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Chapter 1 Introduction 
 

1.1 Background and motivation. 

 

In recent decades, societies across the globe, particularly in Japan, Europe, and increasingly in China 

and other parts of Asia, are facing a profound demographic shift characterized by declining birth rates, 

shrinking working-age populations, and rapid aging. This demographic transition has led to chronic labor 

shortages in sectors that rely heavily on physical work, such as manufacturing, transportation, retail, and 

eldercare. In response, there is an urgent and growing demand for automation technologies that can 

supplement or replace human labor in routine, repetitive, or physically demanding tasks. 

Mobile robots have emerged as a key enabler of this automation wave and are already widely 

deployed for material transportation in factories and warehouses, where they enhance operational 

efficiency while reducing labor costs. However, the demand for automation is no longer limited to highly 

structured industrial environments. In retail settings, such as supermarkets and convenience stores, tasks 

including shelf restocking, customer guidance are increasingly being targeted for robotic 

implementation. Similarly, in last-mile delivery and indoor service applications, mobile platforms are 

being integrated with robotic manipulators or humanoid upper bodies to create versatile, multi-functional 

service agents. 

For such applications, the mobile base must support agile navigation through dynamic, crowded, and 

spatially constrained indoor environments. In this context, omnidirectional mobile robots offer 

significant advantages over conventional differential-drive counterparts. Unlike differential-drive robots, 

which require rotational maneuvers to reorient before lateral movement, an omnidirectional platform can 

instantaneously translate in any direction. This capability enables seamless navigation through narrow 

aisles, rapid obstacle avoidance, and precise alignment with shelves, counters, or interaction points, all 

without the need for additional maneuvering space. Consequently, omnidirectional mobility is not merely 

a performance enhancement but a critical enabler for effective operation in complex human-centric 

environments. 

Omnidirectional mobile robots can be roughly divided based on the moving parts into four types: 

wheeled robots [1–8], legged robots [9–12], wheel-legged robots [13–15], and tracked robot[16,17]. 

Wheeled omnidirectional mobile robots are the most common because of their low energy consumption, 

simple structure, and high stability. The non-holonomic constraints of conventional wheeled mobile 

robots can be removed with mechanisms such as Omni wheels [18,19], Mecanum wheels [20,21], caster 

wheels [22–25], and spherical wheels [26–30]. 
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Fig. 1.1 Omnidirectional mechanisms. (a) Mecanum wheel, adopted from [31]; (b) Omni wheel[18]; (c) 

active split offset caster [32]; (d) spherical wheel robot called Ballbot [33]; 

 

The Mecanum wheel shown in Fig. 1.1(a) consists of a hub and several free rollers attached to its 

periphery at a 45-degree angle. Compared to robots equipped with conventional wheels, robots equipped 

with Mecanum wheels often have a lower load capacity due to the complicated structure of such wheels. 

The discontinuous contact between the rollers and the ground results in vibrations, especially on uneven 

ground. In contrast, the omni wheel, depicted in Fig. 1.1(b), comprises a central hub with multiple small 

passive rollers mounted orthogonally along its circumference. Compared to Mecanum wheels, omni 

wheels generally offer higher side-slip efficiency and lower mechanical complexity, which can lead to 

reduced manufacturing cost and improved energy efficiency during transverse movement. However, the 

discrete nature of the roller-ground contact similarly introduces vibrations on rough surfaces, and the 

load-bearing capacity remains limited due to the reliance on small-diameter rollers for support. 

Furthermore, the exposed rollers are susceptible to entanglement with debris or fibers, which may 

compromise reliability in unstructured environments. A caster wheel, shown in Fig. 1.1(c), has a higher 

load capacity but its rotation around the steering axis has a small amount of pause [34]. In addition, it 

may cause shock or slippage and increase the uncertainty in the positioning of the robot. Figure 1.1(d) 

shows a robot that uses a spherical wheel. This type of wheel has a continuous contact point with the 

ground, so it does not produce vibrations. However, since it is necessary to use friction to rotate the 

spherical wheel, compensation for slippage is necessary. Moreover, the large volume of a spherical wheel 

makes the movement device larger.  

To overcome the disadvantages mentioned above, a slidable-wheeled omnidirectional mobile robot 

(SWOM) was previously proposed by Terakawa et al. [35], as shown in Fig. 1.2.  
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Fig. 1.2 Diagram of slidable-wheel omnidirectional mobile robot (SWOM) [35] 

 

Structurally, SWOM comprises a rigid central base block connected to three identical driving units 

via three linear sliding rails arranged radially at 120° intervals. Each driving unit incorporates a standard 

conventional wheel equipped with independent actuators for active rotation and active steering. By 

utilizing conventional wheels instead of specialized omnidirectional mechanisms such as Mecanum or 

omni wheels, SWOM can inherit their inherent advantages, including high load capacity, mechanical 

robustness, low vibration during operation, and compact footprint. Critically, each driving unit is also 

capable of passive sliding along its dedicated rail. This additional degree of freedom (DOF) decouples 

the wheel’s orientation from the robot’s body frame, thereby eliminating the non-holonomic constraints 

typically associated with conventional wheeled systems. As a result, SWOM achieves true 

omnidirectional mobility. As schematically illustrated in Fig. 1.3, coordinated control of the wheel 

orientations and driving torques enables the robot to execute a full range of planar motions, including 

forward and backward translation, lateral strafing, diagonal movement, and in-place rotation, without 

requiring reorientation maneuvers. 

 

Fig. 1.3 Omnidirectional movement of SWOM when the movement direction of each wheel is perpendicular 
to the sliding joint. (a) Moving forward. (b) Moving to the right. (c) Moving diagonally forward right.(d) 
Turning. The upward direction in the figure is the forward direction. [35] 

  

Despite these advantages, SWOM introduces significant control challenges that hinder its practical 

deployment. First, the system requires six actuators (three for wheel rotation, three for steering), 

exceeding the three DOFs needed for planar omnidirectional motion, resulting in a redundant and over-

actuated system. Second, the passive sliding motion is not directly controlled; it emerges from 

interactions between wheel forces, body inertia, and rail constraints. This can lead to unintended motions 
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or instability if not properly managed. Third, the overall systems are strongly nonlinear, and each 

conventional wheel remains subject to non-holonomic constraints, complicating trajectory planning and 

feedback control [36]. Most critically, the sliding joints must remain within bounded ranges on their rails; 

if a joint reaches an end-stop, the robot enters a singular configuration where omnidirectional mobility 

is lost. Therefore, ensuring that all sliding positions stay within safe operational limits during motion is 

a fundamental requirement for stable control. 

Consequently, the primary challenge addressed in this thesis is how to achieve accurate and robust 

control for SWOM despite its structural complexity, redundancy, and inherent nonlinearities. From a 

software perspective, this necessitates advanced control strategies capable of handling high-dimensional, 

constrained, and nonlinear systems. From a hardware perspective, it raises the question of whether the 

mechanical architecture itself can be rethought to reduce complexity while preserving omnidirectional 

capability. 

 

1.2 Relative researches. 

 

1.2.1 Trajectory tracking and model predictive control 

Trajectory tracking control has been extensively investigated in the literature [37–39]. By definition, 

trajectory tracking refers to the capability of controlling a system such that it accurately follows a 

predefined reference trajectory, which includes not only spatial position but also temporal information. 

For instance, in mobile robotics, this involves tracking the desired trajectory of a robot's position and 

orientation in a plane or three-dimensional space; similarly, for robotic manipulators, it entails controlling 

the end-effector's pose (position and orientation) to follow a specified trajectory [40,41]. Recently, 

dynamic behaviors of humanoid robots [42,43]—such as dancing, standing, and walking—can also be 

interpreted as pose trajectory tracking tasks. The primary challenges in trajectory tracking problems arise 

from system nonlinearities, external and internal noise, and the increasing dimensionality of the state 

space. 

Due to the broad scope of systems and applications involved in trajectory tracking problems, a wide 

variety of control methodologies have been employed. For relatively simple systems, classical control 

theory—such as PID control or lead-lag compensation—can be directly applied to achieve satisfactory 

tracking performance. Sliding mode control has been applied to trajectory tracking in various fields, 

including underwater vehicles [44,45], flapping-wing micro aerial vehicles [46], and mobile robots [47]. 

A trajectory tracking control method for automated guided vehicles based on the Udwadia-Kalaba 

approach was proposed by Yu et al. [48]. Trajectory tracking from the perspective of port-controlled 

Hamiltonian systems was discussed by Fujimoto et al. [49].  

Additionally, Model Predictive Control (MPC) is also widely employed for trajectory tracking tasks 

[5,50,51]. The fundamental concept of MPC is to predict the process output along a future time horizon 

using the system model and calculate a control sequence to optimize a performance index [52]. Therefore, 

the performance of the controller depends on how well the dynamics of the system being captured by the 

input–output model that is used for the design of the controller [53]. 
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The overall procedure of MPC can be illustrated with Fig. 1.4.  

 

 

Fig. 1.4 Model predictive control strategy [54]. 

 

At each discrete time step 𝑡, MPC performs the following sequence of operations: first, the current 

observation 𝑦(𝑡) of the system is measured. Subsequently, based on a dynamic model of the plant, a 

finite-horizon optimal control problem is formulated and solved over the prediction horizon [𝑡, 𝑡 + 𝑁], 

subject to system constraints on states and control inputs. The cost function to be minimized typically 

includes weighted terms for tracking error and control effort. The solution yields an optimal sequence of 

future control inputs {𝑢(𝑡), 𝑢(𝑡 + 1|𝑡), … , 𝑢(𝑡 + 𝑁 − 1|𝑡)}  . Only the first element of this sequence, 

𝑢(𝑡), is implemented and applied to the system as the control input at time 𝑡. At the next time step 𝑡 +

1, the process is repeated with the updated state measurement 𝑦(𝑡 + 1), resulting in a receding horizon 

implementation that provides inherent feedback and robustness to disturbances and modeling 

inaccuracies. Due to its conceptual simplicity and ability to handle complex systems with strict control 

constraints and multiple inputs and outputs [55], MPC is widely used in various industries, such as 

process control [56], power electronics [57], and manufacturing [58,59].  

Depending on whether the optimization solver employed can handle nonlinear programming 

problems, MPC can be classified into Nonlinear MPC (NMPC) and Linear MPC (LMPC). For linear 

systems, LMPC is typically sufficient for effective control. However, for nonlinear systems, NMPC is 

generally required to adequately capture the system dynamics. In NMPC, the associated optimization 

problems are inherently nonlinear and must be solved in real time, leading to significantly high 

computational costs. To mitigate this burden, an alternative approach is to linearize the system model 

around the current operating point or along the reference trajectory, and subsequently apply LMPC based 

on the linearized model, which offers a favorable trade-off between performance and computational 

efficiency. 

While MPC has been successfully applied to a wide range of mobile robots, including those equipped 

with Mecanum or omni wheels, its application to mechanisms such as SWOM remains largely 

unexplored. A primary challenge stems from the strong nonlinear coupling among steering motion, wheel 

driving, and passive sliding, which significantly complicates real-time implementation. If NMPC is 

employed, substantial computational resources are required to solve the optimization problem within the 
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prescribed control interval. On the other hand, LMPC demands carefully designed linearization strategies 

that accurately preserve the essential kinematic characteristics of the system. Addressing these challenges 

constitutes a key motivation for adapting and applying MPC techniques to SWOM platform in this work. 

 

1.2.2 Deep reinforcement learning 

Reinforcement learning (RL) enables the construction of autonomous decision-making agents that 

learn optimal policies through trial and error during their interaction with a dynamic environment. The 

specific interaction paradigm is illustrated in Fig.1.5: the agent selects an action based on the current 

state, the environment transitions to a new state accordingly, and returns an immediate reward signal. 

The agent then improves its behavioral policy by evaluating the long-term cumulative reward. 

 

 

Fig. 1.5 Illustration of the agent-environment interaction loop  

 

Traditional RL methods, such as Q-learning, SARSA, and policy gradient algorithms, have achieved 

considerable success in tasks with low-dimensional, discrete, and well-structured state and action spaces. 

However, traditional RL approaches face significant challenges when applied to problems involving 

high-dimensional and continuous state and action spaces. A key bottleneck lies in the limited 

representational capacity of conventional function approximators, which struggle to capture complex, 

nonlinear patterns in large-scale input spaces. To overcome this limitation, deep neural networks have 

been integrated into the reinforcement learning framework, giving rise to Deep RL (DRL). 

DRL exploits the powerful nonlinear approximation and hierarchical feature extraction capabilities 

of deep networks, enabling agents to learn both state representations and control policies directly from 

raw, high-dimensional observations. This facilitates end-to-end learning of perception and control. A 

landmark advancement was the Deep Q-Network (DQN) [60] introduced by DeepMind, which combined 

convolutional neural networks with Q-learning to achieve human-level performance on a variety of Atari 

games using only pixel inputs. Since then, numerous advanced DRL algorithms, including Deep 

Deterministic Policy Gradient (DDPG) [61], Soft Actor-Critic (SAC) [62], and Proximal Policy 

Optimization (PPO) [63] have been developed, significantly enhancing the adaptability and decision-
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making capabilities of agents in complex and uncertain environments.  

Unlike model-based control methods such as MPC or Linear Quadratic Regulators (LQR) which rely 

heavily on accurate mathematical models of system dynamics and are sensitive to modeling errors, DRL 

adopts a model-free paradigm. This allows DRL to operate effectively in scenarios where system 

identification is difficult or impractical. Moreover, DRL can inherently adapt to environmental changes 

and unmodeled disturbances through online learning. However, this flexibility comes at a cost: DRL 

typically suffers from high sample complexity, substantial computational demands, and limited 

interpretability. Training processes are often unstable and prone to poor generalization if not carefully 

designed. Furthermore, the design of reward functions remains a critical challenge. There is currently no 

universal methodology for crafting effective rewards, and in practice, it requires extensive manual tuning 

and domain expertise, entailing significant engineering effort. 

In recent years, DRL has achieved remarkable progress in the field of robotics, demonstrating strong 

capabilities in enabling autonomous control and adaptive decision-making across a wide range of 

platforms. Successful applications have been reported in humanoid robots [64,65], robotic manipulators 

[66,67], unmanned aerial vehicles (UAVs) [68,69], and mobile robotic systems [70–72].  

Building on this foundation, several studies have specifically focused on trajectory tracking tasks 

using DRL. For instance, DRL-based approaches have been developed for end-effector trajectory 

tracking in robotic arms [73–75], as well as for path following in autonomous underwater vehicles [76], 

UAVs [77,78], and wheeled mobile robots [79,80]. These efforts highlight the growing potential of DRL 

in achieving precise and robust motion control under complex and uncertain environments. However, for 

wheeled mobile robots, most current research uses relatively simple models, which are simplified 

versions of existing vehicles with two or three DOFs. For example, Tan et al. [81] employed a bicycle 

model, Srikonda et al. [82] studied skid-steered wheeled mobile robots, Liu et al. [83] focused on 

distributed drive vehicles, and Chai et al. [84] and Lian et al. [85] considered a four-wheeled mobile 

robot with passive front wheels and differential-driven rear wheels, respectively. There is relatively little 

research on trajectory tracking problems that involve wheeled mobile robots with complex structures and 

higher DOFs, which motivates my investigation on the use of DRL-based trajectory tracking for such 

robots. 

 

1.3 Thesis organization   

 

The objective of this thesis is to advance the practical application of SWOM from both software and 

hardware perspectives, with a primary focus on the three themes outlined above. The research outcomes 

are presented in the subsequent chapters. A brief review of this thesis is as follows: 

Chapter 2 presents the trajectory tracking controller for SWOM based on the LMPC approach. An 

original method for generating a reference path that includes not only state variables but also inputs is 

proposed. The linearized kinematic model of SWOM is obtained using a first-order Taylor expansion 

around reference points on the reference path. Simulations considering slippage are conducted and the 

results show that SWOM can well track the reference path. Experiments conducted on a prototype also 
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validate the effectiveness of the proposed control method. 

