapter 2. In succession a
nonzero-sum N-person differential game with slightly nonlinear dynam-
ics ig treated. Each player has his own cost of the quadratic typé. The
method similar to that for the zero-sum case is applied to approximate
determination of the Nash equilibrium solution, the minimax solution,

and the Pareto optimal solution.

Various typical examples attached in each of Chapter 2 through 5
illustrate several features of the proposed methods. Some of these
examples are of physical nature, while others are artificial ones. The
values of the performance index are calculated for suboptimal controls
of the various orders, analytically and/or numerically using a digital
computer.

As has been mentioned earlier, five appendices are annexed to
the text. Appendix I is concerned with the definitions and related prop-
erties of the Kronecker product and sum of matrices, which are used in
Chapter 2 to rewrite complicated differential equations into a simple
conventional form. Appendix II derives dynamical equations for some
control problems of space vehicles, which are used in the examples of
the text. The approximate equations of the various orders are derived
for two kinds of problems: the problem of attitude control of an orbiting

satellite and the problem of orbit transfer between neighboring elliptic



orbits. Appendices III and IV summarize the procedures for suboptimal
solutions of the problems with a nonlinear output equation and with a
nonquadratic performance index, respectively. Appendix V examines the
transient variation of Nash equilibrium solution for a nonzero-sum dif-

ferential game, associated with a example treated in Chapter 5.



CHAPTER 2
SUBOPTIMAL CONTROL OF NONLINEAR SYSTEMS

2.1 Introduction

There have been numerous studies on the optimal feedback control
of linear dynamical systems or on the optimal design of linear regula-
tors. On the other hand, relatively few works have been reported on
nonlinear regulator problems, because of the difficulty in determining
the exact optimal feedback function.

. E. G. Al'brekht [1] has shown a sufficient condition for obtaining
the optimal feedback control of a nonlinear analytic system, and devel-
oped formally a recursive procedure to construct a suboptimal control in
a power series with respect to states. D. L. Lukes [56] has extended
the work of Al'brekht and relaxed the analyticity condition to twice con-
tinuous differentiability. However, a closed form solution for the re-
cursive procedure has not been demonstrated in their papers. J. D.
Pearson [78] and W. L. Garrard, N. H. McClamroch, and L. G; Clark
[27]) have developed several approximation methods. Their methods are
essentially based on the idea utilizing a technique similar to that for the
linear systems.

In this chapter, a systematic procedure is proposed to construct
a suboptimal state regulator for a class of nonlinear systems in which a
parameter & is associated with nonlinearities [66-68, 71, 76]. The
e-parameter, called the perturbation parameter, is either inherent in
the system or introduced for convenience. This procedure extends the
method developed by J. F. Baldwin and J. H. S. Williams [5]. They
have tried to expand the solution of the Hamilton-Jacobi equation in a

power series with respect to the parameter &, but have not deeply dis-
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cussed various features of successive calculations.

The problem considered is stated in Section 2.2. The nonlinear-
ities are assumed analytic in the ‘state. For simplicity a performance
index is considered to be quadratic in the state and control. Section
2.3 discusses a necessary condition for the optimal solution, and Section
2.4 summarizes the solution to the linear regulator problem.

Section 2.5 outlines thé method of instantaneous linearization prb—
posed by J. D. Pearson [78]. This method is one of the representative
approximation approaches to nonlinear problems. By this idea the cal-
culation seems to be much simplified; however, the best possible solu-
tion can not necessarily be obtained, except for a one-dimensional prob-
lem [89], because of some arbitrariness in the system description. In
short, the method is not necessarily effective to treat the system of
high dimension.

Section 2.6 clarifies that, for a properly small value of ¢,
there exists a unique optimal solution neighboring that of the unperturbed
| linear problem. For the proof, an existence theorem for multi-point
boundary-value problems is used. For a sufficiently small value of &,
a desired feedback function may be expanded and sought in a power se-
ries in €. The detail of power-series expansion is discussed and the
equations to determine the power series is derived in Section 2.7. The
generating solution is the unperturbed solution, which is usually obtained
by solving a Riccati type equation. Correction terms for improving the
feedback function are yielded by successive solutions of a sequence of
linear partial differential equations. In Section 2.8 the method of sepa-
ration of variables permits to reduce the partial differential equation to
a linear ordinary differential equation. Section 2.9 proves a lemma re-
garding an extended Liapunov equation. In Section 2. 10, the lemma, to-

gether with the notion of the Kronecker sum of matrices, enables us to

10



write the ordinary differential equation derived in Section 2.8 in a sim-
ple conventional form. Then the equation can readily be solved either
analytically or numerically by a computer routine. Section 2.11 com-
ments on the analogy between the stability condition of the feedback
functions and the local controllability of nonlinear systems.

In practical calculation we have inevitably to truncate the power
series, yielding a suboptimal control. The quality of the suboptimal
control is examined in Section 2.12.

Several features of the method are illustrated by five typical

examples in Section 2. 13.

2.2 Problem Statement

We consider dynamical systems whose state is governed by the

nonlinear differential equation
x = A(t)x + ef(x, t) + B(t)u 2. 1)

defined on the interval [T, T] with

x(T) = x0 (2.2)
The output of the system is given by
y = C(t)x (2.3)

In the above equations,
X: n-state vector
y: s-output vector
u: m-control vector

f(x, t): n-vector function analytic in x and continuous in time t sat-

11



isfying (0, t) = 0 for any t
A(t): n x n-matrix continuous in ¢
B(t): n x m-matrix continuous in t
C(t): s x n-matrix continuous in t
€: small scalar parameter
differentiation with respect to t
The nonlinearity is taken to be a perturbation to the system. The pa-
rameter &, the perturbation parameter, is either inherent in the sys-
tem or introduced for convenience.
Our prbblem is to find a feedback control function u(x, t) for

which the performance index

T
1
J =5y (DFy(T) + %S [y'Qt)y + u'R(tju]dt (2-4)
T .

is minimized. In Eq. (2.4)
F: s x s-positive semidefinite symmetric matrix
Q(t): s x s-positive semidefinite symmetric matrix continuous in t
R(t): m x m-positive definite symmetric matrix continuous in t
': transposition of a vector or a matrix
We assume that the control u is not constrained in magnitude and the
final time T is specified.
Let us now see in what way the performance index given by Eq.
(2.4) represents a reasonable mathematical translation of the physical
requirements and specifications. First, consider the term y'Q(t)y/2.

Clearly, since Q = 0,* it is nonnegative for all y, so that it weights

* For a symmetric matrix M, the expressions M >0 and M =
0 mean that M is positive definite and M positive semidefinite, re-
spectively.

12



large outputs much more heavily than small outputs. Second, we con-
sider the term u'R(t)u/2. This term weights the cost of the control

and penalizes the system much moré severely for large controls than

for small controls. The requirement R >0 instead of R ® 0 is, as
we shall see in Section 2.3, a condition for the existence of a finite
control. The integral of the term quadratic in control is often referred
to as the control energy. Hence our problem may be called a minimum-
energy problem.

Finally, we turn our attention to the term y'(T)Fy(T)/2. 1t is
referred to as the terminal cost, and its purpose is to guarantee the
small output at the final time T. Accordingly this term should be in-
cluded if the value of y(T) is particularly important; if this is not the
case, then we can set F = 0 and rely upon the rest term of J to
guarantee that y(T) is not excessively large.

We wish to emphasize that whether or not the performance index
of the form (2.4) should be used for a given problem is up to the de-
signer. Nonetheless, it turns out that this performance index has two
very desirable properties: First, it is mathematically tractable, and
second, as we shall see in Section 2.4, it yields the exact optimal feed-
back control for linear. systems.

The physical motivation for the use of the performance index
(2.4) has been described above. A self-evident but useful fact is left: If
Q = F = 0, then the optimal control must be u(t) = 0. To exclude this
trivial case, we shall assume throughout the text that Q and ¥ are
not both the zero matrices, although we shall allow either Q =0 or

F =0.

2.3 Necessary Condition for the Optimality
Our aim in this section is to develop a necessary condition for

13



the optimal solution of the problem of Section 2.2.

Let us assume that an optimal control exists for any initial state.
We can use the minimum principle of L. S. Pontryagin [80] to obtain
the necessary condition for the optimal control.* The Hamiltonian H
of the system (2.1) with the output of Eq. (2.3) and the cost of Eq.
(2.4) is given by -

1
H = EX'C'QCX + %u'Ru + p'(Ax + &f + Bu) (2.5)

The n-costate vector p(x, t) is the solution to the vector differential
equation

p=- %% = - C'QCx - A'p - 8(§fx-)‘p (2. 6)

satisfying the boundary condition
p(x, T) = C(T)FC(T)x(T) (2.7

The n x n-matrix 09f/8x is defined in such a way that the (i, j)-
element of of/0x is afi/axj.**

Due to the minimum principle, a necessary condition for the
optimality is that the Hamiltonian be minimum with respect to u [80].
Hence, along the optimal trajectory, we must have

oH

v Ru* + B'p = 0 (2.8)

* Owing to no magnitude constraint on the control variables, we
may also use the dynamic programming of R. Bellman [6] or the classi-
cal variational approach.

** The i-th component of a vector v is denoted by vi.
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or equivalently

u*(x, t) = - R-l(t)B'(t)p(x, t) (2.9)

The assumption that R(t) > 0 guarantees the existence of R_l(t) for
all t e [7, T]. )

The condition 0H/8u = 0 yields only an extremum of H with
respect to u. If the m x m-matrix 2)2H/8u2 is positive definite, *
then the extremum of H is a minimum with respect to u. Since we
have, from Eq. (2.8),

2
9°H
=5 =R (2.10)

the control u* given by Eq. (2.9) does indeed minimize H and is
optimal, if p(x, t) is obtained.

The system resulting from use of the optimal control u = u* is
X = At)x + ef(x, t) - E(t)p (2.11)

where E is the n x n-symmetric matrix defined by**

E¢t) & B(t)R-l(t)B' ® (2.12)

The problem is now reduced to that of solving the two-point boundary-

value problem: Egs. (2.11), (2.2), (2.6), and (2.7).

2 2
* For a scalar function ¢(x) analytic in x, 8 4/8x" is the sym-
metric matrix, usually called the Hessian matrix, whose (i, j)-element
is azd/axiaxj.
** The symbol £ denotes definition of a quantity.
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2.4 Optimal Control for Linear Systems

In this section we briefly discuss the solution to the linear regu-
lator problem.

It is well known that, for the unperturbed linear system, i.e.,
the system (2.1) with €& = 0, the solution p(x, t) of Eq. (2.6) takes
the form [37] ’

pix, t) = P(tx (2.13)

where P, the n x n-symmetric matrix, is the solution of the matrix

Riccati equation
P = - PA - A'P + PEP - C'QC (2. 14)
satisfying the boundary condition
P(T) = C'(T)FC(T) (2. 15)

It is noted that P(t) is positive definite for all t (< T). By combining
Eq. (2.13) with (2.9) the optimal control is given by the linear form in

state:*

wtE, t) = - R (B O)PHx (2. 16)

The optimal trajectory is obtained by solving the linear homogeneous

system

* Note that the optimal control is a function of the state x rather
than of the output y. This fact may appear disappointing to us, since
we might have expected the optimal control to be a function of the out-
put. However, if the system is completely observable, we can compute
the state from knowledge of the output. This is the problem of con-
structing an observer [54, 55].
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% = S(b)x, x(7) = 50 (2. 17)

where S is the n x n-matrix:

S(t) & A(t) - E()P() (2.18)

The minimum value of J, J*, is

J* = %x'(T)P(T)x(T) (2.19)

Now we consider the time-invariant systems with T = . Let
the matrices A(t), B(t), C(t), R(t), and Q(t) be all constant matrices
and let F = 0. Under the additional conditions that the system (2.1)
and (2.3) with & = 0 is completely controllable and completely observ-
able* and that Q 1is positive definite, the optimal control is free of

explicit dependence on t [3, p. 771]:
-1
u*x) = - R B'Pox (2.20)

where PO is the n x n-constant positive definite matrix satisfying the

quadratic matrix algebraic equation

- - ! - t -
POA A P0 + POEPO C'QC =10 . (2.21)
Due to the time-invariance, the initial time 7 is let zero with no loss
of generality. Thus the optimally controlled system is also time-

invariant:

* For the definitions of controllability and observability, refer to
any standard textbooks on control theories [e.g., 3, p. 200].
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x = 8 x, x(0) = x (2.22)

where

A -
S, 2 A - EP (2.23)

The minimum cost J* 1is given by
1
J* = Ex'(O)POX(O) (2.24)

Moreover, the matrix S_ is stable,* and consequently the optimal sys--

tem (2.22) is asymptotica(t)lly stable.

A terminal cost with T = oo does not make much engineering
sense, since an engineer is always interested in the response of a sys-
tem in a finite time. Nevertheless, we let T - o for the following
reasons: First, we wish to guarantee that the output stays near zero af-
ter an initial transient interval and, second, we wish to avoid the speci-

fication of a large final time T.

2.5 Approximation Approaches Based on Linearization

The exact determination of the optimal control for nonlinear sys-
tems is generally impossible, because of the difficulty in solving the
two-point boundary-value problem of Egs. (2.11), (2.2), (2.6), and (2.7).
One of approximation approaches to the nonlinear regulator problem is
the method of instantaneous linearization first proposed by J. D. Pearson

[78]. Several investigations on this method have been reported [11, 27,

* A constant matrix M is said to be stable as t - -, or sim-
ply stable, if all the eigenvalues of M have negative real parts.
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85, 86, 89]. The method is essentially based on the idea utilizing a
technique similar to that for the linear systems. According to the
method, the nonlinear equation (2.1) is rewritten into a linearized form

such as
x = A, t)x + B(t)u (2. 25)
where A is an n x n-state-dependent matrix. A must satisfy
Ax, t)x = At)x + ef(x, t) (2.26)

Note that, when n > 1, the matrix A can not uniquely be determined

by Eq. (2.26). Pearson has proposed a suboptimal control
-1 ~
u = - R ")B'(t)P(x, t)x - : (2.27)

where P is the positive definite solution of the equation:
B --BX - AP+ PED - CQC (2.28)
satisfying
Px, T) = C(T)FC(T) ' (2.29)

This idea much simplifies the calculation formally; however,
since Eq. (2.28) contains the state x, we again fall into the two-point
boundary-value problem of Egs. (2.25), (2.28), (2.2), and (2.29) with
(2.2T7). For the time-invariant problem with an infinite control duration,
Eq. (2.28) is reduced to the algebraic equation. In this case, we re-
quire to obtain the positive definite solution of the algebraic equation
(2.28) with 5 = 0 analytically, if possible. We can do it for a one-

dimensional problem [89], but not for high-dimensional ones. I addi-
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tion, the best possible solution can not necessarily be obtained, except
for a one-dimensional problem, because of the arbitrariness in choosing
the matrix A. N. Sannomiya [85] has given a necessary condition for
Pearson's control to be optimal.

In short, the method of instantaneous linearization is not neces-

sarily effective for systems of high dimension.

2.6 Uniqueness of the Solution

A systematic procedure to construct a suboptimal contrpl will be
proposed in the succeeding sections. Before that, we see the fact that,
for a sufficiently small value of €, there exists the unique optimal
solution neighboring that of the‘unperturbed linear problem. To do this,
an existeﬂce theorem of M. Urabe [95] for multi-point boundary-value
problems is useful.

We consider the differential equation
v =g, t) ‘ (2.30)

with the L-point boundary condition

L
i_zlGiv(ti)=h (b, < ty, < .o <t

L) (2.31)

where v is the k-vector and g(v, t), the k-vector function, is con-
tinuously differentiable with respect to v in a domain /, A being a
given domain of the tv-space intercepted by the two hyperplanes t = tl

and t =t Gi are k x k-matrices and h is a k-vector. Assume

L;
that Eq. (2.30) has an approximate solution v = vs(t) lying in /4 and
satisfying approximately the boundary condition (2.31).

The following lemma summarizes the fact concerning the exist-
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ence of the solution of Eq. (2.30) with (2.31).

Lemma 2.1

Suppose that, for the approximate solution 'vs(t), there exist a
k x k-matrix M(t) continuous in t € [tl, tL], a positive constant p,

and a nonnegative constant ) (< 1) such that the k x k-matrix

L
U2 > Gt (2.32)
=1 ' !

is nonsingular and such that*

Qg. - z i
Hav M(t)“ < . for any (t, v) € Ap (2.33)
(o S0 WG 2o BR 4
1 2
1y P (2.34)
where
4, ° {t, v LIv-v Ol <p, tel, t1}CA (2. 35)

Here, Q) is the fundamental matrix of the linear homogeneous equa-

tion
a = M(t)a (2.36)

with the initial condition (])(tl) = I(k), I(k) being the k x k-identity

matrix; o, is a positive constant such that

* The symbol |[lvll denotes a norm of a vector v and (M| a
norm of a matrix M compatible with the vector norm previously defined,
i.e., such that [Mv| < [IM|lllvl holds for any M and v [22, p. 106].
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tL 2
2g Z¢, &) d§ = oy for any t e ft., t ]
t v 1’ 'L
1

(2.37)

where Z(t, §) is the k x k-piecewise continuous matrix defined by

(k)

oryr®™ - wia ey for tct
Z(t, £) é{ 1 ,
- QYWD ~(8) for &>t
-1 L
wau > Gadt)
j=g+1 -1
for t!2£§<t!z+1 €¢=1,2 ..., L -1

The nonnegative constants or.z, A, and v are such that

IBOU T £ «, for any t € [t), t ]

L

. © - glv O, tll =2 for any t € [t t ]

L

L

- <
.Z Gy () - b £ v
i=1

(2.38)

(2.39)

(2. 40)

(2.41)

respectively. Then Eq. (2.30) has one and only one solution v = v*(t)

satisfying the boundary condition (2.31) in Ap’ and furthermore, for

this solution, it holds that

+
a,l). or.zv

I+ - v ol £ ==

To apply the lemma to our problem, we combine Eqs. (2.11) and

(2.6) to have the 2n-dimensional system:

22
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v =g, t),
At) - E@t) f(x, t) (2.43)

, glv, t) & v+E

p -conancy -aml |- Sy

The boundary conditions (2.2) and (2.7) are written as

le('r) + G2V(T) =h,
(2.44)
0 0

, he
~cmrer) 1™

0]
X
0
Application of Lemma 2.1 requires an approximate solution of Eqs. (2.43)

with (2.44). TFortunately, the smallness of the parameter & suggests

use of the solution for the unperturbed system:
], x @ 2¥0Ox,  p® 2 POX )  (2.45)

as an approximate solution. In Eqgs. (2.45) ®(t) is the fundamental
matrix of Eqgs. (2.17) satisfying @(7) = I(n). Note that v = vs(t) satis-

fies the boundary condition (2.44) exactly.

Theorem 2.1
There exists a positive number 8m such that, for any & being
le| € 8m, Egqs. (2.43) have one and only one solution v = v*(t) satis-

fying the boundary condition (2.44) in the domain Ap, where

Ap {1 lv-v.el=p, telr, T} (2.46)

Furthermore the unique solution v = v*(t) satisfies
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ey - v o1 = 2o (2. 47)

m

Proof
Let us take the canonical equation for the unperturbed linear sys-

tem as Eq. (2.36) in Lemma 2.1 so that

At) - E(t)

M(t) = (2.48)

- cmr®mCE) - A')

Thereupon we partition the 2n x 2n-fundamental matrix @) of the

system (2.36) into four n x n-submatrices:

T o Q,,® mlz(t)]
S KT I SN )
21 22 (2. 49)
_ 4n) _ .. 9. .
Q. (n =17 ZDij(T) =0 i, =1, 2;i#1)
Therefore, by Eq. (2.32), we have
1™ 0
U =
3, (T) - CMFCDP, (T) Y|’
(2.50)

Y £ Q,,(T) - C(T)FC(T)P, ,(T)

Due to the invertibility of the matrix - Y [3, p. 759], U is nonsingular.

To check the condition (2.33), let us calculate the value of o, satis-

fying inequality (2.37). From Eqs. (2.38), we have

(2n)

(eer® - wiglen  for rei<t=zT
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1z, &)1 =i 9 ,
1BHYWD ~ (&)l for 72£t<2£<T
(2.51)
0 0

-1
W = = |y 0, (1
U GZQ(T) v 1[®21(T) - Cv(T)FC(T)Qll(T)] I(n)

Due to the smoothness of each quantity in Eqs. (2.51), there exists a

nonnegative number 771 such that

n
1z¢, O <75 for any t, £ € [, T] (2.52)

Hence we have

T 2
2g WZ(t, &HIdE = (T - 7, (2.53)
r

which allows us to suppose that
a, = (T - 1)171 (2.54)

By similar reasoning, there exists 772 (= 0) such that for M of Eq.
(2.48)

o 0
o ox
- = <
"8v M(t)" l€] i 62 'f ) (Qf_)' Islnz for any (t, v) € Ap (2.55)
8x2 ox

Thus, we see that the inequality (2.33) is true if

le| &€ —— (2.56)



Lastly, let us check the condition (2.34). TFor the approximate solution

(2.45), there exists a nonnegative number n3 such that*

s, ¢l

v (®) - glv (), tlll = lel _{afngpi 0 tl}'P(t)w(t)xo < leln, (2.57)

We may therefore suppose that

A= Ieln3 (2.58)

Since vs(t) satisfies the boundary condition (2.44) exactly, the constant
v in the inequality (2.41) may vanish. Thus the condition (2.34) is

satisfied if

= (A -%p
lel T - na, » (2.59)

From the inequalities (2.56) and (2.59), we have finally

< 2.60
lel = & (2.60)

where

e & 1
m (T - 7, + n3/p)n1

(2.61)

Let p be an arbitrary positive number. Then for any € satisfying

the inequality (2.60), the inequalities (2.56) and (2.59) hold, if we take

* For a function g(x), the conventional expression dg(a)/ox indi-
cates the value of 9g/06x at x = a.
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¥ (=0)as

1

=1 n,/pn,

<1 (2.62)

This proves that, for any & such that |[g] £ em, all the conditions of
Lemma 2.1 are satisfied by Eqs. (2.43) and their approximate solution
(2.45). Substituting Eqs. (2.54), (2.58), and (2.62) into the inequality
(2.42) yields (2.47).

Q.E.D,

The positive number 8m given by Eq. (2.61) is a bound of &
within which Eqs. (2.43) are assured to have the unique solution. The
quantity Islp/&:m in the inequality (2.47) gives an error bound of the

zero-order approximate solution vs(t).

2.7 Recurrence Equations for a Suboptimal Control

For the nonlinear system (2.1) with a sufficiently small value of
€, it may be reasonable to assume that the optimal feedback control be
analytic in & for all t € [7, T). Therefore we try to find a subopti-
mal control in a power-series form in €.

We develop the costate vector p(x, t) satisfying Eq. (2.6) into

a power series with respect to &:

[00)
P, t) = Pl)x + O et

k=1

x, t) (2.63)

Differentiation of Eq. (2.63) with respect to t and use of Eq. (2.11)

gives
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(k) (k)

[0 0] .
b= Px+Z & +[p+2 & 93—](Ax+af Ep) (2. 64)

Substituting Egs. (2.63) and (2.64) into (2.6) and equating the coeffi-
cients of the like powers of & separately yields a sequence of equa-

tions:

(k) (k)
Q%t— + %{"Sx + sp® = 1® k=1, 2, ...) (2. 65)

with the boundary conditions

(k)(x, T =0 for any x (2.66)

The functions h(k)(x, t) are the n-vectors defined by

P, 1 2 - (gf;)'Px - Pf,

k-1) k-1
2™, 1) (_) p&D) _3_9_“ S QP__E (k-1) (2.67)
i=1

k=2 3, ...)

and S is the matrix defined by Eq. (2.18). The zero-order equation
is identical with Eq. (2.14).

Successive solutions of Egs. (2.65) with increasing k may de-
termine the functions p(k)(x, t). Though Egs. (2.65) are linear in
p(k), their solutions are difficult given a general form of the perturba-
( )(X, t)

tion f(x, t). However, if f(x, t) is a polynomial in X,

are also polynomials in x and their coefficients are exactly deter-
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mined under appropriate conditions, as will be seen in the subsequent

sections.

2.8 Solutions of the Recurrence Equations

In order to discuss the solutions of the recurrence equations

(2.65), we consider the vector-matrix equation
Do, ) + (g, DISHX + ' BEE, b = 20(x, 1 (2. 68)
at ? a}{ 1 ] a){ ’ .

with the boundary condition
gx, T) =0 for any x (2.69)

g(x, t) is an n-vector and 6(x, t) is a scalar. The function 6(x, t)
is assumed to be cohtinuous in t. The problem is to determine the
function g given a polynomial 6.

