GLOBAL DYNAMICS OF SOLUTIONS WITH GROUP
INVARIANCE FOR THE NONLINEAR SCHRODINGER
EQUATION

TAKAHISA INUI

ABSTRACT. We consider the focusing mass-supercritical and energy-subcritical
nonlinear Schrodinger equation (NLS). We are interested in the global behavior
of the solutions to (NLS) with group invariance. By the group invariance, we can
determine the global behavior of the solutions above the ground state standing
waves.
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1. INTRODUCTION

1.1. Background. We consider the focusing mass-supercritical and energy-subcritical
nonlinear Schrodinger equation:

10w + Au+ |ulPlu =0, (t,z) € R x R4,
(NLS) Lo s v € R,
where d € Nand 1 +4/d < p <1+4/(d—2). Note that we regard 1+ 4/(d — 2)
as oo if d = 1,2. It is known (see [19] and the standard texts [, &7, B5]) that this
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group invariance.
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equation (NLS) is locally well-posed in H'(RY) and the energy, the mass, and the
momentum, which are defined as follows, are conserved.

1 2 1 1
(Encrgy) Blu) i= 5 IVullfs = — Jall
(Mass) M (u) = |lull72,
(Momentum) P(u):=Im [ wu(x)Vu(z)dz.
Rd

Since a pioneer work by Kenig and Merle [25], many researchers have studied
the global dynamics for (NIS). For the 3d cubic Schrédinger equation, Holmer and
Roudenko [21] proved that the following two statements hold if the initial data ug €
H' is radially symmetric and satisfies the mass-energy condition M (ug)E(ug) <
M(Q)E(Q) where @ is the ground state solution.

o |lwoll 22 [Vuollz2 < Q2 [[VQ]| ;2 = the solution scatters.
o |lwoll 2 | Vuoll 2 > |@Qll 2 V@] ;2 = the solution blows up in finite time.

For the non-radial solutions, Duyckaerts, Holmer, and Roudenko [I2] obtained the
scattering result and Holmer and Roudenko [22] proved that the solutions in the
above blow-up region blow up in finite time or grow up at infinite time. Fang, Xie,
and Cazenave [I8] extended the scattering result and Akahori and Nawa [[l] extended
both the scattering and the blow-up result to (NLS). To explain their result in detail,
we introduce some notations. Let w be a positive number. We define the action S,

by

Sul) = Ble) + S M(p).

We also call this action mass-energy. Moreover, let K denote the functional which
appears in the virial identity (see (II)), that is,

2 p—1
K () == 0r(Su(¢™)r=0 = p IVel[72 — | lellts

where ©*(z) := e*¢(ea*z). We consider the minimizing problem

l, = 1nf{S,(p) : ¢ € H'(RY)\ {0}, K(¢) = 0}.
It is known that there exists a unique radial positive solution @), of the elliptic
equation
—Ap+wp — ol =0,

and it attains the minimizing problem [, that is, [, = S,(Q,,) and K(Q,) = 0 hold
(see [@4, A K, B7]). Fang, Xie, and Cazenave [I8] proved (1) and Akahori and Nawa
[M] proved both (1) and (2) in the following theorem. See also (1.26) in [1] for the
setting by the frequency w.

Theorem 1.1. Let w > 0, uy € H(RY) satisfy S, (ug) < Lo, and u be the solution
of (INLS) with the initial data ug. Then, the following statements hold.
(1) If K(ug) > 0, then the solution u scatters.
(2) If K(ug) < 0, then the solution u blows up in finite time or grows up at
infinite time. More precisely, one of the following four cases occurs.
(a) u blows up in finite time in both time directions.
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(b) w blows up in positive finite time and w is global in the negative time
direction and limsup,_,_ [|[Vu(t)]| ;. = oo.

(¢) u blows up in negative finite time and w is global in the positive time
direction and limsup,_, ||[Vu(t)]| ;. = oo.

(d) u is global in both time directions and limsup,_, , . ||Vu(t)| ;2 = oo.

For other studies of global dynamics of dispersive equations, see [I6, &1, 7] (other
global dynamics of (NLS)), [25, [5, B3, B0, U, 40] (energy-critical NLS), [31, 29, [10]
(mass-critical NLS), [88, BY, 27] (mass-subcritical NLS), [26, [4, [3] (wave equations),
[23, 28, A2, 24] (nonlinear Klein-Gordon equations), and references therein.

We apply Theorem [T to the even and odd solutions of (NLS) in the one di-
mensional case, i.e. d = 1. For even solutions, Theorem [ is optimal since we

have

lnf{Sw((,D) : 90 € Helven(R) \ {0}7 K((ID) = 0} = lUJ?
where H! (R) = {p € HYR) : ¢(x) = o(—x)}. On the other hand, for odd
solutions, Theorem I is not optimal. Indeed, by an easy calculation, we can show

inf{S.(¢) : ¢ € Hogy(R) \ {0}, K (¢) = 0} = 2L,

where H!,,(R) = {p € H'(R) : ¢(z) = —p(—x)}. Thus, we expect that we can
determine the global behavior of the odd solutions such that S, (u) < 2, by the
functional K.

Noting that the odd solutions can be regarded as the invariant solutions by the
action of a group (see the following section), we expect that we can determine the
global behavior of the invariant solutions by the action of more general group whose
mass-energy S,, is larger than [,. In the present paper, we weaken the condition
Sw < l, in Theorem [ by group invariance.

1.2. Main Result. We are interested in the global behavior of the solutions with
group invariance for (NIS). Let O(d) denote the set of d x d orthogonal matrices,
i.e.
O(d) :={R € My(R) : R"R = 1.},
where the transpose of a matrix A is written by A” and Z,; denotes the d x d identity
matrix. R/27Z x O(d) is a group with the binary operation (+,-). Let a subgroup
G of R/277Z x O(d) satisfy the following assumption throughout this paper.
(A). For (01,G1), (02,G2) € G, if G; = Gs, then we have 6 = 0,.
Due to the assumption (A), we can use the notation G without confusion to denote
not only a matrix but also an element of G. For a subgroup G of R/277Z x O(d), we
say that a function ¢ is G-invariant (or with G-invariance) if p = Gy for all G € G,
where Gp(x) = e (9 o GV)(z) = e Pp(G1x) for G = (0,G) € R/27Z x O(d).
For example, the radial functions are the invariant functions by the action of the
group G = {(0,G) : G € O(d)} and the odd functions are the invariant functions by
the action of the group G = {(0,Z,), (r, —Z;)}. We define the Sobolev space with
G-invariance by
H = {pc H' (R : o = Gp,¥G € G}.
If the initial data ug belongs to H}, then the corresponding solution to (NLS) is also
G-invariant since the Laplacian A is invariant for group actions by R/277Z x O(d)
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and (NLS) is gauge invariant. We remark that if (A) does not hold, then the results
in the present paper is trivial since we have H}, = {0}.
For a subgroup G of R/277Z x O(d), we consider the restricted minimizing problem

I = inf{S,(¢) : ¢ € Hg \ {0}, K(p) =0},
and we define subsets ., in H'(R?) by

Aoty =1 € Hy: Sul) <15, K(p) = 0},
Hew =1 € Hg 1 Sulp) <15, K(p) <0}
We define a critical action for the data with G-invariance by
SG :=sup{S € (—00,l5] : Vyp € K Sulp) < S
= the solution to (NLS) with the initial data ¢ belongs to L*(R : L"(R%))}.

See (B) below for the definition of o and r. We remark that v € L*(R : L"(R?))
implies that the solution u scatters (see Proposition B2). Here, we say that the
solution u to (NIS) scatters if and only if there exist ¢4 € H*(R?) such that

|u(t) — e“AgpiHHl — 0 ast — Fo0,

where e*® denotes the free propagator of the Schrodinger equation.
Our aim in the present paper is to prove the following theorem.

Theorem 1.2. Let w > 0, G be a subgroup of R/27Z x O(d), ug € H} satisfy
Sw(ug) < 1S, and u be the solution of (NLS) with the initial data ug. Then, the
following statements hold.

(1) In addition, we assume either that (i) G is a finite group or that (ii) G is
an infinite group such that the embedding HY, — LPTY(RY) is compact. If
K (ug) >0, then the solution u scatters.

(2) If K(ug) < 0, then the solution u blows up in finite time or grows up at
infinite time. More precisely, one of (a)-(d) in Theorem I occurs

If G = {(0,Z,)}, then Theorem I is nothing but Theorem [T (IR, 1]). The-
orem [ means that we can classify the solution whose mass-energy is larger than
that of the ground state standing waves into scattering and blow-up (grow-up) by
group invariance. For example, in the one dimensional case, we can determine the
global behavior of the odd solutions whose mass-energy is smaller than 2[, by the
functional K. See Appendix B for other applications of Theorem 2.

Remark 1.1.

(1) For Theorem 2 (1):
(i) If G is finite, then the embedding H}, — LPTY(RY) is not compact.
(ii) If G satisfies that for all x € R¥\ {0}, Gz := {Gx : G € G} has infinitely
many elements, then the embedding H} — LPTYH(R?) is compact (see [3]).
(iii) In the case that G is an infinite group such that the embedding H —
LPTY(RY) is not compact, the scattering result for the solutions with G-
muvariance is an open problem.
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(iv) The solution near a scattering solution scatters. Thus, the solution near
a large scattering solution with a group invariance also scatters even if
1t 18 mot group invariant.

