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Chapter 1

Introduction

1.1 General introduction

Simple random walks (SRWs) on graphs are discrete models of a particle
moving in a medium as follows: at each position, we have an exponential
clock of unit rate and at each step, the particle stays at the current position
until the clock rings and moves to one of the neighbors uniformly at random.

This thesis deals with local times of SRWs on graphs, which measure how
long SRWs spend at each vertex up to a given time. The main focus is on
the study of extrema of local times for SRWs on the b-ary tree and on the
two-dimensional discrete torus, and the cover time, that is, the first time
at which the minimum of local times becomes positive, for the SRW on the
supercritical percolation cluster on the lattice.

Percolation on the lattice describes how porous materials become wet
upon immersion in water. The model is defined as follows: Fix p ∈ [0, 1]
and d ≥ 2. Each edge of Zd is retained with probability p and removed with
probability 1 − p independently of all other edges. The resulting random
graph consists of some connected components (clusters) and has a phase
transition as p varies: there exists pc(d) ∈ (0, 1) such that if p > pc(d), there
exists a unique infinite connected component almost surely, and if p < pc(d),
all the connected components are finite almost surely. The regime p > pc(d)
is called supercritical. It is known that in the supercritical regime, the SRW
on the cluster has a lot of properties similar to those of the SRW on the
original lattice (see [18, 65]).

Let G = (V,E) be a finite connected graph with the vertex set V and the
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set of unoriented edges E and X = (Xt, t ≥ 0, Px, x ∈ V ) be the SRW on G.
The local time at v ∈ V and time t is defined by

LGt (v) :=
1

deg(v)

∫ t

0

1{Xs=v}ds,

where deg(v) is the degree of v. Fix a vertex v0 ∈ V and set

τv0(t) := inf{s ≥ 0 : LGs (v0) > t}.

One of the remarkable properties of the local time process is that it has a
close relationship with a Gaussian process called the discrete Gaussian free
field (DGFF) on G: this is a RV -valued Gaussian random variable (hGv )v∈V
with E(hGv ) = 0 and E[hGu hGv ] = g(u, v) for all u, v ∈ V , where g(·, ·) is the
Green function given by g(u, v) = Eu[L

G
Tv0

(v)] (Tv is the hitting time of v

by X). Eisenbaum, Kaspi, Marcus, Rosen, and Shi [47] proved that for all
t > 0,

the law of

{
LGτv0 (t)(v) +

1

2
(hGv )

2 : v ∈ V

}
under Pv0 ⊗ P

is the same as

that of

{
1

2

(
hGv +

√
2t
)2

: v ∈ V

}
under P. (1.1)

In particular, we have as t→ ∞(
LGτv0 (t)

(v)− t
√
2t

)
v∈V

→ (hGv )v∈V in law. (1.2)

The relation (1.1) is called the generalized second Ray-Knight theorem or the
Dynkin isomorphism due to Dynkin [46] (originated by Symanzik [92]). The
expected cover time of X is defined by

tGcov := max
v∈V

Ev
[
τGcov
]
,

where τGcov := inf
{
t > 0 : minv∈V L

G
t (v) > 0

}
. The maximal hitting time is

given by tGhit := maxu,v∈V Eu[Tv]. (Recall that Tv is the hitting time of v by
X.) For each set S, we will write |S| to denote the cardinality of S. It is
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known that the expected cover time satisfies the following general bounds
(see, for example, [70, Chapter 11]):

tGhit ≤ tGcov ≤ 2tGhit log |V |. (1.3)

In most cases, the estimate of the expected cover time is reduced to that of
the effective resistance: for each f ∈ RV , we define the Dirichlet energy by

E(f) := 1

2

∑
u,v∈V

{u,v}∈E

(f(u)− f(v))2,

(recall that edges are unoriented) and the effective resistance between u and
v by

RG
eff(u, v)

−1 := inf{E(f) : f ∈ RV , f(u) = 1, f(v) = 0}.
It is known that tGhit can be estimated via the volume |E| and the effective
resistance as follows (see, for example, [70, Proposition 10.6]):

|E| max
u,v∈V

RG
eff(u, v) ≤ tGhit ≤ 2|E| max

u,v∈V
RG

eff(u, v). (1.4)

By (1.3) and (1.4), we have general bounds of tGcov by means of the effective
resistance. Since the cover time is defined in terms of the minimum of the
local times and we have the relation (1.1), it is plausible to expect that the
cover time has a connection with the DGFF. This was first confirmed in a
general setting by Ding, Lee, and Peres [40], and Zhai [95] strengthened the
work as follows: there exist universal constants c1, c2 ∈ (0,∞) such that

1− c1

√
tGhit
tGcov

≤ tGcov
|E| · (Emaxv∈V hGv )

2 ≤ 1 + c2

√
tGhit
tGcov

. (1.5)

DGFFs are also related to Poisson point processes of Markovian loops [59, 68]
and random interlacements [94, 88].

The two-dimensional DGFF receives special attention because its contin-
uous version plays important role in physics, for example, in the theory of the
two-dimensional Liouville quantum gravity [43, 52] which has a connection
with studies of the Gaussian multiplicative chaos [60, 44, 87]. See also [20].

DGFFs on trees are known as branching random walks (BRWs) which
describes how particles moving on the line evolves. The continuous counter-
part, branching Brownian motion (BBM), has been studied extensively since
it has a close relationship with the partial differential equation, called the
Kolmogorov-Petrovsky-Piscounov or Fisher equation [81, 25, 23].
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1.2 Main results

This thesis consists of three papers:

• Chapter 2: Y. Abe. Effective resistances for supercritical percolation
clusters in boxes. Ann. Inst. H. Poincaré Probab. Statist. 51 (2015),
935-946. DOI: 10.1214/14-AIHP604

• Chapter 3: Y. Abe. Maximum and minimum of local times for two-
dimensional random walk. Electron. Commun. Probab. 20 (2015),
no.22. DOI: 10.1214/ECP.v20-3877

• Chapter 4: Y. Abe. Extremes of local times for simple random walks
on symmetric trees. Preprint.

We now summarize the main results of this thesis:

1.2.1 Results in Chapter 2

In Chapter 2, we study the expected cover time for the SRW on the super-
critical percolation cluster on the lattice. Consider percolation on Zd, d ≥ 2
in the supercritical regime p > pc(d). Let Cn be the largest connected com-
ponent in B(n) := [−n, n]d ∩ Zd. Then, we show the following:

Theorem 1.2.1 (Theorem 2.1.5 in Chapter 2) For all d ≥ 2 and p ∈
(pc(d), 1), there exist c1, c2 ∈ (0,∞) such that the following holds Pp-almost
surely, for large n ∈ N (Pp is the probability measure which governs the
randomness of percolation):

c1n
d(log n)2 ≤ tC

n

cov ≤ c2n
d(log n)2. (1.6)

It is known that the expected cover time t
B(n)
cov is comparable to n2(log n)2

in the case d = 2 and to nd log n in the case d ≥ 3, so (1.6) clarifies the
quantitative difference between the SRWs on the supercritical percolation
cluster and on the original lattice in three or higher dimensions. The proof
of (1.6) is based on a sharp estimate of the maximal effective resistance on
Cn:
Theorem 1.2.2 (Theorem 2.1.1 in Chapter 2) For all d ≥ 2 and p ∈
(pc(d), 1), there exist c3, c4 ∈ (0,∞) such that the following holds Pp-almost
surely, for large n ∈ N:

c3 log n ≤ max
u,v∈Cn

RCn

eff (u, v) ≤ c4 log n. (1.7)
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The following follows from (1.5) and (1.6):

Corollary 1.2.3 (Corollary 2.1.7 in Chapter 2) For all d ≥ 2 and p ∈
(pc(d), 1), there exist c5, c6 ∈ (0,∞) such that the following holds Pp-almost
surely, for large n ∈ N:

c5 log n ≤ E
[
max
v∈Cn

hC
n

v

]
≤ c6 log n.

The upper bound of (1.6) follows from (1.3), (1.4), and (1.7). In the proof of
the lower bounds of (1.6) and (1.7), the key is to prove that Pp-almost surely,
for large n ∈ N, Cn has at least nc7 dangling ends (one-dimensional objects)
of length of order log n for some c7 > 0. In the proof of the upper bound
of (1.7), we construct the so-called “Kesten grid” on each two-dimensional
slice of Cn, which looks like the usual square lattice. It is known that in
the case d = 2, the maximal effective resistance of B(n) is comparable to
log n. Roughly speaking, the upper bound of (1.7) follows from this and
the existence of the Kesten grid together with the triangle inequality of the
effective resistance.

We describe related open problems. The following question has been
asked by Marek Biskup:

Open Problem 1.2.4 For d ≥ 2 and p ∈ (pc(d), 1), prove or disprove that

tC
n

cov is concentrated around Ep
[
tC

n

cov

]
.

The following has been posed by Ryoki Fukushima:

Open Problem 1.2.5 For d ≥ 2 and p ∈ (pc(d), 1), do vertices covered last
by the SRW on Cn lie on dangling ends?

To resolve these open problems, we need deeper understanding of the geo-
metric structure of Cn.

1.2.2 Results in Chapter 3

In Chapter 3, we obtain leading orders of the maximum and minimum of local
times for the SRW on the two-dimensional discrete torus Z2

N := (Z/NZ)2.
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We consider the local time process
{
L
Z2
N

τo(tθ)
(x) : x ∈ Z2

N

}
for the SRW on Z2

N ,

where o is the origin of Z2
N and

tθ := θ · 1
π
(logN)2, θ > 0.

It is known that under Po

lim
N→∞

τo(tθ)/t
Z2
N

cov = θ in probability. (1.8)

Since local times are sums of Poissonian (with mean of order tθ) number

of independent exponential random variables and Eo[L
Z2
N

τo(tθ)
(x)] = tθ for all

x ∈ Z2
N , in view of the central limit theorem, it is reasonable to normalize

local times as follows (see also (1.2)):

MN :=
maxx∈Z2

N
L
Z2
N

τo(tθ)
(x)− tθ

√
2tθ

, mN :=
minx∈Z2

N
L
Z2
N

τo(tθ)
(x)− tθ

√
2tθ

.

Then, we show the following:

Theorem 1.2.6 (Corollary 3.1.3 in Chapter 3) (i) For all θ > 0 and ε > 0,
the following holds with Po-probability tending to 1 as N → ∞:(

1 +
1

2
√
θ
− ε

)√
2

π
logN ≤MN ≤

(
1 +

1

2
√
θ
+ ε

)√
2

π
logN. (1.9)

(ii) For all θ > 1 and ε > 0, the following holds with Po-probability tending
to 1 as N → ∞:

−
(
1− 1

2
√
θ
+ ε

)√
2

π
logN ≤ mN ≤ −

(
1− 1

2
√
θ
− ε

)√
2

π
logN.