The function © is assumed to be, for the time being, a homo-

geneous polynomial of the degree, say, r + 1 in x, and is written as

1 ,
0, ) =T >, O, . %X (2. 70)
joyernd=1 el Y1720 el
1 r+l1
The coefficients @, . . () are (r + l)-index quantities, each in-
Jde i
dex ]1, ]2, ceey ]r+1 running from 1 to n. ® are assumed to

be, without loss of generality, symmetric with respect to any pair of
indices.* Hence we have (n + r)!/(n - 1)}(r + 1)} different coeffi-
cients. In what follows, we use the summation convention that a twice
repeated index is to be interpreted as a summation over that index from

1 to n.** By using this convention Eq. (2.70) is simply written as
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® (DX, X, ...x, (2.71)

0(x, t) = —
o dpir 1l g

“r+1

The i-th component of 06/6x, the gradient of 6, is given by

'é%% = ®i' L X, .. WX, (2.72)
i Jl R Jr Jl J
From Eq. (2.68) it easily follows that the i-th component of g
is a homogeneous polynomial of the degree r in x. Hence one may

write the i-th component of g as

i
g.(x, t) = G, , . Ox, x, ...X, (2.73)
. Jgrerdp 1l

where the coefficients G,1 j are symmetric with respect to the

lower indices and satisfy 1

G.. .(M=0 (2. 74)
Jl_]z.. .Jr

Substituting Eqs. (2.72) and (2.73) into (2.68) leads to

* r-index quantities M, . . are said to be symmetric with
I PORRS
respect to any pair of indices, or simply with respect to indices, if the
values of M are invariant with any interchange of indices, i.e., if

i e e I s i k-t 3
holds for any integers i and k (1£i<r, 1<k £r).

** This convention is not quite wild and is often used in tensor
analyses, called Einstein's summation convention [51, p. 259].
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G +rS,_ Gll{, , +Sk,Gl,{ . -®,. )X ...x. =0
Jgeeed iy Kige-+d, PR ijpoe-

(i=1,2, ..., n (2.75)

where sij is the (i, j)-element of the matrix S. Equations (2.75)

hold for arbitrary values of x if and only if the coefficients of

xj xj .. .xj vanish for any combinations of the values of indices.
172 r
Hence we have n(n + r - 1)!/(n - 1)!r! simultaneous equations for
G% . :‘
IPERRS I
i i i
G, . =-S5 .G, . =S .G, . . -
Jye-dy k]l k]z...Jr k]z ]1k]3...]r
-8, G . k—sk.G‘.‘ Y
N PERES I R PR A PEERS
i, Jiy c00s,j =1 .
(i iy »3.=1 2, » ) (2.76)

with the terminal conditions (2.74).

Now the following lemma can be established.

Lemma 2.2

The matrix 9g/8x given by Eq. (2.68) is symmetric, and con-

sequently there exists a scalar function g(x, t) such that
od
g = 5; for any t € {1, T] (2.77)

Thus, Eq. (2.68) is equivalent to

o
ot

2|8

9 Qe _
+ oo (x'S'g) (2.78)

The coefficients of the polynomial g are determined by solving Eqgs.
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(2.176).

Proof

~Since the coefficients ® are symmetric with respect to all the
indices, the coefficients G are also symmetric with respect to all the
indices, including the upper and the lower ones. This is because Edgs.
(2.76) are invariant with interchange of the upper index and any lower
indices of G. It implies that agi/ axj = agj/ o, for any pair of i
and j. It is known {61, p. 14] that, when dg/ox is symmetric, there
exists a scalar function ¢ satisfying Eq. (2.77).

Q.E.D.

In the above discussion, the function 6 is assumed to be a
homogeneous polynomial in 'x. I 0 is composed of terms of different
degrees, the calculations should be done separately for different degree
terms. Due to the linearity of Eq. (2.68), the total solution is obtained
by simply summing up the resulting g polynomials.

By virtue of Lemma 2.2, we can show an important theorem to
determine the polynomial p(k)(x, t). This theorem exhibits an important

feature of the solution.

" Theorem 2.2
The matrix 8p(k)/8x given by Eq. (2.65) is symmetric for eve-
(k)

ry k = 1. The coefficients of the polynomial p are determined by

solving Eqs. (2.76) separately for different degrees in X.

Proof

1
The function h( ) in Eqs. (2.67) is integrable with respect to X:

D o 2 xpp (2.79)

(
h ox
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Equation (2.79) is of the right-side form of Eq. (2.68). Due to Lemma
2.2, ‘ap(l)/ax is symmetric. Then h(z) in Eqs. (2.67) is integrable

with respect to x, and is rewritten into

h® = B pg® 4 1B,

- (2. 80)

This is again of the right- 51de form of Eq. (2.68), and consequently

( )/ ox is symmetric. Proceedmg similarly, h(k) is rewritten into

k) _ 3, @ k1D 1
h —ax[—fp 2

0, g (k-

MW‘

(2.81)
1:

and ap(k)/ax is known to be symmetric for every k =

Q.E.D.

2.9 Extended Liapunov Equation

Here we make a lemma ready for examining, in the next section,
the stability of the suboptimal control function. The following lemma
regarding an extended Liapunov equation gives a backing to rewrite Eqgs.

(2.76) into a conventional vector-matrix form.

Lemma 2.3

. r . . . r
Consider the n~ simultaneous algebraic equations for n~ quan-

tities X, .
IPIPRE
. X . M X, . N SR . X, .
Mk]1 k]z...]r k]z ]1kJ3...]r Mk]r Jl'”Jr—lk
=Y, . . Gos Jas ++e5 3. =1, 2, ..., n) (2.82)
]1]2...]r 1 2 r
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where Mi' and Y, . . are given quantities. All the indices run
gy
from 1 to n. Equations (2.82) can be rewritten into the vector-

matrix form:

MOy E - 0 | (2. 83)

(r)

where M is the n' x n'-matrix defined by

M?2meme... oM (2.84)

- v
v

r

(r)

M is the n x n-matrix such that the (i, j)-element is Mij; v and
b(r) are the n' -vectors of which the f-th components are Xj §
and Y, . , respectively, £ being 1 d
g3
= r-k
g ey, G, - ba' T+ 1 (2. 85)

k=1
The symbol @ denotes the Kronecker sum of matrices.*

Proof
Let us proceed inductively. First, for r = 2', Eqgs. (2.82) re-

duce to

X . +M.X . =Y., (2.86)
Mk31Xk32 kig J;k iy

By introducing the matrices X and Y whose (i, j)-elements are

* For definitions and related properties of the Kronecker product
and sum, refer to Appendix I.
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Xij and Yij’ respectively, Eqs. (2.86) are rewritten into

M'X + XM = Y (2.87)

(2

In terms of v and b(z) as defined in the lemma, Eq. (2.87) is

equivalent to, from Appendix I,

o o My = p@ (2.88)

Secondly we show that the lemma is true for r =¢ + 1 if it is true
for r=0. For r = + 1, Egs. (2.82) are written as

M . X . . +M . X, . ...
kJ1Xk]2"‘311+1 Kig Jqk--dpiq

+M X =Y, . (2.89)
Mk]!l Iy Mk]11+1 Jpreedk yeedin

"y —1k32+1
The terms in the parenthesis are identical, for a fixed value of j

with those on the left side of Eqs. (2.82). Hence, with use of v
and b(“l) Eqgs. (2.89) are rewritten into

L
1@ o M@ &+ @ 1)U _ @) (2.90)

where the symbol ® denotes the Kronecker product of matrices and

&

is the k x k-identity matrix. Due to the definition of the Kronecker

sum, Eq. (2.90) is equivalent to

IR VRS Y23 2.91)

Q.E.D.
Let '\'i i=1, 2, ..., n) be the eigenvalues of M' or equiva-
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(r)

lently of M. Since, from Appendix I, the nr eigenvalues of M

are given by X, + A+ ... + A ( =1, 2, ..., n),
J1 Ig Ip
the following lemma concerning the uniqueness of the solution of Eqgs.

(2.82) is obtained. It will be used to establish Theorem 2.4 in the next

1’ ]2, eeey ]r

section.

Lemma 2.4

I and only if any sum of r eigenvalues of M, A, + ... + lj
o 1 r
Gos +++s §J_ =1, ..., n), is not zero, X, . of Egs. (2.82) are
1 r PR
uniquely determined. In particular, if M is a stable matrix, Xj j
13
are unique.
Furthermore, we can readily see that, if Yj j are sym-
1 ds
metric with respect to the indices, Xj i are also symmetric.
1" r

Equations (2.82) are linear equations to determine the n-index quanti-
ties X given the two-index quantities M and the n-index ciuantities
Y. For a special case of n = 2, so called the Liapunov equation [50],
i.e., Eq. (2.87) is obtained. Hence Eqs. (2.82) are considered an ex-
tended version of the Liapunov equation. In fact, they may afford a

Liapunov function of the n-form for linear systems.

2.10 Continuity and Stability of the Feedback Function
(k)

In this section the stability of the function p is examined.
To do this, we turn our attention back to the linear differential equa-
tions (2. 76) again.

By virtue of Lemma 2.3 in Section 2.9, a lemma for an extended‘ '
Liapunov equation, Eqs. (2.76) and (2.74) are rewritten into the vector-

matrix form:
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v = - Syv + by, v(T) = 0 (2.92)
where S is the (r + 1)~times repeated Kronecker sum of §S':

Sty 2S't) @ S'(t) @ ... @ S'(t) (2.93)

r+1

1
and v and b are the nr+ -vectors such that the {-th components

are G'!O , and @, . . » respectively, £ being
I e Jolp Iy
L r-k
g e’ G = Do 41 (2.94)
k=0

Since Eqs. (2.92) satisfy a Lipschitz condition for ordinary differential
equations, the solution of Eqs. (2.92) is unique and continuous in t [12,
p- 22]. Therefore, by comparing the degrees in x in both sides of

Egqs. (2.65), the following theorem is established:

Theorem 2.3

If f£(x, t) is a polynomial of the degree q in x, the coeffi-
cients being continuous in t, p(k)(x, t) given by Eq. (2.65) is uniquely
determined and is the polynomial of the degree k(g - 1) + 1 in x
whose coefficients are continuous in t. In particular, p(l)(x, t) is the

polynomial of the same degree‘as fx, t).

In Egs. (2.92) and (2.93), if S and b are time-invariant, and
if S is stable, v(t) is uniformly asymptotically stable relative to Yo
as t - - w, because S is time-invariant and, due to Appendix I, is

stable, where v_ is the solution of the linear algebraic equation

0

Sv. =b (2.95)
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Due to Appendix I, Eq. (2.95) is uniquely solvable under the given con-

dition. Thus the following lemma is obtained:

Lemma 2.5

In Eq. (2.68), if S reduces to a stable constant matrix S0
and O(x, t) reduces to be free of explicit dependence on t as t —»
- o0, then the function g(x, t) is uniformly asymptotically stable as t
- - o, relative to the polynomial go(x) such that satisfies the equa-
tion:

x'8)8,(x) = 8,(x), 8, ) & t}:leme(x, t) (2.96)

The coefficients G; j of the polynomial go(x) are given by Eq.
(2. 95). 1o

Further the following lemma is useful in Section 2.12.

Lemma 2.6
If the equation
d
ot S -0 (2.97)
holds for any value of x with the condition (2.69), and if the matrix

dg/0x is known to be symmetric, then g is the identically zero vec-

tor. For the time-invariant case, if

qr = 1 -
xSOg0 0 or gOSOX 0 (2.98)

holds for any value of x with a stable S, and if Bgo/ ox is sym-

0
metric, go is the identically zero vector.
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The following stability theorem for the function p(k)(x, t) isa

direct consequence of Lemma 2.5:

Theorem 2.4
Assume that the system of Egs. (2.1) and (2.3) and the perform-
ance index (2.4) are time-invariant with F =0 and Q > 0. If the
unperturbed linear system is completely controllable and completely ob-
servable, then, for every k = 1, p(k)(x, t), the polynomial function in
X, given by Eqs. (2.65) is uniformly asymptotically stable as t - - oo,
(k) '

relative to the polynomial p’ "(X) such that satisfies the equation:

0
(k) (k)
Qe = =
x'Stpy = 8, k=1, 2 ...) (2.99)
where e(()k)(x) ‘are the scalar functions defined by

(1) '
8, (x) 2 -x'Pf,

k-1 (2.100)
k-1) 1 i k~i
ef)k)(X) A - f'p(() ) + E igl p(()l)'Ep(() l) (k = 2, 3’ .. .)

S. is the constant matrix defined by Eq. (2.23). The polynomial func-

0
tion p(k)
0

1.

(x), satisfying Eq. (2.99), exists and is unique for every k =

Now we have completed the procedure for calculating a subopti-
mal control. The solution of Eqs. (2.65) or (2.99) up to the order (
in €& gives the suboptimal control of the £-th order. It is noted
that, when a time-invariant problem with T = oo is considered, the
complete controllability and complete observability of the unperturbed

system suffice, due to Theorem 2.4, to yield a suboptimal control of an
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arbitrary order.

If for any x and t € [7, T]
x'Pf =0 (2.101)
holds identically, then, from Eq. (2.79), h(l) = 0 and consequently

1
k

= 0 from Lemma 2.6. Further we readily see, by induction, that

It

0 for every k = 1. Similarly we can conclude that, if for any
x and t € [7, T]

@ =0 (2.102)

‘holds identically, p(k)

it nl®)

=0 for every k = 2. However, note that, even

(k)

=0 for a certain £ = 3, p is not always zero for any k =

£. Thus we obtain the following theorem:

Theorem 2.5 ,

If the identity (2.101) holds for any x and t € [, T], the lin-
ear control (2.16) is the exactly optimal one; if the identity (2.102)
holds for any x and t € [7, T], the control

(1)

ux = - R_l(t)B‘(t)[P(t)x + ep (x, t)] (2.103)

is exactly optimal.

This theorem gives a sufficient condition that the optimal feed-

back control for a nonlinear problem is exactly determined.

2.11 Relationship between the Conditions for Controllability and Stability

This section comments on the analogy between the condition of

Theorem 2.4 and the controllability of nonlinear systems. For simplic-
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ity we consider only a time-invariant system with perfect observations,
i.e., with C =1 in Eq. (2.3).

R. E. Kalman has introduced the concept of local controllability
for nonlinear control systems in Discussion on L. Markus and E. B.

Lee's paper [59]: Consider the nonlinear system
x = g(x, ), g0, 0) =0 (2.104)

If there exists a neighborhood Ax of the orign x = 0 such that each
point x0 € Ax can be transferred to the orign in a finite time interval,
using an admissible control function, then the system (2.104) is said to
be locally completely controllable.

A sufficient condition for local complete controllability is known

[58, 59]:

Lemma 2.7
Assume that g(x, u), 9g/ox, and dg/ou are continuous in x
and u € Au’ where Au is the control restraint containing the origin

u = 0. If it holds that

rank[B AB ... A 'Bl=n (2.105)

~ o~ |
where A and B arethe n x n- and n X m-constant matrices, re-

spectively, defined by

~ 5 820, 0) ~ 5 28(0, 0
A ot B o (2. 106)

then the system (2.104) is locally completely controllable.

We turn our attention to our present system (2.1) which is as-

sumed time invariant. For this system, A and B of Egqs. (2.106)
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are

s=}
I
v

A=A+ em, (2.107)
ox

It follows that, if 0f(0)/ox = 0, the condition (2.105), for any &, is

equivalent to that of complete controilability of the unperturbed linear

system. When the Maclaurin expansion of f contains no term linear

in x, 9f(0)/8&x = 0 is true. Such f may be called purely nonlinear.

We conclude that, if the system (2.1) is locally completely controllable

and f(x) is purely nonlinear, then Theorem 2.4 holds.

2.12 Performance Evaluatioh

A closed-form exact solution as stated in Theorem 2.5 is gener-
ally impossible. Impossibility of infinite calculation forces us truncation
of the series, yielding a suboptimal control. In this section the quality
of a suboptimal control is examined.

Assume that a suboptimal feedback control u = us(x, t) 1is given

by
-1
u %, t) = - R ®B' (P t) (2.108)
where pS(x, t) is a suboptimal feedback function satisfying Eqs. (2.65)
up to a certain order. The value of the performance index J = JS

resulting from the feedback control of Eq. (2.108) would be a function of

7 'and x(7) and be written as

T
1 1
I, =3V (TFy(T) + EL ('Qy +ulRu )dt = 4 _[x(7), 7] (2.109)
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Evidently ySS(O, 7)) =0 if ps(O, t) =0 for any t € [r, T]. Now our
task is to examine the function g{s[x('r), 7]. Differentiation of Eq.
'(2.109) with respect to 7T and use of Egs. (2.1), (2.3), and (2.108)

gives:

1 1 8‘?‘s a’z‘s
- =t - —=n! - - —
5 X C'QCx szEpS o7 + (Ax + ef Eps) (2.110)

In Eq. (2.110) all the values are estimated at t = 7.

We develop P and és into power series in &:

[00)
p % 0 =POx + 2. £, v,
k=1 (2.111)

[00)
8[x(n), 1= 2x (MP(x(D) + 2, B fx(n), 7
k=1

where the matrix P is the solution of Eq. (2.14), and pfsk) and ;zfék)

satisfy, respectively,
p;k)(x, T) =0, é(sk)(x, T) =0 for any x (2.112)

Substitution of Egs. (2.111) into (2.110) results in a sequence of equa-

tions:
AL A
S P RS =Y k=1, 2, ...) (2.113)
where
D & xipy,
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(k-1) ()
8 k-1 Lokl 98
y® a_p = . % S p(sl)'Ep(sk—l) S p;k b= (2.114)
i=1 i=1
k=23, ...)

Then the following theorem can be established:

Theorem 2.6
I ps(x, t) is the optimal one, i.e., if

p;k) = p(k) k=1, 2, ...) (2.115)

where p(k) are the solutions of Egs. (2.65), then JS = J* is given

by

(08
J* = %x'(T)P(T)X(T) + 2 &8 x(n), 71 (2.116)
k=1

where é(k)[x(‘r), 7] are the scalar functions satisfying

(k)
9;,% = p(k), 60, =0 k=12 ...) (2.117)

Proof
The theorem can be proved by induction. First comparison of

Eq. (2.113) with (2.65) for k =1 gives

(1) (1)
o¢ og
9 1 9 -
orlax - o) +§{X'S'[ ai ‘P(l)l} =0 (2. 118)
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By virtue of Lemma 2.6 in Section 2.10, the above equation, along with

Eqs. (2.112), means that

(1)
s =M 2.119
ox (2.119)
Second we assume that
(k)
" - o k=1, 2 2 - 1) | (2.120)
ax ? 2 L ) .

holds. Then, by comparing Eq. (2.113) with (2.65) for k = £, we have

y‘(n) é(l) .
)
2 8)s{ KO { S S p(ﬂ)]} -0 (2.121)
and consequently
@)
% W @122
- .

Q.E.D.

Further the following theorem of interest is obtained:

Theorem 2.7

I p x, 1)
up to the order 2¢ + 1

is optimal up to the order £ in g€, then Js is

equal to J* in €, that is,

yf(sk) = 4® k=1, 2 ..., 20 +1) (2.123)
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where d( ) are the functions defined in Eq. (2.117), and ¢$(2£+2) the

(22 + 2)-th term in the expansion of J . is given by

55(24+2) 05(242)
2% @en {'S'[s_ _ (22+2)]}
aT" ax ax x P
19 2+1 1 2+1 2+1
S (R U= T IR Tate) SR TN

Proof
Again the theorem is proved by induction. First, corresponding

to £ = 0, assume that

p (x, t) = P(t)x (2.125)

From Eqgs. (2.65) and (2.113), it is readily observed that Eq. (2.118)
holds. Due to Lemma 2.6, it implies, along with Eq. (2.117) with k =
1, that d() ¢$() Second, assume that, if

p{ = p0 (=1, 2 ..., ¢-1 (2. 126)
then
0 =g =1 L w ey (2.127)

Besides if p;“ - p®), comparison of Eq. (2.113) with (2.65) for k =

20 leads to

(20) - | (20)
¢$ fzf

p(m)]} =0 (2.128)
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Again it implies that ¢ Further, examination of Eqs.

20) _ j20)
S

(2.113) and (2.65) for k = 20 + 1 leads to ,5;2“1) T A
parison of Eq. (2.113) with (2.65) for k = 2¢ + 2 yields Eq. (2.124).

Q.E.D.

Theorem 2.7 is an extension of the theorem obtained by P. V.
Kokotovi¢ and J. B. Cruz, Jr. [42] for linear systems. A similar re-
sult has been reported by R. A. Werner and J. B. Cruz, Jr. [96] re-
garding an approximate construction of the optimal feedback control for
systems with unknown parameters; where the control is expanded in a
Taylor series with respect to the unknown parameters. However the
present proof is given in a much simpler way by use of induction.

It is noted that Theorems 2.6 and 2.7 for a time-invariant sys-

tem with infinite T are also proven [66, 68, 71].

2.13 Examples

(a) One-Dimensional Problem

In order to examine the stabilization property of the suboptimal
control obtained by the present method, let us consider a simple one-

dimensional problem:

X = ax + eg(X)x + u, y =x (2.129)
L p@
1 2 2
J= 5‘ x” + u%at (2. 130)
0

where a is a constant. The exactly optimal control of the problem

can be obtained [89]:

u* = - [a + eg(x) + ,/a2 + 1 + 2eag(x) + ezg(x)2 Ix (2.131)
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The control of Eq. (2.131) assures the global asymptotic stability of the
system (2.129).

Let us apply our method to the present problem. The task is to
obtain the solutions of Eqs. (2.99). Due to the one-dimensionality of
the problem, this is possible with no explicit polynomial expression of

the function g(x). The power-series control obtained is given by

a

wk = . £ ® (2.132)
k=0

where

20 a @ + /az + 1)x,

u(l) & -1+ 2

= - )8 (X)X,
a2 + 1
2 o _ 1 .2
u = - gx) X,
/ 2 3
e + 1) 3 . 133)
B)a —8
u ' 2 ——=g(x) X,
2/(&12 + 1)5

2
NN TS S

Equation (2.132) along with (2.133) agrees with the formal expansioh of
the exact solution (2.131) with respect to &.

We proceed to examine stability of the system (2.129) with trun-
cated power-series controls. Let uﬂ be the £-th order suboptimal

control:

48



0
w, = 2, e, ® (2. 134)
k=0

The resultant system with u = u, is of the form

X = - gﬂ(x; a)x ' (2.135)

The function gﬂ is a polynomial of &g(x) containing the parameter a.
The global asymptotic stability of the system (2.135) is equivalent to the
positive definiteness of 8- Since it is impossible to find whether gﬂ
is positive definite or not for arbitrary form of g(x), we here confine
g(x) to the function with a definite sign. Table 2.1 shows the lowest
approximation to the optimal control assuring the global asymptotic sta-

bility of Eq. (2.135). When ¢€g(x) 20 and a = - 3.243; the global

Table 2.1 Lowest Approximation to the Optimal Control
Assuring Global Asymptotic Stability of the
System (2.135)

Value of function

Value of a

egx) > 0 egix) £ 0
<

0 a u1 u0
- /2— < ?. <0 u2 ub

- Z .
2.473 < a /2 ug u,

- <z .
3.243 < a 2.473 u4 u0

< -~ 3.

a 3.243 u0
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stability can not be assured unless u = u!Z with £ 25 is used.

The simple one-dimensional case is above-mentioned. For a high-
dimensional problem, the stability examination is more difficult, because
of impossibility of finding the sign definiteness of a multivariable func-
tion. Thus we have not always to be a sticker for global stabilify but

may use a suboptimal control assuring stability in a finite region.

(b) Second-Order Problem Described by Duffing's Equation

We illustrate the calculation of a suboptimal control for the

second-order system described by Duffing's equation [31, p. 20]:

X, =X

1 2’
5 (2.136)
Xy = 8X; U
with the output
v, = % i=1, 2 (2.137)
The performance index is
o'
1 2
J == (x, + x2 + u2)dt (2.138)
2 0 1 72 :

Since the control duration is infinite and the linear system with
€ = 0 is completely controllable and completely observable,* the deter-

mination of a suboptimal control is reduced to calculation of the constant

* For the conditions of explicit criteria of complete controllability
and complete observability, refer to any standard textbooks on control
theories [e.g., 3, p. 205].
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matrix P, and the vector functions p(k) satisfying Egs. (2.21) and

0 0
(2.99), respectively.* The positive definite solution P0 of Eq. (2.21)
and the matrix SO defined by Eq. (2.23) are, respectively,
/3 1 0 1
PO = , S0 = (2.139)
1 /3 -1 -/3
The polynomial p(()l) is cubic in Xy and X, due to Theorem
2.3. Further, owing to the symmetry of the matrix ap(()l)/ ox, p(()l)
may be written, in component forms, as
1 _ 3 2 2 3
Por = 3%1 T 385% %y * 3agx Xy + ax,,
M _ a x3 + 3 x2 + 3a ,x 2 + 3 (& 140
Pog = Bg%y T 9Bg¥ ¥g T UB K Xe T A5%

where a, are constants to be determined; Substituting Eqs. (2.140)
into (2.99) with k = 1 and using Egqs. (2.139) yields

4 3 2 2

-ax + (@ - /§a2 - 3a3)x1x2 + 3@, - /§a3 - a‘j:)xlx2

+ (3a, ~3/3a, ~a_)x x3+(a -/3a )x4=—x4-/§x3x 2.141
3 4 " 2% Xt @y 5%2 1 %2 (2.141)

Equating the coefficients of the like powers of X, in both sides sepa-

rately gives the five simultaneous linear algebraic equations in a,
The solution is

10/3 10 _ 3 /3
=g =L ag=TaA 8, 13 A =g (2.142)

1

* This statement will be omitted in the subsequent examples of this
section, but always should be understood.
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In the like manner, p(()z) is determined from Eq. (2.99) with k

= 2. Thus the suboptimal control of the second order is

us = u(o) + eu(l) + ezu(z) (2.143)
where
©) . _
u Xy 1. 7321x2,
1) A 3 2 2 3
Xy 1. 3323x1x2 0. 6923x1x2 - 0. 1332x2,
2.144)
@ 5 o o5 4 3.2 2 3 (
u 0. 5x1 0. 7392x1x2 0. 3320x1x2 + 0. 0190x1x2
+0.0523x x4 +0 0112x5
' 172 ' 2

Now the stabilization property of the controller is examined.
With u, = u(o), the origin of Eqs. (2.136) is globally asymptotically
stable with & < 0, while it is only locally asymptotically stable with €
> 0. In fact, for & > 0, there exist unstable singular points at
(£ /1/_8, 0), and trajectories passing through either of these points give
the stability boundaries. With u = u(o) + au(l), the origin becomes
locally stable for € < 0, so that the first-order approximation gives a
better result than the zero-order one only >in a limited region around the
origin. On the other hand, with & > 0, the first-order controller sta-
bilizes the origin in the large. The second-order controller is of a lo-
cally stabilizing nature for both signs of .