(2) For Theorem 2 (2):
(i) If the solution blows up in finite time, then |Vu(t)||;. diverges at the
maximal existence time by the local well-posedness.

(i) If G = {(0,G) : G € O(d)}, that is, the solution is radially symmetric,
then the solution blows up in finite time in both time directions. See [43]
and [21, Theorem 1.1 (2)].

(iii) If the initial data ug satisfies |r|ug € L*(RY), then the corresponding
solution u blows up in finite time in both time directions. This statement
follows from Glassey’s argument (see [20]) and the virial identity

d2
(L.1) e lwu(t)2: = 44K (u().

See [B6] for other sufficient conditions to blow up.

(iv) For the cubic nonlinear Schrédinger equation in two dimensions, Martel
and Raphaél [37] obtained a grow-up solution. However, it is not known
whether a grow-up solution ezists or not for (INLS).

In the present paper, we mainly prove Theorem 2 (1) since (2) follows from the
result of Du, Wu, and Zhang [I1]. To prove Theorem 2 (1), we prove the following
Proposition 3. To state it, we prepare some notations.

We say that a subgroup G’ of G satisfies (*) if there exists a sequence {z,} C R?
such that

{z, — G'x,} is bounded for all ¢’ € ¢,
|z, — Gx,| = 00 asn — oo, forall G € G\ G'.

A subgroup G’ of G satisfying (x) is the stabilizer subgroup with respect to some
x € R%. For a finite group G, we define
G : #G

s¢
m. = min
“ G'CG satistying (*) #G/ w?

where # X denotes the number of the elements in a set X.

Proposition 1.3. Let w > 0, G be a subgroup of R/27Z x O(d), ug € H} satisfy
Sw(ug) < 1S, and u be the solution of (NLS) with the initial data ug. In addition, we
assume one of the following.

(1) G is a finite group and ug satisfies S,,(ug) < m&

(ii) G is an infinite group such that the embedding Hf, — LPT1(RY) is compact.

Then, the solution u scatters if K(ug) > 0.

For an infinite group G such that the embedding H}Y < LP™(RY) is compact,
Theorem T2 (1) is nothing but Proposition [3. On the other hand, for a finite
group G, we add to assume that S, (ug) < m& in Proposition 3. We will prove
m& > 1S by an induction argument. See Section A=3.
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1.3. Idea of proof. Theorem 2 (1) (i) follows from Proposition [=3 (i) and Noether’s
induction argument and Theorem I3 (1) (ii) is equivalent to Proposition I3 (ii). The
proof of Proposition =3 is based on the contradiction argument by Kenig and Merle
[25]. That is, we find a critical element, whose orbit is precompact in H}, by assum-
ing that Proposition I3 fails and using a concentration compactness argument, and
we eliminate it by a rigidity argument. In the argument, we use the non-admissible
Strichartz estimate, which was also used in Fang, Xie, and Cazenave [I8]. However,
unlike [IR] and [[], we use a linear profile decomposition lemma for functions with
group invariance to extend the mass-energy condition. See Proposition B in the
case that G is finite. That is why we need to modify the construction of a critical el-
ement and the rigidity argument. If G satisfies that the embedding H}, — LPT1(R?)
is compact, we can eliminate the translation parameter in the linear profile decom-
position by the compactness of the embedding. In this case, the same argument as
in the radial case does work.

The blow-up part, Theorem 2 (2), follows directly from the result of Du, Wu,
and Zhang [I1].

The rest of the present paper is organized as follows. In Section 2, we reorganize
variational argument for the data with G-invariance and show the blow-up result,
Theorem 2 (2), by the method of [IT]. Section 3 is devoted to preliminaries for
the proof of the scattering result, Theorem T2 (1). In Section 4, we consider the
case that G is finite. In Section 4.1, we show the linear profile decomposition lemma
for functions with the finite group invariance, which is a key ingredient. In Section
4.2, we prove Proposition I3 (i) by constructing a critical element and the rigidity
argument. In Section B3, we derive Theorem T2 (1) (i) from Proposition I3 (i)
by Noether’s induction argument . In Section B, we prove Proposition =3 (ii) (or
equivalently Theorem T2 (1) (ii)). The proof is similar to in the radial case. We
collect useful lemmas in Appendix A. In Appendix B, we introduce some applications
of Theorem 2.

2. VARIATIONAL ARGUMENT AND BLow-UP RESULT

Lemma 2.1. If K(p) > 0, then we have

1 2 w 2 dip—1)
2.1 w(p) < = = < ———5,(¢p).
Proof. The left inequality holds obviously. We prove the right inequality. We have
2 p—1
0< Kp)= (525 ) IVelia + (o= Do)
Adding w(p — 1)M (¢)/2, we obtain
p—1 2 w
(2:2) (25 - 5) 196l + 510 - 0r(6) < (- D50,
Therefore,
4 1 2 w
(2.3) p=1=2 )15 IVeli + 5Mp) p < (0= 1)Su(0).

This completes the proof. O
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Lemma 2.2. Ifuy € %J’rw, then the corresponding solution u(t) belongs to %er for
all existence time t. Moreover, if ug € g ,, then the corresponding solution u(t)
belongs to K, for all existence time t.

Proof. Let uy € JfGer Since the energy and the mass are conserved and the solution
belongs to Hp, we have u(t) € J£5,, U g, for all existence time t. We assume
that there exists t; > 0 such that u(t;) € . By the continuity of the solution
in H*(R?), there exists ¢, € (0,t;) such that K(u(tg)) = 0 and K(u(t)) < 0 for
t € (to,t1]. By the definition of 19, if u(ty) # 0, then we see that

IS > Bluo) + 5 M(uo) = E(u(to)) + 5 M(u(to) = 16,

This is a contradiction. Thus, u(tg) = 0. By the uniqueness of the solution, u = 0
for all time. However, this contradicts u(t;) € 5. Thus, we see that u(t) €
for all ¢. The second statement follows from the same argument. 0

Remark 2.1. By Lemmas 272 and 223, we obtain the global existence of the solution
Lemma 2.3. Let p € H} satisfy S.,(¢) < 1S. Then, one of the following holds.
(24)  K(p) = min{d(l§ = S.(9))/d. 6 [IVel72}, or K(p) < —4(5 — S.(9)/d,
for some d > 0.

Proof. Since the statement holds if ¢ = 0, we may assume that ¢ # 0. Let s()\) :=
S, ("), where () = e*p(ea*). Then, s(0) = S, (o) and s'(0) = K(y). By direct
calculations,

1 4 w _

(2.5) s(A) = 56“ IVell7. + ) lell7z - Y 16“’ DMl
2 4 D — 1 -

(2.6) $ () = 36 1Vl — Toge M el
8 1 (P =17 (o

(27) O R i 7 7o

Thus, we have s” < 4s'/d. First, we consider the case of K < 0. Let )y be defined
by

4\ 2 Vel
(2.8) Ao = <p -1- —) log | 4—T"L2 | .
d 22 el

Then, s'(Ag) = 0. Moreover, Ay < 0 since K < 0. Integrating s” < 4s"/d on [\, 0],
we obtain

(2.9) £(0) ~ 50) < 5(5(0) — 5(0%).

This completes the proof in the case of K < 0. Next, we consider the case of K > 0.
We define

4\ & IVellze
(2.10) Ap = <p —1- —) log [ ———4 :
d v =1+ 3) el
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Then, s”(A\) +4s'(A1)/d = 0. If A\; > 0, then, by the definition of A\;, we obtain

2.11) k() (p-1+ 3)3 (p=1-3) 1902,

Letting § := 2(p—1—4/d)/{d(p—1+4/d)}, we obtain K (p) > & ||Vel[5. If \; <0,
then s”(\) < —4s'(\)/d for A € [0, \o], where we note that Ay > 0 since K > 0 and
that s”(A)+4s'(A)/d < 0 for all A > A;. Integrating the inequality s”(\) < —4s'(\)/d
on [0, o], this completes the proof. O

Proof of Theorem 2 (2). By Lemmas 22 and 23, if ug € J_,, then the solution

u satisfies K(u(t)) < —4(1% — S.(ug))/d < 0 for all existence time ¢. Therefore,
Theorem 2 (2) follows directly from Theorem 2.1 in [IT]. O

3. PRELIMINARIES FOR THE PROOF OF THE SCATTERING RESULT

In this subsection, we introduce some basic facts used to prove the scattering
result. Their proofs also can be found in [I8]. Let

. 2(p=D(p+1) e 2(p—1)(p+1) . 2(d+2)
= ey 0T D=1 VT
(3:1) 4(p+1) d
._ o ._ 2
q.—%, T.—p—l-l, S_E_E

Moreover, let ' and r’ denote the Holder exponents of the exponent 8 and r, re-
spectively.