Note that (1.8) implies minx∈Z2
N
L
Z2
N

τo(tθ)
(x) = 0 with Po-probability tending to

1 as N → ∞ if θ ∈ (0, 1). The estimate (1.9) is closely related to the work
[22] in the context of the two-dimensional DGFF. Let VN := [1, N ]2∩Z2 and
(hVNx )x∈VN be the DGFF on VN with zero boundary conditions. Bolthausen,
Deuschel, and Giacomin [22] proved that for all ε > 0, the following holds
with probability tending to 1 as N → ∞:

(1− ε)

√
2

π
logN ≤ max

x∈VN
hVNx ≤ (1 + ε)

√
2

π
logN. (1.10)
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The estimates (1.9) and (1.10) imply that there is a slight difference between
the two by the factor (2

√
θ)−1.

We also estimate the number of vertices with local times proportional to
the maximum (or the minimum) by a factor between 0 and 1. For η > 0 and
θ > 0, set

L+
N(η, θ) :=

x ∈ Z2
N :

L
Z2
N

τo(tθ)
(x)− tθ

√
2tθ

≥ η ·
√

2

π
logN

 ,

L−
N(η, θ) :=

x ∈ Z2
N :

L
Z2
N

τo(tθ)
(x)− tθ

√
2tθ

≤ −η ·
√

2

π
logN

 .

Then, we prove the following:

Theorem 1.2.7 (Theorem 3.1.2 in Chapter 3) (i) For all θ > 0, ε > 0,
and η ∈ (0, 1 + 1

2
√
θ
), the following holds with Po-probability tending to 1 as

N → ∞:

N2−2(
√
θ+2η

√
θ−

√
θ)2−ε ≤ |L+

N(η, θ)| ≤ N2−2(
√
θ+2η

√
θ−

√
θ)2+ε. (1.11)

(ii) For all θ > 1, ε > 0, and η ∈ (0, 1 − 1
2
√
θ
), the following holds with

Po-probability tending to 1 as N → ∞:

N2−2(
√
θ−
√
θ−2η

√
θ)2−ε ≤ |L−

N(η, θ)| ≤ N2−2(
√
θ−
√
θ−2η

√
θ)2+ε.

The estimate (1.11) corresponds to the work by Daviaud [35] who showed
that for all ε > 0 and η ∈ (0, 1), with probability tending to 1 as N → ∞,

N2(1−η2)−ε ≤

∣∣∣∣∣
{
x ∈ VN : hVNx ≥ η ·

√
2

π
logN

}∣∣∣∣∣ ≤ N2(1−η2)+ε. (1.12)

Comparing (1.11) and (1.12), we have slightly different exponents in these
estimates.

Roughly speaking, the upper bound of (1.9) follows from (1.1) and (1.10).
In the proof of the lower bound of (1.9), we use a technique developed by
Dembo, Peres, Rosen and Zeitouni [38]: their method reduces the analysis
of the local time at each point x to that of the number of crossings of annuli
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around x by the SRW on Z2
N . Since the SRW on Z2

N behaves like an one-
dimensional SRW in the radial direction, the study of the number of crossings
is reduced to that of edge local times of the one-dimensional SRW. We give
a notion that a point is “successful” in terms of the number of crossings
around the vertex and show that local times at successful points are close
to the maximum. Using the above argument, we show that we have at least
one successful point, which implies the lower bound of (1.9).

Belius and Kistler [13] recently obtained the subleading order of the cover
time for Brownian motion on (R/Z)2. We believe that applying their method,
one could prove the following:

Open Problem 1.2.8 For each θ > 0, prove that

max
x∈Z2

N

√
L
Z2
N

τo(tθ)
(x)− (

√
θ + 1)

1√
π
logN +

3

8
√
π
log(logN) is tight.

Similar result for the two-dimensional DGFF are known by Bramson and
Zeitouni [28]. The keys in [28] are the Gibbs-Markov property and the hi-
erarchical structure of the two-dimensional DGFF. The local time process
on Z2

N has similar properties, but they are too coarse for us to resolve Open
problem 1.2.8. As the first step, we need to polish these.

1.2.3 Results in Chapter 4

In Chapter 4, we study maxima of local times for the SRW on b-ary tree.
Fix an integer b ≥ 2 and consider the b-ary tree T with the root ρ: this is
a tree rooted at ρ whose vertices have exactly b children. Let Ti be the i-th
generation of T and set T≤n := ∪ni=0Ti. We show that the properly centered
maximum of local times over leaves weakly converges to a randomly shifted
Gumbel distribution:

Theorem 1.2.9 (Corollary 4.1.3 in Chapter 4) There exist c1 > 0 and a
finite positive random variable D∞ such that for all λ ∈ R and any sequence
(tn)n≥1 with limn→∞

√
tn
n

= θ ∈ [0,∞] and tn ≥ c1n log n for each n ∈ N,

lim
n→∞

Pρ

(
max
v∈Tn

√
L
T≤n

τρ(tn)
(v) ≤

√
tn + an(tn) + λ

)
= E

[
e−α∗(θ)D∞e−2

√
log b λ

]
,

(1.13)

8



where α∗(θ) is a positive constant depending on θ, and

an(tn) :=
√

log b n− 3

4
√
log b

log n− 1

4
√
log b

log

(√
tn + n√
tn

)
. (1.14)

One can check that the DGFF (h
T≤n
v )v∈T≤n

pinned to zero at ρ is a BRW on
the b-ary tree with standard Gaussian increments. The random variable D∞
in (1.13) is given by the limit of the so-called derivative martingale of the
BRW: set

Dn :=
∑
v∈Tn

(√
log b n− hv√

2

)
e
−2

√
log b

(√
log b n− hv√

2

)
.

It is known that limn→∞Dn exists almost surely and D∞ is this limit. The
constant α∗(θ) in (1.13) is given by

α∗(θ) :=
4√
π

√
θ + 1

θ +
√
log b

· lim
ℓ→∞

∫ ℓ

ℓ
2
5

ze2
√
log bzP

(
max
v∈Tℓ

hv√
2
>
√

log b ℓ+ z

)
dz.

(We regard
√

θ+1
θ+

√
log b

= 1 in the case θ = ∞.) Results similar to (1.13) are

known for the BBM [66], for the BRW [9, 2], and for the two-dimensional
DGFF [26, 19].

Now that we have exact information about the maximum of local times
over leaves, the next subjects are statistics of leaves whose local times at-
tain local maxima. To study this, we embed leaves in the interval [0, 1] as
follows: to each vertex v ∈ Tk, k ≥ 1, we assign the label (v1, . . . , vk) with
vi ∈ {0, . . . , b − 1} for each 1 ≤ i ≤ k so that the vertices with the labels
(v1, . . . , vk, ℓ), ℓ ∈ {0, . . . , b− 1} are children of v. For each v ∈ Tn, we define
the location by

σ(v) :=
n∑
i=1

vi
bi
.

We will write δ(x,h) to denote the Dirac measure at (x, h) ∈ [0, 1]×R. Inspired
by [24], we define the point process on [0, 1]× R by

Ξ
(m)
n,tn :=

∑
v∈Tm

δ(
σ(u

(m)
v ), maxu∈Tv

n−m

√
L
T≤n
τρ(tn)

(u)−
√
tn−an(tn)

), m < n, (1.15)

where T vn−m is the (n−m)-th generation of the subtree rooted at v and u
(m)
v

is the vertex on T vn−m with the maximal local time over T vn−m. We show the
following:
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Theorem 1.2.10 (Theorem 4.1.1 in Chapter 4) There exist c2 > 0 and a
random Borel measure Z∞ on [0, 1] whose total mass has the same law as D∞
such that the following holds for all (tn)n≥1 with tn ≥ c2n log n for each n ∈ N
and limn→∞

√
tn/n =: θ ∈ [0,∞], and for all (rn)n≥1 with limn→∞ rn = ∞

and limn→∞ rn/n ∈ [0, 1): as n→ ∞,

the point process Ξ
(n−rn)
n,tn weakly converges to

a Cox process with intensity measure α∗(θ)Z∞(dx)⊗ 2
√

log b e−2
√
log bhdh,

where D∞ and α∗(θ) are the ones in (1.13).

Similar results are already known for various models such as the BBM [7]
and the two-dimensional DGFF [19], but there was no related work on local
times. The novelty of our result is that we reveal the dependence of the
centering term an(tn) in (1.14) on the time parameter tn which we need to
obtain the non-trivial limit of the point process.

In the proof of the Theorem 1.2.10, the key is to obtain a sharp right
tail probability estimate of the maximum of local times over the leaves: this
enables us to compute the Laplace functional of the point process. In the
proof of the tail estimate, following a technique developed by [26], we use an
estimate on the probability of the event that the local time process along the
path from the root to a leaf does not go over a curve.

What we have proved so far is the convergence of the extremal process
encoding only local maxima of local times. The convergence of the full ex-
tremal process has been established for the BBM [3, 8] and the BRW [75].
We believe that a similar result holds for the full extremal process of the
local times on the b-ary tree. It is interesting to study similar tasks on local
times in Z2

N , but as we saw in Open Problem 1.2.8, this is very challenging.
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Chapter 2

Effective resistances for
supercritical percolation
clusters in boxes

Let Cn be the largest open cluster for supercritical Bernoulli bond percolation
in [−n, n]d ∩ Zd with d ≥ 2. We obtain a sharp estimate for the effective
resistance on Cn. As an application we show that the cover time for the
simple random walk on Cn is comparable to nd(log n)2. Noting that the
cover time for the simple random walk on [−n, n]d∩Zd is of order nd log n for
d ≥ 3 (and of order n2(log n)2 for d = 2), this gives a quantitative difference
between the two random walks for d ≥ 3.

2.1 Introduction

The effective resistance is a fundamental measurement of the conductivity
for the electrical network. It has close connections with many subjects of
reversible Markov chains such as transience/recurrence, heat kernels, mixing
times and cover times. We refer to [45], [65], [70], [74] for the introduction
of the theory of reversible Markov chains.

