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Abstract 

In Bayesian Markov decision model, the transition law of process is expressed as matrices in which 
each element is interval and estimated from the observation of pair of state-action transitions. In this 
report, we consider an optimization problems of fractional programming and show an algorithm of 
solving the equations in order to have the interval estimated transition matrices in Bayesian Markov 
decision model. 

1 lntroducution 

Markov decision model consists of four tuple {S,A,Q,r}. S := {1,2,...,n} denotes finite state space 
and A:= {a1,a2,・..四｝ denotesfinite action space. We define the followings: 

P(S) :={p = (P1,P2, ---,Pn) E町どPi=1}, 
iES 

P(SIS) :={q = (%: i,j ES) ER庁門〉妬＝ 1(i ES)}, 
JES 
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P(SIS x A) :={Q =(%(a): i,j E S,a EA) E脱inxnlq;.(a)E P(s) (i E S,a EA)}, (3) 

where賊+is the set of nonnegative n dimensional real vectors and and艮竺xnis the set of (m, n) 
nonnegative real matrices. Q = (%(a)) E P(SIS x A) denotes transition laws, r = (r(i, a)) E B+(S x A) 
denotes reward function, where B+(D) is the set of nonnegative real valued functions on D. In our 

decision model, we consider an MDPs with unkown transition laws of matrices Q = (q;j(a)) (i, j ES, a E 
A) (Uncertain MDPs) and each estimated transition law has an element of interval s.t.鳳（a)，恥(a)].

We consider a Markov decision process whose true transition matrices are denoted by P = (Pij(a)), 
i, j E S, a E A, where S denotes finite state space and A denotes finite action space. For each ith row 
of transition matrices, the data set of obserbations are denoted by 

叫a)=（叩（a),芦（a),...,叩 (a)) a EA, 

and set &i(a) = I:jaij(a),a EA. 
For ith distribution of true transition matrices Pi (a) = (Pi1 (a), Pi2 (a),..., Pin (a)), a E A, the distri-
bution ofびi(a) is expressed邸 multinomials.t. 

^ 1 

f（びil,叩，．．．，知） ＝ 叩・ P訂P訂..·pf~n, 

びil！ai2!・・・びin

where Uij(a) and p~~n(a)(a) are denoted by Uij and p岱， respectively.Therefore, from the prior infor-
mation of the observed date set &i, i E S, we treat Dirichlet distribution of unknown parameters (Pij (a)) 
in order to have estimated interval matrices of true transition matrices (Pii (a)) E P(a), a E A. 
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For the simplicity, we treat deterministic and stationary MDPs since in this report we focus on an 
algorithms to have solutions of equations which gives interval estimated MDPs from the date set of 
observations. Hence, from now on, we denote by P = (Pij) an estimated transition matrices under a 
fixed deterministic stationary policy. 
Let the map f : S→A and denote by F the set of all maps f. For any f E F, the expected 
discounted reward function is denoted by ¢(!IQ) E lE.+ and defined as follows for the discount factor 
fJ (0 < fJ < 1) with transition matrices Q E P(SIS x A) : 

oo 

¢(f|Q)=ど(/3Q(f))tr(f), (4) 
t=O 

where r(f) = (r(l,f(l)),r(2,f(2)),...,r(n,f(n)))'E脱平Q(f)= (%(f(i))) E P(SIS). 
In practical decision problem, we must estimate the true transition Q from the data set of state— 
action observation of transitions in the system. It is called controlled Markov set-chain (cf. [10]) if the 
transition matrices are given by the set of interval matrices. In this report we consider how to estimate 
those interval matrices from the data set of observations. 
We assume the process start some fixed initial state i and estimate transition law {PihEs from the 
date set of prior information. 
Let Pn := P(S) = {p = (P1,P2,...,Pn)IPi：：：：：〇，こ贔Pi= 1 }. We denote by B the set of all Borel 
measurable set of町． Letus denote by L ~ B if there exist two measure L and U on B which satisfy 
L(A) ~ U(A) for any A EB. Here and subsequently, for such two measures L ~ U, we denote by [L, U] 
and call them prior interval measure. We also call L lower measure and U upper measure to [L, U]. In 
addition, throughout the paper we assume upper measure U satisfy U(・) = kL(・) for fixed real value 
k(k ;;り． Thatis, U is assumed proportional measure of L and prior interval measure is denoted by 
[L,kL] = [dp,kdp]. 
For fixed initial state k E S, we execute trials independently and repeatedly by fr times and observe 
the transitions from fixed state k to each state i and record the numberびiof transitions to i. Then 
we have the date set (J'=（互叫・．．，叫）， wherefr=どk=1びk・ Let Pi the transition probability from 
fixed initial state k E S to i E S. For fr and parameter p = (p1,P2,...,Pn) the distribution of fr is 
multinomial and represented as follows 

(a1 +・・・十四）！ 01 62 6n  

f（び1,a2,•..,五|p) = P1 四• • •Pn. 
a1! •・・びn!

