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Abstract The low-energy limit of string theory con-
tains additional gravitational degrees of freedom, a skew-
symmetric tensor B-field and a scalar dilaton, that are
not present in general relativity. Together with the metric,
these three fields are naturally embedded in the O(D, D)-
symmetric framework of double field theory. The O(D, D)
symmetry uniquely prescribes the interactions between the
extended gravitational sector and other matter, leading to
novel features beyond conventional string cosmology. In this
work we present the equations of motion for linear pertur-
bations around O(D, D) string cosmological backgrounds
in D = 4 under a scalar-vector-tensor decomposition. We
obtain analytic solutions in the superhorizon limit for scalar
perturbations around various homogeneous and isotropic
background solutions, including some candidate models for
bouncing cosmologies. The generalized energy—momentum
tensor includes source terms for the B-field and dilaton, and
we show how the resulting generalized conservation laws
modify the conditions for conservation of curvature pertur-
bations.
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1 Introduction

The standard ACDM model of cosmology, based on general
relativity (GR) with dark matter and a cosmological con-
stant A, provides a simple and powerful model of the uni-
verse which is in excellent agreement with data [1,2]. How-
ever, several key features of the model remain mysterious,
including the nature of dark matter, the origin and isotropy of
cosmic microwave background (CMB) fluctuations, and the
smallness of A relative to naive expectations from quantum
field theory. Furthermore, in recent years new tensions have
emerged, for example, between estimations of the Hubble
constant Hy inferred from early-time (CMB) versus late-time
(astrophysical) observations [3]. As the quality and volume
of data about the early universe continues to increase [4], it
is pertinent to study whether modified gravity beyond GR
can alleviate such tensions and reveal how the early universe
evolved to its present state.

The question is, how should we modify GR? Is there any
guiding principle we can use to select a proposed modified
gravity framework from the plethora of possible candidates?
In the very early universe, whose imprint we observe in the
CMB, the quantum nature of gravity may become relevant.
To this end, string theory remains the leading candidate for
a consistent framework of quantum gravity; however, direct
evidence for the stringy nature of gravity remains elusive.
It is therefore worth considering a modified gravity scenario
that captures universal features of string theory that arise at
low energies. Such a model may be used to address mysteries
in cosmology through the perspective of a well-established
theoretical framework. Meanwhile, comparison with data
provides an avenue to potentially assess the applicability of
string theory to our universe.

The original impetus for considering string theory as quan-
tum gravity is that the massless modes of the closed string
include a spin-2 mode, which can be identified as a gravi-
ton, i.e. fluctuations of the spacetime metric g,,. However,
string theory does not automatically reduce to GR alone: the
closed-string massless sector (or the NS-NS sector of the
closed superstring) also includes a skew-symmetric tensor
‘B-field’ B, and a dilaton ¢. It is these three fields together,
{guv> By, ¢}, that constitute the generic ‘gravitational” mul-
tiplet arising in the low-energy macroscopic limit of string
theory. In the case where By, vanishes and ¢ is constant,
which may be achieved in concrete string compactifications
via the presence of appropriate fluxes in the compact geom-
etry [5], at low energies and late times the dynamics of the
theory can be reduced to those of GR. However, in the early
universe it is conceivable that all three modes could be active,
and together they would constitute a theory of ‘stringy grav-

ity’.
Moreover, the relationship between g,,, By, and ¢
extends beyond mere co-appearance. The closed-string effec-
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tive action that encapsulates their dynamics is invariant under
a hidden O(D, D) symmetry, where D is the spacetime
dimension,! and the three fields transform into each other
non-trivially under the Buscher rules [9,10]. The O(D, D)
symmetry can be made manifest via the framework of double
field theory (DFT) [11-16]. In double field theory the space-
time dimension is formally doubled, such that fields act on
doubled coordinates X4 = (x*, X,,). While this may appear
to dramatically increase the number of degrees of freedom,
consistency demands a constraint, the so-called ‘section con-
dition’, which can be satisfied by simply requiring all fields
to be independent of the additional X, coordinates, and thus
ultimately D-dimensional physics is recovered.

In DFT gravitational physics is characterized by two
fields: a generalized metric Hp and a scalar d known as
the DFT dilaton, which play a role analogous to the space-
time metric g, in GR. On ordinary spacetime backgrounds,
Hap and d encapsulate all the degrees of freedom of the
closed-string fields {g,v, B, ¢}, and furthermore a stringy
geometry can be constructed from them [ 17-34], whose Ricci
scalar reduces to the NS—-NS action of the closed string. In
this description, the Buscher transformations turn out to be
simply O(D, D) rotations of H 4 g. It is important to empha-
size that general O(D, D) transformations do not preserve
the spacetime metric, but rather the symmetry is broken spon-
taneously by a particular choice of vacuum. Nevertheless, its
presence suggests that one may consider it as a symmetry of
the underlying fundamental theory. Moreover, various other
types of matter — scalars, spinors, point particles, strings, etc.
— can be incorporated into the DFT formalism, and explicit
O(D, D)-covariant Lagrangians have been constructed [35—
47]. In conjunction with the gravitational action, this leads
to a DFT generalization of Einstein’s equations, dubbed the
Einstein double field equations [48],

GABZSJTGTAB, (1.1)

where G 4 p is a DFT analogue of the Einstein tensor depend-
ing on Hap and d, and the DFT energy—momentum tensor
T p takes a specific form prescribed by the O(D, D) covari-
ance of the underlying action.

Thus we see that beyond being merely an exercise in
academic formalism, DFT restricts the allowed couplings
between the generalized gravity sector and additional mat-
ter via the requirement of consistency with the under-
lying O(D, D) symmetry. In addition, the DFT energy—
momentum tensor includes components corresponding to
sources for By, and ¢, beyond the usual 7}, sourcing the
metric.> Applying these ideas in a cosmological setting,

! This should not be confused with O(d, d) symmetry, whered = D—1
is the spatial dimension, which is a property of the particular spacetime
backgrounds considered in string cosmology [6-8].

2 Source terms for the dilaton have also been considered in [49,50].
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DFT thus provides a rigorous and expanded framework that
encompasses, and at times extends beyond, the well-studied
string cosmology [6-8,49-57]. In [58] a study of O(D, D)-
covariant cosmology was initiated by applying equation (1.1)
to homogeneous and isotropic backgrounds of DFT, lead-
ing to an O(D, D) version of the Friedmann equations, and
various cosmological solutions were considered. For related
recent work on DFT cosmology, see [59-78] as well as the
review [79].

Our goal in this paper is to analyse perturbations in the
O(D, D)-covariant DFT cosmological framework,? and in
doing so to take the next major step towards confronting data.
Observables such as CMB fluctuations and structure forma-
tion depend upon the evolution of perturbations in the early
history of the universe, for which DFT cosmology hints at sig-
nificant departures from the standard assumptions of GR cos-
mology. For example, the modified energy—momentum con-
servation equation in DFT implies that the conditions for con-
servation of adiabatic superhorizon perturbations should be
revisited in this framework. Moreover, in [58] backgrounds
were found with non-vanishing H-flux (the field strength of
B,,,), including bouncing solutions with a frozen dilaton at
late times. It turns out that the presence of background H-
flux leads to non-trivial mixing between different types of
perturbations, which may play a dominant role in the early-
universe evolution. That being said, we will endeavour to
remain agnostic on on the specific interpretation and imple-
mentation: our main focus in this work is to develop the
formalism for DFT cosmological perturbations, which can
then be readily applied to particular scenarios as required.

The structure of this paper is as follows. In Sect. 2.1 we
provide an accessible overview of DFT coupled to matter,
establish our conventions for the DFT energy—momentum
tensor, and review the application to cosmological back-
grounds. Following this, in Sect. 3 we introduce perturba-
tions in the gravity and matter sectors, obtain their equations
of motion, and assess the implications of the generalized
energy—momentum conservation for early-universe physics.
We consider various examples of cosmological backgrounds
in Sect. 4 and obtain explicit solutions to the perturbation
equations. Finally, we discuss implications for future work
in Sect. 5.

2 O(D, D) string cosmology from double field theory

We begin with a brief overview of double field theory and its
coupling to matter in Sect. 2.1. Here we aim for a balanced
approach, giving the reader a flavor of DFT and introducing

3 Cosmological perturbations in DFT have been studied in [80] for
the case of a flat FLRW background with vanishing B-field, constant
dilaton, and in the absence of external matter.

necessary ingredients while skipping all technical derivations
— for a full exposition see, for example, section 2 of [48].
Following this, we discuss the DFT energy—momentum ten-
sor and its relation to fluid variables in Sect. 2.2, in order to
establish and motivate our conventions. Finally, in Sect. 2.3
we review the application of the DFT framework to cosmo-
logical backgrounds, as presented in [58].

2.1 Double field theory coupled to matter

In double field theory we describe D-dimensional physics
using D + D coordinates, X A= (x*, x,)), where doubled
indices, A = 1, ..., 2D, are raised and lowered by contract-
ing with the O(D, D) invariant

(0 1p\  _ap
jAB—(lD())—j ,

2.1
where 1p is the D x D unit matrix. For consistency,4 fields
in DFT are constrained to satisfy the section condition,
9401 =209,0" =0, (22)
where each derivative is understood to act on a field or product
of fields. This is conveniently solved by choosing d# = 0,
such that all fields are independent of the X,, coordinates.
The gravitational fields in double field theory are the gen-
eralized metric H 4 g and the DFT dilaton d. The DFT metric
is symmetric, Hap = Hpa, and satisfies the O(D, D) prop-
erty
Ha“HpPTep = Tas. (2.3)
Meanwhile, the DFT dilaton d provides a scalar density of
unit weight, e~ 24 that serves as the DFT volume element. On
ordinary Riemannian/Lorentzian spacetime backgrounds,

the three NS-NS sector fields {g,v, Byv, ¢} are packaged
together into H4p and d as

= ()
B;A,ogpu 8uv — BupgpaBav ’

e =7 /g, 2.4

4 Symmetries of NS-NS gravity include diffeomorphisms and B-field
gauge transformations, which in DFT are unified into doubled diffeo-
morphisms. Closure of the symmetry algebra of doubled diffeomor-
phisms requires the section condition.

5 DFT also admits non-Riemannian backgrounds [81], on which the
usual spacetime metric becomes singular while the DFT metric remains
regular. Such backgrounds encompass various ‘non-relativistic’ gravi-
ties such as Newton—Cartan and Carrollian gravity, and their properties
hint at surprising connections to exotic phases of matter such as fractons

[82].
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where g = det(g,,). From Hp and d a doubled geome-
try can be formulated,® whose Ricci scalar R provides the
gravitational action

1 —2d
Sgrav = 16JTG_/E e R,

where X is a D-dimensional section of the doubled space-
time. On Riemannian/Lorentzian backgrounds, the DFT
Ricci scalar reduces to the form

2.7)

1 Apv
R = R+ 40¢ — 4V,pV"¢ — o3 Hr H w (2.8)

where R is the usual Ricci scalar constructed from g, and
the H-flux, H, ., = 30 B, is the field strength of B,,.

We can extend the O(D, D)-covariant DFT formalism to
include additional matter fields, denoted {Y,}, via an action
of the form

S :/ 67251 [LR‘FLm(Ta)} s
P

2.
16w G 9

where the DFT matter Lagrangian Ly, is known for vari-
ous types of matter embedded into DFT, including scalars
[35], fermions [36], vectors [37-40], point particles [42,43],
strings [44—46], etc. The fact that integral volumes in DFT
must be written as e 2, and not simply ./—g as in GR, has
significant implications for the allowed couplings between
the stringy gravity of DFT and additional matter. Specifi-
cally, since all matter in DFT should be uniformly coupled
in string frame with a factor e =2, this means that depending
on the type of matter, ‘minimal coupling’ in Einstein frame
is not guaranteed.

The variation of (2.9) gives the equations of motion (1.1)
for DFT coupled to matter. On spacetime backgrounds, these
Einstein double field equations can be decomposed into the
component equations [48]

1
Ryw + 2V, Vo = T Hupo B = 87GKuy . (2.10)

6 Itis often convenient to decompose the DFT metric into left and right
projectors,

1 _ 1

Pap = E(]AB +Hap), Pap = E(JAB —Han), (2.5)
where the 2D x 2D matrix J4 g is the O(D, D) invariant element (2.1).
Moreover, it is sometimes necessary to introduce a pair of DFT viel-
beins, V4, and V5, which are defined implicitly as

Pap =VaPVey,  Pap=ValVpp, (2.6)
where p and p are independent D-dimensional local Lorentz indices.
This structure should be used, for example, when dealing with spinors
in DFT. Although we will not consider fermionic matter explicitly at a
Lagrangian level in this paper, the fact that there are two independent
local Lorentz groups in DFT could have interesting phenomenological
implications, for example due to a possible coupling between fermions
and H-flux.

