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Abstract

Quantum condensation yields exotic response phenomena. For example, the Meissner
effect, an anomalous electromagnetic phenomenon in superconductors, arises from the con-
densation of Cooper pairs. The response phenomena have helped us gain deep insights into
quantum condensations. In addition, recent developments in nonlinear optics have enabled
us to access novel aspects of the exotic quantum states. Nonlinear response measurements
can provide rich information about quantum materials, as nonlinear processes can activate
degrees of freedom that are inactive in linear processes. In superconductors, the amplitude
mode of the order parameter, known as the Higgs mode, gives rise to higher-order optical
responses. Nonlinear response phenomena are expected to diversify as they intertwine with
the physics of novel quantum states. This thesis focuses on nonlinear response phenom-
ena in topological superconducting states and intervalley coherent states. We numerically
demonstrate that characteristic nonlinear responses occur in these exotic quantum states
and verify their close ties to intriguing aspects of quantum condensations, such as their

topological nature and intervalley coherence.

First, we study the second-order nonlinear optical responses in topological superconduc-
tors. We consider s-wave superconductors with Rashba spin-orbit coupling and a magnetic
field, a promising platform for topological superconductivity. When the magnetic field is
increased, the transition from the topologically trivial to the nontrivial topological super-
conducting state occurs at the critical magnetic fields. Our numerical results show that the
sign of the nonlinear optical conductivity reverses at the topological transition. Further-
more, we analytically discuss the mechanism of the sign reversal. We verify that the band
inversion at the topological transition is essential for the sign reversal, and the sign re-
versal of nonlinear optical conductivity may be universal for topological superconductors.
It implies that nonlinear optical measurements can serve as a bulk probe of topological

superconductors.

Furthermore, we investigate the effects of collective excitation modes on nonlinear opti-
cal responses in topological superconductors. Our main results show that the Higgs modes
enhance the nonlinear response when the Fermi level is close to the Dirac point. The en-

hancement by the Higgs modes does not occur in the single-band s-wave superconductor.
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We verify that the multiband character, with split bands due to the Rashba spin-orbit
coupling and a Zeeman field, is essential for the enhancement. In particular, the interband
pairing is crucial. Recent studies have uncovered that quantum geometry can enhance
nonlinear optical responses in topological materials. We show that the peculiar quantum
geometry of the Dirac point significantly enhances the nonlinear optical conductivity in the
topological superconductor model. We also discuss the interplay of the collective modes

and quantum geometry in nonlinear responses.

Next, we focus on the intervalley coherent states as a novel platform for exploring ex-
otic response phenomena. Various types of spin and valley ordering have recently been
reported in two-dimensional honeycomb materials. Notably, the intervalley coherent states
are attracting attention as exotic states that break valley gauge symmetry. Analogy to
superconductivity, which breaks U(1)-gauge symmetry, implies the presence of character-
istic response phenomena arising from valley-gauge-symmetry breaking. Here, we focus
on valley current generation under surface acoustic waves (SAWs), mechanical vibrations
that propagate within the surface of elastic media. The SAWs induce spatio-temporal
modulations of the two-dimensional materials placed on the elastic medium. Specifically
in honeycomb systems, the spatial modulations are approximately incorporated into the
Hamiltonian as an external valley gauge field, namely a pseudogauge field. Thus, the SAWs
can drive the spatio-temporally uniform valley currents via nonlinear processes. In this the-
sis, we demonstrate that the intervalley coherent order leads to anomalous contributions to
the valley current driven by SAWs. The anomalous contributions exhibit a characteristic
power-law frequency dependence. We furthermore verify that the anomalous valley cur-
rents arise from the pseudo-superfluid density, which is analogous to the superfluid density
of superconductors. This implies that the anomalous valley currents arise from intrinsic

valley-gauge-symmetry breaking and intervalley coherence.

In this thesis, we demonstrate the characteristic nonlinear responses of quantum exotic
states through numerical demonstrations and analytical discussions. We present numerical
results in figures and discuss the relation between the characteristic behavior and the
quantum states. We verify that nonlinear response measurements can be a powerful tool

for characterizing these states.
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Chapter 1

Introduction: overview of

nonlinear response phenomena

Response phenomena have revealed remarkable properties of materials and given us deep
insights into condensed matter physics. When we apply an external field to a material, it
induces changes in some physical quantities within the material. If the external fields are
sufficiently small, the induced physical quantities are almost proportional to the external
fields. Thus, linear response is one of the most established concepts in response phenomena.
Indeed, linear response theory explains macroscopic results in terms of microscopic pictures
and accurately describes the relation between external fields and driven physical quantities.
However, the linearity breaks down under a strong external field, and the nonlinearity

diversifies the response phenomena.

In this chapter, we overview the diversity of the nonlinear response phenomena and
their close association with intriguing aspects of quantum states. In Sec. 1.1, we introduce
the general formula for the response functions that our analysis is based on. In Sec.
1.2, we overview the general properties of nonlinear response phenomena and the novel
functionality due to the nonlinearity. Furthermore, we focus on the novel nonlinear response
phenomena emerging in the quantum materials in Secs. 1.3 and 1.4. In Sec. 1.3, we discuss
the relation between the nonlinear response and the quantum geometry and introduce the
nonlinear response phenomenon exhibiting a topological nature. In Sec. 1.4, we introduce
the remarkable nonlinear response phenomena arising from the Cooper pairs’ condensation

in superconductors. Finally, the organization of this thesis is explained in Sec. 1.5.



1.1. NONLINEAR RESPONSE THEORY

1.1 Nonlinear response theory

In this section, we introduce linear and nonlinear response functions, which describe the

time evolution of the driven physical quantities [1].

We consider a many-body system in thermal equilibrium, described by the Hamiltonian

7. Without any perturbations, the expectation value of any observable Ais given by
A=Tr [ﬁofl} =3 P AN, (1.1.1)

where F) is the eigenenergy of the eigenstate |A). Py is the canonical distribution function,
Py = e PP\ /Z where Z is the partition function Z = 3~ e #Fx. The density matrix pg is
defined as pp = > P\ |A) (M|

We then introduce a perturbative Hamiltonian coupling to an external field F;(t),

=Y Bit)F;(t) + > _ Cyi()Fi(t)Fy(t) + -, (1.1.2)

where the operators are given in the interaction representation Bz(t) = ¢MBe—itHh  Ipn
the interaction representation, the time evolution of the wave function is described by
IA(t)) = S(t, —o0) |A) where the S-matrix is defined as

S(t, —c0) = T exp <—z’ /t V(t’)dt’) : (1.1.3)

— 00

The notation 7" stands for the time-ordering operation. The expectation value of A at time

t is given by

A(t) :ﬁ[ } 3P A@IA®)AD) (1.1.4)

and it is expanded with respect to the external fields,

A(t) = <A(t)> + Z/ dtyxag, (1) Fi(t —t1)
+ Z/ dty / dtox ap;B;(t1, t2) Fi(t — t1) Fy(t — t2)
ij Y —00
+Z/ dtlecij(tl)Fi(t—tl)Fj(t—tl)—|—'-- . (1.1.5)
iy YR
The response functions are defined as
xap,(t) =i0(t) ([ABi(—t), AA(0)] ) (1.1.6)

XAB:B, (t1, 1) Z‘Z@tg—h )<[AB( )[AB( )AA(O)”>, (1.1.7)

xac,, (t) ,Z@ t) ([ACy (1), 24(0)] ), (1.1.8)
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where O(t) is the Heaviside step function. The notation (---) describes the expecta-
tion value under the canonical distribution of an unperturbed Hamiltonian, and AX (t) =
X(t) — <X (t)> The symbol ), stands for summation over all permutations among the
dummy variables, such as (B, t1) and (Bj,t2). The second term in Eq. (1.1.5) corresponds
to the linear response, while the third and fourth terms describe the second-order nonlin-
ear response. Thus, the linear response function xar,(t1) and the second-order nonlinear

response function x a;r,F; (t1,t2) are defined as

XAF,; (t1) = xaB, (t1), (1.1.9)
XAk F; (1, t2) = xaB;B; (t1, t2) + xac;; (t1)d(t1 — ta). (1.1.10)

Considering the higher-order terms of F;(t) in the expansion, we can also define the higher-

order nonlinear response functions.

Next, we consider the optical response, represented by the linear and nonlinear optical
conductivities. We assume the uniform electric field and choose the velocity gauge. The
observable of the electric current is defined as

_OH(A()

ja(A(t)) = W7

(1.1.11)

where A%(t) is the vector potential. Because the electric current operator explicitly depends
on the vector potential, we also consider the expansion of the current operator with respect
to the vector potential. We therefore introduce the higher-order derivatives of the electric

current operator as,

O"H(A)

DAY ... 9An
A=0

Joaran — (_1)n (1.1.12)

The perturbative part of the Hamiltonian is given by
V()= JUA ) + Y TP A% (AP (E) + - (1.1.13)

The linear and nonlinear response functions are defined as
J(t) :Z/ dt P (1) AP (t — 1) (1.1.14)
B —0oQ

+Z/ dtydtax P (t1,t0) AP (t — 1) AV (t —to) + - - - . (1.1.15)
By "

We can calculate the current response functions x*?(t;) and x*#7(t1,t2) by replacing the
operators A, B, and C in the previous paragraph with Je, J*5 and JP7. After the
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Fourier transformation, we can rewrite the linear and nonlinear responses as

:Zxab’(w)A,B(w) (1.1.16)
+ Z/ dwy dws XY (w; w1, we) AP (w1) AY (w2) 20 (w — wy — wa) + - - - .
o 27 Y
(1.1.17)
The linear conductivity and the second-order nonlinear conductivity are defined as
X (w) : 1.
cB(w) = =, 0" BV (w; !, W) = — B (W, W), (1.1.18)

and we can obtain the relation between the currents and electric field,

(%) :Zaaﬁ ES(w (1.1.19)

dwy d
+Z/ 20;;1 ;;1'2 o (w; w1, w2) B (1) B (wp) 276 (w — w1 — wa) + -+

(1.1.20)

1.2 General properties of nonlinear response

We briefly overview the general properties of nonlinear responses: constraints imposed by
symmetry, frequency mixing, and nonreciprocal responses. Furthermore, the nonlinearity

of the response phenomena endows materials with novel functionality.

1.2.1 Nonlinear response and symmetry

Response phenomena are closely related to the system’s symmetry. Here, we exemplify the
second-order nonlinear response,
AA = xa.rFiFiFj. (1.2.1)
Under a symmetry operation G such that,
G:A— A F, —F, XArr — XAFF;, (1.2.2)
the nonlinear response relation is transformed as
AA = XarriFFj. (1.2.3)

When the system is invariant under the operation G, it is known that the nonlinear response
function is also invariant, x 4,7, rj = Xa;FFj. This invariance of the response functions is

called Neumann’s [2]. Thus, we can obtain the relation,

AA = xappiFiF7, (1.2.4)
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which imposes constrains of the response functions.

For example, the second-order nonlinear optical responses vanishes in space-inversion-
symmetric materials. The space-inversion (P) operation changes the electric current and
the electric field,

P:JY——-JY EY— —-E*% (1.2.5)
Thus, we can obtain the relation,
J = ogPEPEY = —J°, (1.2.6)

and the nonlinear conductivity ¢®#Y must be zero in the P-symmetric materials. There-
fore, the second-order nonlinear optical measurements can be a sensitive probe for space
inversion parity breaking in materials. Indeed, nonlinear optical techniques have revealed
the microscopic P-symmetry breaking of the antiferromagnets [3] and exotic states in the

correlated electron systems [4].

1.2.2 Frequency mixing: second-harmonic generation and photogalvanic
effect

Next, we consider the relations between the input and output signal frequencies. In the
linear response regime, the input and output signal frequencies are the same when the
system is invariant under time translation. Exemplifying the optical responses, the relation

is described as

T w) => o (w)E’(w). (1.2.7)
B
On the other hand, nonlinear phenomena can produce an output signal at a new frequency.

In the second-order nonlinear responses,

* dwi dwa .
J¥(w) = Z/ T;T;Ja’ﬁV(w;wl,wg)Eﬁ(wl)EV(wg)Qwé(w — w1 — wa), (1.2.8)
By 7T

the nonlinear optical process corresponding to o®#7 (w; w1, we) produces the output current
with a new frequency w = wy +wy from the two frequency components of the electric field,
EP(w;) and E7(wy). Similarly, the third-order nonlinear responses can outputs the signal
with the frequency w = wy + w9 + w3 from the three frequency components of the electric
field, E8(w), EY(ws), and E°(ws).

In particular, the second-order optical responses for a monochromatic light are com-
prised of the second-harmonic generation (SHG) and the optical rectification, which are

denoted by the nonlinear conductivity c®#7(2w;w,w) and ¢*%7(0;w, —w) [5]. One class of
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optical rectification is the photogalvanic effect, which is the rectified photocurrent arising
from a lack of P-symmetry of the medium [6]. The photogalvanic effect is distinguished
from other classes of optical rectification, in which P-symmetry is broken by inhomogeneity

or an external electric field.

SHG, the frequency doubling of light through interaction with media, is a powerful
probe of space-inversion symmetry breaking. SHG experiments have revealed microscopic

space-inversion-parity-breaking in antiferromagnets [3] and in complex ordered states [4].

The photogalvanic effect is expected to be a new mechanism for solar cells [7]. Interest-
ingly, the intrinsic photogalvanic effect is related to the geometric properties of the Bloch
wave functions [6, 7]. Thus, topological materials are potential candidate systems for a

new DC photoelectric converter [8].

1.2.3 Nonreciprocal response

Nonlinear responses are closely related to directional responses, namely nonreciprocal re-
sponses, characterized by a breakdown of the equivalence between responses driven by
right- and left-directed external fields.

We introduce the nonreciprocity and nonreciprocal responses [9, 10]. Onsager’s recipro-
cal theorem relates the time-reversal symmetry of the microscopic dynamics to the change
in the macroscopic physical quantity driven by the external field [11]. It says that the
linear response function K 4p(q,w, B) corresponding to the input B and output A with the

wavevector ¢ and frequency w satisfies the relation [12],
KAB((L(’U?B) = 6AEBI(BA(_qv("]a _B)7 (129)

where €4 = +1 (eg = £1) specifies the parity of the quantity A (B) for the time-reversal

operation. When applied to the linear conductivity, the Onsager reciprocal theorem gives,
o*?(q,w, B) = 07 (—q,w, —B), (1.2.10)

Furthermore, we can obtain the formula for the longitudinal components, 0**(q,w, B) ~
0%*(w) + kgB. In the transport regime corresponding to the limit ¢ — 0, the conductivity
is given by 0*?(¢ = 0,w, B), and it satisfies the relation ¢*%(w, B) = 0”*(w, —B). Thus,
the linear conductivity does not contain odd-order terms in the magnetic field B.

On the other hand, the nonlinear nonreciprocal transport phenomena, which exhibit
the directional I-V characteristics, have the B-linear term. In this case, the resistance

is obtained by replacing the wave vector g with the current I, which is suggested by
Rikken [13],

R = Ryl + BB* + yBI], (1.2.11)
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where the resistance depends on the direction of the current I, namely unidirectional
magnetoresistance [10]. Because Onsager’s theorem applies only to linear responses, the
replacement of ¢ with the current I is beyond Onsager’s theorem. The unidirectional mag-
netoresistance implies that the nonlinearity of the response can induce novel functionalities
that are prohibited in linear responses due to constraints, such as Onsarger’s nonreciprocal

theorem.

1.3 Nonlinear response and quantum geometry

We overview the relation between the nonlinear responses and quantum geometry, the

geometric quantities of the Bloch wave functions.

1.3.1 Gauge invariance and quantum geometric quantities

We consider a Hamiltonian H(X), which depends on a real parameter A = (A1, , Ag).

The eigenenergy F,(\) and eigenstate |u, (X)) are given by the eigenvalue equation,
H(A) [ua(A)) = Eq(A) [ua(A)) - (1.3.1)

The gauge transformation, |ug(X)) = |ig(A)) = € |u, (X)), gives a new vector of the
Hilbert space. However, the vector |G,(\)) also satisfies the eigenvalue equation. The
gauge degree of freedom of the eigenstates |uq(A)) is just redundancy and does not have
physical meaning. Therefore, response functions, which are mathematically described with
the eigenenergies and eigenvectors, must be invariant under the gauge transformation. Be-
cause, as discussed later, the quantum geometric quantity is invariant under the gauge
transformation, it is one of the fundamental factors in the formulas for the response func-

tions.

Next, we introduce gauge-invariant quantities, such as the Berry curvature and the

quantum metric. The inner product of two neighboring eigenvectors is given by

(V) ua(A + dX)) = 1+ 37 (ua(N)[Giua(N) dAv (1.3.2)

1

The factor (uq|0;u,) is pure-imaginary and we define the Berry connection £/() as
Ea(A) = i (ua(N)[Dsua(N)) - (1.3.3)

The Berry connection is dependent on the gauge, and under the gauge transformation
[ua(A)) = g (N)) = € Jug (X)) changes,

ELA) = EL(X) — Bibla(N). (1.3.4)
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The Berry curvature Q7 (A) is defined as

QF(N) = aigh(N) — 956 (N), (1.3.5)
which is gauge invariant.

One can define the gauge invariant distance of |ug(A1)) and |ug(A2)),

d(Jua(M1)), [ua(A2)) =1 = | (ua(A1)lua(A2)) |*. (1.3.6)

In particular, the distance between |uq(A)) and |ug (A + dX)) is given by

d(|ua(N)), |ua(X + dX)) Zg A)did), (1.3.7)

where the quantum metric tensor gflj (A) is defined as

98 (X) = Re[(D1ua(N)|0jua(N))] = E(NELN). (1.3.8)

Quantum states in crystals are described as the Bloch wave functions |u,(k)). The quantum
geometric quantities in k-space are defined by replacing the parameter A with the Bloch

wave vector k.

The quantum geometry of the Bloch wave function, corresponding to the energy band
E.(k), is characterized by the Berry curvature Q¥ (k) and quantum metric g% (k). Fur-
thermore, we introduce interband quantities, which are gauge-invariant because interband
transitions are essential for response phenomena. A way to obtain the interband gauge-
invariant quantities is to extend the definitions of the quantum geometric quantities to the

interband case. The extended Berry connection is defined as

w(k) = i (ua(k)|Oup(k))  (a #b). (1.3.9)

The extended Berry connection is not invariant under the gauge transformation and de-

pends on the gauge,
i (k) — el ket (k). (1.3.10)
One can obtain the gauge invariant quantities by

gt (k) = Re[gl, (k)&], (k)], QY (k) = —2Im[gl, (k)&], (k). (1.3.11)

Another way to get the interband gauge-invariant quantities is to decompose the Berry

curvature and the quantum metrics into the interband [14],

0 = S g0, ) = Y0 (13.12)
b#a b#a

Thus, the quantities g;jb(k') and Q;Jb(kz) are called the band-resolved quantum metric and
Berry curvature [15, 16].
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1.3.2 Photogalvanic effect and quantum geometry
Geometric contributions of photogalvanic effect

The photogalvanic effect is characterized the photocurrent conductivity aaﬁW(O;w,—w).
We show the formula of the photocurrent conductivity [16], which contains the quantum
geometric quantities. Here, we describe the photocurrent conductivity based on the velocity
gauge E = —0;A(t).

We consider the photocurrent conductivity in a non-interacting Hamiltonian H (k).
With the velocity gauge, the coupling to external electric fields is introduced by the minimal
coupling prescription H (k) — H(k—eA). The perturbative Hamiltonian AH (k,t) is given
by

AH(k,t)=H(k,A(t)) — H(k,O0) (1.3.13)

— Z %Am (t)--- A% (t)J o (k), (1.3.14)

where we introduce the generalized velocity operator

Jorran (k) = (=1)" m . (1.3.15)
We define the electric current density operator J¢(t) as
Tt) = %ZCL,JX(k,t)ck, (1.3.16)
k
where we define J4(k,t) by
JG(k,t) = %(—1)"2451 () - - APm(t) JoPr-bm (k). (1.3.17)

m=0

The formula for the second-order nonlinear conductivity is obtained as

GQ;BW(w;wl,wz)

- [ ey b (s, S
2(iw; —n)(iwg — n - g aa Ja 2\wa+m—Ey wi+in—Ey

k a,b
+ Z 1 Jc?b‘]ba Jab + 1 Jab Jbﬁcjgafac _ ngngfcb
b2w+2i77_Eba ab 20.)—}—2’577 Epq w?"'in_Eca W2+i7]—Ebc
1 ng chJcafac . Jcajzifcb (1 3 18)
ab62w+2in_Eba w1 +in— FEeq w1+ — Epe o

where indices a, b, c are spanned by the energy eigenvalues E, of the unperturbed Hamil-

tonian H (k) and the energy difference is E,, = E, — Ep. We omit the description
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(k) from J* (k) and others. We introduce the Fermi-Dirac distribution function
fo = (ePFa + 1)1 and defined f,, = fu — fp. The infinitesimal positive parameter 7
appears due to the adiabatic application of the external fields.

The photogalvanic effect is given by the second-order nonlinear conductivity O'P”B N(w) =

o ﬁV(O,w, —w). We can decompose the photocurrent conductivities into some contribu-

tions,
OpC = 0D + O1FS + OBCD + OEinj + OMinj + Oshift + Ogyro» (1.3.19)

which are termed Drude [17], intrinsic Fermi surface [17], Berry curvature dipole [18],
electric injection current [19], magnetic injection current [20], shift current [19, 21], and
gyration current [15, 22]. These contributions are described by the gauge invariant formu-

las [15-17]. The Fermi surface term opg, which is allowed in metals, are given by
OFs = 0D + 01Fs + OBCD- (1.3.20)

The formulas have been obtained as

o0 — S QZ — €403y fa + 05 (95 fa - Onea) + 0 (D3fa - Onea)] (1.3.21)

O—Il:,‘g’y :% Z [Qd daa 6ab§ab§ba ’yfba § é.bozd a fabj| [(/B?Q) A (77 _Q)]7 (1322)

a,b

oXY = — ZQ 8o fas (1.3.23)

which have the k-derivative of the Fermi-Dirac distribution. The notation d?}, is defined as

dy, = (w+in — eab)*l. On the other hand, the resonant term o5 is written as,
ORes = OEinj T OMinj + Oshift + Ogyro- (1324)

These contributions are described as

o in « «
(TEIZY = _Z (Jaa - Jbb)QbBJfab(s(w - Eba); (1325)
g ab
Q; m « o
Vg = —5, 2_Jaa — T )9 fard (@ = Epa), (1.3.26)
" a#b
a; ™
o5t = =5 23 [[Pat”] &+ 1D 0] Sard (@ — Eva), (1.3.27)
a#b
o i
ogiid = 5 SR |[Dad?| &= [Dat)u 6] furd(w = Bra), (1.3.28)
a;ﬁb

which have the resonant peak structure given by 6(w — Ejpq). The notation [D,O],, is
defined as

[Doco]ab = aocoab - i(fg - gl?)Oab- (1.3.29)

10
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LPGE (J)/ CPGE (0) T PT
@) Drude*
Shift current Magnetic injection current

Intrinsic Fermi surface*
(O) Berry curvature dipole*
Electric injection current Gyration current

Intrinsic Fermi surface*

Table 1.1: Classification of photocurrent responses in terms of 7 and P7 symmetries and
of LPGE and CPGE. The entries with the subscript ”*” vanish in the absence of the Fermi

surface [15].

We discuss the classification of contributions to photogalvanic effects. First, we catego-
rize photogalvanic effects by the polarization of the light that induces photocurrents. The
linear photogalvanic effect (LPGE) is the photocurrent generation induced by the linearly
polarized light. In contrast, the circular photogalvanic effect (CPGE) gives the difference
between photocurrents under left and right circular polarized light. The real and imagi-
nary parts of the photocurrent conductivity, Re[agg7(w)] and Im[ag;cﬁ 7(w)], corresponds
to the LPGE and CPGE, respectively. Furthermore, we classifies the photogalvanic effect
in terms of time-reversal (7°) and parity-time-reversal (P7) symmetries. The classification

is summarized in Table 1.1.

Quantized circular photogalvanic effect in Weyl semimetals

One of the remarkable nonlinear phenomena that exhibits topological nature is the quan-
tized CPGE in three-dimensional Weyl semimetals [23]. Weyl semimetals have even-
number degeneracy points in the k-space, Weyl points. The Berry curvature flux €,
which defined as QZ = e Za# §§a§fb, diverges from the Weyl points. Interestingly,

the surface integral of the Berry curvature flux on the surface around the Weyl points is

quantized,
1
Co=—1[ Q,-dS, (1.3.30)
2w S

where Cj is an interger number. Because the C' is analogous to the electric charge, C, is

called topological charge.

The topological charge characterizes the CPGE in 3D Weyl semimetals. Here, we
rewrite the CPGE current as J* = *(E x E*)?  and the factor 5 for the electric

11
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injection current is given by

ﬁaﬁ ZZ/ Z dac12(k (k)d(hw — e12(k)), (1.3.31)
where 1, 2 corresponds to valence and conduction bands, and Q8 (k) = Qf (k) = —Qg (k).
When the frequency w is fixed, the delta function select the surface in the k-space where
fiw = €12(k). The trace of 3% can be rewritten in terms of the Berry curvature flux,
el e3
Tr[5] = ZW/SQ -dS = mﬁC (1.3.32)
In the second equation, we only assume that S is a closed surface encircling the Weyl point,

and the quantization does not require the linear or isotropic dispersion.

Although the Weyl point gives rise to a quantized CPGE, the quantization can disap-
pear in the total CPGE. The Nielsen-Ninomiya no-go theorem says that the total topo-
logical charge in the whole Brillouin zone must be zero [24]. In mirror symmetric Weyl
semimetals, a pair of Weyl points with opposite topological charges is degenerate in energy,

leading to an exact cancellation of the Tr[3].

In chiral Weyl semimetals, in which all mirror symmetries are broken, the degeneracy
of the Weyl points can be broken. Thus, it is possible that the closed surface S, where
hw = e12(k) in the k-space, encircle only one of the Weyl pair. The Tr[3] is quantized in
the frequency region 2|er,| < w < 2|ep|, where €7, and e is the energies of the Weyl points.

In contrast, the CPGE vanishes outside of the frequency region.

Optical experiments in the chiral Weyl semimetal RhSi verify the prediction for the
quantized CPGE [25]. The THz emission spectrometer enables contact-free detection of
the LPGE and CPGE currents flowing parallel to the sample surface. The CPGE spectrum
shows a rapid drop in amplitude above 0.65 eV. The decrease of the CPGE agrees well
with the theoretical prediction [26].

In the relaxation time approximation, the formula of the injection current in the steady
state explicitly depends on the relaxation time [15, 16]. Some theoretical works discuss
the effects of the impurity scattering and the relaxation on the injection current [26, 27].
When the appropriate frequency difference is set, the quantized CPGE is reproduced even

with these relaxation processes.

1.4 Nonlinear response phenomena in superconductors
Superconductors exhibit remarkable electromagnetic properties, such as zero resistance

and the Meissner effect. Furthermore, the Cooper pairs’ quantum condensation diversifies

nonlinear response phenomena. Here, we overview nonlinear responses in superconductors.

12
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Collective mode

Vortex Higgs mode
. ) Collective « High harmonic generation
Quasiparticle mode + THz pump-probe spectroscopy
[R. Shimano et al., Annu. Rev. Condens. Matter Phys. 11, 103 (2020)]
Quasiparticle
Vortex

Cooper pair breaking

Fluctuation of vortex R \{
* Raman spectroscopy

+ THz second-harmonic generation + Reflectivity/Transmission measurement

* THz time-domain spectroscopy

[S. Nakamura et al., Phys. Rev. Lett. 133, 036004 (2024),
S. Nakamura et al., Phys. Rev. Lett. 125, 097004 (2020)] [R. E. Glover lll et al., Phys Rev. 108, 243 (1957), L. Degiorgi et al., Phys. Rev. B 49, 7012 (1994),
Thomas P. D. et al., Rev. Mod. Phys. 79, 175 (2007)]

» Energy gap estimation

Figure 1.1: Experimental examples of optical responses in superconductors [28-33]. They

are explained in terms of Bogoliubov quasiparticles, collective modes, and vortices.

1.4.1 Dynamics of superconductors in optical phenomena

Electron dynamics in superconductors is extremely complicated because superconductivity
arises only in many-body systems. However, characteristic phenomena in superconductors
has been accurately described in terms of Bogoliubov quasiparticles, collective modes, and
vortices [Fig. 1.1]. We introduce experimental examples of optical responses in supercon-

ductors where these actors plays important roles.

Superconducting order parameter and Bogoliubov quasiparticle

We show that the effective degrees of freedom in superconducting states are superconduct-
ing order parameters and Bogoliubov quasiparticles. Here, we rewrite the partition function
in terms of the order parameters and quasiparticles, and explain the relation between these
actors [34].

