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Chapter 1

Introduction

1.1 General introduction

Simple random walks (SRWs) on graphs are discrete models of a particle
moving in a medium as follows: at each position, we have an exponential
clock of unit rate and at each step, the particle stays at the current position
until the clock rings and moves to one of the neighbors uniformly at random.

This thesis deals with local times of SRWs on graphs, which measure how
long SRWs spend at each vertex up to a given time. The main focus is on
the study of extrema of local times for SRWs on the b-ary tree and on the
two-dimensional discrete torus, and the cover time, that is, the first time
at which the minimum of local times becomes positive, for the SRW on the
supercritical percolation cluster on the lattice.

Percolation on the lattice describes how porous materials become wet
upon immersion in water. The model is defined as follows: Fix p € [0, 1]
and d > 2. Each edge of Z¢ is retained with probability p and removed with
probability 1 — p independently of all other edges. The resulting random
graph consists of some connected components (clusters) and has a phase
transition as p varies: there exists p.(d) € (0,1) such that if p > p.(d), there
exists a unique infinite connected component almost surely, and if p < p.(d),
all the connected components are finite almost surely. The regime p > p.(d)
is called supercritical. It is known that in the supercritical regime, the SRW
on the cluster has a lot of properties similar to those of the SRW on the
original lattice (see [18, 65]).

Let G = (V, E) be a finite connected graph with the vertex set V' and the



set of unoriented edges E and X = (X;,t > 0, P,,x € V) be the SRW on G.
The local time at v € V' and time ¢ is defined by
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where deg(v) is the degree of v. Fix a vertex vy € V' and set
Tuo (1) := inf{s > 0: L% (vy) > t}.

One of the remarkable properties of the local time process is that it has a
close relationship with a Gaussian process called the discrete Gaussian free
field (DGFF) on G: this is a RY-valued Gaussian random variable (hS),cy

with E(hY) = 0 and E[hShS] = g(u,v) for all u,v € V, where g(-,-) is the
Green function given by g(u,v) = EU[L%O(U)] (T, is the hitting time of v
by X). Eisenbaum, Kaspi, Marcus, Rosen, and Shi [47] proved that for all
t>0,

1
the law of {Lf;o(t)(v) + 5(}15)2 NS V} under P,, ® P
is the same as

1 2
that of {5 (hf + \/ﬂ) NS V} under P. (1.1)

In particular, we have as t — oo

P =0 (%) ey in 1 (1.2)
—_— vey in law. .
\/% v JVEV
veV
The relation (1.1) is called the generalized second Ray-Knight theorem or the
Dynkin isomorphism due to Dynkin [46] (originated by Symanzik [92]). The
expected cover time of X is defined by

G ._ G
tcov T Hvlea‘i( EU [Tcov} )
where 7¢ = inf {t > 0 : mingey LY (v) > 0}. The maximal hitting time is

given by t& = max, ,cv F.[T,]. (Recall that T, is the hitting time of v by
X.) For each set S, we will write |S| to denote the cardinality of S. It is

2



known that the expected cover time satisfies the following general bounds
(see, for example, [70, Chapter 11]):

t < o, < 2ty log [V]. (1.3)

cov

In most cases, the estimate of the expected cover time is reduced to that of
the effective resistance: for each f € RV, we define the Dirichlet energy by

u,veV
{uw}elE
(recall that edges are unoriented) and the effective resistance between u and
v by
Ré(u,v)™ == mf{E(f) : f € R, f(u) = 1, f(v) = O}.
It is known that ¢S, can be estimated via the volume |E| and the effective
resistance as follows (see, for example, [70, Proposition 10.6]):

| Bl max Rs(u, v) <t < 2|E| max Rei(u,v). (1.4)

By (1.3) and (1.4), we have general bounds of t& by means of the effective
resistance. Since the cover time is defined in terms of the minimum of the
local times and we have the relation (1.1), it is plausible to expect that the
cover time has a connection with the DGFF. This was first confirmed in a
general setting by Ding, Lee, and Peres [40], and Zhai [95] strengthened the

work as follows: there exist universal constants ¢, ¢y € (0, 00) such that

1—01 ﬁ S tCG(;V 5 S 1+CQ ﬁ (15)
tS, = |E|- (Emaxyey h) Loy

DGFFs are also related to Poisson point processes of Markovian loops [59, 68]
and random interlacements [94, 88].

The two-dimensional DGFF receives special attention because its contin-
uous version plays important role in physics, for example, in the theory of the
two-dimensional Liouville quantum gravity [43, 52] which has a connection
with studies of the Gaussian multiplicative chaos [60, 44, 87]. See also [20].

DGFFs on trees are known as branching random walks (BRWs) which
describes how particles moving on the line evolves. The continuous counter-
part, branching Brownian motion (BBM), has been studied extensively since
it has a close relationship with the partial differential equation, called the
Kolmogorov-Petrovsky-Piscounov or Fisher equation [81, 25, 23].
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1.2 Main results

This thesis consists of three papers:

e Chapter 2: Y. Abe. Effective resistances for supercritical percolation
clusters in boxes. Ann. Inst. H. Poincaré Probab. Statist. 51 (2015),
935-946. DOI: 10.1214/14-ATHP604

e Chapter 3: Y. Abe. Maximum and minimum of local times for two-
dimensional random walk. Electron. Commun. Probab. 20 (2015),
no.22. DOI: 10.1214/ECP.v20-3877

e Chapter 4: Y. Abe. Extremes of local times for simple random walks
on symmetric trees. Preprint.

We now summarize the main results of this thesis:

1.2.1 Results in Chapter 2

In Chapter 2, we study the expected cover time for the SRW on the super-
critical percolation cluster on the lattice. Consider percolation on Z4,d > 2
in the supercritical regime p > p.(d). Let C" be the largest connected com-
ponent in B(n) := [-n,n]¢ N Z%. Then, we show the following:

Theorem 1.2.1 (Theorem 2.1.5 in Chapter 2) For all d > 2 and p €
(pe(d), 1), there exist c1,co € (0,00) such that the following holds P,-almost
surely, for large n € N (P, is the probability measure which governs the
randomness of percolation):

cint(logn)? <5 < con(logn)?. (1.6)

cov
It is known that the expected cover time thy” is comparable to n?(logn)?

in the case d = 2 and to nlogn in the case d > 3, so (1.6) clarifies the
quantitative difference between the SRWs on the supercritical percolation
cluster and on the original lattice in three or higher dimensions. The proof
of (1.6) is based on a sharp estimate of the maximal effective resistance on
c™:

Theorem 1.2.2 (Theorem 2.1.1 in Chapter 2) For all d > 2 and p €
(pe(d), 1), there exist c3,cq € (0,00) such that the following holds P,-almost
surely, for large n € N:

cslogn < max Rg;(u, v) < ¢qlogn. (1.7)



The following follows from (1.5) and (1.6):

Corollary 1.2.3 (Corollary 2.1.7 in Chapter 2) For all d > 2 and p €
(pe(d), 1), there exist c5,c € (0,00) such that the following holds P,-almost
surely, for large n € N:

cslogn < E |:{)Ié%§ hg"} < cglogn.

The upper bound of (1.6) follows from (1.3), (1.4), and (1.7). In the proof of
the lower bounds of (1.6) and (1.7), the key is to prove that P,-almost surely,
for large n € N, C" has at least n°” dangling ends (one-dimensional objects)
of length of order logn for some ¢; > 0. In the proof of the upper bound
of (1.7), we construct the so-called “Kesten grid” on each two-dimensional
slice of C", which looks like the usual square lattice. It is known that in
the case d = 2, the maximal effective resistance of B(n) is comparable to
logn. Roughly speaking, the upper bound of (1.7) follows from this and
the existence of the Kesten grid together with the triangle inequality of the
effective resistance.

We describe related open problems. The following question has been
asked by Marek Biskup:

Open Problem 1.2.4 Ford > 2 and p € (p.(d), 1), prove or disprove that

<"

wov 18 concentrated around E, [tcn] .

The following has been posed by Ryoki Fukushima:

Open Problem 1.2.5 Ford > 2 and p € (p.(d), 1), do vertices covered last
by the SRW on C" lie on dangling ends?

To resolve these open problems, we need deeper understanding of the geo-
metric structure of C".

1.2.2 Results in Chapter 3

In Chapter 3, we obtain leading orders of the maximum and minimum of local
times for the SRW on the two-dimensional discrete torus Z2, := (Z/NZ)>.



2
To

We consider the local time process {LZ%G)@) tx € Z?V} for the SRW on Z3%,,
where o is the origin of Z3, and

1
(log N)?, 6 > 0.

t9::0-—
s

It is known that under P,
]\}im To(tg)/tfjli = ¢ in probability. (1.8)
—00

Since local times are sums of Poissonian (with mean of order ¢y) number

2
of independent exponential random variables and EO[L%OA(’tg)(a:’)] = ty for all
r € Z3%, in view of the central limit theorem, it is reasonable to normalize
local times as follows (see also (1.2)):

72 . 72
maXg,ez2, LTOI\(]tQ)(:E) — 1o —— MmNy ez2 LTOJ\Etg)<x) — o
2ty ’ V2t

Then, we show the following:

MN =

Theorem 1.2.6 (Corollary 3.1.3 in Chapter 8) (i) For all@ >0 and e > 0,
the following holds with P,-probability tending to 1 as N — oo:

1 5 1 5
1yt \/jl N<M §(1+—+ )\/jl N, (1.9
< 20 5) - N SN AR R (19)

(i) For all 0 > 1 and & > 0, the following holds with P,-probability tending
tol as N — oo:

1 2 1 2
—1-— —log N < < —|11—-—— —log N.
( 2\/§+5>\/;og <mpy < ( 2\/5 5>\/;og

Note that (1.8) implies min, ¢z L%ffte)(x) = 0 with P,-probability tending to
las N — oo if 8 € (0,1). The estimate (1.9) is closely related to the work
[22] in the context of the two-dimensional DGFF. Let Vi := [1, N|*NZ? and
(hY™)zevy be the DGFF on Vy with zero boundary conditions. Bolthausen,
Deuschel, and Giacomin [22] proved that for all ¢ > 0, the following holds
with probability tending to 1 as N — oo:

2 2
1— Zlog N < KN < (1 \/jl N. 1.10
( 8)\/; og N < maxh, <(1+¢) —log (1.10)
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The estimates (1.9) and (1.10) imply that there is a slight difference between
the two by the factor (2v/0)'.

We also estimate the number of vertices with local times proportional to
the maximum (or the minimum) by a factor between 0 and 1. For n > 0 and
0 > 0, set

ZQ

LN (z) —tg 2
LH(n.0) = 72 . _Telte) 7/ T .\/jl N
~(n,0) T € Ly o Zn - 0g )

ZQ

LN (x)—tg 2
L(n.6) = 72 . et T -\/jl N
v(n,6) T € Ly o STyl

Then, we prove the following:

Theorem 1.2.7 (Theorem 3.1.2 in Chapter 3) (i) For all 6 > 0, ¢ > 0,
and n € (0,1 + ﬁ), the following holds with P,-probability tending to 1 as
N — oo:

N2AVORVIVIE =2 < |28 (n, )] < N272VOeVimviiee (g )

W) For all® > 1, ¢ > 0, and n € (0,1 — =%=), the following holds with
2v/6
P,-probability tending to 1 as N — oo

N2-2(V0-+/0-20V0)*—¢ < !ﬁfv(n,e)\ < N2 20—/ 0-20V0)*+<

The estimate (1.11) corresponds to the work by Daviaud [35] who showed
that for all ¢ > 0 and n € (0,1), with probability tending to 1 as N — oo,

2
{mGVN:hZNZn-\/jlogN}
T

Comparing (1.11) and (1.12), we have slightly different exponents in these
estimates.

Roughly speaking, the upper bound of (1.9) follows from (1.1) and (1.10).
In the proof of the lower bound of (1.9), we use a technique developed by
Dembo, Peres, Rosen and Zeitouni [38]: their method reduces the analysis
of the local time at each point z to that of the number of crossings of annuli

N2(1—n2)—£ S S N2(1—772)+E. (112)




around x by the SRW on Z3,. Since the SRW on Z3 behaves like an one-
dimensional SRW in the radial direction, the study of the number of crossings
is reduced to that of edge local times of the one-dimensional SRW. We give
a notion that a point is “successful” in terms of the number of crossings
around the vertex and show that local times at successful points are close
to the maximum. Using the above argument, we show that we have at least
one successful point, which implies the lower bound of (1.9).

Belius and Kistler [13] recently obtained the subleading order of the cover
time for Brownian motion on (R/Z)?. We believe that applying their method,
one could prove the following:

Open Problem 1.2.8 For each 6 > 0, prove that

72 1 3 . .
grcrel%v( V Ly (@) — (Vo + 1)ﬁ log N + W log(log N) is tight.

Similar result for the two-dimensional DGFF are known by Bramson and
Zeitouni [28]. The keys in [28] are the Gibbs-Markov property and the hi-
erarchical structure of the two-dimensional DGFF. The local time process
on Z3 has similar properties, but they are too coarse for us to resolve Open
problem 1.2.8. As the first step, we need to polish these.

1.2.3 Results in Chapter 4

In Chapter 4, we study maxima of local times for the SRW on b-ary tree.
Fix an integer b > 2 and consider the b-ary tree T" with the root p: this is
a tree rooted at p whose vertices have exactly b children. Let T} be the i-th
generation of 7" and set T<,, := Ui ,T;. We show that the properly centered
maximum of local times over leaves weakly converges to a randomly shifted
Gumbel distribution:

Theorem 1.2.9 (Corollary 4.1.3 in Chapter 4) There exist ¢ > 0 and a
finite positive random variable Dy, such that for all A € R and any sequence
(tn)n>1 with lim,, ‘/Tt»” =0 € [0,00] and t, > cynlogn for each n € N,

; T<n —an oe—2VIoED A
Jim F, <gg;}§ LG (0) < Vi + an(tn) + >\> =E [e ©D e
(1.13)



where . (0) is a positive constant depending on 0, and
Vin
J) . (114)

3 1
(tn) = /logb n — ———logn — ———1
an{tn) BO T Jlogh 2" 4 /logb Og( NG

One can check that the DGFF (h T<")v€T<n pinned to zero at p is a BRW on
the b-ary tree with standard Gaussian increments. The random variable D
in (1.13) is given by the limit of the so-called derivative martingale of the
BRW: set

D= ¥ (Vg -t ) rereilms o)

veT),

It is known that lim,, .., D, exists almost surely and D, is this limit. The
constant «,(f) in (1.13) is given by

a.(0) = 9+1 / ze2Viosbzp (max% > +/logb { + 2) dz.
/5

\/_ logb f—)oo veTy
(We regard ,/ﬁ@ = 1 in the case § = c0.) Results similar to (1.13) are
known for the BBM [66], for the BRW [9, 2], and for the two-dimensional
DGFF [26, 19).

Now that we have exact information about the maximum of local times
over leaves, the next subjects are statistics of leaves whose local times at-
tain local maxima. To study this, we embed leaves in the interval [0, 1] as
follows: to each vertex v € Ty, k > 1, we assign the label (71, ...,7;) with
v; € {0,...,b— 1} for each 1 < i < k so that the vertices with the labels
(U1, ..., 05, 0), 0 € {0,...,b—1} are children of v. For each v € T,,, we define
the location by

Vj

o(v) = 2 b
We will write d(, 5y to denote the Dirac measure at (z, h) € [0, 1] xR. Inspired
by [24] we define the point process on [0, 1] X R by

: ) , m<mn, (1.15)
’UEZT < )) maXyery A/ f:(?n)(“) Vin— an(tn)>

where TV, is the (n — m)-th generation of the subtree rooted at v and ul™

is the vertex on 7)V_, with the maximal local time over T)Y_ . We show the
following;:



Theorem 1.2.10 (Theorem 4.1.1 in Chapter 4) There exist c2 > 0 and a
random Borel measure Zy, on [0, 1] whose total mass has the same law as Dy
such that the following holds for all (t,)n>1 with t, > canlogn for eachn € N
and lim,, o \/tn/n =: 0 € [0,00], and for all (r,)n>1 with lim, 7, = 00
and lim,, oo 7, /n € [0,1): as n — oo,

(n—rn)

n,tn

a Cox process with intensity measure o, (0)Zs(dr) @ 24/logb e 2V18"dh,

the point process = weakly converges to

where Do, and o (6) are the ones in (1.13).

Similar results are already known for various models such as the BBM [7]
and the two-dimensional DGFF [19], but there was no related work on local
times. The novelty of our result is that we reveal the dependence of the
centering term a,(t,) in (1.14) on the time parameter t,, which we need to
obtain the non-trivial limit of the point process.

In the proof of the Theorem 1.2.10, the key is to obtain a sharp right
tail probability estimate of the maximum of local times over the leaves: this
enables us to compute the Laplace functional of the point process. In the
proof of the tail estimate, following a technique developed by [26], we use an
estimate on the probability of the event that the local time process along the
path from the root to a leaf does not go over a curve.

What we have proved so far is the convergence of the extremal process
encoding only local maxima of local times. The convergence of the full ex-
tremal process has been established for the BBM [3, 8] and the BRW [75].
We believe that a similar result holds for the full extremal process of the
local times on the b-ary tree. It is interesting to study similar tasks on local
times in Z3, but as we saw in Open Problem 1.2.8; this is very challenging.
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Chapter 2

Effective resistances for
supercritical percolation
clusters in boxes

Let C™ be the largest open cluster for supercritical Bernoulli bond percolation
in [-n,n]? N Z?* with d > 2. We obtain a sharp estimate for the effective
resistance on C". As an application we show that the cover time for the
simple random walk on C" is comparable to n%(logn)?. Noting that the
cover time for the simple random walk on [—n, n]¢NZ< is of order nlogn for
d > 3 (and of order n*(logn)? for d = 2), this gives a quantitative difference
between the two random walks for d > 3.

2.1 Introduction

The effective resistance is a fundamental measurement of the conductivity
for the electrical network. It has close connections with many subjects of
reversible Markov chains such as transience/recurrence, heat kernels, mixing
times and cover times. We refer to [45], [65], [70], [74] for the introduction
of the theory of reversible Markov chains.

Effective resistances for percolation clusters in Z¢ have been studied for a
long time. Grimmett, Kesten and Zhang [54] showed almost-sure finiteness
of the effective resistance from a fixed point to infinity on the infinite super-
critical percolation cluster in Z9 for d > 3. (This is equivalent to almost-sure
transience of the simple random walk on the cluster.) The result was ex-
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tended to a series of works on more general energy of flows on percolation
clusters [4, 16, 55, 57, 58, 69]. The study of effective resistances for boxes on
Z% under percolation goes back to 1980’s [29, 53, 62]. These results showed
that critical phenomena occur at the critical percolation probability for ef-
fective resistances between opposing faces of boxes (see Remark 2.1.3 below).
In [21], Boivin and Rau estimated the effective resistances from a fixed point
to boundaries of boxes in the infinite supercritical percolation cluster on Z?2
(see Remark 2.1.4 below). In [14], general upper bounds for effective resis-
tances on general graphs are given by using isoperimetric inequalities. The
estimates are used to obtain upper bounds of effective point-to-point resis-
tances on supercritical percolation clusters in boxes on Z?; however, there
seems to be a gap in this part (see Remark 2.1.2 below).

Many properties of simple random walks on supercritical percolation clus-
ters in Z? have been investigated such as transience [4, 16, 54, 55], mixing
times [15, 31], heat kernel decays [10, 77], invariance principles [12, 76, 90,
collisions of two independent simple random walks [11, 30], and the existence
of the harmonic measure [21]. These properties are very similar to those of
simple random walks on Z%. A famous folk conjecture is that most impor-
tant properties of simple random walks survive for simple random walks on
supercritical percolation clusters (see, for example, [83]).

In this paper, we consider the largest supercritical percolation cluster in
[—n,n]? N Z%. We obtain the correct order of the maximum of the effective
resistances between vertices in the giant cluster. Applying the result, we
obtain a sharp estimate of the cover time for the simple random walk on the
largest cluster; the result shows that it is much larger than the cover time
for the simple random walk on [—n, n]¢ NZ¢ when d > 3. The author should
mention that the referee pointed out that this result was a conjecture.

In order to describe our results more precisely, we begin with some nota-
tion. Let |-|; be the ¢*-distance on Z?. We define the set of edges between all
nearest-neighbour pairs on Z? by E(Z%) := {{x,y} : z,y € Z%, |x — y|; = 1}.
For p € [0,1], let P, be the product Bernoulli measure on {0,1}?®") with
Py(w(e) = 1) =1 —P,(w(e) = 0) = p for each e € F(Z?). We say that an
edge e is open for w € {0,1}2@ if w(e) = 1. For A C Z%, we define a
random set of edges by

O =04w) :={{z,y} € B(ZY : 2,y € A,w({z,y}) = 1}. (2.1)

An open cluster in A is a connected component of the graph (A, O4). We

13



define the critical probability p.(Z<) by

inf{p € [0, 1] : P,(the cluster in Z* containing the origin is infinite) > 0}.
(2.2)
We focus our attention to clusters in the box

B(n) = [-n,n]*NZ". (2.3)

It is known that for d > 2 and p > p.(Z?), we have the unique largest open
cluster in B(n) whose size is proportional to n?, P,-a.s., for large n € N.
For d > 3, see [84, Theorem 1.2]. The d = 2 case is well-known, and [32]
will serve as a convenient reference. We write C™ to denote the largest open
cluster in B(n).

Let G = (V(G), E(G)) be a finite connected graph; the set V(G) is the
vertex set and E(G) is the edge set. We define the Dirichlet energy by

£ =y PIRCCE O
{’u:’U}EE(G)

For A, B C V(G) with AN B = (), the effective resistance between A and B
for GG is defined by

RG(A, B) ™t :=inf{&(f) : f e RVD E(f) < o0, fla =1, f|p = 0}.

We write RG(z,y) to denote RG({z}, {y}). We now state our result on the
effective resistance for C".

Theorem 2.1.1 For d > 2 and p € (p.(Z%),1), there exist c1,ca > 0 such
that Pp-a.s., for large n € N,

¢1 - logn < max jogc(as,y) < ¢y -logn.
z,yeC™

Remark 2.1.2 Corollary 3.1 of [14] says that for d = 2 and p > p.(Z?),
there exists c; > 0 such that lim,,_, P, (max, yeen R%;(x, y) < ¢ -logn) =1.
The proof is based on general upper bounds for effective resistances given
in Theorem 2.1 of [14] and an isoperimetric profile for C" studied in [15].
However, according to the latest arXiv version of their paper [14] and [64],
the proof only implies the following: there exists ¢y > 0 such that

lim P, (max jogc(x,y) < ¢ - (log n)2> = 1.

n—00 z,yeCn

This is due to bad isoperimetry of some small subsets of C™.
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Remark 2.1.3 Fiz d > 2. Let us consider a random graph G, which has
the vertex set [0,n]? N Z and the edge set Olo,njanza. We write Ry, to denote
the effective resistance

Reg ([0,n]*7" x {0},[0,n)"" x {n}).

In [29, 53], it was shown that the following holds: there exist ¢1,co > 0 such
that if p < p.(Z%),

R, = oo for largen € N, P, — a.s.,
and if p.(27) <p <1,

¢ < liminfn? 2R, <limsupn? 2R, < ¢, P, —a.s.
n—00 n—o0

Remark 2.1.4 Let C, be the infinite Bernoulli bond percolation cluster in
Z2. Define spheres in Css by

0B¢_(x,1) ={y € Co s de(x,y) =7}, v € Cx,7 €N,

where dec 1s the graph distance of Cw. In Proposition 4.3 of the published
version of [21], Bowin and Rau proved the following: for p € (p.(Z*),1],
there exist cq,co > 0 such that Py-a.s., for all vy € Cx, for large n € N,

cplogn < RSE? (x0,0Bc, (xg,n)) < calogn.

For a finite connected graph G = (V(G), E(G)) and x € V(G), let 7,(G) be
the hitting time of x by the simple random walk on G. We define the cover
time by

teov(G) == Ex< G )
(6= e B\ gy ™)

Applying Theorem 2.1.1, we can obtain an improvement of Proposition 3.3
of the arXiv version of [1].

Theorem 2.1.5 For d > 2 and p € (p.(Z%),1), there exist c1,c5 > 0 such
that Py-a.s., for large n € N,

c1-n%(logn)? < te(C”) < ¢y - nt(logn)?.
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Remark 2.1.6 [t is known that t..,(B(n)) is comparable to n*(logn)? when
d =2 and to n®logn when d > 3 (see, for example, Section 11.3.2 of [70]).
Therefore, Theorem 2.1.5 implies that the simple random walk on C™ exhibits
anomalous behavior when d > 3. This is due to irreqularity of C"; the cluster
C" contains a lot of one-dimensional objects (see Lemma 2.2.6 below).

Let G = (V(G), E(G)) be any finite connected graph. Let us define the
Gaussian free field on G. This is a centered Gaussian process {n<}iev o)
with 7§ = 0 for some fixed vertex zo € V(G) and the covariances are given
by

1
ESnS) = 5 (RG(w.20) + R(y,20) = R$(2,)). 7,y € V().
We define the expected maximum of the Gaussian free field by

M = E( G).
G e

Note that Mg does not depend on the choice of xy. For a set S, we will write
|S| to denote the cardinality of S. In [40], Ding, Lee and Peres proved the
following: there exist universal constants ¢, co > 0 such that

a1 [E(G)] - (Me)? < teo(G) < 2 |E(G)| - (Me)*. (2.4)

By (2.4) and Theorem 2.1.5, we obtain the following estimate of Men imme-
diately.

Corollary 2.1.7 For d > 2 and p € (p.(Z%),1), there exist ¢;,co > 0 such
that Py-a.s., for large n € N,

c1-logn < Men < co - logn.

Remark 2.1.8 By Remark 2.1.6 and (2.4), Mp) is comparable to logn
when d = 2 and to v/logn when d > 3. Thus there is a marked quantitative
difference between Mcn and Mp,y when d > 3.

Let us describe the outline of the paper. Section 2.2 gives preliminary
lemmas about percolation estimates. In Subsection 2.3.1, we give a proof
of Theorem 2.1.5 via Theorem 2.1.1. The upper bound is due to Theorem
2.1.1 and the Matthews bound [78]. The lower bound is based on the general
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bound on the cover time via the Gaussian free field given in [40]. The key of
the proof of the lower bound is counting the number of one-way open paths of
length of order log n. In Subsection 2.3.2, we construct the so-called “Kesten
grid” (the terminology comes from Mathieu and Remy [77]). This is an
analogue of the square lattice and consists of “white” sites on a renormalized
lattice; the concept of “white” sites is from the renormalization argument of
Antal and Pisztora [5]. In Subsection 2.3.3, we prove Theorem 2.1.1. The
lower bound is immediately followed by the fact that C" has a one-way open
path of length of order logn. In the proof of the upper bound, we construct
unit flows between vertices of C" with energy of order logn. Thanks to
Kesten grids, we can let the flows run almost on some “sheets” and adapt an
argument of estimating upper bounds of effective resistances for Z2. We use
a result on the chemical distance for C" based on [31]; this guarantees that
every vertex of C" can be connected with a Kesten grid decorated with small
boxes by an open path in C™ of length of order logn.

