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Abstract

Suspended load has been considered as one of the most significant mode of sediment trans-

port in many types of fluid flows, and thus quantitative prediction of suspended load is

a critical subject for various research fields including deep-sea sedimentology. Spatio-

temporal development of a suspended load is generally predicted by estimating downward

and upward fluxes at the near-bed reference level in the water column, which are called as

settling and entrainment rates of suspended sediment. Downward flux of suspended load

can be easily estimated by products of settling velocity of particles and concentration, while

the theoretical prediction of entrainment rates of the suspended load still remains difficult.

Therefore, empirical formulation of the entrainment rates has been extensively investigated

to establish morphodynamic models considering the suspended load.

The proposed formulations of entrainment rate, however, have several unsolved mat-

ters. Only the limited numbers of possible governing parameters were considered in pre-

vious analyses, and the performances of existing functions had been compared by the sum

of squared residuals even though numbers of employed parameters in those functions were

different. Also, the empirical entrainment function established from measurements in open

channel flows were applied to density flows. Finally, in previous researches, the artificial

saturation values that was set in entrainment functions to avoid unrealistic results. This sat-

uration value should be applied for total concentration of a suspended load, while previous

entrainment functions for mixed grain-size sediment misused this saturation value to each

grain-size class.

To this end, this research aimed to produce a new empirical function for predicting en-

trainment rate of the suspended load in open channel flows and turbidity currents. For this

purpose, new experiments were conducted to provide additional data pertaining to entrain-

ment of sediment of uniform and mixed grain-size classes. The multiple regression analysis

was employed in this study. and the best model was chosen by the model selection using

the Akaike Information Criterion (AIC) and the cross-validation.

As a result of the statistical analysis, this research produced new functions for uniform

grain-size and non-uniform grain-size sediment. The new functions is obtained by a purely

empirical approach, and therefore it can be used for verifying theoretical researches. The

three issues in previous research were clarified by the result of the statistical analysis. (1)
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First, AIC indicated that the new function provides better predictions than those of existing

functions. (2) Secondly, it was implied that the best model for open channel and density

flows were clearly different, suggesting that two types of flow show different behavior in

transporting suspended load. (3) Thirdly, the new entrainment function for non-uniform

sediment was also established, in which the artificial saturation value was not set.

The result of this study contributes to understand the morphodynamics of various envi-

ronments such as river deltas, coastal managements, and sedimentology of submarine fans,

although further theoretical modeling of entrainment processes of basal sediment particles

and additional flume experiments as well as field measurements will be required to improve

precision of the functions.
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1 Introduction

Sediment loads of bed materials in fluid flows are classified as a bed load and a suspended

load. A suspended load is defined as the undissolved solid particles that are lifted upward by

turbulent eddies in flows. Comparing to a bed load in which sediment particles frequently

contact with bed materials, a suspended load is characterized by finer grain-size distribution

and longer travel distance (Figure 1). Suspended load has been considered as one of the

most significant mode of sediment transport in various types of fluid flows, such as rivers,

ocean currents, turbidity currents, and atmospheric flows. Syvitski, Vorosmarty, Kettner,

and Green (2005) estimated that the prehuman global fluxes of supspended sediment is

14 billion metric tons, which is ca. 90 wt% of total sediment load delivered from land to

ocean. In density flows in deep-sea environments such as turbidity currents, the suspended

sediment leads to the density difference between the flow and surrounding water (Parker,

Fukushima, & Pantin, 1986), the excess weight of flow makes turbidity current sustainable.

Aeolian sediment particles (< 0.1 cm in diameter) are also transported as suspended load

(Sarre, 1987).

Quantitative prediction of suspended load is therefore a critical subject for various re-

search fields such as river management, planetary sciences and deep-sea sedimentology.

Both in the river flows and turbidity currents, the material exchange at the bed is one of

the most important part of this process. The entrainment and deposition of the suspended

sediment make the flow being a nonconservative and dynamic substance (Middleton, 1993),

which shows complicated behavior rather than a simple conservative flow. Especially, it is a

significant process in fine-grained meandering rivers (e.g. Ma et al., 2017), in which devel-

opment of flood plain is largely governed by rates of suspended sediment transport (Lauer

& Parker, 2008). Flood plain management is of the greatest importance in human land-use

planning, so that precise relation between discharges of river flows and suspended loads is

urgently required. In addition, turbidites which deposited on submarine fans often comprise

large-scale reservoir rocks of energy resources, and quantitative understandings of turbidity

currents contribute estimation of their geomorphology. As described above, amounts of a

suspended load control excess density of turbidity currents, and therefore quantitative pre-

diction of suspended load is a key issue of numerical models of turbidity currents (Kostic

& Parker, 2006). In summary, the modeling of suspended sediment is necessary not only
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suspended load

bedload

Fig. 1: Sketch of suspended load and bedload. 5 denotes the water surface.

for scientific purpose but also for economic requirements.

To model a suspended load, it is necessary to quantify entrainment rates of bed materials

to suspension that is defined as upward flux of sediment. The modeling of spatio-temporal

development of a suspended load is generally performed by the advection-diffusion equa-

tion with consideration of the balance between settling rates (downward flux) and entrain-

ment rates (upward flux) of sediment at the near-bed reference level in the fluid column.

The settling rate from the suspended load can be estimated by product of the concentration

and the settling velocity of the sediment particles. However, the theoretical modeling of the

entrainment of bed materials remains difficult in the near-bed region where collisions, fric-

tion and diffusion of particles by turbulence interact each other. Therefore previous research

focused on the empirical formulations in which the entrainment rate is related with proper-

ties of the flow intensity and sediment properties. For instance, Garcia and Parker (1991)

suggested that the dimensionless entrainemnt rate of suspended sediment is proportional to

the products of the power of the dimensionless flow shear velocity and the particle Reynolds

number. On the other hand, van Rijn (1984) implied that the entrainment rate is a function

of “transport stage” that considers the flow shear velocity and the critical shear velocity for

initiation of the particle movement. Both of the functions indicate that the entrainment rate
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can be described by some metrics of the flow intensity and the sediment particle size, and

they have been extensively used in numerical models of the morphodynamics (e.g. Kostic

& Parker, 2006).

The proposed formulations of the entrainment rate, however, have several unsolved

problems. (1) Firstly, statistical consideration was insufficient in previous research. The

linear regression analysis was often employed in previous works, whereas only the limited

numbers of the possible governing parameters were considered in their analysis. For ex-

ample, in the function of Garcia and Parker (1991), the exponent of the flow shear velocity

is fixed to be 5, and only the coefficient for the product of the flow shear velocity and the

particle Reynolds number was fit to the datasets. In addition, the performances of existing

functions were compared by the sum of squared residuals even though numbers of em-

ployed parameters in those functions were different. (2) Secondly, both datasets pertaining

to open channel flows and density flows were mixed when they were analyzed in previous

studies (e.g. Elhakeem & Sattar, 2015), or the empirical entrainment function established

from measurements in open channel flows were applied to density flows (Garcia & Parker,

1993). The vertical velocity profiles of flows are different between open channel and den-

sity flows, so that the diffusion of suspended sediment can vary greatly in these two types of

flows. (3) Thirdly, consideration of mixed-grain size sediment in entrainment function was

problematic. In previous research, the artificial saturation values were set in entrainment

functions to avoid unrealistic results (Garcia & Parker, 1991; van Rijn, 2007). This satu-

ration value should be applied for total concentration of a suspended load, while previous

entrainment functions for mixed grain-size sediment misused this saturation value to each

grain-size class (Garcia & Parker, 1993). Also, measurements of entrainment of the mixed

grain-size sediment were quite limited in number, and therefore reliability of the functions

was low.

To this end, this research aimed to produce a new empirical function for predicting

entrainment rate of the suspended load in open channel flows and turbidity currents. For this

purpose, experiments were conducted to provide additional data pertaining to entrainment

of sediment of uniform and mixed grain-size classes. The multiple regression analysis was

then conducted in this study. The dimensionless parameters that are potentially significant

in predicting entrainment rate of the suspended load were examined in multiple models

as many as possible, and the best model and parameter sets were chosen by the model
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selection using the Akaike Information Criterion and the average values of cross-validation.

These procedures solve the problem that the parameters and their exponents were chosen

arbitrarily in previous research, and provide more reliable empirical function showing high

generalization performance.
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2 Theory of suspended sediment transport and previous
studies

2.1 Concentration profile of suspended load in turbulent flows

Suspended sediment particles are held up above the bed by the turbulence of the fluid, and

the downward volume flux of particles by settling is −wsc where ws denotes the settling

velocity of sediment particles and c is volumetric concentration of a suspended load. Let

x and y be horizontal coordinates and z is vertical coordinate. Mass conservation of the

suspended load takes the form:

∂c
∂t

+ u
∂c
∂x

+ v
∂c
∂y

+ (w − ws)
∂c
∂z

=
∂

∂x

(
εxs
∂c
∂x

)
+
∂

∂y

(
εys
∂c
∂y

)
+
∂

∂z

(
εzs
∂c
∂z

)
, (1)

where u and v are horizontal velocities and w denotes a vertical component of flow velocity.

Parameters εxs, εys, and εzs denote the diffusion coefficients along the x, y, and z axes. As-

suming the equilibrium condition where ∂/∂t, ∂/∂x, ∂/∂y, ∂/∂z = 0 and w = 0, the Equation

1 can be cast in the respective form:

∂

∂z

(
εzs
∂c
∂z

)
+ ws

∂c
∂z

= 0 . (2)

Assuming the equillibrium condition where total vertical flux of suspended sediment is

zero at any horizon, the Equation 2 yields the relation:

εzs
∂c
∂z

+ wsC = 0 . (3)

At this equilibrium condition, the downward flux of suspended sediment wsca is bal-

anced with the upward sediment flux (i.e. entrainment rate), where ca is the concentration

at the near-bed reference level z = a and ws is the settling velocity. Thus, the following

relation is assumed at the equilibrium condition:

wsca = −εzs
∂c
∂z

∣∣∣∣∣
z=a

= wsEs , (4)

where Es is the dimensionless entrainment rate of suspended sediment (i.e., upward flux of

sediment devided by the settling velocity ws) at the reference level z = a. The height of the

reference level a can be chosen arbitrarily, and most of researchers evaluated wsca = E at

the distance at 5% of the flow height (i.e. a = 0.05h).
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Fig. 2: The schematic figure of parameters related to the transport process of suspended
load. Ci denotes the layer-averaged volumetric concentration of particles in the ith size
range, and the coefficient r0 denotes the ratio of near-bottom concentration to the layer-
averaged sediment concentration. D and ws denotes diameter and settling velocity of a
sediment particle, respectively. U is the layer-averaged flow velocity, and Pi is the volu-
metric fraction of the ith grain-size class sediment in the active layer on the bed. H is the
flow height.
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With these two boundary conditions, the Equation 2 can be integrated in the z-direction

to yield the following relation:

c
ca

= exp
{∫ z

a
−

ws

εzs
dz

}
. (5)

With regard to diffusion coefficient εzs, Rouse (1937) assumed that it is proportional to

the eddy viscosity of the fluid ε. This relation is thus given by:

εzx = βε = βκu∗z(1 − z/h) , (6)

where u∗ and κ denotes shear velocity and von Karman constant, and H denotes flow thick-

ness. The parameter β denotes an empirical coefficient that takes a value ranging 1.0–1.2.