(5) 

By applying the result of method of interval Bayesian estimation by DeRobertis/Hartigan[l] to 
prior interval [L, kL], we have posterior interval measures [La, U,叶：＝ ［L,,,kL』whichis expressed by 
multidimensional beta function and the posterior interval measure [~i'ぶ］ （for simplicity, we denote it 
by[~,入］）is constructed as intervals of integral proportions by posterior interval measures Q E [L,,, kL』
such as 

｛Jご塁¥IL"~ Q ~Uc,} 

Moreover, each value of end points of interval［入ぷ]is unique solution of equations: 

U』(p;―入）―十Lび(p;-~)+ = 0, 

U,;(p; -J戸＋伝(p;-J)―= 0 

where討＝max{O,x},x―=x-x+ = min{O, x }. 

(6) 

(7) 

(8) 

2 Dirichlet integral and the solutions of estimated parameters 

We can rewrite above equations (7) and (8) as the form of Dirichlet integrals below from the assumption 
Uu =kL。andby multidimensional beta function(Dirichlet function): 



106

(lower bound入）：

k J.. ·J仇—入）p了1...pかdp+ J.. • J (p;—入）p了1...p炉dp= 0 (9) 

0'.oPi'.o入，pEPn 入~p;~l,pEPn

(upper bound 3:): 

k J.. • J (p;ー入）砕・..p炉dp+ J.. • J (p;—入）Pr'...p炉dp= 0 (10) 

入:'oPi:-01,pEPn OS:Pi S:入，pEPn

Gamma function r(x) (x > 0) and beta function B(x, y) (x, y > 0), Incomplete beta function 
00 

B(x,y|入)(x,y> 0,0 ;:::;入;:::;1) are defined as follows: r(x) = 1ou tx-le―t dt (x > 0), B(x, y) = 

゜［ザ―1(1-t)y-l dt (x, y > 0), B(x, y|入） ＝ ［戸(1-t)Y-1dt (x, y > 0, 0 ;:::;入;:::;1). 
We will denote Dirichlet integral by D(v立 2,...,vk; Vk+1) and D（巧，巧，．．．，殊；vk+11入） （k ~ 1,0;:::; 
入;:::;1) which are defined as follows: 

D(v1，ゅ，．．．，吹；吹＋1)

:= !・・・1的―1均―1.・・均―1(1-X1 -X2 -• • ·—咋）vk+ i-l dx1dx2 • • • dxk 
Sk 

D（巧，．．．，殊；Vk+1I入）

:= !・・・1 印―1...X灯―1(1-X1 -• • • -Xn)v•+ i -l dx1 • • • dxk, 
skn{OこX1＜入｝

where sk := {(xぃ．．．，匹） ：X; ~ 0, i = 1,..., k, I:~=1 X;;:::; 1}. 
By the relations of Dirichlet integrals and beta functions we have 

D（V1,砂，．．．，株；知1)= B(v1, 砂＋・・・十 UK+1)D(U公叫•..,UK; UK+1) (11) 

D（巧，V2,...,Vkj応1|入） ＝ B（叫ゆ＋・・・十UK+11入）D（ゅ，巧，．．．，UK;vK+1). (12) 

Then, we can show that the solutions of the equations (7) and (8) are solutions入ofpolynomial 
equations (13) and (14) in the followings: 

K(s,t，入）：＝ （ s -入） B(s,t)+ (k-1) (B(s+ 1, t|入）—入B(s,t|入))=o, (13) 
s+t 

G(s, t，入）：＝ k （土—入） B(s,t)ー（k-l)(B(s + 1, t|入）—入B(s,t|入))=0, (14) 

where 合＝I:~=lCY;, S =び1+ 1, t = a-—び1 + n -1. The above equations (13) and (14) have the same 
dimension (s + t = 8-+ n)of polynomials respectively. We have the following. 

Theorem 1. For a parameter p = (P1,P2,...,Pn), each p; of posterior interval measure［入，3:]is given 
by the unique solutions of the following polynomial equations. 

K(s, t,~) := B(s + 1, t) -~B(s, t) + (k -1) (B(s + 1, t,~) -~B(s, t,~)) = 0, (15) 

G(s, t, 3:) := k(B(s + 1, t)一3:B(s,t)) -(k -1) (B(s + 1, t, 3:) -3:B(s, t, 3:)) = 0, (16) 

wheres= CY;+ 1 and t = a--CY;+ n -1. 