Chapter 3 proposes a control framework that integrates DRL with hierarchical control to achieve 

DRL-based trajectory tracking for SWOM. The upper-level controller computes the required velocity of 

the robot body based on the error between the current and target positions, thereby regulating the wheel’s 

rotational speed. The lower-level controller consists of three DRL-trained sub-controllers, each 

responsible for steering one of SWOM’s three wheels, ensuring that the passive components of SWOM 

remain within an acceptable range. The design of the reward function in reinforcement learning, as well 

as the impact of parameter variations on training outcomes, is discussed. The effectiveness of the 

proposed controller is validated through numerical simulations conducted under two scenarios: one 

without considering wheel slippage and the other with wheel slippage taken into account. The proposed 

controller demonstrates satisfactory performance in both cases. 

Chapter 4 proposes an omnidirectional mobile robot with a simpler structure based on SWOM. The 

synthesis of the proposed robot, including the basic structure and basic movement patterns, is first 

presented. A kinematic model is established, and the singular configuration of the robot is analyzed. An 

original movement strategy for avoiding singularities is developed considering the periodic input and 

stabilization of the slidable base. The feasibility of the new structure and its movement patterns is 

validated through simulations and experiments. 

Chapter 5 provides a summary of each chapter and discusses directions for future research. 



   

 

Chapter 2. Trajectory tracking control of SWOM 

using linear model predictive control 
 

2.1 Introduction 

 

In the previous chapter, I outlined the challenges of trajectory tracking for robots and reviewed 

commonly adopted approaches. This chapter focuses on an MPC-based scheme. Compared with 

intelligent control, model-based methods generally offer superior interpretability. Owing to its inherent 

advantage in handling constraints, MPC has been extensively applied in mobile robot control. For 

SWOM, constructing its kinematic model and designing an MPC controller accordingly can provide a 

reference baseline performance for subsequent learning-based approaches.  

Due to its low computational complexity, ease of implementation, and ability to handle constraints 

on inputs and outputs, LMPC was adopted to achieve trajectory tracking for SWOM. Building on the 

kinematic equations of SWOM proposed in previous research, this study introduces a novel method for 

generating reference trajectories. The generated reference trajectories encompass not only all state 

variables of SWOM but also the corresponding reference inputs. Subsequently, the linear motion 

equations of SWOM were derived through a first-order Taylor expansion at the reference points along 

the trajectory. Finally, the LMPC method was successfully applied to achieve trajectory tracking for 

SWOM, and its effectiveness was validated through both simulations and prototype experiments. 

The rest of this chapter is organized as follows: Section 2 reviews the kinematic model and 

singularity for SWOM. Section 3 presents the proposed methodology for generating reference 

trajectories and motion planning. Section 4 describes the linearization of the kinematic equations for 

SWOM and the application of LMPC to the trajectory tracking problem. A numerical simulation is 

conducted to verify the effectiveness of the proposed method. Section 5 presents and discusses the 

experimental results and Section 6 concludes this chapter. 

 

2.2 Kinematic analysis of slidable-wheel omnidirectional mobile robot 

 

The global reference frame and local reference frame are shown in Fig. 2.1(a). The origin of the local 

reference frame is fixed at the center of the base block, with the 𝑋ோ axis parallel to a sliding rail. To 

distinguish the three driving units, the unit that slides on the rail parallel to the 𝑋ோ axis is labeled as 

driving unit 1. The other two driving units are labeled as driving units 2 and 3, respectively, in the 

counterclockwise direction. Figure 2.1(b) shows more detailed parameters describing SWOM’s 

configuration in the local reference frame. The angle between each sliding rail and the 𝑋ோ  axis is 

denoted as 𝛼. 𝑙 is the displacement of the slider, 𝑟 is the wheels’ radius, 𝜑̇ is the rotation speed of 

the wheel, and 𝛽 is the angle between the wheel axle and the sliding rail indicating the orientation of 
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the wheel. I use the subscript 𝑖 to indicate the parameters belonging to driving unit 𝑖 (𝑖 = 1, 2, 3). 

 

 

 

(a) (b) 

Fig. 2.1 (a) Global and local reference frames for SWOM. (b) Wheel parameters in the local reference frame 

[36]. 

 

The kinematic model of SWOM is derived as: 

 

[sin(𝛼௜ + 𝛽௜)   − cos(𝛼௜ + 𝛽௜)     − 𝑙௜cos𝛽௜]𝑅(𝜃) ൥
𝑋̇
𝑌̇
𝜃̇

൩ + 𝑟𝜑̇௜ + 𝑙௜̇sin𝛽௜ = 0 (2.1) 

[cos(𝛼௜ + 𝛽௜)   sin(𝛼௜ + 𝛽௜)    𝑙௜sin𝛽௜]𝑅(𝜃) ൥
𝑋̇
𝑌̇
𝜃̇

൩ + 𝑙௜̇cos𝛽௜ = 0 (2.2) 

 

where 

 

𝑅(𝜃) =  ൥
cos𝜃 sin𝜃 0

−sin𝜃 cos𝜃 0
0 0 1

൩ (2.3) 

 

and 𝑋̇ represents the velocity of SWOM along the O𝑋ூ  axis in the global coordinate system, while 𝑌̇ 

represents its velocity along the O𝑌ூ  axis in the same system. 

These equations are derived under the assumption of no-slip conditions, based on the relationship 

between SWOM's body velocity and the velocities of its three wheels. Equation (2.1) describes the 

scenario where, under no-slip conditions, the actual rotational speed of the wheel equals the velocity 

component of the point on the sliding rail coinciding with the wheel in the local coordinate system, 

projected in the direction parallel to the wheel orientation, plus the displacement velocity of the wheel 

along the sliding rail in the same direction. Under no-slip conditions, the wheel's velocity component 

perpendicular to its orientation is zero. Accordingly, Eq. (2.2) states that the velocity component of the 
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point on the sliding rail coinciding with the wheel in the local coordinate system, projected in the 

direction perpendicular to the wheel orientation, plus the displacement velocity of the wheel along the 

sliding rail in the same perpendicular direction, must sum to zero. 

By combining Eqs. (2.1) and (2.2), 𝑙 ̇ can be eliminated. The forward and inverse kinematics can be 

expressed by Eqs. (2.4) and (2.5), respectively. 

 

൥
Ẋ
𝑌̇
𝜃̇

൩ = 𝑅(𝜃)ିଵ ൥

− sin 𝛼ଵ cos 𝛼ଵ 𝑙ଵ

− sin 𝛼ଶ cos 𝛼ଶ 𝑙ଶ

− sin 𝛼ଷ cos 𝛼ଷ 𝑙ଷ

൩

ିଵ

൥

𝑟 cos 𝛽ଵ 0 0
0 𝑟 cos 𝛽ଶ 0
0 0 𝑟 cos 𝛽ଷ

൩ ൥

φ̇ଵ

φ̇ଶ

φ̇ଷ

൩ (2.4) 

൥

𝜑̇ଵ

𝜑̇ଶ

𝜑̇ଷ

൩ = ൥

𝑟 cos 𝛽ଵ 0 0
0 𝑟 cos 𝛽ଶ 0
0 0 𝑟 cos 𝛽ଷ

൩

ିଵ

൥

− sin 𝛼ଵ cos 𝛼ଵ 𝑙ଵ

− sin 𝛼ଶ cos 𝛼ଶ 𝑙ଶ

− sin 𝛼ଷ cos 𝛼ଷ 𝑙ଷ

൩ 𝑅(𝜃) ൥
Ẋ
𝑌̇
𝜃̇

൩ (2.5) 

 

The robot will fall into a singular configuration if the orientation of any of the wheels is parallel to 

the sliding rail. In this paper, I constrain 𝛽  to the range of (− 𝜋 2⁄ , 𝜋 2⁄ )  to avoid the singularity. 

Substituting 𝛼ଵ = 0, 𝛼ଶ = 2𝜋 3⁄ , and 𝛼ଷ = 4𝜋 3⁄  into the inverse kinematic equation yields 

 

൥

𝜑̇ଵ

𝜑̇ଶ

𝜑̇ଷ

൩ = ൥

𝑟 cos 𝛽ଵ 0 0
0 𝑟 cos 𝛽ଶ 0
0 0 𝑟 cos 𝛽ଷ

൩

ିଵ

∗

⎣
⎢
⎢
⎢
⎡

−𝑋̇sin𝜃 + 𝑌̇cos𝜃 + 𝜃̇𝑙ଵ

 𝑋̇ ቀ−
√ଷ

ଶ
cos𝜃 +

ଵ

ଶ
sin𝜃ቁ + 𝑌̇ ቀ−

√ଷ

ଶ
sin𝜃 −

ଵ

ଶ
cos𝜃ቁ + 𝜃̇𝑙ଶ

𝑋̇ ቀ
√ଷ

ଶ
cos𝜃 +

ଵ

ଶ
sin𝜃ቁ + 𝑌̇ ቀ

√ଷ

ଶ
sin𝜃 −

ଵ

ଶ
cos𝜃ቁ + 𝜃̇𝑙ଷ ⎦

⎥
⎥
⎥
⎤

 (2.6) 

 

Due to the limitations of the motors and the restricted length of the sliding rail, SWOM has 

constraints on both inputs and outputs. The constraints on the inputs can be satisfied by directly 

controlling their magnitude. From Eq. (2.2), when − 𝜋 2⁄ < 𝛽௜ < 𝜋 2⁄ , the time dependence of 𝑙௜ can 

be expressed as: 

 

𝑙௜̇ = −𝑋̇൫cos(𝜃 + 𝛼௜) − tan𝛽௜sin(𝜃 + 𝛼௜)൯ − 𝑌̇൫tan𝛽௜cos(𝜃 + 𝛼௜) + sin(𝜃 + 𝛼௜)൯ − 𝑙௜𝜃̇tan𝛽௜

 (2.7) 

 

From Eq. (2.7), it is possible to keep 𝑙௜ within the constraint limits by controlling the orientation of 

the wheel.  
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2.3 Reference path generation 

 

Since the kinematic system is linearized using a first-order Taylor expansion at reference points on 

the reference path, a reference trajectory for SWOM that includes not only its configuration but also the 

corresponding inputs is necessary. I first define the target velocity for SWOM and then calculate the 

reference value for the wheels’ rotational speed. Based on this, the orientation of each wheel is adjusted 

to ensure that 𝑙௜ remains within the specified range. Consequently, reference values for 𝑙௜, 𝛽௜, and 𝛽̇௜ 

are obtained. The procedures for reference path generation are as follows. 

The inputs of the system are the rotation and steering velocity of the wheels, 𝜑̇௜ and 𝛽̇௜, which 

means the steering angle of the wheel cannot be directly controlled. At the 𝑘-th time step, the reference 

translation velocity (𝑋̇௥௘௙(𝑘), 𝑌̇௥௘௙(𝑘)) and rotation velocity 𝜃̇୰ୣ୤(𝑘) of SWOM are first specified. The 

configurations of SWOM, including 𝑋(𝑘), 𝑌(𝑘), 𝜃(𝑘), 𝑙௜(𝑘), and 𝛽௜(𝑘), are measured by sensors. The 

necessary rotation velocity of the three wheels 𝜑̇௜ௗ(𝑘) can be calculated using Eq. (2.6). 

Next, the reference steering velocity of the wheels 𝛽̇௜୰ୣ୤(𝑘) is designed to stabilize the displacement 

of the slider. Let 𝐸௟௜ =  𝑙௜௥௘௙ −  𝑙௜ௗ be the distance between the slider’s position and the desired position, 

where 𝑙௜ௗ denotes the desired position of the slider. Generally, it is set to be at the middle of the sliding 

rail. If 𝑙௜̇୰ୣ୤ = −𝐾௜𝐸௟௜  , 𝑙௜୰ୣ୤  will converge to 𝑙௜ௗ . With 𝑙௜̇୰ୣ୤ = −𝐾௜𝐸௟௜  , from Eq. (2.7), the reference 

orientation of the wheel 𝛽௜୰ୣ୤ can be obtained as: 

 

𝛽௜୰ୣ୤ = arctan (
௑̇౨౛౜ୡ୭ୱ(ఏାఈ೔)ା௒̇౨౛౜ୱ୧୬(ఏାఈ೔)ି௄೔ா೗೔

௑̇౨౛౜ୱ୧୬(ఏାఈ೔)ି௒̇౨౛౜ୡ୭ୱ(ఏାఈ೔)ି௟೔ఏ̇౨౛౜
) (2.8) 

 

At the 𝑘-th time step, the rate of change of the position of the slider 𝑙௜̇୰ୣ୤(𝑘) is first derived according 

to Eq. (2.7). Then, the position of the slider at the next time step 𝑙௜୰ (𝑘 + 1) and the distance between 

the slider and its desired position at the next time step 𝐸௟௜(𝑘 + 1) can be predicted. Using Eq. (2.8), the 

reference steering angle of the wheel for the next time step 𝛽୰ୣ୤(𝑘 + 1)  is derived to control the 

displacement of the slider. Thus, the reference angular velocity 𝛽̇௜୰ୣ୤(𝑘) can be calculated from the rate 

of change of the steering angle between two steps to ensure the angular velocity at the next step reaches 

the desired value (i.e., 𝛽̇௜୰ୣ୤(𝑘) =  (𝛽௜୰ୣ୤(𝑘 + 1) − 𝛽௜୰ୣ୤(𝑘))/𝑑𝑡 ). If 𝑋̇୰ୣ୤sin(𝜃 + 𝛼௜) − 𝑌̇୰ୣ୤cos(𝜃 +

𝛼௜) − 𝑙௜𝜃̇୰ୣ୤ = 0 , 𝛽௜୰ୣ୤(𝑘 + 1)  becomes 𝜋/2  or −𝜋/2 , which violates the constraints placed on the 

steering angle of the wheel. For this situation, I simply set 𝛽௜୰ୣ୤(𝑘 + 1) to the value at the previous step 

and 𝛽̇௜୰ୣ (𝑘) = 0. 

The reference position for SWOM can be calculated by integrating 𝑋̇୰ୣ୤, 𝑌̇୰ୣ୤, and 𝜃̇୰ୣ୤. Finally, I 

obtain the reference path for SWOM, which consists of the reference configuration and the corresponding 

inputs. 

An example of a reference trajectory and the corresponding reference position of the sliders are 

shown in Fig. 2.2. To demonstrate the robot’s omnidirectional mobility, the reference trajectories are set 

to be unsmooth and non-differentiable. The target velocity of the robot is (𝑋̇ = 0.05 m s⁄ , 𝑌̇ = 0.00 m s⁄ ) 
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for the first 20.0 s and (𝑋̇ = 0.00 m s⁄ , 𝑌̇ = 0.05 m s⁄ ) for the next 20.0 s. The target rotation speed is 

0.08 rad/s. The target position of the sliders is set to 𝑙௜ௗ = 0.20 m and the limits on the position of the 

sliders are 𝑙୫୧୬ = 0.12  m and 𝑙୫ୟ୶ = 0.30  m. 𝐾௜  (𝑖 = 1, 2, 3)  is set as 1. In the subsequent 

simulations and experiments, the value of 𝐾௜ has also been set to 1. Figure 2.2(b) shows the reference 

position of the sliders as the robot moves along the reference trajectory. From the graph, it can be 

concluded that the position of the sliders can be limited to a small range from the specified position using 

the proposed method. 

 

  

(a) (b) 

Fig. 2.2 (a) Reference path and (b) reference position for sliders on sliding rails. 