@ Springer
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VP (e*2¢’HW) = 161Ge K. @.11)
1
R+ 40 — 43,40 ¢ — — Hyy H'" = 87GT,),
2.12)

where K, and T, arise from the DFT energy—momentum
tensor 74 g, which will be discussed further in the next sec-
tion. For now, we remark that the DFT Einstein tensorin (1.1)
satisfies a Bianchi identity of the form VAG 45 = 0 [83],
which implies that the DFT energy—momentum tensor is con-
served on-shell,

VAT p =0. (2.13)

This conservation law includes additional components beyond
GR, which will have implications for the evolution of pertur-
bations on cosmological backgrounds.

2.2 The DFT energy—momentum tensor

A central feature of the O(D, D) theory is that the energy—
momentum tensor is generalized. Whereas in GR the energy—
momentum tensor is characterized as the response of mat-
ter to metric perturbations, in DFT the response due to the
extended gravitational sector also includes terms sourcing
the B-field and dilaton. Here we examine in more detail the
energy—momentum tensor in DFT and its relation with the
standard energy—momentum tensor in GR.

2.2.1 Preliminaries

First recall that in GR, the energy—momentum tensor is
defined as

=2 88y
VT
where the matter action is expressed in terms of a Lagrangian
density as

Sm = /de —8gLm .

The variation of the matter action with respect to the (inverse)
metric gMV is

T, (2.14)

(2.15)

88, 1
D D Ve
O5m = /d * Sg_“m”(sgw - /d VTR [_ETuvagW} '
(2.16)

In DFT the gravitational multipletis given by the O(D, D)
metric H 4 p and the DFT dilaton d. When we couple DFT to
additional matter as in (2.9), the corresponding matter action
takes the form

Sm = / e L, (2.17)
)
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where in general the matter Lagrangian L., is a functional
of Hap, d and the additional matter fields {Y,}. Note that
the covariant integration measure is given by e ~>¢. The total
variation of the matter action includes terms proportional to
8Y,, which yield the equations of motion for the matter fields.
Meanwhile, the variation with respect to the gravitational
fields is given by

6,
8Sm =/ [ N SHap +e2dT(0)5d} , (2.18)
s L0Hag
where we have defined
8,
T = p2d%om 2.19
) 5d (2.19)

2.2.2 Riemannian backgrounds

We would now like to evaluate (2.18) on Riemannian space-
time backgrounds and thereby understand the various com-
ponents of the DFT energy—momentum tensor. For now, and
in the remainder of this paper, let us focus on situations
where the matter Lagrangian does not depend explicitly on
the local frame structure (in particular, we will not consider
DFT spinors in this work). In such cases, we may define the
spacetime ‘kinetic’ DFT energy—momentum tensor as [48]7

2¢ Sm
SHag

This tensor is not necessarily symmetric, reflecting the gen-
eralized energy—momentum structure of DFT.

By expanding (2.20) explicitly and separating K, into
independent symmetric and skew-symmetric components,
the first term of (2.18) can be expressed in spacetime vari-
ables as (see Appendix A)

Ky = —4e,72,9V 4, Vpze (2.20)

N 1 1
2d m A
e —5HAB SHAB = —EK(,W)Sg/w — EK[IW]gM gUt(SB)\f .
(2.21)

Similarly, the variation of the DFT dilaton d can be expanded
as

1
0d = 8¢ + 7 g8 (2.22)

Inserting (2.21) and (2.22) into (2.18), we obtain the variation
of the matter action in spacetime variables,

[ 1 !
08m = /de v —ge 2 |:—§ <K(uu> - EguvT(0)> sgh”

(2.23)

1
—EK[;w]gWngfSBAr + E0)5¢i| .

7 See Appendix A for explicit definitions of the DFT vielbeins V4 pand
Vpg as well as the spacetime vielbeins e, ” and &,7.

Comparing with (2.16), we see that the standard ‘metric’
energy—momentum tensor in string frame is

2% 1
Ty =e K vy — Eglw To ) - (2.24)
It is also natural to define energy—momentum tensors for the
B-field and dilaton, respectively, as

OM = e W ghP gV Ko, o =e T . (2.25)

These represent source terms in the B-field and dilaton equa-
tions of motion. Note that in string frame, the dilaton decou-
ples when Ty, = 0.

The DFT energy—-momentum tensor conservation equa-
tion (2.13) can also be expanded in spacetime components,
leading to generalized conservation laws which can be writ-
ten as

Iz ! HA
\% pr + EHUI’L)“@ - Vu¢0 = 0, (2.26)

V¥, =0. (2.27)
Thus the standard conservation equation in GR is augmented
by the presence of source terms depending on ©,, and o,
while ®,, itself is also conserved.

2.2.3 Generalized fluids

Let us apply this framework to a fluid. Our immediate goal
is to identify how the familiar description of a fluid in GR
(which we will extend in Sect. 3.2 to include B-field and
dilaton source terms) is related to the components of the
DFT energy—momentum tensor.®> We can define the energy
density p of a fluid as the timelike eigenvalue of the metric

energy—momentum tensor,
T, U = —pU*, (2.28)

where U* is a timelike eigenvector that characterizes the
4-velocity of the fluid and is normalized such that

guUHU" = —1. (2.29)
Therefore
p=TH,U,U". (2.30)

Furthermore, we can construct the projection operator
ht, =8*, + UMU, . (2.31)
which satisfies U, A", = 0 and h**,U" = 0. Thus any cov-
ectors iy, V" lie in spacelike hypersurfaces orthogonal to

8 See [76,77,84] for a T-duality invariant construction of generalized
fluids in DFT.
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U*. In general TH, may have a component proportional to
h*,, so we can decompose

T, = pU"U, + p (", + 1) , (2.32)
where p is the pressure

1
p= gh”MT”V (2.33)

and the anisotropic stress-energy 7/, satisfies

U,mt, =0, at, U’ =0, hymt, =k, =0

(2.34)

by construction. Using the fact that 7/, = h*,n”,, the
anisotropic stress-energy can be obtained from (2.32),

1
prnt, =h*,T?, — ph*, = h*,T", — ghuvhopT”g.
(2.35)

A perfect fluid is one whose energy—momentum tensor is
completely defined by p and p, such that

T, = pU"U, + ph*", = (o + p)U"U, + ps",. (2.36)

The fluid variables can thus be related to the components
of the DFT energy—momentum tensor using (2.24). From the
definitions (2.30), (2.33), and (2.35), we find

1
p=e (K(W)UHUV i ET“”) , (2.37)
g (] w1
p=e 3 K™ = 2To ) (2.38)
1
prt, =e 2 (h“pK(pv) - Zh"" K(pg)> : (2.39)

Contracting (2.32) with U, and h" , and applying (2.39) leads
to the constraint

UPKpoyh®, =0. (2.40)

For example, consider the case where U, = ((—goo)l/ 2, 0)
and go; = 0. In this case, (2.40) implies that Ky = 0.
Therefore, on such backgrounds the energy density, pressure
and anisotropic strain are given by

_ 1
p=e 2 <_Koo N ET“”) , 2.41)
e (ki g 2.42
p=e Ri—5l0), (2.42)
, _ , 1.
prtj=e¥ <g’k1((kj) — galjgk’K(kl)) , (2.43)

while 7% = 0, 7/p = 0 and 7°; = 0.

@ Springer

2.2.4 Einstein frame

Einstein frame is defined by a Weyl rescaling of the metric,

G =3, . (2.44)

Variations of the metric in string frame and Einstein frame
are related as

8guv = % (8Zuv +28009) .
8gh = e (851 —281"59) . (2.45)

Applying (2.44) and (2.45) to (2.23) gives the variation of
the matter action in Einstein frame,®

1 1
88m = /de \/—g[ — 562¢TW6§“” — Ee‘“i’
xOM§B,,, + e (o + Tﬂﬂ)a¢} , (2.46)

where T#,, = g""T},,. Thus the energy—momentum tensors
in Einstein frame are defined as

- 1
T = 62¢Tuv = K — EgWT(O) ; (2.47)
OLY = M QHY = 2P ght gro Kipo; (2.48)
6= +TH,) = (" Ky — Ty). (2.49)

Note that the dilaton source & vanishes when g"V K ,, — T, =
0, which characterizes the ‘critical line’ of GR-like solutions
in [58].

When written in terms of Einstein frame variables, the
DFT conservation laws take the same form as their string-
frame presentations (2.26) and (2.27), namely

VAT ] AU N b &
VAT + EHVM@ - Vypo =0, (2.50)

VH@,, =0. (2.51)

The Einstein double field equations (2.10)—(2.12) can also
be converted to Einstein frame, yielding

~ ~ 1. -
SJTGTMU = R/w — EgMUR

~ - 1 - -
-2 (Vu¢vv¢ - ngv”¢vp¢)

1 ~ 1. -
- Ze_4¢ (Hupovacr - ggp.vH)LpoHApa) s

(2.52)
-~ 1 ~

87GG = —2VIV, ¢ — 6ef‘“i’HW"’ Hyupo » (2.53)

167G®,, = V° (e—4¢HW) . (2.54)

9 Note that § By, and 8¢ do not change with the frame.
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The conservation laws (2.50) and (2.51) can be verified by
plugging in (2.52), (2.53) and (2.54). Note that (2.52) can be
interpreted in the standard GR sense as the Einstein curvature
tensor being sourced by the energy—momentum tensors of the
dilaton and H-flux, with f”,w being the energy—momentum
tensor for the additional matter only.

The energy—momentum tensor of a fluid in Einstein frame
can be written as
T, = pUu"0, + p (" + ")) (2.55)
where the Einstein-frame fluid 4-velocity U* is now normal-
ized such that gwlj“f]” = —1, implying that U* = ¢ U
(and Uu = ¢~?%U,). Note that by construction, the mixed-
index variables 2", and #, do not change between frames;
however, if indices are raised or lowered then relative fac-
tors of e2? will be introduced. From (2.47) and (2.49), we
see that the energy density, pressure and dilaton source in
Einstein frame are related to those in string frame by

4 Yp, =0 —p+3p).

(2.56)

p=e%p, p=e

2.3 Cosmological backgrounds

If we restrict to solutions which are homogeneous and
isotropic in D = 4 spacetime dimensions, the most general
gravitational ansatz can be written in the form

ds? = guudxtdx” = —N%(0)dr* + a?(1)

1 2 2 2 .2 2
X [mdr +r (dz&‘ + sin ﬁdgo) (257

hr?

cosvrdr Adg, (2.58)

1 — Kr2
=01, (2.59)

where h and K are constant. Here and in the following,
barred variables such as g, refer to cosmological back-
ground quantities. The (magnetic) H-flux resulting from the
B-field (2.58) is proportional to the three-dimensional vol-
ume form,

hr?
V1 —Kr?
1 . ‘
= §h\/§eijk dx’ Adxd A dxf,

(2.60)

where 2 is the determinant of the three-dimensional spatial
metric 2;; with constant curvature K.

A spatially homogeneous and isotropic DFT energy—
momentum tensor is restricted to satisfy

_ IZO 0 ) i
K= ( 80) K@)8; ) Ty =To(). (2.61)
J

Evaluating (2.37), (2.38) and (2.39) on a cosmological
background, we find that the energy density, pressure and
anisotropic strain are given by

_ _ng _ 1- _ i = 1-
P=€M(%%+§%>,p=€M(K—§%O,

aht, =0. (2.62)

Thus from (2.24) and (2.25), the most general DFT energy—
momentum tensor on a cosmological background takes the
form

_ — 0 0 - _ _
Th, = ( g(l) ﬁ(,)aij ) . O =0, oc=0o().

Plugging (2.57), (2.58), (2.59), (2.61) and (2.62) into the
gravitational equations of motion (2.10)—(2.12) gives the
O(D, D)-completion of the Friedmann equations [58],

871G _ ,: h? 5
i 5e2¢+—:H2—2<%>H

2 [\
i , 2.64
+3(N> + B e
Ar G o h? H' ¢
L p+3p)e® + — =-H* -+ (=) H
3 (0 +3p)e +6a6 N+(N)
2/F\* 1 (¢
‘§(N> *ﬁ(ﬁ)’
(2.65)
4nG . H 2 (¢
MY 05—5)e =2+ = (2
3 Qp—0o)e N+3N(N>
(2.66)

where the prime denotes differentiation with respect to 7, and
the Hubble parameter H = a’/(Na). In addition, from (2.26)
there is one non-trivial conservation law,

P +3NH(p+p)+¢'5 =0, (2.67)

which differs from that of standard GR cosmology due to the
presence of the final term depending on the dilaton source o.