From the Equation 5 and 6, the following relation is obtained:

c
ca

=

(
h − z

z
a

h − a

)Z

, Z =
ws

βκu∗
, (7)

where Z is a dimensionless variable called as the Rouse number.

Although this classic theory described above provides the relative distribution of sus-

pended sediment concentration at the equilibrium condition, the near-bed entrainment rate

Es = ca is required to calculate the absolute values of concentration profile. Thus, the ex-

tensive amounts of studies, which are described later, have been conducted to obtain the

function for predicting the entrainment rate Es.

2.2 Governing variables for entrainment rate of suspended load

Models to predict entrainment rates of suspension generally adopt input variables such as

flow shear velocity, depth, and sediment properties including density, diameter and/or set-

tling velocity of particles. Lawler, Parker, Anderson, and Fitzsimmons (1977) suggested

that the functional relationship of the entrainment rate of the uniform sediment as follows:

Es = f (u∗,ws,H,Ds, g, ν,R) , (8)

where H denotes the thickness of the current, Ds denotes the geometric diameter of repre-

sentative sediment grains. The parameter g denotes the gravity acceleration, and ν denotes

the kinematic viscosity. R = (ρs−ρ f )/ρ f denotes the submerged specific density of particles

(ρs and ρ f are density of sediment and fluid, respectively) (Figure 2).
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Among these variables describing hydraulic and sediment properties of transporting

flows, shear velocity has been regarded as one of the most influential variable for entrain-

ment rates of suspended load because it is directly related to the fluid forces supporting

suspended load in the flow. The rate of work for supporting suspended load is gρ f RCHws

(Bagnold, 1966) where C denotes the layer-averaged flow concentration defined as:

C =
1
H

∫ H

0
cdz . (9)

On the other hand, suspended load is supported by turbulence in the flow, and thus it

is expected that the flow power to maintain suspension is correlated to the production rate

of turbulent kinetic energy (TKE). The depth-averaged production rate of TKE is propor-

tional to the shear velocity cubed, and thus the following relation can be assumed at the

equilibrium condition (Bagnold, 1966; Dorrell, Amy, Peakall, & McCaffrey, 2018):

(ρs − ρ f )CHws = αρ f u3
∗ , (10)

where α is the coefficient indicating the efficiency of the flow to support suspension. This

coefficient α is often considered the constant for simplicity.

Instead of the shear velocity, however, Dorrell et al. (2018) proposed to use the compe-

tence shear velocity u∗i, which is equivalent to the transport stage parameter proposed by

van Rijn (1984), for considering the available flow power above that required for incipient

particle motion. Here the term competence indicates the maximum particle size that can

be transported by a flow, and therefore the entrainment rate must be zero when the shear

velocity u∗ is below the critical shear velocity u∗ci for incipient motion of the particle. Thus,

the competence shear velocity is defined as:

u∗i = max
(√

u2
∗ − u2

∗ci , 0
)

. (11)

The critical shear velocity of individual particle incipient motion u∗ci can be calculated

under the following relationships suggested by Soulsby (1997):

u∗ci =
√
τc R g Ds , (12)

τc =
0.3

1 + 1.2D∗
+ 0.055

{
1 − exp(−0.02D∗)

}
, (13)
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D∗ = Ds

( g
ν2 R

)1/3
= R2/3

p , (14)

where τc is critical Shields number of the particle, D∗ is dimensionless grain diameter of

the particle, and ν is the kinematic viscosity of water. Rp = (Rg)0.5D1.5
s /ν is the particle

Reynolds number that is equivalent to the dimensionless grain diameter.

2.3 Entrainment functions proposed in previous studies

Considering the mechanical relation and the competence of the flow described above, sev-

eral research proposed the entrainment functions using the competence shear velocity cubed

(van Rijn, 1984; Dorrell et al., 2018).

van Rijn (1984, 2007) proposed the entrainment function based on the transport of all

sediment as a bed-load transport and suspended load transport. This study applied the criti-

cal shear velocity u∗ci instead of critical boundary shear stress τc and provided an empirical

relationship between u∗ci and ws. The latest study of van Rijn (2007) suggested that the

entrainment rate of sediment is saturated with the max value of 5%.

The best fitness between measured and computed data of dimensionless sediment en-

trainment rate was resulted in:

Es = 0.015
D50

a
T 1.5

D0.3
∗

(15)

with the reference level at a = 0.5∆ (bed-form height) or a = ks (equivalent roughness

height), and amin = 0.01H.

The variables in the function are defined as:

T =
u2
∗ − u2

∗c

u2
∗c

, (16)

D∗ = D50

(Rg
ν2

)1/3

. (17)

The function was revised in van Rijn (2007) as the following relationship:

Es = 0.015 (1 − pclay) fsilt
D50

a
T 1.5

D0.3
∗

(18)

and Es<0.05 where the silt factor fsilt =dsand/d50, and if d50>dsand =62 µm, then fsilt =1. In

the sheet flow condition, the reference level a = 20 d50.
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On the other hand, Dorrell et al. (2018) proposed a new entrainment function based

on the flow power and flux balance, assuming that the suspended load does not strongly

stratified. The proposed relation takes the form:

Es = α
u3
∗i

gHR ws
, (19)

where α is a coefficient = 4.9 and 13.2 for the particle grain-size distribution in uniform and

non-uniform type, respectively.

Also, the research of Eggenhuisen, Cartigny, and de Leeuw (2017) introduced a dimen-

sionless suspension capacity formulation by comparing the gravity forces and the vertical

turbulent forces of near-bed suspended particles using the peak value of turbulent intensity.

The most characteristic statement in this research was that particle size has no first order

effect on suspension capacity with relative smaller grains < 250 µm. However, the model

of Eggenhuisen et al. (2017) can only be applied to the interval from z+ = [5, 90], where

z+ = zu∗/ν and thus their model is difficult to compare with other models.

In contrast to the models described above, other models employed the shear velocity

with the arbitrary exponents as the input variable (e.g. Garcia & Parker, 1991), despite the

theoretical consideration on force balances and flow competence. This could be justified

because the efficiency coefficient α in the force balance model (Equation 10) can be not the

constant but the function of other variables. Also, the entrainment rate at the specific level

in water column can be largely different from the layer-averaged concentration due to the

stratification of suspended load.

For example, Garcia and Parker (1991) employed purely empirical approach to esti-

mate the entrainment rate at the level of 5% of the flow height. They compiled previous

experimental and observational data in equilibrium or quasi-equilibrium conditions to ob-

tain a new empirical function. Their research suggested that the u∗/ws and Rp are primary

parameters for estimating entrainment rate for uniform sediment.

First, they fitted a curve between ca and (u∗/ws)1(Rp)n1 , where n1 is a coefficient at

0 < n1 < 1 to fit the observation of ca, with a result at n1 = 0.6. Then the coefficient of

((u∗/ws)(Rp)0.6)n2 was computed to fit the observation with a result of n2 = 5. After that, the

artificial saturation value of entrainement rate was set to the value of 30%, otherwise it may

be too high concentration to consider as a suspension (Engelund & Fredsøe, 1976).

The dimensionless sediment entrainment rate Es proposed by Garcia and Parker (1991)
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was in the following relationship:

Es =
A Z5

u

1 + A
0.3Z5

u

(20)

with the reference level a = 0.05H, where

Zu =
u∗
ws

R0.6
p (21)

and A is a constant coefficient with value of 1.3 × 10−7.

Equation 20 was extended for non-uniform sediment as the following relationship (Garcia

& Parker, 1991):

Es,i =
A (λZi)5

1 + A
0.3 (λZi)5

, (22)

Zi =
u∗
wsi

R0.6
pi

(
Di

D50

)m

, (23)

where λ denotes a coefficient related to the grain-size deviation of sediment particles, m =

0.2 denotes an exponent parameterized to describe the “hiding effect”, which represents the

mobility under reciprocal action of different size grains.

In lagre scale and low slope rivers, it was suggested by Wright and Parker (2004a,

2004b) that the entrainment rate decreases because the flow turbulence can be suppressed

by the density stratification effect. In this situation, Wright and Parker (2004a) proposed

the following modification to the model of Garcia and Parker (1991):

Es,i =
B (λZi)5

1 + B
0.3 (λZi)5

, (24)

Zi =
u∗
wsi

R0.6
pi S 0.08

(
Di

D50

)m

, (25)

where B is a constant coefficient with value of 7.8 × 10−7, S denotes the bed-slope.

Elhakeem and Sattar (2015) also represented a purely empirical model to estimate the

entrainment rates of non-uniform sediment by using gene expression programming. This

model uses four parameters, namely, Shields stress, critical Shields stress, a coefficient to

describe the grain size distribution and dimensionless relative grain size. The dimensionless
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entrainment rate in mix-size grains condition based on the dimensionless sediment mixture

term
√

R g Di was proposed as following relationship:

Es,i = (0.024 + 0.021e−132(0.245−cu)2
) d−0.5
∗i (τ∗g − τ∗cg)2 , (26)

where d∗i = Di /D50, τ∗g is the Shields stress of D50, τ∗cg is the critical Shields stress of D50,

cu is the Kramer coefficient of uniformity defined as:

cu =

∑50
0 Pi di∑100
0 Pi di

. (27)

The proposed model provided satisfactorily prediction with a deviation less than 25%

between the measured and predicted values. However, in this research, the sediment trans-

port rate was calculated by the moving velocity of dunes. As a result, the calculated sed-

iment flux should contain not only suspended load, but also bedload. Therefore, it seems

difficult to employ their model as the estimator of suspended load.