Lemma 3.1 (Strichartz estimates). The following estimates are vaild.
itA itA

(3.2) e 90||Lq(R;Lr) + e SOHLW(R;D) S lelle
itA

(33) Het go”La(R:L”") 5 HSOHHS ’

(3.4) ‘ /t ei(t—t’)Af<t/)dt/
0

5 ”fHLB’([;LT’)a
Lo(I:L7)

where I is a time interval and the implicit constant is independent of I.

Proof. The first estimate is a standard Strichartz estimate. The second one is ob-
tained by the Sobolev inequality and the Strichartz estimate. The third one is a
non-admissible Strichartz estimate (see [8, Lemma 2.1] or [[4, Proposition 2.4.1]). O

Proposition 3.2. Let ug € HY(R?) and u be the solution to (INLS) with the initial
data ug. If the solution u is positively global and u € L*((0,00) : L"(R?)), then the
solution scatters in the positive time direction. Moreover, the same statement holds
in the negative case.

Proof. Proposition 2.3 in [8] implies u belongs to L"((0,00) : L?(R?)) for any admis-
sible pair (7, p), and then a standard argument gives us the fact that u scatters in
the positive time directions (see the argument in Theorem 7.8.1 in [[d]). O
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Proposition 3.3. There exists 54 > 0 such that ifuy € H'(RY) and ||eimu0||m((0 oo}
Esd, then the solution u of (INLS) with the initial data ug is positively global and we
have

(3.5) HUHLO‘((O,OO):LT) S €sd-

In particular, if ||uo|| 2 < €sa, then the solution u is global and we have

(3.6) el 2o ey + Nll o ey + 112l oo ey S Nltoll g -

Proof. The first statement follows from Proposition 2.4 in [8]. By (B3), we obtain
||€itAU0||La(]R;Lr) S JJuwol| s < €sq- Applying Proposition 2.4 in [R] and the Strichartz
estimates, we obtain the second statement. See also Proposition 4.3 in [I§]. O
Lemma 3.4. If ¢ € HY satisfies | V|7, /2 + wM (1) /2 < IS, then there exists a
global solution Uy to (NLI) such that U, (0) € A, and ||Us(t) — €™, — 0 as

t — 00. Moreover, the same statement holds in the negative case.

Proof. We may assume that ¢ # 0 since the statement is true if ¢» = 0. It is known
in [46, Theorem 17| (see also [, Theorem 8]) that there exist 7' € R and a unique
solution Uy € C((T, 00) : HY(R?)) of (NLS) such that

(3.7) HU+(t) — eitAwnHl —0ast— oo.

The uniqueness and the assumption that v is G-invariant imply that the solution

U, is also G-invariant. By the triangle inequality, the Sobolev embedding, (B77), and
||6“Aw||u,+1 — 0 as t — oo (see [, Corollary 2.3.7]), we have

Wl is < U (6) = 20y + 0o
SNUL@) = 59| o + ([ s = 0,

as t — oco. Therefore, by the conservation laws and the assumption, we obtain

Su(U}) = Jim Su(U (1) = 5 V9l + M () < 19

2
and

. 2 2
Jim K(U(1) = % V0 >0,

Thus, U, (t) belongs to Ji/GJ“w for large t > T'. This statement, Lemmas P71, and 222,
imply that U, is global in both time directions and U, (0) € Jfgw O

Lemma 3.5 (Perturbation Lemma). Given A > 0, there exist e(A) > 0 and C(A) >
0 with the following property. If u € C(|0,00) : HY(R?)) is a solution of (NLI), if
i€ C([0,00) : HY(RY)) and e € L} .([0,00) : H-Y(RY)) satisfy iyt + Aw+ |a[P~1a =
e, for a.e. t >0, and if

(3.8) HuHLa (0,00):L7) = A,
(3.9) e ”LB’([O so):Lry = e(A),
(3.10) |2 (u(0) — @(0))Hm([o,oo);m <e<e(A),

then u € L*((0,00) : L"(R%)) and |Ju — Ul pe 0,00y 1y < Ce-
See [I8, Proposition 4.7] for the proof.

) S
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4. PROOF OF THE SCATTERING RESULT FOR THE FINITE GROUP INVARIANT
SOLUTIONS

In this section, we prove Theorem 2 (1) (i). Let a subgroup G of R/27Z x O(R?)
be finite throughout this section.

4.1. Linear Profile Decomposition with finite group invariance. We prove a
linear profile decomposition for functions with G-invariance. Let 7,0(x) = p(z — y)
throughout this paper.

Proposition 4.1 (Linear Profile Decomposition with finite group invariance). Let
{pn} C H} be a bounded sequence. Then, after replacing a subsequence, for j € N
there exist a subgroup G7 of R/2nZ x O(d), v’ € H},;, {W]} C H};, {t,} C R, and
{22} C RY such that

(4.1) - Z a3~ Im?) +> 2 S

Ged Ged
for every J € N, and the following statements hold.
(1) For any fized j, {t}} satisfies either t} =0 or tJ — 400 as n — oo,
(2) For any fized j, {x1} satisfies x), = Gl for all G € G' and |2l — Gxl| — oo
forallG € G\ G7.
(3) We have the orthogonality of the parameters: for j # h,

lim [t) —t"| = 0o or lim |Ga? — G'2"| = 0o for all G,G' € G.
n—o00 n—oo

(4) We have smallness of the remainder:

it Z g;g

GeG

— 0 as J — 0.
Le(R:L7)

lim sup
n—oo

(5) We have the orthogonality in norms: for all A € [0, 1],

J QWJ
O PN o hppav ta > | e
Jj=1 11GeG HX geG HX
J p+1 G’ p+1
43 el =3 s 3o L) > | e
J=1 GgeGG Lp+1 GgeGG Lp+1

and, wn particular,

(4.4) S.(pn) = st ( ith A Z ) + S, (Z g%) + 0n(1),

geqG geqG
J J
(4.5) K (o) :;K( “g; >+K (g;} g;g) + 0,(1).

Lemma 4.2. Let a > 0 and {p,} C H} satisfy

lim sup [|¢n |l ;1 < a < oo.
n—oo
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If ||e“A<pn||Loo(R:Lp+1) — A as n — oo, then there exist a subsequence, which is

still denoted by {©n}nen, a subgroup G' of G, ¢ € H},, sequences {t,}nen C R,
{2n}nen C RY, and {W, }neny C H such that

(4.6) = ¢itnds Txn
geG

and the following hold.
(1) e A1 gp 0 — Qw/(#G/#G’) in HY(RY) and e "Ar_g, W, — 0 in
HY(RY) for all G € G, where Wy, := 5. GW, /#G.
(2) The sequence {t,} satisfies ezthert =0 ort, = £oo as n — oo.
(3) The sequence {x,} satisfies G'z, = x, for all G € G’ and |z, — Gz,| — 0
forallG e G\ G'.
(4) We have the orthogonality in norms:

2 2
||<Pn||12fp_ gez;g(;:&w HA_ gze;i;g N — 0 asn — oo,
forall0 < X < 1.
p+1 p+1
ol iﬁl _ |lgitnr Z Txn _ Z % — 0 as n — oo.
ge@ Lp+1 geG Lp+1
(5) We have

1l = VA2A(1 A)a 2Ad(12AA>

where A :=d(p—1)/{2(p+ 1)} € (0, min{1,d/2}) and the constant v > 0 is
independent of a, A, and {p, tnen-

(6) If A = 0, then for every sequences {t,tnen C R, {Tp}nen C RY, and
{W, bnen C HY(R?) satisfying (@-8) and (1), we must have 1 = 0.

Proof. Let X € C°(R?) satisfy 0 < ¥ < 1 and

ey [ L i<,

X(€) = { 0, ifl¢>2.
Given p > 0, we set X,(€) := X(£/p). For any u € H'(R?) and A € [0, 1], we observe
that

= X ulfn = (|61 @ = G| = / €122 (1 = X5)?[af*de </ €2 al>dg

l€=p
— [ lrevepara < o0 [ eparas
§1=p §1=p
<200 [ JePlardg = p 0 |Vl
R

Therefore, we have

(4.7) lu = ullgn < o~V V]
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Since A < d/2, by the Hélder inequality, we see that, for any u € H'(R?),

(4.8) [xpxulz |</ X6 (£) Id£</ [u(§)]dg = €|~ el a(e)]de
l€]<2p l€]<2p

1/2
<(/ \£|2Ad£> < 0"
l€l<2p

where k is a constant independent of p and wu.