Effective resistances for percolation clusters in Zd have been studied for a
long time. Grimmett, Kesten and Zhang [54] showed almost-sure finiteness
of the effective resistance from a fixed point to infinity on the infinite super-
critical percolation cluster in Zd for d ≥ 3. (This is equivalent to almost-sure
transience of the simple random walk on the cluster.) The result was ex-
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tended to a series of works on more general energy of flows on percolation
clusters [4, 16, 55, 57, 58, 69]. The study of effective resistances for boxes on
Zd under percolation goes back to 1980’s [29, 53, 62]. These results showed
that critical phenomena occur at the critical percolation probability for ef-
fective resistances between opposing faces of boxes (see Remark 2.1.3 below).
In [21], Boivin and Rau estimated the effective resistances from a fixed point
to boundaries of boxes in the infinite supercritical percolation cluster on Z2

(see Remark 2.1.4 below). In [14], general upper bounds for effective resis-
tances on general graphs are given by using isoperimetric inequalities. The
estimates are used to obtain upper bounds of effective point-to-point resis-
tances on supercritical percolation clusters in boxes on Z2; however, there
seems to be a gap in this part (see Remark 2.1.2 below).

Many properties of simple random walks on supercritical percolation clus-
ters in Zd have been investigated such as transience [4, 16, 54, 55], mixing
times [15, 31], heat kernel decays [10, 77], invariance principles [12, 76, 90],
collisions of two independent simple random walks [11, 30], and the existence
of the harmonic measure [21]. These properties are very similar to those of
simple random walks on Zd. A famous folk conjecture is that most impor-
tant properties of simple random walks survive for simple random walks on
supercritical percolation clusters (see, for example, [83]).

In this paper, we consider the largest supercritical percolation cluster in
[−n, n]d ∩ Zd. We obtain the correct order of the maximum of the effective
resistances between vertices in the giant cluster. Applying the result, we
obtain a sharp estimate of the cover time for the simple random walk on the
largest cluster; the result shows that it is much larger than the cover time
for the simple random walk on [−n, n]d ∩Zd when d ≥ 3. The author should
mention that the referee pointed out that this result was a conjecture.

In order to describe our results more precisely, we begin with some nota-
tion. Let | · |1 be the ℓ1-distance on Zd. We define the set of edges between all
nearest-neighbour pairs on Zd by E(Zd) := {{x, y} : x, y ∈ Zd, |x− y|1 = 1}.
For p ∈ [0, 1], let Pp be the product Bernoulli measure on {0, 1}E(Zd) with
Pp(ω(e) = 1) = 1 − Pp(ω(e) = 0) = p for each e ∈ E(Zd). We say that an

edge e is open for ω ∈ {0, 1}E(Zd) if ω(e) = 1. For A ⊆ Zd, we define a
random set of edges by

OA = OA(ω) := {{x, y} ∈ E(Zd) : x, y ∈ A,ω({x, y}) = 1}. (2.1)

An open cluster in A is a connected component of the graph (A,OA). We
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define the critical probability pc(Zd) by

inf{p ∈ [0, 1] : Pp(the cluster in Zd containing the origin is infinite) > 0}.
(2.2)

We focus our attention to clusters in the box

B(n) := [−n, n]d ∩ Zd. (2.3)

It is known that for d ≥ 2 and p > pc(Zd), we have the unique largest open
cluster in B(n) whose size is proportional to nd, Pp-a.s., for large n ∈ N.
For d ≥ 3, see [84, Theorem 1.2]. The d = 2 case is well-known, and [32]
will serve as a convenient reference. We write Cn to denote the largest open
cluster in B(n).

Let G = (V (G), E(G)) be a finite connected graph; the set V (G) is the
vertex set and E(G) is the edge set. We define the Dirichlet energy by

E(f) := 1

2

∑
u,v∈V (G)

{u,v}∈E(G)

(f(u)− f(v))2, f ∈ RV (G).

For A,B ⊂ V (G) with A ∩ B = ∅, the effective resistance between A and B
for G is defined by

RG
eff(A,B)−1 := inf{E(f) : f ∈ RV (G), E(f) <∞, f |A = 1, f |B = 0}.

We write RG
eff(x, y) to denote RG

eff({x}, {y}). We now state our result on the
effective resistance for Cn.

Theorem 2.1.1 For d ≥ 2 and p ∈ (pc(Zd), 1), there exist c1, c2 > 0 such
that Pp-a.s., for large n ∈ N,

c1 · log n ≤ max
x,y∈Cn

RCn

eff (x, y) ≤ c2 · log n.

Remark 2.1.2 Corollary 3.1 of [14] says that for d = 2 and p > pc(Z2),
there exists c1 > 0 such that limn→∞ Pp(maxx,y∈Cn RCn

eff (x, y) ≤ c1 · log n) = 1.
The proof is based on general upper bounds for effective resistances given
in Theorem 2.1 of [14] and an isoperimetric profile for Cn studied in [15].
However, according to the latest arXiv version of their paper [14] and [64],
the proof only implies the following: there exists c1 > 0 such that

lim
n→∞

Pp
(
max
x,y∈Cn

RCn

eff (x, y) ≤ c1 · (log n)2
)

= 1.

This is due to bad isoperimetry of some small subsets of Cn.
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Remark 2.1.3 Fix d ≥ 2. Let us consider a random graph Gn which has
the vertex set [0, n]d ∩ Zd and the edge set O[0,n]d∩Zd. We write Rn to denote
the effective resistance

RGn
eff ([0, n]

d−1 × {0}, [0, n]d−1 × {n}).

In [29, 53], it was shown that the following holds: there exist c1, c2 > 0 such
that if p < pc(Zd),

Rn = ∞ for large n ∈ N, Pp − a.s.,

and if pc(Zd) < p ≤ 1,

c1 ≤ lim inf
n→∞

nd−2Rn ≤ lim sup
n→∞

nd−2Rn ≤ c2, Pp − a.s.

Remark 2.1.4 Let C∞ be the infinite Bernoulli bond percolation cluster in
Z2. Define spheres in C∞ by

∂BC∞(x, r) = {y ∈ C∞ : dC∞(x, y) = r}, x ∈ C∞, r ∈ N,

where dC∞ is the graph distance of C∞. In Proposition 4.3 of the published
version of [21], Boivin and Rau proved the following: for p ∈ (pc(Z2), 1],
there exist c1, c2 > 0 such that Pp-a.s., for all x0 ∈ C∞, for large n ∈ N,

c1 log n ≤ RC∞
eff (x0, ∂BC∞(x0, n)) ≤ c2 log n.

For a finite connected graph G = (V (G), E(G)) and x ∈ V (G), let τx(G) be
the hitting time of x by the simple random walk on G. We define the cover
time by

tcov(G) := max
x∈V (G)

Ex

(
max
y∈V (G)

τy(G)
)
.

Applying Theorem 2.1.1, we can obtain an improvement of Proposition 3.3
of the arXiv version of [1].

Theorem 2.1.5 For d ≥ 2 and p ∈ (pc(Zd), 1), there exist c1, c2 > 0 such
that Pp-a.s., for large n ∈ N,

c1 · nd(log n)2 ≤ tcov(Cn) ≤ c2 · nd(log n)2.
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Remark 2.1.6 It is known that tcov(B(n)) is comparable to n2(log n)2 when
d = 2 and to nd log n when d ≥ 3 (see, for example, Section 11.3.2 of [70]).
Therefore, Theorem 2.1.5 implies that the simple random walk on Cn exhibits
anomalous behavior when d ≥ 3. This is due to irregularity of Cn; the cluster
Cn contains a lot of one-dimensional objects (see Lemma 2.2.6 below).

Let G = (V (G), E(G)) be any finite connected graph. Let us define the
Gaussian free field on G. This is a centered Gaussian process {ηGx }x∈V (G)

with ηGx0 = 0 for some fixed vertex x0 ∈ V (G) and the covariances are given
by

E(ηGx η
G
y ) =

1

2

(
RG

eff(x, x0) +RG
eff(y, x0)−RG

eff(x, y)
)
, x, y ∈ V (G).

We define the expected maximum of the Gaussian free field by

MG := E
(

max
x∈V (G)

ηGx

)
.

Note thatMG does not depend on the choice of x0. For a set S, we will write
|S| to denote the cardinality of S. In [40], Ding, Lee and Peres proved the
following: there exist universal constants c1, c2 > 0 such that

c1 · |E(G)| · (MG)
2 ≤ tcov(G) ≤ c2 · |E(G)| · (MG)

2. (2.4)

By (2.4) and Theorem 2.1.5, we obtain the following estimate of MCn imme-
diately.

Corollary 2.1.7 For d ≥ 2 and p ∈ (pc(Zd), 1), there exist c1, c2 > 0 such
that Pp-a.s., for large n ∈ N,

c1 · log n ≤MCn ≤ c2 · log n.

Remark 2.1.8 By Remark 2.1.6 and (2.4), MB(n) is comparable to log n
when d = 2 and to

√
log n when d ≥ 3. Thus there is a marked quantitative

difference between MCn and MB(n) when d ≥ 3.

Let us describe the outline of the paper. Section 2.2 gives preliminary
lemmas about percolation estimates. In Subsection 2.3.1, we give a proof
of Theorem 2.1.5 via Theorem 2.1.1. The upper bound is due to Theorem
2.1.1 and the Matthews bound [78]. The lower bound is based on the general
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bound on the cover time via the Gaussian free field given in [40]. The key of
the proof of the lower bound is counting the number of one-way open paths of
length of order log n. In Subsection 2.3.2, we construct the so-called “Kesten
grid” (the terminology comes from Mathieu and Remy [77]). This is an
analogue of the square lattice and consists of “white” sites on a renormalized
lattice; the concept of “white” sites is from the renormalization argument of
Antal and Pisztora [5]. In Subsection 2.3.3, we prove Theorem 2.1.1. The
lower bound is immediately followed by the fact that Cn has a one-way open
path of length of order log n. In the proof of the upper bound, we construct
unit flows between vertices of Cn with energy of order log n. Thanks to
Kesten grids, we can let the flows run almost on some “sheets” and adapt an
argument of estimating upper bounds of effective resistances for Z2. We use
a result on the chemical distance for Cn based on [31]; this guarantees that
every vertex of Cn can be connected with a Kesten grid decorated with small
boxes by an open path in Cn of length of order log n.

Throughout the paper, we will write c, c′, c′′ to denote positive constants
depending only on the dimension of the lattice and the percolation parameter.
Values of c, c′ and c′′ will change from line to line. We use c1, c2, . . . to denote
constants whose values are fixed within each argument. If we cite elsewhere
the constant c1 in Lemma 2.2.4, we write it as c2.2.4.1, for example.

2.2 Percolation estimates

In this Section, we collect some useful results on percolation estimates. We
need the following facts to prove Theorem 2.1.1 and Theorem 2.1.5.