Since the background evolution of matter in DFT cosmol-
ogy depends on three functions, p, p and &, we may introduce
two equation-of-state parameters,

L
P Y
Here w is the standard equation-of-state parameter of GR
cosmology, while A characterizes the magnitude of the dila-
ton stress-energy relative to the energy density. When the
dilaton is constant and the H-flux vanishes, some solu-
tions in GR cosmology can be recovered. From Eqgs. (2.65)

and (2.66), we see that this implies the constraint

w (2.68)

6=p—3p = ArA=1-3w. (2.69)
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This means solutions with constant dilaton and vanishing
H-flux lie on a ‘critical line’ in the (w, A)-plane defined
by (2.69).10 If we define the corresponding Einstein-frame
parameters

w

ul Qu

. A (2.70)

[If
Dul S

which from (2.56) are related to their string-frame counter-
parts as

A=ir—143w, (2.71)

w=uw,

we see that the critical line corresponds to A = 0 in Einstein
frame. Most of our examples of analytic solutions, whose
perturbations we will study in Sect. 4, lie on this line.

3 Cosmological perturbations

Now we turn to linear perturbations in DFT cosmology,
which is the main focus of this work. After first defining our
perturbation variables for both the DFT gravitational fields
and a generic matter sector in Sects. 3.1 and 3.2, respectively,
we present the explicit equations of motion for the indepen-
dent perturbation variables to linear order in Sect. 3.4. We
separate the degrees of freedom according to a scalar-vector-
tensor (SVT) decomposition, which remains consistent at
linear order. Finally, in Sect. 3.5 we obtain the perturbed
conservation equations and discuss conditions under which
adiabatic superhorizon perturbations are conserved.

3.1 Gravitational sector

For the gravitational fields, we consider perturbations around
the homogeneous and isotropic cosmological background
(2.57), (2.58) and (2.59),

B,y = By + 8By,

8. (G.D
Note that while B,w itself is not homogeneous and isotropic,
it is defined up to a U (1) gauge transformation such that the
resulting H-flux respects the Killing symmetries of homo-

geneity and isotropy, as in (2.60). Let us consider each field
in turn.

3.1.1 Metric perturbations

We consider a perturbed metric in string frame of the form

ds? = gudxfdx” = —N@)*(1 + 2A)dr

10 However, the converse does not hold: the critical line also admits
solutions with non-trivial H-flux and dilaton.

@ Springer

+2N(t)a(r) B;drdx’

+a(t)*(Quj + hij)dx'dx’ | (3.2)

where A(t, x), B; (¢, x) and h;; (¢, X) are linear perturbations,

and Q;;jdx'dx/ is the metric of a three-dimensional space

with constant curvature K,

o 1

Q,'jdxldx] = md"z + 72 (dl?z + Sin2 ) d(pz) .

(3.3)

Under the linearized gauge (diffeomorphism) transformation
xt — xH* — EH ] the metric perturbations transform to linear
order as

N/
A_)A+WEO+EO/’

N 0o a
Bi — B; — ;sz + ﬁé{ ;

hij = hij + Di§j + Dj& + 2HE'Q; | (3.4
where ' = d/dt, H = a’/a = N H is the conformal Hubble
parameter, and D; is the three-dimensional covariant deriva-
tive compatible with €;;.

Under a scalar-vector-tensor (SVT) decomposition, we
may expand B; as

Bi = DiB+B; (3.5)
where éi satisfies the transverse condition
D'Bi=0, D =QVD;, (3.6)
and decompose h;; as
hij =20 +2 (D,D, - %Q,’jDka) E

+(DiEj+ DiE) + By 3.7)

where E; and E;; are transverse and transverse traceless,
respectively,

D'E; =0, D'E;=0, QUE;=0. (3.8)
Under the gauge transformation x* — x* — &*, each com-

ponent then transforms as

A A+N/EO+EO/ B— B Ns°+ 'y
— — , — B - — —&,
N a N
1
C—>C+H§0+§Dka€, E— E+E&,

~ ~ a ~ ~ ~ ~
Bi_>Bi+N€,'/, Ei — Ei+&, Ej— Ej,
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where the spatial diffeomorphism parameter & = Q; jéj is
decomposed as
&=Di+&, D'&=0. (3.10)
To linear order, the inverse and determinant of the spacetime
metric are given by!!

po_ (TN 20) (Vo BT
(Na)"' BT a2 (QV —ni) )"
g=—-N%®Q1+24+60C), (3.11)
where Q1 is the inverse of Q;;, @ = det(;;), B' = Q¥ By
and h'/ = Q*hy, QY.

For practical applications it is often convenient to study
perturbations in terms of the Einstein frame metric, g,, =
e‘z‘f’g,w. Explicitly, the perturbed Einstein frame metric
takes the form

d5? = gpdxtdx’ = —N (1)> (1 + 2A) dr?
+2N(1)a(r) Bidrdx'!

+a(? (S + hyj ) de'dx’, (3.12)
where N = e’¢_’N, i =e%a and
hij = hij —28¢Q; = 2CQ;

+2 (D,-Dj — %QijDka> E

+(DiEj + DEi) + Eij. (3.13)

Thus the metric perturbations in string frame and Einstein
frame are related as

A=A+68¢p, C=CH+5¢. (3.14)
Note that as defined above, B, E, f?i, l:?,- and E,-j are all
frame independent (to linear order). Similarly, the inverse
metric and determinant take the form

e  (—-NT2(1=24)  (Na)'BI
O\ e a (v -av))

7= —N2%Q (1 124+ 6&) . (3.15)
This structure reflects the general rule: spacetime metric-
dependent quantities — connection coefficients, Ricci curva-
ture, etc. — take the same algebraic form in Einstein frame as
in string frame, with appropriate variables replaced by their
‘tilde’ (*) variants.

I Here and in the following discussion, ‘=" is assumed to hold only to
linear order in perturbations.

3.1.2 Perturbations of the dilaton and B-field

In DFT, the gravitational degrees of freedom include not just
the usual metric but also the dilaton and B-field. Thus in order
to study cosmological perturbations we must also consider an
SVT decomposition of these additional fields. For the dilaton
we set

¢ =p(1) + 3¢,

where the background dilaton ¢ is time dependent only while
the perturbation §¢ may have a more general coordinate
dependence. As a scalar field, the dilaton transforms under
linearized diffeomorphisms as

8¢ — 8¢ +¢'g".

Up to a gauge transformation, the background B-field is
expressed most simply in polar coordinates as

(3.16)

(3.17)

r2
cosfdr ndg,

(3.18)
1—Kr?

B(Z) =
with & a constant. It follows that the corresponding back-
ground H-flux is homogeneous and isotropic,

2

1:1(3) = dB(z) = sin@dr A dE A d(p

— Kr?

1 . .
- §h«/§e,~,-k dx? A dxd A dxk. (3.19)

For the B-field perturbations, it is sufficient to consider an
ansatz of the form

Bp) = Bey + fidx' Adt +m;;dx’ Adx/. (3.20)
The perturbations f; and m;; may be decomposed as
fi=Ffi+Dif.
mij = Dy — Djiit; + v QeijpD*m (3.21)

where without loss of generality we may define f, and m; to
be transverse,

D'fi=0, Dmi=0. (3.22)

It is instructive to consider how the various perturbations
transform under B-field gauge transformations,

Be) — By +déq - (3.23)

Decomposing the gauge one-form ¢(1 into SVT components,

DG =0,
(3.24)

¢y = ¢odt + ¢idx’, & =&+ Dic,

the individual perturbation variables transform as

f— f+eo—dt, fi— fi—dki,

mi —>mi+&, m—>m.

(3.25)
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With this decomposition, the total H-flux becomes Uy=—-NA+A), Ui =al; + B;), (3.31)
1 ~ N . o . . .
His) =dBg) = 5 ( D;F; — D F; + N €ijk DF Bom) W(I)nle the condltéons in (2.34) ‘1mp1y that |
dr Adat A did 70 =0, 7', =0, 7'o=0, 7', =0. (3.32)

1 S
+ 5+ D*m)vVQejjrdx’ Adxd Adxk, (3.26)

where I:", = f, + dor; is invariant under B-field gauge trans-
formations. In addition, under the linearized diffeomorphism
x* — xH* — g the B-field perturbations transform as

Fy — Fe+hdokx, m—m+ht, (3.27)

where have expanded éi as the ‘curl’ of a covector ék,lz

A

i _ 1 ijk £
£ =5¢ Dj&. (3.28)

3.2 Matter sector

As discussed in Sect. 2.1, the extended gravitational sec-
tor in DFT is coupled O(D, D)-covariantly to a general-
ized energy—momentum tensor, whose components consist
of stress-energy sources for the B-field and dilaton in addition
to the metric. In acosmological setting, the homogeneous and
isotropic ansatz places constraints on the background fields.
However, at the level of perturbations all components receive
contributions, so let us examine each in turn.

First of all, consider perturbations of the ‘metric’ energy—
momentum tensor (2.24), decomposed according to (2.32)
as

T, = (p+ p) U U, + p (8", + 7)) . (3.29)

Expanding around a homogeneous and isotropic background,
we may write

p=p+dp=p+39),

p=p+ép=pl+m),
v = oy

a b

Tij = Qikﬂkj s (3.30)
where the background quantities p and p are functions of ¢
only. Requiring the four-velocity normalization, g,,, U*U" =
—1, to be preserved under perturbations yields the first-order
expressions

i

o_ 1. _ iV
U'=—(1-A4A), U' = ,
N a

12 Note that in the equations of motion, E; always appears under a
derivative in the skew-symmetric combination Dy; Fj}. Thus there is no

ambiguity arising from the particular choice of & satisfying (3.28).

@ Springer

Therefore the components of 7/, are, to linear order,

- _ __a
% = — (5 +8p) , T°,~=(p+p>ﬁ(vi+3,~>,
. N . . _ S
T'o=—(p+p —v', T’j=[(p+5p)5§+pﬂ’j],
a
(3.33)

where v; = Q;; v/. Under the gauge transformation x* —
xH — &M each component of the stress-energy transforms as

sp—p+p'E,  Sp—p+pE°,

a
/
v = v — —&;,

5 (3.34)

Tij —> Tij,
where & = Q,-jéj.
Under an SVT decomposition, the components of v; =

Q; v/ and 7;; can be expanded as
J J

~ 1
vi = Djv+v;, Tij = <DiDj—§QijDka) T

1 A A TT
—i—E(D,-nj + Djmi) + 75, (3.35)
where 0; and 7; are transverse,
D'{; = D', =0, (3.36)
and JT;T satisfies the transverse traceless condition
D't =0, QUx}T=0. (3.37)

Each component thus transforms under linear diffeomor-
phisms as

a / A A a"/
vov— =&, U0 — =,
N N
O S T I AR A (3.38)

Next consider the additional gravitational modes. For the

dilaton source, expand
o=o0()+d0, (3.39)

where the background term ¢ is a function of ¢ only. Mean-
while, for the B-field source, write

. 1 , ,
O@) = Jidx' Ads + Emeijkzkdx' Adxt, (3.40)
where J; and Z; = Q; jIj have SVT decompositions
J=J+DJ, Ti=1+DI;
D'J =0, D'I;=0. (3.41)
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Under linearized diffeomorphisms x* — x* 4 £#| the dila-
ton source transforms as a scalar, while the B-field sources
transform at second order due to the absence of a background
term. Thus at linear order,

S0 — S0 +5'€°,

J =T,

-7,
(3.42)

Finally, note that the above discussion, while constructed
in string frame, does not depend explicitly on the choice of
frame. Thus equivalent Einstein-frame expressions can be
read off by inserting ‘tilde’ (%) superscripts in appropriate
places. From Eq. (2.56) we see that the stress-energy com-
ponents of the background in string and Einstein frame are
related as

Wi 5 =e" G —p+3p).
(3.43)

Correspondingly, the first-order matter perturbations in Ein-
stein frame are related to those in string frame as

55 =" (6p +4p89) . 85 = e (5p +4p39) .

v =v;,

Ji=J. Li=Ti, 85=e"[50—05p
+38p+4(6 — p+3p) 8] .

Tij = Tij

(3.44)

In particular, note that with the above definitions, v;, 7;;, J;
and Z; are frame-independent at linear order.

3.3 Gauge-invariant variables

As seen above, scalar and vector perturbations often trans-
form non-trivially under linearized diffeomorphism (‘gauge’)
transformations. Thus it is sometimes useful to introduce
gauge-invariant variables.