It can be shown that [7] the functions K(s, t,入） andG(s, t,入） areconcave and convex in入andhave 
-. 

the unique solutions ~ and入inthe closed interval [O, 1] respectively. 
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It is noted that incomplete beta function B (m, n,入） canbe rewritten by polynomial as the following: 

B(m,n，入）＝苫（n~l)(-l)'入m+t m1+ t
In order to have the solution~, we apply the Newton-Raphson algorithm([7]) as follows: 

Algorithm A: 

Step 1. Set n := 0 and specify c > 0. Select入（0<入<1)such that K(s, t,入） ＜0. Set咋：＝入．

K(s,t心）
2. Let W(s,t,xn) :=~-Compute Xn+l := Xn -W(s,t,xn). 

K'(s, t，咋）

3. If |xn+1 -X叶<f,set入i:= Xn+i and stop. Otherwise increase n by 1 and go back to 
Step 2, 

where 

W(s,t五） ：＝ 
（土— Xn)B(s,t) + (k -1）（土— Xn)B(s, t，在）一厨x~(l- 砂）t

B(s, t) + (k -l)B(s, t，凸）
(17) 

f(x) 
Let f be a differentiable function and ¢(x) = x -~- The recursive formula of Newton-Raphson 

f'(x) 
f(xn) 

method Xn+I = Xn -~ gives approximate sequence of the root入 whichsatisfies f（入） ＝0. It is 
f'(xn) 

also known that a fixed point入 ofの（入） ＝入isalso solution of the equation f（入） ＝0 if f＇（入）＃ 0.
For a differentiable function K, we have the followong: 

Proposition 1. 

K(s,t，入） ＝入K'(s,t,,¥) -K'(s + 1, t，入）

K(s, t,,¥), K'(s + 1, t，入）
＝入—

K'(s,t，入） K'(s,t，入）

、
、
j
)

8

9

 

1

1
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From the above proposition, we have a fractional programming problem related to finding the fixed 
point of ¢ defined by 

¢（入） ＝ 
K'(s+l,t，入）

K'(s,t，入）＇

and convergent sequence to fixed point入isdefined by 

(20) 

K'(s+ 1,t心） B（s+ 1,t) + (K -1)B(s+ 1,tふ）．
Xn+ 1 = </J (Xn) = ~ = ~. (21) 

K'(s, t, Xn) B(s, t) + (k -l)B(s, t, Xn) 

For the first derivative of ¢（入），itis easily shown that 

-(k-1)入s-1(1 —入）t-1
¢’（入） ＝ （入—¢（入））．

K'(s,t，入）

Let¢（入） ＝K'(s+l,t，入）／K'(s,t，入） on入E[O, 1]. We have the followings. 

(22) 

Proposition 2. {i),j;(O) =,j;(l) = 
B(s+l,t) 

B(s, t) 

(ii) The solutions入forequation ¢;＇（入） ＝0 are入＝ 0,1 and fixed point of¢;（入） ＝入，i.e.,the fixed 
point入issolution of equation (15) K(s, t,入） ＝0. 

(iii) The function ¢;（入）ismonotone decreasing in O <入＜ aand monotone increasing in a <入＜1.
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We can define the optimization problems as follows. 

K'(s+l,t，入）
Fractional programming problem: (P) min入E[0,1]

K'(s,t，入）＇

Parametric problem: (P q) F(q) = min入E[o,11(K'(s+ 1, t，入）―qK'(s,t,入））．

Then, 

Proposition 3. {1) r/>（~)=min入E[O,1] = =入
K'(s+I,t，入） K'(s+I,t，入）

K'(s, t，入） K'(s,t，入）

(2) F(q) is strictly monotone decreasing and concave in q. 

{3) ~ is unique solution to equation F(q) = 0 q E [O, 1]. 

By the proposition 3, we have a property of relation between a solution of polynomial K(s, t，入） ＝ 0 
and fractional programing (P). 

Corollary 1. F(~) = K'(a + 1, b,~) -~K'(a, b,入)= -K(a,b，入） ＝ 0 

It can be shown similarly that the solution of the equation (16) G(s, t,入） ＝0 is characterised as the 
optimal value of fractional programming. 

3 An approach by Dinkelbach algorithm 

In this section, we summarise an approach to find the solutions ~ij andふfori, j E S of K = 0 and 
G = 0 by applying Dinkelbach algorithm (cf. Stancu-Minasian 1997[17]). 
Let X C脱andf,g: X→脱． Wedefine optimization problems as follows. 

Primary problem (P) 
f(x) 

maxq(x) = ~,x EX, 
g(x)' 

where g(x) > 0,, x EX  and f (x)~ 0 at least one x E X. 

Parametric problem Q（入）
max f(x) —入g(x),x EX. 

f（豆）
Let豆isoptimal solution to the primal (P) and assume :X satisfy the condition :X = ~- Then, it 

g（百）
is known that the following theorem follows (e.g. [17]). 

Theorem 2. {i) F（入） ＞0 if and only if入＜入．（ii)F（入） ＝0 if and only if入＝入．（iii)F（入） ＜0 if 
and only if入＞>:.