We consider the BCS Hamiltonian,
N 1
Hpcs :/ddrci.(r) [zm(—iv —eA)? +ep— | co(r) (1.4.1)
—yg / d*rel(r)c] (r)e, (r)er(r). (1.4.2)

The partition function is obtained by the path integral Z = fD(zZ,w)e*SW”/’], and the

action S is defined as

_ B i [ _ 1 ) .
vl = [ ar [t i (0 +ieo + 5 (-iV — AP =) b — giyiyunen]
(1.4.3)

where 1), is a fermionic field. Although the interaction term makes calculations of the parti-

tion function difficult, we can decompose the interaction term by the Hubbard-Stratonovich

13
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transformation,

exp {9/0'8 dr/ddrw%%%} (1.4.4)
_/D(A,A)exp{_/oﬁ(ﬁ/ddr [;wz_ (A¢¢wT+A@ZT1§¢)}}, (1.45)

where A is a bosonic field. We introduce the Nambu spinor,

U= (g, 1y), U= (%) . (1.4.6)
(a0

The partition function is given by

Z = /D(w,l/J)/D(A,A)exp{—/oﬁ dr/ddr Bm\? - @gqu}} (1.4.7)

The Gorkov Green function QA*I is defined as
N 71
v
_1 —_

~ -1
s [

~

g (1.4.8)

A~

-1 Aoq-1
where [Gép)] = -8, — H+ p and [G(()h)] = —8, 4+ H'" + p are Green functions for
electrons and holes, respectively (I:[ is the non-interacting part of the BCS Hamiltonian).

The partition function is obtained by integrating out the fermionic field 1, and the
bosonic field A. However, we can approximate the partition function using a fixed bosonic
field rather than an integral over bosonic-field paths, namely, the mean-field approximation.

When we fix the bosonic field as A(7,7) = Ag, the partition function is approximated as

7 ~ Z|Ag, Ag] = /D(&,@ exp{/oﬁ dT/ddr B|AO|2 - @G—l[AO,AO]\p] } (1.4.9)

0Z[Ao,Ao] __ 0Z[Ao,Ao] __
8A0 - 8&0 o
0, which is coincide with the gap equation. The effective Hamiltonian for the fermionic

. H -A
Heg = | < R (1.4.10)
-A —HT

The mean-field A is determined by the condition for the saddle point

field is given by

which is called the Bogoliubov-de Genne (BdG) Hamiltonian. The BAG Hamiltonian de-

scribes the dynamics of Bogoliubov quasiparticles.

Another approximation is expansion of the order parameters. When integrating out

the fermionic field, we can obtain the partition function as

Z:/D(A,A) exp{—/oﬁdT/ddr B|A]2—Trln§’;_1]}. (1.4.11)

14
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We consider expansion of TrlnG~! with A,

TrinG ' = Trin[Gy ' (1 + GoA)] =Trin Gy ' + Trin[l + GoA] (1.4.12)
B o1 e 1 . AN\ 2n
—TrlnGy' — ;0 o gOA) , (1.4.13)

where Gy = G\ A—0, and A is defined as

A= (9 A). (1.4.14)
A 0

Following the expansion, we can obtain the Ginzburg-Landau (GL) action as the effective

action for the superconducting order parameters,
SaLlA, Al = B/ddr [%m\? + gléA\Q FulAlf } . (1.4.15)

The coefficients of the GL action are obtained through integrations over higher-order terms
of Green functions Qo. The GL action has been a powerful tool for the theoretical investi-

gation of the dynamics of superconducting order parameters.

The time evolution of the order parameters and quasiparticles accurately describes the
dynamics of superconductors. However, we cannot separate the degrees of freedom of the
superconducting state into the order parameters and the quasiparticles completely because

these actors are strongly intertwined.

Bogoliubov quasiparticle excitation

Bogoliubov quasiparticle excitation corresponds physically to the breaking of a Cooper
pair. The energy bands of the quasiparticle are derived from the diagonalization of the
BdG Hamiltonian. In the conventional s-wave superconductors, the superconducting order
gaps out the energy bands around the Fermi surface, and the energy gap is given by
AE(k) > 2A. Thus, the lower energy excitation than 2A is prohibited, requiring the linear
optical conductivity to be zero for the lower frequency w < 2A. In other words, optical
measurements can yield information about the energy gap. Raman spectroscopy [33] and
transmission/reflection measurements [31, 32] are established techniques for measuring the

superconducting gap.

Collective mode excitations

The collective mode is a coherent motion of many particles, which is characterized by the
many-body Green’s functions. In ordered states, the collective mode can be interpreted as

coherent motions of the order parameters.
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The Higgs mode is the amplitude mode of the superconducting order. Although the
emergence of the Higgs mode is a universal and fundamental phenomena in superconduc-
tors, experimental observation of the Higgs mode in superconductors has been elusive for
a long time [30]. One reason is that the Higgs mode has no linear coupling to the external
probe, such as electromagnetic field [35]. In other words, the Higgs mode is a charge-neutral

scalar excitation.

The first case of observing the Higgs mode was the Raman scattering experiment in
a superconductor 2H-NbSes, where superconductivity and charge density wave (CDW)
coexist [36, 37]. Some experimental and theoretical works revealed the importance of CDW
order for the observability of the Higgs mode in the Raman response [38-41]. For decades
it was not able to observe the Higgs mode in superconductors without CDW order. After
the development of THz optical techniques, it has become possible to observe the Higgs
mode clearly in ‘pure’ superconductors, where the long-range order such as CDW order
does not exist. THz pump-probe experiments have unveiled the Higgs mode oscillation in

quench dynamics [42] and third-harmonic generations (THG) [43-45].

On the other hand, the massless phase mode §6 of the superconducting order parameter
|Ale? is termed Nambu-Goldstone (NG) mode. Although the NG mode is also universal
in superconductors, the massless collective mode disappears due to the Anderson-Higgs
mechanism [46-49]. The NG mode is absorbed into the longitudinal component of the
electromagnetic field and is lifted to high energy on the scale of the plasma frequency.
Therefore, the remaining low-energy collective excitations are the Higgs mode only in

conventional superconductors.

In multiband superconductors, the multiple superconducting order parameters diversify
the collective excitation modes. One of the novel collective modes is the Leggett mode,
which is the relative phase fluctuation between different bands [50]. Raman spectroscopy
observed the Leggett mode in a typical multiband superconductor MgBs [51]. Even an
uncondensed pairing channel can be relevant. When two Cooper channels are competing,
collective excitation of the uncondensed Cooper pairs, known as the Bardasis-Schrieffer
mode [52], can occur in optical phenomena. THz nonlinear spectroscopy detected the
Bardasis-Schrieffer mode in FeSe [53].

Vortex

Vortices are topological defects of the superconducting order, characterized by the winding
number. In noncentrosymmetric superconductors, vortices play an important role in non-
reciprocal transport phenomena [54]. Furthermore, recent experiments revealed the motion
of the vortex in nonlinear optical phenomena in the THz regime [28, 29]. A THz time-

domain spectroscopy shows giant second-harmonic (SH) signals in a thin film of s-wave
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superconductor NbN, where the T- and P-symmetries are broken by injected supercur-
rents [28]. The temperature dependence of the SH signals is accounted for by the motion
of the vortex driven by the THz-electric field in an anharmonic pinning potential. Recently,
this THz-SHG detection technique visualizes the picosecond trajectory of vortex motion in
a thin film of the iron-based superconductor FeSegsTegs [29]. It reveals that the vortex

core moves independently from the quasiparticles at a significant velocity ~ 300 km/s.

1.4.2 Unveiled properties of superconductors by nonlinear optics: inter-

play of nonlinear optical processes and quantum condensations

Recent progress in experimental techniques enables us to access nonlinear optical phenom-
ena in superconductors. The nonlinear optics potentially yield rich information on the

degree of freedom inactitve in the linear optical responses.

Higgs mode in third-harmonic generation

Let us explain the optical activation of the Higgs mode phenomenologically based on the
GL theory. The Higgs mode is a charge-neutral excitation, which has no linear coupling
to the electromagnetic field. However, nonlinear optical processes can activate the Higgs

mode via a nonlinear light-Higgs coupling.

Here, we denote the superconducting order parameter as ¢(r,t). Based on the GL

theory, the low-energy effective Lagrangian density [35] is given by

L= [alp() + S| + o (0¥ — e Ays(r) (1.4.16)
T er(r) (i0; — e @) (r) + eal (0, — D) (r) (14.17)

where A(r,t) and ¢(r,t) are the vector and scalar potential of the electromagnetic field.
The effective potential is given by the first two terms of Eq. (1.4.16). When the temperature
gets lower than the critical temperature (a < 0,b > 0, the global U(1) symmetry is
spontaneously broken, and the order parameter gets down to the bottom of the Mexican-

hat-shape potential. We consider the fluctuations of the order parameter from the ground

state () = o,
W(r) = [tho + H(r)]e? ™, (1.4.18)

where H(r) and 6(r) represent amplitude and phase fluctuations, respectively. The La-

grangian is then expanded as

6*2

om*

(VH)?

L =2aH? — !
2m*

1 2
<A— 6*V9> (o + H)> 4 ---. (1.4.19)
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@ A (b) Q

——————— H Q P 30
“H
2 Q

Figure 1.2: (a) Diagrammatic representation of the nonlinear coupling between the Higgs
mode and the electromagnetic field. (b) A diagram of the THG mediated by the Higgs

mode.

When taking a unitary gauge A’ = A — V6, we obtain

*2
1*(VH)2— e**
m

2 *2
0A2—6

2m* 2m

Y A%H -, (1.4.20)

L =2aH? -
“ 2

where denoting A’ as A. The mass term of the electromagnetic field appears in the third
term. Thus, the photon cannot travel freely inside superconductors but decay exponen-

tially.

We also obtain the light-Higgs nonlinear coupling (o< A2H) in the fourth term. The
nonlinear coupling can cause the activation of the Higgs mode by the two-photon pro-
cesses, which is described schematically in Figure 1.2(a). The Higgs mode can mediate the
third-order nonlinear optical processes, such as THGs. The THG spectroscopy shows an
enhancement in the spectral amplitude at the frequency 2w = 21y, corresponding to the

excitation energy of the Higgs mode [43, 44].

Nonreciprocal superfluid density

The superfluidity and macroscopic coherence of the superconducting state is characterized

by the superfluid density [55]. The superfluid density p*8 is obtained by
p*? = lim 0,05, F[A = A, (1.4.21)
A—0

where F is the free energy and A is the variational parameters corresponding to the
electromagnetic vector potential A. The Meissner effect is also determined by the superfluid

density.

When P and T symmetries are broken, the nonreciprocity can give rise to response
phenomena. Therefore, we can obtain the nonreciprocal correction to the superfluid density,
which we refer to as the nonreciprocal superfluid density (NRSF), in P and 7 symmetry
broken superconductors [16, 56]. The NRSF is given by

o8 = Jim 01, 0x,,0x, F[A = Al. (1.4.22)
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The NRSF characterizes the nonreciprocity of the superconducting condensation in view

of the electromagnetic responses.

One of the remarkable phenomena induced by the NRSF is the nonreciprocal Meissner
effect [56]. The Meissner effect is the screening of magnetic fields by superconductors;
magnetic fields can penetrate only a skin depth into a superconductor. The nonreciprocal
Meissner effect gives the difference in the penetration depth between whether the magnetic
field is parallel or antiparallel to the NRSF vector f, a specific vector given by the NRSF
tensor f*87. Furthermore, the anomalous optical response arises from the NRSF [16]. In P-
and T- symmetry-broken superconductors, the second-order nonlinear optical conductivity
has an NRSF term,

faﬁv

Oa;ﬁw(wl +UJ2,CU1,(UQ) = (1.4.23)

2w1w2 '

The NRSF term exhibits a characteristic power-law frequency dependence and diverges in

the low-frequency limit.

1.5 Organization of this thesis

In this thesis, we show that remarkable response phenomena emerge in exotic quantum
states: topological superconducting states and intervalley coherent states. In Chap.2, we
study second-order nonlinear optical responses in topological superconductors. We demon-
strate that the direction of photocurrents is inverted at the topological transition. In
Chap. 3, we investigate the effects of collective-mode excitations on the nonlinear opti-
cal responses in topological superconductors. Our numerical results show that the Higgs
mode significantly enhances the nonlinear responses when the Fermi level is close to the
Dirac point. In Chap. 4, we verify that anomalous response phenomena analogous to
superconductivity arise in valley-gauge-symmetry-broken states, namely, intervalley coher-
ent states. When considering valley-current generations driven by surface acoustic waves
(SAWSs), valley-gauge-symmetry breaking yields anomalous contributions that exhibit a
characteristic power-law dependence on SAW frequency. Finally, the obtained results are

summarized in Chap. 5.
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Chapter 2

Nonlinear optical responses in

topological superconductors

Recent developments in optical techniques have enabled us to access the hidden properties
of superconductors [6]. In particular, nonlinear optics has revealed the unique dynamics of
superconducting states, such as the Higgs mode in the third-harmonic generations [43—45].
Nonlinear optical techniques can detect the degree of freedom even when it is inactive in
the linear optical process. Furthermore, nonlinear optical response is closely related to
the topological properties of materials. Quantized circular photogalvanic effect in Weyl
semimetals is one of the phenomena that manifests strong ties between nonlinear optics

and the topological nature [23].

In this chapter, we focus on the nonlinear optical responses in topological superconduc-
tors (T'SCs). We numerically demonstrate the photogalvanic effect and second-harmonic
generation in s-wave superconductors with a Rashba spin-orbit coupling and a Zeeman
field, a promising candidate for TSCs [57]. Surprisingly, our numerical results show the
sign reversal of the nonlinear optical conductivity at the topological transition. Focusing on
the analytical formula of the nonlinear optical responses, we verify that the band inversion

is essential for the sign reversal at the topological transition.

This chapter is organized as follows. In Sec. 2.1, we overview candidates for topological
superconductivity and introduce the Rashba s-wave superconductor model. In Sec. 2.2, we
briefly explain the formulation of the nonlinear optical responses in superconductors. The
formulas indicate that the joint density of states is essential for the resonant components,
and indeed, it helps explain the frequency dependence of the nonlinear responses. We
demonstrate photocurrent and second-harmonic generation via numerical calculations and
explain their characteristic behavior in terms of the joint density of states. In Sec. 2.3,

we show the sign reversal and the specific frequency dependence of the nonlinear optical
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conductivity around the topological transition. Finally, we summarize this chapter in Sec.
2.4.

2.1 Topological superconductivity

TSCs have attracted attention from fundamental science to industry. One of the interesting
aspects of TSCs is their hosting of Majorana fermions, which are exotic in that they
are their own antiparticles [59-61]. Although a superconductor contains electron-electron
interactions, the superconducting states are accurately described by an effective single-
particle Hamiltonian in which the interaction is approximated as a mean field. The effective
Hamiltonian is called the Bogoliubov-de Gennes (BdG) Hamiltonian, which has particle-
hole symmetry. Topological states with particle-hole symmetry are classified into BdG
symmetry classes as Figure 2.1 [58]. The most common TSC class is class D, where TRS is
broken. The class D the 1D p-wave TSC and 2D p + ip TSC. We can make time-reversal-
symmetric T'SCs, corresponding to class D III, by combining two class D TSCs, with one

being the time-reversal version of the other.

The material candidates for topological superconductivity are categorized into natural
candidates and artificial candidates [62]. Natural candidates host topological supercon-
ductivity on their own, whereas artificial candidates are engineered setups such as het-
erostructures and nanowire hybrids. A subclass of the natural candidates is spin-triplet
pairing superconductors. Although the spin-triplet superconductors are rare in nature,
the topological superconductivity can emerge in them without fine-tuning. Heavy fermion
superconductors UPt3, UGez, URhGe, UCoGe, and UTe, are strong candidates [63].

Artificial structures have also attracted attention as platforms for 1D TSC and 2D
TSC. Artificial candidates for 1D TSC are hybrid superconductor-semiconductor nanowire
devices under an applied magnetic field [64-67]. Majorana zero modes are expected arise

at each end of the wire in such a system. One candidate for 2D TSC is an s-wave SC and

TRS PHS SLS d=1 d=2 d=3
BdG D 0 +1 0 Zo Z -
C 0 -1 0 - Z -
DIII -1 +1 1 Zo Zo Z
CI +1 -1 1 - - Z

Table 2.1: Bogoliubov-de Gennes symmetry classes of single-particle Hamiltonian classified
in terms of time-reversal symmetry (TRS), particle-hole symmetry (PHS), and sublattice
(or chiral) symmetry (SLS) [58].
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a topological insulator. The surface state of the topological insulator is utilized to realize
topological superconductivity. Another candidate is artificial heterostructures of an s-wave
superconductor and a ferromagnetic insulator [68-70]. In the presence of Rashba spin-orbit
coupling and a Zeeman field, the system effectively becomes spinless, allowing the s-wave

superconducting state to host Majorana fermions [68, 71, 72].

Much effort has been devoted to the search for topological superconductivity. However,
no firm evidence for topological superconductivity has yet been obtained. This is partly
because the physical phenomena manifesting the signature of topological superconductiv-
ity are limited. Since the existence of the Majorana edge mode is a unique characteristic
of topological superconductivity, some theoretical works propose the optical probe for the
Majorana edge mode [73-75]. On the other hand, the exploration of bulk probe for topolog-
ical superconductivity has also been awaited. Therefore, it is highly desirable to elucidate

the optical responses that signal the transition to the topological superconducting phase.

2.1.1 Model of Rashba superconductors

In this study, we consider an s-wave superconductor with a Rashba spin-orbit coupling
and a Zeeman field, one of the promising artificial candidate for topological superconduc-
tivity [68, 71, 72].

Topological superconductivity

We briefly review the topological properties of the Rashba superconductor model [71]. Let

us consider the normal Hamiltonian,

HN =Hyin + Hasoc + Hzeeman; (2.1.1)
Hygn = > £(k)CY Cres, (2.1.2)
k,s
Hasoc = Z g(k) - USS’C]LSCk,s’, (2.1.3)
k,s,s’
HZeeman = Z h- O-SS’C]LSCk,SU (214)
k,s,s’

where C (C’;L ) is the annihilation (creation) operator of electrons. The first term Hyg,

is a kinetic energy measured from a chemical potential, which contains the hopping term,
&(k) = —2t1(cos kg + cos ky) + 4ta cos ky cosky — p. (2.1.5)

The second term Hagoc represents a Rashba-type spin-orbit coupling, and the g-vector is

assumed to be

g(k) = a(sin ky, —sin k,, 0). (2.1.6)
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The parameters are set as t{ = 1, to = 0.2, and o = 0.4 in the numerical calculations. In

this study, we consider the Zeeman field Hzeeman only and ignore the orbital effect.

The s-wave superconducting order parameter is phenomenologically introduced as
/Hsfwave = Z (wc;i-&-q,'rcik—&-q,i + HC) y (217)
k

where 1) is the magnitude of s-wave superconducting pair potential, and the total momen-
tum of Cooper pairs is 2q. The BdG Hamiltonian describes the s-wave superconducting

states with 2¢ = 0 in the two-dimensional Rashba system,

Hpac :% %:(CL’CI’G)H(’C) <(C?:)T> (2.1.8)

1 t AT [E(k)—h-oc+g(k) o oy, Ck
=5 2.(C ) ( _ivo, (k) b0+ glk)- a*) ((cikF) |
(2.1.9)

where C’,Tc = (CITch C;L i)' Here, we assume that the Zeeman field is perpendicular to the
two-dimensional system. A scenario of topological superconducting states in the Rashba

superconductors is based on the following “dual Hamiltonian” H? (k),

— ho, —i€(k)o, — ig(k) -
HP (k)= | v " i(k)oy —iglk)-ooy) (2.1.10)
i{(k)oy +ig(k) - ooy, — + ho,
with the unitary transformation
HP(k) = DH(R)D!, D=1 ") (2.1.11)
’ V2 1oy 1

A key feature of the dual Hamiltonian is that the original g-vector of Hagoc is formally
equivalent to the pair potential of the 2D p + ip superconductors. Therefore, the discus-
sion of 2D p + #p TSCs can be used to investigate the topological properties of Rashba
superconductors. Ref [71] examine that the topological order emerges when £(k), ¢, and

h satisfy the condition,
V24 £(0,0)2 < % < o + £(7,0)2. (2.1.12)

The chiral edge mode exists, and non-Abelian statistics of vortices are realized.

In-plane magnetic field and helical superconducting states

In the following, we assume the Zeeman field to be

h = (0,hcosf, hsin®), (2.1.13)
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with 6 being the angle between the magnetic field and the two-dimensional plane. In
the Rashba superconductor with an in-plane component of the magnetic field, the total
momentum of Cooper pairs gets finite without injecting an electric current [76, 77]. This
is called the helical superconducting state, and we introduce the Cooper pairs’ momentum

2q in Eq. (2.1.7). The BAG Hamiltonian in the helical superconducting state with 2q is

given by
Hpac :% > (eh gl g) Hik.q) ((cfk’q)T> (2.1.14)
k —k,q
N e T Hn(k + q) Y(ioy) Ck,q
_ZZk:( kg (C—ka) )< Wio)! —HN(—k+q)T> <(CT—k,q)T>7 (2.1.15)

where c;fc,q = (c;rﬁqﬁ, c;fe+q,¢)' The total momentum of Cooper pairs 2¢q is determined so

as to minimize the free energy, which is calculated by

T
F=(H)p~TS=~3) log (1 + e Halk ‘1>/T) . (2.1.16)
k,a

Note that the minimization is performed with the magnitude of the pair potential v fixed

in this chapter.

2.2 Photocurrent and second harmonic generation

We investigate the second-order nonlinear optical responses in the Rashba superconduc-
tor model. In particular, the photocurrent and second-harmonic generation (SHG) are

dominant contributions when the monotonic light is injected.

2.2.1 Formulation

In this chapter, we consider the dynamics of quasiparticles but ignore collective-mode
excitations. The dynamics of the quasiparticles are described by the density matrix method
based on the BAG Hamiltonian [16]. We then obtain the formula for the nonlinear optical
conductivity in the superconducting state using the density-matrix method. Note that we
focus on the second-order nonlinear optical responses in clean superconductors [16, 57, 78—

83], which contrast with those induced by impurity scattering [84, 85].

We briefly explain the formulation of the nonlinear conductivity. With the velocity
gauge E = —0;A, the coupling to external electric fields is introduced by the minimal

coupling description Hx(k) — Hn(k — eA). Thus, the vector potential A dependence of
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the Hamiltonian is expressed as

Hn(k +q —eA) W(ioy) ) |

1b(z<7yfr —Hn(—k+q—cA)T (22.1)

H(k,q, A) = <
The perturbative Hamiltonian AH(k, q,t) is given by

AH(K, q,t) = H(k, g, A(t) — H(k, q,0) = > %Am () A% ()T (K, q), (2.2.2)

n=1

where we introduce the generalized velocity operator

O"H(k,q,A)
arom (., = (—=1)" ) 2.2,
We define the electric current density operator J*(t)
(6% 1 (6%
T = 5 > e Talk.q.t)ck,q, (2.2.4)
k
where we define J5(k,q,t) by
1
Th(k,q,t) = > — (1) A% (1) - AP (1) TN P (K, q). (2.2.5)
L= m!
The formula for the second-order nonlinear conductivity is obtained as
Uagﬁw(w;wl,wg) (2.2.6)
aﬁ vy ay 18
1 J a J J a
= ST S g S
2(iwy — n)(iwg — — |4 2 ~ 2\ wo + in— Epy w1 +in— Ep,
iyl o foo <1 TG Jedoafoe __ JeaTpfe
g 2w+ 2in — Ey, = 2w+2m Fpy \wo+in—E  wo+in— Ey

,0,€

1 ng ( JbCJcafac . Jcajbifcb > (2 9 7)

+ = - - -
abCQw—l—Qm—Eba w1+ — Eeq w1 +in— Epe

where indices a, b, ¢ are spanned by the energy eigenvalues F, of the unperturbed Hamil-
tonian H(k,q) and the energy difference is E,, = E, — Ep. The matrix elements of the
current operator J*' % (k, q) is described as J,' " on the band basis. We omit the de-
scription (k, q) from J* %" (k, q) and others. We introduce the Fermi-Dirac distribution
function f, = (eBE“ +1)~! and defined f,, = fo — f». The infinitesimal positive parameter

1 appears due to the adiabatic application of the external fields.

Generalized Berry connection

Here, we focus on the photocurrent conductivity 0®%7(0,w, —w). The photocurrent con-
ductivity in superconducting states can be rewritten as the explicitly gauge-invariant for-
mula, as that in the normal states in Sec.1.3.2. To obtain the gauge-invariant formula, we

introduce the generalized Berry connection.
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2.2. PHOTOCURRENT AND SECOND HARMONIC GENERATION

Before discussion of the generalized Berry connection in superconducting states, we re-
view relation between the k-derivative Berry connection and the photocurrent conductivity
in the normal states. The general formula of the second-order nonlinear conductivity is
described in terms of the matrix elements of the current operators as Eq. (1.3.18). With
the Hellmann-Feynman theorem, the paramagnetic current operator is obtained as

(k) = a(ZaEaéab +iEwp&5 (k), (2.2.8)

with the k-derivative Berry connection

0) = i ()| 5 ) 2.29)

defined with the periodic part of the Bloch states {|u,(k))}. The relation between the
Berry connection and the paramagnetic current operator originates from the equivalence
of differentiation with respect to the vector potential A and with respect to the momentum
—k, which is justified by the minimal coupling p — p — eA. This relation is essential for

rewriting the formula explicitly gauge-invariant.

In contrast to the normal state, the Hellmann-Feynman relation in Eq.(2.2.8) fails in
the superconducting state. In the BAG formalism, particles with opposite charges, that
is, electron and hole, are treated on equal footing. Thus, a naive treatment based on the
minimal coupling p — p — eA is not justified. Therefore, we consider A-derivative Berry

connections instead of the k-derivative ones, where X is the vector potential parameter.

We introduce the variational parameter A with bearing the minimal coupling in mind,
H(k,q, A =0) = Hi(k,q) =H(k,q, A= A). (2.2.10)

Since the vector parameter A plays the same role as the (spatially uniform and time-

independent) vector potential, we obtain the relation

OH

0 =~ Jim (x| 0

=—1
A—0

bx> ; (2.2.11)

where |ax(k,q)) is the eigenstate of the Hamiltonian H,(k,q). The Hellmann-Feynman

relation for the vector potential parametrization is obtained from

< OHx B4 ()
a) =

by ) = Sap — i€, Hala 2.2.12
) 16, Hla, (2212)
where we defined the connection £« with the replacement dy,, — Jy, in Eq. (2.2.9):

0o

ob
Ao A
€ab =1 <a>\ 8)\&> . (2213)
The relation between the paramagnetic current operator and Berry connection is as follows:
: OEq(N) , e
c(sz = )]\g% |:—a;a(5ab — ZEab()‘)gab . (2214)
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This relation plays an essential role in simplifying the optical conductivity formulas.
The linear optical conductivity and photocurrent response have been decomposed into

normal and anomalous contributions with using the vector potential parametrization [16].

Normal and anomalous photocurrent responses

In the gapful superconductors at low temperatures, the total photocurrent conductivity is

decomposed into the two components
0 =0n+ 0a. (2.2.15)

The former is a normal photocurrent which is a counterpart of the photocurrent in the
normal state, while the latter is an anomalous photocurrent unique to the superconducting
state [16].

The normal photocurrent consists of the four contributions
On = OEinj + O Minj + Oghift + Ogyros (2216)

where the terminology is same as Eq (1.3.19). The formulas based on the BAG Hamiltonian

are obtained as

o = ;7:7 S8 — T fad(w — Epa), (2.2.17)
a#b
Ny = Z — T30 fard (@ — Epa). (2.2.18)
a;éb
By _ A A A s
oS =1 ;b 3 HDMﬁ ) g+ [Dag™] &0 fwdlw = Bu),  (22.19)
o v A A
oghg =7 DR HD)\af)\B]ab & — [Dxaﬁ’\”Lb &0 | fard(w = Ba). (2.2.20)
a#b

WE defined the geometric quantities such as the Berry curvature (Qi;f As ) and quantum
metric (g g‘ A ), and the covariant derivative (D)_). The covariant derivative is associated
with the U(N)-Berry connection A% of N-fold energy-degenerate bands. When the pair
potential is zero, we can easily reproduce the photocurrent conductivity in the normal state

by replacing A with k in the normal photocurrent.

The microscopic mechanism is explained based on the illustration of Fig. 2.1. In the
superconducting state, the type A and type B transitions can contribute to the normal
photocurrents [Fig. 2.1(b)]. The type A transition is similar to the interband transition
in the normal state shown in Fig. 2.1(a), while the type B transition is unique to the
superconducting states. The contributions arising in the superconducting states exhibit

the frequency dependence characteristic of a type B transition.
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(a) Normal state (b) Superconducting state (¢) Comparison of Normal and SC

Type A transition

Figure 2.1: Schematic illustration of the transitions that contribute to the second-order
nonlinear responses. Note that the Zeeman field is set to be zero in the illustration for
simplicity. (a) In the normal state, the interband transition dominantly contributes to the
second-order nonlinear response. (b) In the superconducting state, the transition processes
that make dominant contributions are categorized into type A and type B transitions. Here,
we define the eigenenergy of the quasiparticles E;(k) as E1(k) < Ea(k) < 0 < Esz(k) <
E4 (k). Type A corresponds to Ey <> E4 and Fy <> Ej3 transitions, type B is Fy < Ej3
and Ey <> Ej transitions. (c) A Type A transition is similar to an interband transition in
the normal state. Thus, the contributions of the nonlinear responses in the normal states
appear even superconducting via the type A transition. On the other hand, the type B

transition makes unique contributions to the superconducting states.