2.4 Problems in existing functions

Even though numerous research have been conducted for obtaining the entrainment func-

tion, the proposed formulation of entrainment rate have several unsolved matters. For ex-

ample, the selections of exponent on the dimensionless shear velocity u∗ /ws or u∗i /ws vary

largely depending on research. The exponent was set at 10 (Akiyama & Fukushima, 1985),

7 (Parker, Garcia, Fukushima, & Yu, 1987), 5 (Garcia & Parker, 1991), 4 (Izumi, Tanaka,

Tsuboi, & Date, 2003) and 3 (Dorrell et al., 2018). Theoretical analyses seem to support

values close to the cube law, whereas empirical verification is needed to prove it.

Another unsolved matter is the necessity of the artificial saturation value for the en-

trainment rate. Turbulence is required for sustaining suspended load, so that the extremely

large concentration at equilibrium condition (i.e. entrainment rate) is unlikely even for very

high-velocity flows because very high concentration of suspended load eliminates turbulent

eddies by density stratification and friction/collisions of grains (e.g. Cantero et al., 2012).

Therefore, the artificial threshold value of 0.3 to regulate entrainment rates was used in the

formulation proposed by Garcia and Parker (1991), and van Rijn (2007) employed 0.05 for

the maximum entrainment rate. However, these values lack measured evidences both in

experimental or observational datasets.
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This artificial threshold value in entrainment rate affects on the expansion of the en-

trainment function for the mixed-size (non-uniform) sediment. The threshold value should

be applied to the total concentration of suspended load, while the entrainment function for

multiple grain-size class (e.g. Garcia & Parker, 1991) can reach the maximum value even

though the total concentration is still low. This is a logically incorrect application of the

entrainment function for uniform sediment, so that the appropriate formulation is required

in a new formulation of the entrainment rate of suspended load.

Finally, it should be noted that difference in entrainment rate of suspension between

open channel flows and density flows has been rarely discussed in previous studies. Most

of the empirical entrainment functions were proposed based on data sets pertaining to open

channel flows, and those functions have been applied to density flows without any correc-

tions (Garcia & Parker, 1993). However, the vertical velocity profiles of flows is largely

different between two types of flows. In case of open channel flows, flow velocity increases

upward following the log law, while the flow velocity becomes maximum at the middle

of flows in case of density currents. Therefore, the definition of the flow height may be

different between open channle and density flows. This implies that the reference level (at

0.05H) of density flows may not correspond to that of open channel flows. In addition, it

is known that the entrainment of ambient water influences to the pattern of concentration

profile of suspended sediment in case of density currents.
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3 Methodology for flume experiment

3.1 Experimental settings

The experiments reported in this study were conducted in an acrylic flume of 4 m long, 0.12

m wide and 0.5 m deep that was submerged in the tank (5.5 m long, 2.5 m wide and 1.8 m

deep; Figure 3). The bed slope of the submerged flume was adjustable. The tank and flume

was initially filled with fresh water before experiments. The diffuser from which the flow

was injected was set at the upstream end of the flume, and the head tank with two mixing

tanks was connected to the diffuser (Figure 3). Sediment was mixed in the two mixing

tanks, and the mixture of sediment and water was pumped to the head tank. The opening

of the valve from the head tank to the flume controlled the flow discharge. Water level

in the head tank was maintained at the constant level to keep the flow discharge constant

during experiments. In addition, the damping tank was located at the downstream end of

the flume to prevent reflection of the flow (Figure 3). A supply of fresh water from the top

of the damping tank in conjunction with an overflow device guaranteed the maintenance of

a constant level of fresh water in the tank.

Two types of sediments were used for experiments: lightweight plastic particles with

a specific gravity of 1.45, and siliciclastic sand grains dyed in blue color with a specific

gravity of 2.65. Lightweight plastic particles were used in order to reproduce suspension

in a relatively small scale. The plastic particles were 3φ in geometric mean diameter, and

were 0.60 in standard deviation σ on φ-scale. The corresponding values for siliciclastic

sand were 2φ and 0.40 respectively (Figure 4).

Two different types of experiments of density currents were conducted, which were (1)

uniform sediment mixture used only plastic particles, (2) non-uniform sediment mixture

used both plastic particles and natural sand grains. Also, a straight bed with the slope fixed

in a range of 5% to 12% was used in the experiments (Figure 3).

The values of sediment concentration in the mixing tanks range from 0.3% to 6.6%

(Table 1). The concentration in the mixing tanks of most experiments ranges from 0.5% to

4%, for which the experimental density flows were capable for transporting sediment.

The proportion of plastic particles and natural siliciclastic sand was varied from 1:9 to

9:1, which provide data set for multiple conditions of bed material, and may reflect “hiding

effect” under different environment.
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3.2 Measurements of flow properties during experiments

In order to measure the flow velocity and suspension concentration, the acoustic Doppler

velocity profiler (ADVP; Nortek Vectrino Profiler) and two vertical arrays of siphon tubes

were set at arms of actuators which can be moved both horizontally and vertically. The

ADVP can measure the vertical profile of three dimensional components of flow velocity in

a range of 4–7 cm from the probe. For keeping the elevation of ADVP to be able to measure

the near-bed velocity profile, the actuator was operated during the experiments in progress.

Two series of siphon tubes were used to obtain samples of suspension loads at different

depth in the flow. The first array of siphon tubes took samples from 0 to 9 cm above the

bed with 1 cm interval, and the second array of siphons took samples at unequally spaced

interval that was positioned at 0, 1.25, 2.5, 3.75, 5, 7.5, 10, 12.5, 15, 17.5, 20 and 25 cm

above bed (Figure 5). The siphon mouths were made of aluminum tubes with 8 mm exter-

nal diameter and 5 mm internal diameter. The collected samples by siphons were weighed

and dried to measure the concentration of suspended sediment. These samples were used to

determine vertical profiles of concentration of suspended sediment. The sampling was con-

ducted only when the flow reached the quasi-equilibrium state. The simple way to confirm

the quasi-equilibrium condition during the experiment is the observed development of bed

thickness and flow properties (velocity, flow thickness and concentration by observation).

The accurate method to determine the quasi-equilibrium condition need to confirm that the

measured data (velocity and concentration) in different distance from flume inlet is stable.

All the experiments were recorded by single-lens reflex cameras, in order to observe the

flow thickness. The temperature of the fresh water in both the flume and the mixing tank

were measured before each experiment. The water in the flume was carefully removed to

avoid the deformation of bedform after each experiment, and the bed sediment was sampled

to analyze its grain-size distribution. Sampling of bed sediment was started at the peak

elevation of bed at the upstream region, then the bed sediment along flow direction was

sampled by every 20 cm interval.

3.3 Grain-size analysis and calculation of concentration profiles

The grain size distributions of suspension sediment and bed sediment were measured by

the 1.8 m long settling-tube grain-size analyzer using the software STube (Naruse, 2005).
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Fig. 5: Photograph showing a series of siphons used in experiments for measuring sediment
concentration.

The particle settling velocity was calculated by Gibbs’ settling velocity method (Gibbs,

1974). In this study, the grain-size distribution was discretized into 5 classes from 0 to 5

φ for every 1 φ. The proportion of grain-size class of bed material was used to obtain the

parameter Pi. Figure 6 shows difference of the grain-size distribution between bed sediment

and suspension at lower region of flow.

The weight concentration of suspension was initially measured from the weight of sam-

pled mixture and dried sediment, and then volume concentration of suspension was calcu-

lated. Products of total sediment concentration and fraction of each grain-size class yielded

the concentration profile of suspension of each grain-size class (Figure 7). Also, the stan-

dard deviation of grain-size distribution of the bed samples was calculated.

Then, the concentration of each grain-size class at the reference level (z = 0.05H)

was calculated. It has been known that the vertical distribution of the sediment concentra-

tion in a suspended load above a reference level can be approximated by the logarithmic

curve (Sequeiros et al., 2010). Therefore, the logarithmic curve was fit to the vertical con-

centration profile measured in the lower regime (from bed to 0.2H) of the flow, and the

concentration at the reference level was calculated from the fit curve.
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3.4 Calculation of layer averaged flow properties and shear velocity

In the steady condition of flows, the layer-average flow velocity U and layer-average volume

sediment concentration C and flow thickness H are defined in the following relationship

(Garcia & Parker, 1993):

UH =

∫ ∞

a
uz dz , (28)

UCH =

∫ ∞

a
uzcz dz . (29)

Also, the simplest relationship of C was proposed as (Parker et al., 1987):

C =
ca

2
. (30)

The flow shear velocity was calculated from the velocity profile measured by ADVP.

First, the direction of flow velocity was rotated from horizontal coordinate to streamwise

coordinate. Then, the shear velocity was computed from:

u
u∗

=
1
κ

ln
(

z
ks

)
+ Bs

(
u∗ks

ν

)
, (31)

where ks is the effective bed roughness height. In the assumption that the flow is hydrauli-

cally rough, the relationship between velocity and distance from bed is represented as:

u
u∗

=
1
κ

ln
(

z
z0

)
, (32)

where empirically z0 = ks/30 is well known, the equation changes to:

u
u∗

=
1
κ

ln
(
30

z
ks

)
, (33)

and Bs was computed as:

for (u∗ks/ν) > 70, Bs = 8.5 , (34)

for (u∗ks/ν) < 5, Bs = 5.5 +
1
κ

ln
(
u∗ks

ν

)
. (35)
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3.5 Estimation of entrainment rate

The entrainment rate Es was estimated from the two values of near-bed concentration mea-

sured at siphon arrays set at the upstream and downstream locations. As described in the

previous section, the entrainment rate matches with near-bed concentration when the flow

reaches the equilibrium conditions in time and space; however, spatial equilibrium is almost

impossible to achieve in the small-scale flume experiments. Therefore, this study employs

the method proposed by Garcia and Parker (1993) to estimate the entrainment rates of basal

materials using the following relationship:

Es =
UCH|up − UCH|down

ws∆x
+

1
2

(
ca|up + ca|down

)
= cae , (36)

where ∆x denotes the distance between locations where two arrays of siphons were set, cae

denotes the near-bed concentration under equilibrium condition. Equation 36 assumes that

the decrease in sediment discharge between the upstream and downstream locations indicate

the difference between the settling flux and the entrainment rate, and the settling flux can

be quantified by products of near-bed concentration and the particle settling velocity.
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4 Methodology for data processing

4.1 Data processing of previous studies

The previous research data of entrainment rates of suspension which include both open

channel flows and density flows were processed for statistical analysis in this study. The

datasets used in this study were obtained from literatures of Kalinske and Pien (1943),

Ismail (1952), Brooks (1954), Barton and Lin (1955), Colby and Hembree (1955), Straub,

Anderson, and Flammer (1958), Vanoni and Nomicos (1960), Nordin and Dempster (1963),

Ashida and Michiue (1964), Coleman (1969), Coleman (1981), Ashida and Okabe (1982),

Lyn (1987), Garcia and Parker (1993) and Graf and Cellino (2002) (from Table 2 to Table

3). Most of the data were preliminary processed to indicate the concentrations (and thus

entrainment rates) at the reference level a = 0.05H by Garcia and Parker (1991). The near-

bed concentration described in Graf and Cellino (2002) was calculated to show the value of

volume concentration at the reference level (a = 0.05H). The datasets that lack important

parameters such as the flow thickness (Jordan, 1965; Sequeiros et al., 2010), dimensionless

shear velocity (Montes & Ippen, 1973), the height of the reference level (or the reference

level can not be expressed as a fraction of flow thickness) (Cartigny, Eggenhuisen, Hansen,

& Postma, 2013; Hubbell & Matejka, 1959; Smith & McLean, 1977; Toffaleti, 1968) were

not used in this study. In addition, extremely high concentration that was difficult to judge

if it is at near-equilibrium conditions (Einstein, 1955) were excluded in the analysis.