Throughout the paper, we will write ¢, ¢, ¢’ to denote positive constants
depending only on the dimension of the lattice and the percolation parameter.
Values of ¢, ¢ and ¢’ will change from line to line. We use ¢y, ¢a, ... to denote
constants whose values are fixed within each argument. If we cite elsewhere
the constant ¢; in Lemma 2.2.4, we write it as ¢o.0.4.1, for example.

2.2 Percolation estimates

In this Section, we collect some useful results on percolation estimates. We
need the following facts to prove Theorem 2.1.1 and Theorem 2.1.5.

(1) Size and connectivity pattern of C"

A path is a sequence (zg,x1,...,x,) satisfying that |z;_y — x;]; = 1 for all
1 <4 < £. An open path is a path all of whose edges are open. We
write | - [ to denote the £>-distance on Z?. The diameter of an open path
(o, 21, ..., x¢) is defined by maxo<; j</ |T; — Tj|ee. For K > 0, let A7 be the
event that every open path in B(n) with diameter larger than xlogn is
contained in C". The following fact follows easily from [84, Theorem 1.2 and
Theorem 3.1] for d > 3 and [32, Theorem 1 and Theorem 9] for d = 2.

Lemma 2.2.1 Fizd > 2 and p > p.(Z%). There exist ¢;,co > 0 and kg, ng €
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N such that for all kK > ko and n > ng,
P, (A" N {|C"| > c1n?}) > 1 — 2exp(—cyklogn).

Remark 2.2.2 By Lemma 2.2.1 and the Borel-Cantelli lemma, there exist
c1,¢a > 0 such that Py-a.s., for large n € N, the event A? N {|C"| > can}
holds.

(2) Chemical distance of C"
Let den be the graph distance of the graph (C", Oc¢n). The following result is
immediately followed by Lemma 3.2 and (4.1) in [31].

Lemma 2.2.3 Fiz d > 2 and p > p.(Z?). There exist ¢, > 0 and kg € N
such that the following holds for all kK > ko, Pp-a.s., for large n € N: for all
x,y € C" with |z —y|; < klogn,

den(z,y) < 1k logn.

(3) Crossing probabilities

In (3), we restrict our attention to Bernoulli site percolation on the square
lattice. Let Q, be the product Bernoulli measure on {0, 1}%* with Q,(w(z) =
1) = 1 — Q,(w(z) = 0) = ¢ for each = € Z?. For w € {0,1}*" and z € Z2,
we will say that z is occupied if w(z) = 1. The critical probability ¢.(Z?) is
defined similarly to (2.2). We write z - y to denote the inner product of x
and y. A self-avoiding path is a path all of whose vertices are distinct. Let
e1,eo be the standard basis for Z2. Fix m,n € N. A horizontal crossing in
([0, m] x [0,n]) N Z? is a self-avoiding path (xg,z1,...,7,) with x5 - e; = 0
and z, - e; = m.

Lemma 2.2.4 [62, Theorem 11.1] For d = 2 and q > q.(Z*), there exist
c1,Co,c3 > 0 such that

Q, (there exist at least cin disjoint horizontal crossings
consisting of occupied sites in ([0,m] x [0,n]) N ZQ>
>1—cy-mexp(—csn).

(4) Renormalization argument
We recall the renormalization argument of [5]. We will write a, b, ... rather
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than x,y,... to denote vertices of the renormalized lattice. Fix a positive
integer K. To a € Z“, we associate boxes

B,(K) = (2K 4+ 1)a + [-K, K]* N Z°, (2.5)
B.(K) = (2K + 1)a + [— ZK,ZK]dﬂZd. (2.6)

We will say that an open cluster crosses a box if the cluster intersects all the
faces of the box. For a € Z%, we define an event R satisfying the following:

e There exists a unique open cluster C in B! (K) crossing B/ (K).

e The open cluster C crosses all the subboxes of B! (K) of side length

K
larger than {;.

e Any open paths in B/ (K) of diameter larger than £ are contained in

10
C.

We say a € Z is white for w € {0, 1}"®" if 1 (w) = 1. By [84, Theorem
3.1] for d > 3 and [32, Theorem 9] for d = 2, if p > p.(Z?), we have for all
a € Z°

lim P,(RE) = 1.

K—oo

By [71, Theorem 0.0 (ii)], the following holds:

Lemma 2.2.5 For d > 2 and p > p.(Z%), there exists a function q : N —
0, 1] with limg o q(K) = 1 such that

the process (1gi),eza stochastically dominates

a Bernoulli site percolation process in Z¢ with parameter q(K).

(5) Special open paths
Let eq,...,eq be the standard basis for Z¢. We define a one-sided boundary
of B(n) by

"B(n):={x € B(n):xz-e =n}.

We will say that € 9, B(n) is m-special if it is a base point of a special open
path; that is, the edge {z +iej, 2+ (i + 1)e; } is open for each 0 < i < m —1
and the vertex xz+1e; does not have any other open edges for each 1 <17 < m.
See Figure 2.1. The following is a key to prove the lower bounds of Theorem
2.1.1 and Theorem 2.1.5.
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1 B(n)

Figure 2.1: An illustration of a 2-special vertex x and the corresponding
special open path. The dotted line segments at = + ie (i = 1,2) are closed
edges. The solid line segment between z and x + 2e; are composed of open
edges.

Lemma 2.2.6 Ford > 2 and p € (p.(Z%),1), there exist ¢y, co > 0 such that
P,-a.s., for large n € N,

{z € 01B(n)NC" : x is |c1 logn]-special}| > n.

Proof. Fix a large constant K > 0. We define a subset of 0;B(n) by
5
8{7(23(71) = {x € hB(n): |z el < ZK forall 3<i< d}.

Let SE be the “square” defined by

—5K/4
{a cZ%:|a-ey| < {QKT:L 1-‘,|CL'€2| < {%J,wei =0for3<i< d}.

Note that Sy is isomorphic to [0,2[ 5757 1] x [O,QL";;T&J] NZ* Let e >0
be a small constant. By Lemma 2.2.4 and Lemma 2.2.5, the following holds:
there exist ¢, ¢ > 0 such that with P,-probability at least 1 —¢-nexp(—c'n),
we have more than en disjoint crossings of white sites in SX. By this fact
and the definition of white sites together with Lemma 2.2.1, the event GX :=
{|0f;B(n)NC"| < en} satisfies the following: there exist ¢, ¢ > 0 and kg € N

such that for all Kk > kg and sufficiently large n € N,

P,(GE) < cexp(—c'klogn). (2.7)
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Take ¢; > 0 small enough to make r := 1 — cl(log% + 2(d — 1)log ﬁ)
positive. Fix 0 < ¢o < r. We write Bin(m, q) to denote a binomial random
variable with parameter m and q. Let ¢, be the probability of the event that a
fixed vertex in 0, B(n) is | ¢y log n]-special. Consider the o-field generated by
finite-dimensional cylinders associated with configurations restricted to B(n).
Note that conditioned on the o-field, events {x is |¢; logn|-special} and
{y is |1 logn|-special} are independent for x,y € 0y B(n) with |z —y|w > 2.
By conditioning on the o-field, we have for some ¢, ¢ > 0 and some 0 < £’ < ¢,

]P)p ({HZE S 8lB(n) NC": xis |_Cl lOg nJ_specia]}‘ S ncz} N (Gi()c>

<P, (Bin(Le’nJ , qn> < n”)
< cexp(—cn"). (2.8)

In the last inequality, we have used the Chebyshev inequality and the fact
that ng, > en” for some ¢ > 0. By (2.7) and (2.8) together with the Borel-
Cantelli lemma, we obtain the conclusion. []

2.3 Proofof Theorem 2.1.1 and Theorem 2.1.5

2.3.1 Cover time estimate

In this Subsection we prove Theorem 2.1.5 via Theorem 2.1.1. We begin with
general bounds on cover times based on [40, 78]. The following is immediately
followed by [70, Proposition 10.6 and Theorem 11.2] (see also [33, 78]) and
[40, Theorem 1.1 and Lemma 1.11].

Lemma 2.3.1 Let G = (V(G), E(G)) be any finite connected graph.
(1) There ezists a universal constant ¢; > 0 such that

ten(G) < 1+ |E(C)] - (| max REy(r.y)) -1og V(G

(2) There exists a universal constant c; > 0 such that for all subset V C
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V(G),
Ll G) = & |E(G)] - ( min Riylx.y)) - log|V].

z,yeV
TFY

Proof of Theorem 2.1.5 via Theorem 2.1.1. The upper bound is immediately

followed by Lemma 2.3.1 (1) and Theorem 2.1.1. From now, we prove the
lower bound. By Remark 2.2.2, we have Pp-a.s., for large n € N,

CTL*’—CZ.2.6.110€”-‘ cCn. (2‘9>

Set m,, :=n — [ca26.110gn]. We define a set V,, of tips of special open paths
by

{z+ |c2261logmyler : x € 01B(m,)NC™ and x is | co.06.1 log m,, |-special}.

By (2.9), Lemma 2.2.6 and the Nash-Williams inequality (see, for example,
[70, Proposition 9.15]), we have the following P,-a.s., for large n € N: for all
x,y € V, with x # y,

Vo CC™ V| = (my,)*252 and Rgg(x,y) > | 2261 logmy,].

Therefore, by Remark 2.2.2 and Lemma 2.3.1 (2) with V = V,,, we obtain
the lower bound. [

2.3.2 Kesten grid

In this Subsection, we construct the so-called “Kesten grids” on the renor-
malized lattice (recall Section 2.2 (4)) in order to obtain the upper bound
of Theorem 2.1.1. The terminology is due to Mathieu and Remy [77]. We
note that the construction of the Kesten grid is based on Theorem 11.1 of
[62] (see Lemma 2.2.4).

Let us define some notations. Recall that eq, ..., ey is the standard basis
for Z¢. Fix a sufficiently large positive integer K. Recall the notation (2.6).
For a subset S of the renormalized lattice, we define a fattened version of S
by

W(S) := | BL(K). (2.10)
acsS
Let a be a positive constant. We will choose « sufficiently large later. Let
¢, be the largest integer ¢ satisfying that
2K + 1)((2]alogn| + 1) + [alogn]) + ZK <n,
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and set

l, = (2[alogn] + 1)¢, + [alogn]. (2.11)
Note that we have W(B(Z,)) C B(n) (recall the notation (2.3)). Thus we can
regard B(€ ) as a box in the renormalized lattice corresponding to the original
box B(n). The number of two-dimensional sections in B(f,,) is d =1 (20, +
1)%2; each of them is isomorphic to the square [—¢,, (,]*NZ2. In Subsectlon
2.3.3 below, we will focus our attention on one of them, namely

Fl = {k:lel + ]{?262 . —gn S k’l, k’g S gn} (212)
We write g1
F,, 2<i< %(% +1)7? (2.13)
to denote the other two-dimensional sections of B ([7”) For —¢, <m < /{,,
we define the m-th horizontal strip of F}

RY(m) = {kie1 + kaes : 0, <k < Zn, |ka — (2[alogn] + 1)m| < [alogn]}
(2.14)
and the m-th vertical strip of Fj

Ry(m) := {kyer+kaey : —ly < ky < by, [k — (2[alogn] +1)m| < [alogn]}.

(2.15)
We define a horizontal (respectively, vertical) crossing of I as a self-avoiding
path with endvertices a, b satisfying a-e; = —£,, and b-e; = £, (respectively,

a-ey=—l, and b-ey =/, n). We define strips and crossings for the other
two-dimensional sections of B (Zn) in a similar fashion. We note that each
strip is isomorphic to ([0,20,] x [0,2[alogn]]) N Z?. Taking o large enough,
the following holds immediately by Lemma 2.2.4 and Lemma 2.2.5.
Corollary 2.3.2 Fizd > 2 andp > pe(Z%). The following holds Py-a.s., for
large n € N: for all 1 < i < 2127, +1)2 and —0, < m < {,, there exist
at least 2¢90.41[alogn] dzsyomt horizontal (respectively, vertical) crossings
consisting of white sites in the m-th horizontal (respectively, vertical) strip
of F;.

Set L, = (202,2,4,1 [alog nH Fix1<i< @(2@ +1)472 and a configura-
tion satisfying the event of Corollary 2.3.2. We can choose L,, disjoint cross-
ings of white sites in each strip of F}. Since F} is isomorphic to [—,,, ,,]2NZ?2,
the horizontal and the vertical crossings intersect (see Figure 2.2) and form
a grid on F;. We will call it a Kesten grid. Note that Kesten grids on F; and
F; do not intersect if ¢ # j in general.
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2[alogn]
-

T

1 r 1 ¢ "CM lOg ’Iﬂ

Figure 2.2: An illustration of disjoint crossings of white sites (thin solid
lines) in strips (rectangles with dotted boundaries) of Fy (square with thick
solid boundary). These horizontal and vertical crossings intersect since I is
isomorphic to [—0,, ,,]> N Z2.

2.3.3 Effective resistance estimate

In this Subsection we prove Theorem 2.1.1. To prove it, we only need to
estimate the upper bound of effective resistances for pairs of vertices on

W(F,)nCc"1<i< @(lenqt 1)4=2 (recall the notations (2.10)-(2.13)). In
the following proposition, we will focus our attention to W (F;) NC". Recall
the constant a in Subsection 2.3.2. To kq, ko € Z, we associate the “square”

defined by
Sk gy i= {5161 + 5269 1 |5, — (2[alogn] + 1)k < [alogn], i =1,2}.

Proposition 2.3.3 Fiz d > 2 and p > p.(Z%). Let my, my, my be integers
satisfying that me < Mo, Mg — Moy 1S even, and my + % < ¥{,. Then
there exists ¢, > 0 (not depending on choices of my, mg, o) such that IP,-
a.s., for large n € N, the following holds: for all x € W (S, ,.,) NC" and
y € W(Sh, m,) NC",

Rgg(x, y) < ¢ -logn.

The upper bound of Theorem 2.1.1 follows from a similar argument of
the proof of Proposition 2.3.3 below together with Lemma 2.2.3 and the
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triangle inequality for the effective resistance (see, for instance, [70, Corollary
10.8]). We omit the details. The lower bound of Theorem 2.1.1 holds by
Lemma 2.2.6, (2.9) and the Nash-Williams inequality. In the rest of the
article, we focus on proving Proposition 2.3.3. Fix some integers r,r’ with
r < r'. A left-to-right (respectively, right-to-left) path in [r,r’] x Z%! is a
path in [r, '] x Z%~! whose initial and final vertices a, b satisfy a-e; = r and
b-ey =1 (respectively, a-e; =1 and b-e; = ). A bottom-to-top path in
Z X [r,r'] x Z%7% is a path in Z x [r,r'] x Z4=2 whose initial and final vertices
a,b satisfy a - es = r and b- ey = 1. For a path I and a,a’ € T' (we assume
that a appears before a’ in T'), we write I'[a, a’] to denote a part of T from
a to a/. In particular, when ' is the final vertex of I, we write I'[a] in the
place of I'[a, a'].

Proof of Proposition 2.3.3. We fix a configuration satisfying the events
of Remark 2.2.2, Corollary 2.3.2, and Lemma 2.2.3 with x large enough. We
choose vertices x and y as in Proposition 2.3.3. We will construct a unit
flow between x and y. Our argument is based on [74, Proposition 2.15] and
Section 4.1 of the arXiv version of [21].

We first construct a random self-avoiding open path from x to y, most
of whose parts lie on W (F;) NC". Recall the notations (2.14) and (2.15). A
Kesten grid guarantees the existence of the following self-avoiding paths:

e disjoint left-to-right (respectively, right-to-left) self-avoiding paths of
white sites H{",..., Hf® contained in R} (mg +m) for 1 <m < m25m2
(respectively, ™52 < m < 1y — my),

e disjoint bottom-to-top self-avoiding paths of white sites V{™,... V"
contained in Ry (m; +m) for 0 <m < #2572

o left-to-right self-avoiding paths of white sites H, and H, of length at
most clogn for some ¢ > 0, contained in Sy, .. and in S; 5 respec-
tively.

From now, we construct an open path from z to y corresponding to a fixed
label (i,7) with ¢ € {0,...,™5™2} and j € {1,...,L,} by the following
three steps.

Step 1: For convenience, we will associate a vertex (ki, ko) € Z? to Sk k- Let

f:10,...,2i} — {0,...,i} be a function defined by f(r) =r for 0 <r <4
and f(r) = 2i —r for 1 < r < 2i. Take a self-avoiding path I'; as follows:
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Figure 2.3: Illustrations of paths I';, I'(7, j) and (3, j).

o Let (s:)o<r<2i41 be a sequence with 0 = sy < s1 < ... < S941 =
me — mo. For 0 < r < 2, set vy, = (my + f(r),ma + s,) and v, =
(my + f(r),ma + s,41). The self-avoiding path I'; is obtained from the
sequence (v, )o<r<ai+1 by linear interpolation.

e The path I'; lies within 1 in ¢*°-distance from the piecewise line seg-
ments connecting (my, ms), (mq + i, 22312) and (my, ms).

See the left-hand side of Figure 2.3.

Step 2: Recall the notation before the proof of Proposition 2.3.3. Let h,
(respectively, h,) be the initial (respectively, the final) vertex of H, (respec-
tively, H,). We define vertices ay, ..., @412 as follows:

e For 0 <7 < 24, ay is the last-visited vertex of H;"[ay,] by ij(r),
where a¢ := h, and Hjo = H,.

e For 0 < r < 2i, ag,,o is the last-visited vertex of ij ") [a2,41] by H;T“,
where H;**' := H,.

See Figure 2.4. We can obtain a self-avoiding path I'(7, j) of white sites from
hy to hy in Ugy kyyer, Sy, g, Dy connecting segments

H:" [agy, agria], ij(r) [agr41, Qrt2], 0 <71 <20, and Hylagita, hy.
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Figure 2.4: Hlustrations of as,11 and ag, 4o for 0 < r < 24,

See the middle of Figure 2.3.

Step 3: Recall the notation (2.5). Fix vertices & € By, (K)NC™ and g €
By, (K) N C". Indeed, we can take such Z and § by Remark 2.2.2. By the
definition of white sites, we can take a self-avoiding open path (i, j) from
Z to g contained in W (I'(7,7)). By Lemma 2.2.3, we have self-avoiding open
paths v, and 7, in C" from x to Z and from § to y respectively of length
at most clogn for some ¢ > 0. We can get a self-avoiding open path (i, )
from = to y in C" via ., ¥(4, j) and ~y,. See the right-hand side of Figure 2.3.

Let X and Y be random variables distributed uniformly on {0, ..., Z2>™2}
and on {1,..., L, } respectively; they are defined on a probability space with
probability measure P. From now, we construct a unit flow from z to y
via the random open path v(X,Y). Recall the notation (2.1). We define a
random function ¢» on C" x C™ by

1 if {u,v} € Ocn and v(X,Y) passes u, v in this order,
P(u,v) = ¢ —1 if {u,v} € Ocn and v(X,Y") passes v, u in this order,
0 otherwise.
We define a function € on C" x C™ by
0(u,v) == E(¢(u,v)) for u,v € C".

Since 1 is a unit flow from x to y, 0 is a unit flow from z to y. In order to
bound 6, let us define the following function on C" x C™:

P(v(X,Y) passes the edge {u,v if {u,v} € Ocn,
pw),_{ (X Y) p ge {w,v}) if {u,v} € Oc

0 otherwise.
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For 0 < r < mgy — mo, we define a set of labels of the r-th level by

D. e {(mi+s,mo+r)eZ?:0<s<r+1} ifrgﬁ%m,
" {(mi+s,my+7r)€Z?:0<s5<1my—my—7r+1} otherwise.
Let U be the union of ~,, v,, W(H,) and W(H,). By Thomson’s principle
see, Tor example, , eorem 9. and the construction of y(X, Y ), we
f le, {70, Th 9.10 d th ' fv(X,Y
have

<Y pwe)P+ > > > plwo)

u,wel r=0 (k1,k2)€EDr uweW(SE 1)
vgU

+ Z Z Z p(u,v)?. (2.16)

T‘:(Thg—mg)/Q—Fl (kl,kQ)EDr u’UGW(Sgl,kg)
vgU

Since vy, vy, H, and H, are self-avoiding paths of length of order logn, the
first term on the right-hand side of (2.16) is bounded by clogn for some
¢>0. Fix 1 <r < 225m2 (k) ky) € D, and u,v € W(SE ;) with v ¢ U
and {u,v} € Ocn. By the construction of the random open path v(X,Y),

we have for some ¢ > 0,

c
< :
pu,v) < T
So we have for some ¢, ¢ > 0,
(mz _m2) /2 (Th2—mz2)/2 1
2 1 ‘
Z Z Z p(u,v)” <c Z T_clogn
r=0 (k1,k2)€Dr u,’UGW(S;CLI’kQ) r=1
v¢U

By a similar argument, the last term on the right-hand side of (2.16) is
bounded by clogn for some ¢ > 0. Therefore by (2.16), we obtain the
conclusion. [J
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Chapter 3

Maximum and minimum of
local times for two-dimensional
random walk

We obtain the leading orders of the maximum and the minimum of local times
for the simple random walk on the two-dimensional torus at time proportional
to the cover time. We also estimate the number of points with large (or
small) values of the local times. These are analogues of estimates on the
two-dimensional Gaussian free fields by Bolthausen, Deuschel, and Giacomin
[Ann. Probab., 29 (2001)] and Daviaud [Ann. Probab., 34 (2006)], but we
have different exponents from the case of the Gaussian free field.

3.1 Introduction

The theory of local times of random walks is very profound. It is well-
known that local times of random walks have close relationships with the
Gaussian free field (GFF). The connection goes back to [46]. Eisenbaum,
Kaspi, Marcus, Rosen, and Shi [47] gave a powerful equivalence in law called
“generalized second Ray-Knight theorem” (see Remark 3.1.1). Using the
theorem, Ding, Lee, and Peres [40] established a useful connection between
the expected maximum of the GFF and the cover time, and quite recently
Zhai [95] strengthened the result by constructing a coupling of the occupation
time filed and the GFF (see Theorem 3.2.6).

Much efforts have been made to study local times of the simple random
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walk on Z2. Erd6s and Taylor [48] obtained an estimate on the maximum
of local times of the simple random walk on Z? by time n. Dembo, Peres,
Rosen and Zeitouni [36] improved the result; they gave the leading order
of the maximum and estimated the number of “favorite points” (see also
[89]). Okada [82] obtained a corresponding estimate on frequently visited
sites in the inner boundary of the random walk range. Sznitman [93] studied
convergence of occupation time fields and related the fields to the GFF.

As mentioned above, works [48, 36, 89] are closely linked to the study of
extremes of the two-dimensional GFF. Bolthausen, Deuschel, and Giacomin
[22] obtained the leading order of its maximum (see Remark 3.1.4). Daviaud
[35] estimated the number of points with large values of the GFF (see Remark
3.1.4).

In this paper, we study the maximum and the minimum of local times of
the simple random walk on the two-dimensional torus at time proportional to
the cover time. While similar work has been done in [22, 35] for the GFF, one
cannot apply their results to deduce corresponding local time estimates, and
indeed considerable amounts of efforts are needed to obtain such estimates.
We also note that the exponents for the local times are different from those
of the GFF (see Theorem 3.1.2 and Remark 3.1.4).

To state our results, we begin with some notation. We will write Z3; to
denote the two-dimensional discrete torus with N2 vertices. Let X = (X});>0
be the continuous-time simple random walk on Z3; with exponential holding
times of parameter 1. Let P, be the law of X starting from z € Z3%. We
define the local time of X by

t
LY (z) ::/ lix,—nyds, @ €Z%, t >0,
0

and the inverse local time by
7= inf{s > 0: LY(0) > t}, t > 0.
We will take the following time parameter
ty = ty(N) = %Gﬂog N)2.0 > 0.

Note that 7, is approximated by 6 - 2N?(log N)? and that 2N?(log N)? is
close to the cover time of Z3, (see Lemma 3.2.4 and Theorem 1.1 in [37]).
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We define sets of “thick points” and “thin points” by

LY () —tg

L5(n,0) = {xGZ?\,' Tte\/Q_ >n- 2\/2/7T10gN}, n,6 >0, (3.1)

LY (x) —tg

Ly(n,0) = {ac €73 : %T —n- 2\/2/7rlogN}, n,0 > 0. (3.2)

We will say that (h}'),ezz is the GFF on Z?\, if (h))gezz, is a centered Gaus-
sian field with hY" = 0 and E[h)h)] = E;[Ly (y)] for all z,y € Z3,, where
—inf{t > 0: X, = 0}.

Remark 3.1.1 Let (hY) be the GFF on Z3 with a measure P. The gener-
alized second Ray-Knight theorem [47] says that for all t > 0,

1
the law of {Li\t](m) + §(hiv)2 tx € Z?V} under Py x P
1
is the same as that of {ﬁ(hiv +V2t)? iz € Z?V} under P. (3.3)

In particular, fixving N, we have

LN(z) —t
<%) — (hiv)zezﬁv in law as t — oo. (3.4)
z€E€Z3

By (3.4), one can expect that (3.1) and (3.2) will be close in law to corre-
sponding level sets of the GFF (but not exactly, as we see in Theorem 5.1.2
and Remark 3.1.4). We note that one cannot deduce local time estimates
corresponding to [22, 35] from (3.3) or (3.4).

We say that a sequence of events Ay holds with high probability if
limy oo P(Ay) = 1. We write |B| to denote the cardinality of B C Z3%.
We now state our results.

Theorem 3.1.2 (i) For all§ >0, >0, andn € (0,1+ ;= ) the following
holds with high probability (under Fy):

N2—2(\/9+2n\/§—\/§)2—6 < |£}(n’0)| < N2_2(V9+2’7\/§_\/§)2+5.
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Furthermore, for all @ >0 and n > 1+ #5,

L5 (n,0)| =0, with high probability (under Pp).
(i1) For all§ > 1, >0, and n € (0,1 — #5)’ the following holds with high
probability (under Py):

N2—2(\/§—\/0—2n\/§)2—5 S |£]_V(777 0)| S N2—2(\/§—\/ 0—27]\/5)2—1—5'
1
Furthermore, for all @ >1 and n > 1 — CNGL
Ly (n,0)] =0, with high probability (under F).

The next corollary follows immediately from Theorem 3.1.2.

