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THE LIFTINGS OF PRODUCT FORM ON MEASURE SPACES

by Kiyoshi Murakami

ABSTRACT
In this paper we shall study about the foilowing concept,
Let (X,ng, ux) and (Y,]gy. uy) be tow measure spaces with lift-
ings,Dx and‘:& respectively. We denote by (2.332, uz) the prod-
uct measure space of X and Y; Now we call a lifting A, on Z of

product form’/;:xf§ if it satisfies the following conditions

A (AxB) = B (A)X B (B) for every Ac§, and Beg.

We shall show some properties the liftings of product form and

some results connected with the strong lifting property.
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§0. Introduction

The thepry of lifting on measure spaces has been deveroped
for the last fifteen years. In this paper we consider the lift-
ings on product measure spaces. In §] we write notations and pre-
liminary results which are used in the following sections. 1In §2
we éive the definitions and the characterizations of the lifting.
of product form. In §3 we show some necessarily and sufficient
conditions of the existence of the lifting of product form.

The author wishes to express his hearty thanks to Professor
H.Umegaki for many kind suggestions and advices in the coures of

preparing the present paper.

§‘I. Preliminaries
Recently A, and C, Ionescu Tulcea have shown many results
- about the lifting on measure spaces. We shall write several fun=-
damental notations and theorems in their book [I.T] (Topics in
the theory of lifting), which play many important role in this
paper.

Let (X,8, u) be measure space and we use the following no-
tations. B, = [AeBs p(A) <ool, g¥= {Acs n(A)> 0}, B%= 8B, n B* and
Ng = {AeBs u(A) = 0J. We denote by M;(X) the algebra of all bo-
unde real-valued B-measurable functions on X, When for f, geMg(X)
denote by £ = g iff {xeX: £f(x) %g(x)y €Ng . Also for A,Beg
denote by A = B iff AAB e/\fé .

Let P be a mapping of M;(X) into itself and consider the

following conditions,

(1) A(f) =1,

(I1) f=g implies pP(f)=Ag),
(1II) P(1) =1,

(IV) £z 0 implies P(£)Z 0,
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(V) P(f +pg) = &A(L) + BAg),

(VI) P(fg) = P(£)P(g).
We call @ is a (linear) lifting of ME(X) if it satisfies the co~‘
nditions ((I) - (V)) (I) - (VI).

Let 6 be a mapping of B into itself and conéider the follo-

wing conditions,

(1) 6(A) =4,

(11") A= 3B implies B(A) = 6(B},
(111°) 6(X) =X and 8(¢) = ¢,
(Iv) ' B(ANB) = B(A)N 6(B),

(V) B(AUB) = B(A)U B(B).

We call § iS a lower density of B if it satisfies the conditions
{I') - (IV) and a lifting of B if it satisfies the conditions (I’)
- (V’). There exists a one-to-one correspondence between the li-
ftings of Mg(x) and the liftings of B which are-connected with
the epuations.

(L) P(lA) = lG(A) for every AeB,
where 1A denotes the characteristic function of the set A ([I.T],
Ch.3). So we use the same symbol P for a lifting of Mf{(x) and a
lifting of B which are connected with the equations (L) and say
it a lifting on X. When X is a topological space with a topolo-
gy 7, we denote by C;'(X,?f) the algebra of all bounded real-valu- |
ed 7-continuous functions on X. A (linear)lifting # of M‘;(X)
is called strong on (X,7) if c;.(x.ff)cmg(x) and it satisfies the
following conditions, |
' (VII) P(f)=f for every fe C‘;(Xﬁ) .
We shall introduce some results given in [I.T],[2],[4] and [¢]
which are used throughout this paper. From now on we shall ass-
ume that every measure space (X,B,u) is complete, semi-finite

localizable measure space and B is-identical with the oc-algebra
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of all M-measurable subsets of X. We say that ‘(X,B ,i) has the
direct sum property if there“ exists a disjoiﬁt family {X\}Lq in
BE such chat X= Ule IX‘ and for every Ae¥®, there exists el such
that AnX,eBX, It was proved that (X,8,u) has the direct sum
propérty »iff bth'e'ré eiisfs a lifting on X ([I.7] and [6]). A
derivation basis on X is a family %= {F(x)}, .y, Where for xeX
9(x) is a filter basis on B¥. For Ae® and xéx define