The dataset without temperature data was considered under 20°C, and the kinematic

viscosity was in the value of 9.55 × 10−7 m2/s. The settling velocity of sediment particles

in dataset was recalculated using Furguson method (Ferguson & Church, 2004), because

the settling velocities calculated using different functions of settling velocity of particles

may cause aritificial influence on statistical analysis. In turbidity current dataset, energy

slope were calculated from the relationship as S e = u2
∗/RCgH, and here layer-average

concentration C was calculated by C = ca/2.

Several data in previous studies were excluded from statistical analysis in this study

because of errors in original description. For example, several data in non-uniform exper-

iment show the fraction of the ith grain-size class in the bed Pi > 1, which is regarded as

a mistake. In some experiments, suspension was observed at the condition u∗<u∗ci. These

dataset was excluded from the whole dataset for multiple regression.
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As a result, in total 46 datasets from experiments and 70 datasets from field surveys

were used for the multiple regression analysis (Table 2 and Table 3). These datasets were

then classified into four categories: open channel flows with the uniform sediment, open

channel flows with the non-uniform sediment, turbidity currents with the uniform sedi-

ment, and turbidity currents with the non-uniform sediment. The previous research of river

survey was considered as non-uniform sediment condition, meanwhile the research of lab-

oratory experiment was considered as uniform sediment condition except those explicitly

describing that the non-uniform sediment was used in experiments.

4.2 Dimensionless variables analyzed in this study

In this study, the entrainment rate is assumed to be predicted by products of powers of

dimensionless variables. Thus, the function to be proposed takes the form:

Es = k Qa1
1 Qa2

2 Qa3
3 · · · (37)

where k is the empirical dimensionless coefficient and Q j denotes the jth dimensionless

variable. The linearized form of these multiple models by taking the logrithm of both sides

is subject for multiple linear regression analysis.

Equation 8 and considerations in the section 2.2 imply that five dimensionless variables

are candidates of the input variables for the entrainment function:

Es = f
(
u∗i
ws
,

H
Ds
,Rp,Rf , S e

)
, (38)

where Rp is the particle Reynolds number, and S e denotes the energy slope defined as S e =

u2
∗ /gH in open channel flows. In case of turbidity currents, the value of energy slope reflects

the sediment concentration that is subject to estimate in this function, so that the energy

slope S e was excluded from the analysis of the entrainment rates in turbidity currents. The

first and second variables u∗i/ws and H/Ds are the dimensionless competence shear velocity

and dimensionless flow thickness, respectively. Rf is the dimensionless settling velocity of

a particle, which is defined as:

Rf =
ws
√

RgDs
, (39)
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The settling velocity of particle ws was calculated using the following relationship indi-

cated by Ferguson and Church (2004):

ws =
RgD2

s

C1ν +
(
0.75 C2RgD3

s
)0.5 , (40)

where C1 and C2 take values 18 and 0.4 for smooth spheres, respectively. For typical

natural sands they are 18 and 1.0 in sieve diameters, or 20 and 1.1 in nominal diameters,

respectively. For very angular sands C1 and C2 take values 24 and 1.2, respectively. In this

study, the value of C1 = 20 and C2 = 1.1 were chosen.

By the Equation 14, Equation 39, and Equation 40, it is obvious that the dimensionless

parameters Rp and Rf correlate to the same parameters of R, g, Ds and ν. Therefore the

dimensionless parameter Rf may be substituted by Rp because Rf = f (Rp).

In the natural rivers or submarine fans, bed materials are rather poorly sorted. Therefore,

the entrainment function of uniform sediment needs to be extended to non-uniform case,

and the functional relationship takes the form (Garcia & Parker, 1991):

Es,i = f
(

u∗i
wsi

,
H
Di
,Rf, S e,

Di

D50
, Pi, λ

)
(41)

where Di and wsi are the characteristic geometric diameter and settling velocity of the sedi-

ment in the ith grain-size class, respectively. D50 denotes the median grain size of sediment

mixture, Pi is the volume fraction of the ith grain-size class of sediment in the bed material,

and λ is a coefficient (λ = 1 − 0.288σ, suggested by Garcia and Parker (1991)) of which σ

is the standard deviation of bed material in φ-scale (Figure 2).

4.3 Multiple linear regression and model selection

The multiple linear regression analysis and statistical model selection were utilized to obtain

the entrainment function for suspended sediment. The data from open channel flows and

density flows were analyzed separately in order to avoid the issue mentioned above. Trends

in entrainment rate function were then compared between open channel flows and density

flows.

After the entrainment function for the uniform sediment was established, this study

explored the correction factor for the entrainment rate of the non-uniform (mixed-grain
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size) sediment. The following relationship is assumed in the analysis:

Es,i = Es,uni f
(

Di

D50
, Pi, λ

)
. (42)

Since the experimental datasets of mixed-size grains pertaining to density flows were

too few to establish the function, the datasets of non-uniform sediment pertaining to two

types of flows were combined in the analysis. In this study, the multiple regression was

conducted by using the Python libraries statsmodels and sklearn.

After the multiple regression to obtain the exponents of the candidates of the entrain-

ment rate function, the reliability of the models was evaluated by inspecting the significance

level of the parameters for each model in statistical hypothesis testing. The remaining reli-

able models were compared by the method of statistical model selection based on Akaike

Information Criterion (AIC) and average value of 10-fold cross-validation (CV). The vari-

ance inflation factor (VIF) was employed to quantify the degree of multicollinearity in each

model. In this study, VIF larger than 10 is regarded as indicative of a multicollinearity

problem, and thus the model was excluded.

The Akaike Information Criterion is an estimator of the relative quality of statistical

models for set of data which is based on maximum likelihood estimation. The AIC is

defined as follows:

AIC = −2lmax + 2 (k + 1) , (43)

where lmax is the maximum log-likelihood value of each model and k is the number of

parameters in the model, k+1 is for considering constant coefficient. lmax is calculated from

the likelihood function which shows how likely a set of particular values of parameters is

for a given set of observed data. In a normal distribution with zero mean and independent

of the independent variables, the probability density function for the regression residual (ε)

and variance of the regression ressidual (σ2) is difined as:

f (ε | σ) =
1
√

2πσ
e−

ε2

σ2 . (44)

The likelihood funcion of σ for an outcome ε of the regression residual is given by:

L(σ | ε) = f (ε | σ) . (45)
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Then, the log-likelihood function of σ for a set of outcomes (ε1, ε2, · · · , εn) can be

rewritten as:

l(σ | ε1, ε2, · · · , εn) = ln L =

n∑
i=1

ln f (εi | σ) = −
n(1 + ln (2πσ2))

2
, (46)

where n denotes the size of dataset, εi denotes the individual regression residuals.

The maximum log-likelihood function for the model is given by:

lmax ≈ −
n(1 + ln (2πσ2

i ))
2

= −
n lnσ2

i

2
−

n(1 + ln 2π)
2

, (47)

where σ2
i denotes resultant estimated value of σ2. Since the population mean of ε is zero,

the central limit theorem shows an unbiased estimator of σ2
i as:

σ2
i =

n∑
i=1

ε2
i

n − k
. (48)

The Bayesian Information Criterion (BIC) was also calculated in this study. The BIC is

defined as:

BIC = −2lmax + (k + 1) ln n . (49)

Since BIC has a consistency property, it tends to suggest the correct model when the

unknown true model is included in the candidate models. BIC introduce a penalty term

of the sample size as well as the number of parameters while AIC does not. In this study,

however, the first priority is to realize the greater generalization performance in predicting

entrainment rate of suspension, and the correct form of the function is not necessarily ex-

pected. Therefore AIC is used for the model selection at the first priority, and the BIC is

used as a reference of robustness on selection.

On the other hand, cross-validation assess the model by the degree how much the sta-

tistical model can be generalized to an independent data set. At first, it divided the dataset

into two part: one used to train a model and the other used to validate the model. To reduce

variability, multiple rounds of cross-validation are performed using different partitions, so

that each dataset will be under validated, at last the validation results are averaged over

the rounds to infer an estimation of the predictive performance of the model. In this case,

the K-fold cross-validation method was used, and K is set to 10. The average value of

mean square error between model and test data was calculated in one round, for 10-fold
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cross-validation in this study, CV value is the average value of the total ten rounds. Since

cross-validation is a non-parametric method and does not assume any particular probability

distribution for the regression residuals. CV is robust against violations of the assumption

of normality of residuals.

By the definition of the value of AIC, BIC and CV, the smallest value represents best

fitness and prediction in model selecting. If these criteria were interference with another

which is difficult to choose the preferred model, the AIC and CV are primary criterion for

model selection in this study.
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5 Experimental results

A steady quasi-equilibrium condition of density flows for each experimental run was at-

tained with the constant thickness of the erodible bed and migrating small scale bedforms.

A quasi-equilibrium condition was confirmed by the observation, and then measurements

were conducted. In several experiments of this study, only one set of siphon was able to

install in the flume. In such cases, the equilibrium state of flow conditions was judged

carefully with longer duration of experimental flows.

5.1 Description for representative experiments

Here several results of representative experiments are introduced.