Figure 2.1, showing the loci of the initial states for which J =
5, reflects the stabilization property mentioned above.* The curves are

shown only on the upper-half plane, because they are symmetrical about

the origin. Within the regions illustrated, the higher-order approxima-
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Fig. 2.1. The loci of the initial states resulting J

= 5.
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0.6 L i :
-1.0 -0.5 0 0.5 1.0

~—: J by u, = u(O) + eu(l) + ezu(z)
———: Jbyu_ = u(o) + su(l)

.0
—====: J by u =u

Fig. 2.2. Variation of the performance index J with & for
various approximations of the control.

tions improve the performance with & = 1, but it is not necessarily
with & = - 1.
Figure 2.2 illustrates examples of variation of J with & for

various approximations.

* This figure is obtained in the following way: We take various ini-
tial states xi(O) neighboring the origin, e.g., points on a circle of ra-

dius, say, 0.01, and we integral numerically Eqgs. (2.136) and (2.138)
in the negative time direction to obtain the states corresponding J = -
5. The numerical integration using Runge-Kutta-Gill's process is car-
ried out on a digital computer.
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(c) Second-Order Problem Described by Van der Pol's Equation

We shall compare various suboptimal controls by the present
method with those by a number of other known methods, using the sys-
tem described by van der Pol's equation [31, p. 17]:

X1 = Xz,

(2. 145)

. 2
xz——x1+(1—ex1)x2+u

The performance index of Eq. (2.138) and the output of Eq. (2.137) are

used.
The suboptimal control of the second order is determined by our
method: |
u = u@ 4 eu(l) + 8211(2) (2.146)

where

u@ 2 _0.a1a2c - 2.6818x,,

u(l) & 1, 1162xix2 + 0.5689x1x§ +0. 1128x2, |

a® & 0. 1667, - 0.1505:%2 - 0.01005 I

+ 0.0291x1x§ + 0.0072x2

There have been a number of suboptimal controls by various
methods applied to this example. Let the typical suboptimal solutions be
listed for the parameter & = 1. This example has solved by J. D.

Pearson [78], with use of the method of instantaneous linearization out-
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lined in Section 2.5. His plausible assumption for the state-dependent

matrix A in Eqs. (2.25) and (2.26) is

0 1
2] (2.148)

and so his suboptimal control is

2+A2+2g+1+2/g2+1)x

1

2
u = (1-/g +1)x; - (1-x (2. 149)

2

gt-1, h21l-x (2.150)

Utilizing a minimax algorithm, N. Sannomiya [85] has shown that, for

relatively large initial values of x. and x_, the functions g and h

1. 2’
defined by Eqs. (2.150) are the best in the forms of

2
g=-1- CX 1 Xgs h=1+(c - l)x1 (2.151)
where c¢ is a constant.

On the other hand, G. K. L. Kriechbaum and E. Noges [46] has
proposed a least-squares approximation of nonlinear functions by a hy-
perplane through the origin and obtained the suboptimal control of the
form of Eq. (2.149) with

2 5 2
g=-1- 7% Xg h=1- 1251 (2.152)

W. L. Garrard, N. H. McClamroch, and L. G. Clark [27] and
J. H. Burghart [11] have obtained a feedback gain matrix of power-
series form for a linear model given in advance. Garrard et al. have

solved approximately Hamilton-Jacobi equation to have the suboptimal
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control

u, =- 0.414X1 - 2.682x2 + 1.586xix2 - 0.194x;%x2 (2.153)
Burghart has found another form of control which contains the term
X X This seems a bit queer, since Eqs. (2.145) are symmetrical with
respect to the origin X, = 0 and X, = 0.
Solutions based on a parameter optimization technique have been
calculated by R. C. Durbeck [18] and A. G. Longmuir and E. V. Bohn
[53]. Durbeck has assumed a reasonable form of function for the opti-

mal performance index and had the suboptimal control

u =~ 0.080x1 - 1.422x2 +0. 219xg (2.154)
Longmuir et al. have had two possible controls under the assumption of
control function with an appropriate form.

Table 2.2 shows how well the various controls perform for some
initial conditions xl(O) and x2(0). The results by our method are
added to this table. The performance obtained by the second-order con-
trol of our method> is somewhat better than the others for the initial
conditions considered. Other numerical examples for this problem are

found in the reference [67].

(d) Rotational Motion Problem of a Rigid Body

Consider the third-order system governed by:

e
]

1 8&1X2X3 + ul,

N
I

9 t=,a2x3x1 + U, (2. 155)
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Table 2.2 Comparison of Values of the Performance Index for Various

Approximations
Initial condition (xl(O), x2(0))
Method

(19 1) (2’ 2) (1’_1) (2s _2)
Present method (second- 2.560 6.614 2.002 3.920
order approximation)
Present method (first- 2.573 (o9} 2.003 4,037
order approximation)
Present method (zero- 2.699 8.108 2.034 5.107
order approximation)
Kriechbaum et al. 2.569 7.522 2,007 4.49%4
Garrard et al. 2.632 7.555 2.078 5.692
Durbeck 3.413 8.381 3.497 5.284
Pearson 2.616 6.796 2.072 4.492

Xg = ga X X, +u
with the index of performance
o 3
1 1 2 2
J = Eg z -r—(qizxi + ui)dt’
0 i=1 i (2.156)
q, ;>0 i=1, 2 3)
The output is
v, =% i=1, 2 3 (2.157)

58



It is well known that, if

a, +a, +a,=0 (2.158)

qs. (2.155) describe the rotational motion of a rigid body.
First, the suboptimal control is calculated by the present proce-
dure up to the third order:
(0) 1)

u . =nu, + Eu,
S1 1 1

2 (2)

+aui 3 (3)

+t&u (i=1, 2, 3) (2.159)

where

ufo) &
i

ufl) a c(l)r,x,x ,
i ijk

a® & rx 162 1 o2

- q4.X,
9%y

1)

)

i)Arxx I3c(3)x +C

a

A
P

(2. 160)

[ai + c(l)ri/2]c(1)

’

e, A
i dqi

M. 1.2

k
i d+2%

.+ T, +[a, +c
[a] c ]] [k

O 1ol

(i, 5, k=1, 2, 3;i#j Ak #1),
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It follows from Eqs. (2.160) that, if c(l) =0,

o

=0 i=1,2 3; k=1, 2, ...) (2.161)

(0)

This implies that u;‘ =u, is the exactly optimal control for this case.

K. S. P. Kumar [47] has previously discussed a special case where

c(l) =0, i.e.,

a,+a_+a_=0, q, =9, =q, =1, r =r_=r (2.162)

1 "2 78
which is one of norm-invariant problems treated in the next example.

Secondly, the method of instantaneous linearization by J. D.
Pearson [78] is applied to Eqs. (2.155). For the system (2.155) the

state-dependent matrix A in Eq. (2.25) is here assumed in the form

0 a v x al(l—v)x

113 172
A= a2(1 - v2)x3 0 azvzx1 (2.163)
33113x2 a3(1 - V3)x1 0
where vi are arbitrary constants. In order for Eq. (2.28) with A
of Eq. (2.163) to have the exact solution with the parameters of Eqgs.
(2.162), it is required that

1 2 1
- 0 Y3 [|22] =0 (2.164)
0 Yy 1 - Yall25

Equation (2.164) holds for nontrivial values of the parameters ai, if

and only if arbitrary constants vi satisfy the following relation:
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y1u2+v2v3+v31}1+1=v1+v2+v (2. 165)

It is noted that the form of A should skillfully be chosen in order to

obtain a good solution.

(e) Norm-Invariant Problem

In this example, we shall consider the control of a special class
of systems: norm-invariant systems. The system (2.1) is called norm-

invariant [4],* if A and f in Eq. (2.1) have the property that
x'[At)x + ef(x, t)] = 0 (2.166)

for any x and t € [7, TI].
If the function f(x, t) has no linear term in x, the condition
(2.166) is equivalent to the conditions that A is skew-symmetric and

that, for any x and t € [7, TI,
x'fx, t)y =0 (2.167)

All the other matrices in Eq. (2.1) to (2.4) are assumed diagonal and

constant:
B=c=17, F=gi®,
q O 0 ] r, 0 0 ]
0 q, ... 0 0 r e O
Q= 2 , R= 2 , . (2.168)
LO 0 qn 0o 0 rn

* The.term 'morm-invariant’ is due to that, in the absence of the
control, the Euclidian norm of the state vector remains constant.
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q —qi, r =1 (=1, 2, ..., n), q>0 (2.169)
then the solution of the Riccati equation (2.14) is given by

P(t) = qi—f—ﬁ%ﬂ"), h(t) 2 g_;_cql_e—Zq(T—t) (2. 170)

Due to Theorem 2.5 with Eqs. (2.167) and (2.170), the linear feedback

control

1 +h
X = o —_—
u a7 hX (2.171)

is the exactly optimal control for the present norm-invariant problem.

For the problem with infinite control duration, if

c 2qr. (=1, 2 ..., n), c >0 (2.172)
the solution of Eq. (2.21) is

P, = o™ (2.173)

and the optimal control is, in component form,

uf = - f—x. =12 ..., n (2.174)

It is noted that neither the optimal control (2.171) nor (2.174) is
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related to A.

2.14 Concluding Remarks

A systematic procedure has been developed for the suboptimal
design of a nonlinear state regulator. Theorem 2.1 guarantees the
uniqueness of the optimal solution. When the nonlinearity is character-
ized by a polynomial function in the state, the definite way to determine
a suboptimal feedback control of a power-series form is established by
Theorems 2.2 and 2.3. The suboptimal control is yielded by solving a
set of ordinary differential equations analytically or numerically. Since
the procedure is completely systematic, it can efficiently be used in a
computer-programmed computation.

The stability property of the suboptimal feedback function is dis-
cussed in Theorem 2.4, which is useful to construct the time-invariant
control. When the system is time-invariant and the control duration is
infinite, and if the unperturbed system is completely controllable and
completely observable, the task is further reduced to solving an alge-
braic linear equation, whose solution is again straightforward. Theorem
2.5 gives a sufficient condition that the optimal control is exactly deter-
mined as a feedback form. The contents of Lemma 2.5 as well as of
Lemma 2.3 could also be used to construct a desired polynomial func-
tion, e.g., a desired Liapunov function.

Although the present procedure of power-series expansion resem-
bles, in some respects, that of E. G. Al'brekht [1] and D. L. Lukes
[56], the introduction of the e-parameter is useful to give the recursive
formulas in a much neater fashion. Further, it facilitates the perform-
ance analysis to clarify the approximation property of tlle suboptimal
policy qualitatively. However the quantitative estimation of the perform-

ance degradation is generally difficult. Theorems 2.6 and 2.7 reveal
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the fact that, if the feedback function is optimal up to the £-th order in
g, the index of performance is minimized up to the (2¢( + 1)-th order.
This is an extension of the theorem given by P. V. Kokotovi¢ and J. B.
Cruz, Jr. [42] for linear systems, and is in accord with the theorem of
R. A. Werner and J. B. Cruz, Jr. [96] for systems with unknown pa-
rameters.

The effectiveness of the method is illustrated by examining typi-
cal examples. Although the convergence of the series-form solution is
nbt always assured for large nonlinearity, the skillful truncation of the
series provides good approximations. Namely, the method may be use-
ful, even if the nonlinearity is rather large. But, it is difficult in gen-
eral to select the number of terms of the series which gives reasonable
accuracy .

In short, the method developed provides a promising tool for a
variety of problems, including linear or nonlinear, deterministic or sto-
chastic systems optimization. Some of these problems will be subjects

of the subsequent chapters.
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CHAPTER 3
EXTENSIONS TO SOME CONTROL PROBLEMS CONTAINING
SMALL PARAMETERS

3.1 Introduction

The method developed in Chapter 2 offers an efficient means for
a suboptimal design of a variety of control systems. Among them are a
problem of nonlinear systems with the control appearing linearly, a
problem of large-scale control systems, a problem of linear control
systems with periodic coefficients, a problem of control systems with
nonlinear outputs, and a problem with a nonquadratic performance index.
The first three problems are fully discussed in Sections 3.2 through 3.4
of this chapter. The last two problems are stated in Section 3.5, and
their solutions are summarized in Appendices III and IV.

In Section 3.2 the problem of nonlinear systems with the control
appearing linearly is treated, which is a more generalized one of the
problem of Chapter 2. The system considered is linear in the control,
but contains product terms of the state and control.

Another straightforward application of the method is the synthesis
of a suboptimal control for a large-scale system. A special attention is
recently paid to a class of large-scale problems by many researchers.
One of the typical ideas is to use the concept of multilevel control or
system decomposition {77, 97]. If a system is composed of weakly-
coupled subsystems, generally containing nonlinearities, the parameter
e could also be associated with the couplings of the subsystems. In
Section 3.3 the idea of suboptimal design with use of decomposition
technique is discussed for N-coupled systems.

A particular problem in which all the subsystems and the cou-
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plings are linear has been discussed by P. V. Kokotovi¢, W. R. Perkins,
d. B. Cruz, Jr., and G. D'Ans [43] and the present author [74, 75],
independently. In this case the exact calculation of the optimal control

is theoretically possible; however, the high dimensionality of the system
makes it impractical. It is then better to split a large-scale design
problem into a set of simple subsystem problems. The approach which
completely neglects the coupling may result in unsatisfactory system
performance. Section 3.3 contains a discussion on a compromise be-
tween calculational simplicity and performance degradation.

As mentioned in Section 2.4, the construction of the optimal state
regulator for a linear system involves the solution of a nonlinear matrix
differential equation, Riccati equation, which lies at the heart of the
problem. If the system is time-varying, the closed form solution of the
Riccati equation is impossible even when'the. control duration is suffi-
ciently large. For any time-varying problém, D. L. Kleinman and M.
Athans [41] have proposed a suboptimal control consisting of an arbitra-
ry prechosen set of linear independent scalar time functions. Section
3.4 deals with an approximate construction of the optimal state regulator
for a periodically-varying linear system with quadratic performance in-
dex [69, 72, 73]. The aim is to determine a linear feedback control
which is relatively easy to implement, yet one which results in subopti-
mal performance index. The system considered contains a periodic
term which is taken to be perturbation to the time-invariant linear-
system equation. ' '

Typical examples of dynamical systems optimization are the atti-
tude control and the trajectory optimization of a space vehicle. Dynam-
ical equations describing the attitude or the trajectory of a éatellite can
be linearized under some reasonable assumptions. However, a more

precise model is often required. Then we are faced inevitably with
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nonlinear and/or large-scale systems, and find the ordinary linear theo-
ries helpless. The above two kinds of space problems are adopted as
examples attached in each section of this chapter. This is because one
of the motivations of the present research is to solve these problems

with nonlinearities and/or with high dimensionalities.

3.2 Problem of Nonlinear Systems with Controls Appearing Linearly

3.2.1 Problem Statement

In this section, an extended version of the nonlinear problem of
Chapter 2 is treated. The problem of practical interest is that of a
control system linear in the control variables, but containing products of
state and control variables.

Consider nonlinear control systems governed by the equation*
x = At)x + ef(x, t) + [B(t) + eD(x, t)lu (3.1)

subject to the performance index
1 1 T
J = Ex'(T)Fx(T) + -z-g x'Q(t)x + u'R(t)u]dt (3.2)
, T

where the n x m-matrix function D(x, t), continuous in 't, is an ana-
lytic function in x; all the other quantities are the same as specified in
Section 2.2. For simplicity, the output of the system is assumed to be

the state itself.

* In particular, the system both with f(x, t) = 0 and with D(x, t)
linear in x is called the bilinear control system [82].

67



3.2.2 Construction of a Suboptimal Control

In the same manner as in Chapter 2, we can use the minimum
principle to obtain the necessary condition for optimality. Also the
arguments on the unique existence of solution can be held similarly.

The Hamiltonian of the present problem is given by
1 1
H = Ex'Qx + Eu'Ru + p'[Ax + ef + (B + €D)u] (3.3)
where p(x, t) is the n-costate vector satisfying the equation

) of iy
P=-Qx - Ap - el )P - eg(p'Du) (3.4)

with the boundary condition
px, T) = Fx(T) (3.5)

The optimal control, which has to minimize the Hamiltonian, is given by

u*(x, t) = - R 9B + eD'x, Hlpx, t) (3. 6)

The problem is again reduced to solving the canonical equations
(3.1), (3.4), and (3.5) with (3.6), and the small parameter method of
the previous chapter is applicable, with slight modifications. Thus we

develop the vector p into a power series:

[s 0]
px, 1) = Px + 2, e, 1) (3.7)
k=1

By substituting Eq. (3.7) into (3.4) with use of Eq. (3.6) and by equat-

ing the coefficients of the like powers of & separately, we obtain a
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sequence of equations:

> - - PA - A'P + PEP - Q | (3.8)
®
B B sp® -nb =12 (3.9)

together with the boundary conditions

P(T) = F (3.10)

p®x, T =0 k=12 ... (3.11)

E and S are the n x n-matrices defined by Egs. (2.12) and (2.18),

respectively, and h(k)(x, t) are the n-vectors defined by

nMix, g 2- (—)'Px Pf + —g;(x'PGPx),
@ og, (1) , 20" QL_
1) 8 () p o BV ) 4 ——(x'Ppr),
@ M M
B, 2 Ep® + B—g s (L mpore™ + 2 mex + ng— Ep'?
@ o O
B0 206,02 g
) (k-1) ) (k-2) (3.12)
B, ) 2 D+ B g (2 @1 Qp—— HPx
k=1 @), k=2 o
v Bl %jfx—[z pPraph
i=1 i=1



The n-vector g and the n x n-symmetric matrices G and H are

defined by

glx, t) & Glx, HPE)x - f(x, t),

1>

G, t) 2 D(x, t)R—l(t)B'(t) + B(t)R_l(t)D'(x, t), (3.13)

>

H(x, t) 2 D(x, t)R_l(t)D'(x, t)

Comparison of Eqs. (3.9) with (2.65) and (3.12) with (2.67)
shows the following: Since the additional term &D(x, t)u exists in Eq.
(3.1), there appear the terms containing D(x, t) in Egs. (3.12); while
the left side of Egs. (3.9) is kept unchanged. Then the method of
Chapter 2 may still work effectively and the recursive calculation may
proceed in much the same way.

We can readily see that the matrix ap(k)/ 0x is symmetric, in
its turn that Theorem 2.2 of Chapter 2 is again true. In fact, the in-
duction with respect to - k enables us to show the integrability in x of
h(k)(x, t) defined by Eqs. (3.12) and, as a consequence, the symmetry
of 8p(k) /0x. The analogue of Theorem 2.3 is the following:

Theorem 3.1
¥ f(x, t) and D(x, t) are polynomials of the degree Qe and

p(k)

, respectively, in x, the coefficients being continuous in ¢, x,

q
D .
t) given by Eq. (3.9) is the polynomial of the degree k(g - 1) + 1 in
x, whose coefficients are continuous in t, where

q 2 max{qf, 9, - 1} (3-14)

When the time-invariant problem with the infinite control duration

70



is under consideration, the following theorem, the version of Theorem

2.4, is useful:

Theorem 3.2
Suppose that Egqs. (3.1) and (3.2) are both time-invariant. If the

unperturbed linear system, i.e., the system (3.1) with & =0, is com-

(k)

pletely controllable, then p° '(x, t), the solution of Eq. (3.9), is uni-

formly asymptotically stable as t - - o, relative to the polynomial

(k)

P, (x) satisfying the equation

X'S'p k) _ ok _
x'Stp,” = 0, k=1 2, ...) (3. 15)

(k)

0 are the scalar functions

where SO is defined by Eq. (2.23) and 0

defined by
My amp & -
90 x)2x PO ZGPOX H,

0P 2 go + pMggV 4 Lop wp

00"
1 1 2 1
<>(X)Agpé;+x.P0Hp(()>+p(<))Ep(> oD,
(3. 16)
0  gipD 1+ p mplk D 4 15T (koD
i=1
. Z o gple 1, 1 (1).Hp(<)k 2-1)
i=1
k=4,5, ...)

P0 is given by Eq. (2.21).
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3.2.3 Example

The following equations approximately describe, with considera-
tion of the second-order nonlinearity, a three-axis attitude-control sys-
tem of a space body whose orbit is circular:*

X = Xy

g = CXy + ax4x6 + Uy + 8x3u3,

5.
il

8 4 (3.17)
2 = e - -|- -
Xy CX, = EX X+ U, - EX U,
X = X
X = &.X, + &X.X, +u_ + &x_u

6 24 34 3 12

The physical meanings of X, and u, are explaihed in Appendix I.
The constant c¢ is associated with orbiting angular velocity. The per-

formance index is taken to be

= él-g Z x; + Z ulz)dt (3.18)

0 i=1 i=1

The system (3.17) contains the product terms of X, and uj.
The linear system with € = 0 is completely controllable. Then the
method of the present section is applicable. Due to the infinite control
duration, a suboptimal control is obtained by calculating the polynom1a1s
(k) satisfying Eqs. (3.15). When c¢ = 1, the suboptimal control of

the first order is given by

* See Eqs. (II.10) in Appendix II.
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where
u(o) 2-0

u@a_y

NUN

(1) a_

u 0.

+0.

-0

. 8546x1

.5192X1

.2023x x

.0350x

.040 3x3x

- 1.
-0

-X -1

5

0'763x1x5 + 0.

5237x X

+ 1.
351

. 1622}{1x5 - 0.

-0.
5

LW

0191x +0

+1

NN =N

4-0.

. 8546x

. 1246x1x

6460x

2 + 0.

- 1.
3

. 7321x6,

1246x1x6 - 0.

4021x3x6 -0.
0419x1x6 - 0.

0403x3x - 0.

6

2+0.

.4021x2x3 - 0.

2
0350x4

3)

5192}{3,

460
66x4,

0293x x5 +0.0699x_x

2 26

0631x -0.0657x x_,

£%5 456

-0.0657Tx_x

0631x2x5 o%s

1400x4x5 -0.0 700x4x6,

3339x1x -0. Q419x1x

3 4

0657x_x

2
Xy~ 0.0744x3

(3.19)

(3. 20)

Since Egs. (3.17) are derived with consideration of the second-order

nonlinearity, the above suboptimal control with the same order nonline-

arity may be reasonable.

Figure 3.1 compares the values of J obtained by the zero- and

the first-order controls for various values of €.

trol affords better results even for moderately large €.
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Fig. 3.1. Variation of the performance index J with &.
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3.3 Problem of Large-Scale Control Systems
3.3.1. Problem Statement

Another straightforward application of the method developed in
Chapter 2 is synthesis of a suboptimal control for a large-scale system
as composed of several subsystems of lower dimensions.

Consider the problem of optimizing the system

+
» Xpp B+ B (O,

X, = Ai(t)xi + z-:fi(xl, Xgy oo
i=1,2, ..., N) (3.21)
. with respect to the performance index
N
~ J=>, 3,
i1
' (3.22)

(=
>

T :
1 \ l \ \
2xi(T)Fixi(T) + 2 gT[xiQi(t)Xi + uiRi(t)ui]dt

where, for i=1, 2, ..., N,
xi: ni-vector of the i-th substate
u,: mi—vector of the i-th subcontrol

1’ x2, PN xN and

continuous in t satisfying fi(O, eeey 0, t) =0 for

fi(x s eeey X t): ni—vector function analytic in x

N’
any t
Ai(t): ni X ni-matrix continuous in t
Bi(t): ni X mi—matrix continuous in t
¢ Fi: ni X ni—positive semidefinite symmetric matrix
Qi(t): n, X ni-positive semidefinite symmetric matrix con-
g tinuous in t

Ri(t): mi X mi-positive definite symmetric matrix continu-
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ous in t
e: small scalar parameter
N: number of the subsystems

From the outset the performance index is separable in X and
u,. Thus, if the parameter & is naught in Eqgs. (3.21), the present
problem is separated into the N independent problems each of which
contains xi, ui, and Ji' These N independent problems are said
subproblems, while the original problem is called the total problem.
The ni—vector function fi is regarded as representing the coupling of
the subsystems and & regarded as the coupling parameter. The
smallness of the coupling parameter means that the overall system is
made up of Weakly interacting subsystems.

Such a kind of lai'ge-scale control problems is recently paid
special attention to by many researchers. By use of the concept of
multilevel or hierarchical control, algorithms are proposed for comput-
ing the optimal solution to these problems [77, 97]. However, the solu-
tion obtained is mostly of no feedback form. In this section we try to

treat the problems as a modification of those of Chapter 2.

3.3.2 Construction of a Suboptimal Control

If we define the n-vector x and m-vector u, respectively,

by
Xy ] uy ]
x & 2 , u 2 ‘2 (3.23)
*N UN
where
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N N
n 2 Z n, ma >, m, (3.24)
i=1 i=1

then our problem is identical with the problem dealt with in Chapter 2.

