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§1. Introduction

Recently, much attention has been focussed to the self—dual_
Yang-Mills field equations. It has been shown that the equations
share the characteristics such as the inverse scattering fbrmula-
tion{)Bécklund transformations and conser?ation law;Qwith many
two-dimensional completely ingegrable systems. Of various
atteﬁpts, Yang's formulation of’SU(Z) gauge fields has been recog-
nized to be particularly useful, since by introduction of suitable
gauge, the so-called R—gauge,'the condition of self duglity;can
be reduced to a system of Lapalce-type nonlinear differential
equations of two variables, one of’which is reél and thekotﬁet is

3)

complex. Here a study is made of the Yang equations in connec- -
tion with nonlinear 9  models along the line somewhat different from
that of Pohlmeyer with particular attention paid to psudo-particle

solutions such as instantons, solitons and vortices.

§2. The Yang equations
Let us define SU(2) gauge potentials A74(/4=1,2,3,4; a=1,2,3)
in four-dimensional Euclidean space (xl,x2,x3,x4). Yang considered

an analytic continuation of A; into complex space where X1 Xy 1 Xg
. I

X, are complex. The condition of self-duality is valid also in
complex space, in a region containing real space where the x's are

real. Then, by introducing complex coordinates
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:)1=7~-I/2 (it eA2), 522‘,/2(""“)(1)7 2=2”/z(’(3-6«‘(v); 522-'/2(7(#(3”)%

and (2.1)

b= 2P A, Ay= 2R eih), A= 2 Ak Ay, A;:z"/‘(A,z-xAy)

with -2
=(3/2¢) T° A,Aq (giconst.; g-: Pauli matrix) (2.3)

and by chhosing the R-gauge, any solution of the self-duality

equation can be brought to the folowing form

 [-d /2t o {a/2t - @/
Au’= /4E =
’
T/t /24 0 -4a /24 (2.4)
with
f £ real, ©= Gf, u =y,z, fu = 2 f/ou, etc. (2.5)
— \ 3)
Here the quantities f, 0 , and ¢ are governed by the Yang equations
)(”17 tfz) - J*/f~, -1 15 +0—G-7 + 003 = (2.6a)
-2@)7"{'”'2@)5:0, (4- 6"? )71‘ G'lo'}‘)g =0, (2.6b)
In the above equations the simbols = and = denote that the equa=

tions are valid for real and all c¢omplex values of the x's, res-

pectively. By putting
t= expl-3), (2.7)

Egs. (2.6) are rewritten as
3”— *?zi ='2"[’(23)(T E}) (2.8a)

(Q(P(-'L?)0';)1—-}((%})[29)(?)?.:0, (e«P(zg)E-i)7+(exP(la)5_‘5)?_—_0’ (2.8b)
Equations (2.8) imply that the Yang equations can be reduced to

Liouville-type equations.

g



o
-3

We introduce a transformation (f, o, v )—(f', o', 3"'):

ol ST/, GG/ GG/ B s/

2.9
to reduce Egs. (2.6) to ( )
rry! ] ty’ !/ r =1 -~/
3Lva‘*425}’*“‘7"7‘?7[5‘@@7“@6}=0, (2.10a)
2 ! 21 y-2 =/ r-2 = ‘
(}'zo"y)yf()"zfz)j =0, ({ 26‘7-)7+(f 20’;/)():0, (2. 10b)

Equations (2.10) are interpreted as the self—duality'equations for
an SU(1,1) éauge theory. The above transformation, though similar
to the weli—known Atiyah-Ward anzatz,su are different in an impor-
tant respect from theiTl§ in that Egs. (2.9) preserve the requirement
that f is real and that ¢ and T are complex conjugate with each

other for real values of the x's. By putting f'=exp(g'), Egs.(2.10) .
can be reduced to equatioﬁs similar to Egs. (2.8). Equations (2.6)

and ((2.10) are invariant for the following transformations

} -.f. > _0: — B :
— =) C = = O =—"T—=" (2.11)
{407 1*+ a7 $ T
and
/ —_— /
! + / . g —_ g
}——9 ) q 7 J = (2.]_2)

— T ’