In the Run 10 using the uniform sediment of plastic particles P with density of 1.45

g/cm3, the mean value of the grain-size distribution in the mixing tank was 2.67 φ. The value

of D5, D50 and D95 were 1.91 φ, 2.50 φ, 3.39 φ, respectively. The volume concentration of

particles in the mixing tanks was 1.0% before the initiation of each experiment. The flume

was set in one straight slope at 10%, without any sediment on bed. Two arrays of siphons

were set at the distance 2.5 m and 3.5 m respectively from inlet, the upstream one was set

5 mm above bed, the downstream was fitted close to bed. ADVP was set at the distance

2.9 m from inlet, and 45 mm above bed. Since the flow start to be stable, the ADVP was

lifted 5 mm up per minute since 2 min. 31 sec. in the experiment to adjust the bed sediment

thickness. Temperature of water was 15.8°C in the flume.

The flow thickness of this experiment was 20 cm by observation from the video record.

Layer-average flow velocity and boundary shear velocity was 0.19 m/s and 0.0106 m/s,

respectively. The concentration of sediment at 0.05H was 0.25% at upstream siphon and

0.12% at downstream siphon (Figure 8). The settling velocity of the particle was calculated

under Furguson method, which is 0.0047 m/s. Rp and Rf which are the dimensionless

parameters of particle diameters were resulted in 4.06 and 0.172, respectively.

In the Run 16 using the non-uniform sediment, plastic particles P with density of 1.45

g/cm3 and natural sand S with density of 2.65 g/cm3 were used. The distribution of the

grain-size was shown in Figure 4. The mean value of the grain-size of mixed particles is

2.64 φ under analyzed in the density of 1.45 g/cm3. The value of D5, D50, D95 is 0.80 φ,

2.65 φ, 3.95 φ, respectively. The measured volume concentration of particles in mixing
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Fig. 8: The vertical distribution profile of concentrantion of suspended particles (upstream
and downstream) in Run 10 by using uniform grain-size sediment.

tank was 2% with a proportion of S:P = 1:2 before experiment start. The flume was set in

one straight slope at 12%, with preparatory 22 mm thickness of sediment on bed. One set

of siphon was set at the distance 2.35 m from inlet, and 15 mm above bed. ADVP was set

at the distance 2.75 m from inlet, 85 mm above bed before experiment start and remain at

the place during the experiment. Temperature of water was 12.8°C in the flume.

The flow thickness of this experiment was 11 cm by checking the video record. Layer-

average flow velocity and boundary shear velocity was 0.11 m/s and 0.0098 m/s, respec-

tively. The volume concentration of sediment at 0.05H was 0.26%, 0.27% and 0.04% in

2–3 φ, 3–4 φ and 4–5 φ of grain-size class range, respectively (concentrations of grain-size

class were shown in Figure 10, total concentration was shown in Figure 9). The settling ve-

locity of the particle was calculated under Furguson method, which is 0.0049 m/s, 0.0014

m/s, 0.0003 m/s, respectively. Rp and Rf which are the dimensionless parameters of particle

diameters were resulted in 4.06 and 0.18, 1.44 and 0.07, 0.51 and 0.02 in that grain-size

class range, respectively. After experiment, the sediment on bed was covered by plastic

particles, the sand was barely existed on the surface of bed material. Sample result of pro-

portion in 2–3 φ, 3–4 φ and 4–5 φ of grain-size class range on the bed material surface was
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Table 4: The calculated result of parameters in experiments using uniform grains.

Run Ds Rp R S H cae Se Rf u* u*ci u*i ws

5 0.00014 3.11 0.45 0.10 0.35 0.0090 0.029 0.136 0.0142 0.0071 0.007 0.0034
6 0.00014 2.68 0.45 0.10 0.13 0.0008 0.350 0.120 0.0092 0.0073 0.008 0.0029
7 0.00012 2.09 0.45 0.10 0.13 0.0005 0.553 0.095 0.0090 0.0073 0.007 0.0022
8 0.00014 2.7 0.45 0.10 0.18 0.0015 0.178 0.120 0.0104 0.0073 0.008 0.0030
9 0.00012 2.1 0.45 0.10 0.18 0.0011 0.250 0.096 0.0102 0.0073 0.007 0.0022

10 0.00017 4.06 0.45 0.10 0.20 0.0025 0.103 0.172 0.0106 0.0075 0.008 0.0047
11 0.00016 3.6 0.45 0.10 0.20 0.0011 0.217 0.155 0.0105 0.0074 0.007 0.0040

51%, 42%, 6%, respectively. Standard deviation of particles grain-size σ was 0.54, which

derived the value of parameter λ in 0.84.

5.2 Layer averaged values of experimental flows and shear velocity

The layer averaged velocity U ranges from 0.11 to 0.28 m/s, which was capable to entrain

and transport sediment along the flume. The layer averaged concentration C ranges from

0.03% to 1.2%, even though the volume concentration in mixing tank was extremely larger

than this in flume. The flow thickness H ranges from 0.11 to 0.35 m in steady conditions

(see in Table 1).

The boundary shear velocity were calculated from ADVP data, and the computed results

of u∗ were shown in Table 4 and Table 5. As a whole, u∗ ranged from 0.009 m/s to 0.03

m/s, and values of u∗i ranged from 0.005 m/s to 0.03 m/s. In cases of experiments using

the uniform sediment, u∗ ranged from 0.009 to 0.014 m/s (Table 4). In the cases of the

experiments using the non-uniform sediment, u∗ ranged from 0.01 to 0.03 m/s (Table 5).

5.3 Near-bed sediment concentration and grain-size distributions of
bed materials

The near-bed concentration of sediment was calculated from the vertical concentration dis-

tribution of particles, and the grain-size distribution of bed materials was also analyzed.

The near-bed concentration (at 0.05H) ranged 0.05%–0.90% and 0.02%–1.36% in cases of

experiments using the uniform and the non-uniform sediments respectively. In the cases of

the non-uniform sediment, proportion of each grain-size class on the bed ranged from 3%

to 71%, and the standard deviation of their grain-size were in a range of 0.4–1.2.
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5.4 Result of other dimensionless parameter

For the purpose of the statistical analysis, all the measured values were converted to the

dimensionless parameters. All dimensionless parameters obtained in this study were shown

in Table 4 and Table 5.

In the uniform grains experiment, Rf and Rp which related to grain-size were constant

around 0.1–0.2 and 2–4 respectively. The bed slpoe S was always set up at 10%, whereas

S e which related to flow thickness and concentration was in a range from 0.03 to 0.55 (Table

4).

In the cases of the experiments using the non-uniform sediment, Rf and Rp related to not

only grain-size class but also the density difference between plastic particle and siliciclastic

sand. As a result, Rf and Rp ranged 0.03–0.21 and 0.5–5.1, respectively (Table 5).

The bed slope S in the experiments using the non-uniform sediment ranged from 5% to

10%, while the energy slope varied from 0.01–0.8.
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6 Results of multiple regression analysis

6.1 Open channel flows with the uniform sediment

Total 79 data of open channel flows with uniform grains were analyzed. The relationship be-

tween the observed entrainment rate cae and each parameters was shown in Figure 11. The

observed concentration of suspended particles at 0.05H of the flow has not over the range

of 10−4–10−1. The parameters of dimensionless competence shear velocity u∗i/ws is in the

range from 1–10, the other parameters S e, Rf , Rp, and H/Ds are in the range of 10−4–10−2,

10−1–1, 1–102, and 102–104, respectively. It is obvious that the dimensionless parameter

u∗i/ws reveal a primary correlation to entrainment rate, whereas the other parameters may

only have secondary correlation to entrainment rate.

As described in methodology, the models which use two parameters to describe the

same characteristics were excluded. Four parameters combinations were analyzed under

mutiple regression. The details of each model were shown in Table 6.

In Table 6, the AIC and CV of each model were shown at first. The coefficient of

individual parameters and their p-values were shown at right part. The p-value for t-test

statistic of parameters represents the probability to observe an equal or more extreme two-

tailed t-value than actually observed one presuming the null hypothesis. The number 0.05

of a significance level was used in this analysis to reject a true null hypothesis in statistical

test.

As a result, the model No.1, 2, 8, 10, 11, 12, 14, 17, 21, 22, 25, 26, 28, 30, 31 were ex-

cluded at the significant level of 0.05. Considering the parameter of u∗i/ws reveal a primary

correlation to entrainment, models No.3, 4, 5, 6, and 7 are candidates of the best model.

Between these models, the value of AIC is in the range of 47.8–49.3, and in each model the

value of CV is 0.14. The VIF of these models were shown in Table 7.

As a result, the value of AIC indicates Model No.3 is the best model, with the value of

VIF of individual parameters smaller than 10. In describing dimensional parameters with

approximation Rf ∼ w1
s , the relationship of Model No.3 is given by:

Model No.3 : Es ∝

(
H
Ds

)−0.4

R2.0
f

(
u∗i
ws

)2.75

≈ u2.75
∗i w−0.75

s H−0.4 . (50)

Thus, this model gives a result on dimensional parameter of u∗i about 2.75. The function

of entrainment rate prediction was suggested as :
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Fig. 11: The relationship between each parameters and the measured value of near-bed con-
centration in open channel flow with uniform sediment. Figure 11(a)(b)(c)(d)(e) represent
the correlation between near-bed concentration and the energy slope S e, particle Reynolds
number Rp, dimensionless flow thickness H/Ds, the dimensionless grain-size Rf, dimen-
sionless competence shear velocity u∗i/ws, respectively.