The optimal control is found to be

WKy, oey Xy B) = R (t)B‘(t)[P (t)x, +kz—:1 e'p; )(xl, coer Xy B)]

i=1,2, ..., N (3. 25)

k)

where Pi and P are the n, X ni—matrix and the ni-vector, re-

spectively, satisfying

P =-PA -AP +PEP -Q (3.26)
1 11 ) 1 1 111 1
(k)
op. N (k)
i, 9 S'p (k) _ 98 ° -
o ax1 j§=: ho o, k=1, 2 ...) (3.27)

under the boundary conditions

P(T) = F, (3.28)
o, .,oom=0 k=12 .. (3.29)
Ei’ Si’ and e(k) are defined by, respectively,
-1
A ' A -
E () #BR, B, S5.t) 2 A -EP, (3.30)
oM, ..., x t)——Zx'Pf
1 j=1 131
(3.31)
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B(k)(x,...-, , 1) = Z[ f'p (k-1) lz (k 2)]
1 3 i 2.7

k=2 3, ...)

If the N subsystems are all completely controllable, the solu-
tion for the time-invariant problem with T = oo, Fi = 0, and Qi >0

is given by

03]

-1 k (k)
* = - ' LR
ui (xl, ceey xN) Ri Bi[POixi + g € p0 (xl, , xN)]
i=1,2, ..., N) (3.32)
POi’ positive definite, and pg;) are given by, respectively,
- - ' ! - =
POiAi A1POi + POiEiPOi Qi 0 (3.33)
N .
k) _ k)
l 1 =
Z X800 = 8 k=1, 2, ...) (3.34)
=1
A -
SOi Ai EiPOi’
(3.35)
(k) s 1im ol
90 (xl, o xN) 2 1lim © (xl, ey XN’ t)
t—-oo

Equations (3.26) or (3.33) are separated for each i. This
means that the zero-order solution of the total problem is formed of the

solutions obtained individually in each subproblem.

3.3.3 Weakly Coupled Linear Systems

A particular problem in which the overall system is linear has

been discussed by P. V. Kokotovié, W. R. Perkins, J. B. Cruz, Jr.,
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and G. D'Ans [43] and the present author [74, 75], independently. In
this case, the exact calculation of the optimal control is theoretically
possible. However, the high dimensionality of the system makes it im-
practical. Intuition and experience may indicate how to split a large~
scale design problem into a set of simple subsystem problems. The
approach which completely neglects the couplings may result in unsatis-
factory system performance. In this subsection, a compromise is
sought between calculational simplicity and performance degradation.

Consider a weakly coupled linear system

N
X, =A@Mx. +& 2. D._.(tx. +B,(tu, (i=1,2, ..., N) (3.36)
1 1 1 . . 7. 1 1 1
j=1,j#i

subject to the index of performance (3.22). All the quantities are spec-
ified in Section 3.3.1 with the addition that Dij (t) is the n X nj—
matrix continuous in t.

The optimal feedback control for the overall problem is given by
Eq. (2.16). Decomposing the feedback gain P of Eq. (2.16) into sub-
system gains Pii and coupling gains Pij i, j=1, 2 ..., N;i#ij),

we may write the optimal control as

N
_.1 .
WKy, -y Xy ) = = BB jgl: LN
i=1,2 ..., N) (3.37)

where Pij are the ni x n,~matrices satisfying the equations

> = - - t - 1
Puy= Pyl AR ¢ > TR TR TLITY
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9=1 £ Li i
N N (3.38)
P~ " Puyhy T AFy o 2, P,D, 2. DyP)
) ] Vo =104 bog=1,0# ]
N
+> P EP i#3)
g 2 ¢
£=1
and the boundary conditions
Pii(T) = 'Fi, Pij(T) =0 i #j) (3.39)

The matrix equations (3.38) represent a system of np-coupled

nonlinear scalar equations, where
n & ln(n + 1) (3.40)
P 2

with n defined in Eqs. (3.24). When n is large, solving these
equations presents extensive difficulties.

The problem considered here is to approximate the optimal feed-
back gain Pij by a gain which is obtainable by much simpler calcula-
tions. To establish such an approximation, note that the calculations
become simpler with & = 0 and that the solutions Pij(t) of Egs.
(3.38) and (3.39) are analytical in & for all t € [r, T]. Therefore it

is reasonable to expand Pij in a power series with respect to &:

[00)
P = St p® g i, =1, 2, ..., N) (3.41)
j o B

Substituting Eqs. (3.41) into (3.38) and equating the coefficients of the
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like powers of & separately yields a sequence of equations:

PP = - p0a - ap® + 20520 -q,
11 11 1 1 11
©) (3.42)
Plj t)=0 for te[r, T] (i#})
ﬂ?k"l) _ Pf,zk'l) S'P(2k 1, .(.2k—1) G £3),
R ij ij ij
k=1, 2, ...)(3.43)
(2k-1) ) =0 for t € [7, T]
pk) _ f_zk) s'p(Zk) f?k),
11 11 i 11
k=1, 2, ...) (3.44)
gk)(t) =0 for t€[r, T] (i#])
k) _ 5(K), _
P =Py &=0,1, 2, ...) (3.45)
and the boundary conditions
©) . _ K) . _ -
P.(T) = F,, Pij Ty=0 &=1, 2, ...) (3.46)

Ei are defined in Eqs. (3.30); Hfl]{) and Si are the n, X nj- and ni

X ni-matrices, respectively, defined by

’

D@ 2-p0p -p O
ij ii

T !
w2 o S - p®p - p®, p0g pO)
® = NP R TR Yol TR TRy R TR
gD o p@E, _p pEH)
1) 11 1] ]1 ii
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K
Y [ngr)Eipgk'zr”) + Pg.zk'zrﬂ)E.Pffzr)], (3.47)

= j i3
(2k+2) N (2k+1 2k+1
HS e S -pbp L pktl)
ii _ : if 21 i fi
Q—l,ﬂ}él ’

k k-1
2r-1 - -
+ Z Pf r )E P(gk 2r+3)] + Z P,(,zr)E,P,(?k 2r+2)
— ig £ Li ii iii
r=1 r=1
k=1, 2, ...)

_ (0)
S, 2 A -EP. (3.48)

(0)
ii
are obtained by solving Eqs. (3.42) separately for each i, since they

Thus the zero-order terms P of the series in Eqs. (3.41)

are not coupled. The first of Eqs. (3.42) represents a system of npi

scalar equations, where

n_ 2

pi

N |

n.(o, + 1) (3.49)

Provided that nl, nz, N

lar equations in the first of Egs. (3.42) is approximately one by N of

., n are all equal, the total number of sca-
the number of coupled scalar equations in Eqs. (3.38). This greatly
reduces computation. However, if & is not very small, the perform-
ance achieved by the zero-order series in Egs. (3.41) may be far from
optimum. The system may even be unstable.

Addition of higher-order terms will improve performance, while .
retaining the advantage of decoupled calculations. The procedure involves

(k)

obtaining Pij successively from Eqgs. (3.43) and (3.44) with increasing

k. An examination of these equations shows that the homogeneous parts
of the equations are the same for all k. Provided that nl, nz, ey

Ny are equal, each of decoupled equations, Egs. (3.43), represents a
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system of approximately 2n /N2 linear scalar equations and each of
Eqs. (3.44) np/Nz. It is recalled that np is the number of coupled
nonlinear scalar equations in Eqs. (3.38).

When the problem is time-invariant, Q > 0 F =0, dand T =
o, ,(_) are the positive definite solutions of the nonlmear algebraic
equations, Eqs. (3.42) with Pi(?) = 0; Pg{) for k =1 are the solu-
tions of the linear algebraic equations, Eqs. (3.43) and (3. 44) with P(k)
= 0. If all the subsystems are completely controllable, it is guaranteed
(0)

that there exist unique positive definite P

() for k>—1.

and, due to direct use of
Appendix I, exist unique P
Theorems 2.6 and 2. 7, which clarify the approximation property
of a suboptimal policy in terms of powers of €, are valid for the pres-
ent linear problem. Theorem 2.7 for this problem is a particular
case of the theorem obtained by P. V. Kokotovié and J. B. Cruz, Jr.
[42]. An explicit expression for the performance index resulting from a
suboptimal control is also possible as follows. Let usi(x, t) be a

suboptimal control such that

u_(x, t) = - R (t)B'(t) Z P (t)xj i=1,2, ..., N) (3.50)
j=1 '

where Psij are suboptimal feedback gains (3.41) truncated after a cer-
tain order in &. The value of the performance index J = Js, Egs.

(3.22), associated with the control of Eqs. (3.50) may be written as
1 1 T 1
JS = Ex'(T)Fx(T) + Eg (x'Qx + u'Ru)dt = Ex‘(T)V(T)x(T) (3.51)

T

where
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1 1

0 F 0 10 qQ 0
P a 2 ’ Q8 2 ’

0 0

Fy 0 0 Q
(3.52)

R, 0 0

0 R 0
R 2 2

0 0 Ry

and V 1is an n x n-symmetric positive semidefinite matrix satisfying
V(T) =F " (3.53)

Let us derive equations for the suboptimal performance matrix
V. Differentiation of Eq. (3.51) with respect to 7 and use of Egs.
(3.36) and (3.50) yields

1 1 1 Tat 1
- - o= e + .
2x (Q + PSEPS)x X (V + VSS SSV)x (3.54)

where PS is the overall feedback gain matrix composed of the subma-

trices Psij and Ss is the matrix defined by

S £ A-EP,
S S

(3.55)
A1 _ aDl2 oo aDlN} E1
D ' e
Aa € 21 A, €Dy Ca 0 E, 0
eD ., &Dgy -+ Ay 0 0 ... Eg

Since Eq. (3.54) holds for arbitrary values of x, we have
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y = - - St - -
A VS, - 8.V -Q-PEP (3.56)

Then the suboptimal performance matrix V must satisfy Eq. (3.56)
with the boundary condition (3.53). '

For the time-invariant problem with Qi >0, Fi =0, and T =
o, we assume that the system resulting from a suboptimal feedback
gain PS is stable, i.e., SS. is a stable matrix. Then the matrix V

is given by the solution of the linear algebraic equation

' = - -
VSS + SSV Q PSEPS (3.57)

Due to Appendix I, stableness of SS leads to uniqueness of the solution
of Eq. (3.57). If unfortunately SS is not stable, Eq. (3.57) turns into
meaninglessness, because the value of the suboptimal performance grows

infinite.

3.3.4 Examples
(a) Attitude Control Problem

A physical problem is examined to illustrate the application of
the method above discussed. The following set of equations is a linear-
ized model of the two-axis attitude-control system of an orbiting space

body:*

X T X
X = E&X + 1 y
2 1
4 (3.58)

* See Egs. (II.9) in Appendix II.
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The physical meanings of X, and u, are explained in Appendix II.

The performance index is assumed to be

3= (o .59

The parameter & is associated with the orbiting angular veloc-
ity. When & =0, i.e., the satellite is at rest, the system of Egs.
(3.58) is decoupled into two subsystems, each of them being a double
integral system and being completely controllable. The method for
weakly coupled linear systems can be applied then.

We shall illustrate the calculation for a suboptimal control. For
the present problem, the value of various quantities in Eqs. (3.22) and

‘(3.36) are specified by

N=2, T=0, T = oo,
2
Q=19 Rr=1 F =o0,
1 1 1
. _[0 1] . _[0] i=1, 2), (3.60)
i lo o) i |1
[0 o [0 o
D12 o 1]’ Dzl’[o -1]

Equations (3.42) for the solutions of the decoupled subsystems are re-

duced to

©[0 1] [0 0].0) . ([0 0],(0) _[L 0 -
“Piilo 0]' 1 O]Pii *Pilo 1fu Tlo 1] (i=1,2 (3.61)

‘Equation (3.61) consists of three nonlinear scalar equations. The posi-
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tive definite solution of the equation is

/31
© _ 50) _
P11 = P22 = (3.62)
1 /3
The equations to determine Pijl) are Eqs. (3.43) with k = 1:
0 1 0o -1 0 -1
1 1
P A0 T e | 869
-1 -/8 1 -/3 1 0
The solution of Eq. (3.63) is uniquely obtained:
1 _ oM, _ 170 1
Piog =Po' = /3l-1 0 (3.64)
. () (1) . . .
By using P;’ and P, form a suboptimal gain P _:
ii ij sl
3 /3 0 &
p_-L|/3 % =0 (3. 65)
sl /3y ¢ 3 /3 '
e 0 /3 3

This is the first-order approximation of the optimal gain P. The

zero-order approximation of P, Ps , is given by Eq. (3.65) with & =

0
0. P is obtained from 10 coupled nonlinear equations, Eqs. (3.38),

as

P = (3. 66)
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where

1 2 2
A A= “_ a/f1-

»

and p 4 is the largest real root of the equation

pZ + (82 - 2)pi - (2.92 + 3)pi + 82 =0 (3.68)

Now, using Eq. (3.57), we proceed to examine the performance
degradation resulting from suboptimal gains. We can readily see that

SS defined by Eqs. (3.55) is stable for any & both when PS = PsO

and when Ps = Psl' It follows that the value of the suboptimal per-

~ formance is finite in either case. Thus the solutions V =V_ and V

0
= V1 of Eq. (3.57) corresponding to PS = PsO and PS = Psl’ re-

spectively, are uniquely given by

v(li) v(zi) 0 vg)
v;i) v‘(li) —v:(;) 0
VvV, = . . . ' i=20, 13 (3.69)
i o - G @
3 1 2
v:(;) 0 v(zl) vfll)
where
0 e © ©) 4 (0)
Vg)é'/gJ“/_” Vz)él’ 3) /3 vy &/3
1 2 1
v(l)Ayg&'(27+9a +e), v(z)A—(18+s), (3.70)
1 1
v;)Am(9+s)e i)A—C(6+s),
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dé9+282

It is easily seen that the difference AV of Vv, and Vo

AV & Vo - Vy (8.71)
is positive definite for any & # 0. Therefore the first-order subopti-
mal gain is always better than the zero-order for any &€: J resulting
from the first-order gain is less than that from the zero-order gain for
arbitrary nonzero E.
In Fig. 3.2, the suboptimal performance matrices V0 and V1

are compared with the optimal performance matrix P for various val-
ues of € in 0 =& = 2. Observe that the values of the elements of
V, remain within 10 % of those of P. The values of performance

1

achieved by using the various gains P Psl’ and P can be read out

s0’
of Fig. 3.2 for arbitrary initial conditions; for example, those for the

initial condition x1(0) = xz(O) =1 and x3(0) = x4(0) =0 are given by
the sums of values read out of the figures (a), (b), and (d). Other nu-

merical examples are found in the references [74, 75].

(b) Orbit Transfer Problem

A space problem is adopted again. The motion of a space vehi-
cle which transfers between two neighboring circular orbits is approxi-
mately described by the equations containing the second-order nonlinear-

ity:*

* See Eqs. (II.18) in Appendix II.
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Xg = = 2x4+ 2ex1x3+u1,

X3=X4’ 3.72
X, =2x_+ 3 +82-2x2+2+ -7
4 g ¥ SXg + () g T Xg) + g

X5=X6,

X, = - + 2 +

Xg = T X5 T 4EKgXg T U3

The physical meanings of X, and u, are explained in Appendix II.
The performance index is taken to be quadratic in accordance with con-
sideration of the minimum fuel transfei' of a low-thrust power-limited

rocket:

J =

DO [

o 6 9 3 9 '
& Ol xi + > udt (3.73)
0 i=1 = i=1 '

The system (3.72) with €& = 0 is decoupled into two linear sub-
systems: the systems in Xy to Xy and in X and Xg- Hence the
method of Section 3.3.2 for large-scale systems with nonlinear couplings
is applicable to Eqs. (3.72) with (3.73). Due to the infinite control
duration, determination of a suboptimal control is reduced to computa-

(k)

tion of the constant matrices P and the vector functions Po; given

0i
by Egs. (3.33) and (3.34), respectively. Finally the suboptimal control

of the first-order is as follows:

Uy = u;O) + auil) i=1, 2, 3 . (3.74)

where

0) a_ - - -
u; #-0.3200x, 1.9697x,, 2.9960x, -0.6732x,,
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0) a - - -
u,’ & 0.9474x,  -0.6732x, - 4.0119x, 2.4244x

2
©) A _ -
u, 2 0.4:142x5 1'3522}(_6’
u(l) A .5631X2 -0.7243x_x_ - 2.2322x_x_ - 0.3097x_x
1 1 12 13 14
-0 1363x2 -0.1511x + 0.1413 + 1.6626 2
. 2 . oXg . XX, . Xq

+1.2042x x, + 0. 1773x2 - 0. 4285x2 - 0.3314}(5x6

374 4 5
2
- 0.1084x,, (3.75)
u® 8 1.1002x2 - 0.3097x.x. + 1.1041x %, + 0.7724x_x
2 1 12 1°3 14
+0.0706x> +1.2042x x. +0.3546x % . + 3.0067x>
. X2 . X2 3 o X2 4 . X3

2 2
+ 0.9346x3x4 - 0.0028x4 -0. 8079x5 - 0.5849x5x6

2
-0.1619x _,
0 69x6

(1) o - _
u3 £ 0. 225'7x1x5 + 0.0791x1x6 0. 3314x2x5 0. 2168x2x6

- 1. 9368x3x5 - 1.0710x3x6 -0. 5849x4x5 - 0. 3239X4X6

Figure 3.3 illustrates examples of variation of J with & ob-

tained by the zero- and first-order controls.

3.4 Problem of Linear Control Systems with Periodic Coefficients

3.4.1 Problem Statement

It has been mentioned in Section 2.4 that the optimal solution u
= u* for the linear regulator problem is generated by the linear feed-

back control of the form (2.16). The elements of the feedback gain ma-
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trix P(t) are the solution of the matrix Riccati equation (2.14), which
lies at the heart of the problem. If the system is time-varying, the
closed form solution of P(t) is impossible even when the control dura-
tion is sufficiently large. In spite of apparent mathematical simplicity
of formulation, there may be a certain engineering shortcoming associ-
ated with the implementation of the time-varying feedback gains.

This section deals with an approximate construction of the opti-
mal state regulator for a linear system with periodic coefficients. The
goal is to determine a linear feedback control which is relatively easy
to implement, with little performance degradation.

Consider dynamical systems governed by the linear time-varying

equation

X = [A(O) + aA(l)(t)]x + [B(O) + aB(l)(t)]u (3.176)

where
X: n-state vector

u: m-control vector
0
A( ):

B(O):

n x n-constant matrix

n x m-constant matrix

A( )(t): n x n-matrix continuous and periodic in t with period L
B(l)(t): n x m-matrix continuous and periodic in t with period L

g€: small scalar parameter

In the present discussion, the periodic terms of the system are taken to
be perturbations to the time-invariant system equation.

The problem is to find a feedback control u(x, t) for which the

quadratic index of performance

T
J = % lim ‘ (x'Qx + u'Ru)dt (3.77)
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is minimized, where
Q: n x n-positive definite constant matrix
R: m x m-positive definite constant matrix
It is assumed throughout this section that the unperturbed time-
invariant system, i.e., the system (3.76) with & = 0, is completely

controllable.

3.4.2 Construction of a Suboptimal Control and Related Characteristics

Due to the assumption of complete controllability, the optimal
feedback control for the unperturbed time-invariant system is given by

Eq. (2.20), that is,

u*x) = - r1p@pO (3.78)

(0}

where P is the n x n-symmetric positive definite matrix uniquely

determined by the quadratic algebraic equation

- pOAQ _ p@pO® , pOp@ _ g -y (3.79)
with

©) =150,

E2B (3.80)

Similarly, the optimal control' u*(x, t) for the periodic system
of Eq. (3.76) is given by Eq. (2.16). By virtue of the nomenclature in

this section, we write

ur(x, t) = - R B + e8P rpmx (3.81)
where P() is the solution of the matrix Riccati equation
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p=-PAD +ea®) - a@ 1 eaPyp

+ 2B+ e R 8@ + eB(l)]'P -Q (3.82)
with the boundary condition

lim P(T) = 0 (3.83)
T—>0

Since the closed form solution of Eq. (3.82) is generally impossible to
obtain, we have to rely upon a numerical calculation. On the other
hand, we might expect that; under appropriate conditions, the steady-
state solution of Eq. (3.82) as t - - oo be periodic and use of the
steady~-state solution throughout the control be legitimate because of the
infinite control duration. Our primal aim is then to have approximately
the periodic solution in analytic form.

For a sufficiently small value of ¢, it is reasonable to assume
that the optimal feedback gain P(t) given by Eq. (3.82) be analytic in
¢ for all t € [7, T). Therefore we try to find a suboptimal gain in a
power-series form in €. We develop the steady-state solution P(t) of

Eq. (3.82) into a power series:

[00)
pey = PO + S LWy (3.84)
k=1
where P(k)(t) k=1, 2, ...), symmetric, are n x n-matrices to be

determined. Substituting Eq. (3.84) into (3.82) and equating the coeffi-
cients of thellike powers of & separately yields a sequence of equa-
tions:

p® -~ p®g _gp® H(k)(t) k=1, 2, ... (3.85)
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with the boundary conditions

lim P(k)(T) =0 (3.86)
T->00
H(k) and S are the n x n-matrices defined by

+ PO ROR M, 50 p=150),50)

19 2 - PV a0 - aAOigpE Dy o ST 50 pptdy,
i=1
el | (3.87)
+ > PPy EOrT8M g « 8D Hr IO p& 1Dy,
i=0 .
k-2 . o
+ > POy gyr My p&1-9
i=0
k=23, ...
5820 _gp@ (3.88)

(0)

The zero-order equation for P is identical with Eq. (3.79). Suc-

cessive solutions of Eqs. (3.85) with increasing k may determine the

functions P(k)(t). Since Eqgs. (3.85) are linear in P(k), their steady-
state solutions are uniquely determined under appropriate conditions.

The following theorem is established:

Theorem 3.3

If the unperturbed time-invariant system, i.e., the system (3.76)
with € = 0, is completely controllable, the steady-state solution, as t
-» - o0, of Eq. (3.85) is uniquely determined, and is continuous and

periodic with period L.
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Proof
The theorem can readily be proved inductively. From complete

controllability of the unperturbed system, all the eigenvalues of the ma-

trix S of Eq. (3.88) have negative real parts, as shown in Section 2.4,

(k)

Therefore the steady-state solution P'’(t), as t - - oo, of Eq. (3.85)

for any k > 1 uniquely exists and is formally written as

1 T t -
P(k)(t) = - e—S t lim [g eS gH(k)(ﬁ)es‘ﬁdéle St (3.89)
‘ T->00 ‘%

(1)

First, since H of Egs. (3.87) is continuous and periodic with period

L, the evaluation of the quantity P(l)(t + L) shows that P(l)(t) is

continuous and periodic with period L.* Second, assume that the

steady~state solutions P(k)(t) with k=1, 2, ..., ¢ are all continu-
ous and periodic. Then it is readily observed that H(2+1)(t) is contin-
uous and periodic and consequently the steady-state solution P(2+1)(t)
is continuous and periodic.

Q.E.D.

(k)

By using these solutions P' ’(t), we may write the optirﬁal feed-

back control u*(x, t) as

* We may write

| | T 1 - - -
P(l)(t + L) = e_s t lim [S eS (€ L)H(l) eS(& L)d§]e St

=- (%)
T t+L -

An appropriate variable transformation in the integral yields

1 T t
t+Ly=-e >t lim(| e -xg®

T—o00 *t

P(1) § t

(¢ + L)eS d&]e_S

1)

Since H(l) is periodic with period L, we have P(l)(t + L) = P( (t).
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[e0]
wri, 8y = - K% - > &M x (3.90)
k=1

where K(O), constant, and K(k)(t) k =1, 2, ...), periodic in t with

period L, are given by, respectively,

0) o 5-1,(0),,(0)
K2R BIPT, (3.91)

(k~-1)

x® ) 2 R-I[B(O)'P(k)(t) + B(l)'(t)P (t)] k=1, 2, ...)

The linear periodic version of Theorem 2.5 in Chapter 2 is

readily obtained as follows:

Theorem 3.4

Provided that B(l)

=0. I H(l) defined in Egs. (3.87) satis-
1
fies H( )(t) = 0 for any t, the constant feedback gain

p = p® | (3.92)

is the exactly optimal one; if H(z)(t) = 0 holds for any t, the feed-

back gain

P(t)‘= p® 4 pMyy (3.93)

is exactly optimal.

3.4.3 Systems with Periodic Coefficients of Finite Fourier Series

In this subsection we consider a particular system governed by
an equation whose periodic coefficients consist of finite numbers of fre-

quency components, i.e., the system described by
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X = [A(O) + eA(l)(t)]x + B(O)u,

(3.94)
AD

N
t =2, (A, c08 20wt + A_ sin 20wt)

=1 !

where Acﬁ and Asﬂ are n X n-constant matrices and w is a posi-
tive constant. The index of performance is that given by Eq. (3.77).
For this problem, the Riccati equation can be solved by an algebraic
procedure as shown below.