Because of the nonequivalence of A and k, the anomalous conductivity appears in the

superconducting state. The anomalous photocurrent consists of two contributions
0a = ONRSF 1 0CD;, (2.2.21)

which are termed nonreciprocal superfluid density (NRSF) term, and conductivity deriva-

tive term, respectively. The formulas are given by

. 1
oNhdr = }\Hg{)—ﬁaxa@ﬂ@xvﬂ, (2.2.22)
%P7 = lim —aA Z JET 1 + LA (2.2.23)
CD A—0 w ah ab“ba’ @ Eab Eab

In Eq. (2.2.22), F) is the free energy of the BAG Hamiltonian.

A unique property of nonlinear optical responses of superconductors is the low-frequency
divergence. Indeed, the anomalous photocurrent shows divergent behaviors in the low-
frequency regime. We already discussed the NRSF term in Sec. 1.4.2. The NRSF shows
the w™? divergence at the low frequency. The conductivity derivative term in the low-

frequency limit (w — 0) is reduced to the A-derivative of the total Berry curvature Bda‘sz

B By A
ooh | = owp = hm 496575@& <ZQ 5fa> 49657§Bd . (2.2.24)

The conductivity derivative term in the static limit a?é@ is represented by Berry curvature
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LPGE (1)/ CPGE (0) T PT
@) Shift current Magnetic injection current
NRSF*
(O) Electric injection current Gyration current

Conductivity derivative*

Table 2.2: Classification of photocurrent responses in gapful superconductors in terms of 7
and PT symmetries and of linear photogalvanic effect (LPGE) and circular photogalvanic

effect (CPGE). The entries with the superscript, *, vanish in the normal states.

derivative Bg“s and shows the w™! divergence. The diverging behaviors are absent in normal

metals and insulators and unique to superconductors.

We classify the contributions of photocurrents in the gapful superconductors in terms
of T- and PT- symmetries and of linear photogalvanic effect (LPGE) and circular pho-
togalvanic effect (CPGE). For the anomalous photocurrent, the NRSF term is prohibited
in the T-symmetric system, while the conductivity derivative term disappears in the PT-

symmetric system. The classification is summarized in Table 2.2.

Anomalous contribution to general nonlinear responses

The low-frequency divergent behavior also emerges in other nonlinear responses such as
the SHG. The anomalous parts of nonlinear responses have been obtained by the Green

function method [16]. The low-frequency anomalous contribution reads as

o8P (w1 4 weswi, wa) = U?fﬁgF(wl + woywi, wa) + Uggv(wl + wa; Wi, wa), (2:2.25)

where O(w{wy) terms are suppressed (a + b > 0). In gapful superconductors, the formulas

of the NRSF and static conductivity derivative are obtained as

By L
ONRSF = o1 o0, (2.2.26)
%P = L ie BY 4 ie B’ (2.2.27)
sCD 4\ wy ayé g wo aBsPq | - 4

In Eqs. (2.2.26) and (2.2.27), the NRSF f and Berry curvature derivative By are defined

in terms of Green function [16].

2.2.2 Joint density of states

Before showing the nonlinear optical responses, we discuss the joint density of states
(JDOS) in the Rashba superconductor model and analytically calculate it. The JDOS

29



2.2. PHOTOCURRENT AND SECOND HARMONIC GENERATION

(a) (b) ()
w=2Y—h|l w=2¢
1

Type A transition

AE =2y Type B transition

[\

Figure 2.2: (a) Schematic illustration of the band structure and the optical transitions in

JDOS

the superconducting state. Energy bands of Bogoliubov quasiparticles. The type A and
type B transitions give resonant contributions to the second-order optical responses. (b)
Schematic illustration of the JDOS, which is derived from the type B transition. The color
of the lines corresponds to the Fermi level illustrated in (c). A peak appears in the JDOS
at w = 2¢. In addition, a plateau (blue line) may appear between w = 2[1) —h| and w = 21,
when the Fermi level is close to the Dirac point at the time-reversal invariant momentum
(T point in this paper). (¢) Approximate parabolic bands around the I" point in the normal
state. The nonlinear optical responses show characteristic behaviors under the magnetic

field when the chemical potential measured from the Dirac point [ is small.

is an essential quantity for the nonlinear optical responses because the formulas of the
normal photocurrent conductivity, Eqs. (2.2.17)-(2.2.20), contain the factor d(w — Ep,),
which corresponds to the optical transition between the a and b bands. Below we show
the characteristic frequency dependence of the JDOS. In addition, we identify the essen-
tial optical transition and approximately decompose the corresponding JDOS to jBQ(i) and
JBagii)- These approximated JDOS show characteristic dependence on the magnetic field
and chemical potential. In the later sections, the photocurrent conductivity is discussed
based on the analysis of the JDOS.

We will show peculiar behaviors of the photocurrent conductivity around the topological
transition. The condition for the topological superconductivity is Eq. (2.1.12). Thus, we
mainly discuss the Rashba system with the Fermi level near the Dirac point, which is

feasible for topological superconductivity.
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Figure 2.3: (Upper panels) The JDOS for the chemical potential (a) p = —3.2 and (b)
-3.0. The JDOS Ja1(w), Jaz2(w), Jp1(w), and Jpa(w) correspond to the optical transitions
Fsp < Eg, Eg, < Fop, Fa < Fig, and E3p <> Eog, respectively. We set the parameters
t1 =1, ty = 0.2, and h = 0.05. (Lower panels) Blue and orange lines plot the approximate
JDOS, jBQ(i) (w) and jBQ(ﬁ) (w), respectively. The effective chemical potential in (¢) 1 = 0
and (d) 0.2 correspond to the panels (a) and (b), respectively. We adopt ¢ = 0.6 consistent
with the tight-binding parameters ¢t; = 1 and 2 = 0.2. In the cases (a) 4 = —3.2 and (c)
i = 0, the Dirac point lies on the Fermi level. The characteristic frequencies are given as
below. (d) w = 2 ’. [+ — h‘ = 0.08 and () 0.141. (a) w = 2 ’\/m B
0.056 and (b) 0.119. In all the panels (a)-(f), w = 2¢) = 0.18. Reproduced from Fig. 3 of
Ref. [57]. (© 2024 American Physical Society
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Numerical results of JDOS

We defined the JDOS, Ja1, Jas2, JB1, and Jgo, as

Jar1(w) = d(w — Es, + Eug), (2.2.28)
Jao(w) = zk: §(w — By + Fop), (2.2.29)
Jp1 (w) = zkj §(w — Eag + Eup), (2.2.30)
Tpa(w) = E}ija(w — Eag + Eog), (2.2.31)

where we define the eigenenergy of the quasiparticles Ej;(k) as Ei(k) < Ea(k) < 0 <
Es(k) < E4(k). We use the notation A = A(k) for simplicity. The JDOS with subscript
B, namely, Jp; and Jpg, correspond to the type B transition specified in Fig. 2.2(a).
Figure 2.3(a) and 2.3(b) show the JDOS for p = —3.2 and —3.0, respectively. We see
that the JDOS Jpa(w) is dominant at low energies. Thus, it is expected that the type B
optical transition between the Fo, and E3i bands dominates the superconducting nonlinear

responses to the irradiation of low-frequency light.

In our model, the Dirac point exists at k ~ 0. When the magnetic field is absent,
the chemical potential y = —3.2 lies on the Dirac point [blue lines in Fig. 2.2(c)], while
p = —3.0 lie above the Dirac point [a orange line in Fig. 2.2(c)]. The chemical potential
dependence of the JDOS Jga(w) was illustrated in Fig. 2.2(b) based on the results in Figs.
2.3(a) and 2.3(b). Specifically, the JDOS has characteristic structures. First, a sharp peak
exists around w ~ 2¢) = 0.18 independent of the chemical potential. Second, Fig. 2.2(a)
(u = —3.2) show finite Jpa(w) below the frequency w = 2, while Fig. 2.2 (b) does not
show it. The origin of the similarities and difference between JDOS spectra for different

chemical potentials is explained below.

Approximate JDOS

To analyze the system with a Fermi level near the Dirac point it si essential to understand
the JDOS illustrated in Fig. 2.2(b) and obtained in Fig. 2.3. For this purpose, we intro-
duce the approximate JDOS, jBQ(i) (w) and sz(ii) (w), into which Jpa(w) is approximately
decomposed. Here, we approximate the normal state Hamiltonian with a focus on the I'

point (k = 0) of the Brillouin zone as

& =t (k” + k%) — [, (2.2.32)
gk = alky, —kz,0), (2.2.33)
o= ,u—|—4(t1 —i—tg), (2.2.34)
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where [ is the effective chemical potential indicating the difference of the Fermi level from
the Dirac point. For our choice of parameters, u = —3.2 corresponds to i = 0 while
p = —3.0 to i = 0.2. For simplicity, we ignore the total momentum of Cooper pairs and

set 2q = 0 in the discussion of the approximate JDOS.

First, we derive the approximate JDOS jBQ(i) (w), which gives a sharp peak of Jpa(w)
around w = 21. In the derivation, we ignore g - h because its effect is almost canceled be-
tween Fs and Ej3 in the energy difference AF3o. Then we obtain the energies of Bogoliubov

quasiparticles as

Ey = i\/g,f + gr? + h? + 2 £/ 2\/§k2(gk2 + h2) + 2h2. (2.2.35)

The approximate energy satisfies the symmetry Ey = FE_g because we ignore g - h. When
|€k||gk| > 1h, the energies of Bogoliubov quasiparticles are furthermore approximated by

Ej =+ \/(|§k\ +' or? + h2>2 + o2, (2.2.36)

To estimate the JDOS, we consider an electron band of Esp,

Esp = \/<|§kl —Var? + h2)2 + 2. (2.2.37)

Since Fo, and E3p are related to each other under the charge-conjugation transformation

FEo, = —FE5_, the energy difference of the transition between the electron and hole bands

is given by

2
AFE, = E3p, — Eop, = 2\/(|£k| — \/9k2 + h2) + 1[12. (2238)

The approximate JDOS jBQ(i) (w) is introduced corresponding to Eq. (2.2.38),

!/

Tpaty(w) = ) (w — AEy), (2.2.39)

k
where the integration is carried out on the region |£g||gx| > 1’h. When we assume gg, > h,
which is satisfied for large k, sz(i) (w) shows the divergence at w = 2¢. In fact, jBQ(i) (w)
reproduces the sharp peak of the JDOS around w = 21, as shown in Figs. 2.3(c) and
2.3(d). We also see the peaks at 2 ~ 0.22 in Figs. 2.3(a) and 2.3(c). These peak positions

are sensitive to the spin-orbit coupling parameter a.

Next, we introduce the approximate JDOS jBQ(ii) (w) base on another assumption ¥h >

|€k||gk |- In this case, we obtain the electron band of Fsg,
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Then, the energy difference for the optical transition between the electron and hole bands

is given by

AE, = 2\/5,62 + g2 + A2 + 2 — 2h\/ &% + 2. (2.2.41)

Thus, the approximate JDOS jBQ(ii) (w) is introduced as

Jpa(ii) Z 5 (w - 2\/&3 +gr? + h2 92 — 2h /&2 + ¢2> . (2.2.42)

where the integration is carried out on the region ¥h > [£g||gk|. By the integration around

k=0, ng(ii) (w) is approximated by

0 <O<w<2‘\/m h’)

Tpaginy (w) = (2.2.43)
e (ol <)
with
a=|a?—2th+ % (2.2.44)
,U2 + ¢2

We see that the JDOS ng(ii) (w) is finite above w = 2 ‘\/m — h‘. We expect that
the contribution of jBQ(ii) (w) is important in the low-frequency region because it can be
finite for the frequency w smaller than 29 contrary to Jgpj)(w) when |[ji| is sufficiently
small. Corresponding to this fact, we will see the nonlinear optical responses in the region
2|Yp — h| < w < 21 when the Fermi level lies on the Dirac point. As shown in Fig. 2.3(c),
ng(ii) (w) for i = 0 shows a plateau starting from w = 2|¢) — h|. A similar structure is
seen in the numerical results of the JDOS [Fig. 2.3(a)]. Indeed, the JDOS Jpa(w) can be
approximated by summation of ng(i) (w) and jBQ(ii) (w), as Jpa(w) ~ jBQ(i) (w)+ jBQ(ii) (w).
This feature was illustrated in Fig. 2.2(b).

Comparison of JDOS and approximate JDOS

Here, we compare the JDOS with the approximate JDOS. First, let us compare Fig. 2.3(a)
with Fig.2.3(c), where the chemical potential lies on the Dirac point. The plateau of Ja(w)
as w < 2t is attributed to jBQ(ii) (w), and the sharp peak of Jpa(w) at w = 24 is attributed
to Jpa(iy(w). Thus, we see a qualitative agreement between the numerically calculated
JDOS and the approximate JDOS.

Contrary to the above case, we do not see the contribution of jBQ(ii) (w) in the JDOS for
u = —3.0 [Fig. 2.2(c)] corresponding to an effective chemical potential i = 0.2 deviating
from the Dirac point. The sharp peak of the JDOS still appears around w = 2¢ and is
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attributed to jBQ(i) (w). On the other hand, ng(ii) (w) vanishes in the low-frequency region
w < 21 because a finite contribution is obtained only above w = 2|\/fi? 4+ 2 — h| ~ 0.34 >

21).

Based on the above results, we expect characteristic behaviors in the nonlinear optical
responses, such as the peculiar magnetic field dependence, when the Fermi level is close to
the Dirac point. As indicated by Eq. (2.2.43), finite photocurrent conductivity appears in
the in-gap region w < 2¢ under the magnetic fields. On the other hand, a sharp peak of
the JDOS around w = 21 is not sensitive to the magnetic field except for the change of
the pair potential v, and therefore, we expect that the nonlinear optical responses in this

frequency range are robust under the magnetic field.

2.2.3 Numerical demonstration

In this subsection, we numerically demonstrate the nonlinear optical conductivity in the
Rashba superconductors. In the two-dimensional superconductors with the Cyy crystal
structure, our Rashba model, all the second-order optical response are prohibited at the
zero magnetic field. However, the second-order responses may occur under the magnetic
field, which breaks not only the 7 symmetry but also the crystalline symmetry. We will

show the field-induced nonlinear optical responses in the following.

For a quantitative estimation, we set t; = 1eV and calculate the response coefficients
in the SI unit. Thus, the results of the nonlinear conductivity are given in the unit AV =2
Numerical calculations are performed on the N?2-discretized Brillouin zone (N = 3000).
For numerical convergence, we replace the parameter 1 with a phenomenological scattering
rate v = 2.0 x 107* and introduce a finite temperature 7 = 10~* for the Fermi-Dirac

distribution function.

Characteristic frequency dependence and constraints due to symmetry

We show the photocurrent generation and SHG under the in-plane magnetic field (6 = 0) in
Fig. 2.4. It should be noted that some components vanish due to the constraints discussed

below. First, the constraint
. . * . .
ot = (oh) ol = oS, (2.2.45)

has to be satisfied by definition. This constraint requires %[Uggﬁ ] = 0. Second, the
symmetry of the system prohibits some components of the nonlinear optical responses.
In this respect, the magnetic field plays a key role. In our model, the C4, symmetry
of the crystal structure lowers under the magnetic field, and thus the magnetic field is

indispensable because the Cyy point group symmetry prohibits the second-order nonlinear
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Figure 2.4: Frequency dependence of the photocurrent generation and the SHG under the
in-plane magnetic field (§ = 0°). The unit of the vertical axis is (AV~2). (a) Real part
Re[ag;g "] and (b) imaginary part Im[agg "] of the photocurrent generation. (c) Real part
Re[oggg] and (d) imaginary part Im[aglfg] of the SHG. We set the parameters h = 0.025,
¥ = 0.09, and p = —3.2. Note that ¢%¥%" = g¥%** = g¥¥% = () since these components are
prohibited by the m’m2’ magnetic point group symmetry. The vertical lines illustrate the
frequencies Q0 = 24, 2|1) — h| for the photocurrent generation and Q = v, 21,1 — h, 2|1) — h|
for the SHG. Reproduced from Fig. 6 of Ref. [57]. (©) 2024 American Physical Society

Table 2.3: Constrains of second-order optical responses and the symmetry class with
0 being the angle between the magnetic field and the two-dimensional plane [h =
(0,hcos®,hsin@)]. The subscript ‘7 —even’ means the contribution which is even under
the 7 operation (see also Table 2.2).

Angle 6 Symmetry Constraints

h|y(6=0°) m'm2’ T = g¥TT = gV = (), U?’;—Bzven =0 for all o, 8,7
Feo<or ow O

h | z (6 =90°) 4m’'m’ o%P7 =0 for all a, B,

36



2.2. PHOTOCURRENT AND SECOND HARMONIC GENERATION

response in two-dimensional systems. The relation between the symmetry constraints and
the magnetic fields is summarized in Table 2.3 and discussed in the following. First, when
the magnetic field h = (0,hcosf, hsin®) is parallel to the y axis (§ = 00°), the model
is characterized by the m’'m2’ magnetic point group symmetry. The symmetry prohibits
the nonlinear conductivities o%¥%*, ¢¥%** and o¥%%Y. Figure 2.4 is consistent with these
constraints. Moreover, all the T-even contributions symmetric under the 7 operation (see
Table 2.2 for classification of the photocurrent conductivity based on the mechanism and
symmetry) disappear in the two-dimensional system due to the 7 Cg, symmetry. Second,
when 6 satisfies 0° < 6 < 90°, the model has the 7my symmetry, which is classified into
the magnetic point group m’. The T-even contributions of o%¥*, g¥%** and o%¥¥ disappear
due to the symmetry. Finally, when the magnetic field is perpendicular to the xy plane
(0 = 90°), the symmetry of the system is 4m'm’, and all the components of nonlinear

conductivity vanish in the two-dimensional system due to the Cs, rotation symmetry.

In Fig. 2.4, we see a characteristic frequency dependence of superconducting nonlinear
responses. First, in the low-frequency region, the divergent nonlinear responses are ob-

;87 a; By a; By
C

served in the real part of O'g and ogpya- The NRSF term oyzqp, which is odd under the

T symmetry, causes the anomalous divergent behaviors. The static conductivity deriva-
tive term O'Saé%’y disappears because this term is even for the 7 symmetry. Although the
imaginary part also shows a weakly diverging behavior at low frequencies, this behavior is

artificial and comes from the phenomenological treatment of the scattering rate [16].

Second, the type B transition illustrated in Fig. 2.4(a) gives the characteristic resonant
contribution to the photocurrent conductivity and SHG. This contribution is often char-
acterized by the superconducting gap. The peak around w = 2¢ is a typical behavior and
observed in Figs. 2.4(a) and 2.4(b). Contrary to the photocurrent, not only the transition
AFE ~ w but also AE ~ 2w may give rise to essential contributions to the second harmonic
generation, where AF is an energy difference between transition bands. Figures 2.4(c) and
2.4(d) show the peak structure and sign reversal at w = 1. The frequency dependence of
the SHG is more complex than that of the photocurrent generation. In the remaining part,

we discuss the photocurrent conductivity in detail.

Unique behaviors due to Dirac point

We will show the characteristic behavior of the nonlinear optical responses in Rashba
systems with a chemical potential near the Dirac point. For this purpose, we focus on the
resonant components of the photocurrent, which the JDOS characterizes. We investigate
in detail the dependence on the magnetic field. Consistent with our conjecture in Sec.
2.2.2, the presence of the Dirac point near the Fermi level gives rise to unique behaviors

in the nonlinear responses in the superconducting states. In the following, we verify the
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Figure 2.5: Photocurrent conductivity Re[ope ] with varying the magnetic field h. The
unit of the vertical axis is (AV~2). (a), (b) The angle of the magnetic field is varied by
fixing the magnitude h = 0.05. (c), (d) The magnitude of the magnetic field is varied by
fixing the angle § = 0°. The chemical potential is set as (a), (¢) p = —3.2 while (b), (d)
p = —3.0. Reproduced from Figs. 8 and 9 of Ref. [57]. (©) 2024 American Physical Society

conjecture with numerical calculations.

First, we discuss the angle 6 of the magnetic field h = (0, hcos 6, hsin ). Figure 2.5(a)
plots the real part of the photocurrent conductivity op” for various angles. Here, we
see a consequence of the symmetry constraint. The photocurrent conductivity disappears
under the perpendicular magnetic field with 8 = 90° because the Co, rotation symmetry
prohibits the second-order optical responses. Therefore, the magnitude of the photocurrent
conductivity becomes smaller when the angle approaches 8 = 90°. For angles different from
0 = 90°, we see qualitatively the same frequency dependence. In Fig. 2.5(a) with u = —3.2,
the photocurrent conductivity is enhanced between w = 2|1) — h| (= 2|\/i2 + ¥2 — h|) and
w = 21).

Next, we show the change in the photocurrent conductivity when varying the magnitude
of the magnetic field. Figure 2.5(c) plot the real part of the photocurrent conductivity
ope with varying the magnitude. For p = —3.2 on the Dirac point [Fig. 2.5(c)], the
photocurrent conductivity begins rising at a lower frequency with a larger magnetic field.
This is consistent with the JDOS, which is finite above w ~ 2|¢) — h| and attributed to the

contribution of jBQ(ii) (w).

However, the above peculiar behaviors of the photocurrent conductivity disappear when
the chemical potential is far away form the Dirac point. This is expected from the analysis

of the JDOS. Because the unique contribution in the in-gap region w < 21 disappears at
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i = —3.0, we expect that the contribution of jBQ(ﬁ) (w) is dominant. In Figs. 2.5(b) and
2.5(d), where we plot Re[opg”| for p = —3.0, the photocurrent conductivity shows a peak
around w = 2%, and the position of the peak does not significantly change with varying
the angle and magnitude of the magnetic field. These results are consistent with the above
expectation that the photocurrent conductivity is mainly related to the JDOS jBQ(i) (w)

when the chemical potential is not close to the Dirac point.

We summarize the results in this subsection. For chemical potentials near the Dirac
point, a component of the JDOS from the region k ~ 0, namely jB2(ii) (w), gives signif-
icant contributions to the photocurrent conductivity in the superconducting state. Since
these contributions are sensitive to magnetic fields, the photocurrent conductivity shows
characteristic behavior in the in-gap region w < 2. On the other hand, the contribution
of ng(i) (w) is dominant when the chemical potential is not in the vicinity of the Dirac
point. This contribution shows a sharp peak around w = 2, which is robust to changes
in the magnetic field. The decomposition of the JDOS to the approximate JDOS jBQ(i) (w)
and jBQ(ii) (w) is helpful to elucidate the photocurrent conductivity in noncentrosymmetric

superconductors in the in-gap frequency range w < 21).

2.3 Nonlinear optical conductivity around topological tran-

sition

Next, we investigate the relation between superconducting nonlinear responses and topo-
logical superconductivity. We show that the photocurrent conductivity and the SHG co-
efficient dramatically change when the Rashba superconductor becomes the topological

phase.

We have considered s-wave Rashba superconductors with the Zeeman field. The Rashba
superconductor becomes a topological superconducting state when the Zeeman field h is
larger that the critical value h.. When the magnetic field is perpendicular to the plane,
the critical value h, is obtained as h¢ = /42 + £(0,0)2 = \/fi2 + 92 from the condition
(2.1.12).

First, we investigate the photocurrent conductivity around the topological transition
between the topologically trivial and nontrivial superconducting phases. In the previous
papers [68, 71, 72], it was shown that the topological transition occurs under the magnetic
field perpendicular to the plane. In the following, we consider tilted magnetic fields to the
plane because the photocurrent conductivity vanishes under the perpendicular magnetic
field. We set the angle 6 as § = 60°. Because the topological properties are robust against
small changes in the Hamiltonian., the topological transition occurs even though the tilted

magnetic fields. Gap closing si one of the characterizations of the topological transition.
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Figure 2.6: The energy band of Bogoliubov quasiparticles around the I" point [k = 0] with
varying the magnitude of the magnetic field. We set p = —3.2, ¢ = 0.09, and 6§ = 60°.
From Fig. 12 of Ref. [57]. (©) 2024 American Physical Society
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Figure 2.7: The photocurrent conductivity for various magnitudes of the magnetic field.
The unit of the vertical axis is (AV—2). We show Re[op:"] for (a) 0.04 < h < 0.08 and
(b) 0.09 < h < 0.13. Reproduced from Fig. 13 of Ref. [57]. (©) 2024 American Physical
Society
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Figure 2.6 shows the energy band around k = 0 when we set p = —3.2 and ¢ = 0.09. As
we enlarge the magnitude of the magnetic field in 0.04 < h < 0.08, the energy gap becomes
smaller [Fig. 2.6(a)]. On the other hand, the energy gap opens as the magnetic field is
further increased in 0.09 < h < 0.13 [Fig. 2.6(b)]. These results indicate that the gap

closing and topological transition occur in the region 0.08 < h < 0.09.

Figure 2.7 shows the photocurrent conductivity Ufﬁém for the magnetic fields (a) 0.04 <
h < 0.08 and (b) 0.09 < h < 0.13. We focus on the resonant components in the low-
frequency region w < 2. In the topologically trivial region 0.04 < h < 0.08, the photocur-
rent conductivity begins to increase at a lower frequency with a larger magnetic field [Fig.
2.7(a)]. When the magnetic field is further increased in the topological superconducting
phase, the photocurrent conductivity is negatively enhanced and shows peaks at higher
frequencies with larger magnetic fields [Fig. 2.7(b)]. The drastic changes in frequency
dependence and sign are associated with the closing of the energy gap around k = 0 (Fig.
2.6). It is naturally expected that these low-frequency contributions originate from the
JDOS jB2(ii). We would like to emphasize the sign change of the resonant photocurrent
before and after the topological transition. Below, we discuss the impact of the topological

transition and attribute the sign change to band inversion, which plays a key role in various
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Figure 2.8: Distribution of J3, — Jj; in the k space. (a), (b) We fix the angle of the
magnetic field § = 60° and set the magnitude (a) h = 0.06 and (b) h = 0.1 below and
above the topological transition, respectively. (c¢) We set § = 90° and h = 0.05. We see
that J3, — J3, vanishes. From Fig. 14 of Ref. [57]. (©) 2024 American Physical Society

topological transitions.

In the low-frequency regime, the magnetic injection current originating from the B2

o . ZT;TT . . . . .« . T;TT
transition oyp, . (B2) 8ives dominant contributions to the photocurrent conductivity op™.

In the zero temperature limit, Uﬁﬁ (B2) is given by
: T
ONini(B2) = ~ g 2T — Jin)9530(w — Bse). (2.3.1)

k

The quantum metric ¢35 is finite and positive. Thus, the sign of af/[ifj (B2 18 determined by
the difference of the paramagnetic current J3, — J35. The sign of J3, — J3; around k =0
is opposite between the trivial state [Fig. 2.8(a)] and the topological state [Fig. 2.6(b)].

This behavior causes the sign change of the photocurrent conductivity op: -

The sign change of J3, — J3; is caused by the band inversion. At the I' point (k = 0),

the eigenenergies of Bogoliubov quasiparticles Fop and FEsgp are obtained as

(EC), E®) (m > h)
(B, EO) (m < h) ’

(Eag, Esg) = (2.3.2)

where we define E(-) and E(™) as

EC) = —\Jero? + 92 +h, E® =6, 92— h. (2.3.3)

This indicates the band inversion between the E(~) band and the E(*) band at the
topological transition. Note that the subscript a of F,j is defined as Fip < Fo < 0 <
FEsj, < Egp,. For the E(7) and E(Y) bands, the J2, is obtained as

Joo = Oabh + Dagi - b (EC) band), (2.3.4)

«
Jaa

= Oubs, — Dagi - h (E(+> band) . (2.3.5)
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Thus, J3, — J33 is given by

20ugk-h)  (VAZ 97 > )
~2(0ug-h) (VP07 <h).

Because the E(-) and E() bands are inverted at the topological transition, the sign of

J3, — J33 changes resulting in the sign change of the photocurrent conductivity.

In the normal state, the diagonal element of the paramagnetic current operator Jg, is

equivalent to the group velocity. With the Hellmann-Feynman theorem, the group velocity

«

Vg

is given by vS = 0 E, = Jg,. In the superconducting state, the Hellmann-Feynmann
relation fails in the Bogoliubov de-Genne formalism. However, the Jg, is closely related to
the group velocity of electron and hole bands in the normal state. Below, we discuss the
origin of J3, — J3; from the perspective of the normal state band structure. Around k = 0,

the Jg, in the superconducting state is written as

Jgq = W_Vg — WpVh_ (E(f) band) , (2.3.7)
Joq = W4V — w_vp, (E('H band) , (2.3.8)
where we define w4 as
—&k +u &+ u
=k 7 = 2.3.
2u ’ W+ 2 ) ( 3 9)

with u = /&2 + ¢2. We introduce vey and vy, as the group velocity of the electron band
ezi = &k |9k + h| and the hole band e},;i = —ee_i in the normal state, respectively. In the

normal state (¢ = 0), Egs. (2.3.7) and (2.3.8) reproduce the Hellmann-Feynmann relation.

The difference |Jg5 — Jgs| is rewritten with vg, and vf, as
15y — 5| = [w_ (o2, + o) — wy (03 + o). (2.3.10)

The difference in the effective currents between the electron and hole bands, ev, # —evp,,

is essential for finite |J§y — J$4|. Note that we write the charge e = 1 explicitly here.