42



Ta
bl

e
6:

T
he

re
su

lt
of

m
ul

tip
le

re
gr

es
si

on
an

al
ys

is
an

d
in

fo
rm

at
io

n
cr

ite
ri

a
an

al
ys

is
of

op
en

ch
an

ne
l

flo
w

w
ith

un
if

or
m

gr
ai

n-
si

ze
pa

rt
ic

le
s

Co
m

bi
na

tio
n 

of
 p

ar
am

et
er

s

9
lo

g 
H

/D
s

, l
og

 S
e

, l
og

 R
f

12
lo

g 
R p

, l
og

 H
/D

s
, l

og
 S

e

14
lo

g 
R p

, l
og

 H
/D

s
, l

og
 S

e
, l

og
 R

f

16
lo

g 
H

/D
s

, l
og

 S
e

21
lo

g 
R p

, l
og

 S
e

, l
og

 R
f

22
lo

g 
S e

, l
og

 R
f

23
lo

g 
R p

, l
og

 S
e

24
lo

g 
S e

25
lo

g 
H

/D
s

, l
og

 R
f

26
lo

g 
R p

, l
og

 H
/D

s
, l

og
 R

f

27
lo

g 
R f

28
lo

g 
R p

, l
og

 R
f

29
lo

g 
R p

30
lo

g 
R p

, l
og

 H
/D

s

31
lo

g 
H

/D
s

M
od

el
N

o.
co

ns
ta

nt
R p

H
/D

s
S e

R f

1
lo

g 
H

/D
s

, l
og

 S
e

, l
og

 R
f

, l
og

 
/w

s
u

i *

2
lo

g 
R p

, l
og

 H
/D

s
, l

og
 S

e
, l

og
 R

f
, l

og
 u

/w
s

u
i *

3
lo

g 
H

/D
s

, l
og

 R
f

, l
og

 
/w

s
u

i *

4
lo

g 
S e

, l
og

 R
f

, l
og

 
/w

s
u

i *

5
lo

g 
R p

, l
og

 S
e

, l
og

 
/w

s
u

i *

6
lo

g 
R p

, l
og

 H
/D

s
, l

og
 

/w
s

u
i *

7
lo

g 
H

/D
s

, l
og

 S
e

, l
og

 
/w

s
u

i *

8
lo

g 
R p

, l
og

 H
/D

s
, l

og
 R

f
, l

og
 

/w
s

u
i *

10
lo

g 
R p

, l
og

 S
e

, l
og

 R
f

, l
og

 
/w

s
u

i *

11
lo

g 
R p

, l
og

 H
/D

s
, l

og
 S

e
, l

og
 

/w
s

u
i *

13
lo

g 
S e

, l
og

 
/w

s
u

i *

15
lo

g 
R f

, l
og

 
/w

s
u

i *

17
lo

g 
R p

, l
og

 R
f

, l
og

 
/w

s
u

i *

18
lo

g 
R p

, l
og

 
/w

s
u

i *

19
lo

g 
H

/D
s

, l
og

 
/w

s
u

i *

20
lo

g 
/w

s
u

i *

/w
s

u
i *

AI
C

CV
co

ef
p

st
d.

 e
rr

.
co

ef
p

st
d.

 e
rr

.
co

ef
p

st
d.

 e
rr

.
co

ef
p

st
d.

 e
rr

.
co

ef
p

st
d.

 e
rr

.
co

ef
p

st
d.

 e
rr

.
44

.9
1

0.
14

0.
37

6.
70

×1
0−

1
0.

86
−

7.
73

2.
50

×
10

−
2

3.
38

−
7.

28
3.

30
×

10
−

2
3.

35
14

.1
8

1.
40

×
10

−
2

5.
66

15
.6

1
1.

00
×

10
−

2
5.

92
46

.9
0.

14
0.

3
8.

30
×1

0−
1

1.
42

0.
04

9.
50

×1
0−

1
0.

68
−

7.
7

2.
90

×
10

−
2

3.
45

−
7.

24
3.

80
×

10
−

2
3.

43
14

.0
6

2.
40

×
10

−
2

6.
09

15
.5

4
1.

30
×

10
−

2
6.

08
47

.8
0.

14
−

1.
16

2.
40

×
10

−
2

0.
5

−
0.

4
1.

60
×

10
−

2
0.

16
1.

93
2.

60
×

10
−

4
0.

5
2.

75
3.

00
×

10
−

14
0.

29
48

.3
2

0.
14

−
1.

29
7.

90
×

10
−

3
0.

47
0.

38
2.

10
×

10
−

2
0.

16
1.

29
2.

70
×

10
−

2
0.

57
2.

07
3.

20
×

10
−

6
0.

41
48

.4
9

0.
14

−
2.

27
1.

30
×

10
−

3
0.

68
0.

67
3.

00
×

10
−

2
0.

3
0.

46
2.

60
×

10
−

3
0.

15
1.

84
4.

20
×

10
−

7
0.

33
49

.2
2

0.
14

−
2.

83
1.

70
×

10
−

6
0.

55
1.

08
5.

40
×

10
−

4
0.

3
−

0.
5

3.
80

×
10

−
3

0.
17

2.
57

7.
90

×
10

−
15

0.
27

49
.3

4
0.

14
−

1.
43

4.
60

×
10

−
3

0.
49

0.
69

4.
80

×
10

−
2

0.
34

1.
08

5.
80

×
10

−
4

0.
3

0.
78

2.
20

×
10

−
2

0.
34

49
.5

7
0.

14
−1

.6
2

1.
50

×1
0−

1
1.

12
0.

31
6.

50
×1

0−
1

0.
68

−
0.

43
1.

60
×

10
−

2
0.

17
1.

45
2.

20
×1

0−
1

1.
16

2.
74

6.
50

×
10

−
14

0.
3

49
.9

9
0.

14
−

1.
5

4.
00

×
10

−
3

0.
51

1.
14

7.
20

×
10

−
6

0.
24

1.
54

8.
50

×
10

−
14

0.
17

−
0.

7
3.

20
×

10
−

2
0.

32
50

.1
1

0.
14

−1
.7

4
1.

20
×1

0−
1

1.
12

0.
3

6.
60

×1
0−

1
0.

68
0.

41
2.

10
×

10
−

2
0.

17
0.

78
5.

50
×1

0−
1

1.
29

2.
01

1.
80

×
10

−
5

0.
44

50
.4

7
0.

14
−

2.
18

2.
60

×
10

−
2

0.
96

0.
59

3.
70

×1
0−

1
0.

65
0.

1
8.

90
×1

0−
1

0.
74

0.
55

4.
10

×1
0−

1
0.

66
1.

7
1.

20
×1

0−
1

1.
07

51
.1

4
0.

14
−0

.8
6

8.
40

×1
0−

2
0.

49
−0

.4
6.

00
×1

0−
2

0.
21

1.
21

1.
50

×
10

−
6

0.
23

1.
57

2.
00

×
10

−
14

0.
17

51
.4

8
0.

14
−

1.
19

1.
60

×
10

−
2

0.
48

0.
55

3.
40

×
10

−
4

0.
15

1.
29

1.
90

×
10

−
7

0.
23

51
.6

7
0.

14
−2

.0
5

7.
20

×1
0−

2
1.

12
0.

38
5.

80
×1

0−
1

0.
69

1.
1

3.
80

×
10

−
5

0.
25

1.
53

1.
80

×
10

−
13

0.
17

−1
.2

7
2.

40
×1

0−
1

1.
08

51
.9

9
0.

14
−

2.
32

5.
00

×
10

−
19

0.
2

1.
92

4.
40

×
10

−
4

0.
52

2.
75

9.
40

×
10

−
14

0.
3

52
.9

0.
13

−
1.

11
2.

50
×

10
−

2
0.

48
1.

29
3.

90
×

10
−

7
0.

23
1.

69
4.

10
×

10
−

17
0.

16
53

.8
0.

14
−1

.8
4

1.
10

×1
0−

1
1.

15
−0

.2
8

6.
70

×1
0−

1
0.

66
2.

34
4.

40
×

10
−

2
1.

14
2.

77
1.

30
×

10
−

13
0.

31
56

.1
1

0.
15

−
4.

08
2.

50
×

10
−

17
0.

37
0.

92
3.

70
×

10
−

3
0.

31
2.

47
1.

80
×

10
−

13
0.

28
59

.9
1

0.
15

−
1.

86
5.

00
×

10
−

4
0.

51
−

0.
39

2.
90

×
10

−
2

0.
18

1.
83

1.
20

×
10

−
15

0.
18

62
.9

2
0.

15
−

2.
99

7.
70

×
10

−
52

0.
08

1.
84

2.
50

×
10

−
15

0.
19

67
.9

0.
17

−2
.2

8
7.

30
×1

0−
2

1.
25

1.
33

7.
20

×1
0−

2
0.

73
1

1.
20

×
10

−
10

0.
13

−
3.

08
7.

00
×

10
−

3
1.

11
69

.3
4

0.
16

−0
.1

6
7.

40
×1

0−
1

0.
48

0.
95

4.
50

×
10

−
10

0.
13

−
1.

15
1.

50
×

10
−

3
0.

35
73

.6
1

0.
17

1.
04

8.
50

×
10

−
3

0.
38

−
0.

59
1.

50
×

10
−

2
0.

24
0.

97
9.

30
×

10
−

10
0.

14
77

.8
4

0.
17

0.
86

3.
10

×
10

−
2

0.
39

1.
1

3.
90

×
10

−
12

0.
13

10
7.

02
0.

27
−

2.
18

3.
40

×
10

−
3

0.
72

−0
.4

1
9.

00
×1

0−
2

0.
24

−
1.

96
1.

30
×

10
−

5
0.

42
10

7.
95

0.
27

−
3.

61
2.

60
×

10
−

2
1.

59
0.

99
3.

20
×1

0−
1

0.
98

−0
.5

5.
40

×1
0−

2
0.

25
−

3.
42

2.
60

×
10

−
2

1.
51

10
8.

02
0.

27
−

3.
35

4.
00

×
10

−
24

0.
23

−
1.

98
1.

40
×

10
−

5
0.

43
10

9.
9

0.
27

−
3.

9
1.

80
×

10
−

2
1.

62
0.

32
7.

40
×1

0−
1

0.
94

−2
.4

5
9.

60
×1

0−
2

1.
45

11
0.

8
0.

27
−

1.
21

2.
00

×
10

−
5

0.
27

−
1.

19
5.

60
×

10
−

5
0.

28
11

1.
18

0.
28

−0
.3

7
6.

10
×1

0−
1

0.
72

−
1.

15
1.

10
×

10
−

4
0.

28
−0

.3
1

2.
10

×1
0−

1
0.

25
12

4.
85

0.
33

−1
.0

7
1.

70
×1

0−
1

0.
77

−0
.4

4
1.

00
×1

0−
1

0.
27

43



Table 7: The value of variance inflation factor (VIF) of candidates models in open channel
flow.

Model
No. log /wsu i* log Rf log pR logSe logH/Ds

3 3.094 3.094 1.001
4 6.045 3.951 2.192
5 3.923 2.640 1.849
6 2.485 2.526 1.031
7 3.958 7.480 4.362

VIF

Es,open = 10−1.16
(
u∗i
ws

)2.75

R1.93
f

(
H
Ds

)−0.40

. (51)

6.2 Result of turbidity currents with uniform grains

Total 25 data of turbidity currents with uniform grains was analyzed. The relationship

between the observed entrainment rate cae and each parameters was shown in Figure 11.