Following the procedure of Section 3.4.2, we obta@n, for the sys-

tem (3.94), the optimal feedback control

o)
wr, i = - BOBOp@ 4 ST M (3.95)
k=1
where P(k)(t) are the periodic solutions of Eqs. (3.85) to (3.87) with
B(l) = 0. The functions H(k)(t) defined by Egs. (3.87) can now be

written as

kN
a0 = > [Hg‘)cos 2uwt + Hsin 200t),

- { 54
£=0 k=1,2,...) (3.96)
(k) _
HSO =0
where ng) and H(Slz) are the n x n-constant matrices. As a conse-

quence the periodic solutions are given by

kKN
p® ) - > [sz)cos 20wt + Pg;)sin 20wt] k=1, 2, ...) (3.97)
2=0

where sz) and sz) are the n x n-constant matrices satisfying the
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equation

pOs 4+ 5p® 4 90p® - g®

cl cd sf ct

@ an® o ) ()

PO)s + 8P ) - 200P ) = H
€=0,1,2 ..., kN;k=1, 2, ...) (3.98)

Equations (3.98) result from substituting Egs. (3.96) and (3.97) into
(3.85) and equating the coefficients of the like components of frequency
separately.

Thus solving the linear algebraic equations (3.98) with increasing

(k)

k determines P ‘(t). Due to Appendix I concerning the Kronecker
product and sum, for fixed values of k and ¢, Egs. (3.98) are re-

written into the vector-matrix form:

2
sos 2™ )| h
0d) ¢l=1° (3.99)
- 2wl S'® S'jlp h
s s
2
where I(n‘) is the n2 X n2—identity matrix; pc, ps, hc, and hs are

2
the n -vectors of which the g-th components are the (i, j)-elements
(k) (k) (k) (k)
ct’ Ps!Z ’ Hcﬂ se’
- 1) + j. Since the constant matrix S is stable, so is the Kronecker

of the matrices P , and H respectively, 4 being n(i
sum of S', S' ® §'. Then it can be readily verified that, for any ¢

2
and «, the 2n2 x 2n -coefficient matrix in Eq. (3.99) is nonsingular.*
Hence Eq. (3.99), namely Eqs. (3.98), are uniquely solvable. '
(1)

In the above discussion, the matrix B is assumed identically
zero, for simplicity. When this is not the case, the procedure in this

subsection, however, is also applicable.
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3.4.4 Performance Degradation Analysis

Similarly to the statements in Chapter 2, for a sufficiently
small value of &, the infinite power series of Eq. (3.84) is convergent
to the optimal solution. However, impossibility of the infinite calculation
forces us truncation of the series, yielding a suboptimal control. In
this subsection the linear periodic versions of the performance evalua-
tion theorems in Section 2.12 are summarized.

Let u = us(x, t) be a suboptimal feedback control of the power-

series form:

[0 0]
w i t) = - R B0 o S KMy, (3.100)
S k=1 S

(k)
]
k. The value of the performance index J = JS resulting from the

where K “(t) are those given by Eqs. (3.91) up to a certain order of

feedback control of Eq. (3.100) would be written as

T
lim s x'Qx + u' Ru )dt = d[x(7), 7] (3.101)
T>m 7 s 8

oy
It
DD |4

We develop ¢ into the power series in &:

* When { = 0, the statement is clearly true. When ¢ > 0, it is
sufficient to show that the determinant

M I(k)

© = det M-det(M + M'l)
-1 M

det

is nonzero, M being a k x k-stable matrix. In fact, if M is stable,

we can readily see that the matrix M + M_l is stable also.
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Q0
glx(r), 7] = %X’(T)P(O)X(T) + > ekﬁ(k) x(7), 7] (3.102)
: k=1

(0)

where the matrix P is the positive definite solution of Eq. (3.79).
Evidently d(k)(O, 7) = 0 because uS(O, t) = 0. Then the following

theorems are the linear periodic versions of Theorems 2.6 and 2.7:

Theorem 3.5
It us(x, t) is the optimal one, that is, if, for all k = 1,

K;k)(t) are those given by Egs. (3.91), then JS = J* is given by

[00)

J* = %x'(T)P(O)x(T) + % > & np™ (xm) (3.103)
k=1
where P(k) are the solutions of Eqs. (3.85).

Theorem 3.6

| It us(x, t) is optimal up to the order ¢ in & and truncated
after that, that is, if K(Sk) is given by Egs. (3.91) for k=1, 2, ...,
¢ and k%

s
to the order 2¢ + 1 in g, i.e.,

=0 for every k = ¢ + 1, then JS is equal to J* up

é(k) = ';'x'('r)P(k)('r)x('r) k=1, 2, ..., 20 +1) (3.104)
and the (20 + 2)-th term in the expansion of Js, d(2£+2), satisfies
(22+2) (22+2)
o4 o7 + X‘S'a¢

%x,{f,(zuz) +p# g, op3*d)
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The above theorems are proved, by using induction, in much the
same way as in Section 2.12. Theorem 3.6 is a particular case of the
theorem obtained by P. V. Kokotovi¢ and J. B. Ci'uz, Jr. [42].

Theorems 3.5 and 3.6 clarify the approximation property of the
suboptimal policy in terms of powers of &. An expression for the per-
formance degradation, on behalf of a suboptimal performance matrix as
obtained in Section 3.3.3, is now derived as follows. Let us(x, t) be

a suboptimal control such that

ux, t) = - K ©Ox (3.106)

The value of the performance index J = JS associated with the control

of Eq. (3.106) is written as

[
il
I\ L

T
lim g x'Qx + u'SRuS)dt = %x‘ (DP(T)x(7) + %x' (ND(T)x(1) (3.107)
T—=>’T

where P is the exact solution of Eq. (3.82) and D is an n x n-

symmetric positive semidefinite matrix satisfying

lim D(T) = 0 (3.108)
T-00

That is to say, the first term on the right side of Eq. (3.107) is the opti-
mal value of J; while the second term represents the degradation of J
due to the approximation. Let us derive an equation which the degrada-
tion matrix D satisfies. Differentiation of Eq. (3.107) with respect to

7 and use of Egs. (3.76) and (3.106) leads to
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_—1- 1 T ——1— 1 5 ~ 1]
2X'(Q+ KL RK )x = ox'[P+ D + (P + D)S_ +S! (P + D)lx (3. 109)

where Ss is the matrix defined by

50 2 A®) ~ BOK (1),
(3.110)

A(t) & A(O) + eA(l)(t), B(t) 2 8@ . aB(l)(t)

Since Eq. (3.109) holds for arbitrary values of x, we have, upon use

of Eq. (3.82),

. -1 -
== DSs - S'SD - (R B'P - Ks)'R(R 1B'P - KS) (3.111)

3.4.5 Examples
(a) Orbit Transfer Problem

A physical problem is examined to illustrate the application of
the present method. Suboptimal controls are compared with the optimal
one.

The motion of a space vehicle which transfers between two neigh-

boring low-eccentricity elliptic orbits is approximately described by*

1 2’
X, =-2x +e(cost-x, +2sint-x_-4cost-x,)+u
2 4 1 1’
3 4 (3. 112)
Xy =X,

X, =2x +3x3+s(—2sint-x +4 cost-x_+ 10 cost-x3)+u

4 2 1 2 2

* See Eqs. (II.16) and (II.17) in Appendix II.
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and

. (3.113)
X, ==-X_=-3tcost-x_+u

6 5 5 3
The physical meanings of the quantities X, and u, are explained in
Appendix II. The parameter €, appearing in the periodic terms, rep-
resents the eccentricity of the initial vehicle orbit. That is to say,
periodic variation in the orbital velocity along the elliptic orbit produces
those periodic terms. When & = 0, the system is completely control-
lable. Hence the method of the foregoing subsections is applicable to
the present problem. The system of Egs. (3.112), the in-plane motion,
is independent of the system of Eqs. (3.113), the out-of-plane motion.
Accordingly we discuss the two motions separately.

First, the system of Egs. (3.113) is treated and the calculation
for a suboptimal control is illustrated. For a more general investiga-
tion, we introduce a variable frequency parameter « to consider the
system

Z, =7,

12 (3.114)

z2=--z1 - € cos 2wt-z1+v
where v is the control variable. Equations (3.114) free of the control
are the familiar equations of Mathieu type [31, p. 86]. The perform-

ance index is taken to be quadratic:

a
1 2 2 2
J =3 L(z1 oz, +v)dt (3. 115)
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The zero-order solution of the Riccati equation is calculated from

Eq. (3.79):

© Wz -2 /2 -1
P = (3.116)
/2-1  Jo/z -1
The first-order coefficient in the power series (3.84), P(l), may be
written as
c, ¢ S, s
1 1
P( )(t) = Ic 03]cos 20t + S s3 sin 2wt (3.117)
3 2 3 2

where c and s, are constants to be determined. Substituting Eq.
(3.117) into (3.85) with k = 1, using Eq. (3.116), and equating the

coefficients of cos 24t and sin 20t in both sides separately yields
the six simultaneous lineé.r algebraic equations for c, and 8- The

solution of the equations is

¢, = 3/2/2 - 11- /34" - 32 - /D)o” + 32 - /2,
¢, = 3/2/2 - 1124 - @ + /D" - 2 - /2],

cg = ;11-[- w4 - (7 - ./E)u)2 - (5/2 - 6)],
1 4 = 2
s, = 5[4(/5 - J)w - (8/2 - 9w’ - (11 - 4/2)]w, (3.118)

52 %[(4/5 - pw? - 4/ - 5)w,
5, = dl/ 72 - 120" + 3(/Z - Y’ - 3¢Z - D]w,

d2 40 - (5 - 2/2)wt + @ - 2/2)w° + 22/2 - 1)
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Then the first-order approximate solution of the Riccati equation (3.82)

is
P_(t) = p® Ep(l)(t) (3.119)

Using the elements of the above matrix Ps’ we have the suboptimal

control

= - - a
v, Pz, - P,(1)z,, P (3.120)

Figure 3.4 shows, for € =1 and « = 0.5, the approximate
solutions of Eq. (3.119) with (3.116) and (3.117) as well as the exact
solution. The exact solution is obtained by a numerical integration of
Eq. (3;82) using a digital computer. Figures 3.5 and 3.6 show exam-
ples of'variation of J with the perturbation parameter € and with the
initial time 7, respectively, for various approximations of the control.
These figures are obtained, based upon the discussion from Eq. (3.106)
to (3.111). The stabilization property of the controllers is illustrated in
Fig. 3.7.* The solid and the chain lines show the stability boundaries
of the system with the first-order and the zero-order controls, respec-
tively, on the (l/u), %) plane. The stability boundary of the system
without control is also shown dotted. We see that the first-order ap-
proximation improves significantly the stabilizability of the control.

Secondly, the system of Eqs. (3.112) is considered. The per-

formance index is assumed to be

* Floquet's theory [31, p. 83] is used for the stability investigation,
because the system considered is linear and periodic.
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Fig. 3.4. Approximate and exact solutions of the Riccati
equation for the problem (3. 114) and (3. 115).
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(0)

w
T
0

%

=z

0.5
0

0
2

=1 /

+ EP

(1)

———: Jby P =P
Jys

110

(0)

: J*



0 ™ 2T
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——: JbyP = L R P = p® . g
Fig. 3.6. Variation of J of Eq. (3. 115) with 7.
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Fig. 3.7. Stability chart for Eqs. (3. 114) with the controls of various
approximations.
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o
1 2 2 2 2 2 2
J—2ST(x1+x2+x3+x4+u1+u2)dt (3.121)

After a modest amount of algebraic calculation, we have the approximate
solution of the Riccati equation and the associated suboptimal controls:
) (1)

u =u, + Eu,
1 1

i i=1, 2 (3.122)

where

0) o _ - - -
uy 0.3200x, - 1.9697x,, - 2.9960x, - 0.6732x ,

©) A - -
u, £ 0.9474x, - 0.6732x, - 4.0119x, v2.4244x4,

u(ll) 2 (1.3196x, - 1.2962x, - 9.3930x, - 1.3114x )cos t
(3.123)

+(0.5722x ) + 1.1201x,, + 3. 2442x  +0.7430x )sin t,

) A -1 - _ .
u, " 2 (1.54:54:x1 1.31_14x2 6.7712x3 0.2291x4)cost

+ (1.65’71x1 +0.7430x  + 1.9562x3 + 0.0349x4)sin t

2

In Figs. 3.8 and 3.9, examples of variations of J with & and
with 7, respectively, are shown for various approximafions of the con-
trol. Other numerical examples for this problem are found in the ref-

erences [69, 72, 73].

(b) Attitude Control Problem

The following set of equations is a linearized model of the two-
axis attitude-control system of a space body whose orbit is a low-

eccentricity ellipsis:*
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1
00 0.5 1.0
E———=
1
-——:beu_=u.(o)+suf) —-—:beu,=u_(o) ————— : J*
si i i . si i

Fig. 3.8. Variation of J of Eq. (3.121) with €.

- J

. —: Jbyu . =ufo) + aufl) —=—: Jbyu_, =u(0) ----- T J*
si i i si i

Fig. 3.9. Variation of J of Eq. (3. 121) with 7.
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1 2’

X, =¢cx, + ecosct-x, + u,,

2 4 41 (3. 124)
Xg = X,

x4 = - cx2 - € cos ct-x2 + u2

The physical meanings of X, and ui are explained in Appendix II.
The parameters c and € are associated with the mean angular ve-
locity and the eccentricity of the orbit, respectively. The performance
index of Eq. (3.121) is used.

When c¢ = 1, the suboptimal periodic control of the first order

is given by
u, = u,(o) + eu,(l) i=1, 2 (8.125)
si i i
where
© . _ -
u, " # 0.8546x1 1.64;60x2 + 0.5192x3,
0 . _ - -
U, = 0.5192x1 0.854.6x3 1.6460x4,
1
u(l) & 0.3311x1 + 0. 1714x2 + 0.2785x3)cos t
(3.126)
+ (- 0.0757x1 - 0.0981x2 - 0.1541x3)sin t,
MW a '
u, = ( 0.2785x1 + 0.3311x3 + 0.1714x4)cos t
+ ( 0.154:1x1 - 0.0"157x3 - 0.0981x4)sint

* See Egqs. (II.7) in Appendix II.
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Figures 3.10 and 3.11 show examples of variations of J with

€ and with 7, respectively, for various approximations of the control.

3.5 Other Problems of Nonlinear Control Systems

We may remain some of important classes of nonlinear control
problems unconsidered‘; for instance, the problem with a nonlinear output
equation, the problem with a nonquadratic performance index, the prob-
lem with combination of some problems treated so far, and so on.

In Chapter 2, the output of the system has been assumed linear

in state x, as given by Eq. (2.3). However, an output nonlinear in x:
y = C(tyx + eg(x, t) (3.127)

may represent a reasonable mathematical translation of physical models.
In a special problem, it may be desirable to minimize the non-

quadratic performance index such as
1 1 T
=5V (DFy(T) + edly (T)] + 58 [y'Q(t)y + 2e¥(y, t) + u'R(tjuldt  (3.128)
T

rather than the quadratic one, where g(y) and ¥(y, t) are scalar
functions nonnegative for arbitrary values of their arguments.
The solutions for these two classes of problems are summarized

in Appendices III and IV.

3.6 Concluding Remarks

Several straightforward applications of the method developed in
Chapter 2 have been discussed. Section 3.2 has dealt with the problem

of systems linear in the control, but containing product terms of the
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state and control. Although these product terms are contained in the
system equation, the method of Chapter 2 still works effectively. In
fact, these terms lead to additional terms in the recurrence equations,
but no substantial change occurs in solving the equzitions. The calcula-
tion of a suboptimal control proéeeds in much the same way as in Chap-
ter 2.

As shown in Section 3.3, an application to a composite system,
whether it is lineér or nonlinear, is also straightforward. In a particu-
lar problem with linear couplings, the method of Chapter 2 has enlarged
the range of applications. The first step of the solution involves the
solution of lower-order Riccati equation of each subsystem. In the sub-
sequent steps one has only to solve linear equations. This fact much
relaxes the complexity of computation. The various theorems in Chap-
ter 2 apply to the composite problem. Especially, the complete con-
trollability of all the subsystems is sufficient to guarantee the unique-
ness of an improved solution.

The method for weakly coupled linear systems is applicable to
any problem for which solutionAof a matrix Riccati type of equation is
required; for instance, linear filtering problems with the Riccati equa-
tion for a covariance of estimation error [38], linear distributed control
problems with the Riccati equation for an operator {29], and so on. An
important problem remaining unconsidered for a large-scale system is
how to decompose the system into subsysteins [87]. A certain decompo-
sition will result in less value of performance than others. Hence, it
is significant to choose carefully the suitable scheme of decomposition
before proceeding to the present method. Another problem of a large-
scale system is the problem in which vanishing of a small parameter
yields reducing the system order. This kind of problem has been dis-

cussed by P. V. Kokotovié, P. Sannuti, and R. A. Yackel [44, 45] and
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M. Aoki [2] with use of a singular perturbation technique and an aggre-
gation technique, respectively. ‘

The subject of Section 3.4 has been about an approximate con-
struction of the optimal feedback control for a linear system with peri-
odic coefficients. The procedure is based on a power-series expansion
in a small parameter. When the control duration is sufficiently large,
the solution of the Riccati equation is reduced to solving a nonlinear
algebraic equation and obtaining steady-state solutions of a sequence of
linear time-invariant differential equations. It has been shown that, if
the unperturbed system is completely controllable, the steady-state solu-
tions for those linear differential equations exist and are periodic. I,
in particular, the periodic coefficients in the system equation are given
in finite Fourier series, the steady-state solutions are obtained merely
by solving linear algebraic equations. An approximation property of the
suboptimal policy is clarified and the performance degradation suffered
by the approximation is estimated.

For several control problems of a space-vehicle motion, the sub-
optimal controls of the various orders have been calculated by the pres-
ent procedure. In the illustrations, the values of the performance index
resulting from these controls have been compared for variation of the
value of the small parameter €. The approximate controls afford good
results even for moderately large €, and we have observed the effec-

tiveness of the proposed methods.
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CHAPTER 4
SUBOPTIMAL CONTROL OF NONLINEAR NOISY SYSTEMS

4.1 Introduction

Having studied deterministic optimal control in the foregoing
chapters, we will now proceed to consideration of stochastic optimal
control. In particular, we will consider the synthesis of feedback con-
trol which is optimal in the sense of ensemble average under the pres-
ence of random disturbances.

We restrict our attention to systems with Gaussian noise. We do
this for the reasons that many technically important systems can be
adequately represented by models disturbed by Gaussian noise and that
the theory for systems with Gaussian noise can readily be applied in
practical design problems.

Thé problem to be considered is that of designing the optimal
control for a nonlinear system disturbed by Gaussian white noise, where
the performance index is quadratic. A perfect observation of the state
of the system is assumed. A feedback control system makes a great
feature that, even if the system is designed with neglect of noises, the
system well responds to the disturbances. However, provided that sta-
tistical characteristics of noises are known in advance, we may expect
to obtain a better control by taking the characteristics into account.

J. J. Florentin [24] has originally investigated such a class of
problem and obtained the closed form solution to a linear case. Subse-
quently many researchers have participated in a variety of stochastic
optimal control problems. H. J. Kushner [49] has surveyed their works.
By similar reasoning to a deterministic case, very few nonlinear noisy

problems have been solved analytically so far. In this chapter the
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small parameter method developed in Chapter 2 is applied to the prob—‘
lem [70]. This is an extension of the work tried by Y. Sawaragi and T.
Ono [88] on a special problem of one-dimensional dynamiés.

" In the next section the problem is stated, and related prelimina-
ries are annexed on stochastic processes. Section 4.3 derives the par-
tial differential equation satisfied by the optimal performance index, and
in succession Section 4.4 summarizes the solution to a linear case.

For a nonlinear case, due to an additional term associated with the _

noise, the equation is even harder to solve than that in a deterministic

case. Section 4.5 attempts to obtain the solution in a power-series ‘
form with respect to a small parameter €. The procedure is based on
the idea for deterministic problems developed in Chapter 2. What dif-

fers from a deterministic case is pointed out. The control system with
the noise of nonzero mean is discussed in Section 4.6.

Section 4.7 presents an alternative method to obtain a suboptimal
feedback control of the same noisy system, where the exact determina-
tion of the optimal control is possible for the corresponding determinis-
tic system. It is assumed that the deterministic control is given by the
form of finite series in €& as in Theorem 2.5 6f 'Chapter 2, and that
the noiée variance is adequately small. Thus, the solution is obtained
in a power-series form with respect to the variance. In order to make
comparison of the solutions by the methods of Sections 4.5 and 4.7, a

one-dimensional problem is minutely examined in Section 4.8.

4.2 Problem Statement and Preliminaries

Let the control system be represented by the following nonlinear

model:
x = Aft)x + ef(x, t) + Blhu + CH)w(t) 4. 1)
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where
x: n-state vector
u: m-control vector
f(x, t): n-vector function analytic in x and continuous in t satisfying
f(0, t) = 0 for any t
w(t): s-noise vector
A(t): n x n-matrix continuous in t
B(t): n x m-matrix continuous in t
C(t): n x s-matrix continuous in t
g: small scalar parameter
The random disturbance w(t) is assumed to be of the white Gaussian
type. Physically the whiteness may be interpreted to be with very large
covariance and very short correlation time relative to characteristic
times of the system. ‘
The resemblance of Eq. (4.1) to an ordinary differential equation
is misleading, because w 1is not a function. To eliminate this confus-

ing property, we usually write Eq. (4.1) in the form*

dx = At)xdt + ef(x, t)dt + B(tyudt + C(t)dz (4.2)

where =z 1is a Wiener process or classically a Brownian motion pro-

cess.** Let

6z(t) 2 z(t + ot) - z(t) 4.3)

* A precise interpretation of Eq. (4.2) is given in any standard
textbooks on stochastic processes [e.g., 17, p. 273]. Equation (4.2) is
also written as an integral equation by use of the so-called stqchastic
integral.

** The representation dz is, formally, regarded as w(t)dt. As
for some relations between a white Gaussian noise and a Wiener pro-
cess, see the reference [36, p. 85].
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with an infinitesimal time increment 6t. The quantity 6z is assumed

to have the following statistical moments:

Eloz(t)]
E[6z(t) 62" (t)]

0,
oot

(4. 4)

I

where o, symmetric positive definite, is an s x s-covariance matrix
and & is the expectation operator. Higher moments are of the order
higher than 6t, under the assumption of Gaussianess of z(t).

Let the performance index for the system (4.2) be the ensemble

average of a quadratic form like the one considered in Chapter 2:
1 1 T
Jx, 7) = Z{Ex'(T)Fx(T) + ES X'Q)x + uw'R(tuldt} (4.5)
T

where
F: n x n-positive semidefinite matrix
Q(t): n x n-positive semidefinite matrix continuous in t
R(t): m x m-positive definite matrix continuous in t
Clearly, we wish to determine the control u to minimize this average

value.

4.3 Necessary Condition for the Optimality
Let ¢(x, t) be the optimal value of J starting from the state

x at time t:

g(x, t) 2 min J(x, t) 4.6)
- u

Assume that ¢ is differentiable with respect to t and twice differen-

tiable with respect to x. Now, with use of the principle of optimality
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and with the added complication of including second-order terms in the
Taylor series expansion, it is straightforward to show that

g(x, t) = min 8{¢$(x, t) + g—f-ét + (gg)'[(Ax + ef + Bu)ét + Cé6z])

1620280, + Largx + w'Rwot}  (4.7)
2 N 2

where & represents the expectation over 6z. For the above equation
to have meaning, the system (4.2) must have the so-called Markovian
property. It is known that the various assumptions in the problem
statement of Section 4.2 certainly assure the satisfaction of the
Markovian property [48].

In Eq. (4.7), upon taking expectations, cancelling the common g,
dividing by 6t, and letting 6t — 0, we have the equation from which
the optimal u is obtained. Due to the principle of optimality, the

optimal control is given by
-1_.9¢
* = o 1
u R B (4.8)

We also obtain the equation for ¢:

2, (Ax + ef)'gé - l(—-)'E—é “tr(C'—éCO’) +5X'Qx =0 (4.9)
ot ox x i

where

E 2 BR B (4.10)

and the symbol tr denotes the trace of a matrix. Due to the defini-
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tion‘ of 4 by Egs. (4.6) and (4.5), the boundary condition for Eq. (4.9)

is
g, T) = %x'(T)Fx(T) (4.11)

With o = 0, i.e., with no process noise, Eq. (4.9) becomes the
Hamilton-Jacobi partial differential equation for the deterministic case

[3, p. 357].

4.4 Optimal Control for Linear Systems

This section summarizes the optimal solution to the special case
in which Eq. (4.2) is linear. The solution of Eq. (4.9) under (4.11)
with € = 0 is [24]

dx, t) = %x'P(t)x + %w(t) (4.12)

where P is the' n x n-symmetric matrix and ¥ is the scalar satis-
fying the equations, respectively, '
P
Y

- PA - A'P + PEP - Q, P(T)
- tr(C'PCo), %(T)

it
A

(4.13)

With o = 0, we obtain ¥(t) = 0 for any t € [7, T]; then Eq. (4.12)
is identical with the optimal performance index of Section 2.4. Since
Yty >0 for t< T due to the positive definiteness of P and o, the
presence of the process noise increases the performance index, on the
average. Clearly, the optimal control u =u* is, from Eq. (4.8),

identical with the deterministic control of Section 2.4:
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u* = - R—l(t)B'(t)P(t)x (4.14)

4.5 Solutions of the Recurrence Equations for a Suboptimal Control

For the nonlinear case (¢ # 0), Eq. (4.9) is even harder to solve
than the Hamilton-Jacobi equation, because of the existence of the
second-order term. Very few truly nonlinear examples have been
solved so far. |

We shall attempt to obtain the solution 4 of Eq. (4.9) under the

boundary condition (4.11) in a power-series form with respect to ¢:

[0 0]
b, 1) = 2x'BEx + %0 + 2, 280, v (.15)
k=1

Note that the generating solution is Eq. (4.12). Partial differentiation
of Eq. (4.15) with respect to t and x gives

(k)
8_1,5 .1 kog™”
8t—szx+2¢l+§1 prat
(k)
8 _ S ko
ax—Px+ £ o’ (4. 16)

" Substituting Eqs. (4.16) into (4.9) and equating the coefficients of the

like powers of & separately yields a sequence of equations:

k) (k) 2 (k)
Q% + x'S'gng + %tr[C'a—% Ca] = B(k) k=1, 2, ...) (4.17)

ox
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with the boundary conditions

%, 1) =0 k=1, 2, ...) (4.18)

k
9( )(x, t) ~are the scalar functions defined by

9(1)(x, t) & - x'Pf,

k-1 k-1 i k-i 4.19
e(k)(x t) 2 - f'g’L—) £ [a‘é(l)}'E g k=2,3,...) &
’ ox 2 3 ax ox T
and S is the matrix defined by
S2A-EP _ 4. 20)

The zero-order equations for P and ¥ are identical with Egs. (4. 13).
Successive solutions of Egs. (4.17) with increasing k may de-
termine the functions é(k)(x, t). Equations (4.17) differ from the coun-
terpart for the deterministic case, i.e., Egs. (2.65), through the inclu-
sion of the second derivatives. This fact may not make our circum-
stances difficult. That is, as in the deterministic problem of Chapter 2,
if f is a polynomial in x, yS(k) are also polynomials in x' and their
coefficients are exactly determined under appropriate conditions. The

following theorem states the details.