From the above discussion, we notice that the nonreciprocity in the band structure,
namely €;= # €% is essential for the difference |Jg — J§5|. Indeed, when we assume

ezi = eejc, the group velocity of the hole bands is obtained as

Vi = Oa(—€) = —Ou€y = —v84, (2.3.11)

and the difference |J$5 — Jg4| vanishes as shown in Eq. (2.3.10). The nonreciprocity Aef

in the normal state is given by

(Ezﬂ: _ fe:l/:c) — M +0 ((gk . h)z) . (2.3.12)

Vo2 + 2

+
Afk:

N |
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Figure 2.9: The SHG coefficient for various magnitudes of the magnetic field. The unit of
the vertical axis is (AV~2). We show Im[o&i{5] for (a) 0.04 < h < 0.08 and (b) 0.09 < h <
0.13. Reproduced from Fig. 15 of Ref. [57]. (©) 2024 American Physical Society

When we set the magnetic field perpendicular to the plane, the gg is normal to the magnetic
field in the Rashba system. Consistent with this fact, the Jg, — J$s vanishes when we set
the angle 6 = 90° [Fig. 2.8(c)].

In this section, we have shown the characteristic behavior of the photocurrent conduc-
tivity Uggz around the topological transition. Corresponding to the gap closing, the peak
position shifts to a lower frequency with approaching the topological transition. More in-
terestingly, we predicted the sign change of the resonant photocurrent conductivity before
and after the topological transition. This sign change is due to the band inversion. Because
the occupied band (E2) and the unoccupied band (Es) are inverted, the sign of Jg, — Jg4
Mini(B2)
relationship is the fact that the velocity difference is an essential ingredient of the injec-

and that of the magnetic injection current o change. The background of such a close
tion current. Therefore, the magnetic injection current, which is dominant in our setup, is
sensitive to the band inversion, and in turn, useful for detecting the topological transition.
The sign of the bulk photocurrent conductivity has been measured experimentally without

electrical contacts [25, 86]. Thus, application to superconductors is highly anticipated.

Finally, we investigate the SHG by focusing on the change at the topological transition.
Figure 2.9 shows the imaginary part of the SHG coefficient o§jés for magnetic fields (a)
0.04 < h < 0.08 (trivial phase) and (b) 0.09 < h < 0.13 (topological phase). We see
that the sign of the resonant component in the low-frequency region w < 0.1 is reversed
between the trivial and topological superconducting states. Although the mechanism of
the sign change has note been elucidated, the SHG can also be an indicator of topological
transition. Time-resolved optical measurement can resolve the experimental difficulty of
detecting the sign of high harmonic generation. The ultrafast pump-probe spectroscopy
accesses the sign of SHG coefficients [28, 29].
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2.4 Discussion and summary

We have shown the superconducting nonlinear optical responses in the Rashba s-wave
superconductors under the magnetic field. We showed that the magnetic field is essential
for the nonlinear responses in broad classes of superconductors. In particular, 7-symmetry
breaking nullifies the selection rule forbidding the optical transition between electron and
hole bands in T-symmetric s-wave superconductors. Therefore, the nonlinear responses due
to Bogoliubov quasiparticles can occur in conventional superconductors under magnetic
fields. In addition, we found a component of superconducting photocurrent generation
that emerges under the magnetic field and is closely related to the Dirac point. We ascribe

the characteristic dependence on magnetic fields to this component.

The Rashba superconductors have been intensively studied for the realization and de-
tection of topological superconductivity. We showed the sign reversals of photocurrent
conductivities and SHG coefficient at the topological transition. Furthermore, we verify
that the sign reversal of the photocurrent conductivity occurs associated with the gap
closing and band inversion. The longitudinal component of linear conductivity does not
show the sign reversal and this characteristic behavior is unique to the nonlinear responses.
Therefore, the nonlinear superconducting optics can provide a bulk probe for the detection

of topological superconductivity in Rashba systems.

Finally, we comment on the vertex correction for the optical conductivity in the su-
perconductors. In this chapter, we considered the dynamics of the quasiparticle alone and
ignored collective-mode excitation. However, incorporating collective-mode excitations is
essential to maintain gauge invariance and consistency with the gap equation [49, 81, 87, 88].
In the next chapter, we will present numerical results for photocurrent conductivity that
include contributions from the collective mode via the vertex correction. We will show
that the sign reversal of the photocurrent conductivity at the topological transition is

reproduced even when considering the collective mode excitations.
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Chapter 3

Enhancement of nonlinear optical
responses in superconductors:
collective modes and multiband

effects

Collective modes, such as the Higgs mode, are a key ingredient of the dynamics in su-
perconductors. Since the collective modes are closely tied to the Cooper pairs’ quantum
condensation, they are intriguing phenomena in superconductors. Furthermore, to satisfy
conservation laws in superconductors, it is essential to account for collective-mode excita-
tions [89].

In this chapter, we investigate the effect of collective excitation modes on the linear
and second-order optical responses based on the self-consistent response approximation,
which is formulated using the Kadanoff-Baym method [79]. The formulation accounts for
collective modes via the vertex correction. We focus again on the optical responses in
s-wave superconductors with Rashba spin-orbit coupling and a magnetic field. Our main
results reveal that the Higgs mode enhances the optical responses when the Fermi level is
close to the Dirac point. The enhancement is due to multiband effects characterized by

interband pairing.

We also demonstrate the sign reversal of the photocurrent conductivity around the
topological transition with increasing Zeeman field. This finding supports the prediction
in the previous chapter without considering collective excitation modes. The sign reversal
phenomenon is attributed to the magnetic injection current modified by the Higgs mode,
and is proposed as a bulk probe of topological superconductors (TSCs). We also discuss

the interplay of quantum geometry and collective modes.
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This chapter is organized as follows. In Sec. 3.1, we formulate the self-consistent
response approximation for linear and second-order nonlinear responses. In subsequent
sections, we study the linear and nonlinear optical conductivities in the Rashba super-
conductors by using the self-consistent approximation. In Sec. 3.2, we explain the setup
for the numerical demonstration and the characteristics of the Rashba superconductors.
Then, we present our main results in Secs. 3.3 and 3.4. In Sec. 3.3, we show the linear
optical conductivity and discuss the effect of the collective modes and interband pairing.
In Sec. 3.4, we investigate the photocurrent conductivity around the topological transition,
demonstrating sign reversal and clarifying the role of the collective modes. In Sec. 3.5, we
discuss the effect of the long-range Coulomb interaction and material platforms. Finally,

we present a summary of this chapter in Sec. 3.6.

3.1 Vertex correction for optical responses in superconduc-

tors

In the mean-field formalism, a naive calculation of optical responses may lead to a violation
of charge conservation and potentially to unphysical results because of the U(1)-gauge
symmetry breaking of the mean field [89]. For the linear response, Nambu resolved this
issue by incorporating the Nambu-Coldstone (NG) mode through the vertex correction
consistently with the gap equation [49]. After his study, vertex correction has been adopted
in the formulation of linear optical responses for a wide range of superconductors [87, 88, 90]
Other various method [91-99] beyond the mean-field formalism have also been proposed to
take into account the collective mode. Recent theoretical studies numerically demonstrated
non-negligible effects of the vertex correction on the second-order nonlinear responses by the

Nambu’s method [81] and the “consistent fluctuations of order parameters” method [82, 83].

Our method for calculating optical responses is based on the self-consistent response ap-
proximation. When constructing the self-consistent response approximation, we adopt the
Kadanoff-Baym method [100, 101], which maintains the total particle number conservation
law. The formula produces physically reasonable results not only for conventional super-
conductors but also for various unconventional superconductors. The vertex correction

incorporates the collective mode excitations into the response functions.

On the other hand, novel collective modes, such as the Leggett mode [50] and Bardasis-
Schrieffer mode [52], arise from multi-component Cooper channels. Optical response is
a promising probe for detecting these collective modes [102-106]. Thus, we extend the

formula for optical responses to account for the multi-component Cooper channels.

In this section, we explain the formulation of the self-consistent response approxima-

tion. In Subsect. 3.1.1, we discuss the particle number conservation law in the effective
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Hamiltonian with a separable attractive interaction. In Subsect. 3.1.2, the Kadanoff-Baym
method is adopted to derive the equation of motion of Green’s functions that satisfies the
total particle number conservation law. In Subsect. 3.1.3, we formulate the self-consistent

response approximation for linear and second-order nonlinear responses.

3.1.1 Particle number conservation law in effective Hamiltonian

The effective Hamiltonian with separable attractive interaction is often used to study un-
conventional superconductivity without computational difficulties. We can adopt an ef-
fective Hamiltonian of general form to study various classes of unconventional supercon-
ductivity, such as anisotropic superconductivity, helical superconductivity, and multiband
superconductivity. In this subsection, we discuss gauge symmetry and the conservation
law of the effective Hamiltonian. The effective Hamiltonian does not always preserve the

local gauge symmetry, while the total particle number is conserved.

Effective Hamiltonian

We consider a pairing interaction in momentum space,

Hyir = — Y Uabea(k. k', @)CL 0aC i 0y C—t+acChrqds (3.1.1)

kK .q
where Cp, (C’;La) is the annihilation (creation) operator of electrons. We here reduce the
pairing interaction to a simple form which stabilizes superconductivity that we aim to

study.

If the total momentum of Cooper pairs is zero, we can omit g # 0 terms in Eq.(3.1.1).
The pairing interaction for ¢ = 0 can be represented by bases of the irreducible represen-
tation I' with respect to the symmetry of the system [107],

U
Uabea(k, K@) = 500 (K)olg(K)0q0. (3.1.2)

When we focus on one of the bases of the pair potential @ab(f, m; k) = @u(k), we can

reduce the pairing interaction,
/ o U T /
Uabcd(ka k 7q) - W‘pab(k)(pcd(k )5q,0‘ (313)

The basis function ¢, (k) has the following symmetry: pq,(k) = —ppo(—k). When we
consider Cooper pairs that have a finite total momentum 2q, we revise the effective pairing
interaction,

U
ab(k) !y (K)3q.q. (3.1.4)

Ua Ci k7k/7 = S1r
bed( q) Y
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By this simplification, the pairing interaction Hamiltonian is written by
U et o
Hpair = _W Z @ab(k)(pcd(k )CkaC_k;bC—k:/ch:/da (3'1'5)
¥
where we denote cgq = Ci4qq for simplicity.

We can deal with the pairing interaction with the mean field approximation. The pair

potential corresponding to the pairing symmetry ¢qp(k) is introduced by

_ % S 6l () (crpeka) (3.1.6)
k
Aab(k) = @ab(k)Av (317)

approximating the interaction term of Hamiltonian as,

*Z[C kaAb (R) e + cf, Aap (R)e kb} 2UZ|A\2 (3.1.8)

Total particle number conservation law

We here discuss the gauge symmetry and the particle number conservation law in the

effective Hamiltonian. We consider the effective Hamiltonian with vector potential

=Y Ha (ki A(D))CLClb — > Uabealk k. q)CL 01aCl s nC—trqcClsqra
k.k'.q'
where 7 is the (imaginary) time and we adopt the velocity gauge Hqp(k; A(T)) = Hap(k —
A(7)). The effective Hamiltonian has the global gauge symmetry as it is invariant under
the gauge transformation Cg, — €?Cl,. Thus, the total particle number conservation law

is derived from the Heisenberg equation

0

5-N() =0, (3.1.9)

where we defined the total particle number N as

N=Y CLCui=> clicr. (3.1.10)
k,i i

3.1.2 Equation of motion based on the Kadanoff-Baym method

We consider the imaginary-time evolution of Green’s functions using the Kadanoff-Baym
method. We verify that the equation of motion derived from the Kadanoff-Baym method
satisfies the total particle-number conservation law, whereas the mean-field approximation,

in which we consider only the time evolution of Bogoliubov quasiparticles, does not. When
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assuming the effective pairing interaction as Eq.(3.1.4), the imaginary time-dependent ef-

fective Hamiltonian in Eq.(3.1.9) is approximated as
) = Z Hap(k + q; A7)k crp

+ - Z [c [IWAN k T A)Ckb-i'CL Agp(k, T A)cikb , (3.1.11)

where we ignore the constant term for simplicity and denote the Cooper pairs’ total mo-
mentum as 2q. We introduce the mean field A, as it depends on the imaginary time and
the vector potential. The mean field is determined by the Kadanoff-Baym method as we

show later.

We introduce the Green’s functions (0 < 7,7 < ) as

gab(k; T, T/) = — <T’7' [Cka(T)C]tb(T/)Dtot ) (3112)

Fab(ky 7, 7') = = (Tr[cra(T) -t (T)]) 1o » (3.1.13)

Gop(be, 7, 7') = = (Tr[eL (e (7)]) - (3.1.14)

‘F(;Z(kv T, T/) = - <TT[Ctka(T)CZb(T/)]>tot ) (3.1.15)

where we adopt the Heisenberg representation

Cka(T) =57(0,7)craS(7,0), (3.1.16)

cf (1) =57(0, )CkaS(T 0), (3.1.17)

S(7,0) =T: exp [—/ H(t dT:| , (3.1.18)

ST(0,7) =T exp {/ H(T dT:| . (3.1.19)

The notation T, (7;7) means the (inverse) imaginary time-ordered product. The expecta-

tion value (--- ), is defined as

(x), = Z[lA] T [X5(8,0)] . Z[A] = THS(5.0)] (3.1.20)

The imaginary time evolution of the Green’s function is determined by the Heisenberg

equation
o)
57 —Cha(7T) = [Hu (), cka(7)], (3.1.21)
D () = ().t (7)), (31.22)
Hy(t) = ST(0,7)H(1)S(T,0). (3.1.23)
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Thus, we derive the equation of motion

<—85aj — H ik A(T))) G (k. 7,7 A)

or
)
- oj (k7,75 A) (a 045 — waj(k;A(T’))>
:5(7_ _ T/)(;aln (3.1.24)

where we rewrite the Green’s function in the Nambu space

— Gab  Fab
Gk, 17,7 A) = k.r,7:A), 3.1.25
b( ) (f;g Q(E) ( ) ( )
and the Bogoliubov-de Genne (BdG) Hamiltonian
a k ’A Aa ka 7A
H sl 4) = b(+ e Am) ; kA (3.1.26)
AT (k,T; A) —Hp(—k+q; A(T))
We can rewrite Eq. (3.1.24) as
< / /
/dﬁ g. kz 7,71;A4) G jp(k, 71,73 A) = 6(7 — 7")dap, (3.1.27)
/dﬁ?a] (k,7,71; A )? 1(14:,7'1,7";A) =4(r — T’)éab, (3.1.28)
where we define ? L g,
?Ul(k 7 A) = {5%07, —H ik, A)} 5(r — ). (3.1.29)

Next, we consider the time evolution of the total particle number. The expectation

value of the total particle number is given by the normal Green’s function as

Yot = Z Gaa(k A), (3.1.30)

where we define 7 = 7 £+ § with an infinitesimal positive number § > 0. Thus, the

imaginary time derivative of (N (7)), is given by

d
AN (o

_Z [( > Gaalk, T, 7'; A)} (3.1.31)

T=r",7'=71

_Zgaﬂ (k.77 7" A Hja(k + q,7; A) ZHaj(k+q,T;A)gja(k',T_,T+;A)

7.] k a,j,k
+ Z ]:aj(k,T_,7'+;A)A;:l(kz,T; A) — Z Agj(k,T; A)]:jtl(k,T_,T"';A). (3.1.32)
a,j,k a7j7k
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We used Eq. (3.1.24) in the second equation. The first and second terms cancel each
other after the summation over the indices a and j, while the third and fourth terms
remain. When we only consider the dynamics of Bogoliubov quasiparticles but ignore the
imaginary time dependence of the mean field A,j(k), the third and fourth terms can be
finite, and the total particle number is not necessarily conserved. Therefore, the imaginary
time dependence of the mean field is essential for the total particle number conservation

in the superconducting state.

We then assume that the imaginary time dependence of the mean field is determined
by the Kadanoff-Baym method,

U
A (k7 A) = V%b ) D vl KFL(K 7,775 A), (3.1.33)
k’.c,d
Aap(k,7; A) = %b )Y ol (k) Fealk 7,773 A). (3.1.34)
k' c,d

The third and fourth terms in Eq. (3.1.32) are rewritten as
Zfaj (k, 7=, 7T A)AT (k.73 A)

=_ [Z]—"aj k,r,7" A)goja ] {Zcpdc K Fii(k +,7'_;A)] , (3.1.35)

ZAaj (k T'A)]:f(k; 7,7t A)
=— — [Z <Pdc k:’ Cd 7' , T ;A)} [Z Waj(k)at(k,T_,T+;A)] ) (3.1.36)

Using the relation Fyy(k, 77,773 A) = Fap(k,77,77; A), we verify that the third and
fourth terms in Eq. (3.1.32) cancel each other and the total particle number conservation
law % (N(7T))or = 0 is satisfied. We can also obtain the standard gap equation for super-
conductivity from the assumptions (3.1.35) and (3.1.36) when the external electric field is
absent (A = 0). Thus, Egs. (3.1.35) and (3.1.36) are expected to be appropriate as the
mean-field pair potential under the external electric field. In the following subsection, we
derive the formula of the self-consistent response approximation from Eqs. (3.1.27) and

(3.1.28).

3.1.3 Self-consistent response approximation

We demonstrate that the total particle number conservation law is satisfied when we apply
the Kadanoff-Baym method and consider the imaginary time dependence of the mean-field
pair potential. Therefore, the self-consistent response approximation formulated below,
which is derived from the equation of motion based on the Kadanoff-Baym method, is

physically reasonable. Because the Green’s function contains the effect of electric fields
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nonperturbatively, we can derive the formulas of linear and nonlinear responses that satisfy
the total number conservation in any order of the electric field expansion. This subsection
shows the derivation of the linear and second-order nonlinear response formulas based on
the self-consistent response approximation. The vertex correction is taken into account

through the electric field dependence of the mean-field pair potential.

The time evolution of the electric current is formulated by the equation of motion based
on the Kadanoff-Baym method. Following statistical mechanical relations, we derive the
electric current from varying a parameter in the grand partition function. In the Luttinger-
Ward approach [108, 109], In Z is evaluated as an integral of the potential energy with

respect to the coupling constant parameter A,

1

dA

InZ = trln[—?o] —|—/ ﬁtrﬁ,\?)\, (3.1.37)
0

where ? » and G y are the self-energy and the Green’s function obtained with replacing

the coupling constant U — A\U.

Next, we derive the electric current by considering the change of In Z with varying the
vector potential A(7) in Hep(k + q; A(T)),

(J°(r: 4)) = m = T [Tk AG) Tralh 75 4)] . (31.39)

We introduced the current operator,

L H 9k A)

Tk A(r)) = (-1) JA0 - DA

, (3.1.39)
A=A(T)

with use of the following notation,

©) /. ar [ Har(k+q; A) 0
HO(k; A) = ( . Tkt A)) . (3.1.40)

It should be notice that the electric current (J*(7; A)) depends on the vector potential
through the explicit current operator’s dependence on the instant vector potential A(7)
and through the implicit dependence of the Green’s function on the imaginary-time history
of A(7).

Linear response

First, we formulate the self-consistent response approximation for the linear response func-
tions. The vertex correction corresponding to the ladder approximation appears because

of the dependence of the mean-field pair potential on the vector potential.
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From the vector potential dependence of the electric current (J*(7; A)), the imaginary-

time linear response function ¥*? is defined as

- 0 (J¥(1; A))
Br, ) = 2 3.1.41
) = S (31.41)
Here, we omit the index a, b and rewrite the electric current for simplicity,
1
(J¥(A(T))) = 5T1~[J°“(¢)g(¢—,¢+)]. (3.1.42)
From Egs. (3.1.27) and (3.1.28), we obtain the relation
5g(7-7 7_/) / 5g_1(7-17 7_2) /
Nt drd oY AL T2)
5A% () T1d72G (T, T1) 5A () G(m2,7")
= /dTldng(T, )0 (11, 70, 71)G (72, '), (3.1.43)
where the vertex function I'* is introduced as
_ 6G (11, 72)
e ; = ——= 3.1.44

Thus, the linear response function x*? is represented with the Green’s function and the

vertex function as
) == 5 ST [T ) G, 7 N6 7]
<—> <~
- Z/dﬁTr ()T k) T2 (k1) T jalkm7)] - (3.1.05)
We then show a self-consistent equation that determines the vertex function. By the

definition of the vertex function Eq. (3.1.44), we can simplify the imaginary-time depen-

dence of the vertex function as

S
= 5N k.7 A
Lok, m,m;7) = [ ap(k)o(m2 — 7') — Ml 6(m1 — 72) (3.1.46)

= T2 (k723 7)3(r1 — 72). (3.1.47)

In the last line, a simplified notation of the vertex function is introduced and the 7i-

Ayvd
dependence is omitted. We define A as

0 A,
D (k.7 A) = ( b) (k,7; A). (3.1.48)
A+
ab
It can be rewritten as
PN T _
Ak, A) = Vsoab dec (K ﬁ G ek, 7h, 7 ;A)ﬁ
S _
Dol Y k) G a7 A (3.1.49)
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Figure 3.1: Feynman diagram of (a) the self-consistent equation for the vertex function

and (b) the linear response function Y.

where we use the matrices in the Nambu space such that

- (g) g), 5 _ (g ) (3150

The mean-field pair potential X depends on the vector potential only through the Green’s
function. We see that the vector potential derivative of the mean-field pair potential
contributes to the vertex function in Eq. (3.1.46). The self-consistent equation of the
vertex function is obtained from Eqgs. (3.1.43), (3.1.47), and (3.1.49).

We can simply describe the self-consistent equation by introducing the superoperator
?ab(k,Tl)[X] acting on X = ?ab(kﬂ') as,

To ke, ri;7') = T (K)5(ry — 7') + T aplle, 71)[D(7")], (3.1.51)
where the superoperator ﬁab(k, 71)[X] is defined as
mu@ ) [X]
=— V‘Pab dec (K" ij_>/ T1 gcz K Tl,7‘1)<?¢j(’~’~3/,7_'1)<§>gd(k=/,7_'1,7'1)Fj
V‘Pab (k)Y @aclk) f?/dﬁ?m (K, 1, 7) X (K, 7) G ja(K, 7, 7)PL. (3.1.52)

The Feynman diagram representing the self-consistent equation is depicted in Fig. 3.1(a).

We then introduce superoperator that transforms the bare electric current operator to

the vertex function. We consider a self-consistent equation of an operator Z,
Z wik,7) = Xk, 1) + T (b, 7)12), (3.1.53)

When the solution Z of the equation is uniquely determined, the Z can be regarded as a

function of X such that

7 (k1) = 7 ok, 1) [X]. (3.1.54)
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(a)

XoPr(r; 7,7 = A” Ac A<
A AP AY
Sy CaP

(b)

Figure 3.2: Feynman diagram of (a) the second-order nonlinear response function y®%7

and (b) the self-consistent equation for the two-photon vertex.

Thus, the function Z[X] is a superoperator, and the self-consistent equation of the vertex

function is rewritten as

To ke, r157') = Z (b, 1) [ (1 — 7). (3.1.55)

Finally, we summarize the self-consistent response approximation for the linear response
function. The imaginary-time linear response function Y*? is given by Eq. (3.1.45). The
diagrammatic illustration of this formula is shown in Fig. 3.1(b). The vertex function
I' is determined by the self-consistent equation [Fig. 3.1(a)], which corresponds to the
ladder approximation. We can get the linear response function in the Matsubara frequency
presentation Y4 (iw,iw’) after the Fourier transformation with respect to the imaginary

time. We introduce a simplified notation of the linear response function,
2 (iw, iw') = Y8 (iw) B (w — W), (3.1.56)

where we use the imaginary time translation symmetry to omit the w’-dependence.

Nonlinear response

Next, we derive the self-consistent response approximation for the second-order nonlinear
responses. The second-order nonlinear response function ¥®%7 is defined as

0% (J(1))

1
~oBY (e I\ —
X (7—77—77- )— 2|64ﬁ(7_/)5 47(7.//)'

(3.1.57)
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The nonlinear response function is related to the nonlinear conductivity o857 (w;w',w") as
we discuss later. We differentiate Eq. (3.1.43) with the vector potential and obtain the

following relation:

52G(r,
m :/dTldTQQ(Tl,Tl)Fa(Tl;T)g(Tl,TQ)FB(Tg;T/)g(TQ,TQ)
+/dTldTQQ(TlaTl)FB(ﬁ;T/)g(TlaTQ)FQ(T%T)Q(TQ»TQ)

—/dﬁg(ﬁ,ﬂ)(mg(ﬂ,ﬁ)- (3.1.58)

Therefore, the nonlinear response function is derived as
P (17! 1) :iTr [JO‘[BVQ(T_, 7’+):| S(r—7)o(r —7")
+ le/dTlTl" [Jaﬂg(ﬂ T1)F7(7'1;T”)g(7'1,7)} 5(r —7')
v / A T [J27G (r, )T (725 7)G (1, )] 87 — )
+ i/dTldTQTr [JQQ(T, )P (117G (71, 72)T7 (12, 7Y G (79, 7')}

+ i/dTldTQTr {JQQ(T, )7 (715 T”)g(n, TQ)FB(TQ;T/)Q(TQ, T)}

Blr: !
— i/dTlTr [Jag(r, Tﬁmg(ﬁ,r)} . (3.1.59)

We diagrammatically show the nonlinear response function in Fig. 3.2(a). The last term
contains 614 (7;7")/§AY(r") that is known as the two-photon vertex. The self-consistent
equation for the two-photon vertex is depicted in Fig. 3.2(b), which is derived by differen-
tiating the self-consistent equation for the one-photon vertex [Eq. (3.1.51)]. We can write
the two-photon vertex by utilizing the superoperator Z,

=

oY (k,m;7) _ i _ _ _

—;jlﬂ(T’) :?ab(k, 1) /dT {—U(Tl, T)[F’B(Tl; ™G (11, T)I(7; T)]} o(m —7)

+ 7 k) [ / a7 { U (m1, 1) [0 ()G, AT (73 7))} (1 — f)]

+ 7 wlkm) (7986 (r1 = )é(r —71)] (3.1.60)

Thus, we obtain the self-consistent equations for the one-photon and two-photon vertices.
By solving the self-consistent equations, we can evaluate the vertices and calculate the

nonlinear response function Y% [Eq. (3.1.59)].

We can rewrite the formula of the second-order nonlinear response function in a sym-

metric form,
LB (7 ) :%X[aﬁvl (r7, ) + % KB (s 7 1)

v X[a][,@][’y] (; 7_/’7_//) + X[am[’ﬂ (7-;7—’,7-”> + (ﬁ 7, o T”) , (3.1.61)
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Xa;[i’y(.t; ‘l',, TII) — A% Ax A%
AY AP A
;«;: A B x;ﬁ;" A y
P P AP
2 2 aa
+ V\M@

AY

Figure 3.3: Feynman diagrams that contribute to the second-order nonlinear response

function Y*#7.

where we define the terms y'(---) as

~lo / 1! 1 « — / / / "
X[ M](Tﬂ' ,T) = 1 ZTY [?afv(k)?ba(kﬁ ,T+):| (' = 1o (r" =1, (3.1.62)

LN (7 7 77

1
=2 / dr 3 Tr [?gb(k,ﬁn)?b,-(k,ﬁ,T’)?@.V(k)?ja(k,#,ﬁ)] S — "), (3.1.63)

)

o 1 — —
XN (7 7 77y = 1 /dTldedTg ZTr{ U0k, m157) G ik, 11, m2) T (kg o3 77)

<—
X Gik(ke, 79, 73) T &) (R, 735 7")

X[aﬁl (] (73 ' T//)

:% /dﬁ ZTr [?Zf(k)?bl(k, T, Tl)?%(k, Tl;Tll)?ja(k,Tl,T) S(t—1"). (3.1.65)

Note that the one-photon vertex function is obtained by solving the self-consistent equation,
Eq. (3.1.55). The detailed derivation of the symmetric form is presented in Appendix A.
It is beneficial to rewrite the formula for the nonlinear current response function in a
symmetric form, as illustrated in Fig. 3.3. Because the symmetric form does not contain
the two-photon vertex explicitly, we do not have to solve the self-consistent equation for
the two-photon vertex, and the computational task is significantly reduced. We get the
nonlinear response function in the Matsubara frequency presentation Y%7 (iw;iw’,iw")
after the Fourier transformation with respect to the imaginary time. Utilizing the imaginary

time translation symmetry, we can simplify the nonlinear response function as

XY (iw; iw’ ) iw”) = X*P7 (i iw” ) B (w — W' — ). (3.1.66)
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Analytic continuation of nonlinear response function

To discuss the nonlinear optical responses in real time, we need the retarded nonlinear
response functions. It is known that the real frequency representation of the retarded
nonlinear response functions can be obtained by the analytic continuation of the response
functions in the Matsubara frequency representation [1, 110]. We review the analytic

continuation of the response functions.

We consider the time evolution of the physical quantity fl(t) under the external field

F(t) and assume a perturbative Hamiltonian

= Bit)F;(t)+ > _ Cii(t)Fi()F(t) + -, (3.1.67)

where the operators are given in the interaction representation. The expectation value of

A(t) is calculated by the density matrix,
A(t) = Tr [ﬁ(t)A(t)} , (3.1.68)

and it is expanded with respect to the external fields,
A =(Aw) +3° /_ Z dt1xap, (L) Fi(t — t1)
+ Z/m dt /OO dtaxap,s, (t1,t2) Fi(t — t1)Fj(t — t2)
ij v T >
+ Z /: dtixacy, (t1) Fi(t — t1) Fj(t —t1) + - . (3.1.69)
The response functions are defined as
XaB, (t) :i@(tl) <[AB»(—t ), AA(O)D (3.1.70)
X (b ts) =5 Z O(t2 ~ 1)O(1) { |ABj(~ta), [ABi(=t1), AA©)] |}, (3.1.71)

Xacy; (t1) =5 Z@ t1) <[Acz‘j(—t1),AA(0)} > (3.1.72)

The notation (---) describes the expectation value under the canonical distribution of
an unperturbed Hamiltonian, and AX (t) = X (t) — <X(t)> The symbol ), stands for

summation over all permutations among the dummy variables such as (B;,t1) and (Bj, t2).