First, we consider the case of A > 0. It follows from the Sobolev embedding
ull i1 < C |lulga, the isometry of ¢ on HA(RY), (B827), 0 < A < 1, and the
assumption of limsup,,_, . ||¢nll g1 < a < oo that

|| itA ztA( o ztA(

Xp * Pn HLPH <C HenA Xp * ¥n HHA Cllen — (X * Qpn)”]-'[/\
< Cp UV Vell2 <200 Va

¥n —

for large n € N. Choosing p = (4C’a/A)ﬁ, we obtain

A
€% 0n = 200 # n)l| ppr < 2007 Ma < 3
Thus, we have
A
(4.9) H "o, — ztA(Xﬂ * Spn)”LOO(R:LP*l) = 9
By the triangle inequality, He”AganLm (ReLr1y A as n — oo, and (E9), we get
(4.10) ” ZtA(XP * Pn HLoo(R Lp+)
= HewA‘p”||Lo<> Lp+1) ”e“EA — "B (x, * (p">HL°°(R:LP+1)
3A A A
T T W

for large n. On the other hand, for large n, we have

2A
(X * n) HLdOO(R:LOO)

(4.11) Heim(Xp * SOn)HLoo(R;LpH) = ”eitA Xp * Pn HLOO(RL2 He
< ||90n||L°i(R;L2) Hez (X * Wn)Hzfiw(Rsz)

— . 28
< (2@)% Hezm(Xp * ‘Pn)HZdoo(R:LOO) ’

IN

where we have used the Holder inequality, the isometry of €2 on L?(R?), ||x, * u||,»

|ul| ;2 for alluw € H'(R?), and the assumption of limsup,,_, ||¢nll ;1 < @ < oo. Com-
bining (A1) and (EIT), we get, for large n,

4 21
||€M(Xp * SDn)HLdoo(R:Loo) > (2a)" @ —

or equivalently,

HeitA(Xp * (‘On)HLOO(R:LOO) > (Za)—dgfzx (
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Therefore, there exist {f, }nen C R and {Z, }ney C R? such that

(1.12) @) 2 (10 ()

for large n. We consider the following two cases.

Casel: {{,},en C R is unbounded.
Case2: {f,}nen C R is bounded.

Casel: Since {fn}neN C R is unbounded, we may assume t, — +too as n — oo
taking a subsequence. Let ¢, := t,. Taking a subsequence and using Lemma AT,
we obtain a subgroup of G’ of GG such that a subsequence, which is still denoted by
{Z,}, satisfies that

Tn —G'T, — Tgasn — o0, VG € G,
|Z, — GZ,| = 00 asn — oo, VG € G\ &,

for some Tg € R Using Lemma B3, we obtain a sequence {x,} such that

Tp —G'x, =0, VG e @,
|z, — Gx,| = 00 asn — 0o, VG € G\ G,

and there exists zo, € R? such that
Ty — Ty — Too @S T — OO.

Since ||¢n ;1 is bounded, there exists ¢ € H'(R?) such that, after taking a sub-
sequence, e A1 o, — /(#G/#G") in H'(RY) as n — oo. Here, we note
that + is G’-invariant since ¢, is G-invariant and z, = G'z, for all ¢’ € G
We prove (5). Now, we have w, = e 87 ; o, — 7, _0/(#G/#G") in H(R?)
as n — o0o. Since e commutes with the convolution with Xp» we find that

“inA(y % 0,)(Fn) = X, * w,(0). By (BR) and (B12), we have

_d;zA é % X *'gb(—ajoo) d—QA ||1/)||A : ||¢|| L
(42) (4) Sl reyere ‘S“p 2G4 =" T BGIRG

Since we take p = (4Ca/A)ﬁ, we obtain the statement (5). We set W, := ¢, —
e'nBr, 1), Since @, is G-invariant, we see that

Gon ey, b+ W) “”AQ en
I e

geG GeG GeG ge@G

This is the statement (E8). Moreover, W,, is G'-invariant since ¢, and 7, 1 are
G'-invariant. We check the statement (1). The first statement e~"*"27 g, ©, —
G/ (#G/#G") in HY(R?) follows from the definition of 1 and the G-invariance of
¢n. We prove the second statement e 271_g, W, — 0 in H'(R?) for all G € G,
where we recall that W, = > g W /#G. Let {Qk}ffl/#g be the set of left coset
representatives, that is, we have

#G/#G'

> Ga.
k=1
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Since W, is G'-invariant, we find that

#G/#G'

Z Z #G/#G’.

Ge@G

Let G = GG’ for some [ € {1,2,--- ,#G/#G"} and G’ € G'. Then, by the definition
of W,, and the first statement in (1), we obtain

#G/#G' g ; Gt
efitnAT_ N Wn _ efitnAT_ 2P — —G1Zn+GrTn
o e = D T LGIRG
I &/ _0
#G/H#G  #G/H#G
where we note that | — Gz, + Grxp| = | — 2, + g;lgkxn| — 00 since g;lgk g G

if k& # 1. Thus, we get the second statement in (1). Next, we prove (4). We set
Un = geq €26 (10, 0) /#G. We have

~ 2 ~ ~
| i P2 (010,

2
B,
2 ~ ~
n i + 2 <¢na(pn - @Z)n)H)\ 9

Vn

2
lalli = |

where (-, -) z» denotes the inner product in H*. We calculate (@/?n, On — @/;n> . Since
H

T., % is G'-invariant, we observe that

Gy 3 R0 #%G’ G0, )
" #C e HGHG)

By this observation, we have
@”’ e ¢”> i
_ (#G/#G/ ¢iGi () T e“"Aglmw)-)
H

HGIHEG HGI#G

k=1 =1

#G[#G #G/#G

1 zt A itn A
/ " g Tﬂ?n ) o — "G (Ta:nw) A
(#G/#G ; Z l )H
1 #G/#G' N R R
/ Ztn g Txn ) Pn - eitn g (Twn¢)’eitn g(T$n¢) TA
- Goar 2 et e G (7)) )

For the first term, we find that, for all k& € {1,2,--- | #G/#G'},

itn —itn . Ui
(4.13) (e Agk(TxHTp)aSOn)HA = (w,e AT"fngk 1S0">HA — %
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since ¢, is G-invariant and e~""27_, o, weakly converges to ¢/(#G /#G’) as n —

oo in H'(R?). For the second term, we obtain

(414 (2Gu(m, 1), B G, ) g = (7, G GulT, )
= (070160, 95 1G0) )

Ll iE=1
0, if k1.

Combining (A13) with (E14), we get

#G/HG | .
D (€A Gk(Ta, ), on) g — (€2 Gk (T, ), €2 G (70, 1)) i }
k=1
FET R FEE
—_— — ‘,\:0.
+ X G X W

This implies the first statement of (4). We set

~ ||pt+1 ~ ||p+1
fn = ’H@nui—;il - ‘ wn - H n

Lo+l o+1|
We recall that, for every P > 1 and [ > 2, there exists a constant C' = Cp; such that

P

!
P
J=1

for all z; € C for 1 < j <[. This implies that

l
= 5P <Ozl T,
j=1

i#k

21 + 22" — [P = [P < Clallzal (Jaa 7+ |27,

Letting g, = [¢h[P~! + [W,[P~", we get

Fu <O [ |on@)] [17@)]| gnla)d
HG/HC A
e PG (T, V) (@) | |17

<cf, > —goria || @] e @
#G/#C ‘ i

<C Y [0, @) [ale)| ga(o)ds
=1 R
#G/#G'

< > e @) 7, G @) 70 G () de
=1 YR?
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Note that, by the triangle inequality and the Sobolev embedding,

72, G all 21 = llgall st < Hmn\p* pir + HWH LM
—1
- ) 77/}” LP+1 + H LP+1 ~ ‘ ¢n ‘
Sl + Wallhn

where we use {W,, } is bounded in H' since {¢, } is bounded. And HT_% G W,

2.3.7]). Therefore, by the Holder inequality, we get

Lr+1

L < C. Now, ||e””A¢HLP+1 — 0 as n — oo since t,, — £oo (see [@, Corollary

e s

172G gnll gy S [l 20 s = 0

This means the second statement of (4).

If A =0, then ||€72tnAT—$nsanLp+l = Hei SDn||Lp+1 < Hei SDn||Loo(R:Lp+1) —
0. On the other hand, if e~ 27, ©, — ¥/(#G/#G") as n — oo in H'(RY),
then e~ 27 0, — /(#G/#G') as n — oo in LP*(Bg) for any R > 0 by a
compactness argument. Combining them, we get ¢ = 0.

Case2: Since {t, }neN C R is bounded, we may assume t,, — t € R as n — oo taking

itn A itA

a subsequence. Let ¢, := 0 for all n. Minor modifications imply the statements, (1)—
(3) and the first statement of (4). See the argument below (5.22) in [I§] for the
second statement of (4) . O

Proof of Proposition [.]. We use an induction argument. By the boundedness of
{on} in H'(RY), let a := limsup,_, ||¢nlln < 00. Moreover, we define 4; :=
lim sup,,_, o ||eitA Note that the Sobolev embedding and the bounded-

ness of {¢,} in H(R?) give A; < oo. Taking a subsequence, we may assume that
A =lim,_, ||eitA By Lemma BZ4, we obtain a subsequence, which is

#n HLOO(R:LPH)'

2 P
still denoted by {@,}nen, a subgroup G' of G, ¢! € H},, sequences {t}}nen C R,
{z!}nen CRY and {W!},en C H}y such that

= ) + W1,
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where ¢} := 8 30 G ) /#G and W} == 3, . GW;! /#G and the following

statements hold.

—ith A N g¢1
ngxnson #G/#Gl )

th =0ortl — +oo asn — oco.

glx,ﬁ = x,ll for all G' € G and |x711 — (]:1:711| — oo forall G € G\Gl.

(&

and e’it%AT,gm%W,} — 0in H'(RY) for all G € G.