First of all, consider the scalar degrees of freedom. For
the metric perturbations, it is convenient to introduce the
variables!3

dea [ (o)) [ - 5]

N Ly N N
(3.45)
CEC—i—H[% (B—%E’)]—%DzE. (3.46)

Meanwhile, the dilaton and B-field scalar perturbations can
also be written in gauge-invariant combinations, such as

13 These are equivalent to Bardeen variables [85], with W = A and
@ = —C. The notation is chosen to avoid confusion with e.g. the dilaton
¢ or the scalar field @ (see Sect. 4.3).

=sod [4(5-58)]

M=m—hE.
(3.47)

Turning to the matter sector, perturbations of the metric
energy—momentum tensor can be written as

_ _,a _ _,a
pAErSerp’ﬁ(erB), PHLESP+P/N(U+B)’

a
V= —E'. 3.48
vt (3.48)
Similarly, the dilaton source term can be dressed as
5% =0 +a/%(v+3). (3.49)

The other source terms, such as the B-field sources, are auto-
matically gauge invariant at linear order.

Since it is often convenient to work in Einstein frame, we
may also define corresponding variables

AEA+NT/[3: (B—iE’)]—i—[i <B—iE’)]
N LN N N N
A—35¢, (3.50)

- . ~ |l a a 1 —
CEC+H[3~ (B—iEﬂ—-zﬂE:c—&p,
N N 3

(3.51)
=~ 7 ~ ~ a ~ = ~ ~ a

pPA=68p+p' =@w+B), plL=68p+p = @w+B),
N N

5% =65 +é’%(u+3) (3.52)

The string and FEinstein-frame matter perturbations are
related via

A=A+45p,, T =TI +43¢y .

~ AX — A+ 3wl —_—

s = 459, 3.53
— 143w T v (3.53)

where for simplicity we have introduced the shorthand nota-
tion

— - a — -, a
8¢V55¢+¢N(v+3)=5¢+¢ﬁV. (3.54)

Meanwhile, for the vector perturbations, some useful
gauge-invariant variables are

A ~ a o ~ a A
B,’EBI'—NE;, giEhBi—ﬁ\/QEijijFk,

o . a -

V= v,-+NE;, (3.55)

which take the same form in string and Einstein frame.
3.4 Perturbed O(D, D) Friedmann equations
Having defined our cosmological ansatz and perturbation

variables, we may now evaluate the DFT gravitational equa-
tions of motion on cosmological backgrounds up to linear
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order in perturbations. Having performed an SVT decom-
position, we present in turn the equations for tensor, vector
and scalar modes. For technical convenience we will work
in Einstein frame and apply our ansatz to the equations of
motion (2.52), (2.53) and (2.54). Note that as the results are
mathematically equivalent in any frame, we may easily con-
vert to string frame using the transformation laws of Sects. 3.1
and 3.2. For some alternative presentations of the perturba-
tion equations, see Appendix B.

3.4.1 Tensor perturbations

The tensor perturbations E; ; satisfy the equation

. 1| . - N\ .
=TT
——D2E,] , (3.56)
where H = &'/a is the conformal Hubble parameter in

Einstein frame. For simplicity, let us focus on the case of
flat space (K = 0). Decomposing into Fourier modes and
expanding in a circular polarization basis, !4

El] (t,x) = Z/ 2n )3/2 lj(k)EA(t k)elkx

the equations of motion for the two polarization modes may
be written as

(3.57)

1| 4 - N k% .
167G prll = = |:E;/:+ (3%— ﬁ) } + 5 Ex,

(3.58)

where k = |k| and niT(t k) is defined in terms of nTT(t X)
analogously to (3.57). Equation (3.58) characterizes the prop-
agation of tensor gravitational waves on DFT cosmological
backgrounds, whose evolution in Einstein frame resembles
that of GR [86].

3.4.2 Vector perturbations

Next we turn to the vector perturbations. Upon expanding
the equations of motion, it turns out that the vector modes
always appear in gauge-invariant combinations. Simplifying
and using the gauge-invariant variables (3.55) yields the fol-
lowing equations:

- - . 1 D2 . ey
871G(,5+p)( B) 222 ( +2K)B,~ —z¢ Yis
a
(3.59)
14 Here e>‘J )‘ j‘ where 8 is the corresponding circular polarization

basis for vector modes appearmg in (3.63).
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FRN 1
SﬂGpD(iﬂj):—N (D(,B +2HD(IB]))

(3.60)

—4¢

167 G/ Qe jn T _e D[,g, (3.61)

,4¢

167GT; = [g - (27% + 443’) é,»] .

(3.62)

Again restricting the following discussion to K = 0, the
vector degrees of freedom can also be expanded in Fourier
modes with a circular polarization basis, e.g.

. d’k . .
Bit.x)=Y_ / ——— &l (B (1. k)e' ™.
=] en¥

Applying similar expansions to all vector modes, the equa-
tions of motion (3.59)—(3.62) can be written as

(3.63)

2 —4¢

876 (54 7) (Ve +B2) = B - < Pau Gy

87G ks = _B (B;E + 27%[3}) . (3.65)
Na
N e_4¢
167G T = £ (3.66)
167GTy = et4~¢ [g”i - (275( + 4¢3/) Q}] :
Na

(3.67)

Animportant class of solutions is those without vector-like
sources, i.e. with Vi =74 = Ji = 74+ = 0. This encom-
passes all examples of DFT cosmological backgrounds stud-
ied in the next section. In such cases, assuming nonvanishing
(but possibly very small) k, Eq. (3.66) implies

G. =0, (3.68)
such that Eq. (3.64) becomes

= = kz
|:871G (p n p) - 2} Bi=0. (3.69)

Thus, provided ,5 + ]3 > 0 (or equivalently, p + p > 0), it
follows that 51+ = 0, implying that in the absence of vector-
like sources the vector perturbations are trivial.

3.4.3 Scalar perturbations

Next we turn to the scalar perturbations. From the metric
energy—momentum tensor equation (2.52) we obtain four
equations,

87G (aﬁ + 25A)
6K

52

2 - 6 ~~ 2 .1
=——HD’B+ —HC' — =D*(C—-=-D’E )+
Na N2 a? 3 a
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~ ~ 1 5

—4¢ 1,2

2 gy — (A 3¢ 2a¢)
2 246
_4q§h
€ 2
- S D (3.70)
D [SnG (5 n 5) v+ B)]
S P e B
I a2 240
2 (= 1.,\ 2K
v+ 2 (6-iDpE) - ZE
Na 3 Na
+ L aso+ e h /} 3.71)
- —m . .
Na INGS

87G (515 + 25A)

2 . G i .1
+TD2A+£~<B’+2HB)+C——D2E
3a2 N 3
e—4q'>h2

2a°

— i(ﬁ’(gqb’ —
N2
e4p
246

(A ~3C - 25¢)

D*m ,

(3.72)
0=(D;D; lsz-D2 8w Ga’p
= i ]_§ ij tGa” prr
e a / v ~ 1 2
+A+ﬁ<B +2HB)+C—§DE

~2 N7/
x 2 |:E//+ <3H— ﬁ) E/:” .
N2 N

The dilaton source equation (2.53) yields one scalar pertur-
bation equation,

(3.73)

- 1 1 - N
47G (a& 4 25—A) - ﬁw + = (3H — ﬁ) 5¢/

1, ¢
— &_2D 8¢ + ﬁ
x (—A/ +3C' — gDZB)
a
6‘_4(13}12 ~ ~
-4 (A—3c —25¢)
a
_4¢;h
- D, (3.74)
a

Finally, Eq. (2.54) for the B-field source provides an addi-
tional two equations,

161Ge**D; T =0, (3.75)
167 Ge*® D, T = Di{ L (H + M + 4&’) m’
N2 N2 N
+ &%Dzm
+ ;—Z[A n % (B’ —2HB - 4&3)
—3C— 43¢“ ) (3.76)

In Sect. 4 we will study solutions of these equations in various
backgrounds.

3.5 Fluid conservation laws

We can study the evolution of fluctuations by expanding
the DFT conservation equations to linear order, using the
parametrizations of Sects. 3.1 and 3.2. As seen in Sect. 2.2,
the conservation laws take the same algebraic form in string
frame and Einstein frame. Therefore the analysis can be per-
formed in either frame, with conversion to the other frame
amounting to adding or removing ‘tilde’s (*) as appropriate.
Note however that the physical implications will differ, in
particular in relation to the inequivalent meanings of ¢ and
0. Thus in keeping with the previous subsection, for now we
proceed in Einstein frame, taking Eqs. (2.50) and (2.51) as
our starting point, and include relevant commentary on string
frame as required.

The v = 0 component of (2.50) includes the background
conservation law in Einstein frame (c.f. (2.67)),

0=/ +3H (5 + 5) 135, (3.77)

Employing an SVT decomposition for the linear perturba-
tions, we find four scalar conservation equations. The v = 0
component of (2.50) yields the continuity equation,

0=108p +3H©Sp+8p) + (p + p) <3C’ + 3021;)
+¢/86 4+ 8¢/ . (3.78)

The v = j component of (2.50) leads to an Euler-like equa-
tion with an H-flux contribution. Its SVT decomposition
includes one scalar equation,

(,5+l:7>(v+B)

Zzl IS
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- /1 h _
+2p <§D2+K) nT+T41—&3¢}. (3.79)
a

In addition, the conservation law for © wv (2.51) includes two
more scalar components,

— D; [j’ + (7% - %) j} . (3.80)

However, from (3.75) these turn out to be trivial. The asso-
ciated vector-mode conservation equations corresponding
to (3.79) and (3.80) are

0=%{[(P+1;> (\7 +[§’)]/+47%(5+5) (\Z+l§i)}

(3.81)

0= D7,

o o
= [j,-’ + (H - F) j,} =5 Qe DITF. (3.82)

These can also be derived straightforwardly from the vector
equations of motion (3.59)—(3.62).

Let us now study the scalar equations in more detail.
For the following we restrict our attention to flat space
(K = 0) and expand in Fourier modes. Meanwhile, in
order to extract physical predictions for the scalar modes,
we should fix the gauge: a convenient choice is spatially flat
gauge, C = E = 0, in which the perturbed scalar conserva-
tion equations become

0=238p+3H (85 +8p)+ ¢'86 + 8¢’
N ~ ~
_ope <p n p) v (3.83)
a

and

0= 2 { (5 5)(u+3)] +4ﬁ[(5+5)(v+3)]}

~ = = h
5t (p + p) i- —kzpnT + TG00 (384

_l’_
(=2

Taking the superhorizon limit of (3.83), k?/a*> — 0, the
continuity equation in this limit can be obtained from a shift
of the background equation (3.77).13

We may define the density contrast in Einstein frame,

(o2}
I

(3.85)

bulgcl

15 Note that in spatially flat gauge, # is invariant under shifts of the
background, since its variation would be proportional to C’.
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It is also useful to introduce the isotropic pressure perturba-
tion 771, and the entropy perturbation I", as

- sp ~ -
nLE—:p, Fp

p

5, (3.86)

L —

Sllf‘.i,

where the sound speed 53 = 13’ / 0. Moreover, to account
for the additional dilaton source terms, we define analogous
variables!©

. %6 5, & L a
Mo = —, ==, 'y =1, — %6. (3.89)
o o’ A
The continuity equation can then be written as
0="5+[30 (2 —w)+¢ (& - %)|5+3Hal,
S 7T / N 2 ~
+A(¢> Fg+6¢>—3k (+0)v. (3.90)

3.5.1 Conservation of adiabatic superhorizon
perturbations

The modified conservation laws can have non-trivial con-
sequences for the cosmological evolution. In particular, we
should re-examine the conditions under which adiabatic
superhorizon perturbations are conserved.

First let us consider the case where the dilaton source
and its ﬂuctuations vanish identically. Setting 6=86=0
(and thus A = C;\ 0) in the continuity equations (3.77)
and (3.90), one obtains

0=7 +3H (5 + 5) (3.91)
and
0="5+37 (&2 - w) 3§ +3Hal,
N 2 ~
— KA+ w)v. (3.92)
a
By introducing the new variable
- 8
=—, 3.93
£ 3(1+w) (3:93)
we may write this as
., N OH
"=~k — : 3.94
CEH T G99

16 These are related to corresponding variables in string frame,

) ) 8
=2, m=2 =2, (3.87)
g
via the first-order relations
- - 5 ATy — 8 + 3w,
§=58+468 = 48 - = 45¢.
+48¢, wL=mL+40¢, T 143 + 48¢
(3.88)
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In the superhorizon limit, k> /a> — 0, and for adiabatic per-
turbations, i.e. T p = 0,Eq. (3.94) implies thatf is conserved.
This result holds in the presence of an H-flux background
(h # 0), B-field sources (Z # 0), and even an extra scalar
field ® with an arbitrary potential V (®) (see Sect. 4.3).