Theorem 4.1

K f(x, t) is a homogeneous polynomial of the degree q in x,
the coefficients being continuous in t, then d(k)(x, t) given by Eq.
(4.17) is the polynomial, but not homogeneous, of the degree k(q - 1) +
2 in x. When k is even or q is odd, the function yS(k) contains
the terms of the degrees k(q - 1) + 2, k(g - 1), ..., 2, and 0; while,
when k is odd and g is even, the terms of the degrees k(q - 1) +
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2, kg - 1), ..., 3, and 1 appear.* The coefficients of the polyno-
. k . . .
mial ;zf( ) are continuous in t and are given by the equation of the

form (2.92).

Define the vector

o
ox

(k)
gr-1

x, t) & (r = 1) (4.21)
where di.k)(x, t) is the homogeneous term of the degree r collected
from the function d(k)(x, t). The following theorem, which is the ver-
sion of Theorem 2.4 for the deterministic problem, shows asymptotic

stability of the function gi‘k)(x, t). The theorem is useful for calculat-
ing a suboptimal control function of a time-invariant problem with infi-

nite, or sufficiently long, control duration.

Theorem 4.2

If the problem (4.2) and (4.5) is time-invariant with F = 0 and
Q > 0, and if the corresponding unperturbed, noiseless linear problem

(¢ = 0 = 0) is completely controllable, then gi‘k)
and r = 0 is uniformly asymptotically stable as t — - oo, relative to
(k)

r

(x, t) for every k=1

the polynomial g' '(x) which satisfies the equation

(k)
gr+2

- -;'tr[C'—Co] (4. 22)

k) _ k)
=9 -

Qe
XSgr r+l

o)
r

is the collection of the homogeneous terms of the degree r in

* Hence, if q is even, g(k) a 8g$(k)/ ox, the k~th order coeffi-
cient in the control function, k being odd, contains the term independ-
ent of x.
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k
9( ) defined by Egqs. (4.19). The polynomial function g( )(x), satisfy-

ing Eq. (4.22), exists and is unique for every k =1 and r = 0.

The proofs of the above two theorems are omitted here, because
they are excuted in ways closely similar to those in Chapter 2. Equa-

(k)

tion (4.22) shows that, for a fixed value of k, g is determined with
decreasing r. The zero-degree term ;zfék)(t) in gé(k)(x, t), which is
not considered in Theorem 4.2, is uniformly asymptotic as t —» - oo,

relative to the quantity

1)
(1) %3
ﬂ‘ t) = —tr[C' % Col(T - 1),
(4. 23)
(i) o) (k)
gy () = { tr[C'— — Co] - § }(T ty (k=2 3, ...)

(k
1

solution ¢$ , however, has no influence on the determination of a sub-

in which the matrlx og )/ax is, of course, independent of x. The
optimal control, due to Eq. (4.8). _

It is an interesting problem whether the performance evaluation
theorems, Theorems 2.6 and 2.7 in Chapter 2, hold for the present
case or not. We can conclude, after some complicated manipulations,
that the theorems are also valid for the present problem. We omit the
theorems and the related explanations, however, only because those are

cumbersome.

4.6 Systems with Noise of Nonzero Mean

Consider again the problem of optimizing'the noisy system (4.2)
with respect to the expected performance index (4.5). The noise pro-

cess z(t) is of the Wiener type like as in the preceding sections, but
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of the nonzero mean:*

clozt)] = pdt,

cov[6z(t) 6z'(t)] = oot (4.24)

where p is an s-constant vector and o is the matrix as defined in
Section 4.2. The symbol cov denotes the covariance operator. Since

from the first of Eqs. (4.24)

cov[oz 6z'] = E[(6z ~ udbt)(6z - uo6t)']

= &[éz éz'] - up.’étz (4.25)
we have
Eloz(t) 6z'(t)] = obt 4.26)

in the expression up to the first order of ét.
The optimal control u = u* is again given by Eq. (4.8). Using
Eq. (4.26) and the first of Eqs. (4.24), we obtain

9 1
-été+(Ax+sf+Cu)'55 2£'E—é+ tr(C';x"éCU)+—x'Qx 0 (4.27)

The boundary condition for ¢d(x, t) is given by Eq. (4.11). Note that
the same equation as Eq. (4.27) can formally be derived for the system
(4.2) with a constant term Cp and with a noise of zero mean.

The generating solution of Eq. (4.27) is as follows [24]:

* The term "Wiener process with nonzero mean" is not rigorous
and should be precisely referred to a temporally homogeneous additive
process.
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g(x, t) = %X'P(t)x + d'(t)x + -21-¢(t) (4.28)

where d is the n-vector and P and ¥ are of the same dimensions

as in Section 4.4 satisfying, respectively,

P =- PA - A'P + PEP - Q, P(T) = F,
d = - 8d - PCy, d(T) = 0, (4.29)
% = - tr(C'PCo) + d'Ed - 2d'Cp, Y(T) =0

The matrix S is defined by Eq. (4.20).
Accordingly, we try to obtain the solution of Eq. (4.27) in a

power-series form:

[s0)
dx, t) = %x'P(t)x + d'(t)x + %;é(t) + > £, 1 (4. 30)
k=1

k
The functions ;6( )(x, t) satisfy a sequence of equations:

(k) (k) 2 (k)
%8, (Sx + c;;)'i(’-gxL + %tr[C'-a—L col=0% =1, 2 ...) .31

ot 8x2

(k)

where the right-hand sides 6% ’(x, t) have the same form as Egs.
(4.19). The existence of the terms u'C'Bd(k)/ ox leads to modification
of Theorem 4.1 with little different contents: If f(x, t) is a homoge-
neous polynomial of the degree q in x, the function ‘yﬂ(k)(x, t) is
also the polynomial and contains the terms of all the degrees up to k(q
- 1) + 2 inclusive. TFor the present case, Theorem 4.2 is still valid

with the equation

130



'S'g( ) - e( ) - p'C'g ( ) - Str[C'——Co] (4.32)

in place of Eq. (4.22).

4.7 Alternative Method for the Case in Which the Optimal Solution Is

Known Exactly for an Associated Deterministic Problem

This section presents an alternative method to obtain a subopti-
mal feedback control of the stochastic system (4.1) or (4.2) with (4.5)
for which the exact determination of the truely optimal nonstochastic
control is possible.

We again consider the problem of Section 4.2. Assume that the
optimal control u = u* is exactly determined for the corresponding de-

d
terministic problem and it is given by

wh = - R®B' Oplx, b,
(4.33)

P(t)x + Z o™, t)
k=1

px, t)

Furthermore, we assume that the noise covariance is adequately small
and is written as

o = &0 (4. 34)

where € is a small scalar parameter and G is the s x s—-symmetric
positive definite matrix.
Due to Theorem 2.2 and Lemma 2.2, there exists a scalar poly-

nomial function 95(0)(x, t) satisfying
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e
ox

= p, gﬁ(o)(o, t)y =0 for any t € [7, Tl

(4. 35)

Therefore, we shall attempt to obtain the solution ¢ of Eq. (4.9) in a

power-series form with respect to E:

[0 0]
b, ) = > 26, t)
k=0

(4. 36)

having the generating solution 55(0) defined by Eqs. (4.35). Substitut-

ing Eq. (4.36) into (4.9) and equating the coefficients of the like powers

of € separately yields a sequence of equations:

(0)

Lol R 1 ox =

ot + (Ax + €f)'p 2pEp+2xQx—0

(k) k)
Q%t_HAxmf-Em'%:e(k’ k=1 2

with the boundary conditions

¢(O)(x, T) = %x'Fx
é(-k)(x, T) =0 k=1, 2, ...)

e(k) are the scalar functions defined by

oD a_ 1tr(c'g§ca>,

2
2 (k-1) k-1 (i) (k-i)
® o L@t o, 15T oD o
6" & - ~tr(C 5 CO’]+2Z[8XJE -
ox -1
k=2, 3, ...
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Due to the fact that the function p is optimal for the corresponding
deterministic problem, Eq. (4.37) with (4.39) is of itself satisfied.
Although successive solutions of Egs. (4.38) with increasing k
may determine the functions gf(k), the closed form.solutions of B(k)
are in general impossible. In fact, if f is a polynomial of the degree
q in x, then, due to Theorem 2.3, p is the polynomial of the degree

£q@q-1+1 in x, and 9(1)

is of the degree {£(q - 1); it follows
that, provided ¢(k) is obtained in the polynomial form, d(k) should
contain terms of infinitely high degree.

Nonetheless, two special cases are solvable: The first is that of
the one-dimensional problem in which Eq. (4.38) is analytically solva-
ble in Bd(k)/ 9x. This case is minutely discussed in the next section.
The second is the case in which the corresponding deterministic problem

has the optimal feedback control linear in x. In this case, the function

p is given by
p = P(t)x (4.42)
E R
and 6 defined in Eqs. (4.41):

oD - _ %tr(C'PC&') (4.43)

is free from x. From Eq. (4.38) with (4.40) for k = 1, we have

T
;6(1) = %‘ tr(C'PCo)dt (4.44)
t

Since ;5(1) is independent of x, we know successively

yﬁ(k)(x, t)y=0 forany x and te€[r, T] (=23, ...) (4.45)
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Thus we obtain the following theorem:

Theorem 4.3
If the linear feedback control (2.16) is optimal for the nonlinear
deterministic problem, Eqs. (4.1) and (4.5) with o = 0, then the same

linear control is optimal for the nonlinear noisy problem with o # 0.

4.8 Example

In order to examine the solutions obtained by the methods of Sec-
tions 4.5 and 4.7, let us consider the one-dimensional system governed

by the equation
dx = gx)xdt + udt + dz (4.46)

where g(x) is a scalar function analytic in x. The index of perform-

ance is
T
J = 2[%8 (x2 + u2)dt] (4.47)
0

Y. Sawaragi and T. Ono [88] have treated a similar example formerly.
The control duration T is assumed sufficiently large. Furthermore,

we assume that the parameter € in Eq. (4.34) is o itself:
€E=o0¢ (4.48)

and, as a consequence, 0 = 1.
As shown in the example of Section 2.13(a), the optimal feedback
function p for the corresponding deterministic problem is exactly given

by
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p=(@*+ /g2 + L)x (4.49)

Hence, for the present simple problem, Egs. (4.38) and (4.41) are re-

duced to
(k) (k)
B g+ 1x B ® k=1,2 ... (4.50)
1 1 2 d
9()=-§(g+,/g +1)(1+7?X'==a§),
g +1
_ _ . » (4.51)
W __12%0 1T o0 g%
o = Eo— 2 o k=23, ...)
ox i=

Due to the one-dimensionality of the problem, Eqs. (4.50) may
be analytically solvable. We apply the method of separation of variables

to Eqs. (4.50). Let us put

69, 1 = £+ 18 (4.52)

By making use of the quantities §(k) and n(k), we can rewrite Eqs.

(4.50) into

(k) '
/g2 + lxdflx + e(k) - n(k) A a(k) (4.53)

where all scalars on(k) have to be constants, and therefore we obtain

™ @ o0 _ oW

(4.54)
ax dx ;gz + 1x

If d.(k) can be found, B;zf(k)/ ox are calculated, and then the optimal

control is obtained. The quantity a(k) is given by the constant term
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(k)

in the Maclaurin expansion of 6" °, because the numerator in the last
side of Eq. (4.54) must have a factor x. For, if not, the numerator
would not tend to zero as x — 0 and consequently the function
B;zf(k)/ax to infinity, which leads to meaninglessness. Equation (4.54) |
shows us thét the optimal control function is independent of t.

For more explicit computations, we consider the case

gx) = -1+ sxz (4.55)

In accordance with the above-mentioned procedure, we obtain the subop-

timal control of the second order in o:

_ .0, 1), . 2 (2), . '
u = u; (x; €) + ou (x; €) + cu_ x; €) (4.56)
where
0
uf}_)(x; g) 2 - (g + a)x,
1
u((T)(x, €) 2 - =bx,
u(z)(#' E)A-ﬁ{i+ 3 | b2 g_z._*_g.[_l;g_ b] (4.57)
c T 212a" 43 +4/2 22 by .
a a a 2a a3 a(ﬁa+2)2
1-g. 3 1 a+2/2 }
+ [ - 1
4 2 ’
/-a+2 a (/—2-a+2)
2 3 -1
2/g +1 as, 8 —gj—
a=ve ’ b 2+a+2a+22
From Eqs. (4.57), when €& = 0, ug{)=0 for k=1, 2, .... As

stated in Section 4.4, this means that the linear system with noise has

the optimal control free from o.

On the other hand, using the method of Section 4.5, we obtain
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the alternative form of the suboptimal control in a power series in &:

us = ug))(x) + aufel)(x; o) + ezuf)(x; o) (4.58)
> where
ug))(x) & - (ﬁ - 1),
ufsl)(X; o) & - M(Zﬁxz + 30)x, (4.59)
Wi ) 2 - £[4x + (12 - /Box” + 3(6/Z - 5)0" Ik

We readily see that Eqs. (4.58) and (4.59) agree with Eqs. (4.56) and
(4.57) rewritten into series form in &.
We make comparison among the values of J resulting from the

suboptimal controls of eight possible approximations:

A
u = > &k e @ =01 2,
ol (o)
k=0
Sk (k)
u =D su(x; 0) @ =1, 2),
ef k=1 £
(4.60)
~ _ (0
U =Y &)
i, = (x)+Zeu ®: 0 @=1 2
el
' : k=1
The control u o0 is the optimal one for the corresponding deterministic
problem. The controls ugﬂ and ue!l (¢ = 1, 2) are the suboptimal

ones of power-series forms in o and &, respectively; while ﬁalz @ =

0, 1, 2) are the same as u!2 given by Eqs. (2.134) and (2.133), i.e.,
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the suboptimal controls obtained in disregard of the noise.

~For T =5, Figs. 4.1 and 4.2 illustrate examples of variation
of J with o and with €, respectively, for the various suboptimal con-
trols of Egs. (4.60). A computer-generated pseudorandom-number se-
quence with Gaussian distribution is used in place of the Wiener process
noise.* The averages of the results of 30 runs with various random-
number sequences are plotted in each figure. We see that the control
with consideration of noise is almost better than the same order control

without it.

4.9 Concluding Remarks

A successive procedure has been developed to construct a subop-
timal control for nonlinear noisy systems. Theorems 4.1 and 4.2 are
the stochastic versions of Theorems 2.3 and 2.4, respectively, in Chap-
ter 2. Theorem 4.1 shows that, when the nonlinear function in the sys-
tem equation is a polynomial, the feedback function for the stochastic
case contains terms of more degrees in state fhan for the deterministic
case. In a certain case even a term independent of the state is con-
tained in the feedback function. Theorem 4.2 discusses the stability
property of the feedback function for the problem with . infinite duration
time. The infinite confrol duration is meaningless in both mathematical
and physical senses, because it leads to the infinite value of the per-.
formance index due to the noise. Hence, Theorem 4.2 should be used
for the problem- with very large control duration.

Theorem 4.3 reveals the fact that, if the linear feedback control

* A Gaussian pseudorandom-number sequence with specified mean
and variance is generated by a digital computer with use of the method
of Box-Muller [10].
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Fig. 4.1. Variation of the performance index J with o.
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Fig. 4.2. Variation of the performance index J with &.
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is optimal for the nonlinear deterministic system, the same linear con-
trol is optimal also for the corresponding noisy system.

For a simple one-dimensional problem, the suboptimal solutions
have been calculated in two different forms: the poWer—series form in ¢
and the power-series fdrm in o. Averaged values of the performance
index resulting from these suboptimal controls have been compared with
each other by using various random-number sequences generated by a
computer. We have seen that the suboptimal control with consideration

of noise is almost better than the same order control without it.
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CHAPTER 5
SUBOPTIMAL SOLUTION TO NONLINEAR DIFFERENTIAL
GAME PROBLEMS

5.1 Introduction

Since R. Isaacs initiated the study of differential games [35],
there have been numerous works on the subject. Most of them have
treated zero-sum two-person problems governed by linear dynamics.
The games of linear pursuit-evasion type are extensively investigated in
those works [33, 83]. However, in order to apply the differential-game
theory to a wider class of problems, including those of economics and
behavioral sciences, the restrictions such as zero-sum, two-person,
and/or linearity must be removed. This chapter presents a first-step
treatment of a class of zero-sum and nonzero-sum differential games
with slightly nonlinear dynamics [65].

An elementary game, first discussed by J. von Neumann and O.
Morgenstern [63], is a finite zero-sum two-person game which can be
formulated as a rectangular game. In the zero-sum rectangular game,
two players have completely conflicting interests. Under such a situa-
tion, at least one set of minimax strategies exists among mixed strate-
gies [60, p. 21]. Since the minimax strategy set assures an equilib-
rium between the interests of two rational players, it can be regarded
as an optimal solution of the zero-sum two-person game. However, if
the restriction of zero-sum or two-person is removed, the interests of
players do not necessarily conflict. Under this situation the notion of
solution becomes more complicated. In fact, various notions for solu-
tion have been developed; among them the Nash equilibrium solution, the

minimax solution, and the Pareto optimal solution are typical ones. In
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Section 5.2 of the present chapter, we illustrate important differences
between zero-sum and nonzero-sum games, referring to simple rectan-
gular games.

Section 5.3 introduces a zero-sum two-person differential game
whose state dynamics is governed by a slightly nonlinear differential
equation. The nonlinearity is assumed analytic in states, and is taken
to be a perturbation to the state dynamics. A parameter & is intro-
duced to stand for the perturbation. For simplicity, a cost function is
considered to be quadratic in states and strategic controls. We develop
a method which gives a minimax solution of the game in power-series
form in €. The zero-order term gives a well-known Riccati equation,
and higher-order terms yield a series of linear differential equations.
This procedure is an application of the method for suboptimal design of
nonlinear regulators developed in Chapter 2.

Section 5.4 treats a nonzero-sum N-person differential game
with slightly nonlinear dynamics. Each player has his own cost of the
quadratic type. The method similar to that of Section 5.3 is applied to
approximate determination of the Nash equilibrium solution, the minimax
solution, and the Pareto optimal solution. This is an extension of the
work done by A. W. Staar and Y. C. Ho [90] on the problem with lin-
ear dynamics.

Section 5.5 illustrates a simple example of two-player game with

scalar dynamics and examines some features of a differential game.

5.2 Fundamental Notions of Solution of Games

Before discussing our differential games, we briefly explain some
fundamental notions of the '"solution" of game. Especially we try to il-
lustrate the conceptual difference between the solutions of zero-sum and

nonzero-sum games, using simple rectangular games.
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5.2.1 Zero-Sum Rectangular Games

In Game I of Fig. 5.1, Player 1 chooses the strategy uy

or v, while Player 2 chooses u, or v, The entries of the matrix

show the cost J 1 of Player 1 and J 9 of Player 2 corresponding

to a chosen pair of strategies. For example, the costs J1_= 1 and

J2 = - 1 result from the strategy pair (ul, uz). Since J1 + J2 =0

for every strategy pair, Game I is zero-sum. In the zero-sum game
the interests of two players completely conflict: What is best for one
player is worst to the other. Hence each player must play taking the
worst situation for him, the best for the opponent, into account.

1 Then J 1 is
1 9" Simi-
larly if Player 1 chooses vy the maximum is J 1 2. Then, of

course Player 1 will choose uy by which the maximum possible,

i.e., the worst cost is minimized. -This principle for decision of

Suppose that Player 1 chooses the strategy u

maximum, i.e., J, =1 when Player 2 wuses his strategy u

strategy is called the minimax principle. Player 2, if he is rational,

will also choose his minimax strategy u By use of the minimax

o
strategy pair, the resulting costs are just ones expected by the players;

then the game is solved, and the values J, =1 and J 9=~ 1 are

1

called the security level of the players. A zero-sum game whose opti-

mal solution exists among pure strategies is called a closed game.
Generalizing the above idea, we define a minimax strategy in an

N-person game: A strategy u’i" is a minimax strategy for Player i if,

for any admissible strategies u,s Ugy +ees uN,
*
ma..x. Ji(ul’ ceny ui—l’ ui R ui+1, ey uN)
uj,J#l
< ’ .
max Ji(ul’ ceey ui, ceey uN) (5.1)

u,,j#i
i3
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Player 2 Player 2

Yo Vo ) Vo
uy 1, -1} o0, 0 u, -1, 1} 0, O
Player 1 Player 1
vi| 2 -2|-2 2 v,| 2 -2]-2 2
(a) Game I: A closed game (b) Game II: An open game

Fig. 5.1. Typical zero-sum rectangular games.

Player 2 Player 2
Yo Vo ) Vo
uy 0, 1} 2, 2 u, 2, 2(10, 1
Player 1 Player 1
vy 2, 2 1, 0 vy 1, 10| 5, 5
(a) Game III: Dating game (b) Game IV: Prisoner's dilemma game

Fig. 5.2. Typical nonzero-sum rectangular games.

where Ji(ul’ u2, ceey uN) is the cost to be minimized by Player i.

The value of the left side in the inequality (5.1) is the security level of

Player i.
Game 1II is also a zero-sum and the minimax pair is (ul, uz).
However the resulting value J 1° " 1 is different from Player 1's

expecting value J1 = 0. Now no solution exists among pure strategies.
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If Player 1 uses u_, Player 2 will change the strategy from u

1 2
to Vg to reduce his cost. Then Player 1 will use Vi rather than

u,. Again Player 2 will change his strategy, and so forth. A zero-

sum game which can not be solved by pure strategy set is called an

open game. In every open zero-sum rectangular game the optimal solu
tion exists among mixed strategies [60, p. 21]. In the mixed strategy,

a probability is assigned to each choice of strategy.

5.2.2 Nonzero-Sum Rectangular Games

Game III and Game IV of Fig. 5.2 are nonzero-sum, i.e.,
J1 + J2 is not necessarily zero nor constant. In a nonzero-sum game
a minimax strategy set does not yield an equilibrium between players.

The notion of equilibrium or Nash equilibrium in an N-person game is

defined as follows: A set of strategies (1_11, 1-12, ey 1_1N) is a Nash
equilibrium strategy set if, for all i=1, 2, ..., N,
- - = s - - -
Ji(ul’ e, ui, ey uN) Ji(ul’ cey ui-l’ ui,_ ui+1, cee, uN) (5.2)

where u, is any admissible strategy for Player i.

The intuitive meaning of the Nash equilibrium set is this: The
Nash equilibrium strategy is the optimal strategy for each player if all
the other players adhere to their Nash strategies. In a zero-sum two-
person closed game, a minimax set is a Nash equilibrium set and vice
versa.

Game III has two Nash equilibria, (ul, u2) and (vl, vz),
with different costs. Each of these equilibria may not necessarily be
chosen without negotiation between the players. But, if Player 1
plays u_ first and announces his choice to Player 2, Player 2 has

1

no choice but to play u_, giving an advantage to Player 1. It is ad-

2’
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vantageous in some nonzero-sum games to disclose one's strategy to the
opponents in advance. In contrast, this is never true in zero-sum
games.

The Nash equilibrium strategy may be regarded as a sort of
solution of a nonzero-sum game. However it does not necessarily pro-
vide players with the most desirable results. In Game IV the only
Nash equilibrium set is (vl, v2), yet (ul, u2) clearly gives a better
result for both players. Suppose there exist two sets of strategies, Sl
and Sz. If, for every player, the cost due to S1 is not larger than

due to S,, then S, is said to dominate S_. In this terminology the

)
strategy pzair (ul, tz) dominates (vl, vz).2 In spite of dominance

(ul, u2) is hgrd to be used, because this pair is vulnerable to cheating
by one player.