(1) Size and connectivity pattern of Cn
A path is a sequence (x0, x1, . . . , xℓ) satisfying that |xi−1 − xi|1 = 1 for all
1 ≤ i ≤ ℓ. An open path is a path all of whose edges are open. We
write | · |∞ to denote the ℓ∞-distance on Zd. The diameter of an open path
(x0, x1, . . . , xℓ) is defined by max0≤i,j≤ℓ |xi − xj|∞. For κ > 0, let Anκ be the
event that every open path in B(n) with diameter larger than κ log n is
contained in Cn. The following fact follows easily from [84, Theorem 1.2 and
Theorem 3.1] for d ≥ 3 and [32, Theorem 1 and Theorem 9] for d = 2.

Lemma 2.2.1 Fix d ≥ 2 and p > pc(Zd). There exist c1, c2 > 0 and κ0, n0 ∈
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N such that for all κ ≥ κ0 and n ≥ n0,

Pp(Anκ ∩ {|Cn| ≥ c1n
d}) ≥ 1− 2 exp(−c2κ log n).

Remark 2.2.2 By Lemma 2.2.1 and the Borel-Cantelli lemma, there exist
c1, c2 > 0 such that Pp-a.s., for large n ∈ N, the event Anc1 ∩ {|Cn| ≥ c2n

d}
holds.

(2) Chemical distance of Cn
Let dCn be the graph distance of the graph (Cn,OCn). The following result is
immediately followed by Lemma 3.2 and (4.1) in [31].

Lemma 2.2.3 Fix d ≥ 2 and p > pc(Zd). There exist c1 > 0 and κ0 ∈ N
such that the following holds for all κ ≥ κ0, Pp-a.s., for large n ∈ N: for all
x, y ∈ Cn with |x− y|1 ≤ κ log n,

dCn(x, y) ≤ c1κ log n.

(3) Crossing probabilities
In (3), we restrict our attention to Bernoulli site percolation on the square
lattice. Let Qq be the product Bernoulli measure on {0, 1}Z2

with Qq(ω(x) =
1) = 1 − Qq(ω(x) = 0) = q for each x ∈ Z2. For ω ∈ {0, 1}Z2

and x ∈ Z2,
we will say that x is occupied if ω(x) = 1. The critical probability qc(Z2) is
defined similarly to (2.2). We write x · y to denote the inner product of x
and y. A self-avoiding path is a path all of whose vertices are distinct. Let
e1, e2 be the standard basis for Z2. Fix m,n ∈ N. A horizontal crossing in
([0,m] × [0, n]) ∩ Z2 is a self-avoiding path (x0, x1, . . . , xℓ) with x0 · e1 = 0
and xℓ · e1 = m.

Lemma 2.2.4 [62, Theorem 11.1] For d = 2 and q > qc(Z2), there exist
c1, c2, c3 > 0 such that

Qq

(
there exist at least c1n disjoint horizontal crossings

consisting of occupied sites in ([0,m]× [0, n]) ∩ Z2
)

≥ 1− c2 ·m exp(−c3n).

(4) Renormalization argument
We recall the renormalization argument of [5]. We will write a, b, . . . rather
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than x, y, . . . to denote vertices of the renormalized lattice. Fix a positive
integer K. To a ∈ Zd, we associate boxes

Ba(K) := (2K + 1)a+ [−K,K]d ∩ Zd, (2.5)

B′
a(K) := (2K + 1)a+

[
− 5

4
K,

5

4
K
]d

∩ Zd. (2.6)

We will say that an open cluster crosses a box if the cluster intersects all the
faces of the box. For a ∈ Zd, we define an event RK

a satisfying the following:

• There exists a unique open cluster C in B′
a(K) crossing B′

a(K).

• The open cluster C crosses all the subboxes of B′
a(K) of side length

larger than K
10
.

• Any open paths in B′
a(K) of diameter larger than K

10
are contained in

C.

We say a ∈ Zd is white for ω ∈ {0, 1}E(Zd) if 1RK
a
(ω) = 1. By [84, Theorem

3.1] for d ≥ 3 and [32, Theorem 9] for d = 2, if p > pc(Zd), we have for all
a ∈ Zd

lim
K→∞

Pp(RK
a ) = 1.

By [71, Theorem 0.0 (ii)], the following holds:

Lemma 2.2.5 For d ≥ 2 and p > pc(Zd), there exists a function q : N →
[0, 1] with limK→∞ q(K) = 1 such that

the process (1RK
a
)a∈Zd stochastically dominates

a Bernoulli site percolation process in Zd with parameter q(K).

(5) Special open paths
Let e1, . . . , ed be the standard basis for Zd. We define a one-sided boundary
of B(n) by

∂1B(n) := {x ∈ B(n) : x · e1 = n}.

We will say that x ∈ ∂1B(n) is m-special if it is a base point of a special open
path; that is, the edge {x+ ie1, x+ (i+1)e1} is open for each 0 ≤ i ≤ m− 1
and the vertex x+ie1 does not have any other open edges for each 1 ≤ i ≤ m.
See Figure 2.1. The following is a key to prove the lower bounds of Theorem
2.1.1 and Theorem 2.1.5.
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Figure 2.1: An illustration of a 2-special vertex x and the corresponding
special open path. The dotted line segments at x + ie1(i = 1, 2) are closed
edges. The solid line segment between x and x + 2e1 are composed of open
edges.

Lemma 2.2.6 For d ≥ 2 and p ∈ (pc(Zd), 1), there exist c1, c2 > 0 such that
Pp-a.s., for large n ∈ N,

|{x ∈ ∂1B(n) ∩ Cn : x is ⌊c1 log n⌋-special}| ≥ nc2 .

Proof. Fix a large constant K > 0. We define a subset of ∂1B(n) by

∂K1,2B(n) :=
{
x ∈ ∂1B(n) : |x · ei| ≤

5

4
K for all 3 ≤ i ≤ d

}
.

Let SKn be the “square” defined by{
a ∈ Zd : |a ·e1| ≤

⌈ n

2K + 1

⌉
, |a ·e2| ≤

⌊n− 5K/4

2K + 1

⌋
, a ·ei = 0 for 3 ≤ i ≤ d

}
.

Note that SKn is isomorphic to [0, 2⌈ n
2K+1

⌉] × [0, 2⌊n−5K/4
2K+1

⌋] ∩ Z2. Let ε > 0
be a small constant. By Lemma 2.2.4 and Lemma 2.2.5, the following holds:
there exist c, c′ > 0 such that with Pp-probability at least 1− c ·n exp(−c′n),
we have more than εn disjoint crossings of white sites in SKn . By this fact
and the definition of white sites together with Lemma 2.2.1, the event GK

n :=
{|∂K1,2B(n)∩Cn| < εn} satisfies the following: there exist c, c′ > 0 and κ0 ∈ N
such that for all κ ≥ κ0 and sufficiently large n ∈ N,

Pp(GK
n ) ≤ c exp(−c′κ log n). (2.7)
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Take c1 > 0 small enough to make r := 1 − c1
(
log 1

p
+ 2(d − 1) log 1

1−p

)
positive. Fix 0 < c2 < r. We write Bin(m, q) to denote a binomial random
variable with parameterm and q. Let qn be the probability of the event that a
fixed vertex in ∂1B(n) is ⌊c1 log n⌋-special. Consider the σ-field generated by
finite-dimensional cylinders associated with configurations restricted to B(n).
Note that conditioned on the σ-field, events {x is ⌊c1 log n⌋-special} and
{y is ⌊c1 log n⌋-special} are independent for x, y ∈ ∂1B(n) with |x− y|∞ ≥ 2.
By conditioning on the σ-field, we have for some c, c′ > 0 and some 0 < ε′ < ε,

Pp

({
|{x ∈ ∂1B(n) ∩ Cn : x is ⌊c1 log n⌋-special}| ≤ nc2

}
∩ (GK

n )
c

)

≤ Pp

(
Bin
(
⌊ε′n⌋, qn

)
≤ nc2

)
≤ c exp(−c′nr). (2.8)

In the last inequality, we have used the Chebyshev inequality and the fact
that nqn ≥ cnr for some c > 0. By (2.7) and (2.8) together with the Borel-
Cantelli lemma, we obtain the conclusion. □

2.3 Proof of Theorem 2.1.1 and Theorem 2.1.5

2.3.1 Cover time estimate

In this Subsection we prove Theorem 2.1.5 via Theorem 2.1.1. We begin with
general bounds on cover times based on [40, 78]. The following is immediately
followed by [70, Proposition 10.6 and Theorem 11.2] (see also [33, 78]) and
[40, Theorem 1.1 and Lemma 1.11].

Lemma 2.3.1 Let G = (V (G), E(G)) be any finite connected graph.
(1) There exists a universal constant c1 > 0 such that

tcov(G) ≤ c1 · |E(G)| ·
(

max
x,y∈V (G)

RG
eff(x, y)

)
· log |V (G)|.

(2) There exists a universal constant c2 > 0 such that for all subset Ṽ ⊂
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V (G),

tcov(G) ≥ c2 · |E(G)| ·
(
min
x,y∈Ṽ
x ̸=y

RG
eff(x, y)

)
· log |Ṽ |.

Proof of Theorem 2.1.5 via Theorem 2.1.1. The upper bound is immediately
followed by Lemma 2.3.1 (1) and Theorem 2.1.1. From now, we prove the
lower bound. By Remark 2.2.2, we have Pp-a.s., for large n ∈ N,

Cn−⌈c2.2.6.1 logn⌉ ⊆ Cn. (2.9)

Set mn := n−⌈c2.2.6.1 log n⌉. We define a set Vn of tips of special open paths
by

{x+ ⌊c2.2.6.1 logmn⌋e1 : x ∈ ∂1B(mn)∩Cmn and x is ⌊c2.2.6.1 logmn⌋-special}.

By (2.9), Lemma 2.2.6 and the Nash-Williams inequality (see, for example,
[70, Proposition 9.15]), we have the following Pp-a.s., for large n ∈ N: for all
x, y ∈ Vn with x ̸= y,

Vn ⊆ Cn, |Vn| ≥ (mn)
c2.2.6.2 and RCn

eff (x, y) ≥ ⌊c2.2.6.1 logmn⌋.