 

The graph of the position of the sliders has some peaks. There are two main reasons for this 

phenomenon. First, when the velocity of the robot suddenly changes a lot, the orientation of the wheels 

𝛽 also needs to change a lot. Since I set an upper limit on the acceleration of 𝛽, the desired value is not 

reached immediately, so the displacement of the slider continues to change. Second, the direction of the 

velocity at the point on the robot that is in contact with an arbitrary slider is parallel to the direction of 

its sliding rail (i.e., 𝑋̇୰ୣ୤sin(𝜃 + 𝛼௜) − 𝑌̇୰ୣ୤cos(𝜃 + 𝛼௜) − 𝑙௜𝜃̇୰ୣ୤ = 0). At this point, 𝛽௜ needs to be 𝜋/2 

or −𝜋/2, which is prohibited, and Eq. (7) becomes: 

 

𝑙௜̇ = −𝑋̇୰ୣ୤cos(𝜃 + 𝛼௜) − 𝑌̇୰ୣ୤sin(𝜃 + 𝛼௜) (2.9)  

 

The rate of change of the displacement of the slider 𝑙௜̇ equals the velocity of the robot in the direction 

of the sliding rail. Therefore, the displacement of the slider continues to change and the speed becomes 

the same as that of the robot in the direction of the sliding rail. 
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2.4 Trajectory tracking for SWOM 

 

2.4.1 Linearization of kinematic equation 

I first define the state variables and inputs for SWOM as: 

 

𝑞 = [𝑋, 𝑌, 𝜃, 𝑙ଵ, 𝑙ଶ, 𝑙ଷ, 𝛽ଵ, 𝛽ଶ, 𝛽ଷ],  

 𝑈 = [𝜑̇௜ , 𝜑̇ଶ, 𝜑̇ଷ, 𝛽̇ଵ, 𝛽̇ଶ, 𝛽̇ଷ] (2.10) 

 

The derivatives of 𝑋, 𝑌, and 𝜃 can be calculated from 𝑈 using Eq. (2.4). By substituting Eq. (2.4) 

into Eq. (2.2), I can calculate ൣ𝑙ଵ̇, 𝑙ଶ̇, 𝑙ଷ̇൧ from 𝑈 as   

 

቎

𝑙ଵ̇

𝑙ଶ̇

𝑙ଷ̇

቏ = − ൥

cos 𝛽ଵ 0 0
0 cos 𝛽ଶ 0
0 0 cos 𝛽ଷ

൩

ିଵ

቎

cos 𝛽ଵ sin 𝛽ଵ 𝑙ଵ sin 𝛽ଵ

cos ( 𝛽ଶ + 𝛼ଶ) sin(𝛽ଶ + 𝛼ଶ) 𝑙ଶ sin 𝛽ଶ

cos ( 𝛽ଷ + 𝛼ଷ) sin(𝛽ଷ + 𝛼ଷ) 𝑙ଷ sin 𝛽ଷ

቏ ∗

                  ൥

− sin 𝛼ଵ cos 𝛼ଵ 𝑙ଵ

− sin 𝛼ଶ cos 𝛼ଶ 𝑙ଶ

− sin 𝛼ଷ cos 𝛼ଷ 𝑙ଷ

൩

ିଵ

൥

𝑟 cos 𝛽ଵ 0 0
0 𝑟 cos 𝛽ଶ 0
0 0 𝑟 cos 𝛽ଷ

൩ ൥

𝜑ଵ̇

𝜑ଶ̇

𝜑ଷ̇

൩ (2.11)  

 

In addition, 𝛽௜ can be calculated by integrating 𝛽̇௜. Therefore, the derivative of 𝑞 can be expressed 

as a function of 𝑞 and 𝑈. 

 

𝑞̇ = 𝑓(𝑞, 𝑈) (2.12) 

 

I discretize the system at the 𝑘-th time step as 

 

𝑞(𝑘 + 1) = 𝑞(𝑘) +  𝑞̇(𝑘)𝑑𝑡 = 𝑞(𝑘) +  𝑓(𝑞(𝑘), 𝑈(𝑘))𝑑𝑡 (2.13) 

 

The state variables at the next time step can be represented by a function of the state variables and 

inputs of the current time step. 

 

𝑞(𝑘 + 1) = 𝐹൫𝑞(𝑘), 𝑈(𝑘)൯ = 𝑞(𝑘) +  𝑓(𝑞(𝑘), 𝑈(𝑘))𝑑𝑡 (2.14) 

 

At the point on the reference path at time step ൫𝑞ௗ(𝑘), 𝑈ௗ(𝑘)൯, the system also satisfies 
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𝑞ௗ(𝑘 + 1) = 𝐹൫𝑞ௗ(𝑘), 𝑈ௗ(𝑘)൯ = 𝑞ௗ(𝑘) +  𝑓൫𝑞ௗ(𝑘), 𝑈ௗ(𝑘)൯𝑑𝑡 (2.15) 

 

For 𝑞(𝑘), 𝑈(𝑘) close to 𝑞ௗ(𝑘), 𝑈ௗ(𝑘), from Taylor’s theorem, 𝐹൫𝑞(𝑘), 𝑈(𝑘)൯ can be calculated 

as 

 

𝑞(𝑘 + 1) = 𝐹(𝑞(𝑘), 𝑈(𝑘))  

                  = 𝐹൫𝑞ௗ(𝑘), 𝑈ௗ(𝑘)൯ +  
డி

డ௤
ቚ

௤ୀ௤೏(௞)
∗ ൫𝑞(𝑘) − 𝑞ௗ(𝑘)൯ +  

డி

డ௎
ቚ

௎ୀ௎೏(௞)
∗ ൫𝑈(𝑘) − 𝑈ௗ(𝑘)൯

 (2.16) 

 

where 𝜕𝐹 𝜕𝑞⁄ |௤ୀ௤೏(௞) and  𝜕𝐹 𝜕𝑈⁄ |௎ୀ௎೏(௞) are the partial derivatives of the function 𝐹൫𝑞(𝑘), 𝑈(𝑘)൯ 

at ൫𝑞ௗ(𝑘), 𝑈ௗ(𝑘)൯ with respect to 𝑞 and 𝑈, respectively. The linear and discrete kinematic equations 

for SWOM are thus obtained. 

 

2.4.2 Trajectory tracking control using model predictive control 

In Eq. (2.16), 𝐹൫𝑞ௗ(𝑘), 𝑈ௗ(𝑘)൯ = 𝑞ௗ(𝑘 + 1) . I define the state error as 𝑒௤(𝑘) =  𝑞(𝑘) − 𝑞ௗ(𝑘) 

and the input error as 𝑒௎(𝑘) =  𝑈(𝑘) − 𝑈ௗ(𝑘). Then, 

 

𝑒௤(𝑘 + 1) =  
డி

డ௤
ቚ

௤ୀ௤೏(௞)
𝑒௤(𝑘) +

డி

డ௎
ቚ

௎ୀ௎೏(௞)
𝑒௎(𝑘) (2.17) 

 

𝑒௤(𝑘 + 1) is the predicted state error of the (𝑘 + 1)-th time step at the 𝑘-th time step, so I denote 

it as 𝑒௤(𝑘 + 1|𝑘) . 𝜕𝐹 𝜕𝑞⁄ |௤ୀ௤೏(௞)  and 𝜕𝐹 𝜕𝑈⁄ |௎ୀ௎೏(௞) , which are the partial derivatives of the 

function 𝐹൫𝑞(𝑘), 𝑈(𝑘)൯ at ൫𝑞ௗ(𝑘), 𝑈ௗ(𝑘)൯, can be rewritten as 𝐴(𝑘) and 𝐵(𝑘), respectively. 

The state error for the next 𝑁 time steps can be calculated using Eq. (2.17), giving 

 

𝑒௤(𝑘 + 1|𝑘) = 𝐴(𝑘)𝑒௤(𝑘) +  𝐵(𝑘)𝑒௎(𝑘) 

𝑒௤(𝑘 + 2|𝑘) = 𝐴(𝑘 + 1|𝑘)𝑒௤(𝑘 + 1|𝑘) +  𝐵(𝑘 + 1|𝑘)𝑒௎(𝑘 + 1) 

                        =  𝐴(𝑘 + 1|𝑘) 𝐴(𝑘)𝑒௤(𝑘) +  𝐴(𝑘 + 1|𝑘)𝐵(𝑘)𝑒௎(𝑘) + 𝐵(𝑘 + 1|𝑘)𝑒௎(𝑘 + 1) 

⋮ 

𝑒௤(𝑘 + 𝑁|𝑘) = 𝐴(𝑘 + 𝑁 − 1|𝑘)𝐴(𝑘 + 𝑁 − 2|𝑘) … 𝐴(𝑘)𝑒௤(𝑘) 

                            +(𝑘 + 𝑁 − 1|𝑘)𝐴(𝑘 + 𝑁 − 2|𝑘) … 𝐴(𝑘 + 1|𝑘)𝐵(𝑘)𝑒௎(𝑘) 

                            +(𝑘 + 𝑁 − 1|𝑘)𝐴(𝑘 + 𝑁 − 2|𝑘) … 𝐴(𝑘 + 2|𝑘)𝐵(𝑘 + 1|𝑘)𝑒௎(𝑘 + 1) 



16  Chapter 2 

 

                            + ⋯ 

                            +𝐵(𝑘 + 𝑁 − 1|𝑘)𝑒௎(𝑘 + 𝑁 − 1) (2.18) 

 

where 𝑒௤(𝑘 + 𝑁|𝑘)  is the predicted state error of the (𝑘 + 𝑁) -th time step at the 𝑘 -th time step, 

𝑒௎(𝑘 + 𝑁 − 1)  is the input error at the (𝑘 + 𝑁 − 1) -th time step, and 𝐴(𝑘 + 𝑁 − 1|𝑘) =

𝜕𝐹 𝜕𝑞⁄ |௤ୀ௤೏(௞ାேିଵ)  and 𝐵(𝑘 + 𝑁 − 1|𝑘) = 𝜕𝐹 𝜕𝑈⁄ |௎ୀ௎೏(௞ାேିଵ)  are respectively the predicted 

partial derivatives of the function 𝐹൫𝑞(𝑘), 𝑈(𝑘)൯  with respect to 𝑞  and 𝑈  at the 𝑘 -th time step at 

൫𝑞ௗ(𝑘 + 𝑁 − 1), 𝑈ௗ(𝑘 + 𝑁 − 1)൯. 

At time step 𝑘, the predicted state and input error for the next 𝑁 steps can be written as 

 

𝑋(𝑘 + 1) =  

⎣
⎢
⎢
⎢
⎡

𝑒௤(𝑘 + 1|𝑘)

𝑒௤(𝑘 + 2|𝑘)

𝑒௤(𝑘 + 3|𝑘)
⋮

𝑒௤(𝑘 + 𝑁|𝑘)⎦
⎥
⎥
⎥
⎤

 , 𝑈(𝑘) =  

⎣
⎢
⎢
⎢
⎡

𝑒௎(𝑘)

𝑒௎(𝑘 + 1)

𝑒௎(𝑘 + 2)
⋮

𝑒௎(𝑘 + 𝑁 − 1)⎦
⎥
⎥
⎥
⎤

 (2.19) 

 

Equation (2.17) becomes 

 

𝑋(𝑘 + 1) =  𝐴̅𝑒௤(𝑘) + 𝐵ത𝑈(𝑘) (2.20) 

 

where 

 

𝐴̅ =  ൦

𝐴(𝑘)

𝐴(𝑘 + 1|𝑘)𝐴(𝑘)
⋮

𝐴(𝑘 + 𝑁 − 1|𝑘) … 𝐴(𝑘)

൪ (2.21) 

 

𝐵ത =  

൮

𝐵(𝑘) ⋯
𝐴(𝑘 + 1|𝑘)𝐵(𝑘) 𝐵(𝑘 + 1|𝑘)

⋯ 0
⋯ 0

⋮ ⋮
𝐴(𝑘 + 𝑁 − 1|𝑘) … 𝐴(𝑘 + 1|𝑘)𝐵(𝑘) 𝐴(𝑘 + 𝑁 − 1|𝑘) … 𝐴(𝑘 + 2|𝑘)𝐵(𝑘 + 1|𝑘)

⋱ ⋮
⋯ 𝐵(𝑘 + 𝑁 − 1|𝑘)

൲

(2.22) 

 

Then, the cost function is defined as  

 

𝐽 ̅ =  𝑋(𝑘 + 1)்𝑄ത𝑋(𝑘 + 1) +  𝑈(𝑘)்𝑅ത𝑈(𝑘) (2.23) 
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where 𝑄ത  and 𝑅ത are weight coefficient matrices. 

Substituting Eq. (2.20) into Eq. (2.23) yields 

 

𝐽 ̅ = ቀ𝐴̅𝑒௤(𝑘) + 𝐵ത𝑈(𝑘)ቁ
்

𝑄ത ቀ𝐴̅𝑒௤(𝑘) + 𝐵ത𝑈(𝑘)ቁ +  𝑈(𝑘)்𝑅ത𝑈(𝑘) 

=  𝑈(𝑘)்(𝐵ത்𝑄ത𝐵ത + 𝑅ത)𝑈(𝑘) +  𝑒௤(𝑘)்𝐴்̅𝑄ത𝐵ത𝑈(𝑘) + 𝑈(𝑘)்𝐵ത்𝑄ത𝐴̅𝑒௤(𝑘) +  𝑒௤(𝑘)்𝐴்̅𝑄ത𝐴̅𝑒௤(𝑘)  

=
ଵ

ଶ
𝑈(𝑘)்𝐻(𝑘)𝑈(𝑘) + 2𝑓(𝑘)்𝑈(𝑘) + 𝑑(𝑘) (2.24) 

 

where 𝐻(𝑘) = 2(𝐵ത்𝑄ത𝐵ത + 𝑅ത),  𝑓(𝑘)் =  𝑒௤(𝑘)்𝐴்̅𝑄ത𝐵ത, and 𝑑(𝑘) = 𝑒௤(𝑘)்𝐴்̅𝑄ത𝐴̅𝑒௤(𝑘). 

The minimization of the cost function becomes a quadratic programming problem with constraints 

on the inputs and outputs: 

 

୫୧୬
௎(௞)

 𝐽 ̅ =
ଵ

ଶ
𝑈(𝑘)்𝐻(𝑘)𝑈(𝑘) + 2𝑓(𝑘)்𝑈(𝑘) + 𝑑(𝑘)  

s.t. 

𝑙୫୧୬ ≤ 𝑙௜ ≤ 𝑙୫ୟ୶, 

−
గ

ଶ
< 𝛽௜ <

గ

ଶ
, 

𝜑̇୫୧୬ ≤ 𝜑̇௜ ≤ 𝜑̇୫ୟ୶, 

𝛽̇୫୧୬ ≤ 𝛽̇௜ ≤ 𝛽̇୫ୟ୶, 𝑖 ∈ {1,2,3} (2.25) 

 

At the 𝑘-th time step, the quadratic programming problem is solved and the optimal input error 

𝑈(𝑘) is derived. I only use the optimal input for the present time step and then advance to the next step. 

A simulation of SWOM tracking the reference path shown in Fig. 2.2 was conducted to verify the 

effectiveness of the LMPC-based trajectory tracking method. Both the acceleration and deceleration of 

the robot were considered. Initially, the robot started with 𝑋̇ௗ = 0.00 m s⁄ , 𝑌̇ௗ = 0.00 m s⁄ , and 𝜃̇ௗ =

0.00 rad s⁄ , and accelerated at 𝑌̈ௗ = 0.01 m s2⁄  and 𝜃̈ௗ = 0.02 rad s2⁄ . After 5.0 s, the robot moved at a 

constant speed of 𝑋̇ௗ = 0.00 m s⁄ , 𝑌̇ௗ = 0.05 m s⁄ , and 𝜃̇ௗ = 0.1 rad s⁄ . When the robot approached the 

corner, 𝑌̈ௗ   became −0.01 m s2⁄   and  𝜃̈ௗ  became −0.02 rad s2⁄  . After 4.0 s, 𝜃̈ௗ  became 0 and 𝑌̈ௗ 

remained at −0.01 m s2⁄ . The robot finally stopped at the corner after one more second and rotated at 

𝜃̇ௗ = 0.02 rad s⁄ . After that, the robot accelerated again at 𝑋̈ௗ = 0.01 m s2⁄  and  𝜃̈ௗ = 0.02 rad s2⁄  one 

second later. The accelerated rotation lasted 4.0 s and the accelerated movement in the 𝑋 direction lasted 

5.0 s. Then, the robot started moving at a constant speed of 𝑋̇ௗ = 0.05 m s⁄ , 𝑌̇ௗ = 0.00 m s⁄ , and 𝜃̇ௗ =

0.1 rad s⁄  until the end of the simulation. 