(D) D(A,7)(x) = Lim w(ANB)/u(B)
if the limit of the right side exists. A derevation basis ¥ is

said to be-weak if for every AeB the set N% belongs to Ny, where

A
Ny,

D(A,%)(x) £ lA(x). Let ¥ be a weak derivation basis on X, For

is the set of all xeX such that D(A,%)(x) isn't defined or

Aeg, put B4(A) -_-'{xie}(s D(A,¥F)(x) = 13, then Bg is a lower density
of 8B (’[1[.] and [Sj). Let LE(X) =M§(X)/§. B(X) = B/= and denote by
faf (respectiveiy A » A) the canonical mapping of MX(X) onto
L‘E(X) (respectively B onto B(X)). Since X is localizable, B(X)
is a complete Boolean algebra and by A» > iA it is isomorphic to
the Boolean algebra of all idemportents in L;(X) . Denote by X
the Stone representation space of B(X) i.e. X is the set of all
maximal ideals of B(X) with a totally and extremally disconnect-
ed combact hausdorff topology and B(X) is isomorphic to the Boo-
lean algebra of all clopen subsets of X. Since Cp(X) and LE(X)
are generated by the Boolean algebra of all their idemportents,
CR(E) is isomorphic to L';(X) and hence X is also the Gelfand re-
presentation space of L‘;(X). It was proved that a lifting on X
induces a mapping from X into X ([I.T] and [2]). Let @ be a 1li-
fting on X. For xeX, put J(x) ={AeB(X) 1 xe P(A)c}. It is easy
to show that J,(x)e X. We note that for xeX and feL’E(X) put
:zx_(f) = P(f)(x) then X, is a character of L‘;(X) and the corres-
ponding maximal ideal {f‘eL"ﬁ(X) s?&(;‘;) =0} is generated by{IA s
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AeJ(x)}. Now we define a mapping Sp(+) from X into X. Denote
by J the weak topology induced by J,(-). Since X has a base
{_‘E(‘A) 1 A€B}, where E(A) = {\,Qei : Aed} and J;(E(A%):P(A) 7% has
a gase ‘{p(A) s AeB}. It was shown that Zc 3, C;(X.‘.’);) ={pP(£) s
feMZ(X)} and CL/X,%) is isomorphic to L';(X) by £ +f ([I.7],Ch.5).
Next we consider a mapping from X into ¥ and construct “a,‘;i,fting

from it under suitable conditions.

LEMMA 1. Let J(-) be a mapping from X into X. For Ae®,
put F,(4) = {xeX : Ace\,(?(x)}. Then F is a mapping from B into
?{(X) , where P(X) is a family of all subsets of X, and 4 satis-
fies the conditions (II') - (V') of a lifting.

Proof. It is clear that A satifies (II’) - (IV'). By (IV)
we have A(A)U G(B)C G(AUB). If xef(AUB) then (AUBF = A%
nﬁcéj(x), Since J(x) is 'maxi'mal, A% f(x) or B% f(x) and we have
theh"xe/g(A) or x&fj(B). So 5 satisfies (V).
“ " q.e.d.
The above lemma implies the following. If 4 satisfies the
condition (I’) then £ is a 1ifting on X. We shall give a condi-

tion that 4 satisfies the condition(I’).

PROPOSITION 1., Let 8 be a lower density of 3. For xe¢X,
put J(x) = {AeB(X) + xe §(A®)} then J(x) is a proper ideal of
IB(X). Let NoeAg, If J(x)> Jyp(x) for every xeX - N, then P(A) -
Noc_‘ﬁ,(A) for every Ae®B. In this case A satisfies the condition
(1.

Proof. It is clear that Jp(x) is a proper ideal of [B(X).
Now we assume J(-) satisfies the conditions. If x H(A) - N,
then A®¢ fy(x)c /(x) and hence x€5(A). So H(A) - Noc A(A)
for every AcB. Since A4(A)= A(A%)%E 6(a%)°UN, and AT §(4) -

No=0(a%)°U N, we have Q(4)= 4.
S q.e.d,
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By Zorn's lemma every proper ideal of B(X) is contained in
a maximal ideal, the existence of a lower density of B implies
the existence of a mapping from X into X which satisfies the co-
nditions of above proposition, i.e. the existence of a lower de-

nsity of 8 implies the existence of a 1lifting.