Therefore, by Remark 2.2.2 and Lemma 2.3.1 (2) with Ṽ = Vn, we obtain
the lower bound. □

2.3.2 Kesten grid

In this Subsection, we construct the so-called “Kesten grids” on the renor-
malized lattice (recall Section 2.2 (4)) in order to obtain the upper bound
of Theorem 2.1.1. The terminology is due to Mathieu and Remy [77]. We
note that the construction of the Kesten grid is based on Theorem 11.1 of
[62] (see Lemma 2.2.4).

Let us define some notations. Recall that e1, . . . , ed is the standard basis
for Zd. Fix a sufficiently large positive integer K. Recall the notation (2.6).
For a subset S of the renormalized lattice, we define a fattened version of S
by

W (S) :=
∪
a∈S

B′
a(K). (2.10)

Let α be a positive constant. We will choose α sufficiently large later. Let
ℓn be the largest integer ℓ satisfying that

(2K + 1)((2⌈α log n⌉+ 1)ℓ+ ⌈α log n⌉) + 5

4
K ≤ n,
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and set
ℓ̃n := (2⌈α log n⌉+ 1)ℓn + ⌈α log n⌉. (2.11)

Note that we haveW (B(ℓ̃n)) ⊂ B(n) (recall the notation (2.3)). Thus we can
regard B(ℓ̃n) as a box in the renormalized lattice corresponding to the original

box B(n). The number of two-dimensional sections in B(ℓ̃n) is
d(d−1)

2
(2ℓ̃n +

1)d−2; each of them is isomorphic to the square [−ℓ̃n, ℓ̃n]2∩Z2. In Subsection
2.3.3 below, we will focus our attention on one of them, namely

F1 := {k1e1 + k2e2 : −ℓ̃n ≤ k1, k2 ≤ ℓ̃n}. (2.12)

We write

Fi, 2 ≤ i ≤ d(d− 1)

2
(2ℓ̃n + 1)d−2 (2.13)

to denote the other two-dimensional sections of B(ℓ̃n). For −ℓn ≤ m ≤ ℓn,
we define the m-th horizontal strip of F1

Rn
1 (m) := {k1e1 + k2e2 : −ℓ̃n ≤ k1 ≤ ℓ̃n, |k2 − (2⌈α log n⌉+1)m| ≤ ⌈α log n⌉}

(2.14)
and the m-th vertical strip of F1

Rn
2 (m) := {k1e1+k2e2 : −ℓ̃n ≤ k2 ≤ ℓ̃n, |k1− (2⌈α log n⌉+1)m| ≤ ⌈α log n⌉}.

(2.15)
We define a horizontal (respectively, vertical) crossing of F1 as a self-avoiding
path with endvertices a, b satisfying a · e1 = −ℓ̃n and b · e1 = ℓ̃n (respectively,
a · e2 = −ℓ̃n and b · e2 = ℓ̃n). We define strips and crossings for the other
two-dimensional sections of B(ℓ̃n) in a similar fashion. We note that each
strip is isomorphic to ([0, 2ℓ̃n]× [0, 2⌈α log n⌉])∩Z2. Taking α large enough,
the following holds immediately by Lemma 2.2.4 and Lemma 2.2.5.

Corollary 2.3.2 Fix d ≥ 2 and p > pc(Zd). The following holds Pp-a.s., for
large n ∈ N: for all 1 ≤ i ≤ d(d−1)

2
(2ℓ̃n+1)d−2 and −ℓn ≤ m ≤ ℓn, there exist

at least 2c2.2.4.1⌈α log n⌉ disjoint horizontal (respectively, vertical) crossings
consisting of white sites in the m-th horizontal (respectively, vertical) strip
of Fi.

Set Ln :=
⌈
2c2.2.4.1⌈α log n⌉

⌉
. Fix 1 ≤ i ≤ d(d−1)

2
(2ℓ̃n +1)d−2 and a configura-

tion satisfying the event of Corollary 2.3.2. We can choose Ln disjoint cross-
ings of white sites in each strip of Fi. Since Fi is isomorphic to [−ℓ̃n, ℓ̃n]2∩Z2,
the horizontal and the vertical crossings intersect (see Figure 2.2) and form
a grid on Fi. We will call it a Kesten grid. Note that Kesten grids on Fi and
Fj do not intersect if i ̸= j in general.
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Figure 2.2: An illustration of disjoint crossings of white sites (thin solid
lines) in strips (rectangles with dotted boundaries) of F1 (square with thick
solid boundary). These horizontal and vertical crossings intersect since F1 is
isomorphic to [−ℓ̃n, ℓ̃n]2 ∩ Z2.

2.3.3 Effective resistance estimate

In this Subsection we prove Theorem 2.1.1. To prove it, we only need to
estimate the upper bound of effective resistances for pairs of vertices on
W (Fi)∩Cn, 1 ≤ i ≤ d(d−1)

2
(2ℓ̃n+1)d−2 (recall the notations (2.10)-(2.13)). In

the following proposition, we will focus our attention to W (F1) ∩ Cn. Recall
the constant α in Subsection 2.3.2. To k1, k2 ∈ Z, we associate the “square”
defined by

Snk1,k2 := {s1e1 + s2e2 : |si − (2⌈α log n⌉+ 1)ki| ≤ ⌈α log n⌉, i = 1, 2}.

Proposition 2.3.3 Fix d ≥ 2 and p > pc(Zd). Let m1,m2, m̃2 be integers
satisfying that m2 < m̃2, m̃2 − m2 is even, and m1 +

m̃2−m2

2
≤ ℓn. Then

there exists c1 > 0 (not depending on choices of m1,m2, m̃2) such that Pp-
a.s., for large n ∈ N, the following holds: for all x ∈ W (Snm1,m2

) ∩ Cn and
y ∈ W (Snm1,m̃2

) ∩ Cn,
RCn

eff (x, y) ≤ c1 · log n.

The upper bound of Theorem 2.1.1 follows from a similar argument of
the proof of Proposition 2.3.3 below together with Lemma 2.2.3 and the
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triangle inequality for the effective resistance (see, for instance, [70, Corollary
10.8]). We omit the details. The lower bound of Theorem 2.1.1 holds by
Lemma 2.2.6, (2.9) and the Nash-Williams inequality. In the rest of the
article, we focus on proving Proposition 2.3.3. Fix some integers r, r′ with
r < r′. A left-to-right (respectively, right-to-left) path in [r, r′] × Zd−1 is a
path in [r, r′]×Zd−1 whose initial and final vertices a, b satisfy a · e1 = r and
b · e1 = r′ (respectively, a · e1 = r′ and b · e1 = r). A bottom-to-top path in
Z× [r, r′]×Zd−2 is a path in Z× [r, r′]×Zd−2 whose initial and final vertices
a, b satisfy a · e2 = r and b · e2 = r′. For a path Γ and a, a′ ∈ Γ (we assume
that a appears before a′ in Γ), we write Γ[a, a′] to denote a part of Γ from
a to a′. In particular, when a′ is the final vertex of Γ, we write Γ[a] in the
place of Γ[a, a′].

Proof of Proposition 2.3.3. We fix a configuration satisfying the events
of Remark 2.2.2, Corollary 2.3.2, and Lemma 2.2.3 with κ large enough. We
choose vertices x and y as in Proposition 2.3.3. We will construct a unit
flow between x and y. Our argument is based on [74, Proposition 2.15] and
Section 4.1 of the arXiv version of [21].

We first construct a random self-avoiding open path from x to y, most
of whose parts lie on W (F1) ∩ Cn. Recall the notations (2.14) and (2.15). A
Kesten grid guarantees the existence of the following self-avoiding paths:

• disjoint left-to-right (respectively, right-to-left) self-avoiding paths of
white sites Hm

1 , . . . , H
m
Ln

contained in Rn
1 (m2 +m) for 1 ≤ m ≤ m̃2−m2

2

(respectively, m̃2−m2

2
< m < m̃2 −m2),

• disjoint bottom-to-top self-avoiding paths of white sites V m
1 , . . . , V m

Ln

contained in Rn
2 (m1 +m) for 0 ≤ m ≤ m̃2−m2

2
,

• left-to-right self-avoiding paths of white sites Hx and Hy of length at
most c log n for some c > 0, contained in Snm1,m2

and in Snm1,m̃2
respec-

tively.

From now, we construct an open path from x to y corresponding to a fixed
label (i, j) with i ∈ {0, . . . , m̃2−m2

2
} and j ∈ {1, . . . , Ln} by the following

three steps.

Step 1: For convenience, we will associate a vertex (k1, k2) ∈ Z2 to Snk1,k2 . Let
f : {0, . . . , 2i} → {0, . . . , i} be a function defined by f(r) = r for 0 ≤ r ≤ i
and f(r) = 2i− r for i < r ≤ 2i. Take a self-avoiding path Γi as follows:
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Figure 2.3: Illustrations of paths Γi,Γ(i, j) and γ(i, j).

• Let (sr)0≤r≤2i+1 be a sequence with 0 = s0 < s1 < . . . < s2i+1 =
m̃2 −m2. For 0 ≤ r ≤ 2i, set v2r = (m1 + f(r),m2 + sr) and v2r+1 =
(m1 + f(r),m2 + sr+1). The self-avoiding path Γi is obtained from the
sequence (vr)0≤r≤4i+1 by linear interpolation.

• The path Γi lies within 1 in ℓ∞-distance from the piecewise line seg-
ments connecting (m1,m2), (m1 + i, m2+m̃2

2
) and (m1, m̃2).

See the left-hand side of Figure 2.3.

Step 2: Recall the notation before the proof of Proposition 2.3.3. Let hx
(respectively, hy) be the initial (respectively, the final) vertex of Hx (respec-
tively, Hy). We define vertices a1, . . . , a4i+2 as follows:

• For 0 ≤ r ≤ 2i, a2r+1 is the last-visited vertex of Hsr
j [a2r] by V

f(r)
j ,

where a0 := hx and Hs0
j := Hx.

• For 0 ≤ r ≤ 2i, a2r+2 is the last-visited vertex of V
f(r)
j [a2r+1] by H

sr+1

j ,
where H

s2i+1

j := Hy.

See Figure 2.4. We can obtain a self-avoiding path Γ(i, j) of white sites from
hx to hy in ∪(k1,k2)∈Γi

Snk1,k2 by connecting segments

Hsr
j [a2r, a2r+1], V

f(r)
j [a2r+1, a2r+2], 0 ≤ r ≤ 2i, and Hy[a4i+2, hy].
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Figure 2.4: Illustrations of a2r+1 and a2r+2 for 0 ≤ r ≤ 2i.

See the middle of Figure 2.3.