The observed concentration of suspended particles at 0.05H of the flow has not over the

range of 10−3–10−2. The parameters of dimensionless competence shear velocity u∗i/ws

is in the range from 1–10, the other parameters S e, Rf, Rp, and H/DS are in the range

of 10−2–1, 10−2–1, 1–10, and 102–104, respectively. As described above, considering the

energy slope S e was excluded in the analysis of turbidity currents.

Comparison between data sets pertaining to open channel flows and turbidity currents

are shown in Figure 11. The datasets of open channel flow represents a obvious trend

of the correlation between parameter u∗i/ws, energy slope S e to the equilibrium near-bed

concentration cae. Because the parameters u∗i/ws and ca in datasets of the experiments of

turbidity currents show very small ranges (from 1 to 10 and from 10−3 to 10−2 respectively,

it was difficult to observe clear trends in relations of these parameters with entrainment

rates. However, it is obvious that the distributions of those parameters in the parametric

space are different from those of open channel flow data.

At the equilibrium condition, energy slope S e is supposed equal to slope. However, the

value of S e is extremely deviate from value of S (see dataset of Garcia and Parker (1993)

in Table 2, and dataset of this study in Table 4, 5).

As a result, the model No.3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15 were excluded at

44
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Table 9: The value of variance inflation factor (VIF) of candidates models in turbidity
current.

Model
No. log /wsu i* logRf log pR
1 6.089 6.089
2 6.158 6.158

VIF

the significant level of 0.05. Whereas only the model No.1 and 2 were candidates as the

best model. The value of CV in both two models are 0.06, and the value of AIC in the

two models are −4.78, −4.57, respectively. The VIF of two models were shown in Table 9.

Both model uses the two dimensionless variales, and takes the form:

Model No.1 : Es = 10−4.46R2.31
p

(
u∗i
ws

)1.67

, (52)

Model No.2 : Es = 10−1.14R2.52
f

(
u∗i
ws

)1.67

. (53)

In the two models, both the value of VIF approximate to 6 that is below the criterion of

the multicollinearity.

The model selection method based on AIC suggest the model 1 as the best model.

However, considering the dataset of turbidity current was using the light particles with very

small grain-size range, the model 2 which uses parameter Rf may show a better prediction

for larger grain-size case. In both models, it was indicated that the exponent of u∗i/ws was

1.67 in both model, which is obviously smaller than that in open channel flow type.

6.3 Result of non-uniform sediment

Total 118 data of non-uniform grains was analyzed into 7 models. The relationship be-

tween the observed entrainment rate cae and each parameters was shown in Figure 12.

The observed concentration of suspended particles at 0.05H of the flow are in the range

of 10−5–10−1. The parameters of proportion of ith size grains at bed Pi are in the range

from 10−2–10, the dimensionless relative grain-size Di/D50 are in the range from 10−1–1,

the coefficient of grain-size deviation λ are around a value of 0.8. It is obvious that the

dimensionless parameter Pi reveal a primary correlation to entrainment rate.
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Fig. 12: The relationship between each parameters and the measured value of near-bed con-
centration with non-uniform sediment. Figure 12(a)(b)(c) represent the correlation between
near-bed concentration and dimensionless relative grain-size Di/D50, the proportion of ith
size grains at bed Pi, the coefficient of grain-size deviation λ, respectively.
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As described above, the statistical analysis of non-uniform sediment was conducted

based on the combined datasets pertaning to both types of flows, because number of datasets

pertaining to turbidity currents are too small to analyze independenty. The details of each

model was shown in Table 10.

Based on the entrainment rate function for uniform grains, the combination of the three

parameters Pi, Di/D50 and λ produced 7 models. The values of AIC of model No.1, 2, 3, and

4 show narrow range, and these model were all containing the parameter Pi, which shows

significance of Pi for estimating the entrainment rate of individual grain-size classes. The

model No.4 used only Pi, and No.6, 7 used individual parameter of Di/D50, λ, respectively.

The value of CV suggests that model No.4 using one parameter of Pi with a exponent

of 1.24 is best model for predicting, whereas the AIC of other models suggest different

estimation.

The result suggested that new empirical function for non-uniform grains follow the

relationship as:

Model No.4 : Es,i = Es,uniP1.24
i , (54)

for considering Pi is the primary parameter above all which also has the smallest CV. On

the other hand, the relationship can also be suggested as:

Model No.1 : Es,i = Es,uniP1.36
i

(
Di

D50

)−0.95

λ2.50 , (55)

for considering the model has smallest AIC.

The result revealed that proportion of each grain-size class on the bed Pi is the primary

and only dominant parameter between entrainment rate function from uniform grains ap-

plied to non-uniform grains. Under the thought that flow condition gives no influence of

bed material proportion, the exponent, standard error and 95% confidence interval of Pi are

1.24, 0.06, [1.12, 1.36], respectively with two types of flow combined condition.

The value of Pi will be always ≤ 1, so the individual value of entrainment rate of each

grain-size will not exceed the value of uniform grain-size. If the Pi value is very close to 1,

which means the grains-size distribution narrow down to a uniform case, then the value of

entrainment rate of non-uniform grain-size particles approach with the uniform grain-size

case.
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Table 11: Comparision between proposed function and previous functions with uniform
grain-size particles in open channel flows.

k n AIC Jlog

Es,open 3 79 47.80 8.97
Es (Garcia and Parker, 1991) 2 79 92.13 13.41
Es (Dorrell et al., 2018) 3 79 98.26 13.95
Es (van Rijn, 1984) 3 79 112.81 16.77

Table 12: Comparision between proposed function and previous functions with uniform
grain-size particles in turbidity currents.

k n AIC Jlog

Es,turbi 2 25 -4.57 1.76
Es (Garcia and Parker, 1993) 2 25 61.86 12.58
Es (Dorrell et al., 2018) 3 25 63.38 11.80
Es (van Rijn, 1984) 3 25 53.75 8.03

6.4 Comparison of new function with previous study

The empirical functions of entrainment rate proposed in previous study were analyzed with

this new function. The statistical criterion value between observation and prediction was

calculated, by sum of squared residuals (the value between empirical function of Es and

observed equilibrium near-bed concentration cae in logrithmic form Jlog) and AIC.

With regard to the open channel flow condition with uniform grains, the fuction pro-

posed in this study shows the best performance comparing to previous studies. Although

prediction of three pre-existing function shows relatively good fittness with the observa-

tion, predictions by Dorrell et al. (2018) and van Rijn (1984) represent a overestimating

trend (Figure 13). The statistical criterion value of AIC and Jlog in each estimation was

under inspected (Table 11). The value of AIC in the new function (Equation 51), Garcia

function (Equation 20), Dorrell function (Equation 19) and van Rijn function (Equation 15)

are 47.80, 92.13, 98.26, and 112.81, respectively. The Jlog value of the four functions are

8.97, 13.41, 13.95, and 16.77, respectively.

With regard to the turbidity current condition with uniform grains, the newly proposed

function here also shows the best performance comparing to previous three functions,

whereas all predictions including this study show larger deviation from observed values

(Figure 14). The statistical criterion value of AIC and Jlog in each estimation was under
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Fig. 13: Comparision between proposed function and previous functions with uniform
grain-size particles in open channel flows.
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Table 13: Comparision between proposed function and previous functions with non-
uniform grain-size particles.

k n AIC Jlog

Esi 2 118 214.0 44.2
Esi (Elhakeem and Sattar, 2015) 5 118 356.4 128.7
Esi (Dorrell et al., 2018) 3 118 311.1 91.5
Esi (Wright and Parker, 2004) 4 118 286.2 71.8

inspected (Table 12). The value of AIC in the new function (Equation 53), Garcia func-

tion (Equation 20), Dorrell function (Equation 19) and van Rijn function (Equation 15) are

−4.57, 61.86, 63.38, and 53.75, respectively. The Jlog value of the four functions are 1.76,

12.58, 11.80, and 8.03, respectively. The questions in this fitness is discussed In Section 7.

In the non-uniform grain-size case, the new function (Equation 55) obtained from dataset

that combined two types of flow was compared with the pre-existing empirical functions

from Elhakeem (Equation 26), Dorrell (Equation 19) and Wright (Equation 24).

From comparison result of all functions, the new empirical function suggested a better

estimation of entrainment rate judging from the values of information criterion (Table 13).

The prediction value of this function with non-uniform grains agreed the observation value

better than previous research both in open channel flows and turbidity currents (Figure 15).
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7 Discussion

7.1 Comparison of the entrainment function for open-channel flows
with previous studies

Comparing to previous studies, this research is characterized by the automated selection

of the combinations of model input variables by using the information criteria. It was

indicated that the new function of entrainment rate in open channel flows show the better

fitness between the observed value of near-bed concentration and the predicted entrainment

rates than previous studies (Figure 13). In this study, the residuals from the prediction are

evenly distributed above and below in any value range (Figure 13). In contrast, the function

of Dorrell et al. (2018) have an overestimation in all range of cae. The functions of Garcia

and Parker (1991, 1993) and van Rijn (1984) are less biased, but they show larger variance

than the function proposed in this study. The AIC also represents that the new funcion

of Es,open has the better generalized performance. In summary, the new function can be

expected to provide more precise predictions of entrainment rates for unknown data above

all the other existing functions.

It is also noteworthy that the approach of this study can be easily improved when ad-

ditional data set becomes available. Since the selection of significant model variables are

not arbitrarily chosen in this study. In the previous research, the selection of variables were

depended on insights of researchers with trials and errors that requires larger efforts to re-

searchers. In contrast, automated approach of this study is promising to be more efficient

for future expansion to unknown variables and data sets.

7.2 Physical significance of input variables chosen in the new functions

The new function proposed in this study was established by purely empirical approach, but

dimensionless variables chosen by the model selection provides several insights to con-

sider governing factors of the sediment entrainment process. First, the primary variable for

predicting entrainment rate was the dimensionless competence shear velocity u∗i/ws. This

variable was adopted in all of the empirical functions of previous research, but its exponent

was highly variable. The exponent of u∗i ranges from 3 to 10 fixed in existing functions

(Akiyama & Fukushima, 1985; Parker et al., 1987; Garcia & Parker, 1991; Izumi et al.,

2003). The force balance theory predicted that the value 3 is appropriate for estimating ca-
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pacity of suspension (Celik & Rodi, 1991; Garcia, 2008; Dorrell et al., 2018), but it was not

proved that this value is effective also for the entrainment rate at the specific reference level

in the flow. The result of this study proposed that the exponent of u∗i is roughly 2.8, which

is close to this physical prediction. Thus, the result of this study provides a supportive ev-

idence to the force-balance theory. Also, this physical plausibility may give possibility of

validity of the function even when it is applied to the condition that is out of the range of

observational data.