Now consider the general case with & # 0 and 66 # 0.
In the superhorizon limit, k?/a> — 0, the continuity equa-
tion (3.90) can be written as

0=5+[37(2-0)+¢ (3-7)]5

+30HT ) + 2 Ty, (3.95)
where we have defined
2 - 8¢’

When & # 0 and 86 # 0, in general it does not seem easy
to find physically reasonable conditions under which ¢ is
conserved. However, the form of (3.95) suggests that a con-
served variable may nevertheless be identified under certain
conditions. In particular, we can define a new variable

z=is. = [a[R(@-a)+d (3 -1)],
(3.97)

which is conserved whenever a generalized adiabaticity con-
dition is satisfied,
3WHT , + ATy = 0. (3.98)
In the case where 5)% = X, which corresponds to A being
constant, the resulting conserved variable Z is equivalent to
the ¢ of (3.93) (up to an integration constant).

Finally, we remark that the entire analysis above trans-
lates directly to string frame. The sound speed and entropy
perturbation in string frame are

=/ 2
C

ZEK, FPETL’L——S(S.
w

(3.99)
Note that these are in general not equivalent to Ef and T p» SO
the conditions for adiabaticity in string and Einstein frames
carry different physical meanings. Moreover, in situations

where 0 = o = 0, superhorizon perturbations of
= ) (3.100)
¢= 3(1 +w) )

that are adiabatic with respect to string frame are conserved.

4 Examples

In this section we study scalar perturbations around various
solutions of the O(D, D) Friedmann equations. For conve-
nience we will mostly work in Einstein frame and conformal

gauge, N = &, and for simplicity we will restrict the fol-
lowing discussion to flat space, K = 0. Moreover, we fix
the gauge of metric perturbations to spatially flat gauge in
Einstein frame,

C=E=0; E =0. 4.1)

The backgrounds we will consider constitute various exam-
ples of matter for which analytic solutions are known [58],
and our goal is study linear fluctuations around these known
background solutions. The perturbations are best studied in
terms of Fourier modes with spatial wavevector k;: in many
cases explicit solutions for the fluctuations can be obtained
in the superhorizon limit, k = /|k;k'| — 0.

In Einstein frame, the background equations of motion in
the presence of matter can be written as

6_4‘73

87Ga*p = 3H? — ¢ — = h?, (4.2)
47 Ga> (5 - 5) =H +2H2, 4.3)
A7 Ga*6 = ¢" + 2He — ﬂiﬂ (4.4)

- 2at '

For the scalar perturbation equations, we expand (3.70)—
(3.76) in Fourier modes with K = 0 and fix the gauge to (4.1).
Note that the H-flux scalar perturbation m always appears
accompanied by a factor of &, so in order to obtain finite

perturbations in the # — 0 limit, we define
m=hm. 4.5)

After rearranging and simplifying, the scalar perturbation
equations of motion in Einstein frame and conformal time
(N = a) are!”

87 Ga> (aﬁ + 25A) — 2HK2B — 2¢'5¢

o4op2 b
-5 (A - 23¢) + Sk, (4.6)
o - —44,2
0 = 87Ga> (,5+ﬁ) (w+B)+2HA+S— "B
2a4
o/ e_4q_> -~/
—200¢ — o= 4.7)
N
87 Ga> [55 —8p+2 (,5 - ,3) A gkzﬁnT]
— (—A’ n sz) , (4.8)

0=8nGa’pnt + A+ B +2HB,

17 Note that we have dropped some overall factors of k from Egs. (4.7),
(4.9), and (4.10). Although we will consider the case where k — 0, for
consistency this should be taken as a limit with £ small but finite; we
do not set k = 0 exactly.
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0= 161Ga*e* 7,
0 = 87Ga> (2e443h1 - 5h2m) R — (27% + 4¢3’) '

(4.9)

K27+ 4R [(H+¢) B +3¢] , (4.10)
4nGa? (5& + 2511) = 8¢ + 2Hs¢/
+K25¢ + ¢ (—A’ + sz)
- e_:jhz (A - 25¢) T e;—:d—)kzﬁi. @.11)

As an initial observation, the second equation of (4.9)
implies that to linear order J should vanish on shell,

J=0. (4.12)

This leaves six non-trivial perturbation equations, which we
will now analyse for some specific examples. We reiterate
that although we will obtain solutions in Einstein frame,
it is straightforward to recover the string-frame perturba-
tions using (3.14) and (3.44). Moreover, the gauge-invariant
variables of Sect. 3.3 can be reconstructed in our gauge
choice (4.1): for the gravity sector, we find

A=A+B' +MB,
Sp=0¢p+¢'B, M (4.13)

while the matter-sector variables can be obtained from (3.52).

4.1 Generalized perfect fluid with barotropic equation of
state

In many applications we are interested in perfect fluids,
and this concept can be generalized to the DFT case. For a
barotropic fluid p = p(p), and for simplicity we also make
the assumption that & = o (p). In particular, we may write

, (4.14)

D

=1

Qu

=p,

S

as in (2.70). If w and X are constant, then the background
conservation equation (3.77),

0=7p +3H (5+1§) +¢'5, (4.15)
can be integrated to yield the solution
5 = poa 31+ =7d (4.16)

Note that we may drop the ‘~’ in py, since it is equivalent in
string and Einstein frames, as seen below.

4.1.1 Power law ansatz

To get a feel for the structure of the equations, we consider
an ansatz where the scale factor and dilaton follow a power

@ Springer

law,

. (n-no)"
a= ,
M«

_ _ -5

b — (M) 4.17)
Nx

It follows that

- n - S

H=s——, ¢ =——"-—,

(m —n0) (m —no)
"/ n " s
- = (4.18)
(n —no)? (n —no)?

At this point we can make two observations. The first is
that with this ansatz, the H-flux terms in the background
equations of motion (4.2)—(4.4) already take a power-law
form, corresponding to the case w = 1 and A = 4. Moving
this contribution to the left-hand side and treating it as an
energy density, it can be subsumed into the general analy-
sis of power-law solutions (insofar as we are considering a
single power-law contribution to the energy density). Thus
without loss of generality, in the following we set 4 = 0.
The second observation is that by counting powers of (1 —
no) in (4.2)—(4.4), since every term on the right-hand side has
degree —2, non-trivial solutions with 5 # 0 are only possible
ifﬁ « (n — no)_2. Comparing with (4.16), this implies the
constraint
(1430 —Ar5=2. (4.19)

Furthermore, the background equations of motion reduce to
the algebraic equations

200 = 31 — 57, (4.20)
(W — Dpo =n(l —27), 4.21)
Ao =51 —27), (4.22)

where we have defined gy = 4JTG,5017§. Equations (4.21)

and (4.22) imply the constraint
@—D5—Ai=0, (4.23)

which together with (4.19) can be solved for 72 and 5, yielding

~ 2(1 — w)
n= = ,
A2 =302 420 +1
—22
5=z - — . (4.24)
A2 =302+ 2w+ 1
Using these expressions in (4.20), we also obtain
1
po= 5 (3= 7)
6(1 — )2 — 2x
- (4.25)

~ 2"
<A2—31b2~|—21b+ 1)
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In [58] a power-law ansatz was studied in terms of cosmic
time in string frame,

[ n
= ()
]
- t )
o — (_) .
1o

This turns out to be equivalent to the above construction:
switching to conformal time, df = adn, and converting to
Einstein frame, we recover (4.17) with the identification

(4.26)

n—+s - s
S =

4.27)

n= , .
1—n 1—n

Note that the solution in conformal time also extends to
include the case of a GR-like cosmological constant in Ein-
stein frame (w = —1, = 0), for which n = —1. However,
a DFT cosmological constant (w = —1, X = —2) is still
not included, as can be seen from the fact that the expres-
sions for (4.24) and (4.25) become singular in this limit (also
c.f. (4.74) and (4.75)).18

Next we turn to the perturbations. Our goal is to solve
the scalar perturbation equations (4.6)—(4.11). Since we are
considering a generic fluid without specifying the underly-
ing Lagrangian description, we must make some assump-
tions in order to obtain analytic solutions. First of all, since
we are interested in perfect fluids, we may assume that the
anisotropic stress vanishes, 7t = 0. Moreover, since the B-
field stress energy source Z is absent for every explicit model
we consider in this work, we also set Z = 0 in this discussion.
As above we set h = 0, and in order to obtain explicit solu-
tions we will focus on the superhorizon limit, k — 0. Finally,
we assume that the perturbations are adiabatic in Einstein
frame, such that the entropy perturbation (3.86) vanishes,

pL,=8p—¢%8p =0, (4.29)

where 53 = p:’ / 0’ is the sound speed (in this case, since w is
constant, we have ¢2 = ). It follows that §p = Wé, and
by similar reasoning we assume that 86 = A384. In the end,
this leaves six independent perturbation variables, A, B, 8¢,

m, 80 and v, in six equations,

87 Ga> [5/3 + zﬁA] — 2454,

87Ga> (1 — ) [55 n 255] — OHA, (4.30)

_ . _ 40

87Ga’ (1+w)p(v+ B) = —2HA +2¢'8¢ + 2—4m
a

18 Note also that the n = 1 linear ansatz, with @ o ¢ in string frame,
becomes exponential in conformal time. This corresponds to

200 =3+6s+2s%, (143w =252, 2—ANg=2s,

(4.28)

which includes the GR-like solution with w = f% and A = 2.

0=A+ B +2HB, (4.31)
4nGa*h [55 + zﬁA] — 54" +2Hs¢ — & A,
0=m"— (27% 4 4&) . (4.32)

Now we would like to solve these equations. Applying the
power-law ansatz (4.17), and for now assuming 7 # % the
two equations in (4.30) can be combined to obtain a relation
between 8¢’ and A’,

(1—w)¢'s¢ =HA'. (4.33)

Using this to eliminate A’ from the first of (4.32), we can
integrate and find general solutions for ¢ and A,

8§p = — il 57 T Psg s
@i —1) (= 1oy~
—5»0{5¢
(27t — 1) (n — no)**~"
where a5y, Bsp and B are integration constants. Then the
second of (4.31) can be solved to obtain

A=

+ B, (4.34)

5»0[54)
B=_— 2i—2
2@ —1)(m—no)™"
i (0 —10) 2
——'BA j] 1 + vB D ,
(2n+1) n =10
where yp is another integration constant. Furthermore, the
second of (4.32) yields the general solution

(4.35)

et I~ 2n—45+1 B B
;ﬁ::m(,}—*) + B, 2n — 45 # —1,
N« In (17 = o) + B » 2n—4s5 = —1,
(4.36)

with two further integration constants oz and B7;. Applying
(4.34) in (4.30) gives the density perturbation,
AponF sy

47 G (27 — 1) (n = no)*"*!
B Bon?" B4

216G (n —no)*"**
Combining the above ingredients with the first of (4.31), we
find

8p =

(4.37)

4wsasy + (2n — 1) Olf,;f]iﬁ
427 — 1) (n — no)* "2
— (2B + 5Bsg) (n — no) -

Finally, consider the special case where n = % From the
background equations (4.21) and (4.22), we see that this cor-
responds to w = 1 and A = 0. In terms of cosmic time in
string frame, this corresponds to the continuous family of
solutions satisfying 3n 4+ 2 s = 1, which were argued in [58]
to describe massless scalar field solutions. In this case s is

(1+w) o (v+ B) =

(4.38)
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unconstrained; however, Eq. (4.20) becomes 25y = % — 352,

which implies that for non-negative energy densities s should
lie in the range —4 <5 < ‘/T§ Analysing the perturba-
tion equations in this case, following the same procedure
and assumptions as above, we find the solutions

A=B;, 8¢ =asyln(n—n0)+ Bsg.
1
B = —Eﬂg (n —mo)
_vB - s (Sasp — 26085
(n—mno)’ 4G (n — no)?

4pp (v + B) = —25asp (n — no) In (n — no)

— (B2 + 25850 = 75 ) (1= m0)

2 (4.39)

while m takes the same form as in (4.36). We will see in
Sect. 4.3 that these indeed correspond to the perturbation
equations for a massless scalar field with 4 = 0 in the super-
horizon limit.