REMARK. We note that {l’A: Ae (x)} generates a closed pro-
per ideal of Lg(X) and it coincides with J  in (1.7],Ch.5, Prop-
ositio"ralw :2. Moreover if J(-) and NoeNg is same in above propos=-
ition then for xeX - N, {l'A: Aed(x)} generates a maximal ideal
of L';(X) and the character 'Xx of L"R"(X) corresponding to it vani-
shes on J,. Consequently without the topology g, ([I.T7],Ch.5),

we can construct same lifting in [I,T],Ch.5, Proposition 2,

§2, The lifting of product form

Let (X,Bx, p,x) and (Y,g)?y. p.y) be measure spaces with 1ift-
ings Ay and py respectively. Let (Z,BZ, p,z) be a measure space
such that Z=Xx Y and B, is the ¢-algebra of all Wy X uy-measura-
ble subsets of Z, where p‘x"”‘y is the product measure of By and
p’y in the sence of [1],Ch.6 and B, is the contracted measure of
'H;x\p.y which is the extension of p,x By on G, i.e.

p,z(A) = sup {u?py(B) s BeBZ, Bc A and {x?uy(B) <ol ,
In the following we shall write X,Y and Z instead of (X,}sx, ux).
and (Y, G, u.y) and (Z,‘BZ, p,z) respectively. We note if X and Y
are o-finite then Z is the usual completion of the product meas-

ure space (XxY, ‘BxxBy. uxxuy) .

LEMMA 2., 2 is strictly localizable i.e. a semi-finite and

complete measure space with the direct sum property.

Proof., The semi~-finiteness and completeness follows from
the construction. Since there exist 1liftings on X and ¥, X and
Y have the direct sum Property. Let {XJ te T (respectively {Yx}}(tK)
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be a disjoint family in B ¥ (respectively zzyg) by which the dir-

ect sum property is satisfied. It is clear that {X,xY.} (1, K)eIxK
’

is a disjoint family in Bzi: and Zz(L,K}{EIXK Xy ¥Y¥x. For Aé@‘g
there exists AeB,»§ and Ne)g, such that ACAUN, A'AN=¢ and
W, (A) =p,xxuy(A’). If u,(AN(XxY)) =0 for every (\,®)e IxK
then p_x uy(A'n (X\xY,)) =0 for every (\,K)¢IxK. From the defini-
tion of wu,x Wy we have then p_x p.y(A') = 0. This contradicts to
Ny =
Bk iy (A7) =n, (A) >0,
q_oeodo
This lemma implies that there always exist 1liftings on Z,

So we consider the following definition.

DEFINITION, A lifting pz on Z is said to be of product
form Pxxﬂy if it satisfies the following conditions,

(P) ,DZ(AX_B) = PX(A)x Py(B) for every AeB, and Be)sy.

We shall show some characterizations of the lifting of product
form Pxx Py.

THEOREM . Let Py r py and Pz be liftings on X, Y and Z res-
"pectively. Then for these ’0x' py and Pz the following conditions
are equivalent to each others, |
i) Pz is of product form Pxx,oy,

ii) PZ(AXY)C A (A)xY and B, (XxB)c Xx,oy(B) for AeB,_ and BsBy,
iii) PX(A)x Ycﬁz(AxY) and xxPy(B)c PZ(XXB) for A€®B, and BeBy,.
iv) %"%’,C 9’2.: where %x% means the product topology on 2