Corollary 3.1.3 (i) For all 0 > 0 and € > 0, the following holds with high
probability (under Pp):

1 9 max,cz2 LY (x) —t 1 \/5
1+— ¢ 2\/;0 N < N Tt < (14 ——+£)24/Zlog N.
( N )24/ —log o, ( N )21/ = log

(i1) For all @ > 1 and e > 0, the following holds with high probability (under
P()).'

1 9 min,cz2 LY (x) —tg 1 \/5
—(l——— e 2\/;0 N < N Tt < —(1————£)24/Zlog N.
( 21/0 ) P V2t ( 21/0 ) T8

Remark 3.1.4 Set Vy := [1, N]>?NZ>2. Let (hY)sev, be the GFF on Vi with
zero boundary conditions. Bolthausen, Deuschel, and Giacomin [22] obtained
the leading order of max,ecyvy, hY : for all e > 0,

(1 —¢)2y/2/mlog N < max hY < (14 ¢)2v/2/mlog N with high probability.
TEVN

Daviaud [35] showed that the following holds with high probability for alle > 0
andn € (0,1):

N < [z € Vv s hY 2 - 2/2/mlog N} < N*O70%e 0 (35)

Remark 3.1.5 By Lemma 3.2.4 below and Theorem 1.1 in [37], it is clear
that for 6 € (0,1), we have min,ez2 L]T\Ze (x) =0.
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We can obtain the following estimate similar to (3.5) for the GFF on Z3; by
using Theorem 3.1.2 and Theorem 3.2.5, 3.2.6 below. The proof is given in
Section 3.2.

Corollary 3.1.6 Let (h))),cz2 be the GFF on Zy. For alle > 0 and 1 €
(0, 1), the following holds with high probability:

N2=P)=2 < [z e 72, hY > - 2¢/2/mlog N}| < N2+

In order to give an intuitive explanation of the exponent in Theorem
3.1.2(i), let us give additional notation. Let d(-,-) be the (*-distance in Z3.
Set D(z,r) = {y € Z% : d(z,y) < 7’} Fix a subset A C Z%. We define its
boundary by A := {y € Z3 : y € Z3\A,d(z,y) = 1 for some z € A}, and
the hitting time of A by TA = inf{t > 0: X; € A}. We will write T, to
denote Tyyy for x € Z3. Set Ga(z,y) == E.[L7, (y)], z,y € Zy. Fix v € Z3
and 0 <r< R< % We define a sequence of stopping times as follows:

7Or, R :=inf{t > 0: X, € dD(z,r)},

oW[r,R] :=inf{t >0:X,00 € OD(z, R)}, j > 1,

>y, R)

[, R] = inf{t > o0 [r, R] : X, 0 0. € 0D(z,1)}, j > 1,

] 1 (1)[ R
where 60;,t > 0 is the shift operator. Although the definition of 70 [r, R] does
not depend on R, we write R just for notational convenience when given the
annulus D(z, R)\D(z,r). We define local times of excursions as follows:

LJ [T R] LTBD( R)(.T) 923 1 7,[ R’ ]2 1.

We now give heuristics about the exponent in Theorem 3.1.2(i). Let K, :=
n’e"n3", where b is a positive constant. We will consider the simple random
walk on Z% . Set r,y, := e"n®"" M k =0,...,n. Forz € Z% and 0 < /(<
n — 1, we write N to denote the number of excursions from 0D (x, 7y 41) to
0D(x,7y,,) up to time 7,. By concentration estimates (see Lemma 3.2.2 and

3.2.4),

NG
A 2 Tn T
(Kn)2t6 R Ty, ~ ZTgE])[Tn,la Tno] A _(Kn>210g (_7(]) Mo
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Thus, we have
N¢ = 66n*logn. (3.6)

Lg" z)—t
By the law of large numbers, if % ~- 2\/glog K,,, then we have

(6 + 277\/5) (log K,,)? Z LT, 1]

T T rn,n—l
~ anl ' GD(xJ’n,nfl)(y? I) ~ anl : } log ( ) 9

where y is a fixed point in 9D(z,7,,), and we have used an estimate on
Green’s functions (see Lemma 3.2.1). Hence, we have

N® | = 6(0 4 2nvV0)n?log n. (3.7)

To obtain the order of |£}; (), 0)|, we should estimate the probability Py(NZ_,
~ 6(0 + 2nv0)n*logn). Since for 1 < ¢ < n —1and y € dD(x,7,,), we
have Py(Top(rn i) < ToD@rme ) = % (see Lemma 3.2.1), we can reduce
the problem to the case of the simple random walk on {0,...,n}; we need to
know the probability of the event that the walk traverses 6(8 + 21v/0)n?logn
times from n to n — 1 until it crosses /Vj times from 1 to 0. By this obser-

vation, (3.6) and a large deviation estimate, we have

Po(Ny_y =~ (9—1-277\/_)77, logn) ~ (K n)—2(\/9+277\/§—\/§)2'

Therefore, if [£}; (n,0)| is concentrated around its expectation, we have

L (1,0)] ~ (K,)2 2V 04200,

The organization of the paper is the following. Section 3.2 gives pre-
liminary lemmas and the proof of Corollary 3.1.6. In Section 3.3, we prove
Theorem 3.1.2(i). The proof is based on the “refined second moment method”
in [38, 89]. In Section 3.4, we prove Theorem 3.1.2(ii).

We will write ¢q, co, ... to denote positive universal constants whose val-
ues are fixed within each argument. We use ¢;(0), c2() ... for positive con-
stants which depend only on 6. Given a sequence (ey)n>0, we will write
EN = O(lN) if th—>oo EN = 0.

34



3.2 Preliminary lemmas and proof of Corol-
lary 3.1.6

In this section, we collect useful lemmas and give the proof of Corollary 3.1.6.
We will use the following basic estimates on the two-dimensional random
walk. See, for example, Theorem 1.6.6, Proposition 1.6.7, and Exercise 1.6.8
in [67].

Lemma 3.2.1 (i) There exist c1,co > 0 such that the following hold for all
0<R< % ,z€Zi, and zy € D(z, R):

2
’GD(JU,R)(ajax) - ;log Rl < Cy,

a ( ) 2 | R < 1 + 1
z0,x) — —log | —— o —+ = .
D(aR)\0) T 08 d(zg,x) )| ~ 2 d(rg,x) R

(it) There exist c1,co > 0 such that for all0 <r < R < &, x,zy € Z% with
r < d(zg,x) < R,

log(R/d(xqg,x)) — c1/7 log(R/d(xg,x)) + co/r
log(R/T) log(R/7) '

The following lemma relates time to the number of excursions.

< ng (TaD(:ﬂ,'r’) < T(?D(.r,R)) <

Lemma 3.2.2 There exist ¢y, co, c3 such that the following holds for all r, R
with0 <2r <R <%, ci(2 + %) <6 <y, € Z%, and M € N:

927
il 2 log(R/T)

P Ur,R) > (14 6)=N?log(R/r)M | < —c36"—=L LM ) .
: (Z B = (140) N log(B/r)M ) < exp (—ead® o 2

Proof. The proof is almost the same as that of Lemma 3.2 in [38] since

Lemma 3.1 of [38] holds even for the continuous-time simple random walk.

O]

We will use the following moment estimate on local times.

Lemma 3.2.3 Fizx € Z3,0< R < %, and xo € D(z, R). For all >0,

,6 GD(xR)(:COVI) B
E _—L — 1 . ? . . .
" {eXp { G (z,2) PR ) H Gpem(@.x) 145 .
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Proof. By Kac’s moment formula (see, for example, (4) in [49]), we have for
all k € N,

Exo[<LTaD(z,R) (m))k] = k! GD(%R) (20, ) - (GD(%R) (z, x))kil' (3.9)

The equation (3.8) follows immediately from (3.9) for all 0 < § < 1. Regard-
ing both sides of (3.8) as analytic functions of 3, we can show (3.8) even for
all 8 > 1 by the uniqueness theorem of analytic functions. [

The following is a special version of Lemma 2.1 in [39)].

Lemma 3.2.4 There exists ¢ > 0 such that for allt >0 and A\ > 1,

Py[|m — tN?| > c1(\/Atlog N + Aog N)N?| < Ge 16

Proof. Note that the definition of the inverse local time in [39] is slightly
different from ours; it corresponds to 74 in our notation. Since the effec-
tive resistances between vertices in Z3; are of order log N (see, for example,
(10.20) in [70]), the statement follows from Lemma 2.1 of [39]. O
The following theorem is about the number of “late points” of X.

Theorem 3.2.5 For alle > 0 and n € (0,1), the following holds with high
probability (under Pp):

4
N> < [z €Z% : T, >n-—N?(log N)?}| < N?~21te,
T
Furthermore, for alln > 1,
4
{x € Z3 : T, >n-—N?*(log N)*}| =0 with high probability (under P,).
T

Proof. Recall that the holding times of X are independent exponential vari-
ables with mean 1. Thus, it is clear that Theorem 3.2.5 follows immediately
from Proposition 1.1 in [38], Theorem 1.1 in [37], and the law of large num-
bers for the variables. [J

The following theorem connects “thick points”, “thin points” and the GFF.

Theorem 3.2.6 (Theorem 3.1, [95]) Let (B ),ezz, be the GFF on Z3,. For
allt >0,

1
V2

where < denotes the stochastic domination.

(/LN (2) : v € Z%} < —={max(h) + V2t,0) : v € Z%},

36



Finally, we give the proof of Corollary 3.1.6 by lemmas above and Theorem
3.1.2(i).
Proof of Corollary 3.1.6. Fix e > 0 and n € (0,1). We have for all A > 0,

P({zezi ) >y-2y2/mlogN}| 2 1)
:IED(HQUGZ?V:hng—n-Q\/Q/_ﬂogNH2)\> (3.10)
<P, (){a: Ly L (@) = 0}‘ > )\> (3.11)
A (Hx €72 T, > Ttn2}‘ > A), (3.12)

where we have used the symmetry of the GFF in (3.10) and Theorem 3.2.6
in (3.11). Take A = N2727"*¢ By Lemma 3.2.4 and Theorem 3.2.5, the
probability in (3.12) goes to 0 as N — co. We have for all # > 0 and A > 0,

IP(HxEZ?V:thV 2n-2\/2/_7rlogNH g/\>
:IP’(HxEZ?V:%(hiV%—\/Q_te) > (\/5+n)-ilogNH gA)

J
9 ng(&?)—tg 772

< P (HazEZN.W > (7”%) -2\/2/_7rlogN} §>\> :

(3.13)

where we have used Theorem 3.2.6 in (3.13). Take A = N2727"~¢. By Theorem
3.1.2(i), the probability in (3.13) goes to 0 as N — oco. [J

3.3 Proof of Theorem 3.1.2(i)

Given Theorem 3.2.6, the upper bound of Theorem 3.1.2(i) is easy.
Proof of the upper bound of Theorem 3.1.2(i). Fix 6 > 0, € > 0, and n > 0.
Let (hN):,,,Ez%V be the GFF on Z%,. We have for all A > 0,

P x € 74 'M> 2y/2/mlog N | > A
0 N - \/Q_tg =1 g =

gP(erzﬁvzhfz( 9+2n\f—\/5)-2\/2/_mogNHZA> (3.14)
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:IP’(H:CEZ?V:hiVS—( 9+27)\/§—\/5)-2\/2/_7rlog]\f}’ 2)\)

(3.15)
< P, ( {xezﬁszf (7) :o}‘ 2)\) (3.16)
:P0<Hx€Z?V:Tx>Tt

"(Vorana-e)?

<m—ﬁ>2}‘ = A) ’ (3.17)

where we have used the symmetry of the GFF in (3.15) and Theorem 3.2.6

in (3.14) and (3.16). Take A = N2 2(V0+2v6-vo)*+e o - () By Lemma 3.2.4
and Theorem 3.2.5, the probability in (3.17) goes to 0 as N — oo. O
From now on, we prove the lower bound of Theorem 3.1.2(i) by applying

the methods in [38, 89]. First, we define the notion that a point is “success-
ful”. Set

Tnj 1= PR 0<k<n, K, := 0, (3.18)

where 7 € [b,b+ 4] and b is a sufficiently large positive constant. Since K,,’s
take values over all sufficiently large positive integers, we may only consider
the subsequence. From now, we will consider the simple random walk on

Z3. . Givenn e (0,1 + ﬁg), we set

ng = {6 (1—#) {\/§+( 9+2n\/§—\/5) £}2n210gnw l<n—1.

Forz € Zj and 1 <(<n—1,
Ny is the number of excursions from 0D(x,r, ¢11) to OD(x, 7, 0)
up to random time i Ta(:j)[rn,l, Tn.0)-
=0
Definition 3.3.1 Fiz z € Z{f}(n. We will say that x is successful if
INJ —ng|l <n, for1<{<n-—1.

Remark 3.3.2 We give an intuition about Definition 3.3.1. Assume that

Lf.g" z)—1 .
% ~ n-2y/2/mlog K,,. We already know that under this assump-

tion, N¥ ~ 60n*logn and N*_ | ~ 6(6 + 2nvV8)n?logn (recall (3.6) and
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g

Figure 3.1: If = is successful, (y/N{)o<e<n—1 behaves like a linear function.

(3.7)). Due to a recent work by Belius and Kistler [15’/ one expects that

conditioned on \/N§ =~ \/ng and \/N;y_, V-1, (W NF)o<i<n—1 be-

haves roughly like a Brownian bridge from \/_ to /Mp_1- Therefore we
see that (V' NP)o<e<n—1 would typically look like a linear function in ¢ with

VNG = /ng and \/NF_| = \/in_1 (see Figure 3.1). We used this insight

mn Deﬁm’tz’on 3.3.1. Note that our framework is quite different from those in
[38, 89] and so is the definition of “successful”.

The lower bound of Theorem 3.1.2(i) follows from the following three propo-
sitions.

Proposition 3.3.3 For all @ > 0 and n € (0,1 + f) the following holds
with high probability (under Fp):

{z € Zi \D(0,7p) : @ is successful} C Lf; ((1—1/loglogn)(1—1/n)n,0).
Proposition 3.3.4 For all >0, n € (0,1 + ﬁé), and x € Z%ﬂ\D(O,rnyo),

Py(x is successful) = (1 + o(1,))qn,
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where q, satisfies the following: there exists ¢1(0),c2(0) > 0 such that

e—cl(e)nlog logn(Kn)—Z(\/9+2n\/§—\/§)2 <qn < e—cg(e)nlog logn(Kn)—Z(\/ 9—&—277\/5_\/5)2.

Proposition 3.3.5 Let q, be given in Proposition 3.3.4. Fiz 0 > 0 and
ne 0,1+ ﬁ) For x,y € 73, set
Uz,y) :=min{l: D(z,rme+ 1) N D(y,mme+1) =0} An.

(i) There exist ¢1(0),c2(0) > 0 such that for all x,y € Zj \D(0,r,p) with
1 </l(x,y) <n-—2,

Py(x and y are successful)

2
< ner()ge2@)floglogn (g 42 oy, {6 (\/ 0+ 2V — \/5) Elogn} :

(i) For all z,y € Z3 \D(0,70) with ((z,y) =0,
Py(x and y are successful) = (14 0(1,,))(qn)*.

Proof of the lower bound of Theorem 3.1.2(i) via Proposition 3.3.53-3.3.5.
Fix § > 0 and n € (0,1 + 577). Set

Ly = E 1{z is successful}s an = E 1{z and y are successful} -
2€Z2. \D(0,r5,0) 2,y€L%, \D(0,rn,0)
£(z,y)=¢

We have Eo[(Z,)?] < Y)_o Eo[Wny]. Recall (3.18). Taking b large enough,
by Proposition 3.3.4 and 3.3.5, we have

Eo[Wno] < (14 0(La)(K) (@)%, D EolWnd] < 0(10)(Kn)*(g0)°.

Thus, we have
Eo[(Z,)?] < (14 0(10))(5n) (an)*. (3.19)

By (3.19), Proposition 3.3.4, and the Paley-Zygmund inequality, the following
holds with high probability:

Z,, > e~nloglogn)? (¢ )2-2(v/0+20V0-V0)? (3.20)

n
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The lower bound of Theorem 3.1.2(i) follows from (3.20) and Proposition
3.3.3. U

For the rest of this section, we will prove Proposition 3.3.3-3.3.5.
Proof of Proposition 3.3.3. We will prove the following:

Lg: (x) — 1y

Py T < (1—1/loglogn)(1 —1/n)*n-2/2/7log K,,

and x is successful for some z € Z3 \D(0,7,0)

— 0 as n — oo. (3.21)

The statement in Proposition 3.3.3 follows immediately from this. Note

that if = is successful and 7, > ZJ OTJ(:J)[TnI;rn o], we have LK"( ) >

Z?”ll "L(j)[rnn,rnyn_l]. It is clear that if 7, < E] 0 T3 )[rnl,rn 0], we

have ZJ %0 7Y [rnﬁl, Tno)] > A or 7, < A for any A > 0. By these observations,
the probability in (3.21) is bounded above by I} + I + I3, where

Np—1—"N

I, = Po[For some x € 73 A\D(0,70), Z L [Ty Tron—1]
< (0+2(1—1/loglogn)(1 — 1/n)277\/5)—(10g Kn)ﬂ,
T

Iy = F

no
Z (J)[Tnhrno] > )\, for some z € ZK \D(0, Tno)] )

7=0
13 = PO(Ttg < )\ )

where A, := (1 +1/n1/4)2/7r( )zlog(rno/rnl)no (< (1 —=1/yn)(K,)*).
By Lemma 3.2.2 and 3.2.4, we have

I, < (Kn)2 exp (—iw

< (K,)?exp(—ca(0)n2 ] =o(1,

LBt ) < (K, P exp(-ca®)nd ogn) = of1,),
I; < B, (Tte <(1- 1/\/5)(Kn)2t9) < 6exp (—c3(0)log K, /n) = o(1,).

From now, we will prove I} = o(1,). Fix z € Z% \D(0,7,,). Set P, to be

)1 - %)QM) ~ (1og an] .

Nnpn—1—N

Z LD, Tam—1] < (0 +2(1 -

i=1

Py

log logn
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We have for ¢ > 0,

¥
D(wyrn,n—l) <$7 ':E)

exp {— 1d @.2) n"i:n Lg)[m,n, rnvn_ﬂ}] (3.22)

GD(xv"'n,n—l) j=1

P, <exp { 0+2(1

B log logn

)= ) os )

. E,

¥
< exp { (04 2(1—
D(Iyrn,n—1)<m7 .'L‘)

(p Nn—-1—N
. E . I
{yeagl(i’}ﬁ“’”) ! |:eXp { GD(I,Tn,n—l)(x7 :E) foD@ a1 (x)}:| }
(3.23)

< ca(O)(pnlognt £ (logn)?) exp{—18n(logn)?f. ()}, (3.24)

1 2 4 2
i) (= V) g )2

where

fulip) = —p(0 +2(1 — 1/loglogn)(1 — 1/n)*nV0)

¥ 1/4 2
+ m@ — 1/ (1 = 1/n)%(0 + 27V9).

We have used the exponential Chebyshev inequality in (3.22), the strong
Markov property at times Zg;é 7t )[rnm, Tnm—1),1 < j <np_qy —nin (3.23),

and Lemma 3.2.1(i), 3.2.3 in (3.24). Taking ¢ at which f,(¢) attains the
maximum, we have

nlogn

P, < e Digiosn exp{—cg(0)n(logn/loglogn)?} = o((K,)?).
Therefore, we have proved I, = o(1,) and (3.21). O

Proof of Proposition 3.3.4. Fix x € Z3 \D(0,r,p). By Lemma 3.2.1(ii)
and the strong Markov property, we have

Py(x is successful) = Z P(Nf=myfor1<{<n-—1)=1+0(1,))qn,
(3.25)

T (e me — 1 (Lymermes 596
G .—ZH o (2) . (3.26)

where
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Here the summations in (3.25) and (3.26) are over all my,..., m,_1 with
|m; — n;| < nfor 1 <i<n—1. By the Stirling formula, we have for all m;
with |m; —n;| <n,1 <i<n-1,

2

Vv

2
. (me)_1/2~e><p{me_1f( e }

-1
> (me)_l/z - exp {—mé—l (

(me +my1 — 1) <1>m‘+mf1 cr (mg A+ my_y)mermer <1>mz+W1
my Ve o (mg)™e(my—y) e

3

(mf —1)2—1—02(6’) e

my— my—

1 =

(3.27)

> c5(0)n"(logn) /% exp {—6 ( 0+ 2nV6 — \/5) 2 log n} : (3.28)

where f(u) := (1 +u)log(l +u) —ulogu — (1 + u)log2,u > 0 and we have
used the Taylor expansion of f around 1 in (3.27). Therefore, we have by
(3.26) and (3.28)

2
gn > 1" Heg(@)n (logn) VA Lexp {—6 < 0+ 20V6 — \@) nlog n}

> (ca(0)(logn) /2y L (K, ) 2HVoraE- VO,

By a similar argument, we can obtain the upper bound of ¢,. [

In order to prove Proposition 3.3.5, we make some preparations. Fix
x€Zand 0 <l <n—1. Set e® :={X;:0<t<Typ )}, and

ZyTn, 0+1

(4)

e i= {Xt+Z§;B 78 [Py 17, ] " Oz [TH’Z—H’ Tn,e] sts sz) [Tn7g+1,7’n’g]} iz b

Let GF := (e : i > 0). We will use the following lemma iteratively.
Lemma 3.3.6 Fizn € (0,14 :%-) and 6 > 0. There exists ¢, with lim &, =

2v0 n—00
0 such that the following holds for all 0 < ¢ < n — 2, my with |my — ny| <
n, M1, ..., Myy >0, and x € Z3 \D(0,7,0) :

Po(NF =m,; foralli=1¢,...,n—1|G))
= (1 +€n>P0(NZx =m,; fOT’ all i = g—i- 1, Lo, — 1|.Z\/Yez = mg) . 1{Nf:mg}-
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Proof. The proof is almost the same as that of Corollary 5.1 in [38] since
Lemma 2.4 in [38] holds even for the continuous-time simple random walk.
O

Proof of Proposition 3.3.5. Proposition 3.3.5(ii) follows immediately from
Lemma 3.3.6. We will prove Proposition 3.3.5(1). Fix x,y € Z3 \D(0,7,0)
with 1 < /l(z,y) <n — 2. We will write

0= L(z,y).
By Lemma 3.3.6,

Py(x and y are successful)
< B(INFf —ngl <nfori=1,....,0=3,(,...,n—1,
and [N/ —n;| <nfori=4¢...,n—1)
< (14o0(1,)B(|N —ni| <nmfori=1,....,0—3,¢,...,n—1)
> BR(N!—n <nfori=(+1...,n—1N/=m). (3.29)

my:lme—ne|<n

Note that since D(y, 70—1) C D(x, 7 0—2) and D(z,7y0-1) VD (y, Tne—1) # 0,
excursions between 0D (x,ry,;41) and 0D(x,ry,;),i = { — 2,¢ — 1 may enter
in D(y, rnes1). In particular, events {|NF —n;| <n},i =¢—2,¢—1 are not
in G/ and thus are excluded from (3.29). We will prove the following:

Z Po(IN/ —nil <nfori=0+1,...,n— 1N/ =my)

me:lme—ng|<n

2
< ¢y (9)ne2®)floglosny oy {6 ( 0+ 2nV0 — \/5) (log n} ,

(3.30)

Py(INF —ni| <nfori=1,...,0—-3,(,...,n—1)
< CS(0)n04(0)605(6)€loglognqn' (331)

Proposition 3.3.5(i) follows from (3.29), (3.30) and (3.31).
First, we prove (3.30). By Proposition 3.3.4 and Lemma 3.3.6,

(1+ 0(1,))g, = Po(y is successful)
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> (1+o0(1,)) Z Po(IN/ —ni| <nfor1<i<{—1, N/=my)

mg:|my—ng|<n
- By(IN/ —ny| <nfor 0 +1<i<n-—1|N/=my).
(3.32)

By a similar argument to the proof of Proposition 3.3.4, we have for all m,
with |my —ng| <mn,

Po(IN/ —nil <nfor1<i<{—1, N} =my)
2
> et DR exp {—6 < 0+ 2nv6 — \/5) (log n} . (3.33)

(3.30) follows from (3.32) and (3.33).
Next, we prove (3.31). By Lemma 3.3.6, (3.30), and a similar argument to
the proof of Proposition 3.3.4, we have

Py(INF —n;| <nfori=1,...,0—=3,¢,....,n—1)
< (14+0(1,)B(|NS —ny| <nfor1 <i</{-—3)
Z Po(INS —ni| <nforl+1<i<n-—1|N;/=my)

my:[me—ng|<n

2
< emer(O)(t=3)loglogn ¢ 1, {—6 ( 0+ 2nV0 — \/5) (¢ —3)log n}

2
- ¢1(0)gnec2Otloslosn oy {6 ( 0+ 29V6 — \/5) €logn}

< qnncg(ﬁ)ecg(ﬁ)élog logn.

Therefore, we have proved (3.31). O

3.4 Proof of Theorem 3.1.2(ii)

In this section, we prove Theorem 3.1.2(ii). First, we show the lower bound.
Proof of the lower bound of Theorem 3.1.2(ii). Fix 6 > 1, ¢ > 0, and
ne(0,1— #@) We have for all A > 0,

)

9 ng(il?)—te
PO IEZN:WS—H-Z\/Q/WIOgN
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v
=
/

zeZ: b < — (\/5— \/9—277\@) 2\/2/_7rlogN}' > A)

(3.34)

{
{xGZ?\,: hy > (f—\/e—zm/é) 2\/2/_7rlogNH 2)\)
{

I
=

(

(3.35)

P( v ez %@%W) z\/é.z/ﬁlogjv}‘ 2)\)
> Py ( Lk <n\/§/\/6 — V0,0 — 277\/5)' > >\> : (3.36)

where we have used Theorem 3.2.6 in (3.34) and (3.36), and the symmetry

of the GFF in (3.35). Take A = N2 2(V6-V6-20V0)’~= By the lower bound of
Theorem 3.1.2(i), the probability in (3.36) goes to 1 as N — oo. [

Next, we prove the upper bound of Theorem 3.1.2(ii).
Proof of the upper bound of Theorem 3.1.2(ii). Fix § > 1, ¢ > 0, and > 0.
Set

1 2 K
=1 - — =1 -— [26(1 ]\/v3/27
aq /—logNa (%) logN + (lOg N)3/4a my I— ( og ) ]

2
Ay = (1 + K/2(log N)Y*)=N%log(N“ /N°?)my,
m

where K is a sufficiently large positive constant. We have for all A > 0,

LY (z) —t
P0<{x€Z?V: Mg—n-Z\/Q/ﬂlogN} ZA)
1)

V2
< B ( { €+ 3 LOIN, N < (0 — 20v/B)/x(log N)?}

j=1
(3.37)
my '
+ 5 (Z TU[N2 N“] > Ay for some z € Z%) (3.38)
=0
+ Py (T, < AN)- (3.39)
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By Lemma 3.2.2 and 3.2.4, (3.38) and (3.39) go to 0 as N — oco. In analogy
to the proof of Proposition 3.3.3, by Lemma 3.2.1 and 3.2.3, we have for all
r €%,

Fo (Z LY[N*2 N < (6 - 277\/5);(10g N)2> < N—2V0-V0-20v8)*+o(1n)

j=1

Therefore, by taking A = N2-20V0-V6-20V0)*+e o can show that (3.37) goes
to0as N — oo. U
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Chapter 4

Extremes of local times for
simple random walks on
symmetric trees

We consider local times of the simple random walk on the b-ary tree of depth
n at time much larger than the maximal hitting time and study a point
process which encodes the location of the vertex with the maximal local time
and the properly centered maximum over leaves of each subtree of depth
r, rooted at the (n — r,) level, where (r,),>1 satisfies lim,, o r, = 00 and
lim,, oo rn/n € [0,1). We show that the point process weakly converges to
a Cox process with intensity measure aZ.(dz) ® e V80 ¥dy where o > 0
is a constant and Z., is a random Borel measure on R characterized by the
so-called derivative martingale of the associated branching random walk. As
a corollary, we establish the convergence in law of the maximum of the local
times over leaves to a randomly shifted Gumble distribution.