2 2
2 71 771
lenlln = ||2] . = W], > 0asn =00, rano<a<
~ +1 - p+1
p+1 1||P . 1
HSOn”LpH ‘ (0 Lo H o || — 0 as n — oo.
1 77\?2/\/2\) ~zam
2A(1— .
[ 2 v (sl )
n—oo
where v > 0 is the constant appearing in Lemma B=2. We call these properties 1st
properties. We note that W! is G-invariant and A, := limsup,,_,._ || W} R <
oo. Taking a subsequence, we may assume that A, = lim, e"mVV; —
Lo°(R:LP

Applying Lemma B2 as ¢, = W;, we obtain a subsequence, which is still denoted
by {W}, a subgroup G? of G, ¢* € Hl, sequences {t2},en C R, {22},en C RY,
and {W?2},en C Hi. such that

Wy = + W,

where ¢2 1= 8 3" G(1,20?) /#G and W2 := 3, GW2/#G and the following
statements hold.

G
#G[#G
t2 =0ort? — +o0 as n — 0.

G*22 = 22 for all G € G? and |72 — G22| — oo for all G € G\ G*.

S_it%AT_gx%Wi — and B_it%AT_gm% W2~ 0in H(R?) for all G € G.

~ 2 ~12 ~ o2
Wil —‘?/Ji = W2 —0asn — oo, forall 0 < A< 1.
HX HX HX
=4 p+1 ~9 p+1 . p+1
HWn —) n —H o — 0 as n — oo.
Lr+1 Lr+1 Lp+1

d—2A
TIAQ-A)
Hl ’

where v > 0 is the constant appearing in Lemma B=. Notice that the 1st properties
hold for the subsequence. Repeating this procedure, we obtain a subsequence, which
is still denoted by {W7~'}, a subgroup G? of G, 1 € HL,, sequences {t}},en C R,
{27 }pen C RY and {Wi},en C HY, such that

12,0 > vAZTT (hmsu [
H1 = 2 p n

n—oo

Wy = 0+ W,
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where 1)/ := githd > geq 9(7,347) /#G and Wi = > gec GWi/#G and the following
statements hold.

Gy’
#G [ #GIT

t/ =0 or t/ — +00 as n — oo.
Glal =2 for all 7 € G7 and |2/, — Ga/| — oo for all G € G\ GV.

—ith A Ry s N
e T g Wi

and e’”%AT_gx%W,{ — 0in H'(R?Y) for all G € G.

~ . 2 ~. 112 ~ 12
HWﬂl_l . ‘@Dfl , —HW}L - —0asn—o0, forall 0 < A< 1.
J2g) Jig) HA
~ p+1 ~ . |Ipt1 ~ .||+l
HWTZ —‘ J —HW{L — 0 as n — oo.
Lp+l Lr+1 Lp+1

d—2A

T 2A(1-A)
H1 ’

where v > 0 is the constant appearing in Lemma B2. We call these properties jth
properties. Here, we regard W9 as ¢,,. Combining 1st, 2nd, -- -, and Jth properties,
we obtain the statements (1), (2), and (5). Note that the orthogonalities of the
functionals S, and K follows from the orthogonalities in norms. We prove (4). By the

oA2
P e

n—oo

orthogonality of H'-norm, we have limsup,,_, ., ’WTJL - < limsup,_,o |onll;n = a
for all 5. Thus we see that

d—2A2 _
(4.15) 4], > vAZTT g R

By the orthogonality of H'-norm and Lemma B3, we also have E}]:1 [ —
Taking the limit J — oo, we obtain Y-, |47 ;; < a. Combining this with (27T3),

we obtain
do2h 2y d—2A2 e
— g A(I—A ]
va ZAG-A) E A; =N < E ||1/}]HH1 < a.
Jj=1 Jj=1

_d—2A% 14 _d=2A
This gives us y_ 22 A" <a TIIT-5 < 00 so that Ay — 0 as J — oco. By the
Holder inequality and the Strichartz estimate (B24), we obtain

- Y T
lim sup ‘ AT < limsup ( || 2177 AT
n—so0 Le(R:L") n—soco Li(R:L") Loo(R:L7)
| eavir || °
< limsup H W lim sup ||e"“ W},
n—00 H' noc L>(R:L7)
BT
< a’limsup || AW/ —0
n—s00 Loo(R:L7)

as J — oo where 0 = 2{4 — (d — 2)(p — 1)}/{d(p — 1)?} € (0,1). Thus, we obtain
(4). At last, we prove (3). By the statement (6) in Lemma B2, ¢/ = 0 for some J
implies that 17 = 0 for j > J. Therefore, there exists J € NU{oco} such that 17 # 0
for j < J and 97 = 0 for j > J. In the case of J = 1, there is nothing to prove. We
suppose J > 2. By 1st properties, we have

e’it}bAT,gx}LWﬁb — 0in H'(RY) for all G € G
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and
g/wQ
#G /#G?

By Lemma B8 as f, = e A7 g1 W, we get |th — 2] + |Gzl — G'a%| — oo for all
G,G € G. We suppose J > 3 and that the statement (3) is true for 1 < j # h < pu—1
for some p < J. For j € {1,2,--- , u— 1}, we have

Tru—1 Tri—1 _ tirp—2 _ jp—1 Tri—1 _ yiru—3 _ Tpu—2 _ pu—1 Tri—1
W= — Wi =WhH = b= =W = WhE — == — b= — W/

pn—1
— = _ZQ/,Z‘
v=j

Therefore, we see that

#0in H'(R) for all G’ € G.

—it2 A 7l
e " T_g/x%Wn —

. ) p—1 v
—ith A vie—1l  yii-l) —  —ithA I —ith, A e
(4.16) e "7 g (Wn w? )— e T g e T g Uy
v=j+1

Let {g,gj) k#:Gl/ #G e the set of left coset representatives and G = gl(j)gj for some
le{1,2,--- ,#G/#G7} and G/ € G’. For the first term of the right hand side in
(218), we have

GJ#GT () ;
—ith A = _ #f g;(f)(ng‘LW)
€ T_g23,¥n = T_gaj, #G/#Gj

k=1
_ G +#G/#Gj Tﬁg{j)m“gg)%giﬂw B G
HG[#GT T #G [#G #G#GI
kit

The second term of the right hand side in (E-I8) weakly converges to 0 in H!(R?)
since we suppose that the statement (3) holds for 1 < j # h < p — 1. Since

e—itZLAT_gx%ijl — G [(#G /#G7), we have

e_it%AT_gx%W#_l — 0in H'(R?) for all G € G,
and
g/¢2
#G /#G?
By Lemma BH as f, = e""t%AT_g%W#_l, we get [t7 — t4] + |Gal — G'at| — oo for
all G, G" € G. Therefore, we obtain the statement (3). This completes the proof. [

efitﬁA

#0in H'(R?) for all G’ € G.

T_g/xﬁ W,gil —

Lemma 4.3. Let k be a nonnegative integer and p; € H} for j € {1,2,--- k}
satisfy

Su(Xjr95) SUE =6, Su(im05) = X5y Sulys) — &,
K(Z?:l%’) > —¢, K(Z?:l p;) < Zj:l K(pj) +e,

for 6,  satisfying (1 4 d/2)e < 6. Then we have 0 < S, (p;) < 1§ and K(p;) > 0
forall j € {1,2,--- k}. Namely, we see that ¢; € Ji/Ger forallj € {1,2,--- | k}.
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Proof. Let J, := S, — dK /4. First, we prove the following equality.
IS =inf {J.(p): ¢ € H;\ {0}, K(p) <0} .

Let I’ denote the right hand side. By the definition of ¥ and J,,, we have
1S =1inf {J,(¢) : o € HL\ {0}, K(p) = 0} .

Therefore, we have [& > I'. We prove [ < I'. Take ¢ € H} such that K(p) < 0.
Then, there exists A\g < 0 such that K(¢*) = 0. Thus, we see that

lf < Sw(QDAO) = Jw(‘zD)\O) < Ju(p).

Taking the infimum for ¢ € H} such that K(¢) < 0, we obtain I < I'. Thus, we
have IS = I'. Next, we prove the statement of the present lemma. We assume that
there exists an j € {1,2,--- ,k} such that K(¢;) < 0. By IS =1’ and the positivity
of J,, we obtain

B 1))

This is a contradiction. So, K(p;) > 0 for all j € {1,2,--- ,k}. Moreover, for any
j€{1,2,--- ,k}, we have

Su(wj) = Julps) + gK(%’) > 0,

4
and
k k
Sulpy) < ZSW(SOJ') < S, <Z¢j> +e < lg —d+te< lf'
j=1 Jj=1
This completes the proof. O

We collect lemmas for nonlinear profiles.
Lemma 4.4. Let {z,} be a sequence, v» € H*, and U be a solution of (NLI) with
the initial data . Then, we have

t
Un(t) = eitATxnw +i/ e"(t’s)A(\Un(s)]pflUn(s))ds,
0
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where Uy, (t,z) == U(t,x — x,).
Lemma B4 follows from the space translation invariance of the equation (NLS).
Lemma 4.5. Let {t,} satisfy t, — ‘oo, {x,} be a sequence, » € H', and U be a

solution of (INL3) satisfying
|UL(t) - eitAw“Hl — 0 ast — +oo
Then, we have

t
Upn(t) = eitAeit"ATxnw + Z/ ei(t_s)A(\Ui7n(s)|p_1Ui,n(s))d$ +eqn(t),
0

where Uy 5 (¢, x) := U (t + tp, @ — ) and |lexpn |l pog.pry = 0 as n — oo.