The reference position for the sliders was set to 𝑙௜ௗ = 0.20 m and the limits on the position of the 
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sliders were 𝑙୫୧୬ = 0.12  m and 𝑙୫ୟ୶ = 0.30  m. The constraints on the inputs were 𝜑̇୫୧୬ =

−1.00 rad s⁄ , 𝜑̇୫ୟ୶ = 1.00 rad s⁄ , 𝛽̇୫୧୬ =  −2.50  rad s⁄ , and 𝛽̇୫ୟ୶ = 2.50 rad s⁄  . In the optimization 

problem of MPC, the state weight matrix is designed as 𝑄ത =

diag(1000, 1000, 500, 100, 100, 100, 1, 1, 1), and the control weight matrix is 𝑅ത = 𝐼ଷ×ଷ. 

In the simulation, I simulate the effect of wheel slippage by adding random disturbances with an 

amplitude of 0.005 m to the position coordinates of the three wheels in the global coordinate system. 

Additionally, I use two different weights (500 and 50) for the errors related to 𝜃 to observe their impact 

on the simulation results. The tracking error of each simulation is recorded in Table. 3.1. Figure 2.3 

presents the results of the four simulations, it can be observed that SWOM is able to track the reference 

path effectively in the simulation. In Fig. 2.3(b), it is evident that, after 40 seconds, when the weights of 

the errors related to 𝜃 are the same, the difference between considering or not considering slipping is 

minimal. However, when the weight of the error related to 𝜃  is larger, SWOM is able to track the 

reference value of 𝜃 more effectively. 

 

Table 2.1 Tracking error of simulations 

Weight of 𝜃 = 500, 

without slippage 

Mean squared error 

Max position error 

Max angle error 

0.0004 

0.0385 

0.0201 

Weight of 𝜃 = 50, 

without slippage 

Mean squared error 

Max position error 

Max angle error 

0.0036 

0.0361 

0.1156 

Weight of 𝜃 = 500, 

with slippage 

Mean squared error 

Max position error 

Max angle error 

0.0009 

0.0572 

0.0502 

Weight of 𝜃 = 50, 

with slippage 

Mean squared error 

Max position error 

Max angle error 

0.0050 

0.0417 

0.1421 
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(a) 

 

(b) 

Fig. 2.3 (a) Simulated and reference paths and (b) simulated and reference orientations for SWOM. 

 

Figure 2.4 shows the simulated position of the sliders as SWOM moved along the single-corner 

reference path. The tracking error is small and the simulation results remain in a small range from the 

reference position of the sliders. Compared to Fig. 2.2, there are fewer peaks in reference value of 𝑙௜ 

because when I consider the acceleration and deceleration of the robot, there are no rapid changes in the 

velocity of the robot. The peaks only occur when the direction of the velocity at the point on the robot 

that is in contact with the slider is parallel to the direction of the sliding rail (i.e., when 𝛽௜ needs to be 

𝜋/2 or −𝜋/2). Compared to the case with wheel slippage, when slippage is not considered, the position 
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of the sliders changes more smoothly because there are no disturbances in the position of the wheels. 

 

 

Fig. 2.4 Simulated and reference positions of sliders on SWOM. 

 

 

Fig. 2.5 Simulated and reference orientations of wheels on SWOM. 
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Figure 2.5 shows the orientation of the robot’s wheels during the simulation compared to the 

reference values. The results show that the controller works well and that the wheels’ orientations are 

almost the same as the reference values. It can also be seen that whether or not wheel slippage is 

considered, as well as the weight of the error related to 𝜃, does not affect the tracking of the reference 

value for the wheel orientation. 

 

2.5 Experiment 

 

The previous section demonstrated that the proposed controller works well in a simulation. In this 

section, I conduct trajectory tracking experiments on a prototype to verify the effectiveness of the 

proposed controller. 

 

2.5.1 Prototype of SWOM 

The prototype, whose basic structure is similar to that in Fig. 2.1, is shown in Fig. 2.6. A robot 

computer and a monitor were placed on the top of the base block. Three sliding joints were connected to 

the base block. The angles between the joints were 120°. Each sliding joint consisted of two linear guides. 

Three driving units were attached to the three sliding joints, respectively. The units could move freely in 

the direction of the linear guides. A driving unit mainly consisted of two motors and a wheel. The upper 

motor was responsible for wheel steering and the lower motor was responsible for wheel rotation. In 

addition, each wheel was equipped with two ball rollers as safety wheels to prevent the robot from tipping 

over. These rollers did not affect the movement of SWOM because they rarely touched the ground. 

 

 

Fig. 2.6 Prototype of SWOM [36]. 

 

Figure 2.7 shows the control system of SWOM prototype. To measure the state variables for the 

robot to be used as inputs to the controller, a motion capture system (Bonita cameras, VICON) was used 

to measure the positions of the base block and the driving units and the displacement of the linear guides 

was calculated from the measured positions. The angle and speed of the wheels were measured by rotary 

encoders mounted on the motors. These measurements were sent to the robot computer, which then sent 
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appropriate input commands to the motors via motor drivers. Details of SWOM parameters are shown in 

Table 2.2. 

 

 

Fig. 2.7 Control system of SWOM prototype [36]. 

 

Table 2.2 Specifications of SWOM prototype [36]. 

Whole system Weight 33kg 

Driving unit 

(Driving / Steering) 

Maximum speed 9.32 / 10.7 rad/s 

Maximum torque 38.0 / 41.7 N·m 

Resolution of encoder 1.35×10-5 / 1.54×10-5 rad 

Linear guide Movable range 0.122 m ≤ li ≤ 0.314 m 

Motion capture Operation period 1000 Hz 

 

2.5.2 Experiments results 

The prototype was tested on two different reference paths considering different weights of error of 

𝜃. The first path is a single-corner path, similar to that used in the simulation. Such a non-smooth path 

can only be traced by an omnidirectional mobile robot. The acceleration and deceleration of the robot 

were the same as those for the reference path in the simulation. The reference position of the sliders 𝑙୰ୣ୤ 

was set to 0.200 m and the limitation on the position of the sliders was 0.122 m ≤ 𝑙௜ ≤ 0.314 m. The 

constraints on the inputs were 𝜑̇୫୧୬ = −1.00 rad s⁄ , 𝜑̇୫ୟ୶ = 1.00 rad s⁄ , 𝛽̇୫୧୬ =  −1.50 rad s⁄ , and 
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𝛽̇୫ୟ୶ = 1.50 rad s⁄  . The initial conditions were 𝑋 = 0.00 m , 𝑌 = 0.00 m , 𝜃 = 0.00 rad , and 𝛽ଵ =

𝛽ଶ = 𝛽ଷ = 0.00 rad. The initial value of 𝑙௜ was set randomly so that the slider was located near the 

middle of the slide rail. 

Multiple experiments were conducted for different weights of the error of 𝜃, with the tracking errors 

recorded in Table 2.3. When the weights of the error of 𝜃 are not too small, SWOM performs well in 

tracking the reference trajectory. Figure 2.8 shows the robot’s path and the reference path during trial No. 

2, as well as the robot’s orientation compared to the reference orientation. From the figure, it can be 

observed that when the weights of the error of 𝜃 are 500, 300, and 50, the tracking performance of the 

reference position is quite good. Moreover, when the weights of the error of 𝜃 are 500 and 300, the 

tracking of the robot's reference orientation is better compared to when the weights are 50 and 5. When 

the weight of the error of 𝜃 is 50 or 5, the orientation angle error may persist until the end. From the 

above, in this case, increasing the weights regarding the error of 𝜃 allows SWOM to better track the 

reference value of 𝜃. Furthermore, when the weight of the error of 𝜃 becomes sufficiently large, further 

increasing the weight does not improve the tracking performance. 

 

Table 2.3 Tracking error of each experiment (single-corner path). 

  No. 1 No. 2 No. 3 No. 4 No. 5 

Weight of 𝜃 = 500 

Mean squared error 

Max position error 

Max angle error 

0.0016 

0.0565 

0.1020 

0.0015 

0.0578 

0.0874 

0.0014 

0.0502 

0.1031 

0.0019 

0.0624 

0.1060 

0.0018 

0.0663 

0.1132 

Weight of 𝜃 = 300 

Mean squared error 

Max position error 

Max angle error 

0.0015 

0.0518 

0.0880 

0.0013 

0.0467 

0.0968 

0.0022 

0.0687 

0.1084 

0.0015 

0.0589 

0.0982 

0.0018 

0.0627 

0.0955 

Weight of 𝜃 = 50 

Mean squared error 

Max position error 

Max angle error 

0.0057 

0.0395 

0.1336 

0.0087 

0.0455 

0.1917 

0.0082 

0.0437 

0.1633 

0.0112 

0.0522 

0.1955 

0.0077 

0.0398 

0.1778 

Weight of 𝜃 = 5 

Mean squared error 

Max position error 

Max angle error 

0.0610 

0.1365 

0.6021 

0.0911 

0.1738 

0.6740 

0.1152 

0.1975 

0.7273 
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(a) 

 

(b) 

Fig. 2.8 (a) Real and reference paths and (b) real and reference orientations of SWOM in single-corner path 

experiment. 
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Figure 2.9 shows the displacement of the sliders and the reference displacement during movement. 

The displacement of the sliders in the experiment did not match the reference value as closely as in the 

simulation, but it was consistently within the allowable range and remained close to the reference value. 

Figure 2.10 shows the orientation of the robot’s wheels during the experiment compared to the reference 

values. As can be seen in Fig. 2.10, the experimental values oscillate around the reference values. This 

may be due to the controller's inability to precisely control the actual value of 𝛽. First, in the prototype, 

the wheel orientation can be measured using a rotary encoder; however, the zero point was set manually 

and might be affected by measurement errors or assembly errors. As a result, the measured value of 𝛽 

contains errors compared to the actual value. Secondly, when solving the optimization problem in the 

controller, I set the time step to 0.2 seconds, expecting the motor to rotate for 0.2 seconds at the specified 

speed each time it receives a command. However, in the experiment, the time step typically ranges from 

0.187 seconds to 0.203 seconds, meaning that I cannot transmit commands with perfect accuracy every 

0.2 seconds and have the motor run exactly for 0.2 seconds. Consequently, the actual value of 𝛽 cannot 

reach the intended value accurately. These two factors lead to the controller’s inability to precisely control 

the actual value of 𝛽 , causing 𝛽  to oscillate near the reference value to ensure that the other state 

variables of SWOM can track their reference values. 

Comparing the results in Table 2.3 and Table 2.1, under no-slip conditions, when the weight of the 

error related to 𝜃 is the same, the maximum position error and maximum angle error in the simulation 

are both smaller than those in the experiment. When slippage is considered, with the same weight for the 

error related to 𝜃, the maximum position and angle errors in the simulation are sometimes comparable 

to the experimental results. However, for the mean squared error, regardless of whether slippage is 

considered or not, the simulation results are better than the experimental results when the weight of the 

error related to 𝜃 is the same. This indicates that the controller's performance in the simulation is better 

than in the actual experiment. The differences between the experiment and the simulation may be 

attributed to several factors, including the inability of the controller to send commands at fixed time steps 

as in the simulation, assembly errors present in the robot prototype, and discrepancies between the 

linearized motion model used in the simulation and the actual motion model. Since I derived the linear 

kinematic equations of the robot using a first-order Taylor expansion at reference points on the reference 

path, they become imprecise when the robot’s state deviates significantly from the reference value, 

making the controller less effective. 
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Fig. 2.9 Real and reference positions of sliders on SWOM in single-corner path experiment. 

 

 

Fig. 2.10 Real and reference orientations of wheels on SWOM in single-corner path experiment. 
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The second reference path was smooth and circular. The robot needed to move along an arc with a 

radius of 0.5 m for 48 s at a speed of 0.03 m/s while rotating at 0.05 rad/s. The constraints on the inputs 

and outputs were the same as those for the single-corner path. The initial conditions were 𝑋 = 0.00 m, 

𝑌 = 0.00 m , 𝜃 = 0.00 rad , and 𝛽ଵ = 𝛽ଶ = 𝛽ଷ = 0.00 rad . The initial value of 𝑙௜  was set randomly 

near the middle of the slide rail. 

I also conducted three experiments and recorded the tracking errors from each experiment in Table 

2.4. Comparing the data in Table 2.3, it can be observed that under the same parameter conditions, 

SWOM performs better in tracking the circular path than the single-corner path. 

 

Table 2.4 Tracking error of each experiment (circular path). 

  No. 1 No. 2 No. 3 

Weight of 𝜃 = 50 

Mean squared error 

Max position error 

Max angle error 

0.0012 

0.0236 

0.1138 

0.0005 

0.0262 

0.0662 

0.0007 

0.0212 

0.0926 

 

 

(a) 

 

(b) 

Fig. 2.11 (a) Real and reference paths and (b) real and reference orientations for SWOM in circular path 

experiment. 

 

The following figures show the results in trial No. 2. Figure 2.11 shows the reference and actual 

paths of the robot as it tracked a circular path, along with the reference and actual orientations. Figure 

2.12 shows the displacement of the sliders and the reference values. The results show that the robot 
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worked properly in this situation. In Fig. 2.12, the peaks in the reference paths of the sliders are smoother 

than those observed for the single-corner path. This is because the robot moved along a circular arc while 

rotating. As a result, the robot’s direction of motion changed more rapidly than it would moving in a 

straight line, preventing it from lingering too long in a direction parallel to the sliding rail. 

 

 

Fig. 2.12 Real and reference positions of sliders on SWOM in circular path experiment. 
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Fig. 2.13 Real and reference orientations of wheels on SWOM in circular path experiment. 

 

Figure 2.13 shows the orientation of the robot’s wheels during the experiment compared to the 

reference values. Similar to the single-corner path experiment, the experimental values oscillate around 

the reference values. This oscillation causes the wheels to rotate back and forth continuously, which can 

increase the likelihood of slippage. As explained in the discussion of the results from the single-corner 

path, if the position of 𝛽௜ could be measured and set more accurately, this oscillation could be reduced. 

The experiments using smooth and unsmooth reference paths confirm that the proposed controller 

works well, the tracking error is small, and the displacements of the sliders are controlled within the set 

limit. 

 

2.6 Conclusion 

 

In this chapter, the LMPC method is applied to achieve trajectory tracking for SWOM. Building on 

the previous research, the linearized kinematic model of SWOM was obtained by performing a first-

order Taylor expansion at reference points on the reference trajectory. I used only the reference trajectory 

to generate the linear kinematic model of SWOM and then used LMPC to compute the robot’s inputs 

during subsequent control. To perform a Taylor expansion on the reference trajectory, the trajectory must 

include not only the displacement and orientation of the robot but also the displacement of the sliders, 

the orientation of the wheels, the wheels’ rotation, and steering velocities. I proposed a simple and 

effective method for generating such a reference trajectory. By observing the generated reference 

trajectory, I found that when the target speed changes suddenly, the reference value of the sliders’ 
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displacement exhibits a peak. Similarly, when the target speed at the point on the robot that is in contact 

with an arbitrary slider is parallel to the corresponding sliding rail, the slider’s displacement on that rail 

shows a peak. The peaks caused by sudden changes in speed can be mitigated by considering acceleration 

and deceleration. The peaks caused by the speed being parallel to the sliding rail can be reduced by 

increasing the rate of change in the robot’s speed direction, such as by accelerating the robot’s rotation 

or enabling it to move along a curve. 