4.1 Introduction

Much efforts have been made in the study of the so-called log-correlated
random field such as the branching Brownian motion (BBM), the branching
random walk (BRW), and the two-dimensional discrete Gaussian free field
(DGFF). One of the remarkable features of these models is that laws of
their maxima share the common property: each of the laws weakly converges
to a randomly shifted Gumble distribution [66, 2, 26]. It is believed that
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each of the limiting extremal processes of a wide class of log-correlated fields
converges to a so-called randomly shifted decorated Poisson point process
[91] and it is established for the BBM [3, 8] and the BRW [75], and partially
for the two-dimensional DGFF [19, 20].

It is well-known that local times of random walks on graphs have close
relationships with DGFFs thanks to “the generalized second Ray-Knight
theorem” [47] which has many applications, for example, to cover times [40,
39, 95]. Since occupation time fields of simple random walks on trees or on the
two-dimensional lattice are closely related to BRWs or the two-dimensional
DGFF respectively, it is natural to expect that their maxima and cover times
belong to the universal class mentioned above: it is known that cover times
have the subleading terms similarly to other log-correlated fields [41, 14], but
further details are still open.

In this paper, we consider local times of the simple random walk on the
b-ary tree of depth n at time much larger than the maximal hitting time and
study convergence of a point process encoding extreme local maxima of the
local times as n — oo.

To state our result, we begin with some notation. We fix an arbitrary
integer b > 2 throughout the paper. We will write 7" to denote the b-ary tree
with root p: this is a rooted tree whose vertices have exactly b children. Let
T; be the 7th generation of T'. Set T, := U T;. For v € T, we will write
|v| to denote the depth of v. For u € T, let T" be the subtree of T" rooted at
u, and we define T} and T2, similarly. For v,u € T', let v A u be the most
recent common ancestor of v and u. Let X = (X¢, t >0, Py, veTs,) be
the continuous-time simple random walk on T<,, with exponential holding
times of parameter 1. We define the local time of X by

1

t
= —— | Ixi—nds, vE T, t>0,
deg(v)/o (om0 €T

LY(v):
where deg(v) is the degree of v, and the inverse local time by
7(t) :=1inf{s > 0: L}(p) > t}, t>0.

Let E(T) be the set of edges on T. Let (Y.)eepr) be independent and
identically distributed random variables whose common law is the normal
distribution with mean 0 and variance 1. To each v € T, we assign h, :=
Z‘f:‘l Yev, where ef, ... €, are edges on the unique path from p to v. We
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will call (hy)yer @ BRW on T'. It is well-known that the so-called derivative
martingale

D= 3 (ViogD n— o, ) VR )
veT,

converges almost surely as n — oo, and the limit

Dy, = lim D, (4.1)

n—o0

is positive and finite almost surely (see, for example, [17, Theorem 5.1, 5.2]
or [2, Proposition A.3]).

Fix t > 0 and n € N. To each v € T, we assign a distinct label
(D1, ..., 0p) with 7; € {0,...,6 =1} for all 1 < i < |v| so that the ver-
tices with labels (Uy,...,T, k), k € {0,...,0 — 1} are children of v. We
define the location of v € T' by

o(v) = —. (4.2)

For each (z,y) € R? we will write d(,,) to denote the Dirac measure at
(x,y). For each 0 < m < n, we define the point process by

=(m) . _
—nt T GZT 5<a(argmaxu L:f(t)), maxyeru oy /L’:m(v)—\/i—an(t))’ (4?))
where the centering sequence a,(t) is given by
3 1 Vi+n
an(t) == +/logbn — ———=logn — ———=log | ——— |, 4.4
®) s 4/logb 2" 4/logh g( Vi ) (4.4)

and for each u € Tp,, argmax, L7, is the vertex v, on T3, C T, with

L7 (vs) = maxyery L7, (v). If two or more vertices on T, attain the

maximum, we take the vertex argmax,, LZ(t) so that o (argmaxu LZ(t)> is the

largest among such vertices. We regard ES’I) as an element of the space of

all Radon measures on Borel sets of R? topologized with the vague topology.
Since this space is metrizable as a complete separable metric space, we can
consider weak convergence of sequences of random measures. Given a random
measure v on R?, we will write PPP(v) to denote a point process on R? which,
conditioned on v, is a Poisson point process with intensity measure v (that
is PPP(v) is a Cox process). We now state the main result of this paper:
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Theorem 4.1.1 There exist ¢; > 0 and a non-atomic random Borel measure
Zoo on R with Z(R) = Z,([0,1]) = Dy in law such that the following
holds: for any sequence (t,)n>1 with limn_,oo% =6 € [0,00] and t, >
cinlogn for each n € N, and any sequence (ry,)n>1 with lim, . r, = 00 and
lim,, o rn/n € [0, 1), the point process Eg};f”) weakly converges to a Cox
process

PPP( BiYs Zoo(dz) @ 21/log b e72VI8? ydy) (4.5)

7

as n — 0o, where

O£l if 6 € [0,00),

6++/1og b
1 if 0 =00
and
¢
Yy := lim zeViceb 2p (max —h, > /logh { + z) dz. (4.7)
{—o0 02/5 veTy \/_

Remark 4.1.2 The existence of the limit (4.7) is non-trivial. It is proved in
the proof of Proposition 4.5.1. Results similar to Theorem 4.1.1 are known
for the BBM [7] and for the two-dimensional DGFF [19]. Our setting is
inspired by [24].

By Theorem 4.1.1 and a tail estimate of the maximum of local times over
leaves (Proposition 4.3.1(i) below), we have:

Corollary 4.1.3 There exists ¢; > 0 such that for all A € R and any se-
quence (t,)p>1 with limn_m@ =0 € [0,00] and t,, > cynlogn for each
neN,

_iﬁ**Doo72\/@)\
Jm Py (I%%X L2, (0) € Vin + an(t HA):E[G e !

(4.8)
where B, and 7y, are given by (4.6) and (4.7), respectively.
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Remark 4.1.4 Let (hy)ver be a@ BRW on T. By Theorem 4.2.4(ii) and
Lemma 4.7.7, one can show that for all A € R and any sequence (t,)n,>1 with

lim,, 00 v/, /1% = 00,

1
lim P (max —h, <m, + )\)
n—00 veETy \/§
Doe—2VI0EA

= | n < — 7%7*
Jm F, (Hé?x L3 (0) < Vw4 A) E e ’
(4.9)

where 7, is given in (4.7) and the centering sequence m,, is defined by

3
ni=/logbn— ———1 :
m ogbn Viosl ogn

(Note that convergence of the mazimum of the BRW has already been estab-

lished in [9, 2].) By Corollary 4.1.3, to make the limit law ofme%x L, ()=
vEln "

Vi, — an(ty,) the same as (4.9), we need to take a,(t,) as follows :

( 1 n log(logb) T Vin _
My, — 4—mlog <m> — (;gﬁ(;ib ;o if limy e 2 =0
@nltn) = § 1y — g log (22T if T, o0 Y22 = 6 € (0,00),
My, if limy, oo */Tr" = 00.

\

(We assumed that t,, > cinlogn for each n € N and some sufficiently large
c1 > 0.) Thus, to obtain the limit law (4.9), we need non-trivial extra cor-
rections in the case lim,, oo \/tn/n € [0, o0) and exactly the same centering
sequence as the one for the BRW in the case lim,, o v/t,,/n = 00.

The organization of this paper is as follows. Section 4.2 gives preliminary
lemmas which we use repeatedly throughout the paper. In Section 4.3, we
obtain tail probabilities of the maximum of local times over leaves which
are essential to next sections. In Section 4.4, we show that two leaves with
local times near maxima are either very close or far away. This implies that
E,(g%nmx[z, 00) = Eg?;f")mx[z, ) with probability tending to 1 as n — oo and

then ¢ — oo, which is one of the key steps in the proof of Theorem 4.1.1.
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In Section 4.5, we obtain a limiting tail of the maximum of local times over
leaves which is crucial to study the Laplace functional of Eff% In Section
4.6, we give the proof of Theorem 4.1.1 and Corollary 4.1.3.

To prove Theorem 4.1.1, we use techniques developed in [42, 26] in the
context of the two-dimensional DGFF. Since local times are not Gaussian
random variables, we need some modifications in our setting. To overcome
the difficulty, inspired by [41, 14], we apply the generalized second Ray-
Knight theorem mentioned above. It implies that the local time process
along the path from the root to a leaf behaves like a zero-dimensional squared
Bessel process and this enables us to employ the argument of [42, 26]. We
should emphasis that it is more convenient to study “continuous” version
of local times rather than the original “discrete” ones especially when we
estimate tail probabilities of the maximum of local times over leaves. To
take the advantage, motivated by [72, 95], we consider the local time process
of the Brownian motion on the associated metric tree as the “continuous”
version.

We will write ¢y, c9,... to denote positive universal constants whose val-
ues are fixed within each argument. We use ¢ (M), co(M) ... for positive
constants which depend on M. Given sequences (¢, )n>1 and (¢}, )n>1, we will
write ¢, = O(c,) if there exists an universal constant C' such that |¢),/c,| < C
for all n > 1, and we will write ¢/, = O,(c,) if the constant C' depends on r.
We write |S| to denote the cardinality of a set S.

4.2 Preliminary lemmas

In this section, we collect some lemmas which we use repeatedly throughout
this paper. We first recall metric trees and Brownian motions on them. In the
study of local times of random walks on graphs, Lupu [72] and Zhai [95] found
usefulness of the corresponding metric graphs and Brownian motions (or their
discrete approximations). We follow the approach and find its advantages in
obtaining precise tail probabilities of the maximum of local times over leaves
on the b-ary tree. Let T be the b-ary tree. We regard each e € E(T) as an
interval of length 1/2 by setting I. := {e} x (0,3). Set I, := I, U{e",e"},
where e, et € T be the endpoints of the edge e. Let 7, be the map from
I, to (0,1) defined by 7.((e,z)) := z. We extend . to the map from I, to
[0, 1] by setting me(e”) := 0, m(e*) := 1. We define a metric tree of depth
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n by
Tew:=TU |J I,
6€E(T<n)
where F(T<,) is the set of all the edges in T<,. We define the metric d(-, )

on T<n as follows: for z,y € T<n, let e, and e, be the edges with « € I, and
y € I, respectively. In the case I, # I.,, we set

o) = i {1 () = 7, (0] + 50,0 + P 0) = 7, ()] .

where d is the graph distance on 7%, and the minimum is taken over v €
{e,, x} and u € {e,,ef}. In the case I, = I, we set d(z,y) := |7, (v) —

e, (y)|. We define a measure m on Tgn by

m(de) = > 1 (z)ve(dx),

€€E(T§n)

where v, := v om,, and v is the Lebesgue measure on (0,1/2). We have a
m-symmetric Hunt process on Tgn with continuous sample paths such that
on each I, it behaves like a standard Brownian motion on (0,1/2) until it
hits {e, e}, and when it starts at a vertex v, it chooses one of the edges
incident to v uniformly at random, and moves on it as described above.
See, for example, [50, 63, 72] for the construction. We write X = (Xt,t >
0, Px, T E T<n) to denote the process and call it a Brownian motion on T<n

It is known that X restricted on T-,, behaves like a simple random walk on
T<, in the following sense: for all v € T,, and 1 <i < deg(v),

1
deg (v)’

where vy, ... Vgeg(v) are vertices on T, adjacent to v, and S, is the hitting

P,(Xg, =v;) = (4.10)

time of {v1,...,Vaegw)} by X. See, for example, [50, Theorem 2.1] or [72,
Section 2]. By [72, Section 2], X has a space-time continuous local time
{Z?(m) : (t,x) € [0,00) X Tgn} and the following holds for each v € T,
under ]SU:

1

deg(v)
(4.11)

Zgﬂ(v) has the same law as exponential distribution with mean
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We define the inverse local time by
F(t) :=inf{s > 0: L"(p) > t}, t>0.
By (4.10) and (4.11), we have

the law of (Zg(t)(v)> under ﬁp

vET<y

is the same as

that of (LZ(t)(v)) under P,. (4.12)

UETS

The following is a remarkable property of local times of the Brownian motion
on T<,. The discrete version has already been considered in [39, Lemma 2.6].

Lemma 4.2.1 Fizn € N;t > 0, and a € T<,\T,,. Let F' be the o-field
generated by L%, (x), © € {a} UT<,\T", where T is the metric tree cor-

responding to the subtree T2, . Then, the law of {Zg(t) (x):z € f“\{a}}

under ﬁp(|]ﬁ) is the same as that of {Zi@n ) (x):x € Ta\{a}} un-
T F(t) a

der P,, where {Zi(m) : (t,x) € [0,00) % Ta} is a local time of a Brownian

motion on T* and 7(t) == inf{s : L'(a) > t}.

The proof of Lemma 4.2.1 is given in Section 4.7.1.

Let {h, : € T<,} be a centered Gaussian process with E(%xﬁy) = Em(ng (y))

for all z,y € fgn, where H, := inf{t > 0 : X, = x}. We will call

{hs : ® € T<,} a Gaussian process associated with 7<,. We have an ex-
plicit representation of the covariance of h.

Lemma 4.2.2 For all x,y € T;m

E(hshy) = d(p, ) + d(p,y) — d(z,y).

The proof of Lemma 4.2.2 is given in Section 4.7.2. Let {h, : # € T, } be

a Gaussian process associated with Tgn and (hy)yer be a BRW on T. By
Lemma 4.2.2, we have for all n € N

{hy :v e T} ={h,:veTs)}, inlaw. (4.13)

Lemma 4.2.2 implies the following.
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Corollary 4.2.3 Let {h tx € T<n} be a Gaussian process associated with

T<n For any leaf v € T, the law of {h : 0 < s < n} is the same as that
of a standard Brownian motion {Bs : 0 < s < n} on R, where v is the point
on the unique path in T<,, from p to v with d(p,vs) = s/2.

The so-called generalized second Ray-Knight theorem connects local times
and associated Gaussian processes:

Theorem 4.2.4 (i) ([{7, Theorem 1]) Fizn € N. Let {h, : © € T<n} be a
Gaussian process associated with T<n For each t > 0, the law of {L” t)( x)+
;hi : 1 € T, } under P, x P is the same as that of{g(hm—l—\/_) cx €Ty}
(i1) ([95]) For allt > 0 and n € N, on the same probability space, one can
construct a local time (L7, (v))ver., and two BRWs (hy)ver.,,, (I,)ver., on
T, satisfying the following:

(L7 (v)vere, and (hy)ver., are independent, (4.14)
1 2 1 / 2
rm(v) + §(hv) =35 (hv + \/%) ., for each v € T, almost surely.
(4.15)

The construction of the coupling in Theorem 4.2.4(ii) can be found in the
proof of Theorem 3.1 of [95]. Let C[0, oco) be the space of real-valued con-
tinuous functions on [0, oo) and B(C|0, 00)) be the o-field generated by
cylinder sets in C'[0, co). We have a nice connection between the local time
and the O-dimensional squared Bessel process.

Lemma 4.2.5 For allt > 0 and v € T,,, the law of {Zg(t)(vs) :0<s<n}
is the same as that of {3X,: 0 < s < n} under Q,, where Q% is a law on
(C[0,00), B(C0,00))) under which the coordinate process {Xs:s >0} is a
d-dimensional squared Bessel process started at x.

The proof of Lemma 4.2.5 is based on an additivity property of squared Bessel
processes, Corollary 4.2.3 and Theorem 4.2.4(i). See [14, Proof of Lemma 7.7]
for the details. It is known that the laws of O-dimensional and 1-dimensional
squared Bessel processes are related to each other by the Radon-Nikodym
derivative

Q) z\* 3 /11
dQllfm{HO»} <Z> exp —g/o st , (4.16)



for all t > 0 and = > 0, where Hy := inf{t > 0 : X; = 0}. See, for example,
(14, (7.30)]. The transition semigroup {QY : ¢t > 0} of a 0O-dimensional
squared Bessel process is given by

Q¥(x,-) = exp <_2£t> oo + @t(x, ), x>0, (4.17)

where 6, is the Dirac measure at 0 and Q,(z, -) has the density

g5 (x,y) = l\/geXP (—x +y) I (ﬂ) . oy € (0,00),  (4.18)

2t 2t t

where I;(-) is the modified Bessel function of the first kind

O /o 2k+1 1
Il(x):z<§> It (4.19)

We will use the following asymptotic behavior of I;(-):

Ii(z) = ;:rz<1 +0(1/z2)), asz — oc. (4.20)

;

See, for example, [86, Chapter XI, §1] for the details on 0-dimensional squared
Bessel process. To estimate tail probabilities of the maximum of local times
over leaves, we frequently use the following.

Lemma 4.2.6 (/26, Lemma 3.6]) Fiz a constant C > 0. For z > 0 and
s> 0, set

B B
s.(x)dx := PP > edx,—= < z, 07’all0<r<s)
poc(alde = 7P (Dt can 2 <o poranto <1 <
1 12 2*12
:\/%(e_s—e_@s))daj, x < z. (4.21)

(i) There exists ¢; > 0 such that for any z > 1 and nonnegative measurable
function f on (—oo, 2_1_21/20]7

B
EO |:f <Bs/\/§> 1{Br/\/ﬁgz—l—zl/zo-l—C(r/\(s—r))1/20, for all OSTSS}]

2421/20
< / f(l’)zsi?ﬂeiw?/s (Z + 2120 — Liosoqarzo iy lissoiqatzopyy

[e.9]
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+Zl/201{x2z+%z1/20}1{s§2(z+z1/20+1)}) dz. (4.22)

(ii) There exist ca > 0 and a function §, with lim, . §, = 0 such that for all
2 > ¢y, s > 422, and nonnegative measurable function f on (z - 0} ,

B
EO [f <BS/\/§) 1{Br/\/§§z+zl/20+0(7‘/\(5—7”))1/20, for all 0<r<s, Bs/ﬂe(z—ﬁ, 0]}]

< (1+46.) f(@) s () doz (4.23)

2=z

The statement of Lemma 4.2.6 is slightly different from [26, Lemma 3.6]. The
proof of Lemma 4.2.6 is given in Section 4.7.5 for the sake of completeness.

4.3 Tail of maximum of local time over leaves

The aim of this section is to obtain the following tail estimates of the maxi-
mum of local times of the simple random walk on the b-ary tree over leaves.
Recall (4.4).

Proposition 4.3.1 (i) There exist c1,co € (0, o0) such that for all t >
0,y >0, and n € N,

2
P, (m VL) 2 Vit a,(t)+ y) < er(1+ y)e VIR Vet (4.24)

(i1) There exist c3 > 0 and ng € N such that for all n > ng, y € [0,24/n],
andt > n,

P, (m I @) = Vi an(t) + y) > eyl +y)e 2P Y. (4.25)
vEln

We first prove Theorem 4.3.1(i). Fix k € <#m,oo>. For y > 0 and
n € N, set

GZ(t) D= {there exist v € T,, and 0 < s < n such that

L2y () > Vit = wll )8+H(10g(8A (n—S)))++y+1},

(4.26)

where ¢, := max{c,0}. We need the following.
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Lemma 4.3.2 There exist c1,co € (0, 00) such that for allt > 0, n € N,
and y > 0,

~ y2
P,(Gy(t) <er(1+ y)e 2vioeb yemeaty (4.27)

Proof. We first consider the case y > M, where M is sufficiently large
constant. For a fixed ¢ € (0,1), set

Gyin(s) = Vi + a":)s + r(log(s A(n—s)))y +y+1, 0<s<n, (4.28)

an(t) . . .
My1.n(j) = \/E%—Jj—i-/ﬁ ‘min (log(rA(n—r)))++y+1, 0<j<n-—1
n JSr<j+l

Recall the probability measure Q¢ defined in Lemma 4.2.5 and set

7 := inf {s >0:+/Xs/2> gyﬂg,n(s)} :
where X is the coordinate process. By Lemma 4.2.5, we have
Bp(Gy(t))

< 15,3 there exist 0 < j <n —1,v € T4, and s € [j,j + 1] such that

Lg(t) (vr) < gy,t,n(T)7 for all 0 S r S ja \/ Lg(t)(vs) 2 gy,t,n(8)>
n—1
S b]+1Q(2)t <7- € (]7.7 + 1]7 \/ Xj+1/2 2 5my,t,n(j)>

j=0
n—1
+) QY (T € (J,j+1], \/Xjm1/2 < 5my,t,n(j)>
7=0
n—1 n—1
=) Yy Y. (4.29)
=0 =0

Fix 0 < j <n—1. We first estimate I]@). We have

P =y, ll{fe(a‘,jﬂ)}@g@ (m = 5my’t’n(j)> ]
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X
=0°% |1 . T
QZt |i {re(i,j+1)} XP ( 2(] +1— 7_)>:|
26%(my 1. (4))* /X, ]z Yotz VX, z
Liregijrny /0 20 +1-7) )4

: e 20G+1-7) ]1 .
j+1—1) j+1l—71
=: Jl + JQ, <430>

+ QY

where we have used the strong Markov property of a O-dimensional squared
Bessel process in the first equality and (4.17)-(4.18) in the second equality.
By the definition of 7, we have

Ji < exp{—(my.a(5))"} (4.31)

Assume that 7 € (j,7 + 1). Recall (4.19). If 2z < M(j}—l:TF, then we have

I (ﬂ) < i(\/ﬂ/z)%“; < ey (M). (4.32)

— ' <
j+1l—71 — K'(k+1)!
If 2 > M(j;—l:T)Q, then by (4.20) and the assumption that M is sufficiently

large, we have
VXrz

XT j+1—7
I <—V’") <ep (4.33)
J+1l-7 VX2
Jj+1-7
By (4.32) and (4.33), we have
Jy < es(M) ( i gy,t,nm) exp{—cilmyen()?} (434)
J<r<j+1

where we have used the inequality (j + 1 — T)*l/QeWH%T <e“ife>1/2.
By (4.31) and (4.34), we have
n—1 n—1
Zbﬁl[j@) < c5(M) Zbj+16706(\/f+y+1)26767(\/E+y+1)j < cg(]\/[)e’c6(‘/£+y+1)2,
§=0 §=0

(4.35)
where in the last inequality, we have used the assumption that y > M and
M is sufficiently large.

Next, we will estimate I]O). Fix 1 <j<n—1. We have

1 .
2t \ 4 3 (It ds
V- |- 2 / — )1 :
J Qz Xt “PATS o X {TE(J}J‘HL %zamy,t,n(j)}ﬂ{ffowﬂ}
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| Vg :
< mp\@ B./V2 < gyun(r), forall 0 <r < j,
B./V2 > gyun(s), for some j <s < j+ 1)
(5my,t7n<])

ng (Bs/\/§ > gyin(j+8) — V1, for some s € [0, 1])] :

LB, /V3 < gyan(r)—VE, for all 0<r<s}

(4.36)

where we have used (4.16) in the first equality, the fact that the law of
a 1-dimensional squared Bessel process is the same as that of a square of a
standard Brownian motion on R in the second inequality, and the translation
invariance and Markov property of B in the last inequality.

Let PJB be the probability measure defined by

- { V2a,(t) B (an(t))zj}

BB A\ _ B , '
Py (A) = Ej - r p , Aeco(Bs:s<j).

(4.37)
By the Girsanov theorem, under PjB, the process

{Es = BS—@s:ogsgj} (4.38)

is a standard Brownian motion on R started at 0. Note that we have

a,(t ) . . 1 .
Gy (r) == 75 >7" < y+cotrlog(iA(n—7))+eo(rA(—r)), 0<r<j,

a,(t) . . .
Gy (i +8) = Vi = #J >y—cntrlog(jA(n—7j)), 0<s<L
By this and (4.36), we have

6my,t,n(j) I(l)

\/l_f J

61



Ve . (an(®)?;

€ TE <ytcotrlog(jA(n—j))+e10(rA(j—r))L/20, for all OSTSJ}

B
< E!