Proof. (i) ("only if" part) If F（入） ＞0,ヨx'EXs.t.『 (x) —入g(x') > 0. Since we assume g(x) > 0 so 

that we have侶乳＞入． Then,入＜:Xfollows. ("if" part) If入＜x,ヨx"E X s.t. :X =孔畠＞入． Hence,
we have f (x") —入g(x") = F（入） ＞0. (ii), (iii) can be shown analogously.■ 

We have the following. 

Corollary 2. If F（入） ＝0, the optimal solution x'to Parametric problem Q（入） satisfiesf (x') —入g(x') = 

F（入） ＝0. Moreover, since偏＝3:,x'is also optimal solution to Primly problem (P). 

Now by applying Newton-Raphson method to the function F（入） wehave the following argorithm 
(cf. [17]). 

Dinkelbach Algorithm 

Step 1 Take入＝入， suchthat F凶）~ 0. 

Step 2 Solve problem Q（入）． If|F（入）I;£ 8, stop. Otherwise, go to Step 3. 

Step 3 Let入＝皇且， wherex* is皿 optimalsolution of problem Q（入） obtainedin Step 2. 
Repeat Step 2. 
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4 Numerical example 

Let [L, kL] (k ~ 1) be prior interval measure and set s＝叫＋ 1and t = 8-iー勾＋n-1 where 8-is 
observed data set for fixed initial state i E S and transition state j E S from i. For each qij<?-),a EA 
of true transition matrix Q(a) = (%(a)),a EA, %(a) is estimated as the interval［ふj(a),心(a)]by 
applying Bayesian interval method with observation data set 8-= 8-(i, a) = (u1, a2,..., an) for each 
i ES and a EA. 
For simplicity, we fixed initial state i and a E A in order to show our estimating algorithm works to 
each true transition law qi (a) = (% (a)) E町．
In this section we show the皿 mericalexample related to estimated upper values丸． Forparametric 
problem Q（入）， let

F（入） ＝ （kB(s + 1, t) -(k -l)B(s + 1, t, x) —入 (kB(s,t) -(k -l)B(s, t, x)). 

If we set parameters as k = 2, s =叫＋ 1= 11, t + 1 =あ一勾＋n= 5 + 1, F（入） havethe form as 
follows: 

F（入） ＝ （2B(12, 5) -B(12, 5心））—入(2B(10,5) -B(lO, 5, x)). 

Applying our algorithm (Algorithm A) as mentioned in preceding section, we have a solution 
ふ＝ 0.71826.On the other hand, by applying Dinkelbach algorithm above, we have the sequences 
｛入。，ふ，極．．．｝inthe following. 
入。＝ 0.7→ふ＝ 0.7007,→入2= 0.71790,→入3= 0.720102. It is noted that入3>ふisshown 
by F囚）く 0.
Here is another example, if we set initial value入。＝ 0.6,then入。＝ 0.6----+ふ＝ 0.60454,----+ 
入2= 0.70769,→入3= 0.70777,→心＝ 0.718131,→入5= 0. 718978. We know that入5> >:ij from 
F（ふ）＜ 0.

0.000024 

0.000022 

0.000020 

0.000018 

0.000016 

0.000014 

〇.2 0.4 0.6 0.8 1.0 

Figure 1: Trajectory of F（入） ＝f(x) —入g(x) with fixed入＝ 0.5and x E [O, l]. Solution x'of parametric 
problem Q（入） ＝Q(0.5) gives m邸imalpoint of F（入）．

0.000013 

0.000012 

0,000011 

0.000010 

9. x10―6 

8. X 10-6 

7. x10―6 

0.2 0.4 0.6 0.8 1.0 

Figure 2: Trajectory of F（入） ＝J(x) —入g(x) with fixed入＝ 0.6and x E [0, 1]. 
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1.5x1□-6 

1. x1□-6 

5. X 1□-7 

-5・ x 1o-7 

-1.,10-6 

-1.Sx10-6 

Figure 3: Trajectory of F（入） ＝f(x) —入g(x) with fixed入＝ 0.7and x E [0, l]. 

-1. X 1Q--6 

-2. X 1Q--6 

-3. X 10-6 

-4. X 1Q--6 

Figure 4: Trajectory of F（入） ＝f(x) —入g(x) with fixed入＝ 0.71826and x E [O, l]. Solution x'= 0.71826 
gives maximal point of F（入） andsatisfying F（入） ＝0. 

Figure 1 to 3 show trajectories of Function F（入）foreach入＝ 0.5,0.6, 0.7. Figure 4 shows trajectories 
of F（入） withthe optimal value of fractional programming (P) and the optimal value入＝X= o.71826 is 
characterised as the solution of the equation G（入） ＝0 which is estimated upper bound of true transition 
matrix %(a). 
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