of %, and Jr,

v) Ay is strong on (Z,Zg(x%ay),

vi) g, (fx1) = A (£)x1 and A (lxg) =1xZ(g) for feMp(X) and

geMp(Y).
Proof, i) =+ ii) and i) 3 iii) are obvious. 1ii) = i) Since

AxB= (AXY)A(XxB) we have £, (AxB)c A (A)x A (B). Since P,(cC) =
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A,(¢)¢ and (axB)® = (A%Y)n(XxB®) we have pZ(AxB)cc(/g{(A)x@(B))c.
So PZ(AxB) = PX(A)x /Oy(B). iii) + i) follows similarly from the
case ii) % i), Thus it is sufficient to prove i) » iv) > v) =
vi) + ii). 1) » iv) The topologies % and % have bases {4 (A) s
Ael%& and.{ﬁ&(B)s Bet&} respectively. So we can take as a base
of %x %, the family {PX(A)xﬁy(B) s Aenxand Begy. From i) PX(A)X
Fy(B) = £, (AxB) and ’az(AXB), is contained in 75, we have then
%*%C%ﬂz e iv) o v) %xz%c_j'g implies C;(Z,%x%’, ) f=t CI"{(Z.%).
Since C5(Z,%) = {A,(£) + £eMZ(2)} and A,(4,(£)) = A,(1), £, is st~
rong on (Z, %x%, ). V) +vi) Since A(f)x1 is /3 X 7, ~continu-
ous, we have /i(fxlj = /;(P*(ﬁ)xl) = f&(f)xlq Similarly fz(lxg)
= 1xA,(g). vi) +1i) A (1,x1) = A (1,)%1 implies A,(AxY) =/, (A)
XY, and Pz(lxlB) = lY%(lB) implies ﬂz(xxB) = Xxﬂy(B).

Q.E.D.

This theorem is similar to {1.7},Ch.5,Th.3 but to gether

with its proof this is more simplified. We note that C;(Z.z:,* xy&)
is isomorphic to Lg(X)GRLg(Y). where A is the least cross norm,

and also isomorphic to a closed subalgebra of L°R°(Z) by £ » f.

EXAMPLES. 1) Either X or Y is purely atomic, i.,e. every
measurable set of positive measure contains an atom, then there
exists a 1lifting of product form Pxx,ﬂy for every pair of liftings

@:onXandPyonY.

2) Let X=Y be the ordinary Lebesgue measure space of R.
Then Z becomes the ordinary Lebesgue m'eaéure space of K. For
X€R, let %(x) be the filter basis consisting of the sections of
the family {I «+ bounded open interval in R and x¢I}. PFor (x,y)e
RY let %,(x,y) be the filter basis consisting of the sections of
the family {IX.J + I and J are bounded open intervals in R such

that xeI and yeJJ. Then %= {¥(x)}, .y (respectively %= {%(2)]
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zeR*) is a weak derivation basis in R (respectively R*)([31]).

Put fg(x) = {A¢B(R) + D(A,%)(x) = 03 and Jg(z) ={AeB(R) 1+ D(A, %)
(z) =03. It is easy to show that Jy(x) = Je(X) and Jg(z) = Ug.(2) .
So Jﬁ(x) and jﬁ(z) are proper ideals.of B(R) and |B(R*) respecti-
vely. Let (') be a mapping from R into K such that JL(x)-:qu(x)
for every xeR and A be the lifting on R defined by A(A) = {Xe&R:
A% 4(x)}. We shall show the existence of a 1lifting of product
form g4 xg.

LEMMA 3. For (x,y)eR*denote by jz((x,y)) the ideal of B(R?)
 generated by JAx)x R, RXL(Y) and\g%((x.y)). Then J((x,y)) is

proper.

Proof., If J((x,y)) isn’'t proper then there exist AG.ZL(X) ’
Be g(y) and C‘:ej?;‘((x,y)) such that R*= (AxR)U(RXB)UC. Consequ-
ently A°xB% C and this implies Acx'Bcejﬂ((x.Y)). From the defin-
ition we have D(Aché,’ﬁ)((x,y)) =£11(§,% u,.((A%( Bc)n(IxJ))/p’\(IxJ)
=gi&r%ux(&nI)-ux(#nfu‘)/ut(l).ul(J) = 0. sSo D(a%,%)(x) = 0 or D(B®,%)
(y)=0., 1If D(Ac,”fi Xx) =0 then Acaijl(x). This contradicts to
vie_,q(x) since [, (x) is proper. Similarly D(Bc,‘g;,)(y) = 0 implies
a contradiction.

q.e.d.