0<s<1 /2

B . .
PEBJ_ (max — >y—ci1+rlog(jA(n —j)))]

_2an(), (en()?; Y . .
< cppe  n n2 1—0—j,—+1 (y+69+mlog(j/\(n_j))>

njw

2
(4 A ()~ 2VIoBP meme,

J
(4.39)
where we have used Lemma 4.2.6(i) and the estimate
B Bs —\2
Py | max >AN) <e ™, foreach A >0 (4.40)
0<s<1 4/2

(see, for example, [61, Chapter 2, (8.4)]) in the last inequality. Similarly, in
the case j = 0, by (4.16) and (4.40), we have

By
[0(1) <Py (()rgixl E >y + 1) < cppe”WHD? (4.41)

Thus, by (4.39) and (4.41), we have

n—1 ' 5
STV < g1+ y)e YRR Vet (4.42)
=0

Thus, by (4.29), (4.35) and (4.42), we have (4.27) for y > M. For y < M,
(4.27) holds if we take ¢, in (4.27) sufficiently large depending on M. O
Using Lemma 4.3.2, we now prove Proposition 4.3.1(i):

Proof of Proposition 4.3.1(i). Recall (4.26) and (4.28). We have

P, (gé%f \/ L (v) = Vit a,(t) + y)

< ]3,, (there exists v € T,, such that \/Zg(t)(vs) < Gyin(s), forall s <n,

\Le (@) € [\/ﬂ an(t) +y, Vt +a,(t) +y + 1])
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+ P,(G1(1)). (4.43)

Fix v € T},. Recall the probability measure ﬁf and the process B defined in
(4.37) and (4.38). By using Lemma 4.2.5 and (4.16) in a way similar to the
derivation of (4.36), we have

7 t ~ (=
ViE+ Oi;é ) +y P, (VL%)(US) < Gyin(s), forall0 <s<mn,

VL) € VE+an(t) +y, VEi+an(t) +y + 1})

~ _VZan(®) 5 _ (an(t)?
SE,? [e T |

1 ~
<y+1l+4cik(sA(n—s))20, for all 0<s<n, 3%6[y,y+1]}:|

\/E+n
Vi

{

2
< Cgb_n(l + y)e—%/logb ye—cg;%

S

(4.44)

where we have used the inequality

Qn (t)

Gyin(s) =Vt —"Ls <y+1+ch(sA(n—s)/? foreach 0 <s<n
n

in the first inequality, and Lemma 4.2.6(i) in the last inequality. Thus, by
(4.43)-(4.44) and Lemma 4.3.2, we have (4.24). O

Next, we prove Proposition 4.3.1(ii). Fix § € (0,1). For v € T, set the
event

= (¢
An(t) = {5\/¥§ \/ L2 (vs) <vi+l ()s+y—|—1, for all 0 < s <mn,

n

VL2 (0) € VE+ an(t) + . VE+ an(t) +y + 1)}. (4.45)

To obtain Proposition 4.3.1(ii), we will apply the second moment method to
ZveTn Lan(r). We first need the following:

Lemma 4.3.3 There exist ¢y > 0 and ng € N such that for all n > ny,
y €10,2y/n], t >n, and v € T,

Py(A2(1)) > exb (1 + y)e 2VoEb v, (4.46)
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Proof. By Lemma 4.2.5 and (4.16), we have

Py (A7 (1))

<

B an(t)
201\/ﬂ+an(t)+y+1po (—(1—5)x/%§Bs/\/§< syt L,

for all 0 < s < n, B,/V2 € [an(t) + y, an(t) + y + 1))

NG
>c J1— Jo), 4.47
> 1\/ﬂ+an(t)+y+1<l 2) (4.47)
where we have used t > n to show that exp <—§ On %) > ¢ under the event

that \/X;/2 > 5v/t for all 0 < s < n, and set

B, a(t
Jy = P&B(— < a—<>s+y+1, for all 0 < s <n,
n

NG, € an(t)+[y,y+1)>,

SIE

B,
Jy = PP (E < —(1—0)Vt, for some 0 < s < n,

We first obtain an upper bound of J;. By using the density

€ an(t) + [y, y+ 1)) :

S

2(2z — z—a)?
Py (Bs € dx, nax B, € dz) = %e_@ 7 drdz, s > 0,2 < 2,2 >0,
<r<s TS

(4.48)
(see, for example, [61, Chapter 2, Proposition 8.1]), for all n € N and y €
[0,2+/n], we have

Jy = PP (012331 B,/V2 > (1=0)Vt, By/V2 € (—an(t) —y — 1, —an(t) — y])
(2(1 = )Vt + an(t) + y)2}

< czn_1/2 exp {—
n

t oo b
< c;;b‘”ne_c“/ﬁ\ | %6_2 logby (4.49)

where we have used the symmetry of B in the first equality.
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_ Next, we obtain a lower bound of J;. Recall the probability measure
PB and the process B defined in (4.37) and (4.38). For all n > ng (ng is
sufficiently large) and y € [0,24/n], we have

~ _V2an () 5 _ (an(t)?
leEn{e n o Dn no ]

J[ES/\/§<y—‘,-17 for all 0<s<n, En/\/ie[y, y+1)}:|

1 2 2 2
2an(t) . 2an(t) (an(t)) 1 (y+1—2) (y+142)
> / P e Tl UL ) e e (e_ e e > dz
1/2 VTN

t TosF
> b \/_\/—; n(y + 1)e 2vieeb vy (4.50)

2 )2
where we used (4.21) in the second inequality and e

ce L for all = € [1/2,1] in the last inequality. Thus, by (4.47), (4.49)-(4.50),
we have (4.46). O

To obtain upper bounds of ]Sp (A(t) N A2(t)),u,v € T, we need the follow-
ing:

Lemma 4.3.4 There exists ¢; > 0 such that for alln € N, t > 0, v € T,,,
0</<n-1,s< (ﬁ—i—@ﬁ—f—y—kl)% and y > 0,

P( L£¢ (Ur)<\/_+ ()7"—|-y+1, for all <r <n,

Lk, (v) € VE+an(t) +, ﬁ+an<t>+y+1>>

Vi—/stan()+y)?
Vi—/s+ ()£+ +1) -
\/\/+an +y< v /
(4.51)

w\w

<C1 n—=~

where {Zi(:p) 2 (ryz) €10,00) X TW} is a local time of a Brownian motion
on T C Tep, and 7+(s) == inf{r > 0: L}(v;) > s}.

Proof. Let P, be the probablhty on the left-hand side of (4.51). Recall the
probability measure P2 , and the process B defined in (4.37) and (4.38). By

65



using Lemma 4.2.5 and (4.16) in a way similar to the proof of Proposition
4.3.1(i), we have

\/\/ﬂa\/ét)w P,

EEIIOY; S (ann(;»? (n—0)

B
< En_g € B

{ %ZE\/Z—\/E-FL"”“)K—F@/—F[O,I)}

1 %<\/Z—\/§+E”T(t)ﬁ+y+l, for all 0§r§n—€}]

B /1 620,2(15)27 QaZ(t) (\/{57\/ng a”anerl)f (ann(;)ﬁ (n—0)
0

n—~0 — e n—~0

1 - (\/Zf\/§+“"T(t>2+y+1fz)2 (ﬁf\/@r“"T(”HerHz)z ;
— e z
w(n—10)

_ (Vi—Etan(t)+y)?

<c(n—0)73? (\/%—\/g—l—an(t)ﬁ%—y%—l)e D (4.52)

n

where we have used the density (4.21) in the second equality and the inequal-
ity 1 —e™ < x for each > 0 in the last inequality. Thus, we have obtained
(4.51). O

By Lemma 4.3.4 with s =t and ¢ = 0, we have the following.

Corollary 4.3.5 There exists ¢y > 0 such that for alln e N, t >0, v € T,,,
and y > 0, B
P,(A™M(t)) < erb™"(y + 1)e 2Viosb v, (4.53)

Proof of Proposition 4.5.1(ii). Fix any n > ng, t > n and y € [0, 24/n], where
we take ng € N large enough. Set

Z = Z 1A{}(t)~

veT,
We have
~ 2
P 5 >\t t >P(Z>1)> <EP[Z]> 4.54
p | ax roW) = Vit an(t) +y | = Py(Z > )_W- (4.54)
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By Lemma 4.3.3, we have
E,[Z] > ei(1 + y)e 280w, (4.55)

The rest of the proof focuses on obtaining an upper bound of EP[ZQ]. We
have

B2 =E1Z+3 Y BAnn)n L), (456)

(=0 v,u€Ty,
|[vAu|=£

By Corollary 4.3.5, we have

E,[Z]) < cy(y + 1)e 2Vl v, (4.57)

Fix 1 < ¢ <n-—1andv,u € T, with |[v Au| = £ LetL¢( ), (s,z) €
[0,00) x T be a local time of a Brownian motion on 7% C T.,. Set
7(t) := inf{s > 0 : L*(v,) > t}. For w € {v,u} and s > 0, we define the
event C}(s) by

Ci(s) = {5\/<\/L~¢( (wr)<\/i+a":)r+y+1, for all £ <r <n,

LE, (W) € [Vi+an(t) +y, Vit an(t) +y+1)}.

By Lemma 4.2.1, we have
E,(A3(t) n AL (1))

- - L
Ep |1 {6vE< /T2 (0)<Vi+ 228 5y for al s<z} ve ﬂ Co (L?(t) (W)>

we{v,u}

~ ~ L (7
Ep 1{6\/7§§\/Z§<t)(vs)<\/i+a"T<t)s+y+1, for all sgé} H PW (Cw (L?(t) <U£)>)

we{v,u}

[(1=0)vi+ 5l 4y

Z Ep 1{5\/f§,/zg(t)(vs)<\/f+a"7(t>s+y+1, for all Ogsgﬂ}

=0

IN

{We\ﬁr“"(”@ryﬂﬂ—z 1, —z} H P”’f (Oi <Ln (W)>>]

we{v,u}
(4.58)
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where we have used the independence of C¥(s) and C}(s) for each s >
0. The independence follows from that of two types of excursions of a
Brownian motion around v, restricted on T+ U Iy, v,y OF ON Tues U

Ty, gy Fixo < [( — )Vt + %Eq&y—‘. By Lemma 4.3.4, under the

event { Zg(t)(w) EVt+ “”T(t)ﬁ—l—y—i—l—i- [—i — 1, —i)}, we have for all
w € {v,u}

JBW (Oi (Zg(t) (W)>)
an(t) : an(® i)’
t+ 2l py41—q (e
(i +1) Vit ET e, (4.59)
VE+ an(t) +

By almost the same argument as the proof of Lemma 4.3.4, we have

WE\[JF <)£+ +14[-i—1, —Z'))

I\J\OJ

<cg(n—10)"

—0/)—3/2 _2m 2an(t) 310gn£ log (%)ﬁ
< el T (y 4 1)em 2V v T e o o (4.60)
By (4.58)-(4.60), we have
Vi ~
- Py(AL () N AL (t
Vit gy y o (A (1) NV AL(E))
3 3logn log<%)
< b2 (n — )Tty + VeVt vem o T L (4.61)
By (4.61), we have
SN B(ANH) N AL®) < coly + 1)e 2V oED Y, (4.62)
=1 v u€T,,
|[vAu|=¢

In the case ¢ = 0, by Corollary 4.3.5, we have
S PAIO N ALD) = S AT BAL) < erly + 1)eVER

v,u€Ty, v, u€Ty,
|[vAu|=0 |[vAu|=0

(4.63)
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where we have used the independence of A”(t) and A”(t) for each v,u € T,,
with |[v A u| = 0 in the first equality. The independence follows from that of
two types of excursions of a Brownian motion on T;n around p restricted on
v U [{p,vl} or on T% U [{p,m}‘

Thus, by (4.54)-(4.57) and (4.62)-(4.63), we have (4.25). O

4.4 Geometry of near maxima

In this section, we will prove that two leaves with local times near maxima
are either very close or far away. More specifically, the following is the aim
of this section.

Proposition 4.4.1 There exist ¢1,¢y € (0,00), ng, 79 € N, and tog > 0 such
that for all n > ng, t > tg, and ro < r < n/4,

P, (there exist v,u € T, with r < |v Au| < n —r such that

\/L‘TrL(t) (U)a \/L:-L(t)<u) S [\/g‘f’ Cln(t) —C log T, OO)) < 027,—1/8.

Remark 4.4.2 Results similar to Proposition 4.4.1 are known for the BBM
[6] and for the two-dimensional DGFF [42].

Forn e N, t >0, and k € Z, set

I (t) = {v e, : \/me [\/%+an(t)—k—1,\/¥+an(t)—k]}.
Remark 4.4.3 Fizn'>n>1,t >0, and k € Z. Set

" (¢) == {v € T /L7 (0) € WE+ an(t) — k — 1,V +a,(t) - k]} .

Since the law of the simple random walk on T<,, watched only on T, is the

same as that of the simple random walk on T<,, we have |FZI’"(t)| = [T2(t)]
in law.

In the proof of Proposition 4.4.1, we will use the following repeatedly.

69



Lemma 4.4.4 (i) There exist ¢, > 0 and ty > 0 such that for all n € N,
t>ty, k< —1,and N € R withk+\X>0,

Py (IT3(1)] = e2Vis? (4)

1 Vitan (t)—k—1+[(k+X\)2]v1
—2+/log b ( 4\/Tlog([(k+)\) Tv1)— T/t log( iTan®—h-1 ))

(4.64)

<c(A+1e

(ii) There ezist ca,c3 € (0,00) and ty > 0 such that for allmn € N, t > t,,
A>0, and k> 0 with Vt + a,(t) —k — 1> ¢,

Py (IT3(0)] = 2Vt ()

Vitan (t)—k—1+[(k+X\)2]v1
—2/Togb ( L — log([(k+X)21V1)— 7~ log( ))
S Cg()\ + 1)6 4\/1 4+/Tog b Vitan(t)—k—1 )

Proof. (i) Fixn € N, t > 0, k < =1, and A € R with £+ X > 0. Set
=[(k+X?]Vland y:=\— \/i-l-an(t)—k—l—%-r). It

3 1
44/log b lOgT " 4y/logb lOg ( Vitan(t)—k—1
y < 0, then it is clear that (4.64) holds because P, <|Fg(t)] > e2Vlogh (k+’\)> <

1 < (A+1)e2Vleby So. we may assume that y > 0. Fix any K > 0. We
have

P, ( max Lf(t;(v) > Vit F ang, (t) + y)

'UETTL+
> P, <|Fz+r,n(t)| = max LZ(JQ)T(U) > Vit i (t) + y)
v n+r
> P, (|0 (1)] = K)

— P, (’FZer(t)] > K, max LZ(J;;(U) < VEF Gy (t) + y) . (4.65)
v n+r

We estimate the second term on the right-hand side of (4.65). By Lemma
4.2.1, we have

’UET +r

Pp (‘Fz+r,n( )‘ > K max LZ&;(U) < \/% + Qpyr (t) + y)

< Z (l—errn =5, max LZ(JS"(U) <A+ Gpyr(t) +y, for all u € S)

SCTh,
SI>K
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=25
SCT,
IS|>K

{FTH-Tn _s} H P, (51%2%%(\/ A (2t w) (V) < VE+ an i (t) + y)

(t)

(4.66)

where for each u € T, {L¢( ): (s,z) €10, 00) X Tu} is a local time of a

Brownian motion on 7% C Tepyy and 74(q) := inf{s > 0: Lt(u) > ¢}. We
omit the subscript u in L¥(z) and 7 to simplify the notation.

We estimate each probability on the right-hand side of (4.66). Fix S C T,,
with |S| > K and u € S. Note that under the event that T} """ (¢) = S, we

have
Vit ang () +y < (/L2 () + a (Lﬁg(u)) +k+A+1,
L () > Vi+an(t) —k—1> g if t >ty , and k+ A+ 1 < 2/ by the

deﬁmtlon of r. By these, we can apply Proposition 4.7.2 for t > t,, where t,
is sufficiently large, and have

D 4
Pu <£‘2%«§ \/L~i <Ln+'r( )) (U) < \/E + an+7~(t> + y)

(®)

D T4 n4+r n+r
<1-P, (gré&}%( \/L?L(Lﬁj;;(u)) (v) = /L5 (u) +a (LT(t) (u)) +Ek+ A+ 1)

< 1= ¢qe2VI0BD (bt1). (4.67)

By (4.65)-(4.67), we have
Py (e 00 2 Vit o) +0)
> (1 ~exp {—clKe*Z‘/logb(k““)}) P, (0@ > K) . (4.68)
By Remark 4.4.3, (4.68) with K := ¢?V1082(:+) "and Proposition 4.3.1(i), we
have (4.64).
(ii) The proof of (ii) is almost the same as that of (i), so we omit the
detail. [

For the rest of this section, we focus on proving the following.
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Lemma 4.4.5 Fiz 0 < ¢ <T < 71—

(i) There exist ¢; > 0, ng, so € N, and ty > 0 such that for alln > ng, t > to,
and sg < s <n — s,

P, | there ezist v,u € T,, with |v Au| = s such that

L (v), Lﬁ(t)(u) € |Vt+a,(t) — (@—c)log(s A (n—s)), co
VB |

< ca(log(s A (n— 8)))%(s A (n — 5)) VD20 D
+ c1log(s A (n = 5)))°(s A (n — s)) 2P, (4.60)

Before we prove this, let us show that Lemma 4.4.5 implies Proposition 4.4.1.
Proof of Proposition 4.4.1 via Lemma 4.4.5. Fix any n > ng, t > ty, and
ro < r < n/4, where we take ng,rg € N and ¢, > 0 sufficiently large. By

: _ _5 —_ 1
Lemma 4.4.5 with ¢ = N and ¢ = 6/loss » Ve have

p, (there exist v,u € T,, with r < |v A u| < n — r such that

VE @), /L@ € [VE+an(t) = =) logr, oo))

<Y {(loa(s A (0~ )5 A (0 — 5))3

S=T

+(log(s A (n = 5)))(s A (n = 5))7F }

oo
< ey Z sI/8 < 037”1/8. O

s=r

Proof of Lemma 4.4.5. Fix any n > ng, t > tg, so < s < n — sg, where we
take no, sp € N and ¢y > 0 sufficiently large. Set z := clog(s A (n — s)). For
k € Z, we set j*(k, z) := [max{|k|, z}]. Fix t. > 0. We have

P, |there exist v,u € T,, with |[v A u| = s such that
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L7y (0), /L2y (u) € Vit +an(t) —clog(s A (n—s))+ z, oo
Vi)Y |

< P, |there exists k € Z with vt 4 a4(t) —k > 0 and j > —k such that

T (1)] e [62\/@(k+j)’ 62\/@(k+j+1)>7 and

there exist w € I')°(t) and wy, wqy € T} with w; # wy such that

max /L7, (v) > Vit + a,(t) —clog(s A (n —s)) 4 z, forallie {1, 2}]

veT™t

n—s—1
5 (k,2)
< Z Z P,||tm (1)) € [ewm(w), e%/@(k‘ﬂ”rl)), and
kez, j=—k

Vitas(t)—k—1>t.
there exist w € I',"°(¢) and wy, wy € T} with wy # wsy such that

max /L7, (v) > Vit +an(t) —clog(s A (n—s))+ 2z, forallie{l, 2}]

COS n (s emere)

kezZ,
Vitas(t)—k—1>t,

+ > P,

kez,

there exist w € Ty with /LY (w) <t + 1,
0<\/i+as(t)_k§t*+1

and wy,wy € T} with w; # wq such that

max /L7, (v) > Vit + an(t) —clog(s A (n —s)) 4+ z, forallie {1, 2}]

veT™t

n—s—1

= Jl + J2 + J3. (470)

For each w € Ty, let L* be a local time of a Brownian motion on 7% C Tgn
and set 7(q) := inf{p > 0: L}(w) > q}. We omit the subscript w in L* and
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7+(q). We first estimate J;.

3" (ksz)
LE DY > PSS
kez, Jj=- SCTs, weS wy,wa €T,
Vitas(t)—k—1>t, |S|e[e2VIog b(k+i)  ¢2vIogb(k+i+1)) w1 Fw2
n,s _
By [Ty (t) = 5,

max /L7, (v) > Vit +an(t) —clog(s A (n—s)) + 2z, forall i € {1, 2}]

vETwZ

n—s—1
7% (k)
- X X > > 2 Elupro=s)
k€eZ, j=—k SCTs, wesS wy, w2 €T,
Vitas(t)—k—1>t. \S|e[e2\/@(k+j), e2VIogb(k+j+1)) wl;éwg
H P, max L (v) >Vt + an(t) —clog(s A (n — s)) + 2
. ’UGT 1 Tl(L (t) (’LU))
i€{1,2} nos—
7% (k,2)

< Z Z 62\/logb(k+j)Pp <|FZ’S(t)| > 62\/logb(l<:-&-j)>

keZ, j=—k

\/E'i‘as (t)_k_]-zt*

) f)w <vg%a \/Li (ot )( v) > Vit + a,(t) —clog(s A (n—s))+ Z) ,
(4.71)

where we have used Lemma 4.2.1 similarly to the argument in (4.58) in the
second equality. Note that for k£ € Z with k£ + 2z > 0, we have

Vit +an(t) —clog(s A (n—s)) + 2
> (VE+ as(t) = k) + an-o(VE + as(t) — k)°)
+ (ﬁ—é) log(s A (n—35)) +k+2—co.

Thus, by Proposition 4.3.1(i), we have for each w € T

veTY |

ﬁw(max \/L¢ (b )(v) > Vit a,(t) —Elog(s/\(n—s))—i—z)
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< cs(log(s A (n—s)) + k) (s A (n— s)) 2 t2Viosbe=2Viogb(k+=) (4.72)

Set Z, =7 N|[0,00) and Z_ := Z N (—o0, —1]. By (4.71)-(4.72), Remark
4.4.3, and Lemma 4.4.4, we have for sufficiently large ¢,

7" (k,2)

J < ey Z Z 6 Viogb(k+j)

keZ,,
Vitas(t)—k—1>t.

1 Vitas(t)—k—14(k+4)>
(14 e —2Vlogh (J Tviezs los(k+)? 4vﬂ%%1°g( Vitas(D k-1 ))

-(log(s A (n = ) + k)* (s A (n — 5)) -3 T4eviosbmvioablht=)

ra Y ZO: (2VIOEB(k-+j)

k€Z+, ]ka
Vitas(t)—k—1>t,

- (log(s A (n— 5)) + k)* (s A (n — s))Hievicsbemavioed(iss)

[2]
+ ey § : § : eZVlogb(k—l—j)
keZ—, j=|k|
K<z
) s (t)—k— 2
(1 n j)62\/10gb<j4\/150? 10g([(k+j)2\/ﬂ)*4\/lloﬂ 10g(\/EJF %_,_:Sé;_r;(ck_tj) VH))

(log(s A (n =) + k)* (s A (n — s))~FHieviosbemavioeblkt=)
ey Z 2+/log b(k+|k|) (14 |k])e —2v/logb |k|

keZ_,
|k|>=
< es(log(s A (n — 8))3(s A (n — )3 +4eviosb-2cvlogh
+ cs(log(s A (n — 8))(s A (n — s))2evie?, (4.73)

Next, we estimate Jo. By Lemma 4.4.4 and Remark 4.4.3, we have

Jy < Z 06(1 _’_j*(hz))e—%/logb J*(k,2) (Rk —f—j*(k’, z))Q-I Vi 1)3/2
kez,
\/E'i‘as(t)_k_lzt*

\/\Mas Lt (kg 2)] V1
\/_+as()_ -1

< cz(log(s A (n — s) —2evlogh, (4.74)
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Next, we estimate J3;. By using Lemma 4.2.1 in a way similar to the
argument in (4.71), we have

J3 < cg - Z Z

k€EZ, weTys
VE+as(t)—ke(0, ta+1]

2
Pw (UIE%%’X \/ L;I.L¢((t*+1)2)(v) Z \/E + a/n(t) - ElOg(S VAN (n — S)) + Z) .

By Proposition 4.3.1(i) and (4.75), we have
Js < cgs®b3 (s A (n — 5))4Em9Vioe?, (4.76)
Thus, by (4.70), (4.73), (4.74), and (4.76), we have (4.69). O

4.5 Limiting tail of the maximum of local times

The aim of this section is to prove the following.

Proposition 4.5.1 Fiz positive sequences (y;f)jzl, (y; )jz=1 withy; < y;-L for
each j > 1 and lim; , y; = oo. For each j > 1, fix (t;(j))n>1, (£, ())n>1
with t,, (j) <t (j) for eachn > 1 and lim,, o /(7)) /1 = limy, 00 A/, (J) /10
=0 € [0,00]. There exists c. > 0 such that the following holds: for alle > 0,
there exists jo € N such that for each j > jo, there exists ng(j) € N such that
for all m > ngy(j),

P,D <H1&Xv€Tn LZ(t) (U) > \/g + a’n<t) + y]) 4 4
€ | =DV — €, —=Dx«7 T €|,
yje—Q\/logb Yj |:ﬁﬂ 7 ﬁﬁ ! :|

(4.77)
uniformly in y; and t satisfying that

y; <y; <y, t>cmnlognandt,(j) <t <t(j), (4.78)
where B and 7. are the constants defined in (4.6) and (4.7).

We begin with some notation. Fix 6 € (0, 1) and « € <#@, oo). For all
t>0,y>0,0y) e N,n>L(y), and v € T,,_yq), set

= Lt
By o) = {5\/5 < /L3 (vs) < Vit CL—()s +y, forall 0 <s<n-—"{(y),

n
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JEX Lz (u) > Vi + a,(t) + y},

(y)

ngﬁ( ()

{5\/<VL” () < VEi+ 2 ()S+y+y%+f<e(10g(sA(n—€(y)—S)))+,

forall 0 < s <n-— ﬁ(y),urenTz%X \/zg(t)(u) > V4 a,(t) + y},

£(y)

Agve(y)(t) = Z lF:,yyé(y)(t)’ AZ,Z(y) (t) = Z 1ﬁ:,yyé(y)(t)'

V€T —(y) VET—(y)

In Lemma 4.5.4, we will show that P,(max,er, /L7 (v) > Vit + an(t) +

y)/Ep[AZ,e(y) ()] is close to 1. To obtain an upper bound of the ration, we
need the following:

Lemma 4.5.2 There exist ¢1,co € (0, 00), yo > 0, and {0, : v > 0} with
limy 0o 8,y = 0 such that the following holds: for all y > yo and ((y) >

68\/@ 1/20 , there exists ng = no(y, £(y)) € N such that for all n > ng and
t> clnlog n,

EP [AZ,K(y) (t)]
EP [KZ,Z(y) (t)]
(1-6)2 t

> (1-34,) (1 — es(0(y)) 2 (log ()™ — 8,y (€(y) 2P (n + VE)e ) :
(4.79)

Proof. Fix any y > yo and £(y) > es@ymo, where we take yo > 0 large

enough. Throughout the proof, given n € N, we assume that ¢ > c,nlogn,
where c, is a sufficiently large positive constant. Fix v € T),_y). Let L' be

a local time of a Brownian motion on 7% C T.,, and set 74(s) := inf{r > 0 :
L}(v) > s}. Recall PP\, B defined in (4.37) and (4.38), and fin_g(y) 4, 0y
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in Lemma 4.2.6. Let 4, ,,,, be the density on the right-hand side of (4.22)
with s =n — {(y) and z = y. We have

Pp (F;Z,y,é(y) (t)> - Pp (Fayl(y) <t>)

- E,

1{5%3\/%)(vs>sﬁ+“"T(”s+y+y1/20+n(1og<sA(nfe(y>—s)>>+, for all 0<s<n—£(y) }

D T4
Py (ugli%x \/L?i <L:’,—z(t)('l))) (u) ~ \/¥ * a'n<t) * y>

£(y)

- F,

1{5\/Z§, /Zg(t)(vs)g\/ﬂ“"T“)ery, for all Ogsgnff(y)}

D T4
Py <uIEnI%’X \/L‘T'i (L:L(t)(v)> (U) ” \/E + an(t> * y)

£(y)

n—t(y) [1{(wm“”,f”(nz<y>)sén_ay>/\/iswyl/20}

]'{ES/\/iquty1/20+n(10g(s/\(n7£(y)fs)))+, for all Ogsgnff(y)}

~ 2
_ \/iann(t) By~ (ann(é)) (n—L(y)) \/%

Vit =0 (n — U(y)) + 25

e

£(y)

. D T4
B (Jélﬁx \/ L (et By (8 7 VEH anE) + y)

_EB, |1 an(t) B A i
=) | H{=(1-0)Vi= 22 (n—t()<Bosy)/V2<y } - {Bs/VESy, for all 0<s<n—t(y) }
e—%énfayr(“"n#(n—f(y)) \/% B
an(t Bnc
Vit 200 — f(y)) + D

. D T
F (Jélq@vx \/ (s 0 0ty vty () 7 VEF 0] y)

£(y)

= / - (x)
[07 y+y1/20]u[7(176)\/£7‘1n7(t>(nig(y))’ y*%;(y)] (y)a Y
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\/f+ “Bn—y) +
1
F (JQ%X \/ L (a2 gy () > VEF () y)

£(y)

‘ e_2a771l(t) (an(t)) (n— Z(y)

0
+/ yﬂn L(y \/ a
Vit =0 (0 — () + 7

. D {
P, (urell%i) \/LTl((\/+a"(‘) b)) e )2)(u) > Vit +an(t) + y)

72ﬂ+ﬁ)x,%(n*€(y» dx

e
— T+ s, (4.80)
where we have used Lemma 4.2.1 in the first equality, Lemma 4.2.5 and (4.16)
in the second inequality, and Lemma 4.2.6 in the third inequality. By Propo-
sition 4.3.1(i) and the assumption ¢(y) > o , taking no(y, £(y)) € N

large enough, we have for all n > ng(y, £(y))
Ji < eqb™ =)y 2VIE 4(4()))~2(1og f(y))°. (4:81)

Next, we estimate J,. We have

Jy < 6,E7 |1

Vi
{7(175)ﬁ§33/\/§§“nT(t)3+y, for all 0<s<n€(y)}\/\/g + ang(y)/\/ﬁ
D {
" (urél:rax \/L H(VE+Bogy) /V2)? )<u) > Vit ad+ y)

£(y)

B
+ 0y By N0 oVisB ) Va2 b)), mingcoc i) Bo/VE<—(1-0)VE)

Vi P It
\/\/% + Bn—é(y)/\/i B urenj%’f() \/LFi((\/i+Bn_e(y)/\/§)2)(u) > \/% + an(t) +y

= Jg,l + J272. (482)
By Lemma 4.2.5 and (4.16), we have for each n > 1

Jo1 < 20, Py(FY est(y) (1)) (4.83)
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where we have used that under the event that /X,/2 > SVt forall0 < s <
n—/{(y), we have exp <% On—é( ) )d(s) < ¢y under the assumptlon t > c.nlogn.