Step 3: Recall the notation (2.5). Fix vertices x̃ ∈ Bhx(K) ∩ Cn and ỹ ∈
Bhy(K) ∩ Cn. Indeed, we can take such x̃ and ỹ by Remark 2.2.2. By the
definition of white sites, we can take a self-avoiding open path γ̃(i, j) from
x̃ to ỹ contained in W (Γ(i, j)). By Lemma 2.2.3, we have self-avoiding open
paths γx and γy in Cn from x to x̃ and from ỹ to y respectively of length
at most c log n for some c > 0. We can get a self-avoiding open path γ(i, j)
from x to y in Cn via γx, γ̃(i, j) and γy. See the right-hand side of Figure 2.3.

LetX and Y be random variables distributed uniformly on {0, . . . , m̃2−m2

2
}

and on {1, . . . , Ln} respectively; they are defined on a probability space with
probability measure P. From now, we construct a unit flow from x to y
via the random open path γ(X, Y ). Recall the notation (2.1). We define a
random function ψ on Cn × Cn by

ψ(u, v) :=


1 if {u, v} ∈ OCn and γ(X, Y ) passes u, v in this order,

−1 if {u, v} ∈ OCn and γ(X, Y ) passes v, u in this order,

0 otherwise.

We define a function θ on Cn × Cn by

θ(u, v) := E(ψ(u, v)) for u, v ∈ Cn.

Since ψ is a unit flow from x to y, θ is a unit flow from x to y. In order to
bound θ, let us define the following function on Cn × Cn:

p(u, v) :=

{
P
(
γ(X, Y ) passes the edge {u, v}

)
if {u, v} ∈ OCn ,

0 otherwise.
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For 0 ≤ r ≤ m̃2 −m2, we define a set of labels of the r-th level by

Dr :=

{
{(m1 + s,m2 + r) ∈ Z2 : 0 ≤ s ≤ r + 1} if r ≤ m̃2−m2

2
,

{(m1 + s,m2 + r) ∈ Z2 : 0 ≤ s ≤ m̃2 −m2 − r + 1} otherwise.

Let U be the union of γx, γy, W (Hx) and W (Hy). By Thomson’s principle
(see, for example, [70, Theorem 9.10]) and the construction of γ(X,Y ), we
have

RCn

eff (x, y) ≤
1

2

∑
u,v∈Cn

θ(u, v)2

≤
∑
u,v∈U

p(u, v)2 +

(m̃2−m2)/2∑
r=0

∑
(k1,k2)∈Dr

∑
u,v∈W (Sn

k1,k2
)

v/∈U

p(u, v)2

+

m̃2−m2∑
r=(m̃2−m2)/2+1

∑
(k1,k2)∈Dr

∑
u,v∈W (Sn

k1,k2
)

v/∈U

p(u, v)2. (2.16)

Since γx, γy, Hx and Hy are self-avoiding paths of length of order log n, the
first term on the right-hand side of (2.16) is bounded by c log n for some
c > 0. Fix 1 ≤ r ≤ m̃2−m2

2
, (k1, k2) ∈ Dr and u, v ∈ W (Snk1,k2) with v /∈ U

and {u, v} ∈ OCn . By the construction of the random open path γ(X,Y ),
we have for some c > 0,

p(u, v) ≤ c

r · Ln
.

So we have for some c, c′ > 0,

(m̃2−m2)/2∑
r=0

∑
(k1,k2)∈Dr

∑
u,v∈W (Sn

k1,k2
)

v/∈U

p(u, v)2 ≤ c

(m̃2−m2)/2∑
r=1

1

r
≤ c′ log n.

By a similar argument, the last term on the right-hand side of (2.16) is
bounded by c log n for some c > 0. Therefore by (2.16), we obtain the
conclusion. □

28



Chapter 3

Maximum and minimum of
local times for two-dimensional
random walk

We obtain the leading orders of the maximum and the minimum of local times
for the simple random walk on the two-dimensional torus at time proportional
to the cover time. We also estimate the number of points with large (or
small) values of the local times. These are analogues of estimates on the
two-dimensional Gaussian free fields by Bolthausen, Deuschel, and Giacomin
[Ann. Probab., 29 (2001)] and Daviaud [Ann. Probab., 34 (2006)], but we
have different exponents from the case of the Gaussian free field.

3.1 Introduction

The theory of local times of random walks is very profound. It is well-
known that local times of random walks have close relationships with the
Gaussian free field (GFF). The connection goes back to [46]. Eisenbaum,
Kaspi, Marcus, Rosen, and Shi [47] gave a powerful equivalence in law called
“generalized second Ray-Knight theorem” (see Remark 3.1.1). Using the
theorem, Ding, Lee, and Peres [40] established a useful connection between
the expected maximum of the GFF and the cover time, and quite recently
Zhai [95] strengthened the result by constructing a coupling of the occupation
time filed and the GFF (see Theorem 3.2.6).

Much efforts have been made to study local times of the simple random
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walk on Z2. Erdős and Taylor [48] obtained an estimate on the maximum
of local times of the simple random walk on Z2 by time n. Dembo, Peres,
Rosen and Zeitouni [36] improved the result; they gave the leading order
of the maximum and estimated the number of “favorite points” (see also
[89]). Okada [82] obtained a corresponding estimate on frequently visited
sites in the inner boundary of the random walk range. Sznitman [93] studied
convergence of occupation time fields and related the fields to the GFF.

As mentioned above, works [48, 36, 89] are closely linked to the study of
extremes of the two-dimensional GFF. Bolthausen, Deuschel, and Giacomin
[22] obtained the leading order of its maximum (see Remark 3.1.4). Daviaud
[35] estimated the number of points with large values of the GFF (see Remark
3.1.4).

In this paper, we study the maximum and the minimum of local times of
the simple random walk on the two-dimensional torus at time proportional to
the cover time. While similar work has been done in [22, 35] for the GFF, one
cannot apply their results to deduce corresponding local time estimates, and
indeed considerable amounts of efforts are needed to obtain such estimates.
We also note that the exponents for the local times are different from those
of the GFF (see Theorem 3.1.2 and Remark 3.1.4).

To state our results, we begin with some notation. We will write Z2
N to

denote the two-dimensional discrete torus with N2 vertices. Let X = (Xt)t≥0

be the continuous-time simple random walk on Z2
N with exponential holding

times of parameter 1. Let Px be the law of X starting from x ∈ Z2
N . We

define the local time of X by

LNt (x) :=

∫ t

0

1{Xs=x}ds, x ∈ Z2
N , t ≥ 0,

and the inverse local time by

τt := inf{s ≥ 0 : LNs (0) > t}, t ≥ 0.

We will take the following time parameter

tθ = tθ(N) :=
4

π
θ(logN)2, θ > 0.

Note that τtθ is approximated by θ · 4
π
N2(logN)2 and that 4

π
N2(logN)2 is

close to the cover time of Z2
N (see Lemma 3.2.4 and Theorem 1.1 in [37]).
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We define sets of “thick points” and “thin points” by

L+
N(η, θ) :=

{
x ∈ Z2

N :
LNτtθ

(x)− tθ
√
2tθ

≥ η · 2
√
2/π logN

}
, η, θ > 0, (3.1)

L−
N(η, θ) :=

{
x ∈ Z2

N :
LNτtθ

(x)− tθ
√
2tθ

≤ −η · 2
√
2/π logN

}
, η, θ > 0. (3.2)

We will say that (hNx )x∈Z2
N
is the GFF on Z2

N if (hNx )x∈Z2
N
is a centered Gaus-

sian field with hN0 = 0 and E[hNx hNy ] = Ex[LT0(y)] for all x, y ∈ Z2
N , where

T0 := inf{t ≥ 0 : Xt = 0}.

Remark 3.1.1 Let (hNx ) be the GFF on Z2
N with a measure P. The gener-

alized second Ray-Knight theorem [47] says that for all t ≥ 0,

the law of

{
LNτt (x) +

1

2
(hNx )

2 : x ∈ Z2
N

}
under P0 × P

is the same as that of

{
1

2
(hNx +

√
2t)2 : x ∈ Z2

N

}
under P. (3.3)

In particular, fixing N , we have(
LNτt (x)− t

√
2t

)
x∈Z2

N

→ (hNx )x∈Z2
N
in law as t→ ∞. (3.4)

By (3.4), one can expect that (3.1) and (3.2) will be close in law to corre-
sponding level sets of the GFF (but not exactly, as we see in Theorem 3.1.2
and Remark 3.1.4). We note that one cannot deduce local time estimates
corresponding to [22, 35] from (3.3) or (3.4).

We say that a sequence of events AN holds with high probability if
limN→∞ P (AN) = 1. We write |B| to denote the cardinality of B ⊂ Z2

N .
We now state our results.

Theorem 3.1.2 (i) For all θ > 0, ε > 0, and η ∈ (0, 1 + 1
2
√
θ
), the following

holds with high probability (under P0):

N2−2(
√
θ+2η

√
θ−

√
θ)2−ε ≤ |L+

N(η, θ)| ≤ N2−2(
√
θ+2η

√
θ−

√
θ)2+ε.
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Furthermore, for all θ > 0 and η > 1 + 1
2
√
θ
,

|L+
N(η, θ)| = 0, with high probability (under P0).

(ii) For all θ > 1, ε > 0, and η ∈ (0, 1 − 1
2
√
θ
), the following holds with high

probability (under P0):

N2−2(
√
θ−
√
θ−2η

√
θ)2−ε ≤ |L−

N(η, θ)| ≤ N2−2(
√
θ−
√
θ−2η

√
θ)2+ε.

Furthermore, for all θ > 1 and η > 1− 1
2
√
θ
,

|L−
N(η, θ)| = 0, with high probability (under P0).

The next corollary follows immediately from Theorem 3.1.2.

Corollary 3.1.3 (i) For all θ > 0 and ε > 0, the following holds with high
probability (under P0):

(1+
1

2
√
θ
−ε)2

√
2

π
logN ≤

maxx∈Z2
N
LNτtθ

(x)− tθ
√
2tθ

≤ (1+
1

2
√
θ
+ε)2

√
2

π
logN.

(ii) For all θ > 1 and ε > 0, the following holds with high probability (under
P0):

−(1− 1

2
√
θ
+ε)2

√
2

π
logN ≤

minx∈Z2
N
LNτtθ

(x)− tθ
√
2tθ

≤ −(1− 1

2
√
θ
−ε)2

√
2

π
logN.

Remark 3.1.4 Set VN := [1, N ]2∩Z2. Let (h̃Nx )x∈VN be the GFF on VN with
zero boundary conditions. Bolthausen, Deuschel, and Giacomin [22] obtained
the leading order of maxx∈VN h̃

N
x : for all ε > 0,

(1− ε)2
√
2/π logN ≤ max

x∈VN
h̃Nx ≤ (1 + ε)2

√
2/π logN with high probability.