Proof. Since Uy ,, is a solution of (NLS) with the initial data 7,, Uy(t,) by the time
and space translation invariance, we have

t
exn(t) =Usn(t) — eitAeit"ATznw - 2/ ei(t_s)A(]Ui,n(s)|p_1Ui7n(s))ds
0

— ¢ Up(ty) — etBeitnAr 4,
By the Strichartz estimate,
Hei,nHLa(R:LT) < HUi(tn) — e“”AiﬂHHl —0asn — oo.
This completes the proof. 0

4.2. Construction of a critical element and Rigidity. By the definition of

SY, we have S¢ < 9. Lemma I and Proposition B3 give S > 0. We prove
SY = min{m¢ lG} by contradiction argument so that we suppose SG < min{m%,15}.

Proposition 4.6. Assume S < min{m&,1S}. Then, there exists a global solution
u® to (INL3) with G-invariance such that S, (u¢) = S& and ||u¢ | Lo r.ry = 00

We call u¢ a critical element.
Proof. By the deﬁnltlon of S¢ and the assumption of S¢ < min{m&, 1S}, there exists
a sequence {p,} € J satlsfylng S¢ < S,(pn) < mln{mG 19}, Su(en) \¢ SE,
and u,, ¢ L*R : LT(Rd)), where u,, is a global solution with the initial data ¢,

Since {¢,} is bounded in H'(R%), we apply the linear profile decomposition with
G-invariance, Proposition B, to the sequence {¢, } and then we obtain

J

where we recall that 7 = Y., ¢/ Ag(r ) [#G and W =35, GW /#G. We
also see that

Sulpn) = zJ:Sw (@%) + Sw (Wﬁ]> +o(1),
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where o(1) — 0 as n — oo. By these decompositions, we have

for large n where § = IS — Su(pr) and € > 0 satisfies (1 + d/2)e < 4. Therefore,
Lemma B3 gives us that ¢}, € #, for all j € {1,2,---,J} and W] € #,. Thus,
for any J, we obtain

J
S¢ = lim S, (p,) > Zlim sup S, (@%) :

n—oo - n—00
Jj=1

We prove S¢ = limsup,, ... Sw(zZ%) for some j by a contradiction argument. We
assume that SG = limsup, ,. S,(¢7) fails for all j. Namely, we assume that
lim sup,, ... S, (¥7) < SC for all j. By reordering, we can choose 0 < J; < J, < .J
such that

J1+1§]§J2 hmn—mo%:_OO?
Jo+1<53< J: lim,, o ¥ = +o00.

Above we are assuming that if @ > b then there is no j such that a < 7 < b.
For j € [0, Jy], by the assumption of the contradiction argument and #/ = 0, we
have 0 < limsup,,_, o, Su(Xgeq G(7,5¢7)/#G) < SS. By the choice of {#]} and
Lemma B3,

hgl_}sogpSw (C;G g > —#Gij (W) < S, <mg.

Therefore, S, (7 /(#G/#G7)) < S&. By the definition of S&”, the solution U7 to
(NLS) with the initial data 17 /(#G/#G7) belongs to L*(R : L"(R?)).



GLOBAL DYNAMICS OF SOL.S WITH GROUP INVARIANCE FOR NLS 23

For j € [J1 + 1, Jo], we have
m& > 8% > limsup S, <@/;ZL)

n—oo
7' ] T ]
= lim Z Z
e Gea #G i GeG #G 2
INas
— 1111m etJAZ T ¢)
p+ e gEG # Lpt+1
2 + w ’1/1] 2
#GJ #G/#GJ 2 ||#G/#GT |5 )’

where we use Heit”A¢||Lp+1 — 0 as n — oo (see [[4, Corollary 2.3.7]) and Lemma [A73.
This inequality implies that ¢’ /(#G/#G7) satisfies the assumption of Lemma B4
as G = GY, where we note that SG] < ZG] Thus, we obtain the global solution U”
to (NLS) such that U7 (0) € Jig;w and

— 0 ast — —o0.

HUz (1) —cs Y

#G/#G ||
Moreover, U”? belongs to L*(R : L" (Rd)) by the definition of S&’ since we have
2 ; 2
w Q/Jj GI
Se + — == <S..
H #G/H#G || 2 || #G/#G ||

For j € [Jo + 1,J], by the similar argument, we obtain a global solution Ui such
that U (0) € 5, UL € L*(R : L"(R?)), and

U, ifj=1,
U =3 UL, ifjel2,]), and Ul(t,x) == Ut +t), 0 — xl).
U-ji-v ifj S [J2+17J]7

Moreover, we define

PN
U0 = gama|,

— 0 ast — .

We define

#G/#G

J
-3 GO

j=1 k=1
where {g,(j ) k#:Gl/ #& be the set of left coset representatives. Then u/ satisfies

z8tu +Au + |u‘]} u, —eJ

. J #G/#GI

e
=1 k=

g,

n
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Moreover, we have

W

I HG/HG
( " RGHGI

(0 =2 > 9

- Uj(tgg) T

To apply the perturbation lemma, Lemma B3, we prove the following inequalities
hold for large n.

(4.17) H“;ZHLQ(R;LT) < 4,
(418) HBJHLﬁl :LT/) S g(A),
(4.19) € (1 (0) = w3 ()| po oy < (A).
We prove (EI7). By the definition of U, we have
J #G/#G

3P G Ui(t)

7=1 k=1

J #G/#G Jo  #G/#GI

—Z Z G, )+ Y. Y G, U+ 1)

j=h+1 k=1
J  #G/#GI

+ Y > G, ULt + 1)

j=Jat+1 k=1

Let vj denote Y 7%/# G (7, U3(t)) when 1 < j < Ji, S FY*Y 60 (r, U7 (1+4))

when J; +1 < j < JQ, and Zk#fl/#Gj Q;j)(Tx%Ui(t+t%)) when J,+1 < j < J. Thus,
we have

J
— J
= g vy

Jj=1

By (5) in Proposition B0 and Lemma [A=3, we have

wj
#G/#G ||

J
2 _ N~ #G
loull7 Z yireh

+ HWJ

- + 0,(1).
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Therefore, sup,,cy ||¢nl|51 < oo implies that there exists a finite set ¢ such that
|07 [ (#G | #G?)|| 1 < €sq for j & 7, where £44 is a constant appearing in Proposi-
tion B23. Thus, we get

J
. J I T ]
limsup [ g1y = limsup |30
g=t  lpem:Lr)
< lim sup vl + lim sup Z vl
n—o0 . n—oo . /
i€l po@.Lr) 127 pe®.Lr)

< lim sup Z anHLQ (L") + hHlSUP Z v,
oo jeS J¢7 Le(R:L7)

Using [tJ — t"'| — oo or |Gxd — G'zl| — oo for all G,G' € G if j # h and |g,§j)x{l —
G2i| — oo if k # 1, the first term is estimated as follows.

(4.20) hmsup Z ij HLQ ReL7) Z HUjHLa(R:LT) < A < .

Next, we estimate the second term. By the Gagliardo-Nirenberg inequarity || f||;, <

CIV I N£1155", where n = n?/4 —n(n+2)/{2(p+ 1)} and it satisfies 1 —1 > v/a,
and the Sobolev embedding || f||;, < C||f]| 51, we obtain

a—7 J
(4.21) 1l 2oy < C WAL ey 1 N 7oy -
We have

5

lim sup Z v! < limsup Z Hv] ||L7(R )
n—00 %5 L) n—00

+ Cylimsup Z / vl ||vF | dadt
n—r00 i¢ 7, itk RxR4

By Proposition and v > 2, we get
hmsup Z Hv] HLW(RLV) < C’hmsup Z HUJ (t? Hi{l < Cegq.
And we have

e
/]R y [o? [[vE]" " dadt — 0 as n — oo,
X

where we use |t — th| — oo or |Gz — G'al| — oo for all G, G’ € G if j # h and
GV 21 — G a3 | — 0o if k # . See Lemma 4.5 and (6.38) in [I8]. Thus, we obtain

lim sup v) < (' < o0.
msup | ), v

127 v
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Moreover, we have
2

limsup ||y v < lim sup J% 103

n—oo .
387 poo(reH)

+ 2limsup Z (v |0F) g
" e s, Gtk
The second term tends to 0 as n — oo and the first term is estimated as follows by
Proposition B33.
lim sup Z valHip < Cegy.
And thus, we get

lim sup Z v < C < o0.

n—oo

17l peowem)
Therefore, by (E=211), we have

(4.22) lim sup Z vl < Ay < 0.

n—oo

%7 Npe@Lr)
Combining (B220) and (E=22), we get

lim sup Hu,{HLa(R:LT) <A+ A =A<
n—oo

We prove (E19). By the triangle inequality, the Strichartz estimate, the definition
of U7, (4) in Proposition B1, and Lemmas B4 and B3, we have

e (2 (0) = w OD] o gy

J #G/#G ;
< pitA (T Ui (4 N Y ) I ‘ RN
B ; ; o ( n) wh #G/#GJ Lo(R:L7) " L>(R:L7™)
J #G/#GI Tbj
< ;U7 tib AT + ‘ 6itAW,;]
; — :Egn ( ) x] #G/#G] LQ(R:LT)
<c<e(A)

for large n and J. We prove (BIR). In general, the following inequality holds.