NETE o'F - vF -
respectively. To study the solutions to Egs. (2.6) it may some-
times be convenient to treat Egs.(2.10). This is illustrated by

noting that Eq. (2.10) possess a particular solutions
14
/
o = i:f (2.13)
with f' satisfying the equation
/ / / roq, Y '
](H”-Jff?i)“2(}7}7‘*‘](2)[2_):0- (2.14)
Inserting this into Egs. (2.9) give the well-known Corrigan-Fairlie-

: 2)
t'Hooft-Wilczek ansatz, for which Egs. (2.6) reduce to the one and

the same Laplace-type equation
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fy‘] +1,7 =0, (2.15)

A particular solution to this equation gives the t'Hooft multi-
instanton solutions:
2
A-
.}=+°+ZJ( — d G5 (2.16)
= Q-3 )03 -3, ) +@2-2-)2 -2
R IR DRGSR

where fo, yj, yj,zj,zj are constant, the latter four being identi-
fined as the position of the jth instanton.

Let us denote the transformations (2.11) and (2.12) by the super-
scripts + and -, respectively, namely (f,c*,E-)——a(f+,(r+,Eﬁ.) and
(f', 06, éJ)-*?(f'-,G‘“-,E”_). Then, we can introduce the following
two types of the Backlund transformations for each of Egs. (2.6)

and (2.10)

GonF) = e 7)) =S F )2 ) = e

N ) (2.17a)
(oo a) = (# ot @) = (47 o0 &) = o7 7" )
___7(}1.._’ O_H_l 6_+1-)/E()(1, a_i G—_[) — e, (2.17b)

A
(4, o )0 =t &) —0" T ) = T F7)

(2.18a)
4, o' &) =" ds &) =" ) =l T )

Rk T Sy A B L TR 't ='L)_ ... ]
-l T )=H/°’/<7‘) ’ (2.18b) |
Here the cost of the preservation of the reality of £ and of ¢ :and

T being complex conjugate with each other for real values of the

xj's by the transformation (2.9) is paid by the fact that at least

three successive transformations are required to return to (f,0 ,q )

-1 — . .
=(£50,T) or (£',¢',q') = (£'F, ¢'%, ='2) for the first time.



§3, Nonlinear ¢ model

In this section we limit our discussion to the real space where

all the x's are real. By introduction of the coordinate transfor-

mation

/
D(I’—_—'-allxl-*.q“ 11’ 7(1= Qz, X;‘f‘Ou 5(1, Q,, au"O/z 0:/":0,

X =05+ Qg Ay, 2= O 2 + Gy Ay, Q53 Qgg — Daylys =0,

Egs. (2.6) can then be rewritten as
fat-(vi) +ve yT=o,

V‘(]l—z VO—) = () and c.c.

By using the same procedure, Egs.(2.10) reduce to
’/ /42 — 7/
'ad - (vt') =vd- y&'=0,

vt yvr’)=o0.

It is shown in the following that Egs. (3.2) and (3.3) can be

(3.1)

(3.2a)

(3.2b)

(3.3a)
(3.3b)

reduced

to equations for the 0(3,1) and O(1,3) nonlinear 0 models. We

consider these two cases separately.
(i) 0(3,1) nonlinear 0 model

It is a straightforward matter to show that by taking
t=1/(5°+8%), o =G"+i82)/(°+5*)

with o | |

b= +08) +(5) = (3°) = =/,

we can rewrite Egs. (3.2) as

AP —VEVE> B =0,  p=0l23,
where ‘ 4 ‘
V5, 730= (7)) +Hrd) +(v5*) = (v§°):
We can also introduce three angles of rotation 8, ¢, X:

Bi=cosho, B3'tif=4ch0 AP plio)  §3= 40k 0 cosep
5

(3.4)

(3.5)

(3.6)

(3.5)

(3-1)
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to rewrite Egs. (3.6) as

V-0 4@ v )=o, (3.8a)
V-(Uah’Q V@) - Ah’ Ol w0 plyy)’ =0, (3.8b)
A0 = 40 coh 0@ @) - aoh wob0 42 P(pa)’= 0.  (3.80)

As an integrable two-dimensional system associated with the 0(3.1)

nonlinear G- model, we can consider the following equations

Ux (-l{ ,

Upe — —2e 1) = |

1t L uluuy +.) 0, (3.9)
or :

(@, 160 ), + (P tab’0), =0, (3.10a)