By (4.48), the symmetry of B and Proposition 4.3.1(i), taking ny =
no(y, £(y)) € N large enough, we have for all n > ng

(1-8)VE s o -
J2,2 S C36y/ / q—pg/ze_ szea)
—an® gy Ja-syvi (0= £(y))

P, (max \/Lw( Jie )2 ) > \/—+6Ln( t) + y) dpdq

ueTa )

(1-8)%t
n—£(

W | (4.84)

S C4§ybf(nf€(y))€f2\/logb y(€<y)) 3/2 3(n+ \/_)6

Thus, by (4.80)-(4.84), we have

(L4 20, Ep(Ag 4, (1)) ZE(Ag 4, (1)) = crye 52 ¥ (e(y)) = (log £(y))™

(1-8)%t

— cabye VI (U(y)) TP (n + Ve o
(4.85)

For the rest of the proof, we obtain a lower bound of EP(KZ u(y) (1)) Recall
(4.26). We have

E,(Ay o) (1)
- {there exists v € T),_y(y) with \/’ng(t) (vs) > 6V/t, for all s <n — £(y),

> P,
urg}j(}() ,/Eg(t) (u) > Vit + an(t) + ?J} N <GZ_:§S%O_1(75)> ]

T 5 (ot

- ﬁp there exists v € T),_y,) with \/Zg(t)(vs) < 6/t, for some s < n — ((y),

uIé}IaX \/Eg(t)(u) > Vit +an(t) +yl.
W)

(4.86)
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By Proposition 4.3.1(ii), taking ng = ng(y, {(y)) € N large enough, we have
for all n > nyg

P, (Iﬂéjp{1 [ L7y (u) > Vit an(t) + y) > cyye 2Viosb Y, (4.87)
ucly

By Lemma 4.3.2, we have
Py (G, (1)) < cgem VR0 vy eI, (4.88)

y+y
We estimate the third term on the right-hand side of (4.86). Fix v* €
Th—o(y)- By Lemma 4.2.1, 4.2.5, and (4.16), taking no = no(y,€(y)) € N large
enough, we have for all n > ng

P, | there exists v € T,,_y(,) such that for some s <n —{(y),

Lﬁ(t)(vs) < o0Vt, max Zg(t)(u) >Vt +an(t) +y
U=

n—{(y
b |i {W<5\[ for some 0<s<n—{(y), W>O}
P, max Lt (w) > VE+a,(t) +y
ueTy i( T(t)( ))

l(y)

1 V21
{BT%<7(176)\/2, for some s<n—{(y), w>fﬂ} \/ﬂ + Bn—ﬁ(y)

'ﬁv* ma E\L 2y \U >\/¥+ant+
<UGTU}( \/ Fi(<\/Z+Bn_€(y)/\/§> )( ) ( ) Yy

2(y)
< crlU(y)) 2+ Vo e 2OV ViR (439)

where we have used Proposition 4.3.1(i), (4.48), and the Gaussian density of
B,y in the last inequality.

By (4.86)-(4.89), taking no = no(y, £(y)) € N large enough, we have for
all n > nyg

<y TWES

Ep(A7 4 (1)) > csye 2VIoEb v, (4.90)
By (4.85) and (4.90), we have (4.79). O
To obtain a lower bound of Py(maxyer, /L7 (v) = Vita,(t)+y)/E, [AS oy )],

we need the following:
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Lemma 4.5.3 There exist c1,ca,c3 € (0, 00), yo > 0 such that the following

holds: for all y > yo and £(y) > G@yl/m
such that for alln > ny and t > cynlogn,

| (8500)’

, there exists ng = no(y, (y)) € N

— <1+ ey V2 4 cgye2VIosb v, (4.91)
EP [AZ,Z(y) (t):|
Proof. Fix any y > yo and £(y) > eg@ymo, where we take yo > 0 large

enough. Throughout the proof, given n € N, we assume ¢t > c,nlogn for
some sufficiently large c, > 0. We have

Ey [ (A1) ®)°] = Byl (0]
n—L(y) _
+ ) By (Fy oy () OV iy (1)) - (4.92)

k=1 ’l),UJETn_[(y),
[vAw|=n—L(y)—k

Fix 1 <k <n—4L(y) —1and v,w € T,_yy) with [v Aw| =n —£€(y) — k. Let
L* be a local time of a Brownian motion on T C T, and set 74(s) :=
inf{r > 0: L}(v Aw) > s}. We have

By (Fy o)) N Ey i) (1)

- Ep 1{5\/£§,/Eg(t)(vs)§\/2+“nT“>s+y, for all Ogsgn—f(y)—k}

I P (5\/’_5 < \/Zi (vs) <Vt + anlt) +,

ze{v, w} i (Lf(t)(v/\w)) n

foralln —l(y) —k <s<n—{(y),

T4
urEn’I%z(); \/LF¢ (L:L(t)(v/\w)) (U) > \/g + aTL(t) + y) ) (493>

where we have used Lemma 4.2.1 in a way similar to the argument in (4.58).
Fix 0<i < [(1—68)Vt+ Q"T(t)(n —U(y) — k) +y]. Assume that

L (wAw) € Vi+ ar;it) (n—4Ly)—k)+y—i+ (-1, 0]. (4.94)
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Under the assumption (4.94), we estimate the probabilities in (4.93). Let LW
be a local time of a Brownian motion on 7% C Tx,, and set 7H(s) := inf{r >
0: L (v) > s}. Recall PP and B defined in (4.37) and (4.38). We have

P (5\/¥ < \/Zi (vs) < VIt + ), | v,

7+ (L:f(t) (v/\w)) n

for all n — 0(y) —k < s <n—{(y),

max \/Zf (Lz(t)(mw)) (u) > Vi + an,(t) + y)

ueT;(y) 7

= Liyaw

1
svi< |TY (vs)§ﬁ+a"T<t)s+y, for all n—l(y)—k<s<n—L(y)
(L2, wAw))

P, max et (w) > VE+a,(t) +y
ueTé(y) T <E£¢<Ln (oA )) (v)>
T T(t) VAW

S EkB |:1 an () .S . =~ .
{-(-0)viE— 22D (n—t(y))—y+i< By, /V2<i+1, Bs/v2<i+1, for all 0<s<k}

o ﬂanmgk,(ang)ﬂk Vit+ Q”T(t)(” —Uy) —k)+y—1
Vit =B —Uy) +y—i—1+By/V2
. P, ( max \/Eu (u) > Vi +an(t) + y)

e\ A (Vi (n—t())+y—i+ By /VE))

(I=O)WVE+ 28 (n—t(y)+y+1 I (h1an?
:/ — (e ko —e k )
0 vk

2an(t) ,_ 2an(t) (Hl),(angwk Vit + a”T(t)(” —Uy)—k)+y—1
Vit =2 = ty) +y -~

P, | max /L% o (1 an, Z,
Pv< \/L >)()>\/Z+ (t)+y>d

7 (V220 (n—e(y))+y+1-2

(4.95)
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where we have used Lemma 4.2.1 in the first equality, Lemma 4.2.5, (4.16),
and (4.94) in the second inequality, and the density (4.21) in the last equality.
By Proposition 4.3.1(i), taking no = no(y, ¢(y)) € N large enough, we have
for all 0 < 2 < (1 —8)vE+ =8 (n — ¢(y)) +y + 1 and n > ng

P:, max  [L* U>\/E+ant+
(“ETZ( )\/ ?“((\/5+“”T(”(nfé(y))+y+1fz)2)( ) (t) +y

< ¢; (log £(y) + 2) ((y))3/2e~2VI08D 2o~ 27;

Vi+=0m—y) +y+1-2

. (4.96)
Vit 2(n—l(y) +y+1— 2+ (y)
I3 —z 2 1 z 2
We also use the following estimate: e e <1 foreach 1 <

i+1—2)2 i+142)2
k < ly], and e~ _ et < 4(”1 for each |y| <k <n-—{(y)—1.
By this and (4.95)-(4.96), the right-hand 81de of (4.95) is bounded from above
by

C3Ab7k672a2(t)i€3k;§n log \/\/_—}- an(t) n — ( ) ]{3) +vy —1
\/_ t+n
where A 1= k=V2(0(y)) V2 if 1 < k < |y|, and A := k732(i + 1) if |y] <
k<n-—1{y)—1.

Recall the events in the indicator function in (4.93) and in (4.94). We
estimate the probability of the intersection of these events. Using Lemma
4.2.5, (4.16), and the density (4.21) similarly to the proof of Lemma 4.3.4
and taking ng = ng(y, £(y)) € N large enough, we have for n > ng

(5\/_<,/L" (v )<\/_+ ()s—l—y, forall 0 < s <n-—"{(y) —k,

anrgt) (n—=0y) —k)+y—i+ (-1, 0])

/H_l 1 ( __w=?  (wt)? >
§ e nty)—-k — e n—ly)-k
i /mn—{(y) — k)

p2n) 2000y (@n ) (giy)-) Vi ds.
Vit 28— (y) - k) +y— 2
(4.98)

. (4.97)

L7y (v Aw)
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(y—=2)° (y+2)*
We will use the following: e »=fw=F — ¢ - = < Zyz foreach 1 < k <
=22 (+=)?
n—{(y) — y], and AT — TG < 1foreachn—{l(y) — |y] <k <
n—{(y) — 1. By this, the right-hand side of (4.98) is bounded from above by

C4Alb—(n—ﬁ(y)—k)62‘1%“)1'6—2\/10gb Y

Q= mgne("*””’klfg(%) vt
Vit e2Bm—ty)—k) +y—i-1
(4.99)

where A" := (n — l(y) — k)26 + )y if 1 < k < n —L(y) — |y, and
A= (n— by) — )2 i — £(y) — [y] < k< n— () — 1.
By (4.93), (4.97), and (4.99), we have

n—£(y)—1

Z Z P (F;‘ye( (t)yNFp M(y)( )) < C5y1/26‘2\/@ v

U’wETn 2(y)»
[vAw|=n—£(y)—k

(4.100)
For the case k = n — {(y), by the independence of excursions of a Brownian
motion around p, we have

Yo B (F N FL,®)

v,wETn,e(y)
[vAw|=0

= Y B (Fluwn®) B (Filye ()

U,wGTn,[(w
|[vAw|=0

< (Bl (t)])2 . (4.101)

Thus, by (4.92), (4.100), and (4.101), we have

2

T n 2 T n — 424/ 10 I n
£, [(Ay,K(y) (1)) } < B [Ay 4y (D] + csy'/PeT VI Y 4 (Ep[Ay,Z(y) <t)]> ‘
(4.102)

We will obtain upper and lower bounds of Ep [A} 4y (D)]. By (4.85) and (4.90),
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taking no = no(y, £(y)) large enough, we have for all n > ny (recall that we
assumed ¢t > c¢,nlogn and ¢, is sufficiently large positive constant)

E,| n o (D] > coye V1P v, (4.103)

Fix v* € T\,_y(). Let L' be a local time of a Brownian motion on 7% C fgn
and set 7H(s) := inf{r > 0: L¥(v*) > s}. By using Lemma 4.2.1,4.2.5, (4.16),
and the density (4.21) similarly to the argument in (4.95), we have

EL[Ay o)1) = bW p, ( () (1))

(1-8)vVi+22D (n—(y))+y . .
< pn—t) / 1 (eif‘e(f) _ eff’?&i)
0 m(n —L((y))

. 2an(t) ,_20n(8), (anng))z (n—£(y)) Vi
Vi+ 2O — 0(y)) +y— 2

: -ﬁv* a. _Li > \/%_i_ . ) + d
(urenT”X \/ ((\/Jr“"(“(n e ))+y7z)2>(u> an(t) +y | dz

£(y)
< crye 2Viosb v (4.104)
. . . . _w=»? _wt+2)?
where we have used Proposition 4.3.1(i) and the inequality e »=f —e™ =0 <

n4?2(z ) in the last inequality. Thus, by (4.102)-(4.104), we have (4.91). O
Using Lemma 4.5.2 and 4.5.3, we prove the following:

Lemma 4.5.4 There exist c1,ca,¢c3 € (0, 00), yo > 0, and {6, : ¢y > 0}
with lim,y_, 6,y = 0 such that the following holds: for all y > yo and ((y) >

es\ﬂ:’?@ymo, there exists ng = no(y,€(y)) € N such that for all n > ng and
t > cinlogn,

Fo (maxven L7y (v) > Vi +an(t) + )
E, |:AZ,E(y) (t)]
< (146,) (1 e 50V ey(0(y) 2 + V)PV 00T

-(1+62(€(y))3/2(10g€(y))60+025yy1(€(y)) 3203 (n + VE)e e‘%t)
(4.105)
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P, (maxv o \/m >Vt +an(t) + y)

E, [A7,4)®)]

> 1 — C3y_1/2 o nge—Q\/logb Yy

(4.106)

Proof. Fix any y > o, {(y) > e lsogbylm, n > ng, and t > c,nlogn, where

we take yg > 0, ng = no(y,l(y)) € N, ¢, > 0 large enough. We first obtain
the upper bound. We have

veTy,

=P, (there exists v € T),_y(y) with Inax [ L7 (u) > Vi an(t) + y)

P, (max L2 (0) > Vi + an(t) + y>

2(y)

B[Ry 0] + B, (G0 )

y+y1/2071

IN

uETZ’(y)

+ ]5,) (there exists v € T}y with max ,/Eg(t) (u) > Vt+an(t) +y,

Zg(t)(vs) < 6V/t, for some 0 < s < n— E(y))

1 ~ o~
< (14 e B oy (Ufy))~E (0 + VI 2 OV B IR (0),
(4.107)

where we have used Lemma 4.3.2, (4.89), and (4.90) in the last inequality.
By (4.107) and Lemma 4.5.2, we have (4.105). By Lemma 4.5.3, we have

P, (né%i; VL (0) > Vit an(t) + y)
> ]Sp (AZ,K(ZJ) (1) > 1)
(B 0])

E, {(A;é(y)(t)ﬂ

> (1 — coy M — cpye V18D y) Eﬂ[AZ,Z(y)(t)]a

which proves (4.106). O
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For each interval I C R, set

RO 1ng,é(y)<t>m{ ST e E B0 ()1} (4.108)

V€T n—(y)

Set the interval
Tty = (=) + v, —(())"* +y] . (4.109)
Then the following holds:

Lemma 4.5.5 There ezist ¢y, co € (0, 00) and yo > 0 such that the following

holds: for all y > yo and {(y) > ™= there exists ny = no(y, l(y)) € N
such that for all n > ng and t > clnlog n,

— > 1 —ep(L(y)) 310 (4.110)
By | A4 (0)
Proof. Fix any y > yo and £(y) > eg@ymo, where we take yo > 0 large

enough. Throughout the proof, given n € N, we assume that ¢t > c,nlogn
for some sufficiently large ¢, > 0. Fix v € T,y and any interval I C R.

Let L* be a local time of a Brownian motion on T” C T., and set 7(s) :=
inf{r > 0: L}(v) > s}. By using Lemma 4.2.1, 4.2.5, (4.16), and the density
(4.21) similarly to the argument in (4.104), taking no = no(y, £(y)) € N large
enough, we have for all n > ng

P, (nge( (t )m{\/me Vit “"T“)(n—ay))ﬂ})

/ 1 ( (y—2)> <y+z>2)
< — | e "ty —e n—ty
(—DN[0, A-6)Vit+ 22D (n—e(y))+y] /(0 — £(y))

Z0(0),_ 20n(0),_ (@(0)) Vit
. e n n
Vit =D — ) 1y -

~]3U max ﬁ 2U>\/Z+ant+ d
(ueTv( ) \/ %((\/ﬂanT(t)(n—f(y))er—Z) >( ) (t) +y

< Clb—(n—f(y)) (f(y))—3/2y6—2\/logb y

22
z(log L(y) + z)e” *Tw

/(y—[)ﬁ[o7 (1—6)\/i+“”7(t)(n—€(y))+y]
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Vi+n
\/f+““ T R R At

(y=2) (y+2)?
where we have used Proposition 4.3.1(i) and the inequality e TRt —e ot <

% in the last inequality. In the cases I = (—oo, y — {(y)] and [

(y — (£(y))*®, o0), the right-hand side of (4.111) is bounded from above by

CSbf(nff(y))(g(y))fS/loyefQ\/ng y

for all n > ng, where ng = ng(y, £(y)) € N large enough. By this and (4.103),
we have

Ep [A)(®)]
= E, [AZ,E(Waw (t)] 7 (At o0, vty (D] + Az,am,(y—(e(y))% ) Q
< By A1y (0] + ea(by))1E, [, (8)]
which implies (4.110). O

Proof of Proposition 4.5.1. Let (h,)yer be a BRW on T defined in Section
4.1. By Lemma 4.7.7, one can show that the sequence

¢
(/ ze?Viosl 7P [mathu/\/ﬁ > /logb ¢ + z] dz) (4.112)
Y ucly

2/5 >1

is bounded from above and away from 0. Fix a nondecreasing sequence
(Co(y;))k>1 with o(y;h) > ™GOV for each k > 1. By the boundedness
of the sequence (4.112), there exists a subsequence (Eo(y,;:,))jzl of (Uo(y;))k>1
such that the finite positive limit

Lo(y;!h)
Y, = lim T2V P max by /V2 > \/logh by ) + 2| dz
TSI o)

(4.113)
exists. We set



Note that by the definition of £y(y;), for any y; with y; <y, we have
J J J J

8\/10gb( +)1/20
J

b2 tly) > D 3 S

>e

Fix j > 1 and y; with y; <y; <y Recall (4.108) and the interval (4.109).
Fix v* € T, ;. Let L* be a local time of a Brownian motion on 7% C Tgn
and set 7(s) := inf{r > 0 : L¥(v*) > s}. Recall ]Sffgj and B defined in (4.37)
and (4.38). We have for t > nlogn

b E, (A, 5, ()]

=)

|:1{5\/f§,/Zgu)(v;)éx/f-&-a"n(t)s—kyj, for all 0<s<n—¢;, meﬂﬁ—a%(t)(n—fj)—&-‘]gj}
P | max  [L* _ (u) > Vit +an(t) + y;
wery” \[ 77 (B2 ()

1 B
- (1 +0 (logn)) EO [1{—(1—6)\/2§Bs/\/§§a"7(t)s+yj, for all Ogsgn—éj}

Vit
1{3 7er/\/§€a"7(t)(”—f')+«]e.}
" " ’ J \/Z + anéj/\/i
-ﬁv* max _ [LY U >\/¥+ant+ j
1 B
=(14+0 logn En—fj |:1{§S/\/§§yj, for all 0<s<n—{;, En,gj /\/§€Jgj}

= VIO f, , (anng»? (n—t;) Vi
Vit —+ anT(t)(n — ;) + Bn*fj/\/§
-ﬁv* (max \/Zi (u) > Vit + an(t) + yj>

A B (vt 1B 2

1 B
- (1 + 0 (logn)) En—éj [1{§3/\/§§yj, for all 0<s<n—/;, En,gj/\/ingj}

1{§s/\/§<—(1—6)\/f——a"n(t) s, for some Ogsgn—ﬂj}

V2O (en®)? (g Vi
e n ] n ~
Vi+ 28 (n— )+ B, /V2

n
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-ﬁv* ma L _ u) > \/I_f—I—ant + vy,
(“GT;E\/ ﬂ((\/ﬂfa",f”(n—fj)+Bn_ej/ﬁ)2)( ) 0) +5;
J

Ky — Ky, (4.114)

where we have used Lemma 4.2.1 in the first equality, and in the second equal-

ity, Lemma 4.2.5, (4.16), and the fact that for ¢ > nlogn, exp <—§ On_gj %)

= 1+0((logn)~!) under the event that y/X,/2 > 6/t for all 0 < s < n—/;.
We first estimate Ky. For all ¢ > 0 and j > 1, there exists ng(j) =
no(y; ,y; ,¢;) € N such that for all n > ng(j), we have

~5 .
Ky < ClE"_Kj |:1{§n—2j/\/§€[(zj)2/5_yjz Zj—yj)7 mMaxXp<s<n—¢; Bs/\/i>(1_5)\/i}

VZan(W) o (an()? (g Vit
(A n J n —~
\/¥+ an_(t)(n - g]) - Bn—éj/\/5

n

-ﬁv* max Zi _ u) > \/E+an t)+y;
(“”“}*\/ ?i((m“”T(“(nféj)anJj/ﬂ)Q)( ) B +y,
< b () flnt (0 ey om2VIoRb Uy < i)y o= 2VIeRD s (4 115)

uniformly in y; and ¢ satisfying (4.78) (we take c. large enough), where we
have used the symmetry of B in the first inequality, (4.48) and Proposition
4.3.1(i) in the second inequality.

Next, we estimate K. By the density (4.21), we have

1
Ky = (1 +0 ( ))
logn

o 1 I ) e T
/ - e nflj —e nfej

()25 \/T(n —{;)

e S
VEF =R — ) +y; — 2
P | max | [ u) > Vt+a,(t) +y; | dz
(“GT;}\/ %((\/E'*‘G"Tm(n—fj)—iryj—zf)( ) (t) +y;

1 4
_ b—(n—ﬁj) 1 19) = o o—2/1ogh y;
+ logn ﬁy]e
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0
/ ,o2VIogh = Vitn
(€5)2/5 \/%‘F anT(t)(n—gj)—i-yj—Z

l; n
MaXuery, LTJ(SZ,yj,zj (t))(u) Sy (t)
28?,:1}]‘,[‘7' (t>

> V2 (\logh t; +z) + A", , (t)) dz, (4.116)
J z,yg,fj() (

P

p

where we have set

st (1) = (ﬁ + “”—(t)(n — ) +y; — 2)2

n

and A"

2,Y5,4; -
Brownian motion on TV starting at v* is the same as that of the Brownian
motion on Ty, starting at p and the following in the second equality: for
all z € [(€;)*%, ¢;] and n > ny(j), where we take no(j) = no(y;,y;,¢;) €N

large enough,
(=—y;)* (z+y;)? ,
el e b =(140 ! A2 :
logn n—{;

2an(t) ,_2an(®), . <ann<§))2 (n—t;)

(t) as the remainder term, and used the fact that the law of the

(&

—(14+0 1 p—(n=4)y3/2 MQQ\/@ (==y5)
logn Vit

One can show that for each 57 > 1,

lim A7, (t) =0, uniformlyinz € [(¢,)%°, ¢;] and y;, t satisfying (4.78).

n—oo Y

(4.117)
By the assumption of (¢1(j))n>1 and (¢, (j))n>1, and the definition of S,
defined in (4.6), we have the following: for all ¢ > 0 and j > 1, there exists
nyg = no(y;,yj,ﬁj) € N such that for all n > ny,

0
a (t)\[+ - — Bl <e, (4.118)
\/E-f- ”T(n—fj)+yj -z
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uniformly in 2z € [(¢;)%°, ¢,] and y;, t satisfying (4.78). By Theorem 4.2.4(i),
(4.12), and (4.13), we have for any fixed m € N

M — (hy) in law as s — o0
\/% o v )vET, .

By this, the definition of (4.113), and (4.117), for all € > 0, there exists
jo € N such that the following holds: for each j > jg, there exists ng(j) =
no(y; ,y; ,¢;) € N such that for all n > ng(j),

2,95:45
Pp

(¢)8 25%,,4,(1)

> V2 (Vlogh 6 +2) + AL, (1))

'Ze2x/logb 2dy — :?*

g .
/zj maxuele LT](SH (t)) <u> - Sz,yj 7£j (t)

<e, (4.119)

uniformly in y; and ¢ satisfying (4.78). Thus, by (4.114)-(4.116), (4.118),
and (4.119), for all € > 0, there exists jo € N such that the following holds:
for each j > jo, there exists ng(j) = no(yj’,y;-r,éj) € N such that for all
n = no(j),

By An 0]

yje*Q\/m ” — ﬁﬁ*")/* <eg, (4120)

uniformly in y; and ¢ satisfying (4.78). By Lemma 4.5.4, 4.5.5, and (4.120),
for all ¢ > 0, there exists jo € N such that the following holds: for each
J > jo, there exists no(j) = no(y; ,y; ,¢;) € N such that for all n > ng(j),

Pp <maXU6Tn LZ(t) (U) > \/E + a’VI(t) + y]) 4

o2z u; - ﬁﬁ*% <e, (4.121)

uniformly in y; and ¢ satisfying (4.78) (we take ¢, > 0 large enough).