P1J

Zzﬂ Z)zﬂ\“zf‘ <o, Y P

1<j£h<J

J

> 7

=1

This implies that

HGZHLW(R:LT’) <Cy Z H|U£|p_1|U7}LL|HLﬂ’(R:LT’)'

1<j#h<]
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An approximation argument and [t} —t"| — oo or |G2) —G'zh| — o forall G, G’ € G
if j # h and also use |G 27 —GW 21 | — 0o if k # I give us |||U,{|p_1|Ufj|HLB,(R:LT,) —0
as n — oo. Thus, we obtain (II8). Applying Lemma B3, we conclude that wu,
scatters. However, this contradicts the definition of {y,}. Therefore, there exists

j such that S¢ = limsup,,_, ., Sw(v,zfl) We may assume j = 1. The linear profile
decomposition as J = 1 and W} € g, imply HVVT}

— 0 asn — oo by
Lo (R:H1)
Lemma P71. Therefore, we see that

= U + W,
HW1 — 0,
Loo(R:HY)

S¢ = lim S, (¢}).
n—oo

We assume that there exists G' € G such that 2z} = Gl'al for all G' € G' and
|zt — Gzl| — oo for all G € G\ G'. Let U be a global solution of (NLS) with the
initial data !/(#G/#G') if t, = 0 or the final data ! /(#G/#G") if [t} — oo.
Then, by the definition of S¢', U belongs to L*(R : L"(R%)) since we have, by

Lemma A3,
: 71y #G ith A ¢1 _ QG #G Gt
i Savn) =l S (e #G/#Gl) = S0l S LSl

By Lemma B3 again, this contradicts that w, does not belong to LR : L"(RY)).
Thus, G' = G. This means that ¢! and W are G-invariant, z} = Gzl for all G € G,
and we see that

On = eit}LATx}L¢1 + Wi
Let u® be a global solution of (NLS) with the initial data ¢! if L = 0 or the final data
Yl if tL| — oo. Then, u® is G-invariant. We prove |u|| o (g.pry = 00. Suppose that
[0°|| o g.pry < 00. We observe that ¢, — 7,1 u(t;,) = e ATt — T uc(th) + WL, so
that we have

||eim (n — T us(ty)) HLQ(R;LT) — 0 as n — oo.

By Lemma B33, we see that u, € L*(R : L"(R)) for large n, which is absurd. Thus,
we get [|u||jag.pry = 00. Moreover, we have S, (u¢) = lim, . S (e itnqpl) = S
Thus, we get a critical element u°. 0

We say that the solution w is a forward critical element if u is a critical element
and satisfies ||ul| a9 00)..r) = 0. In the same manner, we define a backward critical
element. We only prove extinction of the forward critical element since that of the
backward critical element can be obtained by the similar argument based on time
reversibility. The extinction contradicts Proposition BG.

Lemma 4.7. Let u be a forward critical element. There exists a continuous function
z:]0,00) = R? such that Gx(t) = z(t) for all G € G and {u(t,- —x(t)) : t € [0,00)}
is precompact in H'(R?).
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The above lemma can be obtained by the same argument as in [I2, Proposition
3.2] noting u is G-invariant and {z!}, which appears in the profile decomposition,
satisfies Q:E}L = 91771Z for all G € G.

Lemma 4.8. Let u be a solution to (INL3) satisfying that there exists a continuous
function z : [0,00) — R? such that {u(t,- — x(t)) : t € [0,00)} is precompact in
HY(R?). Then, for any € > 0, there exists R = R(g) > 0 such that

(4.23) / (Vu(t,)|* + |u(t,2)|* + |u(t,z) [P de < & for any t € [0,00).
|z4z(t)|>R

It can be obtained by using directly the argument of [I2, Corollary 3.3].

Lemma 4.9. Let u be a forward critical element. Then, the momentum must be 0,
i.e. P(u)=0.

Proof. First, we prove GP(u) = P(u) for all G € G. By the G-invariance of u, we
see that
P(u) = P(G u) = Im/ efu(Gr)V{eu(Gr)}dx
R4

=Glm | u(Gz)Vu(Gzr)dr = Glm | wu(x)Vu(z)der = GP(u).
R4 R4
Therefore, the Galilean transformation

ug, (t, ) == ei(x’€°_|5°‘2t)u(t, x — 2t§),
where &y = —P(u)/M (u), conserves the G-invariance of the solution. The rest of the
proof is same as in [I2, Proposition 4.1] and [I, Proposition 4.1 (iii)]. O
We use the following lemma to prove the rigidity lemma, Lemma E-TT.

Lemma 4.10. Let u be a solution to (INL3) on [0,00) such that P(u) = 0 and
there exists a continuous x : [0,00) — R such that, for any € > 0, there exists
R = R(e) > 0 such that

/ [Vu(t,z)|* + |u(t, z)|* + |u(t, z) [P de < e for any t € [0, 00).
|zt ()| >R

Then, we have

()

T—>O as t — oo.

This follows from [12, Lemma 5.1], [I8, Proof of Theorem 7.1, Stepl].

Lemma 4.11 (Rigidity). If the solution u with G-invariance satisfies the following
properties, then u = 0.
(1) Uy € ’CEM.
(2) P(u)=0.
(3) There exists a continuous = : [0,00) — R such that Gx(t) = xz(t) for all
t € [0,00) and G € G and, for any € > 0, there exists R = R(g) > 0 such
that

/ |Vu(t,z)|* + |u(t, z)|* + |u(t, z) [P de < e for any t € [0, 00).
etz ()| >R
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For the proof of Lemma BT, see [12, Theorem 6.1] and [I8, Theorem?7.1].

Combining Lemmas 874, B8, and B9, the forward critical element satisfies the
assumption (1)—(3) in Lemma BTH. The result by Lemma B-TT contradicts S, (u) =
SY > 0. This contradiction comes from the assumption S¢ < min{m¢, 9} in Propo-
sition AB. This means S& = min{m%, 19}, which completes the proof of Proposi-
tion 3 (i).

4.3. Proof of Theorem 2. First, we prove the following lemma.

Lemma 4.12. Let G C R/27Z x O(d) be a finite group and G’ be a subgroup of G
satisfying (x). Then, we have

Proof. By the definition of IS, for large N € N, there exists @y € H}, such that

1
SLQ) = 16+ 1 and K(Qh) = 0.
And there exists a sequence {z,,} C R? such that

{z, — G'x,} is bounded for all ¢’ € ¢,
|z, — Gx,| = 00 asn — oo, for all G € G\ G'.

We define
Qn :zZ*and Ay = )
Geo  #C ;11” 1Qul7i
Then, K(\,Q,) =0 and A Qn is G-invariant. Moreover, Lemma [A=3 implies that
1
1Qnlle — #G, HQN\ fe and (| Qull7p — #G, HQNH]Z;-I :

where s = 0, 1. Therefore, we obtain A, — 1 as n — oo. This implies
#G G/ 1
Sw(AnQn) — [ — .
( Q ) #G/ w + N
This means that I$ < #GIS"/#G". O
Next, we prove S¢ =[S for any finite group G by an induction argument.

Proof of Theorem 2 (1) (i). We use Noetherian induction. The set of finite groups
in R/27Z x O(d) is well-founded by the binary relation C and its minimal element
is the trivial group.

Stepl. By [18] and [1], we have S¢ = (¢ =1, if G = {(0,Z,)}.

Step2. Let G be a finite subgroup in R/27Z x O(d). We assume that S = [’
for any subgroup G’ of G. Then, by Lemma BT2, we get

#G
mé = min s¢
G’ CG satisfying (x #G/
#G
= min 1¢

G’ CG satisfying (* #G/ @
G
> (G
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Therefore, by Proposition I3 (i), we obtain S& = min{m¢&,15} = 1. Thus, Noe-
therian induction implies that S¢ = [& for any finite group G. This means that
Theorem 2 (1) (i) holds. O

5. PROOF OF THE SCATTERING RESULT FOR THE INFINITE GROUP INVARIANT
SOLUTIONS

In this section, we prove Proposition [3 (1) (ii). Let a subgroup G of R/27ZxO(d)
be infinite and satisfy that the embedding H} — LPT(R?) is compact throughout
this section.

