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1. Introduction

In this paper we present numerical values of the integral:

A 1

Gs) = SO ax gvay L‘Tda (1)

™ > sf;_e—casx—cos/—cas.e'

where s takes on® real values and € 1s an infinitesimal positive number.
Watsonl) expressed the value for s=3 in terms of the complete elliptic
integral of the first kind.

The function G(s) has an imaginary part when -3<s< 3. It is related
with the level density of vibrational mode of harmonic simple cubic lattice.
The function as a function of s was given in a numeber of works presented
in the past.z) But no table of the values 1is available.

The function G(s) for s> 3 1s real and appears when one considers the
localized mode of oscillation when one defect is imbedded in a simple cubic

3)

harmonic lattice. A short table was given by Mar idudin et al. and

a detailed table was presented by Mannari and Kawabata.A) Moreover a
5)

Chebyshev interpolation formula was prepared by Mannari and Kageyama.

In evaluating G(s) for s> 3, Mannari and Kawabata starte with its

expression G(s)=GR(s) where

T/ =
o8
ar ) = {4 & K, 2

T

where

Kih) = 3

g~“71 46
N

£ = 2/(s-cosx) . @



This expression was obtained by introducing the variable § by

o —% (1 +cosy) 1 - R sinG
= (5)
2 + % L\~¢os/) 1+ R ,

after the integration over z. Ih the present paper, we consider the
real as well as the imaginary part of G(s) for s<3. For each part,
we intfoduce a variabﬁé & by a relatiom similat’to (5) and express the
integral as an integral of the elliptic function, similar to (2). Then
a numerical computation of the integral is attempted.

In 92, the formulas by which numerical calculation is performed are

derived. The numerical calculation is discussed in 23.
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2. Results of integration over z
The integration over z for fixed values of x and y is performed as
usual. The result is real or pure imaginary according as the absolute value

of
D= s - cosx - cos y (6)
is more or less than unity. More explicitly one has

Gsd = Grls) * 1 Guls) )

| 1

- r
Grp (8) == 5., Ax ch/

( S=coecx-~cosy »1 >

N (s~ CoSX-—CoS/ )"‘___1

aw

- 'TlF’— g—"dfx I\ dy — 1 = (&)
¢ ® \[(s~cosx—CoS//) -1 .
and (S“(‘,AsX—-—cos// <=1)

T ™ A
G (9) =~-T\—r3§ dxg o‘/ s
> o \——(s~c¢s>z-—co5/92“

(9)

(-1« S-tosx =~ o5y <4 )

It is straightforward to see that GR(s) is an odd function and GI(s)

is an even function of s:
Gp(-8) = -Gy (s) (10)

G (-s) = G, (s) (11)
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Hence in the following we consider GR(s) and GI(s) only for positive s.
The expressions (8) and (9) are investigated separately for three

cases of positive s:

I: 3«<s )

II: 1<s<3,

III: 0«<s<l,

Case 1.

For case I, there exist no region of integral for the integral (9) and the

DT
second integral of (8). The inequalit§j§—cosx—cosy‘>1 is satisfied for

all values of x and y between 0 and W. ° Hence

v

r w 1
Gp(s) = - | ax| 4 Q2
R rz (\b ?b/\lcs—‘(.psx~c0$/’_)\' ’*l s

érx_ts) = O (lB)

By introducing k and €@ by (4) and (5), .one can write (12) as (2)-(4).

Case II.

In Fig. 1, the region of integral is shown by taking cosx and cosy
as abscissa and ordiﬁate. The integral is taken in the square restriced
by the lines cos x=+ 1 and coé y=t 1. The region is divided by the line
D = s-cosx-cosy = 1, which cuts the abscidda at cosx=s-1. For the
presént case s-1 is between 0 and 2. In the right-top region, -1{D<K1
and GI(s) has a contribution from this région. Iﬁ the left-bottom region,

D >l and the first terms of (8) is contributed from this region.
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The second term of (8) is zero.

Fig. 1

In the evaluation of GI(S), the variable k, and © are introduced by

S — Cos X
4 o= T (14)

-2 8, +_£;lﬂj;iés),) _ C (—”@1:) Cc>glf}

- . (15)
28, + (1~ cosy) 4
Tﬁéﬁ‘éne finds
| cos” (s~2) ST
_where
®- ‘-‘-’;\(‘\—‘(S—cnsx) . (17

‘In evaluating GR(s), one separates the region of integral by whether
cosx 1s less or more thén s, For the latter region, the variablefk1

and O are introduced by (14) and

2R - (ibeesyd Ry @576 - as)
2%y +(l~¢os/v) S e VI

For the latter region,k and & introduced for the case I are used.

‘Then one gets



ax f K (%) (19)

where k is given by (4).

Case III.

The regiqn of integral is shown in Fig. 2, where the lines D=1 and
D=-1 are drawn . The region in between these two lines contributes to
GI(s). This region is devided by whether cosx is more or less than s.

For the former region, variable,k'l and @ are introduced by

, Cos X— g
o= = oy o
— 24, + (1~ cosy) =8 ) cos?® «(21)

2ﬁl/+(l-+cos/> &

The calculation for the former region is similar to the-omne for region II.

GI(s) obtained is summed up, giving the result:

{ wu
Gy (&) = —-—g‘ dx K(ﬁij (22)

T Jo

where k, is given by (17).

Fig. 2

The right-top region is the region of integral for the second term

of (8). TFor.its evaluation, & i1s introduced by



—2%\/+(\~Cos/) B! cos*E 23)

—" %I’ -(\+ceg/> ‘ !+ﬁ1’ ’

where k'l is given by (14). The left-bottom region is the region of

integral for the first term of (8). Its evaluation is done in a similar

way to the contribution of GR(s) from s-2< cosx in the case II. The

result we obtain is

-

)
Grls) = |3 gus"s dx K (&)
Cos"s / 2
-y, K@D @

where kl and k'l are given by (14) and (20), respectively.
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3. Numerical calculation

The calculation of the functions GR(s) and GI(s) is performed with
the aid of (16) and (19) for 1< s<3 and (22) and (24) for 0<s<1l. The
integration 1s performed by the Sympson formula. The complete elliptic
function appearing in the integrand is evaluated by the method of arithmetic-
geometric means.

For the b, ¢c. ¢. and f. ¢. c. lattices, the corresponding formulas
of caléulating the real and imaginary parts of the extended Watson
integral. The numerical calculation is in progréés with the aid of the

computer of the computer center of Tohoku University.
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Captions
Fig. 1. The regions of integrations (8) and (9) for GR(S) and GI(s),

respectively, when 1< s<3. The regions hatched by horizontal and vertical

lines are for the integral (9) and the first term of (8), respectively.

When k=1 , k1=1 also and both integrands of (19) for GR(s)‘are singular.
The integrand of (16) for GI(s) is singular at k2=l. The latter
singularity is important only when szx1.

Fig. 2. The regions'of integrations (8) and (9) for GR(s) and GI(s),
respectively, when 0 <s< 1. The region hatched by horizontal lines is
for (9). There are two regions hatched vertically. The right-top
one is for the second term of (8) and the left-bottom region is for the
first term. When ké=l, the integrgnd of (22) for GI(s) is singular.
Both integrands of (24) for GR(s) aré singular at kl-l where k'l-l also.

*The latter singularity is important only when sz1.
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