Ot — Ah 0 wh 0 — Ah0 ¢ ¢ =0 (3.10b)

awh ’ |

with {=sinhBexp(il). Equations (3.9) and (3.10) are, respec-

‘tively, a hyperbolic-version of the Getmanov equation and the
Pohlmeyer-Lund-Regge equations.
Several specific cases are considered below associated with the
0(3.1) nonlinear G model.
(i.1) 0(2,1) nonlinear ¥ model
It is well known that if (X is taken to be constant, Egs. (3.8)
are reduced to the form identical to the Ernst equatioﬁ”for the
axisymmetric gravitational field problem
jat-(vi)+(ve) =0, V(42 va)=o, (3.11a)
(337=1) A3 =23%(v3)", $++T=03-1)/(3+1),  (3.11p)
This can also be regarded as equations for 0(2.1) nonlinear ( model

field equations

A¢”+<?ﬁ vyl =0, p=123 o (3.12)
with
B, 87 =(9 ) +(9 ) -(87) =1, (v vp> =(V¢’)x+(V¢’)l—(V¢’)‘,‘
or ' (3.13)
v{anh @ VP)=0, AQ-Ahfoh0(v @) =0,  (3.14)
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The relationship which exists among the ¢'s, % ’ @, %’ is

$'=(3+37)/B3 1) =thd e 5. 150)
'#2‘('/5)(3‘3*)/(33*—1 )= Ah A, (3.15b)
$*=(33"+1)/(33'-] ) = wh@. 5150

Another case exists in which Egs. (3.8) reduce to Egs.(3.14). This
is the case q7='ﬁ/2, which implies that f2+ 0C =1. This amounts

to parametrizing f, O, T as
b= sech@ —=Tanh 0 explioc), T=Taho eplix),  (3.16)
for which Egs. (3.2) take the form

- — 2 -
([-oT)Aac+ T(VT) +0v0-vT =o, (3.17)
Equation (3.17) is somewhat similar to the Ernst equation (3.11b).°

(i.2) 0(3) nonlinear 0 model '

For the specific case

q° = const >1 or @:=const, (3.18)

for which Egs. (3.5) and (3.7) become

{$,3 > = (B')l-b(ﬁx)l'l'(ﬁa)‘:/, v o (3!]_9)
N S k) ' :
vjopy=(v§') + (7f°) f(V;), | (3.20)
Egs. (3.6) are equations for the 0(3) nonlinéarfW"model.k4Equatiohs
(3.8) then. reduce to
V- (4P v ) =0, | (3.21a)
AP — L@y (v ) =0, (3.21b)
In terms of

M= w’f(@/z)up((o() (3.22)

or



§'=/¢«;.<{7a/>0(=(/4+/«’)/(/n/"+1)’ (3.23a)
V= @A A=/ ) ()4 ), (3.23b)
Po= e =(ppr - DAFF + 1), (3.230)
Egs. {(3.21) are rewritten as
(Ppee1)Aap =247 (yp), (3.24)

This is similar in form to the Ernst equation.
(ii) 0(1.3) nonlinear § model
For Egs.(3.3) a parametrization identical in form to Egs. (3.4)

can be made with
(3,2>£(&")l-(Z')l—(51)L‘(33)2=-/, (3.25)
v§.v>= (v§5°) = (7§') = (v5)*~(V}) (3.26)

Equations (3.6) then hold as they stand. 1In terms of @, Cf, e

the g's here are also parametrized as

o=4h 0, ) =whft Pood, ) =whid @ na, 33=@949¢p¢'

(3.27)

E%uations (3.6) then rewritten as
V- (woh’g 4nr @ vV )=o0, (3.28a)
Ve (oh™@7@) = aoh® 4@ coscp(Va/}l=o) - (3.28b)

A0 + coshQahgvy) + cosh 0 4~bO L@ (v ) =0, (3.280)

As in the case (i), we consider in the following several specific
cases.
(ii,) 0(1,2) nonlinear T model

For (X =const and ff7=T[/2, Egs. (3.28) reduce to
V.(cos[vl@ 4% ) =0, (3.29a)

AO+uo/.04;k0(A(P)l=O, (3.29b)
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and the same equations with ¥ replaced by (¥ , respectively.
Equations (3.29) can be regarded as equations for 0(1,2) nonlinear

0 model satisfying Egs.(3.12) with the inner product <¢ ’ 95) and

v v ¢ >, however, defined by
&, 9= 18- ()= ($2) =-/, | (3.30)
Ghvp>= (') —(wp) -(r7%)" (3.31)