If a negotiation among players is allowed before playing a nonzero-
sum N-person game, and players' cooperation is guaranteed, the strat-
egy set which is not dominated by any other strategy set is considered a
reasonable object of the negotiation. Such a set is called the Pareto

optimal set or the noninferior set of strategies: A strategy set (ﬁl, u,,

. GN) belongs to the Pareto optimal set or the noninferior set if

there exists no admissible strategy set (u 1 Uy cees uN) satisfying
f A A A ‘
Ji(ul’ u2, ey uN) Ji(ul, u2, AN uN) (5. 3)
for all i=1, 2, ..., N with at least one strict inequality. In Game

IIT the strategy pairs (ul, u2) and (vl, v2) belong to the Pareto

optimal set and in Game IV (ul, u2), (ul, V2), and (vl, uz) do.
When no negotiation is allowed, there is not available so far any

principle which can be considered completely reasonable. Although the

minimax principle is a means for decision of strategy, the idea is too
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pessimistic for nonzero-sum games. Because the minimax strategy for
a player, say, the i-th player is chosen on the assumption that all the
other players wish to maximize the i-th player's cost without regard to
their own costs. Also the notion of equilibrium may not be appreciated
too highly. However we have to notice the following: When a game is
played repeatedly for a fairly long period, by a group of people, it
sometimes ﬁappens that they fall into the habit of playing an equilibrium
[94, p. 65]. Thus the Nash equilibrium strategy could be accepted as a
conventional standard of behavior for the group: One player violates the.
convention at one's peril, unless one succeeds in persuading others to
violate it also. '

Discussion about the notions of the solution of game is discontin-

ued, because it is not a subject of the present chapter.

5.3 Zero-Sum Differential Games

5.3.1 General Zero-Sum Differential Games

We consider the slightly nonlinear system

X = A(t)x + ef(x, t) + Bl(t)u1 + B2(t)u2 (5.4)
with the initial condition

x(71) = xO (5.5)

In Eq. (5.4),
x: n-state vector
ui: mi—strategic control vector of Player i (i =1, 2)
f(x, t): n-vector function analytic in x and continuous in t satisfying

f(0, t) = 0 for any ¢t
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A(t): n x n-matrix continuous in ¢
Bi(t): n x mi-—matrix continuous in t (i = 1, 2)
g€: small scalar parameter

Player 1 wishes to minimize the cost

T .
1 1
J(uy, uy) = 5x(T)F(T) + 5& [x'QW)x + ul R, (Hu, + ul R (Buldt  (5.6)

where
F: n x n-positive semidefinite symmetric matrix

Q(t): n x n-positive semidefinite symmetric matrix continuous in t

Rl(t): m, X ml-positive definite symmetric matrix continuous in t

Rz(t): m2 X mz-negative definite symmetric matrix continuous in t
On the other hand, Player 2 wishes to maximize the same cost of Eq.
(5.6). Accordingly, the problem is of a zero-sum type and the game is
solved by determining minimax strategies.

The minimax strategy pair u* and u* is such that satisfies

1 2
* 2 * * '5 *
Ju*, uz) J(ul, u2) J(ul, u2) B.7)
for arbitrary admissible strategies u, and u,. The similarity of the

differential game problem to the problem of optimal control is imme-
diately apparent; it is only necessary to determine the strategies of
feedback form. We can also apply the usual minimum principle to the

problem of Eq. (5.4) to (5.6). The Hamiltonian is given by
_.]; 1 \ 1 1
H—z(xQx+uRu +u2R2u2)+p(Ax+8f+B1u1+Bu) (5.8)

111 272

where p(x, t) is the n-costate vector satisfying
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. _ _OH _ 1 - g2y -
P=-5 =-Qx-AP-e( )P, Pk T)=Fx(T) (5.9)

A necessary condition for the minimax solution is that the Hamiltonian

be minimum with respect to u, and maximum with respect to u

1 2°
Hence the solution does not exist unless
2 2
i£=R >0, w—=R <0 (5.10)
auz 1 8u2 2
1 2

which are satisfied, by assumption, in our problem. Thereupon the

solution is to be given by, for i =1, 2,

oH
_— * + B'p = 5.11
: Riui Bip 0 ( )

or
uk = - R. "B'p (5.12)

It can readily be seen that, for the dynamics (5.4) with & = 0,

the solution is written as
-1
u* = - R, B'Px (5.13)
i i i

where the matrix P, symmetric, is the solution of the Riccati equation
P =-PA - AP - Q + PEP, P(T) = F (5. 14)

with
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E 2 B1R;11;'1 + 13213.;113'2 | (5.15)
The exact determination of the true minimax strategy is general-
ly impossible for nonlinear problems. The present aim is to obtain an
approximate strategy in a series form. For a sufficiently small value
of €, it may be a reasonable assumptionl that the minimax solution be
analytic in € for all t € [, T]. Therefore we develop the costate

p(x, t) into a power series with respect to &:

[00]
px, B = P)x + 2 £k, b (5. 16)
k=1

Substituting Eq. (5.16) into (5.9) with use of Eqs. (5.4) and (5.12) and

equating the coefficients of the like powers of & separately, we obtain

(o),

a sequence of equations for the function p

(k) (k)
L LB o tgp ® _, k=1, 2, ...) (5.17)

ot ox

and the boundary conditions

p(k)(X. T) =0 (5.18)

The vector functions h(k)(x, t) are defined by

h(l)(x, t) & - (%)'Px - Pf,

(k-1) k=1 _ (i) .
1 k- 5.19
n O, b 2 - yrpleD L P S g (oD (5. 19)
: i=1

k=2, 3, ...)
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and the matrix S is defined by
S24A-EP (5. 20)

The zero-order equation is identical with Eq. (5.14).

Equations (5.17) and (5.19) are the same as Eqs. (2.65) and
(2.67), respt_actively, so that, if the solution of Eq. (5.14) exists for t
€ [1, T], all the statements in Section 2.8 are true for our game prob-
lem as well. Consequently Egs. (5.17) are successively s;olved with in-
.creasing k to determine the functions p(k)(x, t). For more details of
the procedure for obtaining the suboptimal strategies, we can refer to
Section 2. 8. ’

It should be noted, however, that the stability theorem for the
suboptimal control function, Theorem 2.4, does not always apply, owing
to no assurance of having a stable solution of Eq. (5.14) as t - - 0.
In fact, even when Q 1is positive definité, the solution of Eq. (5.14)
may have a finite escape time.

(k)

The stability theorem regarding the function p" "(x, t) of the

present problem is as follows:

Theorem 5.1

Let us suppose that all thé parameters in the system equation
(5.4) and the cost (5.6) are time-invariant. Furthermore, we suppose
that F = 0. If the solution P(t) of.Eq. (5.14) is stable as t - - o,

i.e., there exists the constant matrix such that

P 2 lim P(t) (5.21)
t->-00 '

and if the constant matrix S0 defined by
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S.2A-EP (5.22)

(k)

is stable as t -» o, then the solution p' '(x, t) of Eq. (5.17) is uni-

formly asymptotically stable as t — - o, relative to the polynomial

( )

(x) which satisfies the equation

X'Stp (k) - e(()k) k=1, 2, ...) . 23)

where

ef)l)(x) 4 - x'POf,

(5.24)

Gék) (x)

1>

- fp (k h . Z (‘)'E (k D =23, ...)

We can use again Lemma 2.5 in Chapter 2 to complete the proof

of this theorem.

5.3.2 Pursuit-Evasion Games

A special class of zero-sum differential games is a familiar
pursuit~evasion game. So far linear pursuit-evasion games have been
studied most extensively [33, 83]. In this subsection, we treat a type
of pursuit-evasion game whose state is governed by the following differ-

ential equations:

. 0
X =AMx +e x, t) +B (HhHu, X (1) =x,
P P() p P( p ) p() p P( ) p
0 (5.25)
Xg = Ae(’c)xe + 8fe(xe, t)y + Be(t)ue, xe(‘r) =X
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X : n-state vector of the pursuer

p
xe: n-state vector of the evader
up: mp—strategic control vector of the pursuer

u : me-strategic control vector of the evader
fi(xi’ t): n-vector function analytic in xi and continuous in t satis-
fying fi(O, t) =0 forany t (i =p, e)
Ai(t): n X n-matrix continuous in t (i.= p, e)
Bi(t): n x mi—matrix continuous in t (i = p, e)
The cost to be minimized by the pursuer is assumed to be quad-

ratic:

D j=

T
—_ - |~ — l 1] - 1]
J= [xp(T) x (1] F[xp(T) x (T)] +5 L[upRp(t)up w R (Hu ldt (5.26)

where
F: n x n-positive semidefinite symmetric matrix
Ri(t): mi X mi-positive definite symmetric matrix continuous in t (i
=p, e)
The pursuer wishes to minimize J of Eq. (5.26) and the evader to
maximize it, meaning a zero-sum game. Thus the game is solved by

determining a minimax strategy.

By defining
X 0 x?
x2| P, x &Pl u, 2u, u_2u,
0 1 2 e
x X
e e
f A 0 B 0
fa p, as| ®? , B, 2 p, B2 , (5.27)
f 0 A L |o 2 B
e e e



the state equations and the cost are rewritten into

e
It

0
= 5.28
Ax + ef + Blu1 + B2u2, x(T) = x ( )

(]
It

T
1 1
—_—t —_ [ t 5.29
5% (TYFx(T) + 2 ST(ulRlu1 + u2R2u2)dt ( )

which are of the same form as Eq. (5.4) to (5.6). Thus the minimax

solution is given by

-1 -1
* = - 1 * = 1
up Rp Bpp, ue Re Bep (5.30)

The zero-order coefficient P(t) in the power-series solution (5.16)

satisfies
P = - PA - A'P + PEP, P(T) = F (5.31)
with
B R B 0
gEa| PP P . 5.32)
0 -BR B
e e e

The higher-order equations are identical with Eqs. (5.17) to (5.19).
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5.4 Nonzero-Sum Differential Games

5.4.1 Problem Statement

In this section we are concerned with a nonzero-sum N-person
differential game of nonlinear-quadratic type, and examine its solutions

of various kinds.

For i=1, 2, ..., N, Player i wishes to choose his strategy

ui to minimize

T N
1
x(DFx(T) + 5| &Qtx + > WR,, (t)uj]dt (5.33)

Ji =
T j=1

B |

subject to the state~dynamics constraint

. N
% = A()x + Ef(x, t) + D, B,(B)u,, x(7) = x° (5. 34)
=1

u,: mi-strategic control vector of Player 1

F.: n x n-positive semidefinite symmetric matrix

Qi(t): n x n-positive semidefinite symmetric matrix continuous in t

Rij (t): m,. x mj—symmetric matrix continuous in t

Bi(t): n x mi-matrix continuous in t

N: number of players

The other quantities x, f, and A are the same as defined in Section

5.3.1. The sign definiteness of the matrices Rij will be specified »

later, corresponding to the kinds of the game solution considered. .
We must recall that the nonzero-sum rectangular games in Sec-

tion 5.2 could not be approached until one specified what properties the .

solution should have. Similarly, in the nonzero-sum differential game,
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one must demand that the solution have some attribute such as the Nash
equilibrium, the minimax, or the Pareto optimality. In this section
solutions with these properties are investigated by using a power-series

method analogous to that of Section 5.3.

5.4.2 Nash Equilibrium Solution

With consideration of the definition (5.2) of Nash equilibrium, we
may use the idea of the usual minimum principle to obtain a solution.

The Hamiltonian for Player i of the problem is given by

N
H, =ix1q lz Ru+p(Ax+af+ZBu)
i 2 2 i ji
= Jl
i=1,2 ..., N (5.35)

The Nash strategy for Player i, w = 1_11, is the strategy which mini-
mizes Hi on the assumption that all of the other players choose their
Nash strategies. Therefore pi(x, t), the n-costate vector, in Eq.

(5.35) satisfies the differential equation

oH N o u,, ...
PO (_j),aHi(ul’ e S U e TS U
i S IR ’
i=1,j# 8uj
pi(X, T) =FiX,(T) (i=1,2, ..., N (5.36)
The Nash solution for Player i is

i = -Rlp (5.37)
i i “iPi ‘

provided that
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—1=-RrR_>0 i=1, 2 ..., N) (5. 38)

Here we develop the costate vector pi(x, t) into a power series

with respect to &:

B, 8 = P(tx + S ek 2, 1 (5.39)
k=1

Proceeding in a way similar to that of Section 5.3, we obtain a se-

(k),

quence of equations for successive determination of P and p

p. = - Y P -PE P -PE.P.
P, =-PA-AP -Q - le‘zuj 55555 T ity
i=1,2 ..., N) (5.40)
(k) (k) k)
op, op, N op,
i iz | gk i 1 ' (k) p®
ot + o Sx + S'p, +J=12;ﬁ{[ P ]Tu +T } i

i=1,2, ..., N; k=1, 2, ...) (5.41)

with the boundary conditions

P(T) = F, pgk)(x, T) =0 (5.42)
In Eq. (5.41)
hgl)(x» t) & - (%)'Pix - Pif,
hgk)(x, t) 2 (—) P(k Y 'a'tgi)f“L :Zij:{[ (ﬂ)ﬁjjp](k K (5.43)



ap(fl) ap(!l) i
3 e (k=) 7j = (k-0) _
+ [ ox ]EJ.J.pi [ o ]Eijpj } k=2,3,...)

S, Eij’ and Tij are the matrices defined by

S2A- % E P,
-1 W
(5.44)
By S BRRRIE, T fEE -Ep
If the system (5.34) is linear (¢ = 0), the solutions of Eqs. (5.40)
exactly give the Nash strategy. It is noted that, with N = 1, the prob-
lem reduces to the optimal regulator problem in Chapter 2 and Eq.
(5.40) to the familiar Riccati equation (2.14). The equilibrium results
only from a simultaneous use of the Nash strategies by all the players.
The coupling of Egs. (5.40) or (5.41) for all i reflects this fact.
If the matrices api(ﬂ)/ax are symmetric for i=1, 2, ..., N
and ¢ =1, 2, ..., k - 1, then Egs. (5.43) are integrable with respect
to x, and Eqgs. (56.41) are rewritten into

oo gp®

N
1 1 3 Q (k)_i_ et (k)_ 1 (k"l)
ot T ex Xt SR ‘ax{ .=lz';iXTijpj 'py

N
@),z (k=2) 1 (1), 5 (k-£)
+!Z=1 jglz [pi Ejjpj 2pj Eijp' ]} .(5.45)

Though the right side of the above equation contains the other players'
unknown functions p§k) G=1, 2, ..., N;j#1i), it is integrable with
respect to x, which inductively shows the symmetry of the matrices

ap:k)/ax for all k and i like as in Section 2.8.
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Hence, in each step of the successive calculation of Egs. (5.41),

it is required to solve the equations

% o - N ®;
—_— 1 QY 1 - — P = . ]
xSy, +j=12#ix Tijgj) = i=1,2, ..., N) (5.46)

where gi(x, t) are unknown n-vectors with the boundary conditions

g;(x, T) =0 (5.47)

and ei(x, t) are given scalars. The functions 9i are assumed to be

homogeneous polynomials of the degree r + 1 in X, and are written

as*
' i
0.x, t) = e. . . Bx, x, ...X, (5.48)
i -r+1 3031"']r ]0 ]1_ Jr
Thus the j O-th components of gi may be written as
i
g. (x, t)y =G, . . (x, x, ...X, (5.49)

with the conditions

G. .(M)=0 (5.50)
Jol1 e
The coefficients ®% . . and G? . . are symmetric with re-
]0]1...Jr Jojl...:]r .

spect to the lower indices. By substituting Eqs. (5.48) and (5.49) into

* Here and in what follows the summation convention as in Section
2.8 is used again.
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(5.46), we have

. i i i i
G, . . ==-5 .G, . -S .G, .. . —... =S G, .
/S FEEES k]o k]l...]r le ]Ok]2...]r k]r ]0...]r_1k
N R s s
- 2 [Tl(:.J) G +Tl(:.J)G]. i g e
=154 o M1y Mg 3Nl
+ Tl({l.J)G]. . @, . .
JI‘ JO...]r_l ]0]1...]r
i= 3 Jns Jas sy i = .51
(l' 1’ 2, 3 N’ Jo’ ]1’ H Jr 1’ 2’ L n) (5 5 )

where Sk!l and Tl(:!g) are the (k, {)-elements of the matrices S

and Tijb’ respectively.
By virtue of Lemma 2.3 in Section 2.9, Egs. (5.51) are rewrit-

ten into

N
v =~ S(r+1)(t)vi Y Tg”’l)(t)vj tbh) (=1,2 ..., N (5.52)

j=1,j#i
with the boundary conditions
Vi(T) =0 (5.53)

gr+1) (r+1)
- 1) . r+l1
S' and Tij’ respectively; vi and bi are the n " -vectors such that

and T are the (r + 1)-times repeated Kronecker sums of

the {-th components are G% . . and @% . . » respectively, !

3ndqe-e) Jadqeee)
being 0’1 r 0'1 r

r |
28> Gy - yn" K 41 (5.54)
k=0
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Assume that, as t - - o, S and T.. reduce to the constant matri-

1)
ces SO and TOij' Let S(()r) and T(()I;J) be the matrices of r-times
repeated Kronecker sums of Sb and Tbij’ respectively, and let M(r)
r
be the Nn x Nnr—composite matrix defined by
(r) (r) (r)
SO T0 12 7 T0 IN
(r) (r) (r)
M a|Toar So° - Toon (5.55)
(r) (r) (r)
T0N1 TON2 Tt S0

The behavior of the solution of Eq. (5.52) is characterized by the sta-

bility of the matrix M(r+1).

in Section 2.10,* the stability of M

Contrary to the optimal control problem
(r)

is not the direct consequence of

that of S_ alone, as will be seen later in an example, and the stabil-

0
ity of M(r) for r = 2 is not explicitly related to that of M(l).

(k)

i can not be men-

Therefore the stability theorem for the function p

tioned in a simple form as Theorem 2.4.

5.4.3 Minimax Solution

The minimax strategy for Player i, u, = u’i“, is the strategy
satisfying the inequality (5.1). The strategy u’i" is to minimize the
Hamiltonian Hi of Eq. (5.35) on the assumption that all the other
players try to maximize Hi’ i.e., they choose
-1

u = - R Bp

i BiPi G # 1) (5.56)

* We have observed, in Section 2.10, that, if Eqs. (2.92) are time-
invariant and if S is stable, the solution v(t) of Egs. (2.92) is sta-
ble as t - - .

162



provided that

Rij <0 G #1) (5.57)

Then the minimax strategy for Player i is

-1
* — . '
u? Rii Bipi (5.58)
provided that
R.>0 (5.59)
ii
where P, satisfies
aHi
P, = " (5.60)

When the condition Rij < 0, the inequality (5.57), fails to satisfy, the
expected cost by Player i, i.e., his security level, is infinite, reduc-
ing the minimax solution meaningless.

By developing the costate vector pi into a power series of Eq.

(5.39), we obtain

N
P =-PA-AP -Q + 9 PE, P, i=1,2, ..., N) (5.61)
i i i i iiji
=1
Ik Kk
ap§)+8p§)3x+s' ® _p® o1, 2 N; k=1, 2, ...) (5.62)
ot Pomt ipi—i y 2, oo, N3 k=1, 2, ... .
where*
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(1) L -
hi x, t) 2 ('a)—() Pix Pif’

(k-1) (£)
9p. k-1 N Op,. (5.63)
(k) a_ of, k-1) i i (k-£)
b, 1) 2 - (5P oI 2 20 o By
£=1j=1
k=23, ...)
-1 N
E..2B.R_ B!, S, 2A- D> E,_P, (5.64)
1] J 1] 1 ; ij 1
=1
The boundary conditions are
k
Pi(T) = Fi’ pg )(x, T) =0 (5.65)

Equations (5.61) and (5.62) are separated for each i. This is
because Player i presumes, by himself, his opponents' strategies, all
of which try to maximize his cost Ji. Corresponding to Theorem 5.1

for the zero-sum game, the following theorem is established:

Theorem 5.2
Assume that the system (5.34) is time-invariant, all the parame-
ters in the performance indices (5.33) are constant, and Fi =0. I

the constant matrices

é -
POi lim Pi(t) (5.66)
t—>»-00

* The matrices 8, 5, and S defined in Egs. (5.20), (5.44), and
(5.79), respectively, are the resultant system matrices with the corre-
sponding optimal strategies for & = 0; while not so is Si’ because for

N
the minimax solution A - Z E . P, is the resultant system matrix.
=1
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exist and if all the constant matrices defined by

N
A -
Sp; & A Z EPo; (5.67)
=1
are stable, pgk) 'is uniformly asymptotically stable as t — - o, rela-
tive to p(()l? satisfying
k) _ (k)
Qe =
X'S)Po; = 8y k=1, 2 ...) (5.68)
where
(D v
901 (x) X P .f
(5.69)

( ) (k H,1 @), (k-2) _
&) s _ Qzl E Po; " Upo1 k=2, 3, ...)

5.4.4 Pareto Optimal Solution

If cooperation among the players is allowable, clearly dominated
strategies are disregarded and a strategy is chosen among the Pareto
optimal set. Solving for the Pareto optimal set is equivalent to solving

an optimal control problem with a vector cost function (J., J

1’ 2’ sy
JN). When values of the costs form a convex polyhedron in the N-
dimensional space, the problem is equivalent to an N - 1 parameter
family of control problems with a scalar cost criterion [15]. That is to

, U_) minimizes the sca-

say, the Pareto optimal solution (ﬁ 1’ ﬁz, N N

lar function

J=D od (5.70)



f isfyi
or some (o:.l, <12, , aN) satisfying
N
a, =1, x, >0 i=12, ..., N (5.71)
=1 '

Conversely, for any o, satisfying Eq. (5.71), the co’rresponding solu-
tion which minimizes J in Eq. (5.70) belongs to the set of Pareto
optimal solutions.

The values of o satisfying Eq. (5.71) are to be determined by
a negotiation among the players. This determination involves a conflict
of the players' interests: Decreasing one player's cost enforces increas-
ing at least one of the others'. Here we assume that the values of o
have already been determined by some means.

The Hamiltonian of the problem (5.34) and (5.70) is given by

1 A 1 N N
H=>x'Q += D, wRu, +p'(Ax + &f + . Bu),
2 2 ! Pii o ii
i=1 i=1
. N . N (5.72)
Q22 aQq, R &2 aR,
=1 17 =1 1]
where p(x, t) satisfies
: oH A . of A
E e T T e - - — = T
P ox Qx - A'p - e()'p, px, T) = Fx(T),
. X (5.73)
F2& otiFi
i=1
The Pareto optimal solution ﬁi’ to minimize H, is obtained:
A A=-1 .
u, = - Ri B'ip i=1,2, ..., N) (5.74)



provided that
R, >0 i=1,2, ..., N (5.75)

The inequality (5.75) is necessary for existence of ﬁi to minimize H.

By use of the power-series expansion of Eq. (5.16) we obtain

P=-PA-AP-Q + PEP (5.76)
® L6,
Q%t-— + QSXLSX + S'p(k) - n® k=1, 2, ... (5.77)
where
h(l)(x, t) & - (%fx-)'Px - Pf,
(k-1) k=1 _ (i .
=1 A -
h(k)(x’ t A - (%).p(k ) -%n S Q};_X_Ep(k i) (5.78)
i=1
k=2, 3, ...)
£ BR p, Saa-fp (5.79)
. 11 1
i=1 -
The boundary conditions are
P(T) = ¥, o®x, T =0 (5.80)

The problem of Eqs. (5.34) and (5.70) is now one of the simple
optimal control problem rather than game problem. Thus, it is readily
seen that the sufficient condition to have Theorem 2.4 is the following:

Q is positive definite, F =0, and A and B are of complete con-

trollability, where B is the n x (m1 + m, + ...+ mN)-composite
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matrix defined by

B2[B; B, ... Byl (5.81)

Then Theorem 2.4 is also true for this case.

5.5 Example

In this section, we examine a simple example and illustrate some
features of the. differential game. For simplicity, here we treat a two-
person-game whose state dynamics is governed by the scalar differential

equation:
. 3 0
x=x+ & +u, +u,, x(0) =x (5.82)

1 2

The cost functions of Players 1 and 2 are, respectively,

1 2 1 2 2 2
J, = 2le(T) + 2So(x + ru. + r2u2)dt,

1 11
(5.83)
2
J2—2 x(T) + S (x +r2u1+r )dt

where F_ and F2 are nonnegative constants. These costs may be

1
called symmetric with respect to uy and Uy
To begin with, we examine values of the parameters r and

1
r2 for which various kinds of solutions exist. Due to the condition

(5.38) a Nash equilibrium solution exists with ry > 0, and a minimax

solution with r1> 0 and r < 0 due to the condltmns 5. 57) and (5 59).

For Pareto optimality r + r2 > 0 is required by the condition (5.75).
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(a) A Case in Which Three Kinds of Solutions Exist

Considering the above result we choose

r1 = 2, r, =-1 (5.84)

because all the three kinds of solutions exist for this parameter pair.

The initial condition and the game period are taken

x =1, T = 10 (5.85)

respectively, throughout the numerical calculation.

(a.1) Pareto opi:imal solution

Since the Pareto optimality gives the best possible solutions in a
sense, first we examine it. By using the approximation procedure of
Section 5.4.4, the Pareto optimal strategies are obtained up to the sec-

ond order in e&: N

Vi 1+v+/1+v 3
ﬁsi=-—;{(l+/1+v)x+ £x

1+v

1+ ) + 2
+[1+,/1+u__2(1 v) (2+”)/1+"]ex5} (i=1,2 (5.86)
1+v
2(1 + v)
where
L 1 1 2
N s Ay 4 1 2 .87
"173a-1 Y2 2-30 YT V1tPy 3<%<3 ©-59

To be exact, the coefficients in the power series of Eqs. (5.86) vary
with time t, because they are solutions of differential equations. How-
ever, with a relatively long game period, e.g., T = 10 in our example,

their steady-state values can be used through the game. It is noted that
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2
. [
0 5 10
J1—>
: Pareto(e=1) —--——- : Pareto (¢ = 0)
e: Nash (e=1) o: Nash (g = 0)

Fig. 5.3. Costs J, and J 9 due to the Pareto optimal strategies

1
(5.86) and the Nash equilibrium strategies (5.88) or

(5. 89).

these steady-state values are unique and consequently not affected by the
values of F1 and Fz.