4.2 DFT vacuum

We now turn to explicit analytic solutions with non-trivial
background H-flux, i # 0. As a simplest example, consider
the case without additional matter beyond the metric, B-field
and dilaton, which in this context we refer to as the ‘DFT
vacuum’ (although the solution itself is well-known in the
string cosmology literature [55,56]). Let us briefly review
the background solution. When ,5 - ;:7 = 0, Eq. (4.3) can be
written as (4%)” = 0, which can be integrated easily to give

1
2(n—mno)’
Here Cj and no are integration constants, the latter chosen

such that a(ng) = 0. Then for 6 = 0, multiplying (4.4) by
2a*¢’ and integrating gives

P=Ciin—mn), H= (4.40)

e n2  p?
4 T 47

¢”at + 4.41)
where /1, is another integration constant. This equation holds
for any solution on the critical line, i.e. 6 = 0. Inthis context,
h? can be interpreted as the total energy density of the dilaton
and H-flux. Plugging (4.40) and (4.41) into the Friedmann
equation (4.2) reveals the constraint

h2 =3C?. (4.42)

Finally, integrating (4.41) yields a solution for the dilaton,

24§_<ﬁ—ﬁ0)iﬁ h? (n—no)*ﬁ
e = + 3 )

(4.43)
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where 1, is another constant of integration. This has a mini-
mum at e>* = |h|/(+/3C}), corresponding to

(n - no>”§ ]
M 2J3C1
We now turn to the perturbations. In the absence of H-
flux and external matter, Eqs. (4.6)—(4.11) reduce to a set of
independent damped oscillator equations for the perturba-
tion modes [87]. However, for 4 # 0 the perturbations mix
non-trivially and source each other. Nevertheless, analytic
solutions can be obtained in the superhorizon limit, k — 0.
First of all, Eq. (4.8) implies that in this limit A’ = 0 and
thus

(4.44)

A=8;, (4.45)
where B; is a constant of integration. From this, Eq. (4.9)
can be integrated to yield

BB ]
S — 4.46
C1(n—mno) (4.40)

1
B = E[—ﬂg(n—ﬂo)Jr
with g another constant. Next, §¢» can be obtained from (4.6)
in this limit by substituting the background equation (4.4)
and writing the terms containing §¢ as a total derivative.
Integrating gives, for constant S5,

h2

X — —— +/3
12C%x Bi n—1no
S = g bl FA , Y )
¢ ﬂ&b h? * 2 ( N«

X
12C3x

(4.47)
Finally, the magnetic H-flux perturbation 7 is most easily

obtained from (4.7). Applying the previous results and inte-
grating yields the solution

fn\zfn\o—f-[(Zq:\/g)ﬂAZFZ\/gﬂsd;]

C% (n — no)* x? h2 (9 — no)?
w TN Y (g o /3, ) 0
2(1i¢§) ( A 5*”) 12

h*Bj
+ 2Cf In (n —no) + [(2 + \/5) BiTF 2~/§ﬂa¢]
h* (n — no)?

(17 3) (4.48)

Note that when 2 = 0 and up to integration constant defini-
tions, these solutions match the power-law solutions in (4.39)

fors = :|:“/7g (with asy = 0, as required by the first of (4.30)
when jp = 85 = 0).
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4.3 Scalar field

A scalar field ® in DFT has energy—momentum tensor com-
ponents [48]

K, = 0,90,0,

Toy = ¢"8,®3,® +2V(P) = —2Lg. (4.49)

We expand the scalar field around a cosmological solution in
conformal time 7 as

®(n,x) = D(n) +8P(1,x). (4.50)

From (2.25), (2.56) and (2.62) we obtain the background
energy—momentum tensor components in Einstein frame,

= 1 -/ x =
p=5®7 =MV,

= 1 =/ x -
5= ﬁq>2+e2¢\/(q>),

— 22V (D). 4.51)

Qui

Meanwhile, from (3.30), (3.39) and (3.44) the scalar pertur-
bations at linear order can be read off as

=7/

1 r- B _
85 = — |80/ — B2 + ¥
a

X [%(é)m + 2V(ci>)3¢] , (4.52)
815 _ &iz [(i)/(s@/ _ CE/ZA']
— e [j—;(é)m + 2V(&>)3¢] , (4.53)
56 = —2¢°¢ [%(é)m + 2V(<i>)8¢:| , (4.54)
5P
v+ B=——,
q)/
=0, ZI=0, J=0. (4.55)

For the velocity perturbation in (4.55), we have made use of
the fact that

to linear order and extracted the scalar component.

In addition to the background equations of motion (4.2),
(4.3) and (4.4), the conservation law (3.77) gives the equation
of motion for the background evolution of the scalar field,

- - -dV -
0=0" +2HP + ¥ — (D). (4.57)
do
Likewise, supplementing the scalar perturbation equations of
motion (4.6)—(4.11), one perturbed conservation equation is

non-trivial and gives the equation of motion for §®,

- -d2V (P

0=380" +2HsD + (k> +52e2¢’# 5D
do?

5dV(®)

2~22
+2a°e TS

(A + &p) + @ (—A’ + sz) .
(4.58)

4.3.1 Massless scalar (modulus)

Consider the simple case of V(®) = 0, corresponding to
a massless scalar field without a potential (e.g. a modulus
field). In this case p = 13 and & = 0, so this solution lies
on the critical line at w = 1. Such solutions may be rele-
vant for studying ‘kination’ epochs, which can arise in the
moduli-dominated early universe in some string cosmology
scenarios [88]. Let us briefly review the background solu-
tion. Equations (4.3) and (4.57) can be integrated to obtain
the scale factor and background scalar field solutions, respec-
tively,

~2 = _ % S
a-=Cr(m—no), ¢=C—lln(n—no)+®o, (4.59)

where Cy, no, ag and d_Jo are integration constants, and we
have fixed a(ng) = 0. Since we are on the critical line,
Eq. (4.4) integrates to (4.41), as in the DFT vacuum solu-
tion. However, in this case Eq. (4.2) yields a more general
relation between the integration constants,

16w G = 3Ct — hy, (4.60)
implying the bound |/o| < +/3C1."° The dilaton background
can be solved by integrating (4.41), yielding [55,56]

4 ho ho
2% (n—m\ G | (n—mo\TC
e = - + _2 )
77* 4ho 77*

where 7, is another integration constant. Without loss of gen-
erality, in any given region we can absorb the = sign in the
exponent into the definition of h,. In the case of vanishing
background H-flux, & = 0, this becomes

4.61)

. h
¢ =do+ S~ In(n—no) , (4.62)

2C
where cj_)o = F(ho/2C1) In n,. Furthermore, when h, = 0
this reduces to ¢ = ¢, a constant dilaton.

Now we turn to the perturbations. For a scalar field with
V(®) = 0, the system of equations (4.6)—(4.11) and (4.58)
admits analytic solutions in the superhorizon limit, k — O.
Much of the calculation proceeds analogously to the DFT

19 Note that |he| = V3C; corresponds to the DFT vacuum solu-
tion (4.43).
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vacuum case: first of all, Egs. (4.8) and (4.9) imply
B
Ci(n—mo)

where B; and By are integration constants. Moreover,
Eq. (4.58) yields, for constant ase and § Py,

~ 1
A=PBi B=§[—ﬂg (n —mo) + } (4.63)

5O = Og—d) In (n —no) +5Po, (4.64)
1

which clearly corresponds to a shift of the integration con-
stants of the corresponding background solution (4.59), as
expected for adiabatic modes.

Next, the solution for the dilaton perturbation d¢ in the
superhorizon limit can be obtained by integrating equa-
tion (4.6) (see Appendix C for a detailed derivation),

2

x__

an2 8nGazuse

0 = W |:6¢—%ln(’7—770):|
)C+m ol 1]
ho
i 8nGag — cr
LFi | BmGesese (=m0 T 6

2 hg UES

where B54 is another integration constant. Note that for 4 =
0, the solution (4.65) reduces to the form

8nGagase

§¢p = —
¢ hoCy

In (n — no) + d¢o,

Bi 8nGoagas
Sdo = Bsg + 2 + —— 200

5 - (4.66)

It is straightforward to show that the most general adiabatic
variation of the background solution (4.61) at linear order
takes the functional form

Sp=a+¢[B+yIn(m—no)],

in agreement with the form of (4.65), implying that the super-
horizon dilaton perturbation is indeed adiabatic. Moreover,
when the scalar field energy density vanishes, corresponding
toag =0 = ase and |ho| = V/3C}, the dilaton perturbation
reduces to that of the DFT vacuum solution (4.47).

Finally, to solve for m we may use (4.7) to obtain an
expression for m’ and then integrate the result. In the simple
case where i = 0, this gives

(4.67)

5 Cr (= 10)* x°

2(Ci+ho) 4 45 N
m= +m0:2(c‘fﬁho)ae¢+m0’g—i7&_l;
Olmcmiln(ﬁ—ﬂo)-i-mo , C_c;:_la
(4.68)

where oy = (2C1 — ho)B; — 161 Gag (8P + ase/ ho) —
2hBse. For non-zero h the solution can take three different
forms, depending on whether 7, = =£C or neither. The
general result is given in Appendix D.

It is also useful to study the limit 4 — 0 as a consistency
check. In this case, the dependence of ¢? becomes a power
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law, so we ought to recover one of the generalized perfect
fluid solutions discussed in Sect. 4.1. From the background
solution (4.59) and (4.62), we see that consistency with (4.17)
requires

1 ho 1

n=—,

o 4.69
2 2C, (4.69)

1=—.
UES
Note that in general we may independently set the overall
constant in & and e®, and the final relation is an artefact of
our particular choice in the power-law ansatz. Meanwhile,
the background energy density of the scalar field is identified
with the generalized perfect fluid solution (4.16) for w = 1
and A = 0 when
2
[0
po = 7¢ _ (4.70)
With these identifications, the solutions for perturbations in
the 7 — O limit also agree with (4.36) and (4.39) up to

integration constant definitions.

4.3.2 DFT cosmological constant

Another interesting special case is the DFT ‘cosmological
constant’ [32], which due to the weight factor =24 effec-
tively corresponds to an exponential potential for the dila-
ton. It can be recovered from the general scalar field case
by setting @ = 0 and V = A/(87G). The background is
most conveniently studied in string frame, where a = ae®
and H = H + ¢_)’, and cosmic time ¢, where df = adq.
Denoting * = d/dr, we find that H = aH and ¢/ = a¢,
where H = a/a = dlna/dt. Moreover, it is convenient
to exchange_q_ﬁ for the background DFT dilaton d using the
relation e %4 = ¢=2%,/—%, which implies 2d = 2¢ —3Ina.
Thus from (4.2), (4.3) and (4.4), the background equations
of motion can be expressed as

) 5 h? . -
2A =4d —3H — > 0=H—-2dH,
4a
] =2 h2
—2A =2d —4d + %" 4.71)
2a

When h = 0, exact solutions can be found. For A > 0,
the third of (4.71) has solutions of the form

e = C;sinh @M (1 — 1)) , (4.72)

where Cj; and 1y are integration constants and M = /A/2.
For C; > 0 this is well-defined for ¢ > #( [87]; alternatively,
if C; < 0 we have

e = |C4]sinh @M (19 — 1)) , (4.73)

which is well-defined for ¢t < f¢y. The latter solution can be
obtained from the former via a combined T-duality and time
reversal transformation [58]. The scale factor can then be
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obtained from the first of (4.71),

1 1
a = agtanhv3 (M(t — t9)), a = agcothv3 (M(tg — 1)),
4.74)

where the left- and right-hand expressions correspond to
choosing (4.72) or (4.73), respectively. Finally, the space-

time dilaton ¢ can be obtained from the prior results using

e? = 243, giving

i _ C_tanhﬁ (M( — 1))
T 7? sinh QM (1 — 1p))

25 . cothV3 (Mt — 1)

¢ T inh M (1o — 1))

(4.75)

where Cj = ag/|Cal.

‘We now turn to the perturbations. We can study the equa-
tions of motion in conformal time, spatially flat gauge and
Einstein frame by setting ® = 0 and V = A/(87G) in
(4.6)—(4.11). In the superhorizon limit, k — 0, and for the
h = 0 background discussed above, we may apply (4.74)
and (4.75) in order to look for exact solutions. For 1, inte-
grating equation (4.10) twice yields

V305C: -
m ¢6~l4e4¢

, (4.76)
8Ma8

m=imo+
where aj; and i are integration constants. Next, combining
Egs. (4.8) and (4.11) then using (4.6) to eliminate A yields
an equation for ¢,

0= H5¢" + (27%2 —2HG — 2&’2) 5. 4.77)

Substituting the background equations, this can be integrated
to obtain

8¢' + NS¢, (4.78)

7 G2
where Cj is another integration constant. Using (4.6)—(4.8)
and applying the solution for /7 in (4.76), we may solve for
8¢ and A without further integration. This gives

-, R
8¢ = (¥5¢¢—~ - % ,
H  4a’H
i Z, (7% ¢'>/) (4.79)
= 0§ =< = - B .
YR s
where we have defined o545 = —CsyA. Finally, the shift

perturbation B can be obtained by integrating (4.9). Since
the explicit expression appears non-trivial, this may be done
numerically.