Let 4(-) be a mapping from R* into R* such that J(z)> J,(2)
for every zeR. Put A(A) = {zeR*: A°e {(2)} then P is a 1lifting
on R?, Fof Aeg, and xe P(A), Achsﬂl(x)xﬁc_p((x,y)) for every
YeR, so (x,y)e P(AXR) for every yeR. This implies that A (A)XR
C P(AXR) for every Ae€B,. Similarly Rx/A(B)c P(RXB) for every
Bc-‘zir. By Theorem 1 we conclude £ is of product form A X P

§3. The conditions of the existence of 1liftings of product form
In §2 we have shown that a 1lifting of product form /’xx Py’ is

strong-on (Z,JQ‘X%) » S0 the existence of a lifting of product



10

form A x py is equivaleAnt to the existence of a strong lifting on
(Z,Z«;X%). Therefore some results given in [I.T], [4] and [5]
are useful to show the conditions of the existence of a lifting
of product form. PFor this we give a new definition. Let (X,B,u)
be a measure space and X is a topological space with a topology
. A (linear)lifting 2 of ME’(X) is called almost strong on (X,Y)
if C%"(X,‘D’)C.M%"(X) and there exists N, €M such that |
(VI1’) A(f)=f on X - N, for every fe C°R°(X,°7).

Let X, Y, 2, A, and ,Oy be same in 22, Then we prove;

THEOREM 2, The following statements are equivalent to each
others,
i) There exists a lifting on 2 of product form A, x Py,
ii) There exists an almost strong lifting on (2,7 x%) ,
iii) There exists an almost strong linear lifting on (2,7 x ‘7,%’),
iv) There exists a lower density @ of 282 such that for some N,
€N, (P (A)xY) - Noc B(AxXY) and (Xxﬂy(B)) - No& B(XxB) for
every AG‘Gx and BE‘%.
v) There exists a weak derivation basis % on Z such, that for
some NoeNg,, D(AXY,%) = lﬂx(A)xY and D(XXB,%) = lx)(@(B) on Z -
N, for every AGBX and BsBy.

Proof. i) =+ ii) = iii) is obvious. 1iii) =+ iv) Let P, be
an almost strong linear lifting on (Z.%XV/;,) and Noéf‘flsz such
that pz(f) =f on Z -~ N, for every fe C‘;(Z,?,'g(x%y). Fo'r Ae?gz put
D(A) ={zeZ s Pp(1,)(2) =13 then b is a lower density of ¥, ([I.
T]). Since l&(A)xl is 7@*%-continuous we have 19(AxY) =P,
(leL) = Pz(px(lA)xl) = ﬂx(lA)Yl on Z = N, for every A€®B,. Co-
nsequently (,ﬂx(A)xY) - No c O(AXY) for every Aex . Similarly
(Xx py(B)) - Noc 6(XxB) for every B(-:-By. iv) ->>i) Let & be a