Let 7, be the limit of any convergent subsequence of (4.112). By taking
a sub-subsequence, if necessary, and repeating the above argument, we have
(4.121) if we replace 7, with 7,. Thus, the full sequence (4.112) converges to
a finite positive constant, and we write v, to denote the limit. Therefore, we

have (4.77). O
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4.6 Proof of Theorem 4.1.1 and Corollary 4.1.3

In this section, we prove Theorem 4.1.1 and Corollary 4.1.3. Recall (4.2).
Let (hy)yer be a BRW on T defined in Section 4.1. Forn € N, 1 < r < n,
and A € R, we set

P = > (s/logb n— %h) (210D (VIogb =) (4 199)

'UETTL7
o(vr)<A

Recall that v, is the ancestor of v on T,. Note that since o(v,) falls in [0, 1],
we have F*(A) = 0 for all A < 0 and F*(\) = F*(1) for all A > 1. We begin

with some lemmas.

Lemma 4.6.1 For each A € R, the limit lim, _, ., lim,,_,, F*(\) exists almost
surely.

Proof. For each v € T, set h{"™") := h, — h, . Then, we have

A) = Z Z (\/logbr—hu/\/i—i-\/logb(n—r)—h&”’r)/\/i)

ueTy, velTy .
o(u)<A

) 72\/@ (\/@ rfhu/\/i) —2+/log b (x/log (n—r)—h (n T)/\[)
=3 pu _em2VIoED (VIogh r—hu/V2)

UETT

o(u)<A

+ 3w ( logb r — ha /\/’) ~2vIogh (VIS r-hu/V2) (4 193)
u€Ty,
a(u)g)\

where for each u € T,., we have set

= (Viogh (n—r) — hr) V) VIR (VIR 0o TAR),

veTY

|V VA —— Z —2y/logb (\/10? (nfr)fhg}”—”/ﬁ).

veT™

n—r

By [73], and [17, Theorem 5.1, 5.2] or [2, Proposition A.3], the following
holds for each u € T,.:

DY := lim D, _, € (0, co), lim W} =0, almostsurely. (4.124)

n—oo n—o0
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Thus, by (4.123) and (4.124), for each r € N, we have

lim F'(\) = Z DY e2Viosb (Viogd T_h“/‘/é), almost surely.  (4.125)

n—oo
’U,ET'ry

o(u)<A

Note that by Lemma 4.7.7(i), we have for each r,

1
v/logbn— Ehv > 0, for all sufficiently large n and v € T,,, almost surely.

By this, the definition (4.122) of F*(\) and the fact that {v € T}, : o(v) <
A} CH{v €T, :o(v,) < A} for all » < ¢/) the sequence {lim,, o FI'(A)},>1 18
nonincreasing for each A € R. Thus, the limit lim, ., lim, o, F*()\) exists
almost surely for each A € R. [

For each n € N, we set

2
D= 3 (Vioghn - o ) oV (e )
2

veTy
Then the following holds:
Lemma 4.6.2 For all e > 0,

lim P (DY > ¢) = 0. (4.126)

n—oo

Proof. Set m,, := +/logb n — ﬁ\/@ logn. We have for any y > 0

P (DY) > ¢)
S P (Z ( /logb n — h /\/_> —4+/logb (\/logb nfh”/ﬁ)l{hv/\/igmwry} Z 5)
vETy
+P (rréaxh /V2 > m, + y) (4.127)

Since h, is a Gaussian random variable with mean 0 and variance n for
each v € T,,, a simple calculation implies that

lim E Z ( /_lOgb n—h /\/_> —4+/Tog b (\/logb n_hv/ﬁ)l{hu/\@<mn+y}] =0
veETY

n—oo
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By this and applying the Chebyshev inequality to the first term of (4.127)
and Lemma 4.7.7(i) to the second term of (4.127), we have

limsup P (fo) > g) <ca(l+ y)ef%/logb Y

n—oo

Since we can take arbitrary y € (0, oo), this implies (4.126). O

For a € R, an interval I C R, ¢t > 0, and r,n € N with r < n, we set

Brullia) i = {/Liy () = VE—anlt) ¢ 1.

for all v € T,, with o(v,) € [a —b7", alt.
(4.128)

Then we have the following:

Lemma 4.6.3 There exists ¢y > 0 such that the following holds: for any
finite interval I C R, there exist co(I) > 0 and ro(1) € N such that for all
t>0,aceR, r>ro(l), andn >r,

P, [(BSy,(1;0)°] < ea(I)re . (4.129)

Proof. Fix any finite interval I C R. Let {I,I} be the boundary of I with
I<I. Fixanyt>0,a €R,r>ro(l), and n > r, where we take ro(I) > |/
large enough. Recall the event G7(t) defined in (4.26). We have

P, (B a3 )]

<P, (there exists v € T, with o(v,) € [a —b™", a] such that

Er (w0 < Vi+ D og(s A — )y 4741,
forall 0 < s <mn, L~(t() Vit —an(t) € )

+ P, (G™(t)). (4.130)

We estimate the first term on the right-hand side of (4.130). Fix v € T,,.
Recall P2 and B defined in (4.37) and (4.38). We have

\/ﬁﬂjz(t)ﬂﬁp (VB0 = Vi 2 ntogs n o= s 741
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forall 0 <s<mn, (/L%,(v)- Vit —a,(t) € I)

~ _V2an() 5 _ (an(t)?
< EP 1{ o Bnm Ty ]

%gm(log(s/\(n—s))ﬁr—kr—‘rl, for all 0<s<n, é—\/%el}e

\/¥—I-n
i

where we have used Lemma 4.2.5 and (4.16) in the first inequality and Lemma
4.2.6(i) in the last inequality.

Next, we estimate the number of v € T,, satisfying o (v,) € [a —b™", a.
We first consider the case a € [0,1]. In this case, we have a sequence (z;);>1
with x; € {0,...,b — 1} such that a = > ° %. In particular, we have

<ca)p™r+1)(r+1-1)

(4.131)

~ i=1 bt
S st e [, b for all v € T, with o (v,) € [a—b7", a] and the
label (71, ...,7,). By this and a simple observation, we have

{veTl,:o(v,)€la—b", a]}
C{veT, :v=ua; foralll <i<r}

UU{veTn:Ej:xj, forall1<j<i:—1, v; —x; >0,
i=1
Uy =xy—(b—1), foralli<yj <r}

UU{UGTn:@:xj, forall1<j<i1—1, 1 —x; <O,
i=1
Uy =xy+ (b—1), foralli<j <r},

which implies
Hv €T, o) € [a -b", a}}‘ < corb™ . (4.132)
By (4.130)-(4.132) and Lemma 4.3.2, we have (4.129). O

Proof of Theorem 4.1.1. Recall (4.122) and Lemma 4.6.1. For each r € N
and A € R, we set
F.(A) := lim F*(\).

n—oo

By (4.125), for each r € N, the function A — F,.(\) is nondecreasing and
right-continuous, almost surely. Recall (4.1). By the sentence below (4.122),
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we have for each r € N limy_,o Fr(\) = Dy and limy, o, F.(A) = 0.
Thus, for each r € N, F,. determines the Borel measure Z,. on R satisfy-
ing Z. (A, A2]) = F.(Ag) — F(A\q) for all A\j < As.

Recall the notion of weak convergence of random measures described
above Theorem 4.1.1. Let CF(R) be the space of continuous, nonnegative
functions on R with compact support. Since Z,.(R) = D, < oo almost surely
for each r € N, we have the following: for all ¢ > 0 and f € CH(R), there
exists M > 0 such that for all r € R,

P( [ f@)2,0) > ) < PS> 1) <

where || f]lo := max,er f(x). Thus, by [85, Lemma 3.20], (Z,),>1 is tight.
Thus, there exists a weakly convergent subsequence (Z,, )i>1 of (Z,),>1 and
we write Z,, to denote the weak limit.

Recall (4.6), (4.7), and (4.3). For each interval I C R, we will write
OI to denote its boundary. Fix any sequence of positive integers (g,)n>1
with lim, 0 ¢, = oo and lim, ,¢q,/n € [0,1). Fix any (t,),>1 with
lim, o0 vtn/n = 6 € [0,00] and ¢, > c.nlogn, where ¢, is a sufficiently
large positive constant. We will prove the following: for all finite disjoint
intervals 4; = (4;, 4], 1 < i < m with P(Zy (04;) =0) = 1 for all
1 < i < m, finite intervals B; := (B;, B;], 1 < i < m, and positive values
A1y .oy,

lim E,

n—qn)
Jim exp{ Zalu (A; xB)}

exp {_%B*V* i (1 — e_ai) Zoo(Az) <€_2\/m Bi _ 6_2\/m Pi) }] .
=1
(4.133)

=E

Let r, < g <n be a positive integer. Recall the events (4.128). By the
definition (4.3) of =

m , we have

E, exp{ Z q% AxB)}

m
= Eﬂ exp Z Z o‘ argmaxv L:—l(t )>€A¢}
€T, i=1 "

98



1 - _
{maquT,}:iq \ L:(tn)(u)_m_an(tn)eBi} z 1 Brk tn, n(Bl A, )mBrk tn, n(BﬁAi)
+ Ep exp B Z Z CLZ 0' argmaxv Lf(tm)EAi}

veTy i=1

n—q L:—L(tn)(u)_ tn_an(tn)eBi}}l ITn:1(Bglcvt?’Lv"l(Bi;Ai)) (B;Zk tn”(B.;Ai))c:|
T+ (4.134)

By Lemma 4.6.3, we have

< (B (re)Pe . (4.135)
i=1
We estimate J; in (4.134). Under (2, B2 , ., (Bi; &) N B2, . (Bi; 4,),
we have for all v € T, and 1 <7 < 'm,
1{a(argmaxv Lf(tn)) €A;, maxyery L:f(tn)(u)f\/afan(tn)eBi}
_ (4.136)

{a(vrk)EAi, maXyeTy L:l(tn)(u)— tn_an(tn)eBi}.
Thus, we have

Jp = exp E E a;l
p (2 . n .
a(vry, )EA;, MaXyery_ 4 /LT(tn)(u) Vin an(tn)EBz}

veET, =1

ex CL
p E E Hotn)ers, maxuery  \/Tr 0—vin—an(tn)€B: |

veTy i=1
1

Uz 1(ng tn, n(B“A )) (ng tn, n(szz))C

= Jl,l - JLQ. (4137)

By Lemma 4.6.3, we have
Jia < Z 1 (By)(ry,)3ee2m, (4.138)

99



We estimate J;;. By Theorem 4.2.4(ii), on the same probability space
(we will write P to denote the probability measure), we can construct a local
time (L7 1(v))ver., and two BRWs (hy)ver.,, (h)ver., satisfying (4.14)
and (4.15). Fix § € (0,1). We set

1 1 3
—1hy|, —=|h,| < \/logb q — 1 —9)logq, for all v e T,
{5l Sl < Viogh - 21 - d)logg

(4139)
For each v € T}, let L* be a local time of a Brownian motion on 7% C T<n

and set 7+(p) := inf{s > 0 : L¥(v) > p}. We omit the subscript v in L+ and
7. By Lemma 4.2.1, we have

Cq =

Jl,l = E 1Cq H KU + E 1(Cq)C H KU = J17171 + ']17172’ (4140)

veTy veTy

where for each v € T;, we have set K, by

m

E, |exp —g a;1
=1 {U(v"‘k)EAiz maquT:;

—q

1
(u)—tn—an (tn)EB;
) |

(4.141)
By Lemma 4.7.7, we have

i1z < cs(logq) - (q) 7. (4.142)
We estimate J; 1. Since Ay, ..., A, are disjoint, we have for all v € T,

72?;1 ail ZL

{o'('urk)GAZ max,, c v

_ N e
= 1 — E,U 1 — e 7(tn)

L= (1= ) Lo yen)
i=1

ueTy_, 7 (L?(tn>(”)

P, ( max \/Zf )(u) — Vit — an(tn) € Bz)
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i=1

P, (u%ax \/Zi'i (220, 0) ) ™ Vi = anltn) € Bi)) } - (4143)

On the event C, by (4.15), we have for all v € T}

Vintan(t,) = L, (v)+an—g (Lﬁ(tn)(v))—l— logb q— \/_h' +0, 4, (4.144)
where

(4.145)

no_ 3log (1 —q/n) 10g(1+0q(1/\/ﬂ))
Oy, = Wb Tvioet + O, (1/V1) -

(Recall the notation O, described in Section 4.1.) We take any sufficiently
small € > 0 and sufficiently large ¢y € N which depends on By, ..., B,, and
e. We assume that ¢ > qo and n > ng, where we take sufficiently large
no = no(q,€) € N. By Proposition 4.5.1 and (4.144)-(4.145), under the event
Cy, we have for all 1 <7 <m and v € T,

~ = B B ‘
PU (uIE%%X \/L?-i (L:L(tn)(v)> <u> \/E an(tn) < Bz)

n—q

_p It n .
=P, ( max \/LTi(L By @ )> (U) - LT(tn)<'U) — Qp—gq (LT(tn)(U))

uweTy_,
1ogbq——h;—|—B + 0, )
\/_
o (u?TaX \/Li( T ™) (1) = \/ L1y (0) = anq (D70, (0))
log b Ly + B, + 4! )
0 - — i I
g0 q ok q
4 1 —2¢/log b (\/logb q——=h! +B-)
< (14 cue)—=Lu7s | V0ogb g — —=h, + B, | e VAT
e v2
4 1 —\ oozt (icsh o— L i + B
— (1 — 048)75*7* (\/ logb q — Eh; + Bl) e 2vlogh ( logb q \}ﬁh”+Bl).
T

(4.146)
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We set

V/ 1 —1/logb (vIogh q- L1,
Dy):v;n( 1"gbq‘ﬁ%) o~ VIoED (VIoED - ),

Wq — Z 672\/10gb (x/logb q7%h4]> .

veTy

By (4.143), (4.146) and Taylor’s expansion of the function = — log(1 — z),
under the event C, N {Dém < 5} N{W, < e}, we have

[T K. < ero(t S Bile Vst B, [Bife2vost 21)e
v =

| exp{‘ 8D (e (P (R) - L (4)

?

) <672x/logb B _ ,~2Vlogb Bi _ (. <672\/logb B | o—2vlogh Bi>>}

(4.147)

where we abused the notation F? by replacing h with A’ in (4.122). We can
obtain a similar lower bound of HUGTq K,. By Lemma 4.7.7, Lemma 4.6.2,
and the fact that lim, . W, = 0, almost surely (see [73]), we have

Jim P ((C U{DY > e} u{W, >¢e}) =0. (4.148)
Thus, by (4.134)-(4.135), (4.137)-(4.138), (4.140), (4.142) (4.147) and a sim-
ilar lower bound, and (4.148), taking n — oo, then ¢ — oo, then k£ — o0,
and finally ¢ — 0, we have

exp{ Zazung)s A; x Bz)}

lim limsup |F

o
=0 poco

_ _ . _ G . —2y/logh B, _ _—2y/logh B;
E |exp { ﬁﬁ*% lzl (1—e™) Zoo(4)) (e g e g > }]
_o. (4.149)
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Next, by using (4.149), we will prove (4.133). Let z, be a real number
with z, < minj<;<,, B;. Take ¢y = qo(2.) € N large enough and fix any
q > qo. Take n € N large enough so that ¢ <n — ¢, <n—q and ¢ < n/4.
We set

U (tn) == {there exist v,u € T,, with ¢ < |v A u| < n — ¢ such that

\/LT(t \/L”t) € [Vtn + an(ty) + 2., oo)}
(4.150)

Under the event (Ug*’q(tn))c, by the definition of argmax, L7, ), we have

{argmgmeZ(t EICASH rrel%3< \ /Lf(tn)(u) > Vin + an(tn) + z*}
= {argmsxxLﬁ(tn) cv e T, ax Dy (w) = Vin +an(tn) + z*} :

n—q
(4.151)
By (4.151) and z, < minj<;<,, B;, we have
E, exp{ Zalu" ) (A, xB)}
— Ep |:6_ anazuiq)t (AiXBi)] _ E’p |:€_ i a”-_‘n tn(A x B )1Uz* q(tn)]
+E, [6_ PRI tnq")(AiXBi)lug*,q(tn)}
= Ll — LQ —|— Lg. (4152)
By Proposition 4.4.1, we have
LQ S Cﬁq_l/s, Lg S Cﬁq_l/s. (4153)

Thus, by (4.149) and (4.152)-(4.153), we have (4.133).
Recall the random measures Z, defined in the first part of the proof.
Let Z. be any subsequential weak limit of (Z,),>;. Repeating the above

argument (we additionally assume that IP’( o (04;) = ) =1forall<
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i <'m), we have (4.133) if we replace Zo, with Zs. Thus, random measures
Zso and ZOO have the same finite dimensional distributions, which implies
Zoo = Zs in law. Thus, the full sequence (Z,),>1 weakly converges to Z.
By the sentence below (4.122) and the definition of (Z,.),>1, we have Z(R) =
Z([0,1]) almost surely and Z([0,1]) = Dy in law.

Note that the right-hand side of (4.133) is the Laplace transform of

(PPP (%5*%200(@) ® 24/log b e 2Vie? ydy) (Aix By):1<i< m) :
s

Thus, (4.133) implies that the point process u( ) weakly converges to the

Cox process (4.5) as n — oo (see, for example, [34, Proposition 11.1.VIII]).

Finally, we will prove that Z., is non-atomic almost surely. Since the
set of points x € R with P(Z({z}) > ) > ¢ for some §,¢ € (0, o) is
countable (see, for example, [34, Lemma 11.1.11]), it is enough to show that
P(Zs({a}) = 0) = 1foreacha € [0,1]. Fixa € [0,1]. Fix I, = [L,,, [] CR
be finite intervals with I,,, | {a} as m — oo and P (Z(91,,) = 0) = 1. Since
:‘(n_qn)

Ent, . weakly converges to the Cox process as n — oo, we have

lim P, ( =a) (1, x [1,2)) > 0) —1-FE [e‘%ﬂmzww(

n—oo

672«/10g b_ef4\/log b)]

(4.154)
On the other hand, by Proposition 4.7.1, we have

limsup P, ( nan) (I, x [1,2]) > 0>

n—oo

< limsup P, [ max /L7, \(v) > Vin + an(t,) +1
n—o0 ’UeTny n

o(v)Elm

< ¢ limsup (b7"{v € T, : 0(v) € Im}])5/8 <ci(Tm—1,)%8.  (4.155)

n—oo

By (4.154)-(4.155) and I,,, | {a} as m — oo, we have Z({a}) = 0 almost
surely. Therefore, we have proved that Z., is non-atomic almost surely. [J

Proof of Corollary 4.1.3. Fix (gn)n>1 with lim, o ¢, = oo and lim,, o g, /n €
[0,1). Forall A € R, A > AV 0, and € > 0, we have

UET’FL

Pp<max L2, () < Vi + ag(t )+>\>

104



v

P, (zg;;w ((—g, 1] x (A, X)) - o)
_Pp<maX m o () = Ve, + an(t )+X)

’UGTn

> P, (55;;7“ <(—5, 1] % (A, X)) - o) (14 Ve 2VREE A (4156)

where we have used Proposition 4.3.1(i) in the last inequality, and obviously,

P, (gé%“f VLR () < Vi + an(tn) + )\)

<P, ( =) ((—5, 1] % (A, X)) - 0). (4.157)

By Theorem 4.1.1, taking n — oo, and then A\ — oo in (4.156)-(4.157), we
have (4.8). O

4.7 Appendix

In this section, we give proof of some technical estimates.

4.7.1 Proof of Lemma 4.2.1

Proof of Lemma 4.2.1. Following [51], we will construct a version of the
Brownian motion on T<n via piecing together excursions around a. Let X0 =
(X0t >0,P% x € T<,\{a}) is a Brownian motion on T,\{a} killed upon
the hitting time H? := inf{t > 0: X? = a}. We define a space of excursions
around a by

W, :=={w : there exists £(w) € (0,00),w : [0, &(w)] = Txy is continuous,
w(t) € Tp\{a} for all t € (0,&(w)), and w(0) = w(€(w)) = a}.
Let Y .p0(se,) be a Poisson point process on (0,00) x W, with intensity
measure ds X n defined on a probability space (2, P), where the set D C
(0, 00) is countable and n is the excursion law corresponding to X. See [51,

Section 4] for the detail. Let 0 be a new point and we extend n to a measure
on W,U{0} by setting n({0}) = 0. For s ¢ D, we set e; := 0 and {(e;) = 0.
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Set J(s) :== ), §(er). Fort >0, we can find s with J(s—) <t < J(s) and
set
es(t — J(s—)) if J(s—) < J(s),
Y, = (4.158)
a if J(s—)=J(s).
Let 2 be the sample space on which XY is defined. We assume that QO has
an extra point w® with P,({w®}) = 0 for all z € T<,\{a}. Set P := § .. We

define the product probability space (Q P ) by
(NZ::QOXQ, .ﬁm::}N’fo, :EETSW

We define a new process X = ()?t,t > 0,P,,z € fgn) as follows: for w =
(W w) € Q\{w*} x Q, we set

XO(w) if 0<t< H(w),
X (@) := (4.159)
Y;,H(Q(MO)(LL)) if t> Hg(wo).

For @ = (ww) with w € Q, we set X,(@) := Yj(w) for all ¢ > 0. By
[51, Theorem 4.1 and Corollary 5.1}, X is a Brownian motion on 7,. We
consider the space of excursions W restricted on T, \T® defined by

W= {w e W, : w(t) € T<,\T* for all t € (0,&(w))}.

Similarly, we define the space of excursions W restricted on T¢. For s > 0,
set
e, if e, € W], e, if e, € W}

T .
e, = e

w4
|

0 otherwise, 0 otherwise.

Since W and W3 are disjoint, two Poisson point processes Yo (5(5 eh) and
D505ty are independent. For s > 0, set J(s) =32, &(el) and JH(s) ==
> or<séler). Let {L{(x) : (t, ) € [0,00) x Tp} be a local time of X. For
t>0and @ = (W, w) € Q, we set

L(a)(@) == inf{s : H'(w") + J(s)(w) > t}.
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One can check that {Z?(a) .t >0} is a local time of X at a. Thus, by [80,
Lemma 3.6.8], L7(a) = L*(a) for all t > 0, ﬁp—almost surely. By [56, Theorem
2.6] and [79, Theorem 3.7, X has a continuous 1-potential density. Thus,
by [80, Theorem 3.6.3], for each y € fgn, there exists a positive sequence
(e¥ )m>o with lim,, . €%, = 0 such that ﬁp—almost surely,

v (X,)ds, locally uniformly in ¢, (4.160)

where f,, is an approximate J-function at y with respect to m: that is,

{fey 1 € > 0} is a family of positive continuous functions on j:‘gn satisfying
fT< fey(z)m(dr) = 1 and supp(f.,) is a compact neighborhood of y with

supp(f-) 4 {y} as ¢ — 0. By (4.160), we have

L2 (a) = inf{s : Ljjo, s (p) >t}

= inf : lim 0
{3 anoo(O feo (X0 du+2/ for (el ))du> }

r<s

=:s(t), as., (4.161)

7(t) = inf{s : L"(p) > t}
gel)

:inf{s: lim ( fs S XN du + Z / for, (el (u))du
m—r0o0 0

r<sp(t)

s=JT(s2(t)~-)
+ / Faoplelop@du | >t b, as,  (4162)
0 *

EZ = lim Z / ) fer o(ey(u))du, a.s., for all z € T*\{a},

r<sm(t

(4.163)

_ H, ~ £(el)
?—(t)(y) = lim ( 0 fa%,y(Xg)du—i_ Z /0 fai’n,y(e1<u)>du

r<sn(t)

(0~ (s2()) o
+ / faymy(eln(t)(u))du , a.s., forall y € T, \T,
0 : =

(4.164)
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where “a.s.” in (4.161)-(4.164) means “ﬁp—almost surely”. Let Y+ be the
process defined by replacing J(+) and e. in (4.158) with J*(-) and e, respec-
tively. Let X* be the process defined by replacing Y with Y+. Then, by [51,
Theorem 4.1 and Corollary 5.1], the process Xt = ()A(:ti,t >0, P,z € T“)
is a Brownian motion on 7. Thus, by (4.161)-(4.164) and independence of
e! and et, together with [80, Theorem 3.6.3], the law of {Zg(t) (z) : x € T}
under ]Sp(yﬁ) is the same as that of {Zfi@@( )(a))(x) cx € fa} under P,. O

7

4.7.2 Proof of Lemma 4.2.2
Proof of Lemma 4.2.2. Let {z1, 22}, {w1, w2} be edges of T" with x € Iy, .,)
and y € Iy, w,)- We have

+hy) = Ex (L (y)
z (ZZZMH@ (y)+ Ly, () o 9Hz1AHZQ>

Efv(anzl/\Hz2 (y)) + Pu(H:, < HZQ)E21<Zan(y>> + Py(H, < HZ1)EZ2<Zan(y>>

=
S

B i 0 + G BTy )+

Ey(L} (2)). (4.165)

Similar arguments implies that for each i € {1, 2},

d(y7w2) o d(val) I

E,(Ly, (=) = d(whw2)Ewl(Z"Hp(zi))+ d(wI’MQ)EW(Z"HP(Zi)). (4.166)

(In (4.166), we have used the equality Ey(ZnleAHwQ (2:)) = 0 for each i €
{1,2}.) Note that by (4.12) and [40, Lemma 2.1], for all 4, j € {1, 2},

Ew (L, () = B (LY, (23) = d(p,wi) + d(p, 25) — d(wi, ;). (4.167)

We have .
By (L am, W) =0, 3 Iy o) # Tw sy (4.168)

Assume that Iy, .,1 = Iy, w,)- Note that a Brownian motion on Tgn starting
at x killed upon H,, A H,, has the same law as a standard Brownian motion

on (0,1) stating at d(z, z;) killed upon Hy A Hyjs. Let {L{(z) : t > 0} be a
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local time at x of a standard Brownian motion {B;,t > 0, PB, y € R} on R.
By this and [86, Chapter VI, Exercise 2.8|, we have

Eo(LY, pi, () = Bt o) (Liton, , (A, 21)))

_d(z, 2) d(x, z1)
d(z, zz)d(y’ a)+ d(z1, Zz)d(y7 @)~ d(z.9),

if Iz 20y = L o) (4.169)

Thus, by (4.165)-(4.169), we have

E(hshy) = d(p,z) +d(p,y) — d(z,y). O

4.7.3 Tail of maximum of local time revisited

To show that the random measure Z., in Theorem 4.1.1 is non-atomic, we
use a version of Proposition 4.3.1(i):

Proposition 4.7.1 There exists ¢y > 0 such that for alln € N, t >0,y > 0,
and A C T,

P

A1\ /8
P (‘?ea} \V LYy (w) 2 Vi ag(t) + y) <a (%) (1 +y)e 2viesby,

(4.170)
Proof. Recall (4.26) and (4.28). We have

(max \/m > i+ an(t) + y)

(there exists v € A, Zg(t)(vs) <y (s), forall s <m,

y+(On A=) e

N5 L2, (v [\/_—i—an +y,ﬂ+an(t)+y+(b”|,4\1)1/8+1D

+P, (Gn+ 1)1/ t))

Y

= Jy+ o (4.171)

By an argument similar to (4.44), we have

D < er (A (14 y)e 2Vl (4.172)

109



By Lemma 4.3.2, we have

Jo < 3 (07| ADY® (1 + y)e2VIoED ve-2vIoED (¢"/1A)"", (4.173)

By (4.171)-(4.173), we have (4.170). O

In the proof of Proposition 4.4.1, we need a version of Proposition 4.3.1(ii):

Proposition 4.7.2 There exist ¢y > 0 and ty > 0 such that for alln € N,
t> lo, and ye [Oa 2\/5];

P, (mz%x L7y (0) > ViE+ an(t) + y) > cre”2Viosby, (4.174)
veEln

Remark 4.7.3 The assumption of t in Proposition 4.7.2 is weaker than that
of Proposition 4.3.1(ii). This is the main requirement in the proof of Propo-
sitton 4.4.1.