The linear and nonlinear response functions of the electric current are defined by
Jt) = <j°‘(t)> + Z/ dt1 P (1) AP (t — 1)
6 —0oQ

+ Z/ dtydtax P (t1,t0) AP (t — 1)) AV (t —to) + - - - . (3.1.73)
—00

o8



3.1. VERTEX CORRECTION FOR OPTICAL RESPONSES IN
SUPERCONDUCTORS

We can calculate the current response functions x?(t;) and x®#7(t1,t2) by replacing the
operators A, B , and C in the previous paragraph with J @, Jobh , and JoPY . We proceed to

review the general formulation and later discuss the current responses.

Here, we consider the three-body response function x4, B; (t1,t2) and discuss the rela-
tionship with the counterpart in the imaginary time representation. First, we perform the
Fourier transformation with respect to the real time ¢;,

AANDGAB 32 ADB; Ao,
XAB;B;j (w1, w2) :
2' ZP:M%:)\ w1 + wo +E,\1)\3 —|—’L( m +772)

y [ Py, _ Proxs
w1+ By, Him wa+ By, i

. (3.1.74)

where Exn, = Ex, — By Paxg = Py — Py, AAyn, = (M| AA(0)[A3), and Py, =
e PEM />N e PEx_ The infinitesimal positive parameters 7; and 7y appear owing to the
causality of the response functions. Next, we derive the spectral representation of the
response functions in the Matsubara frequency domain. The imaginary time evolution of
the expectation value (A(7)),., is defined as Eqgs. (3.1.16-3.1.20), and we have

) 8
(A(T)) ot = <A(T)> + Z/o drixag; (1) Fi(t —11)
B B
+ ;/0 dry /0 draX B, B, (11, 72) Fi(T — 11) Fj(T — 72)

B
+ Z/O dTl)ZACi]‘ (1) Fi(1 — Tl)Fj(T —71) 4, (3.1.75)

where the imaginary time-ordered response functions are defined as

Xap, (1) = — <T [ABi(_Tl)AA(O)} > , (3.1.76)
XaB,B,(T1,72) = 21,< [AB( TI)AB-(—Q)AA(O)D, (3.1.77)
XAc;; (1) =3 Z < [AC,] Tl)A/l(O)D. (3.1.78)

The spectral representation of x4p,p; in the Matsubara frequency domain is obtained as

. Ay Bo, /\5/\231 Aoht Py, Py
ABB, (i1, i02) , . (3.1.79
X (i ] Z i(wr +w2) + Exag | twr + Exy,  dwa + By, ( )

Comparing Eqgs. (3.1.74) and (3.1.79), we see the similarity between the spectral represen-
tation of xp, B; and the retarded response function xap, B;- By performing the analytic
continuation iw; — w; + i1;, we obtain the physical response function in the real frequency

domain,

XAB;B; (iw1,iw2) — XaB,B; (W1 + i1, w2 + in2) = XaB; B, (W1, w2). (3.1.80)
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The other physical response functions such as xap; and xac;; in the real frequency domain

can also be obtained by analytic continuation.

Applying the above framework of analytic continuation to the current response func-
tions in the Matsubara frequency domain, the linear and nonlinear response functions are

obtained as
X (w) = X% (w + in), (3.1.81)
and
XY (Wi, w2) = XV (wy + in1, wa + i), (3.1.82)

respectively. When we calculate the linear and nonlinear conductivity, we replace n; with
a phenomenological scattering parameter + for numerical convergence. Replacing n; — v
is reasonable to obtain physically meaningful results in the finite frequency region when
is sufficiently small [16, 111]. In the following calculations, we set the phenomenological

parameters 7y = 1 = 7.

The current response functions can be expressed in terms of the retarded and ad-
vanced Green’s functions, that are defined <aR(k, z)=1/ {z - ﬁ + i5] and ﬁA(k, z) =

1/ [z — ﬁ — id} , respectively, by taking the limit 6 — +0. Furthermore, we can transform
the Matsubara frequency summation into the real frequency integral by using the relation
b Lo fw)Aw) = —% >, A(iwy), where ¢, represents the integral path around the poles

of the Fermi distribution function f(w) [110]. The linear response function is rewritten as
Z/OO d [?aﬂ ) (G k2) - T h)
27TZ ab ba \"™»
<—>
—i—? ﬁbz k,wo+w+iy) T g(k,w—i-i'y){ﬁﬂ(k,@)—ﬁﬁl(k,d))}

+ Tk Chk,0) - G, o)} T (kw +i) A6 -0 —in)].
(3.1.83)

On the other hand, the second-order nonlinear response functions are obtained as

. 1 1
Xa,ﬂv(w/,w") = Z [fx[aﬁ’”(k,w’,w”) + ix[a}[ﬁ'y](kngw”) + X["‘B”V](k,w’,w”)
k

2
BN (o WY F (B oy, W o w")], (3.1.84)
where we defined
1 [ di
(@] ooy — = Rl Yo aBy R ~\ A ~
o) = =1 [ SR @ [ Topw (TR Ee) - Fhwa)]. 61s)
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Pl (ke o W)

:_i/ dw [?gg Rk, 0+ " +w)

+ 735(1@) gA(k,a})?zj(k, W i) G A (ko — o — )], (3.1.86)

(kW i) ﬁRAkw

N8I (k. o o)

:—i/m‘“f<> [ Ta(k, ~w — 207)
<=

21

x{ﬁm(k @+ w+2iy) T 3 (k,w —i-z'y)ﬁjk(k: w+w +iy) T Zz(k W' +7) G EA(k, @)
T (ko' +i7) G B k,) T ;wwﬂmw?thfw—m>
@
zl(kz W+ w)ﬁﬁ(k,(b —w - 22’7)}],

(3.1.87)

Y GEK,o+o +iv)T
s
+ G A, @) TP (ko + i) G (ks — o/ —iy) T

AP (ke o W)

- i/ ;%f(@m[ T2 (e, —w — 2i) G Bk, & +w + 2i7) T 27 (k) G BA (ke
T o (ky —w — 2i7) ?67 ﬁfa(kz,&; —w— 2@'7)} : (3.1.88)

We adopt the notation ﬁRA ﬁR ﬁA and w = W’ +w” for simplicity of the formulas.

Linear and nonlinear conductivity in the band representation

We discuss formulas of the linear and nonlinear conductivities in the band representation.

We consider the diagonalization of the BAG Hamiltonian,

(710, (7o)

where 1 < a,b < 2n are the indices for the energy band of Bogoliubov quasiparticles, and

(W(k)) = Ea(K)dab, (3.1.89)

ai ij Jb

i, j mean the fermion’s internal degrees of freedom in the Nambu space. In the following,

- <
we use the notation A, as the band representation of A,

k) = (Wf(k))m (?(k))zj (W(k))jb. (3.1.90)

Under the same unitary transformation, the Green’s functions in the band representation

are given by

GE (k,w) = (w— E (k) +i6) " 6ap, (3.1.91)
GA (k,w) = (w— Ey(k) —i0) " 0ap. (3.1.92)
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Because ﬁR - ﬁA in this representation is proportional to a delta function in the limit
6 — 40, we can simplify the equations by

/OO di}'Tr[ (@ k) {ﬁR - Gk, )} ==Y Aul@ = Ba(k), k). (3.1.98)

oo 21

When the velocity gauge is adopted, the electric field is given by E(w) = iwA(w), and the

linear conductivity 0®?(w) is obtained by the linear current response function,

7B (w) = X (w) (3.1.94)

W

Using the relation (3.1.93), the linear conductivity is obtained from Eq. (3.1.83) as

JATY (w+ ) fab
w — Eba + i'y

Bl — 8
(W) = o zk: fad28 + : (3.1.95)
where we define f, = f(E.(k)), fao = fo — fo, and Eg, = E4(k) — Ep(k) and omit the k
description for simplicity. The second-order nonlinear optical conductivity is also rewritten

by using the relation (3.1.93),

O_a;,ny(w; w/7 w//)

1 )
=T Xaﬁ’y(w/7 w”) (3.1.96)
w'wW

1 7 - QZ.'V) ~ﬁwfab
- _ Jaﬁ'y ab
4w'w" [zk: JaToa™ & Z w— Eba + 24y

FaBT B .
N Z Joy T (W + w)fab N MF LW i) fap

L _Eba"i_'ry W’ _Eba"f’iﬂ)/
N Z M= 20) [T+ I + e TR + )Tl + i)
W — Eba + 227 - Ecq + Z’Y Ebc + 'l"}/

N Z T (—w — 2i7) [ T (w" + z’y)Ffa(w’ + i) fac I‘fc(w + i)W + i) fu
w — Fpg + 2t w' — FEeq + 17 w' — Bpe + 17y

(3.1.97)

After the vertex function is determined by solving the self-consistent equation, we
can calculate the linear and nonlinear conductivity by using the above formulas. In the
real frequency representation, the self-consistent equation for the vertex function can be

expressed as a simple linear equation. We represent the vertex function as
= . Aves .
(ko + i) = T(k) + P anll) K2 w + i), (3.1.98)

where we define

(k) = (90111;)(’{7) r :)(k>> , (3.1.99)
Ay

A Yw+iv) = AT (w +iy) 70 + AS (W + i7) 7y, (3.1.100)
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with the Pauli matrix in the Nambu space 7;. When we fix the gauge so that the mean-
field pair potential A is a real number, A} and A§ correspond to the amplitude mode
and the phase mode of collective excitations, respectively. The self-consistent equation of

Aved
A “(w + i) is written as,

Af(w+in)) _ w i AT (w + i) L{(w +iv)
(A%(wﬂ’y)) = Mt ) <A§(w+ify)> - <L‘2’(W+i7)> ' (3.1.101)

The expressions of M (w +iv) and L (w + i7) are shown in Ref. [79]. The solution of this
linear equation gives the vertex function through Eq. (3.1.98).

Extension to multicomponent Cooper channels

So far we have implicitly assumed a single-component superconductor by adopting the
pairing Hamiltonian, Eq. (3.1.5). It is straightforward to extend the self-consistent re-
sponse approximation so that it can be applied to multicomponent superconductors. In
multicomponent superconductors, multiple Cooper pairing channels allow exotic super-
conducting phases as chiral superconductivity [112], nematic superconductivity [113], and

anapole superconductivity [114, 115].

Despite the considerable interest in exotic superconductivity, there is as yet no unam-
biguous confirmation of any such superconductivity. Rigorous numerical analysis of the
optical response in multicomponent superconductors is required to search for strong opti-
cal probes of exotic superconductivity. We consider tow-component superconductors with
two Cooper pairing channels by adopting the pairing interaction,

_ 0
2V

U
— 50 2 2 K)o (R ehe! yeoweewa. (31.102)

k,k/

1T
90( ) (k)wgd) (k,)c;rmcikbcfk/cck/d
k,k’

Hpair =

The mean-field pair potential is introduced as

U
A (k75 A) = — LU (R) S G (R FH(K 7 75 A)

Ve
Us 2)T (2)
=% (K) Y ea (K)Fy(k 74,775 A), (3.1.103)
U —
Aap(k,7; A) = — Vlcpfj,)(k;) S WK Fealk 7775 A)
Uz o (k , ‘
— e (B) D e (R Fa(K 7 775 A), (3.1.104)

based on the Kadanoff-Baym method explained in Subsect. 3.1.2.
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Let us verify the particle number conservation law. The time evolution of the total
particle number is given by Eq. (3.1.32), and cancellation of the third and fourth terms in
Eq. (3.1.32) is essential for the total particle number conservation law. In the presence of

the multiple Cooper pairing channels, these terms are obtained as
Z ]:aj(ka 7__7 T+; A)AJra(kv T3 A)

-y [t ] [l T+,T—;A>}
[Z]:‘U (k7" T SO]a k} [Z SOdc k, _;A)}, (3.1.105)

S Au(ko7s A)VFS (k77,775 A)

Uy 1 - 1 _
== S [ e ) Feak 7 )] [ 0 ) 7 s 4)]
Us 2
-7 [Z PN Foa(K 71,775 A } [Z o) (k) F (e ,A)} . (3.1.106)
Therefore, we can verify that these terms cancel each other, and the total particle number
conservation law is satisfied.

The formulas of the linear and second-order nonlinear conductivities are the same as
Egs. (3.1.95) and (3.1.97), respectively, while the one-photon vertex function is modified.

The vertex can be represented as
<F>gl7(l<:, wiy) = J (k) + Wab(k)ma(a} +1iv) + ﬁab(k)@a(w +1iv), (3.1.107)

and the self-consistent equation is written as

A2 + i) B MW (w0 +iy) M2 (w+iy)\ [AD*(w +iv)
AP 1)) \ MO (w+iy) M@ (w+iy) ) \AD(w + iy)

LWJ ;
4+ (w+iv)) (3.1.108)
LAY (w +iv)

] ) CNT ) ) N T

where we use the notation A = (Agl)a,AgL)a) and L/ = (LgZ)J,Lg)J) . The off-
diagonal block M2 (w + i) and MY (w + iv) admix the collective modes of different
Cooper channels and allow the Leggett mode and the Bardasis-Schrieffer mode [79].

Summary of the self-consistent response approximation

We have derived the formulas of linear and second-order nonlinear conductivity in the
self-consistent response approximation. We applied the Kadanoff-Baym method to the
equation of motion to satisfy the total particle number conservation law. Thus, the results

obtained from the self-consistent response approximation are physically reasonable.
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Our formulas are applicable not only to conventional superconductors but also to var-
ious unconventional superconductors, such as spin-triplet superconductors, anisotropic
superconductors, and helical superconductors. The contributions of the amplitude and
phase mode excitations are incorporate into the linear and nonlinear optical conductivities
through the vertex correction. Furthermore, we extended the formulas to the multicompo-
nent superconductors with multiple Cooper pairing channels. We can evaluate the contri-
bution of the collective modes such as the Leggett mode and the Bardasis-Schrieffer mode,

which can arise from multicomponent superconducting order parameters.

3.2 Setup for numerical demonstration

We study the linear and second-order nonlinear conductivities in the Rashba superconduc-
tor by the self-consistent response approximation. The effects of collective modes, which
are neglected in the formulation starting from the BAG Hamiltonian, are discussed. It is
shown that the amplitude mode of the s-wave superconductivity enhances the linear and
nonlinear conductivities through the vertex correction. The interband pairing is essential
for the enhancement. In this section, we explain the numerical demonstration setup and

the characteristics of Rashba superconductors, including their multiband nature.

3.2.1 Model

The normal Hamiltonian is defined as Egs. (2.1.1) - (2.1.6). In the following, we assume

the Zeeman field as
h = (0,hcosf, hsinf), 6 =060°, (3.2.1)

with 6 being the angle between the magnetic field and the two-dimensional plane. We
assume the magnetic field tilted from the perpendicular axis to break the Cs, rotation

symmetry, which prohibits second-order nonlinear responses.

Next, we introduce a s-wave pairing interaction, which is not explicitly discussed in
the previous chapter. In the Rashba superconductor with an in-plane component of the
magnetic field, the Cooper pairs have a finite total momentum in the equilibrium super-
conducting state, namely helical superconducting state [76, 77]. Thus, we introduce the
Cooper pairs’ momentum 2q and the s-wave pairing interaction is introduced as

U . .
Hinis = =57 > 10y 5150 (1035354 Cht .o, Ol guss C—t/5s Ch s (3.2.2)
k.k’

The mean field is obtained as

A(q)ar = A(q)(ioy)ap, Alq) € RT, (3.2.3)
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Figure 3.4: (a) Schematic parabolic bands around the I" point (Dirac point) in the normal

state. The red and green points illustrate the Fermi surfaces when the Fermi level lies
on the Dirac point (4 = 0). (b) The Fermi surfaces for i = 0. The FS1 exists far from
the Dirac point while the FS2 is on the Dirac point. (c) Schematic illustration of the
band structure in the superconducting state with the parameter i = 0. The energy gap is
obtained as AE = 2A around the FS1, while AE = 2|A — h| around the FS2. From Fig.
3 of Ref. [79]. (© 2025 American Physical Society

where we choose an appropriate U(1) gauge.

We evaluate the condensation energy to determine the total momentum of Cooper pairs

2q. The free energy density is given by
_ L 200 - L ~Ena(k)/T
2a.8a0) = gy 3 [Pl 13(@)/20] = 5 3o (14 BT (320

and the condensation energy is obtained as

F(q) = Q(q,Alq)) — Q(q,0). (3.2.5)

The total momentum of Cooper pairs 2q is determined so as to minimize the condensation
energy,
F(q) = min F(q). (3.2.6)
a
We can fix the y component of the total momentum as ¢, = 0 because the x component of
the magnetic field assume to be zero in Eq. (3.2.1). The only g, needs to be determined

by minimizing the condensation energy.

The noninteracting Hamiltonian has a Dirac point at kK = 0 when the magnetic field
is zero. We mainly focus on the case where the Fermi level is situated at the Dirac point.

The energy of the Dirac point & is
o = —Aty + 4t = —3.2, (3.2.7)

for our choice of the hopping parameters. We defined fi as the chemical potential from the

Dirac point, i = p — &. When we set the chemical potential as i = 0, the Fermi level lies
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on the Dirac point under zero magnetic field [see Fig. 3.4(a)]. In this case, one of the two
spin-split Fermi surfaces, ‘Fermi surface 1’ (FS1), exists far from the Dirac point, and the
other ‘Fermi surface 2’ (FS2) is the point at the Dirac point [Fig. 3.4(b)]. In the following

part, we assume i = 0.0 unless otherwise mentioned.

The numerical calculations are conducted within the N2-discretized Brillouin zone.
Unless stated otherwise, N is set to 1600. For numerical convergence, we introduce a
finite temperature 7" = 10~ for the Fermi-Dirac distribution function. We evaluate the
linear and nonlinear conductivities by using the self-consistent response approximation and

discuss the effects of the collective modes.

3.2.2 Intraband pairing and interband pairing

Before showing the numerical results, we elucidate the intraband and interband pairing
in the model. In Secs. In 3.3 and 3.4, we will show that interband pairing plays an
essential role in enhancing optical responses via collective modes. The superconducting
fitness can capture intraband pairing and interband pairing [116, 117]. We define the
intraband superconducting fitness F4 and the interband superconducting fitness F at

momentum k by

Fa(k)(ioy) =Hy(k)[A(ioy)] + [Alioy)|Hy' (), (3.2.8)
Fe (k) (ioy) =Hy(k)[A(ioy)] — [Alioy)|Hy' (k). (3.2.9)

We define Hy(k) = c(k) - o/|c(k)| for the noninteracting Hamiltonian with the form
Ho(k) = co(k)+c(k)-o. In our model, H (k) is obtained as H( (k) = [Ho(k)—£(k)]/|g(k)+
h|. When the Cooper pairs’ total momentum 2q is sufficiently small and ignorable, the

intraband and interband pairing is characterized by the fitness as

Tr[Fa(k) Fa(k)] =8A%g(k)?/|g(k) + h|?, (3.2.10)
Tr[Fo(k) Fo(k)) =8A%R%/|g (k) + h|?. (3.2.11)

These formulas indicate that the interband pairing is dominant around the Dirac point
because the Rashba spin-orbit coupling vanishes at the Dirac point. On the other hand,
the intraband pairing is dominant around the FS1 as usual. The energy gap also differs
between the k-space region around the FS1 and FS2 [see Fig. 3.4(c)]. The energy gap on the
FS1 is obtained as AE = 2A, while the gap at the FS2 is estimated as AE = 2|A — k| [57].
Thus, the superconducting gap around the FS1 is robust against the Zeeman field although

it closes on the FS2 at the topological transition.
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Figure 3.5: Frequency dependence of A¥ [Eq. (3.1.100)] in the vertex function, Eq. (3.1.98).
A7 and AJ originate from the amplitude and phase modes, respectively. We set the pa-
rameters i = 0.0, U = 1.15, h = 0.02, and v = 8 x 10~%. Results in (a) the moderate
frequency region 0.5 < Q/A < 3.5 and (b) the low-frequency region 0 < Q/A < 0.1. From
Fig. 4 of Ref. [79]. (© 2025 American Physical Society

3.2.3 Vertex function

In this subsection, we show the self-consistent solution of the vertex function and discuss
its characteristic properties. By comparing Eqgs. (3.1.51), (3.1.98), and (3.1.100), we can
verify the correspondence between A7 and the collective mode excitations. Figure 3.5 shows
the frequency dependence of A (w 4+ 47y). The peak of Im[A7] around w = 2A originates
from the amplitude mode known as the Higgs mode. The nearly w™! divergence of Im[A%]
in the low-frequency region w < 2A may be attributed to the phase mode known as the
Nambu-Goldstone mode. The behavior of Aj in the low-frequency region shown in Fig.
3.5(b) can be described as
i

A5 ) ,
2w Fiy) o To

(3.2.12)

by introducing the phenomenological scattering rate v to cut off the divergence.

3.3 Linear optical responses

In this section, we show the linear optical conductivity with and without vertex correction
and discuss the roles of the collective modes. In the case of ji = 0.0, where the Fermi level
lies on the Dirac point, the interband pairing is dominant around the Dirac point. We
will show that the amplitude mode enhances the longitudinal linear conductivity in this
case. For s-wave superconductors, the enhancement by the amplitude mode is unique to
the multiband system. We verify that interband pairing is essential for the enhancement

of linear conductivity by the amplitude mode.

In the following, the linear conductivity obtained with (without) vertex correction is
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Figure 3.6: Frequency dependence of (a) the linear conductivity Re[o®*], (b) its components
defined by Eq. (3.3.1), and (c) the vertex function A{. (a) The bare and corrected linear
conductivities are compared to clarify the role of vertex correction. (b) The contribution of
the vertex correction arising from the amplitude (Higgs) mode and the phase (NG) mode
to the linear conductivity. The amplitude mode gives o1r and o1, while the phase mode
gives 09. We set the parameters as i = 0.0 and h = 0.05. From Fig. 5 of Ref. [79]. (©)
2025 American Physical Society

referred to as the corrected (bare) conductivity. The main result of this section is presented
in Fig. 3.6(a)., which shows the bare and corrected linear conductivities Re[c"*]. We see
that the linear conductivity is enhanced by the vertex correction in the low frequency
region w/A < 2.0. To identify the causes of enhancement, we decompose the contribution
of the vertex by using Egs. (3.1.95), (3.1.98), and (3.1.100). The correction to the linear

conductivity can be written as
Ocorrected — Obare = 01 1 02, (331)

with o1 = o1r + 011, where o1R, 011, and o2 are contributions proportional to Re[Af],
Im[A7], and Aj, respectively. Figure 3.3.1(b) shows that A7 makes the dominant contri-
bution to the enhancement of the linear conductivity. Because the vertex A7 (A%) comes
from the amplitude (phase) mode, we conclude that the amplitude mode enhances the

linear conductivity.

3.3.1 Multiband effect

To discuss the multiband effects on the linear conductivity, we then compare our Rashba
superconductor model with the single-band s-wave superconductor model. In Ref. [81],
it was shown that the linear conductivity Re[o™*] is suppressed by the vertex correction in
the single-band s-wave superconductor under supercurrent. We reproduce the suppression
of the corrected linear conductivity in Fig. 3.7. We find that the vertex A owing to the
phase gives a destructive contribution, while the effect of the amplitude mode through Af

is negligible in this case.
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Figure 3.7: The linear conductivity Re[o®*] in the single-band model. The numerical result

reproduces the suppression of the corrected linear conductivity in Ref. [81]. From Fig. 6
of Ref. [79]. © 2025 American Physical Society

We can analytically show that the contribution of the amplitude mode is negligible in
the single-band superconductor. The BAG Hamiltonian for single-band s-wave supercon-

ductors is given by

. fl(k) (0 +
H(k)_< . _52(@), ¥ e R, (3.3.2)

where we choose an appropriate U(1) gauge. By introducing the electric current operator

and the one-photon vertex function,

J(k) = Jo(k) + J3(k)os, (3.3.3)
I*(k,w+iy) = JYk) + A (w + i7)o1 + AS (w + i) o2, (3.3.4)

the resonant component of the linear optical conductivity is obtained as

. wJs [ €N+ Iy
o (w) = Z 2AL§2 { 1AE 87 + ZA2’B d(w—2AE), (3.3.5)
k

where £(k) is defined as £(k) = (& (k) + &2(k))/2. The interband energy difference is given
by 2AE = 24/12 + £(k)?2, and the minimum energy gap is 21). The resonant component is
enhanced around w ~ 21 because of the prefactor AE~2 and the peak of the joint density
of states. However, the contribution of the amplitude mode through Af is suppressed
there by the prefactor € ~ 0. Moreover, the vertex arising from the amplitude mode Af
is relatively small compared to A? originates from the weighted integral of £(k) around
the Fermi surface [87]. Therefore, the effect of the amplitude mode is negligible in the

single-band superconductors.

In contrast, in the multiband systems, the amplitude mode can enhances the optical

conductivity through the vertex correction Af . Figure 3.6(b) shows the enhancement by
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Figure 3.8: (a) The linear conductivity Re[c™*] for the effective chemical potential i = 0.2
and the magnetic field h = 0.06. (b1) and (b2) The ratio of Re[o{”] to Re[o}2 ] for various
magnitude of the magnetic field. We set fi = 0.2 and i = 0 in (bl) and (b2), respectively.
From Fig. 7 of Ref. [79]. (© 2025 American Physical Society

the collective mode in the Rashba superconductors. In our model, the Rashba spin-orbit
coupling and the Zeeman field split the energy bands and allow the contributions by the
amplitude mode, which is prohibited in the single-band model. The multiband effect is
essential to enhance the linear conductivity by the amplitude mode in s-wave supercon-

ductors.

Interband pairing

To further clarify the multiband effects, we focus on the role of interband pairing. The
resonant component of the enhanced linear conductivity in the region w/A < 2.0 originates
from momentum space around the Dirac point [see Figs. 3.4(a) and 3.4(c)]. Given Egs.
(3.2.10) and (3.2.11), the interband superconducting fitness is much larger than the intra-
band superconducting fitness around the Dirac point. In contrast, the interband pairing is
absent in single-band s-wave superconductors. Therefore, the interband pairing is expected

to play an essential role in the enhancement of linear conductivity shown in Fig. 3.6(a).

We then show the numerical results that indicate the importance of the interband
pairing for the enhancement by the amplitude mode. Here, we consider the i = 0.2 case,
where the Fermi surface is away from the Dirac point [Fig. 3(a)]. Although intraband
pairing is dominant in this case, we can increase the interband pairing by increasing the
magnetic field. Thus, we expect the vertex correction arising from the amplitude mode
to increase with increasing magnetic field. Figure 3.8(a) shows that the contribution due
to the amplitude mode, 01 = oRr + 011, is cooperative to the bare conductivity opare-
When increasing the magnitude of the magnetic field, the ratio Re[o1]/Re[opare] increases
[Fig. 3.8(b1)]. It is consistent with our expectations. A sharp peak caused by the frequency
dependence of A7 [Fig. 3.9(b1)] appears in the ratio Re[o1]/Re[0bare), and the peak develops

with increasing the magnetic field. This indicates that the interband pairing is required
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Figure 3.9: Frequency dependence of A7 (w + iv) in the vertex function [Eq. (3.1.100)]. A7
originates from the amplitude mode. The parameters in panels (bl) and (b2) are the same
as Figs. 3.8(bl) and 3.8(b2), respectively. (bl) and (b2 (ii)): The imaginary part of Af.
(b2 (i)): The real part of A7. From Fig. 8 of Ref. [79]. (©) 2025 American Physical Society

for the enhancement of the linear conductivity by the amplitude mode.

Similarly, in the case of i = 0, the ratio Re[o1]/Re[opare] in Fig. 3.8(b2) shows the
characteristic frequency dependence caused by A7 [Figs. 3.9(b2 (i)) and 3.9(b2 (ii))]. At
a small magnetic field h = 0.02, the peak of the ratio around w/A ~ 2.0 appears even
more clearly than that for g = 0.2. This is consistent with that the interband pairing is
significant around the Dirac point even for a small magnetic field and our conclusion that

the interband pairing allows the enhancement of optical responses by the amplitude mode.

In contrast to the low-frequency region discussed above, the vertex correction suppresses
the linear conductivity in the high-frequency region w/A > 2.0, as shown in Fig. 3.6(a).
The suppression is also the result of the amplitude mode [see Fig. 3.6(b)]. The sign of the
vertex Re[A1] changes around w/A ~ 2.0 [Fig. 3.6(c)], and o1r becomes negative. This
effect of the amplitude mode does not appear in the Rashba model for i = 0.2 and in the
single-band model. Therefore, the vertex correction that suppresses the linear conductivity

is also a characteristic property of the Dirac point.