I conducted simulations considering wheel slippage and different weights for SOWM’s orientation 

error in LMPC to validate the effectiveness of the proposed method. The results indicate that SWOM's 

displacement, orientation, and wheel orientation are all able to effectively track the reference values. The 

displacement of the slider on the sliding rail is also kept within the allowable range. Experiments were 

also conducted on a prototype for both a single-corner path and a circular path. Due to the prototype’s 

inability to precisely control the actual value of 𝛽, the wheel orientation oscillated around the reference 

values and the slider position did not exactly match the reference values. Nevertheless, as long as the 

weight for SOWM’s orientation error is not too small, the robot’s displacement and orientation still 

tracked the reference values well, confirming the effectiveness of the proposed control method. 

 

 



   

 

Chapter 3. Deep-reinforcement-learning-based cont

roller design for SWOM 
 

3.1 Introduction 

 

In the previous chapter, I implemented trajectory tracking control for SWOM using LMPC and 

verified its effectiveness. However, the performance of LMPC is highly dependent on model accuracy 

and is subject to certain limitations in terms of real-time applicability. To overcome these issues, this 

chapter introduces a control approach based on DRL. Unlike model-based methods, DRL can directly 

learn control policies from interaction data, thereby avoiding complex modeling processes while offering 

greater adaptability and robustness. The trained controller has very low computational costs, which is 

very suitable for real time control of the robot. 

When applying DRL for the trajectory tracking control of SWOM, if the robot's velocity in the global 

coordinate system is used as the action, the robot's motion model can be simplified to a planar motion 

model of a point mass without any constraints, making the task appear straightforward. However, due to 

the presence of passive sliding joints, movement in a specific direction at a given velocity may result in 

unintended movements of the passive joints, potentially causing the robot to enter singular 

configurations. As a result, this seemingly simple action becomes a complex task that requires a dedicated 

controller. The overall trajectory tracking task is thus not simplified. Therefore, a controller trained using 

the robot's velocity in the global coordinate system as the action is impractical. Some studies have used 

motor velocity commands as the action in DRL tasks [86]. However, since SWOM is equipped with six 

motors and has 12 DOFs, the action space and observation space dimensions are large. In addition, 

SWOM has an inherently complex motion model (due to its unique structure) and is subject to certain 

constraints on its state variables. These factors make it challenging to train a DRL controller for SWOM 

that can achieve effective trajectory tracking. 

Hierarchical control is often applied to the control of mobile robots. It addresses complex control 

problems by dividing the controller into several layers, each responsible for a specific level of control. 

Different layers can employ distinct controllers, allowing for the advantages of various control methods 

to be leveraged while mitigating their drawbacks. In mobile robot navigation in unknown environments 

[87], the upper-level controller typically serves as the decision-making layer. It generates a reference 

path based on the current state of the robot and the environment. The lower-level controller utilizes this 

reference path to output motor inputs or wheel speed commands, enabling the robot to track the reference 

path. Xinyi et al. [88] proposed a hierarchical structure for controlling a mobile robot when the system 

cannot be accurately modeled and the operating environment varies in real time. The upper-level 

controller is based on the soft actor-critic (SAC) algorithm and the lower-level controller employs an 

incremental proportional-integral-derivative approach. The upper-level controller determines the optimal 
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parameters for the lower-level controller based on the robot's state and the reference path, enabling the 

robot to effectively follow the reference path. Yan et al. [89] proposed a hierarchical control method for 

the trajectory tracking of mobile robots that accounts for system uncertainties. The upper-level controller 

utilizes kinematic equations to determine the velocities required for the robot to achieve trajectory 

tracking and the lower-level controller regulates the robot's velocity through robust adaptive three-

dimensional torque control. 

In this chapter, I propose a trajectory tracking controller for SWOM based on DRL integrated with 

hierarchical control. The trajectory tracking controller is divided into two layers. The upper-level 

controller computes the velocity required for SWOM body to follow the reference trajectory based on 

the current state of SWOM and the reference state. The required rotational speeds of the individual 

wheels can be calculated using SWOM's kinematic equations. The lower-level controller takes the 

velocity of SWOM body output by the upper-level controller as input. Based on the state of SWOM, it 

outputs the steering speeds of the wheels to regulate their displacements along the sliding rails within 

feasible ranges. I trained a DRL-based controller specifically for a single slidable wheel. Due to the 

symmetry of the three wheels, the same controller can be used to control each wheel. Consequently, the 

lower-level controller is composed of three identical controllers, which operate independently and take 

inputs from the upper-level controller. This reduces the dimensions of the action space and observation 

space of the agent trained in DRL, significantly decreasing the complexity of the task and training time. 

Moreover, the controller trained using the proposed method is generalizable and applicable to any robot 

that utilizes slidable wheels. This control method, which combines hierarchical control and DRL, also 

offers valuable insights for the application of DRL to other robots with complex structures. 

This chapter is organized as follows: Section 2 describes the design of the proposed trajectory 

tracking controller, which integrates DRL with hierarchical control. The task formulation, reward design, 

as well as the action and state spaces of the reinforcement learning framework are also presented in this 

section. Section 3 presents numerical simulation results to validate the effectiveness of the trained 

controller in regulating wheel displacement, as well as to demonstrate the overall performance of the 

proposed controller in SWOM trajectory tracking control. Section 4 concludes this chapter. 

 

3.2 DRL-based hierarchical control method for trajectory tracking 

 

3.2.1 Problem description 

When applying DRL to the trajectory tracking control of SWOM, directly controlling the entire robot 

leads to challenges. Specifically, the action space and observation space dimensions are six and nine, 

respectively, which results in prohibitively long training times or failure to achieve satisfactory results. 
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Fig. 3.1 Overview of SWOM control system. 

 

To address these limitations, I propose a controller design based on DRL integrated with hierarchical 

control by taking advantage of features of SWOM's system. From Eq. (2.5), it can be seen that once 

SWOM body's translational and rotational velocities ൫𝑋̇, 𝑌̇, 𝜃̇൯ are determined and the state variables 

are known, the required rotational speeds of the three wheels (𝜑ଵ̇, 𝜑ଶ̇, 𝜑ଷ̇) can be uniquely determined. 

Based on this fact, the control of SWOM is divided into two levels, as shown in Fig. 3.1. At the upper 

level, a controller computes the desired translational and rotational velocities of SWOM body based on 

its current state and the offset from the target position and orientation to achieve trajectory tracking. 

Using the target translational and rotational velocities of SWOM body, the required rotational speeds of 

the wheels are easily determined through SWOM's kinematic equations. 

The lower-level controller controls the sliding motion of each wheel along the sliding rail. According 

to Eq. (2.7), when SWOM body's translational and rotational velocities ൫𝑋̇, 𝑌̇, 𝜃̇൯ are determined, the 

displacements of the three wheels along their respective sliding rails ൫𝑙ప̇, 𝑙ଶ̇, 𝑙ଷ̇൯ are independent of each 

other and solely determined by their orientations (𝛽ଵ, 𝛽ଶ, 𝛽ଷ). I divide the lower-level controller into 

three parts. I train a controller for a single wheel using the proximal policy optimization (PPO) algorithm 

to regulate its steering velocity 𝛽ప̇, ensuring that the wheel stays as close as possible to the center of the 

sliding rail regardless of the target translational and rotational velocities of SWOM body. This single-

wheel controller can be applied to all three wheels without additional tuning because all wheels have the 

same mechanism. The condition in Eq. (2.7) is generally challenging to manage with conventional 

control methods because it is a nonholonomic constraint in which the input 𝛽ప̇ does not appear explicitly. 

However, the proposed DRL-based method obviates the necessity to solve the equation. 

Through this two-level control framework, I can implement a DRL-based trajectory tracking 

controller for SWOM that generalizes to various reference paths. The details of the controller design, 

including the state space, action space, initial conditions, and reward design used during training, are 

described in subsequent sections. 
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3.2.2 Upper-level controller 

As shown in Fig. 3.2, the actual position of the robot is denoted as (𝑥௖ , 𝑦௖ , 𝜃௖) and the reference path 

is denoted as (𝑥௥ , 𝑦௥ , 𝜃௥). The positional and orientation errors of the robot are defined as (𝑥௘ , 𝑦௘ , 𝜃௘), 

where 𝑥௘ = 𝑥௖ − 𝑥௥, 𝑦௘ = 𝑦௖ − 𝑦௥, and 𝜃௘ = 𝜃௖ − 𝜃௥. 

 

 

Fig. 3.2 Actual and reference positions of SWOM. 

 

For an omnidirectional mobile robot such as SWOM, the velocities along the three DOFs can be 

independently controlled. I thus utilize a straightforward feedback method to design the velocity and 

angular velocity of SWOM for trajectory tracking. 

The actual velocities of the robot (𝑥௖̇ , 𝑦௖̇, and 𝜃௖̇) are designed as follows: 

 

𝑥̇௖ = 𝑥̇௥ − 𝐾௫ ∗ 𝑥௘   

𝑦̇௖ = 𝑦̇௥ − 𝐾௬ ∗ 𝑦௘ (3.1) 

𝜃̇௖ = 𝜃̇௥ − 𝐾ఏ ∗ 𝜃௘  

 

Here, 𝑥௥̇ , 𝑦௥̇ , and 𝜃௥̇ represent the reference velocities and reference rotational velocity of the robot, 

respectively. 

From Eq. (3.1), it can be obtained that 

 

𝑥̇௘ = 𝑥̇௖ − 𝑥̇௥ = −𝐾௫ ∗ 𝑥௘   

𝑦̇௘ = 𝑦̇௖ − 𝑦̇௥ = −𝐾௬ ∗ 𝑦௘ (3.2) 

𝜃̇௘ = 𝜃̇௖ − 𝜃̇௥ = −𝐾ఏ ∗ 𝜃௘  

 

The Lyapunov function is designed as: 
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𝑉 =  𝑥௘
ଶ + 𝑦௘

ଶ + 𝜃௘
ଶ ≥ 0 (3.3) 

 

Differentiating the Lyapunov function with respect to time yields: 

 

𝑉̇ = 2൫𝑥௘𝑥̇௘ + 𝑦௘𝑦̇௘ + 𝜃௘𝜃̇௘൯ = −2𝐾௫𝑥௘
ଶ − 2𝐾௬𝑦௘

ଶ − 2𝐾ఏ𝜃௘
ଶ ≤ 0 (3.4) 

 

Therefore, the positional and orientation errors of the robot converge to zero. 

 

3.2.3 Lower-level controller 

After determining the target translational and rotational velocities for SWOM, the required rotational 

speeds for each wheel can be calculated based on their orientations using Eq. (2.5). To prevent the 

displacements of the wheels along the sliding rails from exceeding their limits, a controller must be 

trained to regulate the steering of the wheels, thereby controlling their displacements. From the kinematic 

equations governing the displacements of the slidable wheels, it can be observed that once the overall 

target translational and rotational velocities of SWOM are determined, the displacements of the three 

wheels can be decoupled. Therefore, during controller training using DRL, a task targeting a single wheel 

can be designed. The trained controller can then be applied independently to each of the three wheels. In 

this section, I first present the kinematic analysis of wheel displacement, followed by a detailed 

description of the task used to train the agent in the DRL framework and the design of the reward 

function. Finally, the training of the agent using the PPO algorithm is implemented with Gymnasium 

[90] and Stable Baselines3 [91]. 

 

3.2.3.1 Kinematic analysis of wheel displacement 
As shown in Fig. 3.3, a local coordinate system is established on each sliding rail, denoted as 

𝑂𝑋ଵ𝑌ଵ, 𝑂𝑋ଶ𝑌ଶ, and 𝑂𝑋ଷ𝑌ଷ, where 𝑂𝑋ଵ, 𝑂𝑋ଶ, and 𝑂𝑋ଷ are parallel to the respective sliding rail. Using 

SWOM's target translational and rotational velocities (𝑋̇, 𝑌̇, 𝜃̇), the velocity magnitude and direction of 

the point on each sliding rail that overlaps with its corresponding wheel can be calculated in the respective 

local coordinate systems. 

 

𝑣௜ = 𝑥̇௜
ଶ + 𝑦̇௜

ଶ  

𝜎௜ = arctan ቀ
௬̇೔

௫̇೔
ቁ (3.5) 

൤
𝑥̇௜

𝑦̇௜
൨ = ൤

cos(𝜃 + 𝛼௜) sin(𝜃 + 𝛼௜)
−sin(𝜃 + 𝛼௜) cos(𝜃 + 𝛼௜)

൨ ൤𝑋̇
𝑌̇

൨ + ൬
0

𝑙௜𝜃̇
൰  

 

where 𝑥̇௜   and 𝑦̇௜  (𝑖 = 1,2,3)  represent the velocity magnitudes along the 𝑋௜ - and 𝑌௜ -axis directions, 
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respectively, of the point on the sliding rail that overlaps with the wheel in their respective local 

coordinate systems. 

 

 

Fig. 3.3 Local coordinate system established on each of three sliding rails. The positive direction of 𝜎௜ is 

defined as counterclockwise. The scenario shown in the figure corresponds to the case where 

SWOM’s rotational speed is zero, and (𝑥̇ଵ, 𝑦̇ଵ), (𝑥̇ଶ, 𝑦̇ଶ), and (𝑥̇ଷ, 𝑦̇ଷ) are parallel. 

 

By substituting Eq. (3.5) into Eq. (2.7), the kinematic equations of displacement for each wheel in 

their respective local coordinate systems can be derived. 

 

𝑙௜̇ = −𝑣௜ sin(𝜎௜) tan(𝛽௜) − 𝑣௜cos (𝜎௜) (3.6) 

 

Define 𝜎௜ > 0, which means that the velocity of the point on the sliding rail that overlaps with the 

wheel points in the positive direction of the 𝑂𝑌௜ axis, it can be observed that as long as the wheel's 

orientation is parallel to the velocity direction of the point on the sliding rail overlapping with the wheel, 

the wheel's displacement along the rail will remain unchanged. When the wheel's orientation points to 

the left of the velocity direction of the overlapping point, the wheel will move leftward along the sliding 

rail, and vice versa. I express this property of the rate of change of wheel displacement using the 

following equation. 

 

𝑙௜̇ > 0 when 𝛽௜ +
గ

ଶ
< 𝜎௜  

𝑙௜̇ = 0 when 𝛽௜ +
గ

ଶ
= 𝜎௜  (3.7) 

𝑙௜̇ < 0 when 𝛽௜ +
గ

ଶ
> 𝜎௜  
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When 𝜎௜ < 0, the relationship between the rate of change of wheel displacement and the wheel 

orientation is expressed as follows: 

 

𝑙௜̇ < 0 when 𝛽௜ −
గ

ଶ
< 𝜎௜  

𝑙௜̇ = 0 when 𝛽௜ −
గ

ଶ
= 𝜎௜    (3.8) 

𝑙௜̇ > 0 when 𝛽௜ −
గ

ଶ
> 𝜎௜  

 

3.2.3.2 Task for reinforcement learning 
Next, with the target translational and rotational velocities of SWOM body already determined, I use 

DRL to train a controller for regulating the displacement of the wheels. The task for DRL is illustrated 

here in 𝑂𝑋ଵ𝑌ଵ coordinate system. As shown in Fig. 3.4, 𝐿 is the displacement of the wheel along the 

sliding rail. Unlike in the kinematic equations, here I define the zero point of 𝐿 at the center of the 

sliding rail. 𝛽 is the angle between the wheel axle and the sliding rail. 𝑣 and 𝜎 are the magnitude and 

direction, respectively, of the velocity of the point on the sliding rail that overlaps with the wheel in the 

local coordinate system. The state space and action space are then defined as: [𝐿, 𝛽, 𝑣, 𝜎 ] and [𝛽̇ ], 

respectively. Compared to directly applying end-to-end reinforcement learning to train SWOM trajectory 

tracking controller, the dimensions of both the state space and action space have been significantly 

reduced. The goal of the trained agent is to output an appropriate 𝛽̇ such that 𝐿 is maintained near zero 

and the orientation of the wheel aligns with the direction of 𝑣 by observing the value of state in state 

space. 