Fixe € (0, 1/4). Forne N, t >0,y >0,0<r <n, and v € T, set

Ay (1) = {\/Z%)(vs) € VE+ Lysn(8) + [=9a(8): = ful9)),
forallr <s<n-—r, ,/Zg(t)(v) EVt+an(t)+ [y, y +1),

Zg(t)(vs’) Z \/¥ + éy,t,n(sl) - T%+287 for all S, S [0’ T] V [n - n]}’

where

t
Cyin(s) = <an_) + Q) s, 0<s<n,

n n
fals) :i=min {s"275, (n— 8)"27°} . gu(s) :=min {s'>*, (n—s)"/?*e}.

To prove Proposition 4.7.2, we will apply the second moment method to
EveTn Lag, 1) We first need the following:

Lemma 4.7.4 There exist ro € N, ¢; = ¢1(rg) > 0 such that for all ro <
r<n/4, t>4rte 4y e [0, 2¢/n], and v € T,

By(An (1)) > cib e 2Viosb v, (4.175)
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Proof. Fix ro <r <n/4,t > 4r'™ and y € [0,2,/n], where we take 1y € N
large enough. By Lemma 4.2.5 and (4.16), we have

Vita,(t)+y+1=,
\/ Vi P,(Ay,(1))

B
> cl(TO)P&B <€y7t7n(s) — gn(s) < \/% <Llyin(8) = fuls), forallr <s<mn-—r,

By/V2 € [an(t) +y, an(t) +y + 1),
By /V2 > Uy n(s") —r/?*% forall s € [0, 7] U [n —r, n]),
(4.176)

where we have used the following: under the event that /X /2 > Vit +
Cyin(8) — gn(s) for all s € [r, n —r] and /Xy /2 >Vt + Ly n(8) — r1/2+%

for all & € [0, ] U [n — r, n], we have exp (—g n;é—i) > ¢1(rg). Since

{BS —B,2:0<s< n} is independent of B,, and has the same law as that
of a standard Brownian bridge from 0 to 0 on [0, n], the right-hand side of
(4.176) is bounded from below by

c1(ro) Pyl (—gn(s) <X, /V2< —fo(s) =1, forallr < s <n—r

Xy /V2 > —rt/*% forall s € [0, r]U[n—r, n])

o <Bn/\/§ € [an(t) +y, an(t) +y+ 1]) , (4.177)

where for 7' > 0 and p, g € R, PpT_,q is a probability law on (C10, T, B(C0,T}))
(C[0,T7] is the space of all continuous functions on [0,7] and B(C[0,T]) is
the o-field generated by cylinder sets in C[0,T]) under which the coordinate

process {X, : 0 < s < T} is a standard Brownian bridge from p to ¢ on
0, 7).
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We estimate two probabilities in (4.177). By using the Gaussian density
of B,,, we have

P (BuV2€ fant) + 3, an(0) 4+ 10) 2 g | YE oo2vmst

(4.178)
For the rest of the proof, we estimate the other probability. We have

Py <—9n(8) < Xs/\/§ < —fals) =1, forallr <s<n-—r,
Xy /V2 > —r/2*% forall s’ € [0, r]U[n—r, n])

= Eoo 1{_g’ﬂ(r)§X7‘/\/§<_fn(T)_17 —gn(n—1)<Xp—r/V2<—fn(n—1)—1}

X
- P %%, <—gn(s +1r) <2< —fuls+r)—1, forall s <n— 27’)

V2
Py x, (Xs/\/i > —pl/22% forall 0 < s < r)

Py <Xs/\/§ > —7“1/2+25, forall0 <s < r)]

> c3(ro) Byl (—gn(s) < Xs/\/§ < —fouls) =1, forallr <s<mn-— 7“) ,
(4.179)

where we have used the following in the second inequality: for z1, x5 > 0 and
T >0,

S T—s

2x1x
T 142

T )
(4.180)
(see, for example, [25, Lemma 2.2]) which implies that the last two probabil-
ities in the expectation in the second display of (4.179) are bounded below
by constants depending on 7.
To estimate the probability on the right-hand side of (4.179), we use the
following: for any C' > 0 and § > 1/2, as r — o0

T T X2, OSSST):l—eXp(—

Pg%O(XSSC(s/\(T—s))‘S,for allr < s <T —r|X; >0, for allrﬁng—T)
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— 1 uniformly in 7, (4.181)

and for any " >0 and 0 < ¢ < 1/2, as r — o0

PEo(Xs>C'(sAN (T —s))%, forallr <s<T —r)
PL,(X,>0, forallr <s<T—r)

— 1, uniformly in 7.

(4.182)
See [25, Lemma 2.7 and Proposition 6.1]. We have for ry < r < n/4 with rg
large enough

P(?—m(— (S)<X/\/§<—fn(s)—1, forallrgsgn—r)

=P o (V2(fu(s) + 1) < X, < V200(s), forallrﬁsﬁn—r)
>P"0(X >0, forallr<s<n—7")

' o (X >0 forall r < s <n—r, Xg>2g,(s") for some s’ € [r, n— r])

O(X >0,forallr <s<mn-—r, Xy <2f,(s) for some s" € [r, n—r])
ZP(LO(XSZO, forallr <s<n-—r)

1
—ZPSQO(XSZO,forallrSsgn—r)—ZPgl_)O(XsZO,forallrSsSn—r)
1
zipggo(xszo, forallr <s<n-—r)

v

1
EP(LO (XS >0, forallr <s<n-—r, X,, X, €[\/1/2, V7] )

1
= §Eg_>0 l{XT,Xn,TE[ﬁ/Z \/?]}P)?:irxn,r (Xs>0, forall 0 <s<n-—2r)

> W) o (X X € V2, Vi) 2 S, (4.153)

where we have used the symmetry of a Brownian bridge in the first equality,
(4.181)-(4.182) in the third inequality, and (4.180) in the 7th inequality.
Thus, by (4.176)-(4.179) and (4.183), we have (4.175). O

Next, we need the following:

Lemma 4.7.5 There exist o € N and ¢y > 0 such that for all t > 0,
ro <r <mn/4, yel0, 2vnl, ke {rr+1,....n—r—1}, v € T,, and

(VE+Cypn(k) = gn(k)) < g < (VE+ Lyen(k) — fu(k)),

P, z%(q)(vs) <Vt Ly un(8) = fu(s), forallk < s <n-—r,
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Lh [(0) € VE+an(t) +y, Vit+an(t) +y+1)

< i \/ VIt ban®) = fu])  gu(k)
- Vita,(t)+y (m—k—r)vn—k

Vitn
log
LR (nk) <2nﬂ >(n_k)e——2 nynck —20n0 (k)

L (4.184)
where {Zﬁi:v) :(s,x) € [0, o) x T} is a local time of a Brownian motion
on T% C T<, and 7(p) := inf{s > 0 : L¥(vx) > p}.

Proof. Let Py be the left-hand side of (4.184). Recall the probability measure
P, defined in the proof of Lemma 4.7.4. By Lemma 4.2.5 and (4.16), we
have

\/\/f+an(t)+yp
\/a k

By/V2 <Vt —Jq+ lyin(k+5) — fulk+s), forall s <n—k—r,

<pry

B x/V2 € [Vt — G+ an(t) +y, VI — T+ a,(t) +y+1)

< P (XVE < VE= Vi byanlb8) = (V= Vi () 4 0),
forallOSsSn—k—r)

PP (Buok/ V2 € V= A+ an(t) +y, Vi— VT +an(t) +y+ 1),
(4.185)

where we have used the fact that the process {B 2 Bhkis<n-— k}
is independent of B,,_; and has the same law as that of a standard Brownian
bridge from 0 to 0 on [0, n — k.

We estimate two probabilities on the right-hand side of (4.185). By using
the Gaussian density of B,_y,

PP (Bua/V2 € WVE= G+ an(t) +y, VE— i+ an(t) +y+1)
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< C1 b_(n_k)efilsgn(n_k)elog(;[\tjt:n) (n_k)e_ 2an (1) L*ke_ 2an (1) fn(k) (4 186)
T Vn—k ' '

To estimate the other probability, we use the following: for any xi,z, €
[0,00), 71,79 € [0,00), and T" > ry + 1o,

P()T_>0<Xs§ (1—%>5€1+%$2, TlSSST—T2>

2 r r r r
ST () m e ge A H{Fe+ (1-F)m o+ Vi)
(4.187)

See [6, Lemma 3.4]. By (4.187), we have
P (X i it bk 4 5) — —— (VI — i+ an(t) + 1)
0—0 \/5 YL, n—k;
forallOSsﬁn—k—r)

7,1/2—1—5

< ¢y gn (k). (4.188)

n—Fk—r
Thus, by (4.185), (4.186), and (4.188), we have (4.184). O

Lemma 4.7.6 (i) There exist c; > 0 and ro € N such that for all t > 0,
ro<r<n/4,yel0, 2v/n|, ke{r,r+1,....n—r—1}, and v,u € T,, with
v Au| =k such that

Py(AZ, () NAL (1))

< oypB/2rep VE+ by en(k) = ful(k) gn(k)
- Vitta,(t)+y (n—k—r)vn—k
3logn m(%) dan(t). 2an(t) k  2an(t)
et TR TR o m T TR e T R, (4.189)

(ii) There exist 1o € N, ¢y = ca(rg) > 0, ng = ng(ro) € N such that for all
t>0,n>mng, 10 <71 <2r0,y€(0,2/n], ke {0,....,7r}, and v,u € T,
with |v Au| = k,

By(AT, (t) N A (1)) < cpb™2mFme=tVIoeb v, (4.190)
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Proof. For w € {v,u}, set

5&,:: Lt - ws<ﬂ+€tns—fns,forallkgsgn—r,
yit,

\/ﬁ - (w) € [Vt +an(t) + v, \/¥+an(t)+y+1)}.
(4.191)

where {L}(z) : (s,x) € [0, 0o) x T%} is a local time of a Brownian motion
on T% C T<, and 7+(q) := inf{s > 0 : L¥(vx) > ¢q}. By using Lemma 4.2.1
in a way similar to (4.58), we have

By (A7, (1) N AL (#))

<E,

1{\/1E—|—€y,,g,n(s)—gn(s)g1 /ng(U3)<\/i+€y’t,n(s)—fn(s), for all TSSS/C}

P (@) . (@)

< C1T1/2+6 \/E + E%t,n - fn(k') gn(k') b—(n—k:)
< Vita,(t)+y (n—k—r)Wn—k
lo. M
ez (nk)g g<znﬂ )(n—’f)e—"’“%‘”y%‘]“e—%fn(m

- P, W/Zg(t)(vs) <VEFLyin(s) = fu(s), forallr < s <n—r,

VI @) € VE+an(t) +y, VE+an(t) +y+1)

(4.192)

)

where in the last inequality, we have used Lemma 4.7.5 for ﬁvk (53) and

Lemma 4.2.1.
We estimate the probability on the right-hand side of (4.192). By using
Lemma 4.2.5 and (4.16) in a way similar to (4.185), we have

VE+an(t) +y~
\/ i

Zg(t)(vs) < \/E + Ey,t,n(8> - fn<3)7
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forallr <s<n-—r /L2, (v) € [Vt + an(t) +y, VE+a,(t) +y+1)

B,
<P (X,<1, forallr <s<n-—r)-PP (EECLH(t)—i—y—l—[O, 1))

_"e_%y \/% + n7
Vit
where in the last inequality, we have used the Gaussian density of B, and

(4.187). Thus, by (4.192) and (4.193), we have (4.189).
The proof of (4.190) is similar to that of (4.189). We omit the detail. [

< corb (4.193)

Proof of Proposition 4.7.2. Fix any rg < r < 2rg and t > 4(2r)*™*,
where we take rg € N large enough. We first assume that n > ng, where we
take ng = ng(ro) > 8r¢ large enough. Fix any y € [0, 24/n]. Set

Z:=7) lag,0

veT,

We have

— ; (E,12)7
P (e /T ) 2 Vi au) ) 2 Bz 2 1) 2 CEE. o

By Lemma 4.7.4, we have

E,[Z]) > cie 2VIeb v, (4.195)
Next, we obtain an upper bound of E ,[Z?]. We have

E[ZY) = E +Z > P t) N AZ (1)) (4.196)

k=0 v UeTn
|v/\u|=l~c

By (4.193), we have

E,[Z) < cye~2VIo8bw, (4.197)
By Lemma 4.7.6, we have
n—r—1
Z D B(AL ()N AL (1) < cge 2V IEP Y, (4.198)
=0 v,u€Th,
|[vAul=k
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By (4.193), we have

S Y BULOnALM S S BAL®) < e,

k=n—r v,u€Ty, k=n—r v,u€Th,
\v/\u\:k |v/\u|:k

(4.199)
Thus, by (4.194)-(4.199), we have (4.174) for n > ny.
Next, we consider the case n < ng. Fix any y € [0,2y/n], vy € T,,, and
d € (0,1). By Lemma 4.2.5 and (4.16), we have

P, (Z%%ﬂf’ [ L7y (u) = V4 a,(t) + y)

> P, ( L2, (v) = 0Vt 0 < s <m, /L2, (v) € VE+an(t) +y+ 0, 1))

t
265\/\/E+an(t)—l—y+1
- PP (% > —(1—=0)Vt, forall s <n, B,/V2 € [an(t) +y,an(t) +y+ 1))

Vi B
ch)\/ﬁ—i-an(t)—l—y—i—l F (Bn/ﬂe [an(t) + ¥, an(t)+y+1]>
B (X2 2 ~(1 = 6)VE— (an(t) + )2, forall 0< s <)
> g > coe V108D Y (4.200)

where we have used the fact that under the event that /X /2 > 5/t for

__3no
all 0 < s < n, we have exp( On %) > e 6%t =: ¢5 in the second
inequality, the independence of B. — 2 B,, and B, in the third inequality, and

the Gaussian density of B,, and (4.180) in the 4th inequality. O

4.7.4 Tail of maximum of BRW

In the proof of Proposition 4.5.1, we use tail estimates of the maximum of

the BRW on T at time n. Let (h,),er be a BRW on T defined in Section
4.1.
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Lemma 4.7.7 (i) There exist ¢1,cy € (0, 00) such that for all y > 0 and
neN,

3
P <£Ié&£<hv/\/§> V1ogb n — N

(ii) There exists c3 > 0 and ng € N such that for alln > ny and y € [1, /n],

2
logn + y) < e1(1 4 y)e2VIosb yemetn

3
P (ggf hv/\/§ > 4/logbn — 1/lozb logn + y) > c;;ye”m Y,

Lemma 4.7.7(ii) is a special version of Lemma 2.7 of [27]. One can easily
modify the proof of Lemma 3.8 in [26] to prove Lemma 4.7.7(1). We omit the
details.

4.7.5 Proof of Lemma 4.2.6

Following an argument in the proof of [26, Lemma 3.6], we give a proof of
Lemma 4.2.6 for the sake of completeness.

Proof of Lemma 4.2.6. (i) Fix any interval I = (I, I] C (—oo, z + 2"/
We consider the cases s/2 > z + 2/20 4+ 1 and s/2 < z + 21/2 4 1 separately.
Case 1: s/2 > z+ 24?0 4 1. For 0 < j < |s], we set

¥r,(j) ;== max (z + 20 4L C(r A (s — 7"))1/20) . (4.201)

J<r<(j+1)As

We have

PP (BS/\/§EI, B V2 < 2420 4 C(rA(s—r)*, for a110§7"§s>

— PP (Bs/ﬁel, B./V2 < 2+ 2% for a110§r§s>
=P’ <Bs/\/§€[, By /V2 > z+ 2% for some 0 <1’ <s,

B V2 < 242404 C(rA(s—r)/*, for a110§7’§3>

,_
»
—

<

L]

PP (Bs/\@el, By V2 > 24 2% for some 0 < ' < s,

[

J<r<(G+1)As 0<r<s

&
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SZP(F (Bs/\/EGL Br/\/ﬁﬁiﬂ;z(j), for all 0 < r < s,

JSr<(4+1)As

242V < max  B,/V2< w;z(j)) . (4.202)

Fix 1 < j < |s] —2. We estimate the jth term on the right-hand side of
(4.202). Recall the density (4.21). For » <% _(j), we set

B,
Tz ::inf{re[(),l]:—>z—|—z1/20—x}.

V2

By the Markov property at time j, we have

By B,
PB( el, < ;. (j), for all r < s, 24+ 2% < max

Ber B < s D<)

2

B
- EO [ {Br/\/iﬁdfg‘yz(j), for all Ogrgj}
24 2/ < maXB/\/_<¢ ]
Y32 (9) B B
B,
1/20 .
P 0<r<1 /2 ¢ () — )d:p
Y32 (9)
< / Hjws () (%)
B
E, [1{Tz§1, Bry V2<05,. () —a }
B, B i
PBB < *() xz, forallr <s—j— ST e 7 _ 0 )\ | dae
T \/_ — \/5
¥, (7)
< / Wiz () (@) Py (ggax B./V2 > 24 2% — x)
sup sup POB <Br/\/§§7/):7z(j)—x—y’ for au,r.g 3—8/,

IS S 2421/ 20— <y<or (j)—=

x+y+Bs_31/\/§E I) dx
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¥1.0)
: / Hiws ) () Py <max By V2 > 2421 x) o

—c0 0<r<1
sup /,U/ss/,d];z(j)zzl/20 (w—2z— 21/20) dw, (4.203)
j<s<j+1Jr ’

where we have used the strong Markov property at 7, in the third inequality,
and in the 4th inequality, we have used the following: for all z < 97 (),
JE<S<j+1 2420w <y <yi(j)—=z and w e I,

fhs—st g () —a—y(W — T — y) < Hs—s' . (j)—z—21/2 (w —Z— zl/QO) )

We will estimate the integrals on the right-hand side of (4.203). By the
density (4.21) and (4.40), we have

Y3 2(9)
B 1/20
/ Mj,wz,z(j)(x)Po (gg?gil Br/\/§ > 2+ 2/ - :1:) dz

—00

vy 2 (9)
< / f.x () () dx

421/20
24-21/20
+ / Hjaps . () (z)Py (ggagl B, /V2 > 24 240 — x) dx

(2“1/20)2
< Ao, (4.204)

where A := (j A (s— 7))oy} (j)+jif 1 <5< |z+z2] and A= (jA (s —
3)109z,(5) if |2+ 2] < j < |s] — 2. Similatly, for all j < s’ < j+1, we
have

1/20
Hos—s' oz . (j)—z—21/20 (w—z—=z / )

L2 1/20_)2
S aafo = DR (UL0) ) (U1.0) - 2 - ) e
(4.205)

Thus, by (4.203)-(4.205), we have

ls]—2
>
j=1

| =

> e,

2 V2

< Y;.(j), forall 0 <r < s,

S
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2420 < max —- wsz(]))

I<r<j+1 \/_ -
w2
< g5 /ze_s (z + Y20 o+ 1{w22+21/20_1}) dw. (4.206)
I

By the density (4.21), we have for all j € {0, |s] — 1, |s]},

B, B, 1 B
PP ), forall r <s, 24220 < max < :Z)
(\/_ \/_ < ¥s:U) - e v = U)

< B (BVE< 2420 4 3Y0C, forall0<r <5, B/VaEl

S

N———

22
< cy5732 /ze‘s (z+ M0 g4 1{$23+z1/zo_1}) dzx. (4.207)
I

Similarly, we have

2

/u872+z1/20 (2)dx < 5572 /z(z + 220 _ g)e™ S du. (4.208)
I I
Thus, by (4.202) and (4.206)-(4.208), we have (4.22) with f = 1;.

Case 2: 0 < 5/2 < z+ z/2 + 1. By the density (4.21), we have

PP (Bs/\@ €l, B/V2<z+ 2"+ CrA(s—r)? forall r < s)
< P(F (Bs/\/§ el, Br/\/é <2420 42 forall 0 <r < s)
3?2
< rs73/? /zes (z 42V gy zl/zol{x>z+lzl/20}> dzx. (4.209)
T - 2
Thus, (4.22) holds for f = 1;.

By the monotone class theorem and the monotone convergence theorem,
(4.22) holds for general nonnegative measurable function f on (—oo, z+2/2].

(ii) Fix any z > z, where we take zy > 0 large enough. Fix any interval
I=(L I]cC(z 0]. Recall (4.201). By an argument similar to (4.202),
we have

_ﬁ7
By (Bs/\/§€], B V2 < 24204 C(r A (s — 1)V, fora110§r§s>
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_pP (Bs/\/§ el, B.)V2<z forall0<r< s>

<u.0)).

(4.210)

<LZSJ:PB BT<¢* (7), for all r <s EG[ z <  max B
=AY T Ve T esin V2

We estimate the probabilities on the right-hand side of (4.210). Fix 1 <
Jj < |s] — 2. By an argument similar to (4.203), we have

B, , By B,
PP <\/§ < ;. (j), for all r < s, NG €l, z< j<rI<r%?—|)—(1)/\s 7

Y5, (4)
< / Mj,wgyz(j)(@PdB <max B,/V2 >z — x) dx

< w:,z(j))

o 0<r<1
sup /Ms—s/,@z;;z(j)—z(w — z)dw. (4.211)
J<s'<G+1JT

By an argument similar to (4.204) and (4.205), we have

wEL ()
/ 15 .Gy (@) Py <maX B /V2> 2~ x) dx

o 0<r<1
. . roN{w 2 2
< es L) (VL) —2) e

2

—3/2 1% (- 1/20 _oW1/20) -2
P M) (T s A o))
(4.212)

sup //'Ls—s’,z/);‘yz(j)—Z(w - Z>dw

J</<j+1JT

_ (sz)2

< cols — j = 172 (01.,0) — 2) / (2,0) —w) e dw.  (4.213)

2

Note that since s > 4z(z — I) by assumption, we have L%J > {(lo;—zPJ By
(4.212) and (4.213), we have

s~ ez N e)

> / tspe ) () Py (Orgggl B, /V2 >z — x) da
2 —o0 <r<

J’=h10gz)2j
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sup /Mss’ﬂp;f’z(j)z(w — z)dw

JSS'<G+LJT

,LU2
< 198 3/2,3/10 logz/ (z + M0 w) e s dw. (4.214)
I

By (4.212)-(4.213) and s > 422, in the case 1 < j < L(IOZQZ)QJ or |s] —
{(—QJ <j < |s|—2, we have

log 2)?

Y352 (4)
o B _
/ l‘y,%,z(])(x)Po (Ofgfgl Br/\/§ >z x) dz

—0o0

/2 Z>2 . . 22
cij- R lflﬁjﬁlwy
< (4.215)
c11573/228/5, if [s] — L@J <j<|s|] -2,
sup /Ms—s',lp;z(j)—z(w — z)dw
J<'<j+1J1I
w2
< e A/ ZM10 / (z+ M2 _w (A (s — j))1/20) e s dw, (4.216)
I

where A’ := 5732 if 1 < j < {ﬁJ and A’ := (s — j)7%/?% —HEEE gy
5| — {WJ < j < |s] — 2. Thus, by (4.215) and (4.216), we have

(logz)2 wsz
Z / Mjw;z(] )PB (Ofgaler/\/ﬁ>z—x> dx

Sup //'Ijss,’w:,z(j)z(w - Z)dw
1

j<s'<j+1
2

og z 2 w
< 013573/2221/105(1 B / (z + 220 —w) e s dw, (4.217)
I

]2 ¥i . (9) 5 \/_
Z / 1) (2) By (021%&/ 2>z—x) dz

7=l <log z>2
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sup /Mss/,w;z(j)z(w — z)dw

JSS'<G+1JT

og z 2 w2
< 6148_3/22’13/106_(1 5 / (z + 2120 w) e s dw. (4.218)
I

Next, we estimate the probabilities on the right-hand side of (4.210) for
Jj €{0,|s] —1,|s]}. In the case j = 0, by an argument similar to (4.211),
we have

B By
Py (\/__Qﬂsz() for all 0 <r <s, 7 0<r<1\/_ (O)>

<pP (max B,/V2 > z) - sup /,ussl,wzz(o)z(w — z)dw
0<r<1 ’ :

0<s'<1

U}2
< 552100 / (= + 2120 w) e s dw, (4.219)
I

where we have used (4.40) in the last inequality. In the case j € {[s]—1, |s]},
by an argument similar to (4.211), we have

B, B
PP <r.(j), forallr <s, —= €I, z< max
V2 V2 J<r<(j+1)As

<K’ ( B, /V2 < z4 220 4 2Y0¢C for all 0 < r < s,

g%( ))

2 < max B,/V2 < 24 2420 4 2V BS/\/§€])

2421/20491/20¢

< MS_27Z+21/20+21/200(37)POB <Bg/\/§ +x € I) dx

—

o 0<r<

+/ Ms—2,z+z1/20+21/200(x)P0B (max B, /\/_ 2>z—u, Bg/\/_—f- T € I) dx
22 w2
< 15 20T / (= + 220 w) e s dw, (4.220)
I
where we have used the Gaussian density of By and (4.48) in the last in-

equality.
Next, we estimate [, pis.(x)dz. For all s > 4z(z — I), we have

/M (r)dx = 1_/612 <1 e z)> dx
s S,z TS s
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_ 20, )2

> 1 /emf do(z —z) 8°(2—ux) e
Vs J; s 52
2

2

> —8_3/2/6_152 z —x)dr, 4.221
NG i ( ) ( )

where we have used the inequality 1 —e™* > u—u?/2 for u > 0 in the second
inequality, and s > 4z(z — z) for all = € [ in the last inequality.

Thus, by (4.210)-(4.211), (4.214), and (4.217)-(4.221), we have (4.23)
with f = 1; and §, = 1527/ log z. By the monotone class theorem and

the monotone convergence theorem, we have (4.23) for general nonnegative
measurable function f on (Z - O]. 0
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