4.4 Radiation

Finally, we consider a perfect fluid withw = w = % and A =
A = 0, corresponding to radiation in both string and Einstein

frames. The background conservation equation (3.77) gives

4 p = poa ", (4.80)

p = poa —
where the equivalence follows from the fact that ,5 = e4‘73,5 .
Defining & = 87 G pg/3, we can solve (4.3) to obtain the

scale factor,

a? = C1 (n—no) + & (i — no)*. (4.81)

Since we are on the critical line, (4.2) can be integrated to
give (4.41). Equation (4.2) then implies the same constraint as
the DFT vacuum solution (4.42), h2 = 3C}. Solving (4.41)
with the scale factor (4.81), the resulting expression for the
background dilaton is

+V3
24 n—"no

T (1 + E—w - no))

5 FV3
h n—10

+ 2
127 \ n. (1 +8 - no))

The solution given by (4.81) and (4.82) may provide a can-
didate for a bouncing universe in string frame [58].

In order to solve the perturbation equations (4.6)—(4.11)
for this radiation background, as we do not specify the under-
lying Lagrangian it is necessary to make some reasonable
assumptions. To this end, consider solutions where only §p,
dp and v are non-vanishing, with r » = 0. If we also take
the superhorizon limit, k — 0, the continuity equation (3.83)
becomes

(4.82)

0=255 +3H (1 +5§) 55. (4.83)
For constant 552 we can easily integrate this to obtain the
density perturbation. Since we are interested in a fluid with
a constant equation of state, we have 53 =W = % Thus

8p = 8poa*. (4.84)

Now we solve for the gravitational fluctuations. For the
following we relegate the calculation details to Appendix C.
First of all, the solution for A can be obtained from (4.8).
The result is
BiCt %

4atH? 27
where we have defined 8o = 8p¢/po. This matches the DFT
vacuum solution (4.45) in the limit & — 0%° if we identify

A=

(4.85)

20 When & — 0, for consistency the energy density perturbation §pg
should also vanish. However, §g = 8p0/p9 may remain finite provided
it is sufficiently small, §p < 1, so that the validity of the perturbative
expansion is maintained while taking the limit.
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the integration constant E i=B;+ %0 Solving (4.9) for B,
a somewhat lengthy calculation yields

_ﬂgclz m—n0)?  Bs

B = — sy
4a*H 2a?
80E0 (n — n0)? (C1 (n — no) + @>
Lo 0 (m—n0)*( 1~(77 no) +a ) 4.86)
6a*H

where fp is an integration constant. As a consistency check,
when &y — 0 this reduces to the DFT vacuum result (4.46)
(or, equivalently, (4.63) for the massless scalar). From (4.6)
we find the dilaton perturbation,

- 2
i h

T 12C%% ~ «/§C1,§~
S —h;x |:ﬂ8¢ * C1+2& (UA— no)
X+ 12C3%
+/3
+%, = ”g_ o . (4.87)
M+ (1 + o (- no))

which reduces to the dilaton perturbation of the DFT vacuum
solution (4.47) for & — 0if we identify Bs¢ = B\&b + «/§78\A.
From the above expressions, one may pursue this further to
solve (3.84) and (4.7) for v and i, respectively. However, as
the solution appears somewhat involved, we leave this as an
exercise to the interested reader.

4.4.1 Radiation and scalar field

As a final example, it is also possible to combine the pre-
vious ingredients and write down an analytic solution for
radiation plus a scalar field with vanishing potential, in the
presence of a non-trivial dilaton and H-flux [58]. Conser-
vation of the total energy—momentum tensor combined with
the scalar field equation of motion (4.57) implies that the
radiation energy density is independently conserved,

o+ 3HI +w)pe =0 = pr = prod *. (4.88)

where g, is the energy density of a fluid with w; = % and
A = 0.

The solution follows readily by recycling much of the pre-
vious analysis. Equations (4.3) and (4.4) behave identically
to the case of pure radiation, yielding solutions

a? = C1(n—no)+ E () —no)*
87 G pro

& = T (4.89)
4 ho
1
ez@ _ n—no
M« (1 + 5—3 (n— no))
h()
o
h? -
+ i , (4.90)

ang m(1+g—ﬁ’(n—no)>

@ Springer

respectively. Meanwhile, (4.57) can be solved analogously
to the pure massless scalar field case, giving

H= %, % + &y,
Ci \1+ 20 -mn)

while Eq. (4.2) implies the same relation (4.60) between inte-
gration constants as for the massless scalar,

4.91)

167Gl =3CF —h?. (4.92)

The generalization also extends to linear perturbations in
the superhorizon limit (see Appendix C for details). For a
fluid with Eir = W = %, the continuity equation (3.83)
again implies that
8pr = Sproa . (4.93)

Thus from (4.8) and (4.9), A and B have the same superhori-
zon solutions (4.85) and (4.86) as for radiation,

A= EAC% _ ‘SLO
4@t 2

8
50 = 20 (4.94)

Pr0
o BiClo—m)’

4a4H
8080 (n — 1n0)* (C1 (n = no) + @2
+,3TB+ x0&0 (1 — o) (~ 1~(77 no) a).(4.95)
2a? 6a*H

However, in this case A’ contributes non-trivially to the § &
equation of motion (4.58), giving the solution

6 = (2=
Ci \1+ & —mo)

_2%;’8}50 (n — no)
C1L~127‘~(

18y, (4.96)

where the integration constants o5 and § @ have been cho-
sen to match (4.64) in the limit & — 0. Next, as in previ-
ous cases, the dilaton perturbation §¢ can be obtained from

Eq. (4.6), yielding
nm—Tno
n &
L+ & (= mno)

hOA~ i 8nGaga
L heBa N Pi BrGesme
2(127'[ 2 ho

2&2(]3/ -~ 8rGuagase
S = — 1
= [ 5 h.Ch

(4.97)

where /’3\345 = Bs¢ — 2—?3}4. When the massless scalar field
coefficients vanish (ag — 0, ase — 0), this reduces to
the expression (4.87) from the case of pure radiation; simi-
larly, when the radiation contribution is set to zero (g — 0,
3pr0 — 0), the result converges to that of the massless scalar
field solution (4.65).
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5 Discussion

If string theory is the true theory of quantum gravity, it is
natural to take the full closed-string massless sector, con-
sisting of the spacetime metric, B-field, and dilaton, as the
low-energy effective theory of gravity. The corresponding
action enjoys an O(D, D) symmetry, which is most simply
described using double field theory (DFT). Extending this
description to include additional matter leads to a DFT gener-
alization of Einstein’s equations, with the allowed couplings
to matter constrained accordingly.

In this work we have applied this string-inspired modified
gravity framework to cosmology and studied perturbations
around homogeneous and isotropic background solutions.
We have derived the equations of motion for the perturbation
variables, we have obtained solutions in the superhorizon
limit for fluctuations around various DFT cosmological back-
grounds, and we have identified the generalized condition for
the conservation of adiabatic superhorizon perturbations.

Having developed the formalism of cosmological pertur-
bations in DFT, there are a number of potential applica-
tions. A natural extension would be to study perturbations
for nonzero spatial curvature K, for which explicit back-
ground solutions are already known, and may be relevant
for late-time applications [89,90]. Furthermore, it would be
worthwhile to go beyond the superhorizon limit and examine
the k;-dependence of the perturbations, including the corre-
sponding analysis for spatially curved backgrounds. Con-
necting to late-time cosmology and analysing perturbations
can also provide an important consistency check and further
test the viability of DFT cosmological scenarios.

There are other aspects of DFT cosmology that deserve
further study. Fermions in DFT couple to two separate local
Lorentz groups, and an embedding of the Standard Model
was considered in [35]. It is worth considering fermions
in more detail and assessing possible cosmological signa-
tures of such a model. Moreover, the presence of non-trivial
background H-flux also opens new avenues for exploration.
A coupling between DFT fermions and H-flux may gener-
ate new signals from astrophysical sources, while O(D, D)
covariance may constrain the allowed parity-violating inter-
actions involving H-flux, which may be relevant to non-
Gaussianity [91] or cosmic birefringence [92]. A dilaton
coupling to electromagnetism could affect radiation signals,
while gravitational wave signatures may also be modified at
higher orders.

There are also more speculative directions to consider. In
addition to usual Riemannian spacetime, double field theory
also admits non-Riemannian backgrounds [81], on which the
usual spacetime metric is degenerate but the DFT metric is
regular. This has been argued to provide a smooth description
of various gravitational singularities [93]. Particular cases
of non-Riemannian geometry include Newton—Cartan ‘non-

relativistic’ and Carrollian ‘ultra-relativistic’ gravities. In
particular, the latter was proposed as an alternative frame-
work for inflation [94]. It would be interesting to explore
such scenarios for the early universe in a DFT context.
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Appendix A: DFT energy—-momentum tensor on space-
time backgrounds

In this Appendix we relate in detail the DFT gravitational
fields to the usual supergravity variables and derive the space-
time variation of the matter action given in (2.21) and (2.22).
With the conventional section choice, d/dX;,, = 0, the DFT
metric can be expanded as

g;w _gM)LBKU )
Hap = , Al
AB ( B g<Y 8po — BngK)LB)La (A1)
while the vielbeins can similarly be expanded as
1 e Mt
Vap = — P ,
A V2 (evq’lqp + Bigep” )
- 1 o=l
Vap=—\_-:- 7 - . A2
A <ev fgp + Bvo%") (A-2)
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Here we have introduced a pair of Riemannian vielbeins e, ”
and e, ”, which satisfy the defining relations

enP e npg = guv = —€.78, %755 - (A3)

The local D-dimensional Lorentz metrics take the standard

form, n = n = diag(—1, 1...1). Note that it follows from
(A.3) that the inverse vielbeins,

epﬂ = (e,u.p)_l = glwnpqevq )

&5t = (@1 = —gM e, (A4)
similarly satisfy

epleg'n’l =g = —e;lez" ﬁﬁq (A.S5)

In addition, the DFT dilaton d is related to the supergravity
dilaton ¢ and the determinant of the spacetime metric via

—2d _ \/—_ge_2¢.

Using (A.1), the variation of H 4 p can be written explicitly
as

(A.6)

SH!Y = 8g"" = —g"Pg" 8gpo ; (A7)
SH' g = 58" Bro — 8" B)o ; (A.8)
87-{,,” = SBng"" + BpK(SgK“ ; (A.9)
8Hpos = 88po — 8B  Bro — Bpc3g*" Bio

— By &"8Bss (A.10)

where we have distinguished the different components of
8H 4 p by the positions of the spacetime indices. From these
we can expand

Sm 6Sm 8Sm

1) = SH™Y SH* SH,Y
SHap P T sHW TS, O T s 0T
§Sm
SH
SHpo 7
T LsHm sHE, T oH," e
6Sm
_S,H/m (8uo8vo — Buvao)_ sgh”
6Sm 8Sm
+ |- 8vo + 8
|: 57‘(”‘5 vo 8,}_{'0‘) wp
5Sm ] HA VT
(S'H < (&upBve — Bup&vo) | 8778 3B
po |

(A.11)

We can apply the same treatment to (2.20) to obtain the
spacetime kinetic tensor

SHap
(A.12)

= P AdK - — _Ap P; 4 s -
K, =2e,"e, 1Ky = —4e, e, Va,Vpge
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Expanding this in terms of Riemannian variables yields

88 8,
_ 52 m m
K,y = —2e I:CSH’“} _87'[“0 (8vo
SS
+ Bys) + (gup Bup)
6Sm

——(&up — Bup)(gvo + Bva)] . (A.13)

(SHpo‘

Separating into symmetric and skew-symmetric pieces, (A.11)
can thus be expressed as
8Has

1
- EK[;w]glMgwaBkr .
(A.14)

1
SHap = —EK(MV)SgMU

Similarly, in the case of the dilaton, expanding (A.6) gives

1 1
8d = ¢ — [5In(—g) =8¢ + L gudg"" . (A.15)

where we have used g~ 18g = g"végun.