First, we prove that the sequence {Z,} in (EI2) is bounded by a contradiction
argument. We suppose that {Z,} is unbounded. We may assume that |z,| — oo as
n — oo. Since {y,} is bounded in H', we can find 1) € HY and ¢ € H'(R%) such
that

i, i (R,
e_ig"AT_ggncpn — ) in H'(RY).
Since the embedding H < LP*1(R%) is compact, we see that e #%p, — 4 in

LPT(RY). On the other hand, for any R > 0, we have e &7_; o, — 4 in LP*!(Bg),
where By is a ball of radius R centered at the origin. These limits imply that

fztn

frani=f

< Hunz/? —e AT 5 o + He T—&,Pn — w\

LP+1(BR) L;U-‘rl(BR) LP+1 BR)

— 0.

Since [Z,| — 00 as n — oo, we have [|7_z, ¥ 11(p,) — 0 as n — oo. Therefore, we
see that, for any R > 0,

16l sy < |72 = ¥

Lr+i(B "’ ||T—i’nw||LP+1(BR) — 0.

This means that ¢ = 0. However, we have 1) 7é 0 by (E12). This is a contradiction.
Thus, we can take x,, := 0 for all n € N in the linear profile decomposition lemma.

The rest of the proof is same as in the radial case. See [21] for details.

APPENDIX A. LEMMAS

Lemma A.1. Let G be a subgroup of R/277Z x O(d) and {Z,} be a sequence. Then,
there exists a subgroup G' of G such that the sequence {&, — G'%,} is bounded for all
G € G and |, — GI,| — 00 asn — oo for allG € G\ G .

Proof. 1t is easy to check that there exists a subset G’ of G such that the sequence
{Z, — G'%,} is bounded for G’ € G’ and the sequence {Z,, — GZ,} is unbounded for
G € G\ G'. We prove that G’ is a group. Let (G’) denote the group generated
by G'. For any G € (G’), there exist £ € N and {G},---,G,} C G’ such that
G = (G)*(G5)*> - - - (G, )%, where s; denotes either 1 or —1 for j € {1,2,--- ,k}. By
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the triangle inequality, we have
|0 = G| = [T — (G1)™(G2)" -+ (G) ™ T

< [ = (G Fnl + [(G1)" En — (1) (G2) 20

(@) (Gh) 2 — (GL)° (G4 (Gh) ]
o 1(G1)7(G2)% - (G ™ B0 — (G1) ™ (G2)™ -+ (Gr) ™ T

< |jn - (gi)ﬂjn| + |jn - (gé)szjn| + |jn - (gi/’))%jn| +eeet |jn - (g//c)skjﬂ
Therefore, {Z, — GZ,} is bounded. This means that (G') C G’ and thus G’ is a
group. 0

Lemma A.2. Let k € N and A be a kd x d-matriz. We assume that a sequence
{Z,} C RY satisfies that there exists & € R* such that I%, — AZ, — T where T is a
kd x d-matrixz such that

7= k.

Then, there exist {x,} C R? and x5 € RY such that
{ Ax,, = Tz,

Tp — Ty — Too-

Proof. 1t is well known that there exist kd x kd-matrix P and d x d-matrix Q such
that

1 @11 - Qid—r

(A1) PZ-AQ=| : : T
1 [07% IR Ard—r

0 0 Yed —r

Vv Vv
r d—r

where r = rank(Z — A). We set g, := Q7 '7,, B:=P(Z—A)Q, and j := Pz. Then,
we have By, — ¥ since
|Bgn - Zj‘ = ’P(I - A>an - ,Pﬂ = ‘,PCZ - A)Qg_li’n - ’P‘Tl
<|PI(Z — Az, —Z| — 0 as n — oco.
In particular, for ¢ € {1,2,--- | r},
(A.2) 78+ (an g™ + -+ aig3?) — §'] = 0 as n — oo,

where 27 denotes the j-th component of z € R%. We take {y,} C R? satisfying the
following properties.

Yy = — (g™ 4+ i, Gh),
Y = U,

for i € {1,2,---,r} and j € {r +1,r+2,---,d}. Then, we have By, = 0 for

all n € N by the definition of {y,}. Moreover, we have for i € {1,2,--- r} and
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jE{T+1,T+2,"' 7d}7

I = Y = Tp + (@nGy ™+ i) —(andy ™ + -+ aa ) —

=0 by the definition of y?,

— gi as n — o0.
and 77 — yJ = 0. Therefore,
d{ (Un Yn\ . -
()= () s
Note that " ! = "2 = ... = y** = 0. Define z,, := Qy,, by (B). Then, we have

0= By, = P(I - A)Qyn = P(I - A)xn

Multiplying P~! from the left, we obtain Az, = Zx,. Moreover,
jn — Ty = Q(gn - yn) - Q = To-

This completes the proof. 0

Lemma A.3. Let f € H} and {z,} satisfy |z, — Gz,| — o0 as n — oo for
G € G\ G'. We have the following identities.

2
(A3) |2¥Mﬁﬁ‘ =Z§H#ﬁﬂ%+om,
geGa X
(A-4) > 9. f) #G, oG FI, +0(1)
geG p

where A € [0,1], p > 1 and o(1) — 0 as n — oco. In particular, the following identity
holds for any w > 0.

#G
Se G(7e, f) -Su (#G'f) +o(1).
(Zomn) - 1

To prove Lemma A3, we need Refined Fatou’s lemma. See [6] and [34, Theorem
1.9].

Lemma A.4 (Refined Fatou’s lemma). Let {f,} C LP(RY) with limsup,,_, || foll1» <
oco. If f, — f almost everywhere, then we have

/ ful? = [ fn = fIP = |fIP|dx — 0 as n — .
Rd

In particular, || full5, = fu = FI2 = |10 asn = 0.
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Proof of Lemma [A3. Let {Qk}k#fl/ #% e the set of left coset representatives. First,
we prove (A33).

2 #G/#G! ?
Y G| = #E? D Gl )
geGa HX k=1 78
( #G/#G' #G/#G'
= #G ¢ D NG Dl + Y G ) Gi(Tan ) s
\ k=1 kl;:l;ll
G
— 2 I#G I
#G[#G'
+(#E? Y (G ), Gl f)) o
k=1
k£l

The second term tends to 0 as n — oo since |z, —Gx,| — cc asn — oo for G € G\ G’
and G, 'G, ¢ G' for k # 1. This implies (E=33). Next, we prove (Bd). Without loss of
generality, we may assume that G; = (0,Z).

P #G/H#G p
S G N = #E| D Gilrf)
Gead P k=1 Ip
HG/H#G b
= #GV || f+ D Gul7a, f)
k=2 Ip
#C/#C P
= (#G)"||f + Z T+ Gsan Ik f
k=2 Ip

G/#G
We set fé = f+ Zk#=2/# T tGz, Uk S Then, sup, ey Hf?%HLp < oo and f% = f
almost everywhere since |z, — Gz,| — o0 as n — oo for G € G\ G'. Therefore,
Refined Fatou’s lemma gives us

Lall = 15 = £1% = 17117 — 0.
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Here, f! — f = Z#G/#G T +Gren Ok f and

#G/#G b #G /#G P
> TaiawGif| = Y. T0.0.00f
k=2 I k=2 I
#G/#C' b
= 170:0.G2f + D Tguw. G0t
k=3 o
#G/#G' P
= G2(Tea 5) + Y TGOS
k=3 Ip
#G/#G' b
=||f+ Z T3 Gran G2 Grf
k=3 Ip

Let f2 = f+ Y04 " 1, 616,92 Gef. Then, sup,cy || £l < 0o and f2 — f

almost everywhere since |z, — Gz, | = 00 as n — oo for G € G\ G'. Therefore, by
Refined Fatou’s lemma again, we get

21170 = 117 = 117, = 11 — 0
By repeating this procedure, we get

(Fa e el e W A
;V:lee;e f#G/#G B =i _x”J“g#c/#cf QEIQ#G/#c/xng#;é/#G'—l -Gy "G f. Now, we
FREFE f H —en G w1 gglg#G/#G,xng;;é/#Gf—l - -g;lgkaLp
= I/ 11z -
Thus, we obtain
p

S 06| =@arnl, - oy e AN

geG o
This completes the proof. O

Lemma A.5. Let {t,} C R, {z,} C R, {f,} € HY(R?) and ¢ € H'(R?) \ {0}
satisfy

fo =0 and ™2 f,(- + z,) — b as n — oo in H'(R?).

Then, |t,| — 0o or |z,| = o0 as n — oo taking a subsequence.

Proof. 1f |t,| + |x,| is bounded, then f,(- + x,) — 0 since f,, — 0. This contradicts
¥ # 0. See also [I8, Lemma 5.3]. O
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APPENDIX B. APPLICATIONS

We introduce some applications of Theorem 2 in this appendix. Here, we only

treat examples in two dimensional case. We only introduce three applications.
(1). We consider

{006 0) D)) G}

By Theorem 2, we can classify the solutions with G-invariance satisfying
S, < 4l,,

where we can show [& = 4], easily.

R ()]

By Theorem 2, we classify the solutions with G-invariance satisfying
S, < 2l,,

where we have used the fact that IS = 2[,,.

(3). We consider
cosf) —sinf
o= {(o. (0 ) e nan).

Then, the embedding H}Y — LPTY(R?) is compact since Gz has infinitely many
elements for o # 0. By Theorem [2, we can classify the solutions such that S, < 9.
It is worth noting that IS is strictly larger than .
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