Also, the exponents of u∗i in the new functions of open channel flow and turbidity

current were largely different. Although the cause of difference in entrainment rates is

unknown, this result may be attributed to difference in the vertical profile of flow velocity

between different flow types. The result of this study casts a question about the applicability

of the function established from the open channel data to the turbidity currents.

Secondly, it was revealed that the entrainment models using H/Ds or S e tend to be se-

lected by the information criteria, that is, the flow height H is also an influential variable

on sediment entrainment rate. In some previous research, the flow thickness was excluded

from the input variables of the function (Akiyama & Fukushima, 1985; Parker et al., 1987;

Garcia & Parker, 1991), or fixed at −1 (Dorrell et al., 2018). Again, this highlights the

difference between open channel and density flows. In turbidity current where water en-

trainment at the surface between the flow and ambient water occurs, it is hard to decide the

clear boundary between them. If based on the logrithmic relationship between u∗i and U,

the H should be valued by the distance from bed to the horizon of the velocity maximum.

Thirdly, the variable Rf tends to be judged better than Rp in the model selection. Particle

Reynolds number Rp is not appropriate for considering the parametric space wider than the

datasets, because the value of Rp grows extremely large value as grain diameter increases.

In contrast, the variable Rf has advantage in extending the entrainment rate function in all

grain-size without overestimate. The particle Reynolds number was widely used in many

fields, but it will generate contradiction in predicting the sediment entrainment. On the

other hand, Rf makes a more smooth fitness of entrainment rate, especially in the gravel

regime of grains (Figure 16 and Figure 17) .

In previous studies, it was suggested that Es positively correlates with Rp (Garcia &

Parker, 1991; Wright & Parker, 2004a), which generated a paradox that the larger grains

are entrained at higher rate. The new function Es that is correlated to Rf solve this problem
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Fig. 16: The difference between Rp and Rf with the dimensionless density at 1.65 and 0.45
under 20°C.
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Fig. 17: The difference between Rp and Rf with the dimensionless density at 1.65 and 0.45
under 20°C.
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Fig. 18: The empirical functions of uniform grain-size particles under the conditions of D =

0.2 mm, H = 5 m, at 20°C. The prediction of entrainment rate in turbidity current condition
used Equation 52.

because Rf becomes nealy constant as grain size becomes larger. Also, this is not sup-

portive to the thought that grain-size has no influence on entrainment rates of suspension

(Eggenhuisen et al., 2017).

7.3 Application of the new function to natural flows

When the empirical functions are applied to conditions in wider range in velocity, most of

previous functions predict extremely large entrainment rates (Figure 18, Figure 19). Com-

pared with the pre-existing functions, however, the new function of Es,open shows a rea-

sonable values smaller than the function proposed by Garcia and Parker (1991), whereas it

shows a parallel curve to the function proposed by Dorrell et al. (2018). The function of

van Rijn (2007) showed a similarity to the prediction of Garcia and Parker (1991) with a

smaller value. As a summary, the entrainment rate will take a maximum value of 0.3 and

0.05 even the flow velocity less than 4 m/s, based on the empirical function of Garcia and

Parker (1993); van Rijn (2007), respectively. On the other hand, new function from this

study and the prediction of Dorrell et al. (2018) shows a smooth curve along flow velocity.

On the other hand, the dataset of turbidity current was in a very small range of flow
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Fig. 19: The empirical functions of uniform grain-size particles under the conditions of D =

0.2 mm, H = 5 m, at 20°C. The prediction of entrainment rate in turbidity current condition
used Equation 53.

velocity (< 30 cm/s), and the entrainment rate of particles was obviously larger than the

predictions from previous research in this regime. The entrainment rate function shows a

smaller value of which using Rf than using Rp.

The relationship between predicted entrainment rate and grain-size of uniform particles

was shown in Figure 20 and Figure 21. It is obvious that the new function has similar value

and trend with the empirical function proposed by Dorrell et al. (2018) in open channel flow

type.

Under a certain condition (U = 1 m/s, H = 0.5 m, at 20°C), the function of van Rijn

(2007) suggested that only the particles smaller than 1.7 φ can be entrained, and the flow

concentration maitains 0.002 even particle grain-size close to silt size. The empirical pre-

diction of Garcia and Parker (1993) suggested the minimum value of entrainment rate at

0.001 by the grain-size around roughly 1.2 φ. However, no matter the particles grain-size

bigger or smaller than 1.2 φ, the value of entrainment rate will increase, even the particles

grain-size close to gravel size.

On the other hand, the prediction of entrainment rate in turbidity current from Equation

52 used Rp shows a value more than 1 in the grain-size range from -0.5 to -1.8 φ, which
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Fig. 20: The empirical functions of uniform grain-size particles in a grain-size range under
the conditions of U = 1 m/s, H = 0.5 m, at 20°C. The prediction of entrainment rate in
turbidity current condition used Equation 52.
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Fig. 21: The empirical functions of uniform grain-size particles in a grain-size range under
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is totally impossible. The Equation 53 used Rf shows a reasonable prediction for particles

bigger than 0 φ. The predicted flow concentration has a maximum value around 0.02 for

grain-size in 0–4 φ range, which is also rational.

Applicability of the new function in wider range of grain-size distribution may make it

possible to develop the morpohdynamic models of sediment sorting for considering transi-

tion from gravel-bed to sand bed rivers. This phenomenon was interpreted to relate to onset

of deposition of suspended load, but the modeling was difficult because the previous func-

tion cannot be applied to the mixture of sand and gravels. Also, the new function provides

physically plausible estimates for very high-velocity flows without any artificial thresholds,

suggesting that it is appropriate to apply destructive flows such as tsunamis or megafloods.

7.4 Future task

The problem in the entrainment function proposed here is the narrow range of the observed

parameters u∗i/ws, which is not enough to apply for suspended loads in a large-scale flow

such as tsunamis or turbidity currents. Especially in turbidity currents cases, it is difficult

to perform experiments with very large or small entrainment rates of particles due to limi-

tation of experiment facilities. Therefore, the entrainment rates in turbidity currents cases

have a very small range (from 10−3–10−2 in measurement), and the relationship between

entrainment rates and u∗i/ws was ambiguous. Thus, the extrapolation of the empirical func-

tion is currently inevitable for such purposes. To this end, it is necessary to conduct in-situ

measurements of turbidity currents or tsunamis with highly accurate facilities for sediment

concentration.
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8 Summary

Multiple regression analysis with model selection using the information criteria and cross-

validation were used to establish new entrainment functions for predicting entrainment rate

of suspended load. The new functions show the better fit to the observation than previ-

ous studies, as well as the variables completely employed in the function provides several

insights for understandings of entrainment processes. The result shows that the dimen-

sionless competence shear velocity u∗i and the dimensionless settling velocity Rf as well

as the dimensionless flow height H/Ds have the dominant influence on the entrainment.

The empirical exponent of the shear velocity confirmed the theoretical assumptions of the

force-balance model of suspended load.

In addition, result of this study suggests that the function cannot directly expand from

open channel flows to turbidity currents. Statistical analysis indicated difference in trends

of entrainment between two types of flows. The new function resolved the questions in

previous research, and gives a statistical answer which is still reasonable and consistent

between different types of flows and grains.
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Appendix

Experimental data sets

Two kinds of tables were shown in this appendix.

In individual experiment, the first type of table shows the mass information of samples

from mixing-tank and each layer of siphon. Mc, Ms, and Md denote the mass of con-

tainer, suspension with container, dried sediment with container, respectively. c (wt%) and

c (vol%) indicate the total wight concentration and total volumetric concentration.

The second type of table shows the volumetric concentration c (vol%) at different el-

evation z of flow in each grain-size range. As an explanation, the concentration value of

a given grain-size describes the interval before its grain-size. For example, in Appendix

Table 2 the value of volumetric concentration under 3 φ at z = 0 is 0.86, which means the

volumetric concentration between 2.8 φ–3 φ at z = 0 is 0.86%.
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Notation

a reference level for near-bed
A, B constant parameters in sediment entrainment relations
Bs roughness function
c local sediment concentration
ca sediment concentration at the near-bed
cae sediment concentration at the near-bed under equilibrium condition
cu Kramer coefficient of uniformity
C layer-averaged concentration
Ci layer-averaged sediment concentration in ith size range
C1,C2 constant parameters in sediment settling velocity relations
D sediment diameter
D∗ dimensionless diameter of sediment
Di characteristic geometric diameter of i-th size range
Ds geometric diameter of representative sediment grains
D5 sediment diameter such that 5% of the bed material is finer
D50 median diameter of sediment
D95 sediment diameter such that 95% of the bed material is finer
E sediment entrainment rate
Es dimensionless entrainment rate
Es,i dimensionless entrainment rate in ith size range
Es,open dimensionless entrainment rate in open-channel flow
Es,turbi dimensionless entrainment rate in turbidity current
Es,uni dimensionless entrainment rate in uniform flow
g gravity acceleraton
Gs specific gravity of the sediment
H flow thickness
Jlog sum of squared residuals from least squares method
k number of parameters in the model of AIC
ks roughness height
lmax maximum log-likelihood value
m exponent describing hiding effect
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Mc mass of container
Md mass of dried sediment and container
Ms mass of suspension and container
n size of dataset used in information criteria
Pi volume fraction of bed materia in ith size range
r0 ratio of near-bottom concentration to the layer-averaged sediment concentration
R submerged specific density of sediment
Rf dimensionless settling velocity
Rp particle Reynolds number
S bed slope
S e energy slope
U layer averaged velocity
u, v horizontal velocities
u∗ shear velocity
u∗i competence shear velocity
u∗ci critical shear velocity for incipient motion
uz local flow velcoity
w vertical component of flow velocity
ws settling velocity of sediments
wsi settling velocity of sediments of ith size range
x, y horizontal coordinates
z vertical coordinate
Z Rouse number
β empirical coefficient in sediment diffusion relations
∆x distance between locations where two arrays of siphons
∆ bed-form height
ε regression residual
ε eddy viscocity of the fluid
εxs, εys, εzs diffusion coefficients along the x, y, and z axes
κ von Karman constant
λ coefficient of grain-size deviation
ν kinematic viscosity of water
ρ f density of fluid
ρs density of sediment
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σ standard deviation on phi-scale of bed material
τc critical Shields stress of the sediment
τ∗g Shields stress of D50

τ∗cg critical Shields stress of D50
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