  

 

Fig. 3.4 Slidable wheel model in 𝑂𝑋ଵ𝑌ଵ coordinate system. 

 

In the task, the direction of 𝑣 is defined as to point above the sliding rail for simplicity, which 

implies that 𝜎 > 0 . For the case where the direction of 𝑣  points below the sliding rail, due to its 

symmetry with the case where the velocity points above the sliding rail, the controller trained when 𝑣 

points above the sliding rail can be applied. For example, if the state variables are [𝐿 = 0.02, 𝛽 =

−1, 𝑣 = 0.08, 𝜎 = −2], I can simply change the signs of certain values to obtain [𝐿 = 0.02, 𝛽 = 1, 𝑣 =
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0.08, 𝜎 = 2], input this into the controller trained under 𝜎 > 0, and then take the opposite of the output 

action as the actual control action. Therefore, during training, I only need to consider the scenario where 

the velocity points above the sliding rail.  

Moreover, when the direction of the velocity of the point on the sliding rail that overlaps with the 

wheel is parallel to the rail, the wheel's displacement will inevitably increase or decrease. Therefore, 

during training, I constrain 𝜎 to the range (𝜋 9⁄ , 8𝜋 9⁄ ). To prevent SWOM from entering a singular 

configuration, I stipulate that the wheel's orientation must not be parallel to the sliding rail. As a result, 

the ranges of variation of four variables in state space are defined as 

 

⎩
⎪
⎨

⎪
⎧

−0.1 < 𝐿 < 0.1,

−
ସగ

ଽ
< 𝛽 <

ସగ

ଽ
,

0 < 𝑣 < 0.1,
గ

ଽ
< 𝜎 <

଼గ

ଽ

 (3.9) 

 

To ensure that the trained controller can handle various conditions, I randomly assign values within 

predefined ranges to the four state variables as the initial conditions for each round of training. Their 

respective ranges are: 

 

⎩
⎪
⎨

⎪
⎧

−0.05 < 𝐿 < 0.05,

−
ସగ

ଽ
< 𝛽 <

ସగ

ଽ
,

0 < 𝑣 < 0.1,
గ

ଽ
< 𝜎 <

଼గ

ଽ

 (3.10) 

 

The design of the reward function during training is critical for obtaining a controller that meets the 

desired performance. A detailed description of the reward function is provided in the next section. 

 

3.2.3.3 Reward function 
In reinforcement learning, the objective of training is to maximize the cumulative reward within an 

episode. Therefore, the design of the reward function has a significant impact on the performance of the 

trained agent. I not only provide the agent with rewards or penalties upon task success or failure, but also 

impose penalties at each time step based on the current state to guide the agent toward successfully 

completing the task. 

If the wheel's displacement along the sliding rail exceeds the limit or the wheel's orientation goes 

beyond the allowable range, the task fails and a penalty of 1000 is applied. When the wheel's orientation 

aligns with the direction of 𝑣  and the wheel is positioned at the center of the sliding rail, the task 

succeeds and a reward of 100 is given. 
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ቐ
Reward −= 1000, if |𝐿| > 0.1 or |𝛽| >

గ

ଶ
                           

Reward += 100, if |𝐿| < 0.01 and ቚ𝛽 +
గ

ଶ
− 𝜃ቚ < 0.01 

 (3.11) 

 

For each time step, I also design the following reward function: 

 

Reward = 𝑅ଵ + 𝑅ଶ + 𝑅ଷ,  

ቐ

𝑅ଵ = −𝐿ଶ                   

𝑅ଶ = −0.0025 × 𝐿̇ଶ

𝑅ଷ = −0.0001 × 𝛽̇ଶ

, (3.12) 

 

The reward consists of three components. The first component 𝑅ଵ is the negative square of the 

displacement between the wheel and the center of the sliding rail. This means that the farther the wheel 

is from the center, the greater the penalty it receives, thereby encouraging the agent to stabilize the wheel 

at the center of the rail. 

The second component 𝑅ଶ is the negative square of the wheel’s moving speed along the rail. Based 

on the typical ranges of 𝛽，𝜎 and 𝑣, as well as Eq. (3.6), the estimated range of 𝐿̇ is approximately 

[−2, 2], while the range of 𝐿 is about [−0.1, 0.1]. Therefore, a normalization factor of 2.5 × 10ିଷ is 

applied. This component is designed to limit the magnitude of 𝐿̇, otherwise, the wheel may overshoot 

the target during the stabilization. I discuss this overshooting behavior in detail in the next section. 

The third component 𝑅ଷ is the negative square of the wheel’s steering velocity. It penalizes the 

agent based on the magnitude of the action it outputs, promoting more efficient control actions. Since the 

range of 𝛽̇ is [−10, 10], a normalization factor of 1.0 × 10ିସ  is introduced accordingly. 

 

3.3. Numerical simulations 

 

To validate the effect of 𝑅ଶ in the reward function designed in the previous section, I first trained 

two agents with different parameter values and compared their performance on the same task through 

simulation. To verify the effectiveness and accuracy of the proposed trajectory tracking method, I 

conducted simulations to control SWOM to follow a target trajectory. To better approximate real-world 

scenarios, I further simulated a trajectory tracking task that considers wheel slippage. Specifically, during 

the simulation of SWOM trajectory tracking, I introduced noise to the 𝑋 and 𝑌 coordinates of each 

wheel at every time step when updating SWOM configuration. To account for this slippage, I also added 

noise to the wheel displacement and orientation at each step when updating the state in the step function 

during training. 
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3.3.1 Numerical simulation of agents trained with different reward designs 

To verify the role of 𝑅ଶ in the reward at each step, I trained agents using two different formulations: 

𝑅ଶ = −0.001 × 𝐿̇ଶ and 𝑅ଶ = −0.0025 × 𝐿̇ଶ. I then simulated the behavior of these two agents under 

the same task conditions. The initial conditions for the task were set as follows: 𝐿௜௡௜௧ = 0.04 m, 𝛽௜௡௜௧ =

−1, 𝜎௜௡௜௧ = 2, 𝑣௜௡௜௧ = 0.08 m/s.  

Figure 3.5(a) and (b) quantitatively depict the variations in wheel displacement and orientation 

during the simulation under the control of the two aforementioned agents. Figure 3.5(c) presents a 

schematic illustration of the wheel motion. 

 

Fig. 3.5 Comparison of agents trained with reward functions using different parameters. (a) Variation in 

slider positions during the task. (b) Variation in wheel orientations during the task. (c) Schematic 

illustration of the behaviors exhibited by two different agents. 

 

As shown in the figure, in this task, a relatively small coefficient of 𝑅ଶ leads to an excessively large 

value of 𝐿̇. Consequently, after the wheel initially reaches the center of the rail, it overshoots to the left, 

then reverses direction to the right, and finally stabilizes at the center. When the coefficient of 𝑅ଶ is 

increased, the wheel begins to change direction toward the target velocity as it approaches the center of 

the rail. This behavior effectively reduces 𝐿̇, prevents overshooting, and facilitates the alignment of the 

wheel with the target position, thereby improving task performance. 

 

3.3.2 Trajectory tracking simulation of SWOM without considering wheel slippage 

Numerical simulations were conducted to validate the effectiveness of the proposed method for 

SWOM control. The target trajectory was determined by specifying the reference velocity and rotational 

velocity. As shown in Fig. 3.6, the reference path is a figure-eight-shaped trajectory starting from the 

origin. Its equation can be expressed as: 

 

𝑋 = −cos(0.02𝑡) , 𝑌 = − sin(0.04𝑡) , 𝜃 = 0.3𝑡 (3.13) 
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To verify whether the controller can effectively enable the robot to track the reference path despite 

initial position errors, the initial conditions of SWOM were set as 𝑋௜௡௜௧ = 0.1, 𝑌௜௡௜௧ = −0.1, 𝜃௜௡௜௧ =

0, 𝐿ଵ௜௡௜ = 0.02, 𝐿ଶ௜௡௜௧ = 0.01, 𝐿ଷ௜௡௜௧ = −0.01, and 𝛽ଵ௜௡௜ = 𝛽ଶ௜௡௜௧ = 𝛽ଷ௜௡௜ = 0. 

 

 

Fig. 3.6 (a) Real and reference path and (b) real and reference orientation of SWOM for figure-eight-shaped 

path. 

 

 

Fig. 3.7 (a) Position of three sliders, (b) orientation of three wheels, and (c) steering speed of three wheels 

of SWOM in simulation with figure-eight-shaped path. 

 

As shown in Figs. 4.6 and 4.7, SWOM effectively tracks the reference trajectory in terms of both 
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position and orientation. The slider's displacement is quickly reduced to near zero and remains close to 

the midpoint of the sliding rail throughout the rest of the motion. The wheel orientation exhibits periodic 

changes during the entire movement process, as the reference trajectory involves SWOM rotating at a 

constant speed. The only instances where a sudden change in wheel orientation occurs are at the start of 

the motion (at 0 seconds). At the beginning, due to the initial conditions of the displacements of the three 

wheels being set as 𝐿ଵ௜௡௜௧ = 0.02, 𝐿ଶ௜௡௜ = 0.01, 𝐿ଷ௜௡௜௧ = −0.01  and  𝛽ଵ௜௡௜௧ = 𝛽ଶ௜௡௜௧ = 𝛽ଷ௜௡௜௧ = 0. 

The velocity direction of the point on the sliding rail that overlaps with the wheel is not aligned with the 

wheel's direction. This situation causes changes in the displacement of the wheel along the sliding rail. 

In addition, it is also necessary for the wheel to be stabilized to the center of the sliding rail. The controller 

needs to promptly adjust the wheel's steering to minimize the displacement and ensure that the wheel's 

direction aligns with the velocity direction of the overlapping point on the sliding rail. 

 

3.3.3 Trajectory tracking simulation of SWOM with wheel slippage consideration 

In the previous trajectory tracking simulations, the system's kinematic model was assumed to be 

ideal, with no measurement errors or environmental noise. In this section, I simulate the effect of wheel 

slippage by adding random disturbances with an amplitude of 0.005 m to the position coordinates of the 

three wheels in the global coordinate system during trajectory tracking. To address this issue, I trained 

the agent in a noisy environment. Specifically, at each step of the state update, random disturbances with 

an amplitude of 0.0025 were added to the displacement and orientation of the wheels. I then simulated 

the performance of the controller in controlling SWOM for trajectory tracking. The results were 

compared with those obtained using a linear model predictive control (LMPC) approach in last chapter. 
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(a) 

 

(b) 

Fig. 3.8 Comparison of trajectory tracking results of SWOM using different control methods. (a) Simulated 

and reference trajectories of SWOM, (b) Simulated and reference orientations of SWOM. (Dash-

dotted lines represent results from the DRL-based method, while dashed lines represent results from 

the LMPC-based method.) 

 

As shown in Fig. 3.8, both methods achieve satisfactory trajectory tracking performance even in the 

presence of noise, with the DRL-based approach yielding slightly better results. However, since the 

LMPC method requires solving an optimization problem at each step, its computation time per step is 

longer than that of the DRL-based method. When applied to real robotic systems, the minimum feasible 

time step for LMPC was approximately 0.2 seconds, whereas the DRL-based method can instantly output 

actions based on the current target state. 

Figure 3.9 illustrates the variations in wheel displacement, orientation, and steering velocity during 

the trajectory tracking simulation. It can be observed that the wheel is quickly moved to the center of the 

sliding rail and remains near the center throughout the simulation, indicating that the DRL-trained 

controller is effective in regulating wheel displacement even under noisy conditions. Before and after the 

turning point in the reference trajectory, the wheel’s orientation changes periodically along each segment 

of the path and consistently remains within the predefined limits.  

As shown in Fig. 3.9(c), the wheel’s steering velocity remains within a relatively small range for 

most of the time, which demonstrates that the penalty term 𝑅ଷ in reward function, associated with the 

magnitude of the action, effectively contributes to suppressing unnecessary high-speed movements. 
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Fig. 3.9 (a) Position of three sliders, (b) orientation of three wheels, and (c) steering speed of three wheels 

of SWOM in simulation with single corner path. 

 

 

 

3.4 Conclusion 

 

In this chapter, I integrated the concepts of hierarchical control to implement DRL-based trajectory 

tracking control for SWOM. The proposed controller consists of an upper-level controller and a lower-

level controller. The upper-level controller employs a traditional Lyapunov-stability-based approach to 

compute the translational and rotational velocities required for the robot to track the reference path based 

on the robot's state and the reference state. Using the kinematic equations of SWOM, the required 

rotational speeds for the three wheels are then calculated. The lower-level controller consists of three 

controllers trained using the PPO algorithm. These controllers regulate the steering speed of each wheel 

to maintain the wheels' positions near the center of their respective sliding rails. Each lower-level 

controller operates independently, taking inputs from the upper-level controller. 

Numerical simulations were conducted to validate the effectiveness of the proposed method as well 

as the effect of the reward function designed in DRL. The term in the reward function related to the wheel 

displacement velocity has been shown to reduce overshoot during the control process, while the term 
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associated with the action encourages the agent to produce more efficient control actions. In the 

simulations of trajectory tracking, SWOM tracked two different reference paths: a figure-eight-shaped 

trajectory and a single corner trajectory. In the single corner trajectory, I considered the slippage of wheels 

by adding random disturbances with an amplitude of 0.005 m to the position coordinates of the three 

wheels. The initial conditions were set such that the wheels' displacements on their sliding rails were 

away from the center. The results demonstrate that SWOM effectively tracked the reference paths and 

that the lower-level controllers successfully maintained the wheels near the center of their sliding rails 

throughout the motion. 

 



   

 

Chapter 4. Novel omnidirectional mobile robot with 

slidable base 
 

4.1 Introduction 

 

In the previous two chapters, I explored MPC-based and DRL-based control strategies for trajectory 

tracking of SWOM, achieving notable improvements in control performance. Nevertheless, the complex 

structure of SWOM imposes significant manufacturing costs and complicates practical implementation. 

To address these challenges, this chapter focuses on robot structural design and introduces a simplified 

configuration, termed the Slidable-Base Omnidirectional Mobile Robot (SBOM). This design reduces 

system complexity while retaining essential omnidirectional mobility, thereby providing a more cost-

effective and implementable platform. Here, I present the design principles, modeling methodology, and 

motion capabilities of SBOM, and validate its omnidirectional locomotion performance through both 

simulations and experiments.  

The rest of this chapter is organized as follows. Section 2 describes the structure of the proposed 

mobile robot and its omnidirectional movement method. Section 3 presents the kinematic analysis and 

movement strategy. Section 4 describes the proposed approach for avoiding the singular configuration 

into which the proposed mechanism is likely to fall. Section 5 presents the results of experiments 

conducted on the prototype to verify its movement and avoidance of singular configuration. Finally, 

Section 6 concludes the chapter. 

 

4.2 Structure and basic movement 

 

In this section, I describe the proposed omnidirectional robot, its mechanism, and movement method. 

 

4.2.1 Synthesis of slidable-base omnidirectional mobile robot 

To improve SWOM, I removed the redundant motors and passive joints. First, I fixed the steering 

angle of the three wheels at 90 degrees, as shown in Fig. 4.1(a), which removed three motors. These 

motors are mainly used for controlling the relative position of the wheel on the rail, so removing them 

does not directly affect the omnidirectional mobility of the robot. Then, as shown in Fig. 4.1(b), I reduced 

the number of wheels to two. To maintain the active DOFs, one of the remaining sliders needs to be set 

as the active joint. This mechanism retains one passive joint and one redundant DOF, namely the 

variability of the distance between the two wheels. I thus combined the active and passive sliding joints 

into a single joint by swapping the arrangement of the rail and slider. As a result, the base block is 

connected to an active slider that moves on the rail between the two wheels, as shown in Fig. 4.1(c). A 
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more refined omnidirectional mobility mechanism is thus achieved. 