Daviaud [35] showed that the following holds with high probability for all ε > 0
and η ∈ (0, 1):

N2(1−η2)−ε ≤ |{x ∈ VN : h̃Nx ≥ η · 2
√

2/π logN}| ≤ N2(1−η2)+ε. (3.5)

Remark 3.1.5 By Lemma 3.2.4 below and Theorem 1.1 in [37], it is clear
that for θ ∈ (0, 1), we have minx∈Z2

N
LNτtθ

(x) = 0.
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We can obtain the following estimate similar to (3.5) for the GFF on Z2
N by

using Theorem 3.1.2 and Theorem 3.2.5, 3.2.6 below. The proof is given in
Section 3.2.

Corollary 3.1.6 Let (hNx )x∈Z2
N

be the GFF on Z2
N . For all ε > 0 and η ∈

(0, 1), the following holds with high probability:

N2(1−η2)−ε ≤ |{x ∈ Z2
N : hNx ≥ η · 2

√
2/π logN}| ≤ N2(1−η2)+ε.

In order to give an intuitive explanation of the exponent in Theorem
3.1.2(i), let us give additional notation. Let d(·, ·) be the ℓ2-distance in Z2

N .
Set D(x, r) := {y ∈ Z2

N : d(x, y) < r}. Fix a subset A ⊂ Z2
N . We define its

boundary by ∂A := {y ∈ Z2
N : y ∈ Z2

N\A, d(x, y) = 1 for some x ∈ A}, and
the hitting time of A by TA := inf{t ≥ 0 : Xt ∈ A}. We will write Tx to
denote T{x} for x ∈ Z2

N . Set GA(x, y) := Ex[L
N
T∂A

(y)], x, y ∈ Z2
N . Fix x ∈ Z2

N

and 0 < r < R < N
2
. We define a sequence of stopping times as follows:

τ (0)x [r, R] := inf{t ≥ 0 : Xt ∈ ∂D(x, r)},

σ(j)
x [r, R] := inf{t ≥ 0 : Xt ◦ θ∑j−1

i=0 τ
(i)
x [r,R]

∈ ∂D(x,R)}, j ≥ 1,

τ (j)x [r, R] := inf{t > σ(j)
x [r, R] : Xt ◦ θ∑j−1

i=0 τ
(i)
x [r,R]

∈ ∂D(x, r)}, j ≥ 1,

where θt, t ≥ 0 is the shift operator. Although the definition of τ
(0)
x [r,R] does

not depend on R, we write R just for notational convenience when given the
annulus D(x,R)\D(x, r). We define local times of excursions as follows:

L(j)
x [r, R] := LNT∂D(x,R)

(x) ◦ θ∑j−1
i=0 τ

(i)
x [r,R]

, j ≥ 1.

We now give heuristics about the exponent in Theorem 3.1.2(i). Let Kn :=
nbenn3n, where b is a positive constant. We will consider the simple random
walk on Z2

Kn
. Set rn,k := enn3(n−k), k = 0, . . . , n. For x ∈ Z2

Kn
and 0 ≤ ℓ ≤

n− 1, we write Nx
ℓ to denote the number of excursions from ∂D(x, rn,ℓ+1) to

∂D(x, rn,ℓ) up to time τtθ . By concentration estimates (see Lemma 3.2.2 and
3.2.4),

(Kn)
2tθ ≈ τtθ ≈

Nx
0∑

j=0

τ (j)x [rn,1, rn,0] ≈
2

π
(Kn)

2 log

(
rn,0
rn,1

)
Nx

0 .
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Thus, we have
Nx

0 ≈ 6θn2 log n. (3.6)

By the law of large numbers, if
LKn
τtθ

(x)−tθ
√
2tθ

≈ η · 2
√

2
π
logKn, then we have

(θ + 2η
√
θ)

4

π
(logKn)

2 ≈
Nx

n−1∑
j=1

L(j)
x [rn,n, rn,n−1]

≈ Nx
n−1 ·GD(x,rn,n−1)(y, x) ≈ Nx

n−1 ·
2

π
log

(
rn,n−1

rn,n

)
,

where y is a fixed point in ∂D(x, rn,n), and we have used an estimate on
Green’s functions (see Lemma 3.2.1). Hence, we have

Nx
n−1 ≈ 6(θ + 2η

√
θ)n2 log n. (3.7)

To obtain the order of |L+
Kn

(η, θ)|, we should estimate the probability P0(N
x
n−1

≈ 6(θ + 2η
√
θ)n2 log n). Since for 1 ≤ ℓ ≤ n − 1 and y ∈ ∂D(x, rn,ℓ), we

have Py(T∂D(x,rn,ℓ+1) < T∂D(x,rn,ℓ−1)) ≈ 1
2
(see Lemma 3.2.1), we can reduce

the problem to the case of the simple random walk on {0, . . . , n}; we need to
know the probability of the event that the walk traverses 6(θ+2η

√
θ)n2 log n

times from n to n − 1 until it crosses Nx
0 times from 1 to 0. By this obser-

vation, (3.6) and a large deviation estimate, we have

P0(N
x
n−1 ≈ 6(θ + 2η

√
θ)n2 log n) ≈ (Kn)

−2(
√
θ+2η

√
θ−

√
θ)2 .

Therefore, if |L+
Kn

(η, θ)| is concentrated around its expectation, we have

|L+
Kn

(η, θ)| ≈ (Kn)
2−2(

√
θ+2η

√
θ−

√
θ)2 .

The organization of the paper is the following. Section 3.2 gives pre-
liminary lemmas and the proof of Corollary 3.1.6. In Section 3.3, we prove
Theorem 3.1.2(i). The proof is based on the“refined second moment method”
in [38, 89]. In Section 3.4, we prove Theorem 3.1.2(ii).

We will write c1, c2, . . . to denote positive universal constants whose val-
ues are fixed within each argument. We use c1(θ), c2(θ) . . . for positive con-
stants which depend only on θ. Given a sequence (εN)N≥0, we will write
εN = o(1N) if limN→∞ εN = 0.
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3.2 Preliminary lemmas and proof of Corol-

lary 3.1.6

In this section, we collect useful lemmas and give the proof of Corollary 3.1.6.
We will use the following basic estimates on the two-dimensional random
walk. See, for example, Theorem 1.6.6, Proposition 1.6.7, and Exercise 1.6.8
in [67].

Lemma 3.2.1 (i) There exist c1, c2 > 0 such that the following hold for all
0 < R < N

2
, x ∈ Z2

N , and x0 ∈ D(x,R):

|GD(x,R)(x, x)−
2

π
logR| ≤ c1,∣∣∣∣GD(x,R)(x0, x)−

2

π
log

(
R

d(x0, x)

)∣∣∣∣ ≤ c2

(
1

d(x0, x)
+

1

R

)
.

(ii) There exist c1, c2 > 0 such that for all 0 < r < R < N
2
, x, x0 ∈ Z2

N with
r < d(x0, x) < R,

log(R/d(x0, x))− c1/r

log(R/r)
≤ Px0(T∂D(x,r) < T∂D(x,R)) ≤

log(R/d(x0, x)) + c2/r

log(R/r)
.

The following lemma relates time to the number of excursions.

Lemma 3.2.2 There exist c1, c2, c3 such that the following holds for all r,R
with 0 < 2r < R < N

2
, c1(

1
r
+ r

R
) ≤ δ ≤ c2, x ∈ Z2

N , and M ∈ N:

P0

(
M∑
j=0

τ (j)x [r, R] ≥ (1 + δ)
2

π
N2 log(R/r)M

)
≤ exp

(
−c3δ2

log(R/r)

log(N/r)
M

)
.

Proof. The proof is almost the same as that of Lemma 3.2 in [38] since
Lemma 3.1 of [38] holds even for the continuous-time simple random walk.
□
We will use the following moment estimate on local times.

Lemma 3.2.3 Fix x ∈ Z2
N , 0 < R < N

2
, and x0 ∈ D(x,R). For all β > 0,

Ex0

[
exp

{
− β

GD(x,R)(x, x)
LT∂D(x,R)

(x)

}]
= 1−

GD(x,R)(x0, x)

GD(x,R)(x, x)
· β

1 + β
. (3.8)
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Proof. By Kac’s moment formula (see, for example, (4) in [49]), we have for
all k ∈ N,

Ex0 [(LT∂D(x,R)
(x))k] = k! ·GD(x,R)(x0, x) · (GD(x,R)(x, x))

k−1. (3.9)

The equation (3.8) follows immediately from (3.9) for all 0 < β < 1. Regard-
ing both sides of (3.8) as analytic functions of β, we can show (3.8) even for
all β ≥ 1 by the uniqueness theorem of analytic functions. □
The following is a special version of Lemma 2.1 in [39].

Lemma 3.2.4 There exists c1 > 0 such that for all t > 0 and λ ≥ 1,

P0[|τt − tN2| ≥ c1(
√
λt logN + λ logN)N2] ≤ 6e−

λ
16 .

Proof. Note that the definition of the inverse local time in [39] is slightly
different from ours; it corresponds to τ4t in our notation. Since the effec-
tive resistances between vertices in Z2

N are of order logN (see, for example,
(10.20) in [70]), the statement follows from Lemma 2.1 of [39]. □
The following theorem is about the number of “late points” of X.

Theorem 3.2.5 For all ε > 0 and η ∈ (0, 1), the following holds with high
probability (under P0):

N2−2η−ε ≤ |{x ∈ Z2
N : Tx ≥ η · 4

π
N2(logN)2}| ≤ N2−2η+ε.

Furthermore, for all η > 1,

|{x ∈ Z2
N : Tx ≥ η · 4

π
N2(logN)2}| = 0 with high probability (under P0).

Proof. Recall that the holding times of X are independent exponential vari-
ables with mean 1. Thus, it is clear that Theorem 3.2.5 follows immediately
from Proposition 1.1 in [38], Theorem 1.1 in [37], and the law of large num-
bers for the variables. □
The following theorem connects “thick points”, “thin points” and the GFF.