We summarize the results of the linear conductivity in s-wave Rashba superconduc-
tors. We have shown that the amplitude mode of the order parameter enhances the linear
conductivity Re[o**] in the low-frequency region w/A < 2.0. This enhancement in clean s-
wave superconductors is unique to multiband superconductors. In particular, the interband
pairing is essential for the enhancement. Therefore, the linear conductivity is significantly
enhance i the model with & = 0.0, where interband pairing is dominant around the Dirac
point. The peculiar quantum-geometric properties of Dirac electrons are also important
for the large optical conductivity. When the Fermi level lies on the Dirac point, the linear
conductivity is expected to be large since it is related to the quantum-geometric quantities.
Indeed, this is the reason why the linear conductivity for i = 0.0 [Fig. 3.6(a)] is larger than

that for i = 0.2 [Fig. 3.6(a)]. Because the vertex correction form the collective modes
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is expected to be of the same order as the bare conductivity, the vertex correction term
o1 is also enhanced cooperatively by the interband pairing and the quantum-geometric

properties both of which are enhanced around the Dirac point.

3.4 Nonlinear optical responses

In this section, we show the results of the nonlinear optical conductivity. In particular,
we focus on the photocurrent conductivity for which a theoretical calculation without
vertex correction predicted the sign reversal at the topological transition of superconducting
states [57]. We show that the sign reversal occurs robustly when collective-mode excitations
are included. Furthermore, the resonant components showing the sign reversal in the low-
frequency region are enhanced by the amplitude mode. The sign reversal originates from
the band inversion, which is directly related to the topological transition, and therefore it

can be used as an indicator of topological superconductivity.

3.4.1 Calculation method of photocurrent conductivity

The photocurrent conductivity is defined as
o (W) = Tim 0®7(20w;w + w, —w + dw), (3.4.1)
dw—0

where w is a frequency of an injection monochromatic light. Although the second-order
nonlinear conductivity ¢®#7 has been formulated in the previous sections, we need to
take care of the numerical calculation because the calculation with the vertex correction
can be numerically unstable when the massless collective mode emerges. The formula
of the photocurrent conductivity, Eq. (3.1.97), has terms containing the vertex function
% (—20w — 2i7) such as

y Loy (—20w — 2i7) Ty fub
530 4(w + 0w) (W — 0w) (w — Epg + 2i7)

(3.4.2)

Because a part of the vertex function A§(dw + i) diverges in the limit dw — 0 and v — 0
(clean limit), we should examine possible divergence of the photocurrent conductivity.
However, the divergent vertex function A does not necessarily give the divergent pho-
tocurrent conductivity. For example, in the single-band s-wave model, the contribution of
A§ to Eq. (3.4.2) has a prefactor dw [81]. Given Ag dw™! in the limit dw — 0 and v — 0,
the term proportional to dwA§ gives a finite contribution to the photocurrent conductivity

without divergence.

To avoid potential difficulty caused by the divergent vertex function, we compare two

methods for taking the clean and low different-frequency limit, w — 0 and v — 0. One is
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Figure 3.10: (a) Comparison of the photocurrent conductivity Re[op” (w)] obtained in
(i) the dw-limit and (ii )-(iv) the y-limit. (i) dw-limit with v = 8.0 x 1074, (ii) ~-limit
with 7 = 107* and v = 8.0 x 107%. (iii) -limit with n = 1073 and v = 8.0 x 107%. (iv)
Re[op" (w)]/2 in 4-limit with n = 1073 and v = 4.0 x 10™*. The result is divided by 2
to show the 4! behavior of Re[op:” (w)]. (b) Re[ope” (w)] obtained in the dw-limit with
7 =28.0x10"* and v = 4.0 x 10~*. The resonant component appears at w/A > 1.5 and

! indicating that the magnetic injection current is dominant. The

is proportional to v~
parameters of the model are set to i = 0.0, U = 1.15, and A = 0.02. The unit of the
vertical axis is (e3/h - a/meV). From Fig. 9 of Ref. [79]. (© 2025 American Physical

Society

the dw-limit, where we assume a finite v and take the limit dw — 0. The vertex function

is regularized as
I'*(—20w — 2iy) — I (—2iy). (3.4.3)

The other is the y-limit, where we first take the clean limit v — 0. The frequency depen-
dence of the vertex function, plotted in Fig. 3.5(b), can be numerically fitted by using a
fitting function,

iA

Mwti) = =5

(3.4.4)

with fitting parameters A and B. The obtained value of B is almost equal to «. Therefore,
for a sufficiently small frequency difference dw and the limit v — 0, we adopt the asymptotic
form,

1A

I (—26w — 2 .
(—20w i) — 50

(3.4.5)

In numerical calculation, we introduce a sufficiently small parameter 1 and the frequency
difference 20w is set as 20w = nw. The numerical results are physically meaningful if
the two methods give the same results. Figure 3.10(a) compares Re[op(s" (w)] obtained in
the v-limit and the dw-limit. It is shown that the numerical results are almost equivalent

between the two methods and do not depend on the choice of 1 in the dw-limit. Thus, we
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can obtain physically meaningful results, which are independent of the treatment of the

massless collective modes.

Next, we discuss the dependence of the photocurrent conductivity on the phenomeno-
logical scattering rate v to verify that the intrinsic effect is dominant in our results. Figure
3.10(b) shows Re[op” (w)] obtained in the dw-limit with different 7. We see that the
magnitude of the resonant contribution is doubled when v is decreased to half. Thus,
the photocurrent conductivity shows the y~! dependence signifying the dominance of the
magnetic injection current, which is one of the intrinsic mechanisms of photocurrent con-
ductivity [20, 118-120]. From these analyses, it is verified that our formulation can ade-
quately describe the intrinsic contribution of the photocurrent conductivity in the Rashba

superconductors.

3.4.2 Sing reversal of photocurrent conductivity

We carry out numerical calculations of the photocurrent conductivity around the topologi-
cal transition. The results with and without the vertex correction are presented. We show

that the sign reversal is robust against the contribution of collective modes.

When we set the parameters as i = 0.0 and U = 1.15, the model describes topologically
trivial superconducting states in the low magnetic field region 0 < A < 0.06 but becomes
topological superconducting states in the high magnetic field region 0.07 < A < 0.09.
Figures 3.11(al) and 3.11(b1) plot the bare photocurrent conductivity, while the corrected
one with vertex correction is shown in Figs. 3.11(a2) and 3.11(b2). Qualitative behaviors,
such as the shift in the frequency dependence of the photocurrent, are similar between the
bare and corrected photocurrent conductivities. The shift reflects the suppression of the
energy gap under the magnetic field. The energy gap in the trivial state becomes smaller
with h being closer to the critical value h. and closes at the topological transition. After the
topological transition, the energy gap reopens as the magnetic field is increased. Following
changes of the energy gap, the resonant contribution of the photocurrent conductivity

Relop:’] shows the frequency shift.

In Sec. 2, we demonstrated the sign reversal of the photocurrent conductivity in the
low-frequency region w/A < 2.0 without the vertex correction. The sign reversal of the
bare photocurrent conductivity is reproduced in Fig. 3.11(al) and 3.11(bl). The sign
reversal behavior appears even when we take into account the vertex correction. As shown
in Figs. 3.11(a2) and 3.11(b2), the sign of the corrected photocurrent conductivity also
reverses at the topological transition. Therefore, the sign reversal is robust against the
contributions of collective modes, and thus this phenomenon is expected to be useful as an

indicator of topological superconductivity.
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Figure 3.11: The photocurrent conductivity Re[op'] in the topologically trivial states
[(al), (a2)] and the topological superconducting states [(bl), (b2)] with varying the mag-
nitude of the magnetic field h. (al) and (bl) show the bare photocurrent conductivity
without vertex correction, while (a2) and (b2) plot the corrected conductivity with vertex
correction. For each magnetic field, the calculations are performed in the ~-limit and the
w-limit methods with setting the same parameter sets 7 and 7 as in Fig. 3.10(a). We
rescale the results with respect to v as we have done in Fig. 3.10(a) and plot the results
with the same color for each h. The parameters are set as ji = 0.0 and U = 1.15. From
Fig. 10 of Ref. [79]. (© 2025 American Physical Society
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Figure 3.12: The photocurrent conductivity Re[ope ] and its components. The total pho-
tocurrent conductivity corrected With vertex correction (red line) is compared with the bare
and corrected magnetic injection currents opir (blue line) and o™ . (orange line). We
also show U&i;j .1 (green dashed line), which is the magnetic injection current obtained
by taking into account only the vertex correction as a result of the amplitude mode. The
parameters are set as i = 0.0, h = 0.05 and U = 1.15. The unit of the vertical axis is

(e3/h-a/meV). From Fig. 11 of Ref. [79]. (© 2025 American Physical Society

3.4.3 Magnetic injection current

For a step to clarify the origin of the sign reversal phenomenon, we discuss the magnetic
injection current. The bare magnetic injection current, which is calculated without vertex

corrections, is formulated as

gMini _ T Z A ”ngFab’ (3.4.6)

bare

where we define Fyp = fup0(w — Ep) and Ajg‘ = Jga — jbol‘).

To discuss the magnetic injection current in the self-consistent approximation, we in-

troduce the corrected magnetic injection current as

Minj i . Re[T¥R (W) M2} (—w)]
Uco;?gzcted = _E Z AFﬁgA(O) ba E[? ab Fap, (347)
a,b,k a

where we use the following notations

AT w) = T, (w — 2iy) — T (w — 2iy), (3.4.8)
Lo (w) = Tiy(w + i), (3.4.9)

This contribution is obtained from the formula for the second-order nonlinear responses
[Eq. (3.1.97)]. In the formula for the corrected magnetic injection current, the electric
current operator appearing in the bare magnetic injection current is replaced with the
one-photon vertex I', which includes the effects of the collective mode. Figure 3.12 plots

the total corrected photocurrent conductivity ocorrected @nd the component Ui\glirr;icted‘ We
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Minj
corrected

frequency region. This is consistent with our expectation, and thus the magnetic injection

see that o gives a dominant contributions to the photocurrent conductivity in this
current is dominant even in the self-consistent approximation, which takes into account

the vertex correction.

Enhancement by the amplitude mode

Comparing the bare and corrected magnetic injection current in Fig. 3.12, we find that
the magnetic injection current is enhanced by the vertex correction. Let us verify that
the amplitude mode is essential for the enhancement. To elucidate the importance of the
amplitude mode, we calculate a&ﬁj 1 where the one-photon vertex in Jgfr? 1 1s evaluated
by taking into account only the bare electric current operator and A7. The amplitude mode
influences Ukliirlg '+, through the vertex A{, while the effect of the phase mode is ignored.
Figure 3.12 shows that O’kl\)/;ir? 1 Is almost equivalent to Ji\g;?é cteq- Lherefore, we conclude that

the enhancement of the photocurrent conductivity originates from the amplitude mode,

whereas the phase mode is ignorable.

3.4.4 Mechanism of the sign reversal

We discuss the mechanism of sign reversal of the photocurrent conductivity associated with
the topological transition. The resonant photocurrent conductivity in the low-frequency re-
gion w/A < 2.0 originates from the low-energy quasiparticle excitation [57], whose energies
of Es and Fj3 in our model. Note that we have defined the Bogoliubov quasiparticle’s
bands as Fip < Eo < 0 < E3, < Ey [see Figure 3.4(c)]. Therefore, we focus on the
interband transition between the Fop and Fj3p bands, namely B2 transition in Subsect.
2.2.2. In the zero temperature limit, the magnetic injection current originating from the
B2 o Minj . .
transition o, .- .. 4,82 18 given by
[P35 ()55 (—w)]
E3,

Minj 4l = Re
O-coirrlécted,B2 (w) = _H Z AF;QE?%A(O) 5(W - E32)- (3410)
k

We can show that the factor Re[T%5 (w) 48 (—w)] must be positive [79]. Therefore, the sign
Minj

of O corrected ,B

5 is determined by the difference in the one-photon vertex Af%A(O). Because
the resonant component of Re[op”| in the low-frequency region arises from the momentum
space around k = 0, the sign reversal of Re[opq"] is caused by AT424(0) around k = 0,
which is shown in Fig. 3.13. We find that the sign of AT%3*(0) opposite between the trivial
state [Fig. 3.13(a)] and the topological state [Fig. 3.13(b)] around k = 0.

We can explain the reason why the sign of AfggA (0) changes at the topological transi-

tion, with the similar discussion to Sec. 2.3. The sign change is associated with the band
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Figure 3.13: Distribution of (a) (b) AT'%2% and (c) (d) AJg in the k space. We set the
magnetic field (a) (¢) h = 0.05 and (b) (d) h = 0.08 below and above the topological
transition, respectively. The parameters are set as i = 0.0 and U = 1.15. From Fig. 14 of
Ref. [79]. (© 2025 American Physical Society
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inversion at the topological transition. The eigenenergies of Bogoliubov quasiparticles Fog
and FE3p are obtained at k =0

(B, ED) (Vi + A2 > h)

(Bok, E3k) = : (3.4.11)

(BD,EC) (Vi + A2 < h)

where E(-) and E() are defined as

=—V@2+A2+h, EF = /p2+A2—h. (3.4.12)
The band inversion between the Fop and Fs3i bands occurs at the critical magnetic field
he = \/ii2+ A2. In other word, E(-) and EM) are exchanged at h = h.. We then
analytically calculate AT%24(0). When we adopt the notation %24 = I'? (—2iy) and
A§?A = A (—2i7), T924 is obtained as,

P92 _ e 4 0ug h— ——2 A4 (for B, = E)), (3.4.13)
ﬂ2 + AQ

D024 = 008 — Dag - h + AP (for E, = EW)), (3.4.14)

A
ViE T A2

We can verify that T924 at k = 0 is exactly independent, of A¢(—2i7), the vertex correction

as a result of the phase mode. Thus, AT$34(0) is given by
20,9 - h) — —22—A924  (h,> h)
AT24(0) = VAT . (3.4.15)

—2(0,g - h) + \/%AO‘?A (he < h)

The sign of AFO‘2A( ) is shown to change at the topological transition.

We compare the group velocity difference AJg; [Figs. 3.13(c) and (d)] with AT'$34(0)
[Figs. 3.13(a) and (b)]. A similar sign change is shown for the group velocity difference
AJ}%, and it is the origin of the bare photocurrent conductivity as discussed in Sec. 2.3.
Note that Ajzoé, which we call the ‘group velocity difference’, is not exactly equal to
Ok, E2 — Ok, E3 owing to the mixing of electron and hole in the Bogoliubov quasiparticle.
However, it is reasonable to interpret Afg‘??A(O) as the group velocity difference between
the Bogoliubov quasiparticles, since Jg can be describe as the weighted sum of the group

velocities of the electron and hole bands [57].

3.4.5 Interband pairing and quantum geometry

We have shown that the amplitude mode enhances the photocurrent conductivities in
Subsect. 3.4.3. We numerically demonstrate that the interband pairing is essential for
the enhancement. Furthermore, we show that the peculiar quantum geometry around
the Dirac point also significantly enhances the photocurrent conductivity. The interplay
between collective modes and quantum geometry results in a significant enhancement of

photocurrent generation.
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Figure 3.14: The photocurrent conductivity Re[opg’| in the topologically trivial states
for i = 0.2 and U = 1.0. The unit of the vertical axis is (e3/h - a/meV). Numerical
results obtained by several methods are shown for each h, as in Fig. 3.11. (a) The bare
photocurrent conductivity, and (b) the corrected photocurrent conductivity. From Fig. 12
of Ref. [79]. (© 2025 American Physical Society

Interband pairing and enhancement by the amplitude mode

We have shown that the resonant component of the photocurrent conductivity, which
exhibits a sign reversal, is enhanced by the amplitude mode. Here, we discuss the role of
interband pairing for the enhancement. To verify the importance of interband pairing, we
calculate the photocurrent conductivity in the case of i = 0.2. Although interband pairing
is significant for i = 0, intraband pairing is dominant for & = 0.2. As shown in Fig. 3.14,
for i = 0.2, the peak of the photocurrent conductivity is not enhanced but suppressed
by the vertex correction in some parameter regions. Note that the sign reversal does not
occur in this case because the critical magnetic field h, = \/m, for the topological
transition, is too large to stabilize the superconducting state. In contrast to the case
of i = 0, sharp peaks of the photocurrent conductivities are slightly suppressed by the
collective modes. It indicates that the interband pairing is essential for the enhancement

of the photocurrent conductivity by the amplitude mode.

Enhancement by quantum geometry

Here, we highlight the effect of quantum geometry on the photocurrent conductivity. When
the Fermi level is close to the Dirac point, the JDOS jBQ(ﬁ) [Eq. (2.2.42)], which corre-
sponds to the B2 transition around the Dirac point, gives dominant contribution to the
photocurrent conductivity Re[opg;"]. The characteristic frequency dependence of Re[opd”]
reflects the energy difference between the Fop and Fsp bands around the Dirac point.
However, the value of jBQ(ii) is much smaller than jBQ(i), which originates from FS1 in Fig.
3.4, and the discussion of the JDOS is not sufficient to explain the large resonant photocur-
rent in the low-frequency regime. We then focus on the quantum geometric properties of

Bogoliubov bands, as it has been shown that quantum geometry yields colossal nonlinear
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Figure 3.15: Distribution of the quantum metric ¢g55 in the k space. We fix h = 0.05,
6 = 0° and A = 0.09 and set (a) @ = 0.0 and (b) & = 0.2. Colored lines plot contour
lines of Fs3. Note that the mapping range of the color plot is different between the figures
because the typical values of typical values of the quantum metric vastly different between
(a) and (b). Reproduced from Fig. 11 of Ref. [57]. (©) 2024 American Physical Society

responses in some normal states [6]. Indeed, we show that quantum geometry plays a key

role in enhancing the superconducting nonlinear responses.

First, we focus on the bare photocurrent conductivity. The magnetic injection current,
a dominant contribution of our results, is contains the quantum metric (ggf ), where «
means A\, for short hand notation. In particular, the contribution originating from the B2

transition is obtained as

TxT ™ = e\ o
O Minj(B2) — i %:(Jm — J33)935 (fa — f3)0(w — Es2). (3.4.16)

This formula indicates that the band-resolved quantum metric ¢35 affects the photocurrent
conductivity in the low-frequency regime. Note that the quantum metric ¢g55 is based on
the A-derivative Berry connection in Eq. (2.2.13), which is different from the k-derivative

Berry connection.

We show the distribution of the quantum metric g55 in the k space in Fig. 3.15. Here,
we fix the magnitude of the pair potential as A = 0.09. The color map shows the huge
quantum metric g35 around k = 0, as is generally expected for Dirac electrons. As shown
by the contour lines of F35 = E3 — E5, the quantum metric enhances the photocurrent
conductivity in the low-frequency region w < 2A = 0.18. These results indicate that the
quantum metric selectively enhances the photocurrent conductivity originating from the
JDOS Jpaii-

When the chemical potential is far away from the Dirac point, the contribution of jBQ(ii)
vanishes in the low-frequency region w < 2A. The quantum metric for i = 0.2 is shown
in Fig. 3.15(c). In contrast to the case of i = 0, the quantum metric ¢33 enhances the

contribution of ng(i) around w = 2A, which corresponds to FS1 in Fig. 3.4. However,
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Figure 3.16: The photocurrent conductivities Re[op" | with and without vertex corrections
are compared. (a) h = 0.04 and (b) h = 0.08. The unit of the vertical axis is (e3/h-a/meV).
The parameters are set as U = 1.0 for it = 0.2 and U = 1.15 for i = 0. From Fig. 13 of
Ref. [79]. (© 2025 American Physical Society

the value of the photocurrent conductivity for i = 0.2 is smaller than that for chemical
potentials near the Dirac point [compare the bare photocurrent conductivities in Figs.
3.11(al), 3.11(b1), and 3.14(a)]

From the above results, we conclude that the quantum metric enhances the photocur-
rent conductivity in the low-frequency region w < 2A. In the normal state, the quantum
metric diverges at the Dirac point due to the energy degeneracy. Although the supercon-
ducting gap prevents the divergence of the A-derivative quantum metric, the large quantum
metric appears when the Fermi level lies near the Dirac point. It implies that the large
quantum metric in the superconducting states inherits peculiar geometric properties of

Dirac states.

Synergy of collective mode and quantum geometry in photocurrent generation

In the 1 = 0 case, the interband pairing is dominant and the large quantum metric appears
around the Dirac point. We then focus on the interplay of collective mode and quantum
geometry in the photocurrent generations. To illuminate the roles of collective modes and
quantum geometry, we compare the bare and corrected photocurrent conductivities for
i =0 and g = 0.2. Figure 3.16 clearly shows that the results are qualitatively different
between the cases of i = 0 and i = 0.2. For i = 0.2, a sharp peak of the bare conductivity
is suppressed by the collective modes, while the tail in the high frequency side is enhanced.
Because the interband pairing increases with increasing magnetic field, the amplitude mode
is expected to enhance the photocurrent conductivity in a high frequency region w/A ~ 2.0,

more significantly at high magnetic fields.

Another ingredient for the enhancement of the photocurrent conductivity is the quan-
tum geometry. Figure 3.16 shows that the photocurrent conductivity with g = 0 is much

larger than that with i = 0.2. Because the contribution of the collective modes is expected
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to be of the same order as the bare photocurrent conductivity, the vertex correction is nat-
urally enhanced by the quantum-geometric properties around the Dirac point. It indicates
that the Dirac electrons are an intriguing platform for the interplay of collective modes,
quantum-geometric properties, and interband pairing, leading to enhanced photocurrent

generation in superconductors.

3.5 Discussion

We have demonstrated the enhancement of the linear and nonlinear optical responses due
to collective modes in superconductors with Rashba spin-orbit coupling. In our calcula-
tions, the long-range Coulomb interaction was ignored. In the realistic superconductors,
the massless phase mode is lifted to a high energy on the plasma frequency scale as a
consequence of the Anderson-Higgs mechanism [46-49]. This change in the phase mode,
due to the long-range Coulomb interaction, can affect the optical response through vertex
corrections. However, the vertex correction in our model arises mainly from the amplitude
(Higgs) mode, with the phase mode negligible. Therefore, the characteristic behaviors of
the optical responses in our model are expected to remain unchanged even in the presence
of long-range Coulomb interactions. The optical responses are enhanced by the amplitude

mode, which is insusceptible to the Coulomb interaction.

3.5.1 Material platform and experiment

The sign reversal of the photocurrent conductivity is a characteristic behavior associated
with the topological transition. This phenomenon can be used to verify several candidates
for TSCs. The two-dimensional s-wave superconductor in the presence of the Rashba spin-
orbit coupling and the Zeeman field, which is the setup in this study, is a platform of class
D topological superconductivity [68, 71, 72]. Artificial heterostructures of an s-wave super-

conductor and a ferromagnetic insulator are proposed for an experimental platform [68-70]

In a theoretical study [121], a model of class DIII topological superconductivity also
shows a sign change in the photocurrent conductivity. The mechanism of sign reversal
must be different between the class D and class DIIT TSCs because the magnetic injection
current is absent in the latter [see Tables 2.2 and 2.1]. Although a comprehensive study is
needed, sign reversal of the photocurrent conductivity may be a ubiquitous phenomenon
in TSCs.

In the experiment, the sign of the injection current has been detected by direct current
measurements [122, 123] and all-optical techniques [25, 86, 124]. For example, the time-

resolved measurement using all-optical technique detected the electric injection current,
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which grows with time in the short time pulse at the rate agﬁ? /T x EPEY, in a Weyl
semimetal [25]. Here, 7 is the relaxation time. The injection current conductivity oginj ~

med
3h2

numerical results show the magnitude of magnetic injection current conductivity of the

x 1fs was observed, and 7 was estimated as 8.6 fs by analyzing the Drude peak. Our

order of 0.9 x % X 7 in the low-frequency region. Thus, the sign reversal behavior at the

topological transition can be accessed by THz and sub-THz optical techniques.

We have shown the giant linear and nonlinear optical responses that appear when the
Fermi level lies near the Dirac point. The combination of quantum geometry and collective
modes plays an essential role in the enhancement. These features are expected to be realized
in various quantum materials, as exemplified below. The interface of superconductors and
topological insulators is an ideal platform, where superconductivity is induced in the surface
Dirac/Weyl states [125, 126]. Atomically thin layered materials are another potential
platform for quantum geometry and topological insulator [127, 128] and can be gate-tuned
to a superconducting state [129, 130]. In few-layer WTes, the Berry curvature dipole
was detected by the nonlinear Hall effect [131, 132]. The nonlinear Hall measurement
in magnetic systems can also detect an indication for the quantum metric, and it was
observed in even-layer MnBisTey [133]. Superconductivity in MnBiyTey can be realized
in the heterostructure [134]. An iron-based superconductor, FeSe, thin film is also an
intriguing platform for nonlinear optical responses in superconductors because the quantum

geometry of normal electrons significantly affects superconductivity [135-137].

Our results imply that the amplitude mode enhances the optical responses through
interband pairing . In general, intraband pairing is expected to be favored because the
interband pairing does not contribute to the thermodynamic stability of superconductivity
in the weak coupling limit. One of the methods for controlling interband pairing is inducing
the Zeeman field into noncentrosymmetric spin-singlet superconductors. For this purpose,
two-dimensional transition metal dichalcogenides are a promising platform because the
superconductivity is robust against in-plane external magnetic fields and the orbital ef-
fect is largely avoided [138-145]. Another mechanism for a significant interbnad pairing
was proposed in noncentrosymmetric superconductors where the spin-orbit coupling has

topological defects in the momentum space, such as Weyl points [76, 146].

In real superconductors, impurities diversify the mechanism of nonlinear optical re-
sponses and may complicate photocurrent conductivity. Time-resolved optical measure-
ments, such as pump-probe spectroscopy, can monitor the ultrafast dynamics of carriers in
their relaxation process [147]. Thus, we can distinguish the intrinsic contribution, such as

the magnetic injection current, from those arising from impurities.
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3.6 Summary

We have studied linear and nonlinear optical responses in superconductors using the self-
consistent response approximation, derived from an equation of motion that conserves
total particle number. Our formulas can be applied to the effective Hamiltonian describ-
ing various classes of unconventional superconductors, including anisotropic and helical
superconductors. The self-consistent response approximation includes the effects of col-
lective modes, such as amplitude and phase modes, through vertex corrections. In Secs.
In 3.3 and 3.4, we discussed the effects of collective modes on the linear and nonlinear
conductivities. Furthermore, we extended the self-consistent response approximation to
superconductors with multi-component order parameters, including spin-triplet and chiral
superconductors. The Leggett mode and the Bardasis-Schrieffer (BS) mode arising from

multiple Cooper channels can be appropriately accounted for in the response functions.

We applied the formulas of optical responses to a model of topological Rashba super-
conductors. The linear and nonlinear optical responses are strongly enhanced because of
the interplay of the amplitude mode and quantum geometry when the Fermi level lies on
the Dirac point. The enhancement by the amplitude mode disappears in the single-band
s-wave superconductor, and the multiband character in the bands split by the Rashba
spin-orbit coupling and the Zeeman field is essential. In particular, interband pairing is
essential for the enhancement. The interplay between collective modes and quantum ge-
ometry can yield significant optical responses in topological materials, and further studies

across various classes of superconductors are desired.

We have demonstrated the sign reversal of the photocurrent conductivity between the
topologically trivial and nontrivial superconducting states. In our previous work, the bare
photocurrent conductivity shows a sign reversal, which is attributed to magnetic injection
current. Because the velocity difference between occupied and unoccupied bands induces
the injection current, the magnetic injection current is sensitive to the band inversion
accompanying the topological transition. It causes a sign reversal of the photocurrent con-
ductivity. In this study, we have extended the magnetic injection current formula to include
the vertex correction due to collective modes. The corrected magnetic injection current
qualitatively shows the same behavior as the bare one. Consequently, the photocurrent
conductivity that takes into account the vertex correction also shows the sign reversal at
the topological transition. Since the self-consistent response approximation satisfies the
total particle number conservation law and includes the effects of collective modes, the
results in this study are more accurate than those in previous studies. Therefore, nonlinear
optics would provide a bulk probe for detecting topological superconductivity in Rashba
systems. The enhancement of the photocurrent conductivity by the amplitude mode is

also an advantage for detecting the sign reversal behavior. The optical measurements are
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expected to be a powerful bulk probe for the topological superconductivity [57, 121, 148].
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Chapter 4

Valley current generation driven
by surface acoustic waves in

intervalley coherent states

We have mainly focused on nonlinear optical phenomena in superconductors. Supercon-
ducting states are characterized by U(1)-gauge symmetry breaking, which gives rise to
anomalous electromagnetic phenomena, such as the Meissner effect [55, 89]. Here, we
explore exotic response phenomena arising from valley-gauge-symmetry breaking, an al-
ternative gauge-symmetry-breaking in terms of the valley degree of freedom. Recent ex-
periments have reported a valley-gauge-symmetry-broken phase, identified as intervalley

coherent (IVC) states, in two-dimensional materials with a honeycomb structure [149-171].

We therefore focus on a pseudogauge field, an artificial gauge field arising from the
lattice modulation in the honeycomb systems [172-184]. The pseudogauge field couples to
the electrons like the minimal coupling, but the sign of the coupling constant is opposite
between the different valley points. Thus, the pseudogauge field can be interpreted as an
external valley gauge field that directly activates the valley degree of freedom. An analogy
to superconductivity implies a pseudogauge-field-driven response arising from valley-gauge-

symmetry breaking in the IVC states.