However, as described in detail in the next section, the omnidirectional mobility of this mechanism 

is restricted to a certain range of motion due to the limitation of the sliding rail length. To overcome this 

limitation, I added an active rotating turntable on the top of the base block. This robot is named the 

slidable-base omnidirectional mobile robot (SBOM). 

 

 

Fig. 4.1 Synthesis of slidable-base omnidirectional mobile robot (SBOM). A solid (dashed) arrow indicates 

that the joint can actively (passively) move in the direction indicated by the arrow. (a) Steering angle 

of three wheels fixed at 90 degrees. (b) Number of wheels reduced to two. (c) Base block connected 

to active slider that moves on rail between two wheels. Auxiliary wheels should be added in practice 

to maintain its balance for (b) and (c) but omitted here. 

 

The basic structure of the proposed robot is shown in Fig. 4.2. It consists of two fixed wheels, a 

sliding rail, an active slider, and a turntable that can be actively rotated. The parallel fixed wheels can 

move independently so the whole robot can move forward, move backward, or turn. The turntable is 

fixed on the active slider such that it can both actively rotate around its axis and actively move along the 

rail with the slider. As a result, the output platform can realize omnidirectional movement. 

In the following parts of the paper, the turntable and slider are referred to as the base and the other 

parts of SBOM are referred to as the mobile part. It's worth noting that, this paper aims to achieve 

omnidirectional movement of the base part of SBOM, i.e., I want both the translational velocity and the 

rotational velocity of the base part relative to the ground to be able to be in any direction. Since the base 

can actively rotate in any direction through the turntable, to verify the omnidirectional mobility of the 

base, I mainly discuss whether the translational velocity of the base can be in any direction. 
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Fig. 4.2 Proposed omnidirectional mobile robot SBOM. Auxiliary wheels should be added in practice to 

maintain its balance but omitted here. 

 

4.2.2 Motion of slidable-base omnidirectional mobile robot 

Figure 4.3 schematically shows one of the omnidirectional movement methods of SBOM. Note that 

the upward direction in the figure is the forward direction. The mobile part can move forward or 

backward and turn like a conventional nonholonomic vehicle but cannot move to the left or right. 

However, the relative movement between the base and the mobile part can be controlled by the active 

slider, which enables the base to move to the left or right. As a result, the base can move in any direction 

immediately. In addition, the turntable can actively rotate relative to the base, as mentioned above. Thus, 

the output platform can realize omnidirectional movement. However, the omnidirectional movement of 

SBOM shown in Fig. 4.3 is effective only when the relative movement between the base and the mobile 

part is feasible (i.e., when the active slider is away from the end of the rail). Therefore, SBOM can move 

in lateral and diagonal directions only within the length of the rail. 

 

 

Fig. 4.3 Omnidirectional movement of SBOM. (a) Movement forward. (b) Movement to the right. (c) 

Movement forward and to the right. The red spot on the turntable indicates the orientation of the 

output platform. 
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To overcome this problem, I propose another method for omnidirectional movement in which the 

mobile part keeps rotating at an appropriate speed, as shown in Fig. 4.4. With this method, the base does 

not reach the limit even if it keeps moving in a given direction. 

 

 

Fig. 4.4 Movement of SBOM with rotating mobile part. 

 

As shown in Fig. 4.4, when the base part keeps moving to the right, since the mobile part keeps 

rotating, the base part will not lose its omnidirectional mobility by reaching the limit on the sliding rail. 

In addition, it should be noted that the base rotates at the same speed as the mobile part but in the opposite 

direction so that it does not rotate relative to the ground throughout this progress. In the global coordinate 

system, it only has a translational movement to the right. I refer to the wheels located on the left and right 

in the initial state as the left and right wheels, respectively. In the global coordinate system, the base only 

has a translational movement to the right, but on the rail, the base initially moves to the right-wheel side 

and then starts to move to the left-wheel side when it reaches state A. After state B, it starts to move to 

the right-wheel side again. Finally, the robot returns to the initial state, with only a lateral translation of 

its position under the global coordinate system. It can be thus concluded that no matter how long the base 

moves to the right in the global coordinate system, it will never reach the ends of the rail. This holds for 

all directions.  

A disadvantage of the above method is that it takes energy to keep the mobile part rotating. Here I 

combine the movement methods in Figs. 4.3 and 4.4 as a new strategy, Fig. 4.5 is an example to illustrate 

it. 

 



50  Chapter 4 

 

 

Fig. 4.5 Movement of SBOM with the proposed strategy. 

 

In Fig. 4.5, the robot uses the movement method in Fig. 4.4 at the initial state, the mobile part is 

rotating while the base is moving towards the right wheel side and rotating at the same speed as the 

mobile part but in the opposite direction. In the global coordinate system, it only has a translational 

movement to the right. When the mobile part is oriented towards the desired direction at state A, it is 

possible to move the base to the right by relying only on the movement of the mobile part, so the robot 

switches to the movement method in Fig. 4.3(a). Thus, SBOM can efficiently perform omnidirectional 

movement with no limits. 

 

4.2.3 Characteristics of slidable-base omnidirectional mobile robot 

Unlike other omnidirectional mobile robots, SBOM uses conventional fixed wheels. This avoids the 

problems associated with Mecanum wheels (vibrations), caster wheels (shocks and slippage), and 

spherical wheels (large wheel volume). In addition, conventional wheels potentially have a greater load 

capacity, lower manufacturing cost, and higher applicability to various environments. For the structure 

of SBOM other than wheels, most of the weight applied to the base is carried by the sliding joint. 

Therefore, the load capacity of SBOM is considered to be dependent on that of the sliding joint. In 

practice, if I select a linear guide that is strong enough as a sliding joint, SBOM could maintain a high 

load capacity.  

Compared to SWOM, which also uses conventional wheels, SBOM has a simpler structure without 

redundant motors and passive joints. It thus uses less energy and has a simpler controller design. In 

addition, SBOM has fewer wheels, which reduces the area it occupies. 

Regarding the number of motors, at least three motors are required to give a robot omnidirectional 

mobility. SBOM uses four motors and has one extra DOF (i.e., rotation of the mobile part) in addition to 

omnidirectional movement that allows it to control the relative movement between the base and the 

mobile part. SBOM can thus divide the track at the desired ratio, which is useful not only for singularity 

avoidance but also for obstacle avoidance or traction control. It is noted that the turntable shown in Fig. 
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4.2 is small for the sake of illustration, but in practice, it may be designed to be larger depending on the 

object to be carried, and the object’s width may exceed it. Even when the object’s width exceeds the 

length of the sliding rail, as far as I can take the size of the object into account when controlling, SBOM 

can work properly. The arrangement of the four motors in SBOM allows the turntable’s orientation to be 

decoupled and controlled independently, thus simplifying the control of the robot. 

SBOM achieves omnidirectional mobility despite its simple structure. It can thus improve the 

efficiency of transportation tasks in narrow spaces in factories and warehouses. 

 

4.3 Kinematic analysis of slidable-base omnidirectional mobile robot 

 

To theoretically demonstrate the omnidirectional mobility, this section conducts a kinematic analysis 

of SBOM. 

 

4.3.1 Modeling of slidable-base omnidirectional mobile robot 

The coordinate system and necessary parameters for the kinematic analysis of SBOM are defined in 

Figs. 4.6 and 4.7, respectively. The global reference frame 𝑂-𝑋ூ𝑌ூ   is fixed on the ground and the 

configuration of the robot is represented by 𝑥, 𝑦, 𝜃 . Local reference frame 𝑃-𝑋ோ𝑌ோ  is placed on the 

output platform, with the 𝑌ோ axis parallel to the sliding rail. The orientation of SBOM is denoted by 𝜃, 

which is the angle between the 𝑋ோ axis and the 𝑋ூ axis. Note that I deal with the orientation of only 

the mobile part because that of the turntable can be controlled independently. When the turntable rotates 

at an appropriate speed by considering the rotation of the robot, it can turn in any direction at any time. 

 

 

 

Fig. 4.6 SBOM and reference frames. Fig. 4.7 Parameters of SBOM. 

 

In Fig. 4.7, 𝑠 represents the displacement of the slider from the middle of the rail, where the 𝑌ோ-

axis direction is defined to be the positive direction, and 𝑑 is the distance between the middle of the rail 

and the wheel plane, which is a constant. 

With the coordinate systems and parameters defined above, the forward and inverse kinematics of 

SBOM can be derived as follows: 
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where 𝑣ோ is the traveling speed of the right wheel, 𝑣௅ is the traveling speed of the left wheel, and 𝑠̇ is 

the movement speed of the slider. 

From the kinematics, SBOM never falls into the singular configuration kinematically because the 

determinant of Jacobian 𝐽 is never zero under the condition −𝑑 < 𝑠 < 𝑑. However, due to the limit of 

the sliding rail, the robot will fall into the singular configuration when the slider reaches the end of the 

rail, which can be represented by 

 

𝑠 = 𝑆୑୅ଡ଼, 𝑆୑୍୒         (4.3) 

 

where 𝑆୑୅ଡ଼ and 𝑆୑୍୒ are the maximum and minimum limits of the slider’s displacement, respectively. 

 

4.3.2 Omnidirectional movement of slidable-base omnidirectional mobile robot 

In this section, the methods used to realize omnidirectional movement (see Section 4.2.2) are 

discussed and simulations are conducted to verify their effectiveness. 

Considering the situation where SBOM moves in a certain direction at a constant speed while 

rotating: 

 

൥

𝑥̇
𝑦̇

𝜃̇

൩ = ቎

𝑉 cos(𝜃଴ + 𝛾)

𝑉 sin(𝜃଴ + 𝛾)

𝛺(𝑡)

቏         (4.4) 

 

where 𝜃଴ is the initial orientation, 𝛾 is the designated movement direction relative to the 𝑋ோ axis at 

the initial state (see Fig. 4.8), 𝑉 is the magnitude of the desired translational velocity of the base, and 

𝛺(𝑡) is the rotational speed of the mobile part. 
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Fig. 4.8 SBOM movement in given direction. 

 

Substituting Eq. (4.4) into Eq. (4.2) yields 
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         (4.5) 

 

Equation (4.5) can be used to obtain the input of SBOM for moving in a certain direction. 

 

4.3.2.1 Movement method without rotation 
First considering SBOM moving without rotation (see Fig. 4.3). When 𝛺(𝑡) = 0, Eq. (4.5) becomes 

 

቎
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𝑠̇(𝑡)
቏ = ൥

𝑉 cos 𝛾
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൩       (4.6) 

 

Because the velocity of the slider 𝑠̇ is a constant, the displacement of the slider will monotonically 

increase or decrease. Under this situation, SBOM can realize omnidirectional movement only when 

𝑆୑୍୒ < 𝑠(𝑡) = 𝑉𝑡 sin 𝛾 + 𝑠଴ <  𝑆୑୅ଡ଼. 

 

4.3.2.2 Movement method with rotation at constant speed 
If the mobile part of SBOM rotates at a constant speed (see Fig. 4.4), such as 𝛺(𝑡) = 𝛺௖ =

𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡, Eq. (4.5) becomes 
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When 𝑉 and 𝛾 are constant, the displacement of the slider 𝑠(𝑡) can be calculated as 

 

𝑠(𝑡) =
௏

ஐౙ
cos(𝛾 − Ωୡ𝑡) −

௏

ஐౙ
cos𝛾 + 𝑠଴       (4.8) 

 

where 𝑠଴ is the initial displacement of the slider. From this equation, it can be seen that the motion of 

𝑠  is simple harmonic vibration, with an initial value −(𝑉 𝛺௖⁄ ) cos 𝛾 + 𝑠଴ , amplitude 𝑉 𝛺௖⁄  , and 

frequency 𝛺௖. Therefore, even though the length of the sliding rail is limited, appropriately adjusting the 

rotation speed 𝛺௖ based on the required velocity ensures that the slider does not exceed its boundaries. 

The condition on the rotational speed to guarantee this constraint can be derived as follows. 

When 𝛺௖ > 0, 

 

|𝛺௖| > max ቀቚ
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ௌ౉౅ొି௦బ
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ቚቁ       (4.9) 

 

When 𝛺௖ < 0, 

 

|𝛺௖| > max ቀቚ
௏(ଵିୡ୭ୱ )

ௌ౉౅ొି௦బ
ቚ , ቚ

௏(ଵାୡ୭ୱ )

ௌ౉ఽ౔ି௦బ
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Simulations were conducted to verify the effectiveness of this movement method. The parameters 

were set as follows: 𝑉 = 40 mm s⁄ , 𝛾 = 𝜋 3⁄ , 𝑆୑୅ଡ଼ = 200 mm, 𝑆୑୍୒ = −200 mm, 𝑠଴ = 0 mm, 𝑑 =

250 mm, 𝛺௖ > 0 . The condition given by Eq. (9) becomes 𝛺௖ > 0.3 rad/s , so Ωୡ  is chosen to be 

0.5 rad/s to meet the constraint. The initial condition of SBOM is 𝑥 = 0, 𝑦 = 0, 𝜃଴ = 𝜋 2⁄ . These are 

the parameter values in the following simulations of the movement of SBOM unless otherwise specified. 
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Fig. 4.9 Paths of base and left and right wheels for SBOM moving in given direction. 

Fig. 4.10 Displacement of slider for SBOM moving in given direction. 

 

Figure 4.9 shows the paths of the base, left wheel, and right wheel. It is confirmed that the base 

moves straight in the designated direction. Figure 4.10 shows the displacement of the slider s. It is 

confirmed that s never reaches the limit. 

 

4.3.2.3 Movement strategy that combines two methods 
As mentioned in Section 4.2.2, unlimited omnidirectional movement can be realized by first rotating 

the mobile part to the desired direction and then moving toward the target direction without rotation. The 

switch from the former movement method to the latter movement method can be done immediately after 

the orientation of the mobile part matches the desired direction because I can ensure that the singular 

configuration will not appear during the whole process by setting the proper rotation velocity of SBOM, 

as shown in the previous section. 

When the mobile part of SBOM initially rotates at a constant speed 𝛺௖, at 𝑡 = 𝛾/𝛺௖, the change in 

the orientation of the mobile part 𝛥𝜃 reaches 𝛾. At this moment, the rotation speed is set to zero (see 

Fig. 4.5). The kinematics of this motion are given as 
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(4.11) 

 

A numerical simulation was conducted to verify the effectiveness of this method. SBOM was set to 

initially rotate at 𝛺௖ = 0.5 rad/s. 

 

 

Fig. 4.11 Paths of base and left and right wheels for SBOM moving in given direction using combined 

method. 

Fig. 4.12 Displacement of slider for SBOM moving in given direction using combined method. 

 

Figure 4.11 shows the paths of the base, left wheel, and right wheel. The robot moved in the 

designated direction, indicating that the proposed method performs well. Figure 4.12 shows that the 
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displacement of the slider first increases and then becomes constant after the robot switches to the 

movement method without rotation. SBOM can move without limits in an arbitrary direction without 

falling into the singular configuration. 

 

4.4 Stabilization of slider position on rail 

 

As shown in Fig. 4.12, the displacement of the slider first increases and then becomes constant when 

SBOM moves in a certain direction using the proposed movement method. As a result, the slider may 

reach its limit if SBOM repeatedly changes its traveling direction. For example, Fig. 4.13(a) shows how 

the displacement of the slider changes over time when SBOM moves along the path shown in Fig. 