lower density of B, which satisfies the conditions in iv). For
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zeN, denote by J(z) the ideal of 1B(Z) generated by {AxY, XXB 3
z € PX(AC)XY and zexxpy(Bc)}. Let J(-) be a mapping from Z in-
to Z such thatJ(z):Je(z) for every ze¢Z - Ny and J(2)D> 4(2z)
for every ze¢N,. Then by Proposition 1 4 is a lifting on Z and
for every CelBZ p(c) - N, C @('C). For A€B_and zs(ﬂx(A)x Y) NN,
we have ASx i(ej(z)Cj(z) and then z€ §(AxY). Consequently PX(A)
*Yc g(AxY) for every Aep,. Similarly Xxpy(B)C.e,(XxB) for eve-‘
ry BGBy. By Theorem 1 /% is a lifting of product form Pxx ,Oy.
i) 2 v) Let ,_02 be a lifting on Z of product form Pxxpy. Put N
= (U(,az(A) : Aezszg})c then Noe/v’m. ‘f"or‘zeNc,c denote by % (z) the
V filter basis consisting of the sections of the family {pZ(A) 1 Z€
£, (A) and A€ ¥} and for zeN, denote by %(z) an arbitrary fil-
ter basis on {,DZ(A) : Ae)?ﬁ’g}. Now for Aezgz* and ze PZ(A) - No
there exists Co€3,% such ze PZ(CQ). Since the section % = {PZ-(,A
| Nc)s zepZ(Aan) and ¢c 8y} belongs to %:(z) and p,Z(AﬂC)/p.Z(C) =
1 for every Cexd, D(A,%)(z) =1 ¢cn PZ(A) - No. Similarly D(Ac,":'r;',)
(z)=1 on F’Z(Ac) - N, and hence D(4,%)(2) =1 - D(Ac,??p)(z) =0 onm
/OZ(AC) - No. We have then D(A,%,)(z) = lfz(A) on Z = Ny,. This
implies Nﬁ}, €)g, and therefor %, is weak, Moreover it satisfies
the conditions in v). Finally we shall prove v) = iv). Let %
be a derivation basis on Z which satisfies the conditions in v).
Let 9; be the lower density of 'Bz defined in §l, For Aezgx and
ze (A (A)xY) - N, D(AXY,%)(2) = 1, so z€ 6, (AXY). We have then
(Py(A)xY) = NoC Og(AxY). Similarly (Xx4(B)) = No< G{XxB).
Q.E.D.
We shall give some definitions and results fbr another con-
ditions of the existence' of a lifting of produc‘é form. Let (X,
B,1) be a measure spce, We denote Dby zgo the ¢-ring of all o¢-fi-
nite measurable subsets of X, For Aezg’* denote by (A.?Sf\A.‘)ijA)

the measure space with o-algebra BNnA = {BnA s Bewj and the mea-
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sure p.(A(B) = uw(B) for Be BNA., It is clear that ¥ N A is ident-
ical to the o-algebra of all p;A~ineasurab_le subsets of A and nj,
is semi-finite, Since B(A) is isomorphic to [B(X)N A, B(A) is
complete and A is localizable. Now let X, Y and Z be same in §2,
We have then Bz ={AcCZ: AN (ExF)eBZ for every Eel?'ko and Fc—qjo
and NGNKZ irf Nn(ExF)eNBx_ for every Eeqf and FéByo. Moreover
(EXF.BZ() ExF, p‘zlEXF) = (EXF.W. W) for every E¢
BC and Fe‘azyo. where (EXF,W, B XByF) is the complet-
ion of the uswal product measure space of (E,anE, “xlE) and (F,
BynF. uy]F)' Let (X;B,n) and (X, 8,1 ) be measure spaces. A ma-
pping 3 from X onto X’ is called non~singular when ¥ is invertible
bi-measurable and for NeB NeM; iff'§(N)‘<¢4’,}, Since non-singular
mapping preserves o-finiteness we have the following by above

statements.

LEMMA 4., Let X, X', Y and Y'be measure spaces and g, (resp-
ectively _Ify) be a non-singular mapping from X onto X’(respectiv-
ly Y onto Y’).‘ Let 2 (respéctively z') be the product measure
space of X and Y (respectively X”and Y’), which is constracted
in §2., Put 'fz((x,y))-.: (Qx(x),‘iy(y)) for (x,y)eZ then %, is a

non-singular mapping from Z onto Z/,

~ DEFINITION, Let X and X'be‘ measure spaces with liftings A,
and ,0}'( respectively. We call PX and ,OX' are weakly equivalent
and write A o P,: when there exist N eMg , N €My, and a non-sin-
gular mapping § from N; onto N}'ccsuch that

(W.E) T (Q(A) - N,) = F(F(& = N,)) - N/ for every ACB.

THEOREM 3, Let X, Y, Z, ,Ox and © be same in §2. Let X’

y
and Y be measure spaces with liftings P, and py' such that 7 =

’

px and ,Oy:.\- P}',' respectively, Let 2’/ be the product measure spa-

ce of X'and Y constracted like as Z, If there exists a lifting
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@, on Z of product form P, x ,oy then there exists a 1lifting PZ’ on

z’ of product form ,Ox'xﬂy’ and 4 =~ £;.