Here the 75 's are parametrized as follows

b= dnhd, 4= csh@ary, $=cocht cosep, (3.32)

The :case &= T[/2 amounts to parametrizing f' and (' as
/ Y . » '
-JU: cosech a, o = C.o'Ha@J?*P(tO(), : (3.33).
In this specific case Egs. ((3.3) reduce to
/-t V4 . 7.2 / / jond /_.
(G’V‘I)AO‘—T(VU') -0 vT.VT =o, (3.34)

Equations (3.29) have the same form as the equations obtained by
Matzner and Misner in the formulation of the aﬂisymmetric gravita-
tional field problenug)

(ii,2) 0(3) nonlinear ¢ model

As in the case (i) Eq.(3.28) for the s?ecific case (3.18) reduce
to Eg. (3.21) corresponding to the equations for the 0(3) nonlinear
model.

We have thus shown that the Yang equations (2.6) are very
generic, which include nonlinear field equations for the axisymme-
tric gravitational field problem, spin problems in solid state
physics, differential geometry, etc. as specific cases. Thus, it
is convenient to use a cdrrespondence between these problems and
the Yang-Mills theory. Some of such correspondences has been:
exploited to solve, say, the Yang equatiqns for the purpose of

obtaining pseudo-particle solutions.
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§4. Dimensional reduction and pseudo-particle resonances
Let us assume in this section that the gquantities £, 0, ¢

appearing in Egs. (3.6) depend on the coordinates y, ¥, z, E_only

through a pair of variables (X and (@, namely

3L=j((°(’f”' c=olep), T=0c(p) (4.1)

with
®=x(3,,72), P=pag 22). (4.2)
Equations (3.2@)then reduce to
)L()(o{ go”'j(PZF‘f'j(w(?o/)lwt fﬁF(aP)z+l“f(§°('6F+ 5/5\;0()] ,
- Tw-Gu - IpTpH GO, Vo P + T Tp g p-7p

~Jaf p Pt p + Vv )+ Gugy WGP+ T TS =0, (4

where

Aoz tlyy + 07, (o) "= 0G5 + ol oy (4.4)
Tadps Wty TR ftfbe s
Equations (4.3a) reduce to a two-dimensional form of Eq. (3.2a): |
JUstdy) - -1 o r @ =o (4.62)
with

52 hox ad Y-Ap. | wn

provided the quantities & and F satisfy the equations.
~ v ~ 2
AX =, (Vor )* = o . (4.8a)
~ - ~ ],_ 2
ap =f  gp) =P (4.8b)

under the restriction

Vo 7p=7p-vor=o0. | @)

By the use of the same procedure, Eq.(3.2b) reduces to

10
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(7504470 ) =0, (475), + (G705 ), =0, taom

' particular solutions to Egs.(4.8) and (4.9) are given by

o= ep b+ B34 bzt ) p=2 ep(0luebl i+ frev ] 7)

ith (4.10)
P(_P—\'.*- 5\‘5\' =l/ P' t:f IC d=l7 » (4.11a)
PR+ f = |, ":Eli- 5 @?/' (4.11b)

—_ — _ - / '
P45 5 = P+ i1 =0, (4.11c)
PRt E =0, PRt b

Thus, we have reduced the Yang equation (2.6) defined in 4d Euc-
lidean space to the corresponding effective 2d equation given by
Egs.(4.6). Here the first of Egs.(4.1la) and (4.1l1lb) represent
dispersion relations of pseudo—particlesi'while the"secondqu the
same equations can be considered as representing resonance inter-
actions, in ahalogy with the problem of resonénce.ihaconventionali
soliton problems.lo) »
If the field variables f, ¢, g are taken to depend Only‘on'the
single variable ¥ or 3, Egs.(2.6) can be integrated. Egs.(4.6)
then reduce to ) | : |
Jl}n_)l;'*'cgfv:o' G=cf, E}""Zj’l (4.12)
where ¢ and c are constants. A particular solution to Eqé.(4.12)

is obtained as follows

= /lacL\(A%LBJ, T:Cﬁnl\(ﬂhp}, -?=E7La»t‘(/I3+lﬁ) (4.13)

where A, B and C(C) are constants, the first and the third being
dependent on the constants ¢ and c. This is a kind of instanton
solution, the examination of which is, however, worth separate

discussion.