4.13(b). Specifically, the robot moves counterclockwise along the sides of a square with a side length of 

0.4 m at a velocity of 40 mm/s, its initial position is the origin, and it is oriented in the positive direction 

of the y axis. The displacement of the slider periodically increases and eventually reaches the left end of 

the sliding rail. 

 

 

(a) 

 

(b) 

Fig. 4.13 (a) Displacement of slider and (b) simulated path for SBOM moving along square. 
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To overcome this problem, I propose an algorithm for stabilizing the slider position that considers 

the additional motion after the direction of the mobile part reaches the desired direction. The total time 

for the adjustment is denoted as 𝑇. The whole process is split into two phases with rotation speeds 𝛺ଵ 

and −𝛺ଵ, respectively. The duration of each phase is 𝑇/2. By using Eq. (4.11), the displacement of the 

slider after 𝑇 can be calculated as 

 

𝑠(𝑡ଵ + 𝑇) =
ଶ௏

ఆభ
ቀcos ቀ

ఆభ்

ଶ
ቁ − 1ቁ + 𝑠(𝑡ଵ)       (4.12) 

 

where 𝑡ଵ is the time when the adjustment starts. It is noted that the orientation of the mobile part after 

𝑇 is the initial orientation; that is, 𝜃(𝑡ଵ + 𝑇) = 𝜃(𝑡ଵ). Under the assumption that the maximum rotation 

angle of the mobile part during the adjustment is 𝛷, which means 𝛺ଵ𝑇 2⁄ = 𝛷, the displacement of the 

slider after 𝑇 can be derived as 

 

𝑠(𝑡ଵ + 𝑇) =
ଶ௏

ஐభ
(cos Φ − 1) + 𝑠(𝑡ଵ)       (4.13) 

 

If the desired displacement of the slider is given as  𝑠௥௘௙  and substituted into Eq. (4.13), the 

corresponding rotation speed 𝛺ଵ and adjustment time 𝑇 can be derived. Through the series of motions, 

the displacement of the slider 𝑠 can be set to the desired value 𝑠௥௘௙ after time 𝑇 without affecting the 

omnidirectional movement of the base. 

Here, I conduct a simulation of the unlimited translation of SBOM to verify that the proposed method 

is feasible. The robot was required to complete the task shown in Fig. 4.13. During the motion, the slider 

was required to return to 𝑠௥௘௙ = 0 after each change in the movement direction. The maximum rotation 

angle of the mobile part during the adjustment was 𝛷 = 𝜋 3⁄ . The results of the simulation are shown 

in Figs. 4.14 and 4.15. 
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Fig. 4.14 Paths of base and left and right wheels during movement. 

(a) 

(b) 

Fig. 4.15 Changes in parameters for SBOM moving along square path. (a) Error in robot orientation with 

respect to specified direction (𝐸ఏ) and (b) displacement of slider. 

 

Figure 4.14 shows the paths of the base, left wheel, and right wheel. As shown, the base moved as 

expected. Figure 4.15(a) shows the error between the orientation of the robot and the specified direction 

during the movement 𝐸ఏ . The specified direction changed at the corners of the path every 10 s, so there 

are sudden changes in the graph at 10, 20, and 30 s. The displacement of the slider while the robot was 

moving along the desired path is shown in Fig. 4.15(b). For the first 10 s, Fig. 4.15(a) and (b) shows that 
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the orientation of the robot meets the specified direction at 𝑡ଵ = 3 s and that the displacement of the 

slider reaches its maximum at this time. The proposed algorithm then starts to adjust the displacement of 

the slider, and hence 𝐸ఏ   first increases and then decreases, reaching zero again at 𝑡ଶ = 7 s . The 

displacement of the slider keeps decreasing and returns to zero at the end of the adjustment. With the 

proposed algorithm, the slider returns to its original position every time the robot’s orientation matches 

the specified orientation. Therefore, the proposed method is feasible and can prevent SBOM from falling 

into the singular configuration. 

 

4.5. Experiments and discussion 

 

To confirm that SBOM moves as expected, a prototype was produced and experiments were 

conducted. 

 

4.5.1 Prototype of slidable-base omnidirectional mobile robot 

Figures 4.16 and 4.17 respectively show a photograph and a 3D CAD drawing of the SBOM 

prototype. The basic structure is the same as that in Fig. 4.2. The left and right wheels are connected to 

independent motors and can actively rotate. The slider is driven by a rack-and-pinion mechanism. The 

rack is fixed to the main body of the mobile part parallel to the rails, and the pinion attached to the slider 

can be rotated by the motor. Another motor is mounted on top of the slider, enabling the turntable to 

actively rotate. Two ball rollers are mounted at the front and rear of the main body of the mobile part as 

auxiliary wheels to ensure the robot’s stability. The auxiliary wheels are omnidirectional wheels (ball 

rollers), and their friction is small, so their effect on the motion of the robot is negligible. Table 4.1 shows 

the specifications of the prototype. 

 

 

Fig. 4.16 Photograph of SBOM prototype. 
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Fig. 4.17 3D CAD drawing of SBOM prototype. 

 

Table 4.1 Parameters of prototype SBOM 

Height 155 mm 

Width 580 mm 

Length 160 mm 

Track 500 mm 

Wheel diameter 126 mm 

𝑆୑୅ଡ଼,𝑆୑୍୒ 200 mm, -200 mm 

Weight 6.5 kg 

Motors for wheels Dynamixel XH540-W150-R (holding torque: 7.1 Nm) 

Motors for slider and turntable Dynamixel XH430-W210-R (holding torque: 2.5 Nm) 

Controller Raspberry Pi 4 Model B 8GB 

 

 

In the experiments, a Raspberry Pi 4 (Model B, 8 GB) single-board computer was used as the 

controller for the motors. The basic control system is shown in Fig. 4.18. 
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Fig. 4.18 Control system based on Raspberry Pi 4. 

 

4.5.2 Experiments on unlimited translation 

To verify the feasibility of the proposed robot, experiments were conducted on the prototype to test 

the movement method discussed in Section 4.2.2 and the stabilization of the slider. The positions of the 

base, left wheel, and right wheel were measured by a motion capture system (VICON MX Bonita). 

In the first experiment, to show the fundamental omnidirectional mobility, a single-corner path was 

used. Here, the prototype was required to first move toward the left at 40 mm/s for 10 s and then turn left 

and move at 40 mm/s for another 20 s. The initial position of the robot was the origin and the robot was 

oriented in the positive direction of the y axis. The displacement of the slider was required to be adjusted 

to 𝑠௥௘௙ = 0 and the maximum rotation angle of the mobile part during the adjustment was required to 

be 𝛷 = 𝜋 3⁄ . 

The results of the experiment are shown in Figs. 4.19 and 4.20. Figure 4.19 shows the paths of the 

base, left wheel, and right wheel in the simulation and experiment. The results of the experiment match 

the simulation relatively well and the robot moves as expected. 
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Fig. 4.19 Actual and simulated paths of SBOM for single-corner path. 

 

Fig. 4.20 Error in base position during experiment (with respect to simulation results) for single-corner 

path. 

 

Figure 4.20 shows the error in base position in the experiment, with the simulation results used as 

the reference. The error increases with time. This error may be due to the slippage between the wheels 

and the ground, or the acceleration limit not being considered in the design of the inputs. The robot is 

prone to experience a sudden shock when the rotation direction of the mobile part changes, which may 

cause unnecessary slippage of the robot. Feedback control can be used as a countermeasure. 

Next, to verify the method used for the stabilization of the slider position, the robot was required to 

make the movements in the simulation shown in Fig. 4.14 from the same initial condition. That is, the 

prototype was required to move counterclockwise along the side of a square with a side length of 0.4 m 

at a velocity of 40 mm/s. The initial position of the robot was the origin, and the robot was oriented in 

the positive direction of the y axis. 
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Fig. 4.21 Actual and simulated paths of SBOM for path along square. 

Fig. 4.22 Displacement of slider for path along square. 

 

Figure 4.21 shows the path of the base in the experiment compared to that in the simulation. As in 

the previous experiment, the error (difference between experimental and simulation results) increases 

with time. This is considered to be due to slippage and shock. As more turns are made, the error 

accumulates. Figure 4.22 shows that the displacement of the slider returned to the specified value after 

each change in direction. Although the position of the slider does not return to the exact specified value 

due to errors in measurement and the robot itself, it is guaranteed that the slider will not exceed the limit, 

confirming the effectiveness of the proposed method. 
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4.6 Conclusion 

 

This chapter proposed a novel two-wheel omnidirectional mobile robot with a Slidable Base, termed 

SBOM. Unlike conventional designs, SBOM utilizes standard non-omni wheels mounted on a movable 

base, offering potential advantages in load capacity, mechanical simplicity, and reduced vibration. Its 

actuation mechanism avoids passive elements and actuator coupling, simplifying controller design and 

improving reliability. 

The fundamental structure and basic motion patterns of SBOM were introduced, followed by a 

comprehensive kinematic analysis that theoretically verified its omnidirectional mobility. A singularity 

condition was identified, arising when the slider reached the physical limits of the sliding rail due to 

accumulated unidirectional motion. 

A systematic movement strategy was developed to enable continuous omnidirectional locomotion 

while avoiding singular configurations. The strategy involves an initial phase where the mobile unit 

rotates to align with the desired direction while the base translates accordingly, followed by synchronized 

forward motion of both units. This two-phase approach ensures that the robot maintains controllability 

even during prolonged travel in a fixed direction. 

However, repeated directional changes may lead to irreversible slider drift, potentially causing 

saturation at the rail ends. To address this issue, a dedicated slider position stabilization algorithm was 

proposed, actively regulating the slider’s position without compromising overall mobility. 

Experimental results on a prototype platform confirmed the feasibility of the SBOM concept and the 

effectiveness of the proposed motion strategy and stabilization algorithm. The robot successfully 

achieved singularity-free omnidirectional movement, and the stabilization mechanism properly adjusted 

the slider position in real time. These outcomes highlight SBOM as a promising alternative in the design 

of robust, high-performance omnidirectional mobile platforms. 



   

 

Chapter 5. Conclusion 
 

5.1 Summary of contributions. 

This dissertation has addressed key challenges in the development and control of omnidirectional 

mobile robots, with a focus on enhancing mechanical simplicity, load capacity, and control performance. 

As introduced in Chapter 1, conventional omnidirectional solutions such as Mecanum wheels, caster 

wheels, and spherical wheels suffer from various drawbacks—including low load capacity, vibration, 

mechanical complexity, and slippage uncertainty—motivating the exploration of alternative designs. 

Slidable-Wheeled Omnidirectional Mobile robot (SWOM), which employs conventional wheels 

mounted on sliding rails, presents a promising direction due to its high load capacity, low vibration, and 

structural robustness. However, its practical application is hindered by structural complexity—requiring 

six motors for three DOFs—and the presence of passive sliding components that introduce nonlinearity 

and control difficulty. Moreover, the inherent non-holonomic constraints of individual wheels and 

coupling between system states make trajectory tracking a nontrivial task. 

To overcome these challenges, this thesis adopted a dual-track approach: (i) developing advanced 

control strategies to improve the performance of the existing SWOM architecture, and (ii) proposing a 

novel, simplified robot design that retains the advantages of slidable mechanisms while reducing 

complexity. These two directions form the core of this work, explored in depth across Chapters 2–4. 

In Chapter 2, a Linear Model Predictive Control (LMPC) framework was developed to achieve 

precise trajectory tracking for SWOM. By linearizing the kinematic model around reference trajectory 

points via first-order Taylor expansion, the method enables real-time optimization of control inputs. A 

key contribution lies in the formulation of a comprehensive reference trajectory that includes not only 

robot pose but also internal states such as slider displacements and wheel orientations. The analysis 

revealed two critical phenomena: transient peaks in slider displacement caused by sudden velocity 

changes or alignment of wheel velocity with the rail direction. Practical mitigation strategies—such as 

incorporating acceleration profiles and increasing rotational rates during direction changes—were 

proposed and validated. Simulation and experimental results on both single-corner and circular paths 

confirmed the effectiveness of the LMPC approach in achieving accurate tracking under wheel slippage 

and actuation imprecision, demonstrating its robustness despite hardware limitations. 

Building on the limitations of purely model-based control, Chapter 3 introduced a hybrid hierarchical 

control architecture that integrates classical control theory with deep reinforcement learning (DRL). The 

upper-level controller computes desired translational and rotational velocities using a Lyapunov-

stability-based method, while the lower-level PPO-trained agents independently regulate each wheel’s 

steering speed to maintain central positioning on the sliding rails. This approach effectively decouples 

the high-level trajectory tracking task from the low-level mechanical stabilization problem. The reward 

function design was shown to significantly influence control performance: penalizing wheel 

displacement velocity reduces overshoot, while action regularization promotes smooth and energy-
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efficient behavior. Simulations under disturbance conditions—including initial off-center wheel 

positions and random positional noise—demonstrated the adaptability and resilience of the DRL-

enhanced controller. This work illustrates the potential of combining model-free learning with model-

based planning in complex robotic systems. 

Recognizing the hardware-level limitations of SWOM, Chapter 4 proposed a conceptually novel 

two-wheel omnidirectional mobile robot with a Slidable Base, termed SBOM. By relocating the sliding 

mechanism from the wheels to the base, SBOM achieves omnidirectional mobility using only two 

conventional wheels and fewer actuators, thereby reducing mechanical complexity, energy consumption, 

and control coupling. A complete kinematic analysis confirmed the robot’s theoretical omnidirectional 

capability and identified a singularity condition arising when the slider reaches the end of its rail. To 

ensure long-term operational stability, a two-phase motion strategy was developed: first aligning the 

robot’s orientation through differential base-wheel motion, then moving forward synchronously. 

Furthermore, an active slider position stabilization algorithm was proposed to prevent cumulative drift 

and avoid singular configurations. Experimental validation on a prototype demonstrated that SBOM can 

achieve continuous, singularity-free omnidirectional movement. The stabilization algorithm effectively 

regulates the slider position in real time, confirming the feasibility and practicality of this new design 

paradigm. SBOM represents a significant step toward simpler, more reliable, and scalable 

omnidirectional platforms. 

 

5.2 Future work 

Despite the progress made, several limitations remain. First, while the proposed hierarchical DRL 

framework effectively reduces the complexity of the learning task by decoupling high-level navigation 

from low-level stabilization, it relies on a partially model-based structure. However, given the increasing 

computational capabilities of modern embedded systems, there is potential to explore end-to-end learning 

approaches that directly map sensory inputs to actuator commands without explicit decomposition. 

Second, although the SBOM design demonstrates promising omnidirectional mobility in basic motion 

tasks, its performance has only been validated under relatively simple scenarios. More complex tasks 

such as trajectory tracking under disturbances, or payload-carrying navigation require further simulation 

and experimental validation to fully assess the structural effectiveness and practical applicability of the 

SBOM concept. 

Future research directions include: 

1) End-to-End DRL for SWOM: Given the sufficient computational resources available in modern 

robotic platforms, an important direction is to develop and evaluate end-to-end DRL controllers 

for SWOM. Unlike the current hierarchical approach, such a policy would learn to directly 

generate motor commands from high-dimensional observations (e.g., robot pose, slider 

positions, and reference trajectory). Comparative studies between hierarchical and end-to-end 

architectures can provide valuable insights into the trade-offs between sample efficiency, 

generalization, and interpretability in complex robotic systems. 

2) Advanced Task Validation for SBOM: To comprehensively evaluate the SBOM design, future 

work will involve designing and testing the robot in more challenging scenarios. These include 
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trajectory tracking under external disturbances, motion planning in cluttered environments, and 

payload transport tasks to assess load capacity and stability. High-fidelity simulations using 

physics engines (e.g., MuJoCo or PyBullet) will precede physical experiments to accelerate 

development and risk assessment. 

3) Multi-Robot Systems: The control frameworks should be extended to cooperative scenarios 

involving multiple SBOM/SWOM units for payload transport or formation navigation. 
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