Appendix B: String frame and gauge-invariant variables

In Sect. 3.4.3 the equations of motion for scalar perturbations
were presented in Einstein frame in an arbitrary gauge. While
this choice simplifies many calculations and conversion to
other frames and variables is relatively straightforward, in
this Appendix we include some other relevant presentations
for completeness.

First of all, the scalar perturbation equations of motion
take the following form in string frame:

871G N2 [5p + 2 (A + 8¢)]

=—2—N(H ¢)D?B +6(H—¢)C’

2N? 1,
—-=>-p*(C-8¢—-_-D’E
a? 3

KN? 1
6 (A C +-D’E )
a? 3
2(3H —2¢') 8¢’ NZh? (A—30) Nzhlﬂ
— - — - ——D"m
2a6 2a6
(B.1)

D; [8nce2¢3 5+ p) v+ B)]

-, h*\ N
=Di[—2(H—¢)A+(2K—ﬁ)—B

a
1 2 ! ’ h /
+2(C—8¢p— ~D*E) —2KE' +2Hép + —m'|;
3 2a*
(B.2)
8TGeP N2 [8p + 2 (A + 8¢)]
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_ N’ _
/ / " / / = =
:Z(H_¢)A_2C _2<3H_W_2¢> 0=Di{87rG<p+p)V+N—’HA—mC’
2K N? 1 -
A—C+-D’E S~ e Mh
a? ( ME ) = §5p - ° = M’}, (B.9)
N2 4 ) Na 2Na
+ =D [A+—B’+2H—¢/B+C _ _ & 2 . .
3a2 w ( )B) o_snc[ (HL+2A)—ﬁ’iVj|—~—2HA’+~—ZC”
1, , N N N
—28¢ = D'E | +26¢ 9 R /
v +ﬁ<3H—T>C/+ —¢'5¢
2(271— ~ —2¢3’) s¢’ 5
5 R
22 W ~ 5l (A4 )+ 2 (4-0)
m (B.3) 6744_§h2 ~ _ e e
+ o (A-30-288) + S (B.10)

N2h
- —— (A-3C)— —-D?
2a6 ( ) 2a6
)[SJTGa pn’T—i—A—i-C} (B.11)

1
0= (DiDj——SZijD2) {8n0e2¢ 2pmr + A |
0= (DiDj — 394D
a 1 7/ 1 2
+ ( +2(H—¢>)B)+C—§DE—28¢ . _ e
) v 0_471G|:6 (£+24) —&’TV] ~ =359
L NE 4 (31— 2 ; (B.4) : N N
N N 1 (.~ N\~ 1 5~
26 a2 _ _ _ —— |3H - = 5¢+TZD23¢)
4nGe* N2 (50 — 8p +36p +2(6 — p+3p) (A + 8¢)] N2 a
N’ Z —4¢h2
=6¢”+<H‘— 4¢)5¢’ P (r—3¢) ¢
+ o (A =30) + ——— (A-3C-259)
N? 5 - ~4¢
— D% " -A"+3C" -~ =D*B e h o
¢+ ( + p, + =5 D*M: (B.12)
N2h? 2 - 49 . 7.
T (A-30) - —D?m; B5) 0=161Ge¥ DT (B.13)
a _
0= D; {16nGe4¢I
167Ge* DT =0; B.6 1 - N
et g 0 +E[M”—<H+ﬁ+4¢’)/\4/}
167Ge** N’ D, T = Di{ —m" + (H—l— N +2¢) |
) -
V2 —=D M—Tz(A—3C—48¢>}. (B.14)
+ —D2m
n N2h [A L e (B _5 (H +é ) ) _3C — 28(1)] } Furthermore, the consqvation equati.ons (.3 78) and (3.79)
N for the scalar perturbations can be written in terms of these
(B.7) variables as
Moreover, Egs. (3.70)—(3.74) may be expressed using the o a (= - .
gauge-invariant variables of Sect. 3.3. Explicitly, we find the ~ 0= (PA —p ﬁV +3H (PA —p ﬁV + pIlL
following set of equations: ~ .
=da = = 57 2
—pTV> + (p +p) (30 +oD V)
-, a 6 ~~ 2 - N
0=287G (A+2A> PV |- —HC + —¢5p . )
N1 N N v+ (65 -5%v) +55p, (B.15)
2 5,5 6K /- = N
+=DC— — ( - C) .
72 52 . - - - N [(a
TR 0= D ﬁl‘IL—68¢V+<ﬁ+ﬁ) A+T(Tv>
I (A—3C—23¢) N\~
2a6 ~ / 1
~4¢ + iv>}+2~<-0 +K> + = I} B.16
¢ _p2m; (B.8) (N P\3 " 10
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Appendix C: Analytic solutions

In this Appendix we present derivations of some analytic
solutions discussed in Sect.4 for perturbation variables in
the superhorizon limit, k — 0. Specifically, we consider the
most general case studied therein, consisting of a background
of radiation plus a massless scalar field in the presence of a
non-trivial dilaton and background H -flux, from which other
examples can be obtained by taking various limits. The back-
ground evolution is given by (4.89), (4.90) and (4.91), where
the constants of integration are constrained to satisfy (4.92).
The full set of perturbation equations is

87G [52 (5@ + 2A5r) n ci>’5c1>’]

*4¢h2 74¢ 2
=_ A—2¢'8¢" + 3¢, (C.1)
2a4
87G [azﬁr (1 4 i) (v + B) — ® 3@]
. 6—44) 2 4q3
= —2HA - B +2¢/'s¢ + m', (C2)
87 Ga? [(1 _ 5§’r) 55 + 24 (1 — ;) pr]

= —2HA’, (C.3)
0=A+B +2HB, (C.4)
0=m" (2H+4¢>

+an? ((Fe+@') B +09) . (C.5)

2 —4¢h2
=8¢" +2HS¢ + ———8¢p — @' A’
—4q‘>h2 .
Y ¥ (C.6)
a
0=380" +2H5® — D'A’, (C.7)
and the conservation equations are
0=26p+3H (1 + 5§,r) 55 . (C.8)
- /

0=[(1+) fr (o + B)]

+4H [(1 ) fe (vr + B)]

+ 82,85+ (1+ 1) prA (C.9)
For an adiabatic fluid corresponding to radiation, E?,r =w; =
%, and thus
8pc = Spro@ " (C.10)

Now we can solve for the gravitational perturbations. One
necessary ingredient is the explicit form of the Hubble param-
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@ Ci 428 —
oL _ G2 m=n) (C.11)
a 2a2

First of all, the solution for A can be obtained from (C.3).
Using p; = proa 4, & = 81 Gpro/3 as well as (C.10)
and (C.11), and setting Eszyr = 1w = % we can express (C.3)
as

1 - ~ &G
5 [C1+2& (1 —no)1 A"+ 26 A = —T&Oro- (C.12)

We can integrate this by multiplying throughout by another
factor of % [C1 +2& (n — no)]. The result is

BiCT —28:0& [C1 (n — o) + Eo (n — m0)?]
[C1 +2& (n — no)]
_BiCT 8o
T 4aMH? 2R
where we have defined 3r0 = 8010/ 0 ,Oro, and B4 is an integra-

tion constant. If we define ,3 T=B8;+% r° , this can be written
simply as

A:

(C.13)

BiCt S0 _ BaCh _ o

[C+280 (n—no)* 2 4a*H> 2

Next we solve for B using Eq. (C.4). Inserting (C.13) and
multiplying through by a2, this becomes

A=

(C.14)

1 80a®  BaCl
(&ZB) _ dod”  PaCi (C.15)
2 4a>H?
This can be integrated by using the fact that
1y &
<T) =22 (C.16)
H a*H?

which follows from the background equation of motion (4.3).
After some algebra, this yields the solution

BiC?(n—no)*  Bg

B=- = =5
4a4H 2a?
5 Eo(n— Ci(n— i’
00 (1 —10)* (C1 (n —no) +a ) C.17)
6a*H

where B is an integration constant.
Next we solve for §®. Integrating (C.7) once after plug-
ging in the background expression (4.91) gives

5 = B L & (A—oz/;>, (C.18)

Cl2
where the integration constant asp has been chosen such
that the pure scalar field result (4.64) is recovered in the
limit & — 0. Using (C.13) as well as the fact that atH? =
C12 + 4&ya, this can be integrated a second time to obtain

3@:“‘3—‘1’111(—2_"0 )
Ci L+ —mo)
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_2%3550 (n —no)
C1a*H
with the constant §®( similarly chosen to match (4.64).
The dilaton perturbation ¢ can be obtained from (C.1).

Using (4.2), (4.4), (4.91), (4.92), (C.13) and (C.18), equa-
tion (C.1) can be expressed as

+ 8Py,

(C.19)

< 8¢ )’ _ Bihi+167Gagase  BiCT &
ax') 4a5¢ 425H2 | 2a4HR
(C.20)

The right-hand side can be simplified using relations such as

h: 2 HRY Ci
2092 a2 \a¢’) " 4aSH?

_ Ly
at \aH)

which follow from the background equations of motion. Inte-
grating then yields the dilaton perturbation,

2&2(5/ ~ 8 Gad‘)a(yp
8¢ = -
¢ I |:ﬂ8¢ 7

( n = 1o
X In z
L+ & (n—no)

B; 8nGagase
2 h? ’

(C.21)

hoB:
+ P A
232H

+ (C.22)

which matches the massless scalar field case (4.65) when
&y — 0, provided we identify B54 = Bs¢ + Z—‘; B3, and also
reduces to the pure radiation solution (4.87) when h, —

+/3C;.

Appendix D: Massless scalar field: H-flux perturbation
solutions for i # 0

In this Appendix we present the general solution for 772 in the
case of a massless scalar field, as obtained from (4.7). For
non-zero h, the general expression for 7’ reads

h?B
2C1 (n—mo)

=/

' = —h%a; (n —no) +

16w Gagaseh?
- 200 g [(n —n0)*In (n — no)]
2h2
+ (Za/;Cl — 16w GagdPo — 2Bsp — OtAho
167 Gagose
_h—®> C1 (n — no) x*
OtA/’lg

+ <20tAC1 — 167 Gagddo + 28s¢ +

N 167 Gagase \ h>Ci (n — no)
C 2hZ

+ (20[;(]1 — 161 GagdPo — 2Bs5p + a jho

n 167 Gagose /’l4C1 (m —no)
ho 16h%x2

(D.1)

This leads to three different expressions for 71, depending on
whether |h,/C1| # 1 or ho/C1 = £1.

o |ho/Cy| # 1
~ o~ h* 2 Ps
m=lﬂ0—|—7[—a5(n—no) +C—lln(n—no)
16mr Gagog
—h—fq}(n—no)zln(n—no)}

+ (20{AC1 — 167TGO[<I>5(D() — 2,35¢ — OlAho
167 Gagase\ C7 (1 — no)? x>
ho 2(Cy+ho)

2
o~
+ (2a/5c1 — 167 GagdDo + 2Bsp + é °
1
n 16 Gagose h2C1 n— 770)2
C 4h2
+ (Z(Xficl — 1671Ga&>8d>0 — 2,35¢ + OfAho
167 Gago h*C? (n — no)?
n AP ¢ i (m—mno) . D.2)
ho 3204 (Cy — ho) x
o h,/Ci = 1:
2 ’3~
m=moy+ 5 [—oeg n —no)* + C—ljln(n —10)
167 Gagose
(1= In G~ no)}

+ (za‘acl - 167TGO[&>8CD() — 2/35¢ — OlAhO

16nGaéa5q>> Ci (n — no)? x2
ho 4

2
OlA]’lO

C

+ (20[@6‘1 — 16w Gagddo + 2859 +

| 167Gagase | BC1 (7 = o)
Cq 4h%
+ (2a;C1 — 167 Gagddo — 2Bs¢ + @ jho

167 Gagass h4C1n£
In(n — o) ; D.3
e > 647 n(n—mno) ; (D.3)
e ho/Ci=—1:
U & B
m =g+ — | —az (n = n0)* + 2 In (n — no)
2 Cy
16w Gagose
—h—zq’(n—no)zln(n—no)}
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+ (ZozAC1 — 161 Gagddy — 2Bs5p — a ;o
167tGO[‘C¥5<p
_h—¢> Cmf In (n — no)

2
O!Aho

+ <2aAC1 — 16w Gagédo + 2859 +

N 16nGa¢a5q>> h*C1 (n — o)’

Ci 4h?
+ (2a;C1 — 167 Gagddo — 2Bsg + @ jho
. 16nG%a5¢> h*Ci (n = no)*

ho 64h%x?

(D.4)

Note that in the limit 2 — 0, (D.2) and (D.3) both converge
to the upper equation of (4.68), while (D.4) reduces to the
lower expression of (4.68).
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