11
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$5. Examples of pseudo-particle solutions

By the use of the Backlund transformation (2.17) or (2.18) and
the method described in § 4, we can obtain various types of parti-
cular solutions to the SU(2)-gauge field equations. For the sake
of simplicity, however, we give here only few of such solutions
obtainable from Egs. (4.6a) and (4.6b).

(1) vortex-like solutions

By the use of the parametrization (3.4) and (3.7), Egs.(4.6a)
and (4.6b) corresponding to the 0(2.1) and 0(3) nonlinear g  model

given by Egs. (3.14) and (3.21) take the form

(ML’O LF3)3 'f‘(/l\;r@ (‘0‘1 ),' =0 (514

O, t Oy~ 4hfeohd (¥,'+ £7) <o (5-1b,
(470 3)5 + (420 ), =0 (520
O3+ 04y — 420 000 (¢ + f,' ) =0 (5.2

There exist multi-vortex solutions to these two equations which are

characterized by the Laplace equation
Al =o (5.3)

with the solution given by

- -

=7 b tas (22T , (54
with
under the assumption that the quantity 6 depend on g and 7 only

through a quantity %'identified as a stream function in hydrody-

namics, namely
0=0() with J(PAB = 33‘/»7, ‘)WAY:‘ - a¢/33 (5-$)

\/z:J; b &[(3-;\-)%(1-1;)‘]'/’ (5.4
]2



- rhe solutions for @ is then given by

0= 27" (wpc}f) ana 0= a‘f‘am[,(g,(p 4,) (5.7)

for Egs.(5.1) and (5.2), respectively. The solutions so obtained
are entirely identical in form to the multi-instanton solutions
for the 0(3) nonlinear § model obtained by Belavin and Polyakov;ll)
several arguments have been put forward to the similarity of the
4d-gauge theory and the 24 0(3) nonlineér 0" model. The above
>result may show a direct connection between thesevtﬁo cases.

By means of dimensional reduction, we can even consider_a.
partially integrable SU(2) gauge field by studying an integrable

2d 0(3.1) nonlinear G model. Here, instead of Egs. (3.10), we are

concerned with the equations

((103 1a.h ), +((ﬁ, tal g )3 =o, | | (5.8a)

937“%'!\9%!\0*%\;’% (Pg(gf=0. ' ’ : (5.8b)

A solution to Egs. (5.8) is being studied.
(ii) string-like solutions

The method described in §4 can be generalized to the case of
three variables. Namely, we assume the field Vériables £, ¢, @
depend on YiYr2Z,2 only through the quantities ¢, ﬁenui a< Then,
under the condition similar to Egs. (4.10) and (4.11l), we can con-

¢

sider, instead of Egs.(5.1), the following equatibns

(b0 @)+ (b0 P,), Hlah'0F ) =0 (5.9a)

633 +Ol77 + 6;3_ /drwb\o CK?LO((‘F-;‘F ('071+ (sz) =0 (5.9b)
with ' .

S = 4. J. , (5.10)
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By string-like solutions we mean here the solution of the form

0= 6(37)/ Y=1,3% v : const. (5.11)

Equation (5.9a) is then automatically satisfied, while Eq. (5.9b)

reduces to the 2d static sinh-Gordon equatiomn:

(20)53 +(20),, = U, 4-h26 (5.12)

For Eq.(5.12) at least two kinds of solution exist, one is the

2)

. . 1 .
multi-soliton solution due to Hirota and another is the one
somewhat similar to vortex solutions in 2d hydrodynamics. The
former and the latter are given, respectively, by

X|' Xz, ¥|'+x2,f X;
y + 0%t 4Gl € +
6 "—"'-Q +O¢V~L e pre B

’ Ié /
l+ QII exl'l’xl + qz3€Xz’+XD+-__

ho,
O=21[an" l K : AML' (-k% 1 (5.14)
J-k* aeh K3

(5.13)

where

/

Xi=K3+LY Wit V=3, Y=g (5.15)

Gy =tk + (L= L) Itk s Gos '] (5.15")

Besides these particular cases, we can consider many nonlinear
partial differential equations of physico-mathematical interest,
a detailed discussion on which is éntirely omitted. Among these,
most interesting in particle physics is of course finite-action
solutions. 8uch a solution is out of the scope of the present

investigation.
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