In Fig. 5.3 the sets of costs J1 and J2 attained by the Pareto
optimal strategies are illustrated with € =0 and & = 1. By defini-
tion, no cost below the curve of the Pareto optimality is possible to at-

tain with respective value of ¢&; that is, the right-upper region to the
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curve is the attainable set of the costs.

(a.2) Nash equilibrium solution

When F1 = F2, the approximate strategies are

u, = ‘-‘sz = - 0.7595% - 0.4580ex° - 0.0548°x" (5. 88)

The resulting costs J, and J_ are also equal. However, if F 1 #

1 2
F2, a drastic change occurs in the strategies and the costs. For F1>
FZ
Esl = - 6.3589x - 6.5883ex> + 0.1208e%x",
_ 3 5 5 (5.89)
Uy = 2.3589x + 2.5883ex - 0.1208ex

and Jl is far larger than Jz. )i F1 < F2, the result is reversed
for Player 1 and Player- 2. That is to say, if the cost functions are
in completely symmetric forms, the strategies and the cost values are
same for both players, but a slight difference in the cost parameters
results in a big change of the Nash equilibrium solution. This change
might well be understood by examining transient variations of the solu-
tion, which is detailed for & = 0 in Appendix V.

The costs attained by the Nash equilibrium strategies are plotted
in Fig. 5.3. Points 1, 2, and 3 are for Fl = Fz, F1 >F2, and
F1 < Fz, respectively. The numeral assigned to each point for the
case of & =0 indicates the corresponding singular point on the phase~-
plane diagram of Fig. V.l(c) in Appendix V. Clearly every Nash strat-
egy is dominated by some part of the Pareto optimal set.

When the opponent uses his Nash strategy, the player can do best

by also using the Nash strategy. This is illustrated in Fig. 5.4 for
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1
60 0.5 1.0
& ————
_— J1 due to asl of the first or the second order, or 1-11
——— J1 due to ﬁsl of the zero order

Fig. 5.4. Variation of the Nash equilibrium cost J 1 with €. Player

2 is using his exact Nash strategy ﬁz of Egs. (5.94).

10

~,
inta TV

6F
o
0
- 1
20 0.5 1.0

—_— J1 due to u;l of the first or the second order or u’i, and u2

of Eq. (5.98) (security level of Jl)
————— : J1 due to u;l of the zero order and u2 of Eq. (5.98)

—_—— J1 due to u"l‘ and u; of Eqé. (5.97)

Fig. 5.5. Variation of the minimax cost J1 with &.
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Fl > Fz. Here Player 2 is choosing his Nash strategy. For Player
1, the cost is improved by using higher-order approximations to the

Nash strategy. The effect of improvement becomes remarkable as &

increases.

(a.3) Minimax solution
The minimax solution diverges very quickly: In fact, the zero-
order solutions of Eqs. (5.61) are given by

-[2+(2-V2)F] +[2+ (2 + /E)F]e/E(T-t)

P, (t) = P_(t) = :
1 _ ’
2 2+/§+F—(2—/§+F)e/§(T b (5.90)
A -
F = F1 F2
These have, for F = 0, the final escape time
1. 2+/2+F
t—T_/iIOgZ-/E+F (5.91)

The detail is omitted here.

(a.4) Application of the method of instantaneous linearization

The method of instantaneous linearization of J. D. Pearson [78]
gives the exact solution to a nonlinear regulator problem having a scalar
state, as mentioned in the example of Section 2.13(a). The method
works also for the exact solution of the present differential game which
is governed by the scalar equation.

The Pareto optimal and the Nash equilibrium solutions are calcu-

lated: Pareto optimal solutions are

14
A i 2 22
ui = = ';1'[1 + &gx + ;/(1 + E&X ) + V]X (5.92)
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Nash equilibrium solutions are, with F 1 = F2,

- - 2 2 // 22 1
u, =u, = 7[1+t-:x + /(1 + €x) +4]x (5.93)

and, with Fl > F2,

- [2(1 + sxz) + /20(1 + t»:x2)2 - 1]x,

c
I

(5.94)
- [2(1 + exz) - /20(1 + axz)2 - 1x

=]
1l

The power-series approximations of the second order, Eqs.
(5.86), (5.88), and (5.89), turn out to agree with the formal expansions
of the exact strategies, Egs. (5.92), (5.93), and (5.94), respectively.

(b) A Case in Which the Minimax Solution Has No Finite Escape Time

We choose values of the parameters r, and r, as

r, = 2, r,=-3 (56.95)

For these values of r1 and rz,

the condition (5.75) for Pareto optimal solution, and, as seen in Appen-

there is no value of oni satisfying

dix V, the Nash equilibrium solution has no steady-state value except
for F1 =F o
By the approximation method in Section 5.4.3, we obtain the

minimax solution in the steady state up to the second order:

u*; =u¥, = - 6.2404x - 5.7775ex° - 0.1984e°x" (5.96)

Application of the method of instantaneous linearization gives the exact
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minimax solution:

u*i = u; = - 3[1 + sxz + /1 + ex2)2 + %]x (5.97)

. When one player, say Player 2, uses the strategy maximizing the oth-

er's cost Jl, that is,

u, = 2[1 + exz +‘A1 + axz)2 + %]x (5.98)

then the minimax strategy is optimal for Player 1. Figure 5.5 shows
the values of J1 when Player 1 uses the strategy (5.96) or (5.97)
and Player 2 uses (5.97) or (5.98). Provided that Player 2 uses

the strategy (5.98), then J, is almost at the security level, the solid

line in the figure, when Pla;er 1 uses his power-series form minimax
strategies (5.96) of the more than first order. The value of J L Te-
sulting from the both players' minimax strategies (5.97) is fairly less
than the security level. This shows the pessimistic feature of minimax

strategies in a nonzero-sum game.

(c) A Case in Which the Steady-State Higher-Order Solution of Nash

Equilibrium Can Not Be Determined Uniquely

By choosing values of the parameters r and r, as

r. = 2, r, = 2/17 - 8 (5.99)
there arises an irregular situation in computing higher-order solutions
of Nash equilibrium. In fact, the steady-state solution as t — - oo of

Eqs. (5.40) with F1 = F2 =0 is given by
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17
P =P _fines . 100)

01 02 4

and SO’ to which S defined in Egs. (5.44) is reduéed, is stable:

S = /S ‘ (5.101)

0 4

(x)

Nevertheless, in this case, the matrix M of Eq. (5.55), by which

higher—order solutions of Nash equilibrium is calculated,

17 -1(1 1
m® - - Ci_r[l ) .102)

is singular, and hence the coefficients of the higher order can Vnot be

uniquely determined.

5.6 Concluding Remarks

An approximation method has been presented to obtain various so-
Ilutions of differential game problems with nonlinear dynamics. A zero-
sum two-person differential game has been treated in Section 5.3. The
minimax strategy of the game is obtained in a power-series form of the
small parameter &. If the nonlinearity of the system is of a polyno-
mial in state, the coefficients of the series are also polynomials and
can be determined successively with increasing order.

A nonzero-sum N-person differential game has been discussed in
Section 5.4. The nonzero-sum game could not be approached until one
specified what properties the solution should have. Typical solutions of
the nonzero-sum game are the Nash equilibrium strategy, the minimax
strategy, and the Pareto optimal strategy. The small parameter method

has also been applied to approximate determination of these solutions.
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The stability properties of the approximate minimax solutions
have been discussed in Theorems 5.1 and 5.2 for a zero-sum and a
nonzero-sum game, respectively. For the Nash equilibrium solution,
such a stability property can not be mentioned in a simple form; and,
for the Pareto optimal solution, the property is the same as that for the
nonlinear regulator solution in Chapter 2.

A nonzero-sum two-person differential game with scalar dynamics
has been examined in Section 5.5. Some features have been illustrated,

including the above-mentioned stability properties of the approximate

solutions.
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APPENDIX I
KRONECKER PRODUCT AND SUM OF MATRICES

The definitions and important properties of the Kronecker product
and sum of matrices are briefly mentioned [7, p. 227].* Let A and

B be n x n- and m x m-matrices, respectively.

Definition 1.1

The nm X nm-matrix whose (p, q)-element is AijBkIZ’

ing m(i - 1) +k and q being m( - 1) + £, is called the Kronecker

p be-

product of A and B, and written A ® B.

Definition I.2

(m) _ .(n)

The nm x nm-matrix A® I + 1"’ ® B, where I(k) is the
k x k-identity matrix, is called the Kronecker sum of A and B, and

written A © B.

Let )Li i=1, 2, ..., n) and H (i=1, 2, ..., m) be the ei-
genvalues of A and B, respectively. Then the Kronecker product and
sum have important properties of interest: The nm eigenvalues of A
®B are ;\iaj and nm eigenvalues of A ® B are Ai + Aj i=1,

L, N j=1, ..., m).

The following fact has been used to establish Theorem 2.4 in

Chapter 2. Let X be the n  x n' -matrix which is the r-times re-

peated Kronecker sum of A:

* In some textbooks on matrix theories the terms ''direct product
and sum' are used in place of the Kronecker product and sum [e.g.,
57, p. 81].
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X2A0A0...0A (I.1)

It is inductively shown that the nr eigenvalues of - A are given by
A+ s F A (s Fey eee, § = . i
).j i i (31, Jg » 3, 1, 2, , n). In particular,
1 2 r
if A is stable, so is A.

Consider the matrix equation for an unknown n x m-matrix X:

AX + XB = C | (I.2)

where A, B, and C are given n x n-, m x m-, and n x m-matrices,

respectively. It is known that Eq. (I.2) can be rewritten into the equa-

tion in an unknown vector x [7, p. 231]:
(A®B)YxX =c¢ (1.3)

where x and c¢ are the nm-vectors whose {-th components are

Xij and Cij’ respectively, £ being m(@ - 1) + j.
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APPENDIX II
DERIVATION OF DYNAMICAL EQUATIONS FOR SOME CONTROL
PROBLEMS OF SPACE VEHICLES

Some examples of dynamical systems optimization problems are
found in attitude control and trajectory optimization of a space vehicle.
Dynamical equations describing the attitude rotation or the trajectory
motion of a satellite are linearized under some reasonable assumptions.
Many works are concerned with such linearized models [14, 19, 28, 32,
64, 91]. It may often be required, hoWever, to treat a more precise
model. Then we are inevitably faced with nonlinearities and find the
ordinary linear theories helpless. In addition, taking nonlinearities into
consideration may make the system large-scale due to nonlinear cou-
plings between subsystems.

To solve such kinds of space problems with nonlinearities and/or
with high dimensionalities is one of the motivations of the research de-
veloped in the present text. Some space problems are adopted as
examples mainly in Chapter 3. The present appendix gives the deriva-

tion of dynamical equations for two typical space problems used there.

II.1 Equations for Attitude Control of an Orbiting Satellite [64]

Consider an active attitude control system of a satellite orbiting
around the earth. The controlled element dynamics is characterized by
a set of differential equations relating an external torque to the rotational
response of a satellite. Equations for the attitude of a satellite are
summarized in what follows.

The attitude of the body is defined by Euler angles ¢, 6, and ¥,

which determine the orientation of three body-fixed axes with respect to
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earth-centered reference axes. The angles g, 8, and ¥ represent
the pitch, yaw, and roll motion, respectively, of the body about its
principal axes of inertia. The angular velocity of the satellite is writ-
ten, in terms of components along the body-fixed akes, as

W, = -(Q+g¢')sing +y',

Wy = @+ g') sin ¥ cos 0 + 8' cos Y, (1. 1)

Wy = (Q+ 8" cos¥ cos 8 -0'siny

where O is the angular velocity of the radial line from the gravity
center of the earth to the satellite; only here and throughout this appen-
dix, a prime denotes differentiation with respect to real time tr, al-
though, in all the other parts of the text, it denotes transposition of a
vector or a matrix. ‘

If we assume the satellite to be a spherical body, the Euler
equation of the rotational motion is, in component forms,

Mi = Ao.)'i i=1, 2, 3 (I1. 2)
where Mi is the i-th component of an external torque applied to the
satellite and A is a principal moment of inertia about a diameter of
the spherical body.

For thé satellite revolving along an elliptic orbit, the angular ve-

locity & of the earth-centered frame is approximately given by

n=d(1+ecosﬁ,tr) (IL. 3)

where {) is the mean value of  over one revolution along the orbit

and e denotes the eccentricity of the orbit. The time at which the
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satellite passes through the perigee' of the orbit is taken to be zero in

Eq. (IL 3).

Substitution of Eqs. (II.1) into (II.2) yields a set of second-order

differential equations with respect to 4, 0, and ¥.

edquations

for ¥'", 0", and

48", we obtain

Y'"=(Q+ g + ¥ sin 8)6'
+—M—lc 6+£s'n¢'sin9+gii
A %% A St A
M2 M3
8" =~ (Q+4")W cos 8 +——cos ¥ -——siny,
A A
" = (Q+ 4')8' tan 6 + 0'Y' sec 8 - O
M M3
+Ts1n¢sece+rcos¢sece

cos Y sin 6,

Solving these

(1. 4)

Equations (II.4) describe the exact dynamical model of the attitude mo-

tion.

We introduce nondimensional quantities defined by

where M 0

N4
%5 g’

(i=1, 2, 3),

L2 2ce

nondimensional parameter introduced for convenience.

is an appropriate base quantity of the torque and &

(IL. 5)

is a

A dot over a

quantity denotes differentiation with respect to the normalized time t.

By use of the quantitiés in Egs. (II.5), Eqgs. (II.4) are rewritten into
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x2 = (c +p cos ct + z-:x6 + ex2 sin ax3)x4

-f-u1 cos ex3+u sin &x. sin &x_ +u_ cos &x, sin ex_,

2 1 3 3 1 3
Xy =%y (1L 6)
5{4 =-(c+pcos ct + EX )X, cos &xg + U, cos ex, - u, sin ex,
5{5 =X

. uec .
x6 (c +p cosct + ex6)x4 tan 8x3 + s,xzx4 sec 8x3 + e sin ct

+u,_ sin ex_ sec &x_ + u_ cos £X. sec €Xx
2 1 3 3 1 3

Some special types of approximate equations, which are easy to
handle, are derived under the corresponding adequate conditions. The
nonlinear terms, including those nonlinear in X, and ui, may be dis-
regarded under the assumption that the deviation angles and their time
rates are sufficiently small. Retaining only linear ter_ms yields

Xy = %p

X, =cX,+ucosct'x, +u

2 4 4 1 (IL 7)
Xg =Xy
x4=-cx2-u cos ct-x2+u2
and
x5 =Xg
ue (II. 8)
X6= ¢ sin ct+u3

The method developed in Section 3.4 is applicable to the periodic system
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of Eqs. (II.7).
If the orbit is circular, the angular velocity  of the orbital

motion is constant, that is, p = 0. Equations (II.7) then are reduced to

1 2

X. =X +u,

2 4l (IL. 9)
X3=X4,

X4="CX2+u2

When c¢ = 0, the system of Eqs. (II.9) is decoupled into two subsys-
tems, each of them being a double integral system. Hence the method
of Section 3.3.3 for weakly coupled linear systems is applicable to Egs.
(I1.9). |

Under special requirement, it is desirable to retain higher-order
terms in X, and u,. If the terms up to the second order are re-

tained and the orbit is circular, we obtain

X, = +u, +
X, = OX, + EX X+ U, + EXUg,

X, =X,,

3 4 (IL. 10)
X, ==X, = EX X, +u, - &x,u,,

X, = X

X = +
X6 8X2X4 + 8X3?{4 + 1].3 8X1112

The method in Section 3.2 works effectively for the system of Egs.

(II. 10) with the controls appearing linearly.
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II.2 Equations for Orbit Transfer between Neighboring Elliptic Orbits
[32]

This item is concerned with the motion of a space vehicle, in an
inversely square gravitational force field, which transfers between two
neighboring low-eccentricity elliptic orbits. In order to describe dy-
namical behabior of a vehicle, we have to define a reference coordinate
system. We may choose a rotating rectangular system whose origin re-
volves along the final orbit in the specified direction.

The distance r of the origin from the center of the earth is

related to the true anomaly 9 by

]

r=—tr-——
1+ e cos 9

(I1.11)
where £ and e denote the semilatus rectum and the eccentricity of
the final orbit, respectively.

Let x, y, and z be three components of the vehicle displace-
ment in the reference frame: y is the component directed outward along
the local vertical, x the component perpendicular to y in the final
orbit plane, and 2z the component normal to the orbit plane and di-
rected so as to form the coordinates a right-handed triad. In compo-

nent forms, the equation of motion of the vehicle is given by

x" = - 20"y’ +6'2x -J'l—x+A ,

3 1

R
y'" = 28'x' +9|2(r +y) - (r+y)+A,, (I1.12)
3 2
R
z'" = __!1_32 +A3
R
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where u is the product of the universal gravitational constant and the

mass of the earth, and R is defined by

2
R & /;( + (r + y)2 + z2 (I1.13)

Al’ A2, and A3 are circumferential, radial, and normal components
of the thrust acceleration of the vehicle, respectively.

The time variation of © is approximately given by

0 = wt_ + 2 sin wt (II. 14)
_ r r

where w is the mean value of the angular velocity of the origin over
one revolution along the orbit. The time origin is chosen as tr =0
when the origin passes through the perigee of the orbit. Under the as-
sumption that e is not so large, terms of order higher than the first
in e are discarded in Eq. (II.14).

For convenience, we introduce nondimensional quantities defined

by
a2 X gi_i A a y aZ A z
%¢ Xt BTy @ Fsa Te &
A (IL. 15)
i R A 3d
u & — (1=1, 2’ 3)’ t—wt’ €=3r
i 2 r 20
dw

where d is an appropriate base quantity of the distance.

Since the initial and target orbits are located close to each other,
we may assume that ‘x, y, and z are sufficiently small relative to r.
Hence, by neglecting terms of order higher than the first in x/r, y/r,
and z/r in Egs. (II.12), we obtain, in terms of the quantities defined

by Eqs. (II.15),
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1 2’
X,=-2x, +e(cost-x, +2sint-x_ -4costx,)+u
2 4 1 3 4 1’
¢ (II. 16)
Xg =Xy
- x4 = 2x2 + 3x3 - 2e(sin t-x1 - 2 cos t-x2 -5 cos t-x3) +u2
and
X_=X_,
5 6
(I1. 17)
x6=-x5—3e cost-x5+u3

Equations (II.16) are mutually related; while Eqs. (II.17) are independent
of Egs. (II.16). In other words, the out-of-plane motion is decoupled
from the in-plane motion in the linearized system. 4

This is not the case if higher-order terms in Eqs. (II. 12) are
introduced. In fact, taking the terms up to the second-order in x/r,

y/r, and z/r yields

1 72’
x2 = - 2x4 + 2.<sx1x3 +u1,
X =X »

3 4

9 2 9 (II. 18)

. _ N

Xy 2x2+3x3+s(x1 2x3 x5)+u2,
x5 =X6’

X, ==X_+ +
x6 x5 2ax3x5 u3

In Eqs. (II.18), the orbit of the vehicle is assumed circular, i.e., e =
0, for simplicity.

The method of Section 3.4 is suitable for treating the system of
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Eqs. (I1.16) and (II.17). The system of Eqgs. (II.18) with & =0 is

decoupled into two linear subsystems: the systems of Eqs. (II.16) with
e =0 and of Eqs. (I.17) with e = 0. Hence the method of Section
3.3 for large-scale systems is applicable to Egs. (IL.18).
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APPENDIX III
SUBOPTIMAL SOLUTION TO THE PROBLEM WITH A
NONLINEAR OUTPUT EQUATION

The recurrence equations are summarized for a suboptimal con-
trol of the system with a nonlinear output equation. Consider the sys~

tem
X = A@)x + ef(x, t) + B(tu (I11. 1)
with the output and the performance index

Clt)x + eg(x, t) (I11. 2)

«
]

&y
Il

T
%y'(T)Fy(T) + %s [y'Q(t)y + u'R(t)uldt (TIL. 3)
T

where g(x, t) is the s-vector function analytic in x and continuous

in t € [r, T] such that
g0, t)y =0 for any t € [7, T] (I11. 4)

All the other quantities in Eq. (II.1) to (III.3) are the same as speci-
fied in Section 2.2.

The optimal control for the above problem is

Q0
u* = - R_l(t)B'(t)[P(t)x + >, akp(k)

k=1

(x, t)] (I11.5)

(k)

The unknown n-vectors p' '(x, t) satisfy a sequence of equations:
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50 ®)

(k)
Tt abesnl = B

9
ox
with the boundary conditions
9
bV, 1 = ZomrEex, T,

2 o)
pPx, 1 = 3300 x DFsk, DI,

p(k)

x, T) =0 k =3, 4,

o

The scalar functions x, t) are defined by

oW, t) & - x1(pf + C'Qg),

0D, 2 - rp® + LW _ Loy

e

-1

i=1

3, 4,

(L. 6)

(1. 7)

(111 8)

P(t), S(t), and E() are given by Egs. (2.14), (2.18), and (2.12), re-

spectively.

The recursive solution of Eqs. (III.6) proceeds in much the same

way as in Chapter 2.

190



APPENDIX IV
SUBOPTIMAL SOLUTION TO THE PROBLEM WITH A
NONQUADRATIC PERFORMANCE INDEX

The recurrence equations are summarized for a suboptimal con-
trol of the system with a nonquadratic performance index. Consider the

system
x = A(t)x + ef(x, t) + B(t)u (IV.1)
with the output and the performance index
y = C(t)x (Iv.2)
1 1 T
J =5y (DFy(T) + edly(T)] + 5‘ y'Qt)y + 2e¥(y, t) + u'R(t)uldt  (IV.3)
T
where g4(y) and %(y, t) are the scalar functions analytic in y, con-

tinuous in t € [7, T], and nonnegative for any y and t € [7, T],

such that
d(O) =0, ¢(0, t)y =0 for any t € [7, T] (IV.4)

respectively. All the other quantities in Eq. (IV.1) to (IV.3) are the
same as specified in Section 2.2,

The optimal control for the above problem is

[00)
w = - RTOBOPox + > o™, 1 (Iv.5)
k=1

The unknown n-vectors p(k)(x, t) satisfy a sequence of equations:
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(k) 501

0
%— + -5x—[x'S'p( )] = Tom k=1 2, ...) (Iv.6)
with the boundary conditions
1
oD, T = Zicmx,
(aIv.n7
p(k)(x, T) =0 k=2 3, ...)

The scalar functions e(k)(x, t) are defined by
9(1)(x, t) & - x'Pf - Y(Cx, t),

) k=l (IV.8)
09, 2 - pp™ 4 257 pEptD 25, L
i=1

P(t), S(t), and E() are given by Eqs. (2.14), (2.18), and (2.12), re-
spectively.
The recursive solution of Eqs. (IV.6) proceeds in much the same

way as in Chapter 2.
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APPENDIX V
EXAMINATION OF TRANSIENT VARIATIONS OF A NASH
EQUILIBRIUM SOLUTION

As seen in Section 5.5(a), a slight difference in the cost parame-
ters results in a drastic change of the Nash equilibrium solution. This
change might well be understood by examining transient variations of the
solution. In this appendix, we will do it for the simple example of Sec-

tion 5.5 with € =0 and r1 = 2,

From Egs. (5.40), the Nash equilibrium strategies of each player

for € = 0 are given by

1 .
u, = - ZPiX i=1, 2) (V.1
where Pi satisfy
r ,
. 1_2 2.2
Pl—-2P1-1+2P1-42+P1P2,
r (V.2)
. 1_2 2_2
Pz——2P2->1+2P2— 4P1+P1P2

and the boundary conditions

Pi(T)’ = Fi 290 i=1, 2 (V.3)
. Figure V.1 shows the schematic patterns of phase-plane diagram
for Eqs. (V.2) with variation of Ty The diagrams are symmetrical
*  with respect to the straight line P1 - P2 = 0. The arrows indicate the

direction of decreasing time. There exist some singular points in each
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(a) -21.46< r2< -16.25 (b) -16.25< r2< -2.0

P2 P2

N4\
s

() -2.0<r,< 0.246 (d) 0.246<r,< 6.0

77

(e) 6.0< r2< 10.0

Fig. V. 1. Phase-plane diagrams for Egs. (V.2) with various

values of r 9°
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diagram, and their classification is listed in Table V.1.

F
or r2

Fig. V.1(c) that, if F

= - 1, chosen in Section 5.5(a), we readily see from

= Fz, a solution trajectory terminates at Point

1; while, if F, # Fz, it leads to Point 2 or 3 resulting a big dif-

ference between u 1 and u2. Also note that, for some r2, solutions
diverge to infinity even with nonnegative Fi'
Table V.1 Classification of the Singular Points in Fig. V.1
Singular point
Value of r2
1 2, 8 4
r2 < -21.46 Saddle Unstable focus Saddle
- 21.46< r2 < - 16.25 Saddle Unstable node Saddle
- 16.25< r,< - 2.0 Saddle — Unstable node
-2.0< r2 < 0.246 Saddle Stable node Unstable node
0.246< r, < 6.0 Stable node _— Unstable node
6.0<r 9 < 10.0 Unstable node -—_ Saddle
10.0< r2 —_— — —
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