In this study, we investigate valley-current generation driven by surface acoustic waves
(SAWSs) in the IVC states [185]. SAWs modulate the two-dimensional honeycomb latices
and couple to the electrons via the pseudogauge field. We show that the IVC order gives
rise to anomalous valley-current generation. The anomalous valley current exhibits a char-
acteristic power-law dependence for low-frequency SAWs. Furthermore, we demonstrate,
through numerical analysis, that the IVC order significantly enhances valley-current gener-

ation in rhombohedral graphene. These results open a pathway to explore exotic phenom-
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ena arising from valley-gauge-symmetry breaking, in close analogy with gauge-symmetry

breaking in superconductors.

This chapter is organized as follows. In Sec. 4.1, we explain the definition and the
characteristics of the IVC states in two-dimensional honeycomb systems. In Sec. 4.2, we
discuss the SAWs on the monolayer graphene and introduce a pseudogauge field. In Sec.
4.3, we discuss the similarity between the valley gauge field and the pseudogauge field and
provide an overview of our expectation of anomalous valley current generation. In Sec. 4.4,
we introduce a tight-binding model for rhombohedral trilayer graphene, which is one of the
promising platforms for the IVC states. In Sec. 4.5, we formulate the generation of spatio-
temporally uniform valley current driven by a pseudogauge field, which we refer to as the
valley acoustogalvanic effect. In Sec. 4.6, we introduce the nonreciprocal pseudo-superfluid
density (NRPSF) and discuss the relation between the anomalous valley current generation
and the NRPSF. In Sec. 4.7, we present numerical results and verify the anomalous valley
current generation arising from the intrinsic valley gauge symmetry breaking. Finally, this

chapter is summarized in Sec. 4.8.

4.1 Intervalley coherent states

Various types of spin and valley ordering have recently been reported in two-dimensional
materials with the honeycomb structure. Notably, the intervalley coherent (IVC) state has
been focused as an exotic ordered state that spontaneously breaks valley gauge symme-

try [149-171]. In this section, we will introduce the IVC states.

4.1.1 Valley degree of freedom

First, we defined the valley degree of freedom of the electron in the two-dimensional ma-

terials with the honeycomb structure. Here, we consider a monolayer graphene [Figure

(b) K K’

Figure 4.1: (a) The honeycomb lattice of the monolayer graphene and the hopping from
the A sublattice to B sublattice. (b) The first Brillouin zone.
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4.1(a)]. The hopping Hamiltonian is described as

MG =3 (ch(R). (R + 7)) (_%(27 | ”f“) (B(C;(ﬁ)r )> SNCHR)

where 7, are

neafo ) mea( b ) e (b )

We perform the Fourier transformation,
1 kR 1 K (Ri+7n)
CARizii carpe™ ™, cp(R; + T :—E cp e\ 4.1.3
( ) \/N . K B( 1 n) \/N . Bk ( )

Then, the Hamiltonian is obtained as

_ 0 —0(Tn)e® T\ [cak
HITLG = f f , u 4.1.4
> (CA,k CB,k:) (e 0 (4.1.4)

P Tn)e CBk
We then focus on the K = ?‘,’—Z and K' = —%, which are corners of the first Brillouin zone.

The hopping Hamiltonian around the valley points around K and K’ is described as

HEE =3 (hew chew) ’ —70(Tn) e KRN fep e
¢ = Caek CBek EK+k) T 0 '

kn -0 (Tn)e_i( CBEk
(4.1.5)

where £ = & corresponds to valley K and K’. When we assume that the hopping parameter
~o does not depend on the direction 7, as vyy(7n) = 70, the off-diagonal matrix element of

the Hamiltonian is described as

/3

where the velocity is given as hvg = 737(]@. Therefore, the Hamiltonian of the monolayer
graphene around K and K’ is effectively described as a Dirac system. Because the energy
bands have a Dirac cone around K and K’, these points are called valley points. The
charge neutral point of the graphene lies on the Dirac point. Thus, the low-energy physics

is accurately described by the effective Dirac Hamiltonian.

4.1.2 Intervalley coherence and valley gauge symmetry breaking

We have introduced the valley degree of freedom ¢ of the electron c,¢x based on the
effective Hamiltonian. In general, the index « represents the sublattice and spin degree

of freedom. The intervalley coherence is then defined as <CL n k05,_,k> # 0. The finite
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intervalley coherence breaks the valley gauge symmetry. When considering the valley gauge

transformation c, ¢ — eiﬁeca@k, the IVC order is transformed as

<CL7+7k657_7k> — 7260 <CL,+,kCﬁ,—Jc> ) (4.1.7)
which indicates the valley gauge symmetry breaking.

The intervalley coherence is the correlation of electrons between the different valley
points. The minimum difference of K and K’ is |[K — K'| = 2Z. On the other hand, the
reciprocal lattice vectors of the honeycomb lattice are given by

by — 2% <1, —\}3) b= %T (o, \%) . (4.1.8)

When comparing K — K’ and b;, the ratio of the norm is obtained as |K — K'|/|b;| = %
Indeed, the IVC order can induces the V3 x V3 spatial modulation with respect to the
original unit cell. The spatial modulation is called Kekulé distortion. The v/3 x v/3
modulation has been detected mainly through scanning tunneling microscopy (STM) and

spectroscopy (STS) experiments [149-158].

Mean-field Hamiltonian for the IVC states

We construct a mean-field Hamiltonian for the IVC states from the microscopic interaction

Hamiltonian. We start from the interacting Hamiltonian,

1
Hons = [ dry [[drs SV = ma)el (ra)ch ra)ea(ra)es (). (4.1.9)
The interacting Hamiltonian can be rewritten as
1
Hint =5 Z Vo‘m‘s(q)c;kﬁchquc&@c%kl (4.1.10)
k1,k2,q
1 5 1 é
=5 Z yeBy (q)cL’lirqtzfy,klCL’,Q_qc(;J€2 + 3 Z yess (q)cL,klc&kl, (4.1.11)
k1,k2,q k1,k2,q9

where the Fourier component of the operators and potentials are given by

1 .
ch(r) :\/V an,kelk.(r7 (4112)
0 %
1 .
yasi(q) - / dr VB (p) i (4.1.13)
0

The second term in Eq. (4.1.11) is ignored in the following. Here, we focus on the intervalley
scattering via V(K — K') [V (— K + K')] and introduce an effective Hamiltonian,

1 é
Hint =3 Z Ve (K — K/>CLK+171C'YK/+P1cTﬁK/+p2C5K+P2 (4.1.14)
P1,p2
1 d
+5 > V(K + K')el por 0 6K 1 €y COR 4o (4.1.15)

p1,P2
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Introducing the IVC mean-field as

A% = S VeRi(K K <CLK/+qc7K+q> , (4.1.16)
q

we rewrite the interaction Hamiltonian in the mean-field approximation as
Hint = Z A"‘ﬁc];KercBK/H, + ATO“’BCLK,JFP%KJFP + const. (4.1.17)
P

The mean-field Hamiltonian is obtained as

HB (K + p) AP CBK+
Hur =) (chxip i < . . Pl (4.1.18)
v (e ) Ated 7K' +p) ) \eorrip

The fermion operator cax+p (Cak’+p) corresponds to cq +p (Ca,—p). We later formulate

the response phenomena in the IVC states based on the mean-field Hamiltonian.

Transport phenomena in the IVC states

We have explained the characteristics of the IVC states and introduced the mean-field
Hamiltonian. In particular, the valley gauge symmetry breaking is an intriguing aspect
of the IVC states. The analogy to superconductivity, which breaks gauge symmetry, im-
plies the appearance of characteristic transport and response phenomena emerging from
valley gauge symmetry breaking. However, only a few theoretical works have proposed the
transport signature of the IVC state, such as AC Hall response under a static magnetic

field [170] and characteristic magnetoresistances [171].

In this study, we show that the IVC order gives rise to anomalous valley-current gen-
eration driven by surface acoustic waves (SAWs). The anomalous valley current exhibits
a characteristic power-law in SAW-frequency dependence. We verify that the exotic phe-
nomena emerge from the valley-gauge-symmetry breaking, in close analogy with gauge-

symmetry breaking in superconductors.

4.2 Surface acoustic wave

SAWs are mechanical vibrations that propagate within the unbounded surface of the elastic
media [186]. When the target two-dimensional materials are placed on the elastic medium,
the SAWs induce spatio-temporal modulation of the target materials. Specifically in hon-
eycomb systems, the spatial modulation of hopping integrals can be incorporated as a
pseudogauge field. The pseudogauge field affects the dynamics of the electrons [172-179).
The pseudogauge field is similar to the valley gauge field, which couples to electrons with

opposite charge between the K and K’ points in momentum space, unlike the standard
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electromagnetic field. Thus, the pseudogauge field activates the valley degree of freedom

and can drive even charge-neutral quasiparticles [180-184].

4.2.1 Pseudogauge field in a monolayer graphene

The pseudogauge fields arise form the modulation of the hopping integrals. Mechanical
modulation, such as SAWs, can modulate the hopping integrals and perturb the Hamilto-
nian as He (k) — He(k + £ As), where Ay is the pseudogauge field. In this subsection, we

derive the pseudogauge field for the monolayer graphene.

The hopping Hamiltonian around the valley points are described as Eq. (4.1.5). Here,
we consider the effects of lattice modulation on the hopping integrals. The lattice modu-
lation is described by the displacement field u(R) as R’ = R+ u(R). The displacement
field changes the hopping vector 7 = R, — Rg as

=R, - Ry ~7+ (7 V)u(R,). (4.2.1)
The hopping parameter is modified under the displacement field as
T
70(7") = 70(7) = Boyo(T) 5 - {(T - V)u}, (4.2.2)

where we assume the relation between 79 and 7; dlog~yg/dlogT = —fy. Thus, the off-
diagonal matrix element of the hopping Hamiltonian is described with the pseudogauge
field As,

= (7)) CEFRI T o g € (R + EAT) — i(ky + €AY)), (4.2.3)
The explicit form of the pseudogauge field Ag is obtained as
A;: _ 38070 [ Uzz — Uyy _ \/360 Ugy — Uyy ’ (424)
AY 4hwg —2Ugy 2a —2Uyzy,

where we define the strain tensor w,,,

1 (Ou, Ou,

Consequently, we can incorporate the effect of lattice modulation on the Hamiltonian by
He(k) — He(k+ 7EA).

Rayleigh-type SAWSs propagating on the surface of piezoelectric substrates in the xy
plane are described by the displacement field u(r,t) = Re {(ULQJriuzé) ei(Q'T_Qt)},
where uy, and u, are the longitudinal and out-of-plane components [187]. The SAWSs prop-
agate with the photon wave vector Q = Q(cos ¢, sin ¢) and frequency 2. The SAW-induced

pseudogauge field reads Ag = — \/2550 urQ(— cos 2¢, sin 2¢)Im [ei(Q"’_Qt)].
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Figure 4.2: Schematic of the IVC state under the SAWs. The SAWs induce the pseudogauge
field As.

4.3 Valley gauge field and pseudogauge field

We briefly review the similarity between the valley gauge field and the pseudogauge field
in monolayer graphene [172-176]. The monolayer graphene is described by the effective
Dirac Hamiltonian H%_LG(k) per valley (K/K') and spin. The valley gauge field A, is
incorporated into the Hamiltonian as Hg*LG(kz) — HE*LG(k: + 7£Ay). The valley gauge
field, which is a counterpart of the electromagnetic field, is coupled to electrons with
opposite signs between the different valleys. On the other hand, the pseudogauge field
emerges from the hopping integral modulations and couples to the electron as H, El_LG(k:) —
H E_LG(kH—%f Ajy). Interestingly, the two fields are formally equivalent, and the pseudogauge

field Ag can be interpreted as an external valley gauge field.

In this thesis, we explore a pseudogauge-field driven response phenomenon arising from
spontaneous valley-gauge-symmetry breaking in the IVC state [Fig. 4.2(a)]. The IVC order
is a counterpart of superconductivity because the valley (U(1)-) gauge symmetry is broken
by the former (latter). The relation between the electromagnetic field and the U(1)-gauge
symmetry is essential for anomalous electromagnetic responses in superconductors, such
as the Meissner effect [89]. We focus on the fact that a similar relation holds between the

pseudogauge field and the valley gauge symmetry in the IVC state.

We demonstrate that the IVC order gives rise to anomalous contributions to nonlinear
valley currents driven by the pseudogauge field. Furthermore, we analytically verify that
the anomalous contributions arise from a novel type of macroscopic coherence, analogous to
superconductivity. In the superconducting state, the superfluidity and macroscopic coher-
ence is characterized by the superfluid density p*® = limx_,0 O, O o F [A = A], where F) is
the free energy and A is the variational parameters corresponding to the electromagnetic
vector potential A. The superfluid density determines the electromagnetic properties of
superconductors. We later show that the anomalous valley current generation in the IVC
state is associated with the pseudo-superfluid density, which is the derivative of the free
energy with respect to the pseudogauge field. An analogy with superconductivity suggests

that the valley current generation can characterize the novel macroscopic coherence of the
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IVC state.

4.4 Model: rhombohedral trilayer graphene

We perform numerical calculations of SAW-driven valley-current generation in the tight-
binding model of rhombohedral trilayer graphene (R3G) to demonstrate the impact of IVC
ordering. R3G is one of the promising platforms for the IVC states [153, 164, 165].

4.4.1 Six-band continuum model

R3G in the normal state is accurately described using a six-band continuum model per
valley (K/K') and spin [189, 190]:

A1+ Ay + 9 %72 vort vl V3T 0
%’72 A1+ A+ 0 0 vgrt VAT VT
0 Ay +A f 0
He (k) = v 1+82 M . (4.4.1)
VAT V3T —2Ay  wor! vgrt
4 3 ! 2 0 4
1137TJr ’1)471']L V4T VT —2A2 Y1
0 vor! 0 V4T ot Ay — Ay

where m = &k, + ik, with € = £ corresponding to the valley K and K’. The Hamiltonian
is written on the basis (A1, Bs, B1, A2, Ba, A3), where A; and B; denote nonequivalent
sublattice sites on layer i. The bare hopping integrals are defined as ~;, and the band
structure parameters v; are given by v; = v/3agv;/2 with i = 0,3, 4. The interlayer hopping
processes are illustrated in Fig. 4.3(b). Intralayer hopping integral ~g is larger than the
other interlayer hopping integrals v1-v4. An on-site potential § is only present at the
non-dimerized sites A; and Bs. A potential difference A; between the outer layers is

approximately proportional to the displacement field, while A5 is a potential at the middle

. -
Y1 .’. .
* H Q.

A P Y2/2 B
@ inz B
0‘ E 000
Y3 % i o Va Y1

® =« 0
e o
B3 A3

Figure 4.3: The unit cell and the interlayer hopping process in R3G. Here, A; and B;
represent the sublattice on the layer j = 1,2, 3. The hopping integrals are denoted by ~;.
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Y% M V2 V3 V4 J Ay Ag 7
3.1 0.38 -0.015 -0.29 -0.141 -0.0105 0.030 -0.0023 -0.04

Table 4.1: Tight-binding parameters and chemical potential for R3G. We adopt these
values in this study. Units for all parameters are eV. The tight-binding parameters are
taken from Ref. [188].

type ’H?*B(k:) (o, B) layer
A v (A;,B;) (1=1,2,3) intra-layer
B const. | (Bi1,A2), (B2, As), (A1, Bs) | inter-layer
C1 V3T (B2, A1), (B3, As) inter-layer
C2 Vg (A1, A), (B2, Bs) inter-layer

Table 4.2: Off-diagonal matrix elements of the six-band model Hamiltonian ’H?ﬂ (k) are
classified into the types A, B, C1, and C2 based on the coupling to the pseudogauge field.
The type B matrix elements are not coupled to the pseudogauge field, since they do not

depend on the wave vector k.

layer compared to the outer layers. All tight-binding parameters are chosen from Ref.
[188]. We summarize the values of the tight-binding parameters and the chemical potential
in Table 4.1.

4.4.2 Pseudogauge field in R3G

The SAWs generate the pseudogauge field via modulation of the hopping integrals. In
monolayer graphene, where only the intralayer hopping processes occur, the pseudogauge
field coincides with the valley gauge field. On the other hand, in the R3G, interlayter
hopping processes are significant for electronic properties such as energy bands [189, 190],
and it is necessary to consider how the pseudogauge field couples to electrons in these

processes.

We derive the pseudogauge field and its coupling to the Hamiltonian from the pertur-
bations of the tight-binding model for the R3G under the lattice modulation w(r,t). The
pseudogauge field couples to electrons like the minimal coupling, but the coupling constants
depend on the hopping processes. To summarize the couplings of the pseudogauge field,
we categorize the matrix elements into four types: A, B, C1, and C2, corresponding to the
different hopping processes [Table 4.2]. Type A originates from intralayer hopping, while
the other types correspond to interlayer hopping. The coupling to the type A elements of
the Hamiltonian is the same as that to the monolayer graphene, Hg‘ﬁ(k:) — Hgﬁ(kz—k FEAs).
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Type B hopping process

Next, we consider the type B hopping process under lattice modulation. The hopping

Hamiltonian is given by

— N (R (R 4 T 0 =) Ca(Ri) .
Hp E:(JnguL+ D(_%&) 0 ><%uh+ﬂ),(g 1,2) (4.4.2)

i
where the hopping direction 7 is perpendicular to the two-dimensional planes. In this
study, we consider the lattice modulation propagating within the two-dimensional planes.
Therefore, lattice modulation does not change the hopping parameters v; of type B hopping

processes,
(1) = (1) < (2 V)u(z,y) = 0. (4.4.3)

Thus, we can ignore the effect of lattice modulation on type B hopping processes.

Type C1 and C2 hopping processes

The C1 type hopping Hamiltonian is given by

Hor =) (CL(Rz‘%CTﬁ(Rz’ +7_'n)) ( ; _730(7%)) ( oIt ) : (4.4.4)

in -3 (7_-71) Cp (R’L + '7_-71)

The vector T, is defined as T, = 7, + dZ, where d is the distance between the layers and 7,
is introduced by Eq. (4.1.2). The hopping parameter under lattice modulation is obtained

as

/

Y3(Tn) = 73(Tn) — B373(Tn) (T - V)u] — By3(T) (- V)us], (4.4.5)

n
T2+ d? T2+ d?

where we assume the relation dlog~ys/dlogT = —pf3. The modulation of the hopping

parameter is incorporated into the Hamiltonian as the pseudogauge field,
= (7)) CEERI T~ g [¢{ky + ra€ (AT + AT)} — i{ky + rsg(AY + AY)}]. (4.4.6)

The parameter r;, introduced as the coupling factor of the pseudogauge field Ag, is obtained

as

T2 Bi

= .= 4.4.7
" T2 4 d? Bo ( )

In addition to the pseudogauge field As, another pseudogauge field A arises into type C1

and C2 matrix elements,

AT\ _3VBBotd (—uwye\ _ 6Bod [~y (4.4.8)
AY hvy  a \ wu,, a a\ wu,,
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We demonstrate that the second term in Eq. (4.4.8) is ignorable for the valley current
generations in Appendix C. When ignoring the second term in Eq. (4.4.8), the effect of the
lattice modulation is incorporated into the type C1 hopping Hamiltonian by ’H?B (k) —
”H?ﬁ (k + r3€Ag). Conducting a similar analysis, we can show that the type C2 hopping
Hamiltonian also couples to the pseudogauge field by H?B (k) — ’H?’B (k + ri€Ay).

Differences between valley gauge and pseudogauge field

The factors r3, r4 characterize the deviation of the pseudogauge field from the valley gauge
field. In this thesis, we investigate the dependence of the valley current generation on the
factors rs, r4 to verify that anomalous contributions originating from the IVC order exist
at any 7;. In the following, we assume 73 is equal to r4 for simplicity and introduce the

parameter r = r3 = r4. The value of r is roughly estimated as

a2

ri= e ~ 02 (4.4.9)

where we use ¢ = 2.5 A [188] and d = 3.4 A [191]. We calculate the valley current
generation with 0 < r < 1.2 and verify the robustness of the anomalous valley current

generation in the IVC states.

4.5 Valley acoustogalvanic effect

The oscillating pseudogauge field can drive direct electric currents via nonlinear response
mechanisms, known as the acoustogalvanic effect [176, 178]. In this thesis, we focus on
the generation of spatio-temporally uniform valley currents driven by a pseudogauge field,
which we refer to as the valley acoustogalvanic (VAG) effect. The stationary valley current
can induce valley accumulation, which is advantageous for experimental detection [192,
193]. Taking account of the pseudogauge field perturbatively, the leading order of the

valley current is given by the second-order nonlinear response,
(T8 = 0057 o(0:Q, —EX(Q, Q)Y (-Q, —Q), (4.5.1)
where we introduce the Fourier components of the pseudo-electric field,
E (r,t) = —0;Aq(r,t). (4.5.2)
This formula clarifies the similarity to the nonlinear electric (NLE) conductivity,
(T&) = 0257 o(0;92, ~Q)E(Q, Q) E"(-Q, —9). (4.5.3)

In the following, we assume a sufficiently large wave-length of the SAW and set Q ~ 0.
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4.5. VALLEY ACOUSTOGALVANIC EFFECT

4.5.1 Formula of the valley acoustogalvanic effect

We derive the formula for the VAG effect. Our formulation is primarily based on the
density-matrix method [16], which we extend for the mean-field Hamiltonian in the IVC
states. The valley current operator is defined as

_ OHar(Ay)

J& = 9As , (4.5.4)

A,=0

where we introduce the valley gauge field A -dependence of the Hamiltonian as

HY(k+ Ay) AP CBK+k
Hur(Ay) = cl . ( + N . (4.5.5)
k%:ﬂ ( o K +k> Afed H—ﬁ(k’ —Ay)) \Csr+k

The mean-field Hamiltonian under the SAWSs is written as

HYP (K, Ag(t)) AP COK 1k
Hae(As(t) = D (el chac ( ' . -
kgﬁ ( K+k K +k> AfoB H?B(k, As(t)) COKI+k

(4.5.6)

We cannot describe the coupling to the pseudogauge field in the minimal coupling form,
since the coupling constants r; depends on the type of the hopping processes. The Ag-
dependence of the IVC order parameter A®? is ignored in this study. We introduce the
vertex operator to describe the formula of the VAG effects,

o OHr(A)

V B (4.5.7)

As=0
The higher-order valley current and vertex operators vanish due to the linear k-dependence

of the model Hamiltonian,

oMty p( Ay, Ag)
DAL . OATTIOAL .. GAS

=0 (n1 + ng > 2). (4.5.8)
Ay=0,A,=0

In our formulation, the density matrix p(¢) describes the physical state at time t. Without
SAWs, it is written as

(0) e~ BHmE(0)

PV = W, (4.5.9)

and the time evolution of 5(t) under SAWs is described by the von Neumann equation,
i0p(t) = [Mar (As(8)), 5(1)]. (4.5.10)

Some theoretical works addressed the formula of the second-order nonlinear electric con-
ductivity [16, 17]. We can obtain the formula of the VAG effect by replacing the electric
current operators in nonlinear electric conductivity with the valley current operators or

vertex operators.
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4.5. VALLEY ACOUSTOGALVANIC EFFECT
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Figure 4.4: The valley charge assumed to be well-defined in the shaded domain D around
the K/K' points. We parameterize the size of the domain D by Ak.

We consider the VAG conductivity oo = o5 O'B 7, in the regime Q < 7] < AFE,
where T¢) is the relaxation time and AF is the energy difference of the electron bands. We
obtain the analytical formula of the VAG conductivity by generalizing the theoretical work
of the NLE conductivity [16, 17]. We classify the contributions of the VAG conductivity
by using the similarity to the NLE conductivity,

a;By _ By o; By a; By
Os - Us,Drude + Us,BCP + O’&NRSF? (4511)

where 05 prude; 0sBCP, and og Nrsr are the Drude [16, 17], Berry connection polarizabil-
ity [194-196], and nonreciprocal superfluid density (NRSF) terms [16], respectively. In our
model, the Berry curvature dipole term vanishes due to Cg symmetry [18]. The variational
parameters A and X are introduced as Hur(Ay = X, Ag = 5\) to describe the formula. The

formulas are obtained as

. 1

aBy - (O~ f. . - (O=F, -
Tsbrude = 502 1 27 Z |~0€aD35 S0 + 05 (D fa - Onca) + 05 (95fa- Daca) |, (45.12)
a; 1 w=0 j— a B 3 - > ~

Us,ggP :Z Z |:2dba Odaangabgabgfaaﬁfba - ffbggadgbaafab] + |:(,B, Q) 4 (77 _Q)} , (4513)
a,b

By 1 : . _ g

US,NRSF - _292 )\g\go ao‘aﬁa’YF[AV - )‘7 AS - )‘]a (4514)

where we use the notation d, = Oja, 05 = 05a., and d) = (w + iy — €ap) "', We denote
the Fermi-Dirac distribution f, = (e + 1)~! and the difference f,;, = f, — f5. The con-
nections €% and £¢ with geometric meaning appear in the formula of the Berry connection

polarizability term, and are defined as

8b}\5\ & .
oxa > o :Z<a*’X

where ‘a)\ 5\> and }bA 5\> are eigenstates of Hyp(Ay = A, Ag = 5\) with the eigenenergy e,

b, 5
“> , (4.5.15)
OA

Eap = 1 <a>\,5\

and ¢, respectively. In the following, we assume that the valley charge is well-defined in

the k-space domain D around the valley points, and we restrict the integral to D.
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4.6. NONRECIPROCAL PSEUDO-SUPERFLUID DENSITY

4.6 Nonreciprocal pseudo-superfluid density

We discuss the NRSF term for VAG conductivity of i\’?QSF focusing on its similarity to
that for NLE conductivity 033@{81; in superconductors. The superfluidity and macroscopic
coherence of the superconducting state is characterized by the superfluid density p*? =
limx—0 O, 00, F' [A = A], where F is the free energy and A is the variational parameters
corresponding to the electromagnetic vector potential A. In NLE responses, the NRSF
term 0. NRsF is associated with the nonreciprocal correction to the superfluid density,
which we call NRSF f*87 = limy_¢ O, OABGAVF[A = A]. The NRSF term o nrsr of NLE

conductivity is written by

. 1
U&\’?&SF = *ﬁfam- (4.6.1)

Thus, the NRSF term originates from the unique macroscopic coherence in superconductors
and is most divergent at low frequencies. In the VAG conductivity, the NRSF term is given

by the nonreciprocal pseudo-superfluid density (NRPSF) fs' 87

o 1,
s = 502 /s o, (4.6.2)
where £&%7 is defined as
fOP = lim 0,05 .05 F[Av = X, Ag = Al. (4.6.3)
AA—0 s

The valley gauge field Ay is coupled to the Hamiltonian by H?ﬂ (k) — 7-[?6 (k+ £EAy) for
all the matrix elements («, 3), while the coupling constants of the pseudogauge field Ag
are different between the types of matrix elements [Table 4.2] when r # 1. The similarity
between Eqs. (4.6.1) and (4.6.2) demonstrates that the NRSF term in VAG conductivity

represents an anomalous contribution resulting from macroscopic coherence.

The analytical formulas for the NLE and VAG conductivities are obtained using two
methods: the density matrix formula and the Green’s function method [16, 17]. In the
Green’s function method, the NRSF and NRPSF are expressed in terms of the Green’s
function [16]. Thus, the Green’s function method can incorporate impurity scattering
and many-body interactions via the self-energy. In this work, numerical calculations are

performed using the density-matrix formula for computational simplicity.

Derivation of the NRSF term based on the Green’s function method

Here, we formulate the VAG conductivity based on the Green’s function and discuss the
effects of the impurity scattering and many-body interaction on the NRSF term. The
derivation is similar to that performed in Ref. [16] for the NLE conductivity. We show

101



4.6. NONRECIPROCAL PSEUDO-SUPERFLUID DENSITY

the final result of the VAG conductivity,

. 1 > dw
o) = - o [ 521w

1
2
+ JEGR (W + ) VA (G (W) — GHw) VY G w — Q)
+ JH(GR(w) — GHw) VPG w — )V G (w — Q)

+[(8,1) « (7, Q)]], (4.6.4)

Te[JEGF(w + QVLGE (w + )V (G (w) — GA(w))

where Tr represents the trace over eigenstates of the mean-field Hamiltonian. We ignore
the higher-order valley current and vertex operators in the formula, since they vanish in the
model for R3G. The retarded (GT) and advanced (G4) Green’s functions are introduced

as

1

I A .
= ornEn C@=@"@), (16.5)

GH(Q)

where 1 > 0 is an infinitesimal parameter building the causality into the Green’s function.

Note that we ignore impurity scattering and many-body interactions here.

Our current interest is in low-frequency behaviors. Thus, we take the (£, Qq,Q9)-
expansion from the static limit with the frequency conservation Q = Q7 + 5. The leading

terms are obtained as

1 1

OB + Qs QL Q) = 200

1
2019
The coefficient A,g, is given by

Aui = [ S 1@ @VIE VI (EH@) - GA9)

—0o0

+ IECR W) VA (GR ) - GA@) VI GA W)
+ TG ) — GH@VICH@)VIGA W) + (8 & )]}
(4.6.7)

By differentiating the Green functions by the variational parameters X and X of Hyp (Ay =
X, Ay = X), we obtain the relation,

OGR(Q)
e

= GR(Q)JeGR(Q), 8%1;29) = GROVAGR(Q). (4.6.8)
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4.6. NONRECIPROCAL PSEUDO-SUPERFLUID DENSITY

Using these relations, we can finally rewrite A,g, as

_ > dQ : 9. (e’ R A
Aur == [ /) lim 05,05 TG @) - GM))

= lim 8;\35;WTF [Jx(/lf (HMF (}" 5‘))}

AA—=0
1 ~
= Ali;moaxa@xﬁaxw <—5Tr [log (1 + e—ﬁHMF(A,,\)>D
SA—
= lim 0,,05 05 F[Ay = X\, A= Al 4.6.9
AAs0 AaY3 YA, [ S ] ( )

Consequently, we reproduce the formula of the NRSF term [Eq. (4.6.2)].