Proof. Let N.& Mg, ,» Ny eNgy, Nye Moy s N§6Nws'y- ¥, and §y
be sets and mappings by which 2 o~ p)’( and py':.- 'as’r are defined.
In the following denote by NZ (respectively N;) instead of (fo
N;')c (respectively (N;(cx N)’,c)c). We have then NzeMszand N;G NB}.
Put $((x,¥)) = (g, (x), §y(y)) for (x,y)e NZc then by Lemma IJ,E is
a non-singular mapping from Nzc onto Néc. For z'¢ N; denote by
0(z’) the maximal ideal in B(2’) which contains the family {(A'X
¥, (X'xB") 3 z'e ﬂé(A’c)xY and z’¢ X'x,o:‘;(B'c)}. For C/G'@’put p.ch
= B(P (&N c - N)) - N )U{z’eN_ s C'% £(2')}. It is easy to show
that 2’ is a lifting on Z'of product form A x ,03; and A, =~ /..

Q.E.D.

T"o show the corollaly of this theorm and the following the=--
orem we introduce the following notations. Let (X,B, u) be a
measure space with a lifting A. For Ae®B* we denote by {PI,} the
family of all liftings on (A,B0A, WA) such that if P’e{P{A} then
P(B)N A=P(B)N A for every BeBNA., It is clear that for A, BeB*
such that A= B, we have A =~ A for every AelPl} and &G{PIB}.

We note that {P|3 % ¢ because for Be®NA put A2(B) = (P(B)nA) U]
X€ An,D‘(A)c s ]'BCGJ} , where J is an arbitrary but fixed maximal
ideal of B(A), then Pe{fl,}. Moreover if Ac P(A) then {el} is
singleton and in this case we write it Plpy. When there is no am-

biguity we shall write A instead of (4,804, pl,).

COROLLARY, Let X, Y, 2, P, and Py be same in §2, For Aeﬁx*
and Be‘G&* let PA and PB be 1liftings on A and B respectively. I¥
Ppe{ly, ana FBG{Py]B}\and there exists a 1lifting £, on Z of
product form Pxx,ay then there exists a lifting prB on AxB

of product form PA xPp and (OAXB el Pz IAXB}.

# 12 -



14

| Proof. Since p.A’._\ 'OXIP,‘(A) and /%’.&}%]@'(B)‘, it is enough to
show that there existsa lifting on ’Ox(A)x ,Oy(B) of product form
,Oxl&(A)x on}/%,(B)’ It is clear that pzl/?((A)xﬂ,(B) = /oz] £2.( AXB) is
the desirous lifting on ;OX(A)X ,Gy(‘vB) .

q.e.d,
Let (X,3, u) be a measure space with a lifting AZ. A sub-

family {XJ L« CB is called p-dence if X\nXyeNs for L+ and for
every AeB* there exists 1eI such that ANXye®*., If WXj g is
n-dence then'{P(Xl)}uI is also u-~dence, Moreover put N= (,&!I'X\ )c
then NeM; and for A, BeW3 A=B iff ANX = BnX, for every¢I.

THEOREM 4. Let X, Y, Z, ﬂx and ,fi, be same in §2, If there
exists a p, -dence family {X‘-}\el (respectivery Wy -dence family
A xeg) Such that for every LeI there exists a lifting A on X,
which satisfies P-Le{le X\} (respectively for every R¢K there exi-
sts a lifting A on Ke which satisfies Ae {py1 Y»Z’) and if there
exists.g 1ifting £, x, on XxY of product form Ax g . Then there

exists a lifting p, on Z of product form&x 4 and Py y, e{leXotY;}

Proof. By the assumption, Theorem 3 and statements follow=

ing to it there exists a lifting P&N on @(Xy X/%_(YK) of produ=~
= (( U ¢
ct form /| AKX ’OYI PR Put N ((»ly1 B X ( o ,ﬂy(yx))) then N
e/ﬁgz. Now for every zeN, we denote by f(z) the maximal ideal
of B(Z) which contains the family { AxY, XxB: ze£(A®)XY and z
C /

¢Xxg(B%)} . For Aem,, put A(A) = Y AlLu(AN (P (XX Py (%))
U {zeNs Acej(z)}, then £, is a lifting on Z of product form Py x

' Q.E.D.
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