We then discuss the effect of impurity scattering and many-body interactions on the
NRSF term. In systems without strong spatial fluctuations, we can ignore the vertex
correction and the momentum dependence of the self-energy. When neglecting the vertex
correction, the impurity scattering and the many-body effects are incorporated as the self-
energy. Thus, the Q72 frequency dependence of the NRSF term is robust if the self-energy

is not divergent.

4.6.1 NRPSF and valley gauge symmetry breaking

Next, we discuss the relation between the NRPSF 2?7 and the IVC order. Before a
detailed discussion, we briefly review the relation between the NRSF f*37 and the su-
perconducting order. Superconducting states are described by the Bogoliubov-de Genne
(BdG) Hamiltonian,

(4.6.10)

Hpac(k, A) = (HN(k i) s )T> ,

Agc Hx(=k =3

where the vector potential A is incorporated by the minimal coupling. In the normal state
(Agc), the A-differentiation is almost the same as the k-differentiation. Since the free

energy is given by

F[A=A]= ; (2d:)2Tr {log (1 + e_'BHBdG(k’)‘)ﬂ ,
BZ

we can rewrite f*%7 using the equivalence of A- and k- differentiations and obtain

P = /BZ (;71’328ka("') =0. (4.6.11)

We used the periodicity of the Brillouin zone (BZ) in the last equation. However, the A-
and k- differentiations are not equivalent in the superconducting state, and the NRSF fo#7
can be finite [16].
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4.7. NUMERICAL DEMONSTRATION

A similar relation exists between the NRPSF %7 and the IVC order. In the nor-
mal state (A = 0), the differentiation with the valley gauge field is equivalent to the
k-differentiation for the mean-field Hamiltonian, Eq. (4.5.5). Thus, we can show that

1 B almost vanishes as

fs”“ﬁ”:/D@d:;zaka(“‘)- (4.6.12)

We restrict the integral range to the momentum-space domain D because the valley charge
is defined there [Figure 4.4]. Since the domain D does not satisfy periodicity, the NRPSF
F9P7 does not exactly vanish even in the normal state. However, our numerical results later
show that the magnitude of fs" 7 in the normal state is tiny and become smaller as the
domain D spreads. Furthermore, the valley charge is not well-defined at momenta far from
the valley points. Therefore, the valley current due to the NRPSF is probably meaningless
in the normal state. In the IVC state, the IVC order forbids rewriting the integrand into
the total differential with k as in Eq. (4.6.12). Thus, a large and physically meaningful
NRPSF fs B appears. Indeed, we numerically demonstrate that the magnitude of fg" 7 in
the IVC state is much larger than that in the normal state. The similarity between NRSF

and NRPSF confirms the analogy between superconductivity and IVC order.

4.7 Numerical demonstration

Based on the above analysis, we have predicted that the IVC order makes anomalous
contributions to the VAG conductivity that diverge at low frequencies. This phenomenon
is a counterpart of the nonlinear NLE responses in the superconducting state. Here, we

numerically demonstrate the significant impact of the IVC order on the VAG effect.

The VAG conductivity satisfies a relation 05" = —o5”Y = —0¢™"Y, and the other
components must be zero due to Cz, symmetry. The frequency dependence of the VAG
conductivity o5 in the IVC state (A = 30 meV) is shown in Fig. 4.5(a). Although the
typical frequency of the SAW is in the peV range, we plot the VAG conductivity over the
frequency range from 0 to meV to clarify the frequency dependence characteristic of each
mechanism of the VAG effects. The Q~2-divergence is unique to the NRSF conductivity,
and thus it is the dominant VAG effect in the peV order frequency region.

The VAG conductivity in the normal state is plotted in Fig. 4.5(b). A finite NRSF
conductivity appears and becomes dominant in the low-frequency region 2 < 1 meV due to
the Q~2-divergence. However, the magnitude of the NRSF conductivity in the normal state
is significantly smaller than that in the IVC state. Therefore, the IVC order remarkably

enhances the low-frequency VAG conductivity.

The NRPSF &7 determines the magnitude of the NRSF term in the VAG conductivity
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Figure 4.5: Frequency dependence of the VAG conductivity, which stems from the Drude
term o prude, the Berry connection polarizability term o gcp, and the NRSF term og NrsF-

We set (a) A = 30meV (IVC state) and (b) A = 0meV (normal state). From Fig. 2 of
Ref. [185].
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Figure 4.6: The NRPSF f** as a function of r for the IVC order parameter A = 20 meV
and 30meV. From Fig. 3 of Ref. [185].
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Figure 4.7: The NRPSF " for various Ak, a parameter specifying the integral domain
D. We plot the r dependence in (a) the normal state (A = 0meV) and (b) the IVC state
(A = 30meV). From Fig. 4 of Ref. [185].

through Eq. (4.6.2). Therefore, we here investigate how the NRPSF depends on the
parameter r, which is the coupling factor for the pseudogauge field Ag in type C1 and C2
matrix elements [Table 4.2]. Figure 4.6 shows the r dependence of the NRPSF [ with
A =20 and 30 meV. We obtain a finite NRPSF at any r. Furthermore, the magnitude of
157" increases with increasing the IVC order parameter A. This indicates that the IVC
order strongly enhances the VAG conductivity regardless of the details of the pseudogauge
field.

A finite NRPSF in the normal state, Eq. (4.6.12), can be rewritten as the surface
integral on the boundary of the domain D, whereas this rewriting is forbidden in the IVC
state. Thus, in the normal state, the NRPSF is expected to depend heavily on the choice
of the domain D, whereas in the IVC state, it is free of such ambiguity. Our numerical
calculation verifies this expectation. Figure 4.7 plots the NRPSF f5*** in the normal and
IVC states with varying Ak, the parameter of the domain size D. In the normal state,
the magnitude of the NRPSF decreases as the domain is enlarged. On the other hand,
the NRPSF in the IVC state is almost independent of Ak. These results support our
expectations. Thus, we conclude that the NRPSF is an intrinsic quantity in the IVC
state, thereby verifying the exotic transport properties arising from the novel macroscopic
coherence. In contrast, the NRPSF in the normal state remains as the boundary term is
ambiguous because the valley charge is ill-defined far from the valley points. Thus, the
NRPSF in the normal state has no physical significance. In any case, the VAG effect can

indicate the IVC order via the NRPSF.

106



4.8. DISCUSSION AND SUMMARY

4.8 Discussion and summary

We estimate the SAW-driven valley current under a realistic experimental condition. For
A ~ 30 meV we obtain |f*"*| ~ 0.1 €3-a-eV/h. The SAWs [197, 198] of the parameters,
up, ~ 2.4 pm (~ 0.8u.), f ~ 3, a ~ 2.5A, Agaw = 27/Q ~ 10pm and Q/27 ~ 270 MHz
produce the pseudo-electric field |Egp| ~ 20 V/m, which gives rise to the valley current of
the order of 1 A/m. When the SAW is generated by the interdigital transducers (IDTs) on
the piezoelectric substrates, we can control the frequency of the SAW by varying the pitch
of the IDTs [186]. The frequency dependence can be utilized to identify the Q~2-divergent
contribution of the NRSF' term.

Nonlocal transport measurements can detect the driven valley currents via inverse valley
Hall effect [199-203]. An alternative and powerful method is Kerr rotation microscopy, one
of the optical techniques [192, 193]. Circularly polarized light selectively causes the optical
transition in a specific valley due to the selection rules. Therefore, valley accumulation
induces Kerr rotation, and it can be used to probe the valley current. These transport and
optical probes can be applied to atomic layer systems [192, 193, 199-203], platforms of the
IVC order.

We comment on valley-charge conservation in the IVC state. The IVC ordering breaks
the valley gauge symmetry in the mean-field theory. However, when the interaction Hamil-
tonian [Eq. (4.1.15)], leading to the IVC order, is valley-gauge-symmetric, valley-charge
conservation holds, as proved analytically. In realistic graphene materials, intervalley scat-
tering arises from electron-phonon coupling [204] and short-range impurity potentials [205],
yet valley currents have been observed unambiguously [199-203]. Therefore, the VAG ef-

fects in the IVC states can be observed experimentally.

We have studied SAW-driven valley-current generation in the IVC state. We showed
that the IVC order significantly enhances valley-current generation via valley-gauge sym-
metry breaking. The Q~2-divergent contribution to the VAG conductivity is attributed
to the NRPSF, which is the third-order derivative of the free energy with respect to the
pseudogauge and valley gauge fields. The NRPSF vanishes in the normal state when we as-
sume the valley charge is well-defined in the whole BZ. Thus, the contribution arising from
the NRPSF is unique to the valley-gauge-symmetry-broken IVC state. The SAW-driven
valley-current generation highlights the analogy between the IVC order and superconduc-
tivity and may help probe IVC states. Various classes of two-dimensional materials with
honeycomb lattice structure, such as rhombohedral graphene [164-168], twisted transition
metal dicalcogenide [169], and twisted multilayer graphene [157-163], are candidates for
the IVC state. Our results open a promising route to explore exotic response phenomena

unique to valley-gauge-symmetry-broken states.
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Chapter 5
Summary

In this thesis, we have investigated the nonlinear responses in exotic quantum states: the

topological superconducting state and the intervalley coherent state.

In Chap. 2, we have shown the second-order nonlinear optical responses in the Rashba
s-wave superconductors under the magnetic field, which is a promising platform for topo-
logical superconductivity. First, we verify that the longitudinal components of the non-
linear conductivity are dominantly contributed from the k-space region around the Dirac
point by comparing the frequency dependence of the nonlinear conductivities and the joint
density of states. Next, we show the sign reversal of photocurrent conductivities and the
second-harmonic generation coefficient at the topological transition. By focusing on the
formula for the magnetic injection current, which dominates our results, we clarify that
the sign reversal is closely associated with the band inversion at the topological transition.
These results imply that nonlinear optical measurements can be a powerful bulk probe of
topological superconductors, as the band inversion manifests in bulk states. When demon-
strating the nonlinear responses in Chap. 2, we consider quasiparticles only and ignore

collective-mode excitations.

In Chap. 3, we have investigated the effects of collective modes on the optical re-
sponses in topological superconductors. Here, our methods for calculating optical responses
are based on the self-consistent response approximation, which incorporates the collective
modes into the linear and nonlinear conductivities via the vertex correction. We numer-
ically showed that the amplitude mode enhances the optical responses in the Rashba su-
perconductors when the Fermi level is close to the Dirac point. The enhancement by the
amplitude mode disappears in the single-band s-wave superconductors. It implies that the
multiband character is essential for the enhancement. Furthermore, we have demonstrated
that the peculiar quantum geometry around the Dirac point also enhances the nonlinear

optical conductivity. The combination of quantum geometry and collective modes plays an
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important role in the significant enhancement of nonlinear optical responses. In addition,
we have verified that the corrected photocurrent conductivity reproduces the sign reversal
at the topological transition. These results confirm our prediction of the sign reversal in
Chap. 2 and indicate that the collective mode excitation is advantageous for probing the

topological superconductors.

In Chap. 4, we demonstrated anomalous valley-current generation driven by surface
acoustic waves (SAWSs) in the intervalley coherent (IVC) state. Intervalley coherent states
are exotic states that break the valley-gauge symmetry. On the other hand, lattice modula-
tions, such as SAWs, are approximately incorporated into the Hamiltonian as an external
valley gauge field, namely a pseudogauge field, in honeycomb systems. Therefore, an
analogy to superconductivity implies that the IVC order gives anomalous valley-current
generation driven by SAWs. Indeed, we have verified that the valley current generation
is significantly enhanced by valley-gauge-symmetry breaking and exhibits a characteristic
power-law dependence on the SAW frequency. The anomalous valley current generation is
closely associated with the pseudo-superfluid density, a counterpart to the superfluid den-
sity in superconductors. This is analogous to the fact that the superfluid density determines
the anomalous electromagnetic properties of superconductors. Since the superfluid density
characterizes the macroscopic coherence and superfluidity of superconductors, we conclude
that the anomalous valley-current generation arises from the novel quantum condensation,

namely, IVC order.

We have revealed the characteristics of nonlinear responses in the exotic quantum states.
The remarkable nonlinear response phenomena are closely tied to the fascinating physics
of quantum states, including their topological nature and intervalley coherence. Thus, the
nonlinear response measurements can be a powerful tool for characterizing quantum states.
Further development and exploration of nonlinear response phenomena would shed light

on the hidden aspects of novel quantum materials.
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Appendix A

Symmetric form

It is beneficial to rewrite the formula of the nonlinear current response function in a sym-
metric form, as illustrated in Fig. 3.3. Because the symmetric form does not contain
the two-photon vertex explicitly, we do not have to solve the self-consistent equation for
the two-photon vertex, and the computational task is significantly reduced. To derive the
symmetric form, we use some useful properties of the superoperator U and Z. First, the
superoperators satisfy

Z/dTldTgTr [7(11)(’{1,7'1)?(,1‘(’{3,7'1,Tg)ﬁij(k,TQ)[B]?ja(k,TQ,’ﬁ)}

‘.

= Z/dﬁdeTr [?ab(k%Tl)[A]?bi(kaTlaTZ) zj(kaTQ)?ja(kaTQaTl)} ; (A1)

Z/dﬁdﬁTr [?ab(kaTl)?bi(’ﬁ7'177'2)?17("577'2)[3]?]@(1977277'1)}

‘B.

= Z/dTldTQTI“ [?ab(k,ﬁ)[z‘l]?bi(k,7'1,7'2) zj(k,7'2)<§>ja(k577'277_1)} . (A'2)

The above Egs. (A.1) and (A.2) correspond to the diagram in Figs. A.1(a) and A.1(b),

respectively. Second, the superoperators satisfy the linearity,

T e, 7V X] + T (b, 7)[Y] = T (B, 7)[X + Y], (A.3)
Z (e, 1A+ Z b, 7)[B] = Z ok, 7)[A + B]. (A.4)

(a) (b)

Figure A.1: The diagrammatic representation of the properties of the superoperators (a)
U and (b) Z.
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These properties are proved in Appendix. A.1.

Using Egs. (A.1) and (A.2), we can include a part of the two-photon vertex to correct
the bare current operator. Then, we divide some terms and recollect them to construct the
symmetric form using the linearity of U and Z. Finally, we get the symmetric form of the

second-order nonlinear response function,
iyt oy L clasyl oy Lo e
X (7—77-77—):§X (T7T7T)+§X (7—77—77—)

+ B (7 7 77y 4 leBID) (7 7 1) 4 (B, o), (A5)

where we define the terms y'(---) as

[Oéﬁ’y] 7- 7- 7- — Z’I‘r{?j}?’y gba k: T 7T+):| (5(’]'/_’7'/)5(’7'/_7'//)’ (A.G)
el Ha
X (r;7, 7" dﬁZTr I ok, 7 )sz(k 1, 7")
< TR G jull, T )8 7, (AT)

a o
XBIY (77 7y = 1 /dTldngngTI‘[ o (ky157) G vi(k, 1, 72) T (R, 723 7")

= <~
X Gy, 72, 7) T (ks 735 7) G ralle, 75,m)], (A8)

)%[aﬁ}h/] (T;TI7T = /dTl ZTI [?gbﬁ g bz k T Tl)
< T (ki3 7 ')?ja(k,ﬁ,f)}w—r'). (A.9)

Note that the one-photon vertex function is obtained by solving the self-consistent equation,
Eq. (3.1.51).

A.1 Properties of the superoperators

Here, we verify the properties of the superoperators [Egs. (A.1)-(A.4)], which are used to

rewrite the nonlinear response function into the symmetric form in the main text.
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First, we can show the following relation of the superoperator U:

Z/dﬁdTQTr[(Xab(k,T1)?bi(k,71,Tz)ﬁij(kﬁﬂ[B]?ja(k»Tz,Tl)]

S Z/dﬁdngTlTr[A ab(k,71) g vi(k, Tl,Tg)tplj(k)(pdC(k/)
k Kk’

VI VI
X ﬁz G k(K 72,71) Bkl(k/ T1) G ld(k'?ﬁ,ﬁ)ﬁ—> G ja(k,m2,71)]

“
Z/d71d72d7'1T1"[Aab(k )G ik, 71,72) L (k) @ac(K)
k. k'
X fD_>gc1<: K’ T2,Tl)Bk;z(k 1) gld k', 71, 72) E) G ja(k,12,71)]
(A1)
Tl

ab(k771>?bi(k77177'2)ﬁ>

Z / dridraydn Tr[p (k)b (k) P2 G ju(k, 79,71)
kk’
<= <~
% G (K, 72, 7) B a (K, 7) G (K, 71,7)]

— VN —
—Z/dTldrnglTr i (k) pac(k' )by G ja(k,72,m1) A ap(k, 1) G il 71, m2) P
koK
— s —
X G k(K 72,71) Br(k',71) G k', 71,72)] (A.2)
> YN >
= Z/dedﬂTl" [ﬁdc(k,aTQ)[A] G k(K 7m2,71) Br(k',7)G ld(k,,ﬁﬁ2)]7 (A.3)

where Tr represents the trace for the Nambu space, and ¢g4(k) and golb(k) act as identity

operators in the Nambu space. Thus, the relation of U [Eq. (A.1)] is verified,
— < Rpd
Z/d71dT2Tr [Aab(k,ﬁ) g bi(kaTlvTQ)ﬁij(kﬂ?)[B] g ja(k77—277—1>}
Vil

= Z/dﬁdeTr [?ab(k771)[14]?bi(ka7_177'2) ij(ka7—2)<§>ja(ka7—2a7_l)} : (A1)

Next, we derive the relation of the superoperator Z,

g

Z/dﬁdeTY [Tab(kﬁ,71)?1)@‘(’6,71772)?1']'(’6,72)[3] g ja(k>7'277'1)}

B

= Z/dTldTQTI‘ [?ab(k,ﬁ)[fl]?bi(k?7'1,7'2) ij(k,Tg)?ja(kaTg,ﬁ)} . (A.Q)

Here, we consider expansion of Z as a series of the superoperator U,
<
?aba‘:;'ﬁ)[A] = Aab(ki 7'1 —i—? k 7‘1 —i—? k: 7‘1 —|— SR (A4)
where 7 (k,T1) is defined as

?g?w,n)m}:?ab(km Z 0 (o)A = Tk, ) 204 (A5)

112



A.1. PROPERTIES OF THE SUPEROPERATORS

The finite (n + 1)th-order term ?ngrl)(k, 71)[4] can be written as
Z " (e, 1) A] = T ok, r)UTUT - ULA] -] = Z %) ke, 7)) [U[A]]. (A.6)
We can verify that any n-th order term of Z satisfies the relation as,

Z/dTldTQTr [?ab(kaTl)?bi(ka7-177_2)?1(';)(’677_2)[3]?ja(k77_277-1):|

_Z/dﬁdTQTr 0k, m)[A] G bl 1, ) B oy (b, 72) T jalbmom)] . (AT)

which is proved by mathematical induction in the following way. For zeroth order, Eq.
(A.7) is the same as Eq. (A.1), and thus, it is true. Now we assume that Eq. (A.7) is true
for nthe order. Let us check for the next (n + 1)th order. We can rewrite the left hand
side of Eq. (A.7) for (n + 1)th order as

¢ — n —
Z/dﬁdeTr Agp(k, 1) G bi(ka7—177_2)<7§j+1)(k77_2)[B] g ja(k,Tz,ﬁ)}

:Z/dTldT2Tr :?ab(ka7'1)?&(]‘3’7'1,TZ)Wij(kv72)[Z(n)[B]](§>ja(ka7'2,7'1)} (A.8)

-y / drdrTr [T (b, m)[A] G itk 1, 7) Z ) (ke m)BI G jalkomo,m)] (A9)

Bk, )G

-y / dridryTe [ 7 ) e, 1)U [A)) G ik, 71,72) jalk, )| (A10)

:Z/dTldTQTT _7(n+1)(k m1)[A ]?bz’(kﬁl,Tz)H (K, 72)?ya(k 72’71)} (A.11)

By mathematical induction, Eq. (A.7) is proved for arbitrary order. Therefore, the relation
of the superoperator Z [Eq. (A.2)] is true.

Next, we verify the linearity of Z,
Z ke, VAl + 7wk, 7)[B] = Z ap(k,7)[A + B]. (A.4)

We consider the self-consistent equation for some operators Z}ab(k, 7) and ?ab(kz, 7), by
which <7(11)(16, 7)[A] and ?ab(k, 7)[B] are determined by

Z (k. 7)[A] = A (k. 7) + T an(k, 7 Z[A]], (A.12)
Z w(k.7)[B] = Bus(k.7) + U (k. 7)[Z[B]) (A.13)
On the other hand, 7ab(k, 7)[A + B] is given by
Z ke, )[A+ B] = A ke, 7) + B (k) + U ap(kes7)[Z[A + B]). (A.14)
Using the linearity of the superoperator U,
T e, ) [X] + T (e, 1) [Y] = T (e, )X + V7, (A.15)
we can rewrite the sum of Z[A] and Z[B] as
Z (k) A + Z (k. 7)[B) = Ap(ke,7) + B (b 7) + T (b, 7)[Z[A] + Z[B]).
(A.16)

Comparing Egs. (A.14) and (A.16), the linearity of Z [Eq .(A.4)] is proved.
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Appendix B

Dependence of VAG effects on
propagating direction of SAWs

We consider Rayleigh-type SAWs propagating on the surface of piezoelectric substrates in
the zy plane, which are described by the displacement field,

u(r,t) = Re [(uLQ + zu32> e"(Q'T_Qt)} . (B.1)

Here, u;, and u, are the longitudinal and out-of-plane components. The SAWs propa-
gate with the phonon wave vector @ = Q(cos ¢,sin ¢) and frequency 2. We discuss the
anisotropy of the driven valley currents with respect to the propagation angle ¢ of SAWs.

The effects of lattice modulation are incorporated as pseudogauge fields. The pseudo-

Ad _ _\/550 Uz = Uyy | (B.2)
AY 2a —2uUgy
In addition, another pseudogauge field Ag arises in C1 and C2 type hopping Hamiltonian:
H?/B(k:) — H?ﬁ(k + 1€ Ay), and it is obtained as

Ag _ 650 d —Uyz
R I

Although we ignore Ag in the main text, we here consider the contribution to the VAG
effect by As.

gauge field is obtained as

The pseudo-electric field Ey = —0; Ag is obtained in the main text as

(Eg) _ \/gﬂ(] ULQQ .Re [ei(Q'T—Qt)} <— COS 2¢> 7 (B4)

EY 2a sin 2¢
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while the additional pseudo-electric field Ey = — 9, A, arises as

E* . —si
Sl = %éuZQQ -Im [el(Q'r_Qt)} sin ¢ . (B.5)
EY a a cos ¢
The total pseudo-electric field is represented as
[Es(Q, Q) +iEy(Q, )] 97 + cc., (B.6)

with Ey(Q, Q) and Ey(Q,Q) defined as follows.

B V350 —cos2¢ -  3Bod —sing
ES(Q7Q) - 4a ULQQ < sin 2¢ ) ) ES(Q7Q) - _%EUzQQ ( COS(]5 > . (B7)

We then introduce a unified notation E* (& = x,y, Z, ) such that

E® E?T
EY EY
o (B.8)
E¥ Ee
EY EY
The valley current generated by the VAG effect is written as
J2(0) =a*P7(0;Q, —Q)EP(Q)ET(Q) + 0*57(0; —Q, Q) EP (—Q) E7(Q) (B.9)
=2Re[0®P7(0; Q, —Q)|Re[E® (Q)E7(—Q)] — 2Im[677 (0; Q, —Q)|Im[E? (Q) E7(—Q)]
(B.10)
=Re [aa% 57(0;, —Q) + 078 (0; 0, —Q)} Re[E° (Q)E7 ()] (B.11)
~Im [aasﬂ'ﬁ(o; Q,—Q) — 078(0; —Q)} m[EP(Q)ET(~Q)), (B.12)
where we used the relation;
a®P1(0;Q, —Q) = 077 (0; -, Q), (B.13)

since the antisymmetric components do not contribute to the VAG effect.

In Chap. 4, the point group symmetry of the model for R3G is Cs,. The symmetry

restricts the VAG conductivities,
O-x§361962 — _O.z;y1y2 — _0-31;9613/2 — _O-ylexz, (B.14)

GUYIY2 — _GUmIT2 T2 G TT () (B.15)

where the notation (x;,y;) is (x,y) or (Z,7). Since the spatio-temporally uniform valley

current Jy(0) is a real number, we obtain the following relations

o%77(0,9, -Q) = [0*77(0, -0, m]* = |o*7(0,0,-0) y (B.16)
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where we use Eq. (B.13). Thus, we obtain the results,
Im [aa%ﬁﬁ(o; Q, Q) — 078 (0; —Q)} = 0. (B.17)

Given Egs. (B.14), (B.15), and (B.17), the valley current is given by

J(0) =2Re [ga%ﬁv(o; Q, —Q)} Re[E8(Q)EY (—Q)]
+2Re [aam(o; Q, —9)} Re[ B8 (Q)EY (—Q)] (B.18)
=J&0(0) + J5(0), (B.19)

where we divide the valley current into contributions J2;(0) and J(0), respectively.

We discuss how the driven valley currents depend on the propagation angle ¢ of SAWs.

The Eg-driven valley current J7, is obtained as

S

=2| E5(Q) > 0%%%(Q) cos 4, (B.21)

70(0) =20577(0; 2, —Q) (| EZ ()1 — [ EL(Q)) + (2 & ~9Q) (B.20)

JY 0(0) =20%7Y(0; Q, —Q) (EX (Q)EY(—Q) 4+ EY(Q)EZ (—Q)) + (2« —Q) (B.22)
=2| E5(Q) > 0%%%(Q) sin 4. (B.23)

We then rewrite the valley current as Jy o = J&OQ + Jf, 0(2), where we introduce ¢3 = 8¢Q =

(— sin ¢, cos ¢). The longitudinal and transverse components, JVL,O and JVT7 0, are given by

JE . 3

V0 = 9By 2o (0, 0, —0) 37 | (B.24)

Jgjo sin 3¢

On the other hand, the Ey-driven valley current jg‘ is obtained as

Iy (0) =20577(0; 2, —Q) (| EZ(Q)* — [EL(Q)]?) (B.25)
= — 2|E,(Q)>65%%(0; Q, —Q) cos 2¢, (B.26)
J3(0) =20877(0; 9, —Q) (B (Q) EY(—9Q) + EY(Q)EZ (—)) (B.27)
=2|E,(Q)]20%%%(0; Q, —Q) sin 26. (B.28)

The longitudinal and transverse components, jVL and jVT , are given by

v _olF 2 _@FE (. O — cos 3¢

Thus, we can distinguish between the FEs-driven and FEs-driven valley currents by the

dependence on the SAW’s propagation direction.
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Appendix C

Estimation of valley currents
driven by the additional
pseudogauge field

In Appendix B, we have shown that the VAG effects can be decomposed into the Ag-driven
and Ag-driven contributions. We then estimate the magnitude of j‘?ﬂ the valley current
driven by the additional pseudogauge field As. The couplings of Hamiltonian to A are
summarized in Table C.1. Here, we introduce the vertex operator f/sa to formulate the

Ag-driven VAG conductivity o2*"*. The vertex operator V2 is defined as

- B, A,
Ve = HM;(I@ r) . (C.1)
s A=0

We explicitly write the parameter » dependence with assumption r = r3 = r4. The A,
driven VAG conductivity og 45 obtained by replacing the vertex operator V¢ in the
Ag-driven VAG conductivity of™** with V.

Here, we focus on the NRSF terms because the contributions of the NRSF terms are

dominant in the peV-order frequency region, which is atypical frequency of the SAWs. The

type H?B(k) (a, B) coupling to A
A Vo7 (A;,B)) (1=1,2,3) No coupling
B const. | (Bi,As), (B2, As),(A1,B3) | No coupling
C1 V3T (Ba, A1), (B3, Ag) k — k + r3Aq
2 V4T (A1, Ag), (Bs, Bs) k — k+7r4Aq

Table C.1: Off-diagonal matrix elements of the six-band model Hamiltonian H ? p (k) and
couplings to the pseudogauge field Ag. We ignore the spin degree of freedom.
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Figure C.1: The NRPSF [ and f* in the normal state (A = 0 meV) and IVC state
(A = 30 meV). The r-range is 0 < r < 1.2. Figure C.1(b) shows the enlarged view of

Fig. C.1(a).

NRSF term of 7% is given by
1

—ﬁf@f? (C.2)

S

55 L i3
3~ Yim 0,0:0-F[Ay = A, Ay = A] =
05,NRSF 202 )\;\EO a~gvy [ S ]
where we introduce fZ*% by replacing the Ay-differentiation of £5*® with the A,-differentiation.
Figure C.1 plots the NRPSF f&" and f&** in the normal state (A = 0 meV) and in the
IVC state (A = 30 meV) with varying . In both the normal and IVC states, f;’”;m is
much smaller than f5*". Therefore, the As-driven VAG conductivity o2**% is finite but

negligibly small. Thus, we ignore the contribution of the Ag-driven VAG effects in the

main text.
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