Theorem 3.2.6 (Theorem 3.1, [95]) Let (hNx )x∈Z2
N
be the GFF on Z2

N . For
all t > 0,

{
√
LNτt (x) : x ∈ Z2

N} ⪯ 1√
2
{max(hNx +

√
2t, 0) : x ∈ Z2

N},

where ⪯ denotes the stochastic domination.
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Finally, we give the proof of Corollary 3.1.6 by lemmas above and Theorem
3.1.2(i).
Proof of Corollary 3.1.6. Fix ε > 0 and η ∈ (0, 1). We have for all λ > 0,

P
(∣∣∣{x ∈ Z2

N : hNx ≥ η · 2
√

2/π logN
}∣∣∣ ≥ λ

)
= P

(∣∣∣{x ∈ Z2
N : hNx ≤ −η · 2

√
2/π logN

}∣∣∣ ≥ λ
)

(3.10)

≤ P0

(∣∣∣{x ∈ Z2
N : LNτt

η2
(x) = 0

}∣∣∣ ≥ λ
)

(3.11)

= P0

(∣∣∣{x ∈ Z2
N : Tx > τtη2

}∣∣∣ ≥ λ
)
, (3.12)

where we have used the symmetry of the GFF in (3.10) and Theorem 3.2.6
in (3.11). Take λ = N2−2η2+ε. By Lemma 3.2.4 and Theorem 3.2.5, the
probability in (3.12) goes to 0 as N → ∞. We have for all θ > 0 and λ > 0,

P
(∣∣∣{x ∈ Z2

N : hNx ≥ η · 2
√

2/π logN
}∣∣∣ ≤ λ

)
= P

(∣∣∣∣{x ∈ Z2
N :

1√
2
(hNx +

√
2tθ) ≥ (

√
θ + η) · 2√

π
logN

}∣∣∣∣ ≤ λ

)
≤ P0

(∣∣∣∣∣
{
x ∈ Z2

N :
LNτtθ

(x)− tθ
√
2tθ

≥
(
η +

η2

2
√
θ

)
· 2
√

2/π logN

}∣∣∣∣∣ ≤ λ

)
,

(3.13)

where we have used Theorem 3.2.6 in (3.13). Take λ = N2−2η2−ε. By Theorem
3.1.2(i), the probability in (3.13) goes to 0 as N → ∞. □

3.3 Proof of Theorem 3.1.2(i)

Given Theorem 3.2.6, the upper bound of Theorem 3.1.2(i) is easy.
Proof of the upper bound of Theorem 3.1.2(i). Fix θ > 0, ε > 0, and η > 0.
Let (hNx )x∈Z2

N
be the GFF on Z2

N . We have for all λ > 0,

P0

(∣∣∣∣∣
{
x ∈ Z2

N :
LNτtθ

(x)− tθ
√
2tθ

≥ η · 2
√
2/π logN

}∣∣∣∣∣ ≥ λ

)

≤ P
(∣∣∣∣{x ∈ Z2

N : hNx ≥ (

√
θ + 2η

√
θ −

√
θ) · 2

√
2/π logN

}∣∣∣∣ ≥ λ

)
(3.14)
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= P
(∣∣∣∣{x ∈ Z2

N : hNx ≤ −(

√
θ + 2η

√
θ −

√
θ) · 2

√
2/π logN

}∣∣∣∣ ≥ λ

)
(3.15)

≤ P0

(∣∣∣∣{x ∈ Z2
N : LNτt

(
√

θ+2η
√
θ−

√
θ)2

(x) = 0

}∣∣∣∣ ≥ λ

)
(3.16)

= P0

(∣∣∣{x ∈ Z2
N : Tx > τt

(
√

θ+2η
√
θ−

√
θ)2

}∣∣∣ ≥ λ
)
, (3.17)

where we have used the symmetry of the GFF in (3.15) and Theorem 3.2.6

in (3.14) and (3.16). Take λ = N2−2(
√
θ+2η

√
θ−

√
θ)2+ε, ε > 0. By Lemma 3.2.4

and Theorem 3.2.5, the probability in (3.17) goes to 0 as N → ∞. □
From now on, we prove the lower bound of Theorem 3.1.2(i) by applying

the methods in [38, 89]. First, we define the notion that a point is “success-
ful”. Set

rn,k := enn3(n−k), 0 ≤ k ≤ n, Kn := nγ̄rn,0, (3.18)

where γ̄ ∈ [b, b+ 4] and b is a sufficiently large positive constant. Since Kn’s
take values over all sufficiently large positive integers, we may only consider
the subsequence. From now, we will consider the simple random walk on
Z2
Kn

. Given η ∈ (0, 1 + 1
2
√
θ
), we set

nℓ :=

⌈
6

(
1− 1

n1/4

){√
θ +

(√
θ + 2η

√
θ −

√
θ

)
ℓ

n

}2

n2 log n

⌉
, ℓ ≤ n− 1.

For x ∈ Z2
Kn

and 1 ≤ ℓ ≤ n− 1,

Nx
ℓ is the number of excursions from ∂D(x, rn,ℓ+1) to ∂D(x, rn,ℓ)

up to random time

n0∑
j=0

τ (j)x [rn,1, rn,0].

Definition 3.3.1 Fix x ∈ Z2
Kn

. We will say that x is successful if

|Nx
ℓ − nℓ| ≤ n, for 1 ≤ ℓ ≤ n− 1.

Remark 3.3.2 We give an intuition about Definition 3.3.1. Assume that
LKn
τtθ

(x)−tθ
√
2tθ

≈ η · 2
√

2/π logKn. We already know that under this assump-

tion, Nx
0 ≈ 6θn2 log n and Nx

n−1 ≈ 6(θ + 2η
√
θ)n2 log n (recall (3.6) and
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√
nn−1

√
n0

√
Nx

ℓ

n− 10 ℓ

Figure 3.1: If x is successful, (
√
Nx
ℓ )0≤ℓ≤n−1 behaves like a linear function.

(3.7)). Due to a recent work by Belius and Kistler [13], one expects that
conditioned on

√
Nx

0 ≈ √
n0 and

√
Nx
n−1 ≈ √

nn−1, (
√
Nx
ℓ )0≤ℓ≤n−1 be-

haves roughly like a Brownian bridge from
√
n0 to

√
nn−1. Therefore, we

see that (
√
Nx
ℓ )0≤ℓ≤n−1 would typically look like a linear function in ℓ with√

Nx
0 ≈ √

n0 and
√
Nx
n−1 ≈ √

nn−1 (see Figure 3.1). We used this insight
in Definition 3.3.1. Note that our framework is quite different from those in
[38, 89] and so is the definition of “successful”.

The lower bound of Theorem 3.1.2(i) follows from the following three propo-
sitions.

Proposition 3.3.3 For all θ > 0 and η ∈ (0, 1 + 1
2
√
θ
), the following holds

with high probability (under P0):

{x ∈ Z2
Kn

\D(0, rn,0) : x is successful} ⊂ L+
Kn

((1−1/ log log n)(1−1/n)2η, θ).

Proposition 3.3.4 For all θ > 0, η ∈ (0, 1 + 1
2
√
θ
), and x ∈ Z2

Kn
\D(0, rn,0),

P0(x is successful) = (1 + o(1n))qn,
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where qn satisfies the following: there exists c1(θ), c2(θ) > 0 such that

e−c1(θ)n log logn(Kn)
−2(

√
θ+2η

√
θ−

√
θ)2 ≤ qn ≤ e−c2(θ)n log logn(Kn)

−2(
√
θ+2η

√
θ−

√
θ)2 .

Proposition 3.3.5 Let qn be given in Proposition 3.3.4. Fix θ > 0 and
η ∈ (0, 1 + 1

2
√
θ
). For x, y ∈ Z2

Kn
, set

ℓ(x, y) := min{ℓ : D(x, rn,ℓ + 1) ∩D(y, rn,ℓ + 1) = ∅} ∧ n.

(i) There exist c1(θ), c2(θ) > 0 such that for all x, y ∈ Z2
Kn

\D(0, rn,0) with
1 ≤ ℓ(x, y) ≤ n− 2,

P0(x and y are successful)

≤ nc1(θ)ec2(θ)ℓ log logn(qn)
2 · exp

{
6

(√
θ + 2η

√
θ −

√
θ

)2

ℓ log n

}
.

(ii) For all x, y ∈ Z2
Kn

\D(0, rn,0) with ℓ(x, y) = 0,

P0(x and y are successful) = (1 + o(1n))(qn)
2.

Proof of the lower bound of Theorem 3.1.2(i) via Proposition 3.3.3-3.3.5.
Fix θ > 0 and η ∈ (0, 1 + 1

2
√
θ
). Set

Zn :=
∑

x∈Z2
Kn

\D(0,rn,0)

1{x is successful}, Wn,ℓ :=
∑

x,y∈Z2
Kn

\D(0,rn,0)

ℓ(x,y)=ℓ

1{x and y are successful}.

We have E0[(Zn)
2] ≤

∑n
ℓ=0E0[Wn,ℓ]. Recall (3.18). Taking b large enough,

by Proposition 3.3.4 and 3.3.5, we have

E0[Wn,0] ≤ (1 + o(1n))(Kn)
4(qn)

2,

n∑
ℓ=1

E0[Wn,ℓ] ≤ o(1n)(Kn)
4(qn)

2.

Thus, we have
E0[(Zn)

2] ≤ (1 + o(1n))(Kn)
4(qn)

2. (3.19)

By (3.19), Proposition 3.3.4, and the Paley-Zygmund inequality, the following
holds with high probability:

Zn ≥ e−n(log logn)
2

(Kn)
2−2(

√
θ+2η

√
θ−

√
θ)2 . (3.20)
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The lower bound of Theorem 3.1.2(i) follows from (3.20) and Proposition
3.3.3. □

For the rest of this section, we will prove Proposition 3.3.3-3.3.5.
Proof of Proposition 3.3.3. We will prove the following:

P0

[
LKn
τtθ

(x)− tθ
√
2tθ

< (1− 1/ log log n)(1− 1/n)2η · 2
√

2/π logKn,

and x is successful for some x ∈ Z2
Kn

\D(0, rn,0)

]
→ 0 as n→ ∞. (3.21)

The statement in Proposition 3.3.3 follows immediately from this. Note
that if x is successful and τtθ ≥

∑n0

j=0 τ
(j)
x [rn,1, rn,0], we have LKn

τtθ
(x) ≥∑nn−1−n

j=1 L
(j)
x [rn,n, rn,n−1]. It is clear that if τtθ <

∑n0

j=0 τ
(j)
x [rn,1, rn,0], we

have
∑n0

j=0 τ
(j)
x [rn,1, rn,0] > λ or τtθ ≤ λ for any λ > 0. By these observations,

the probability in (3.21) is bounded above by I1 + I2 + I3, where

I1 := P0

[
For some x ∈ Z2

Kn
\D(0, rn,0),

nn−1−n∑
j=1

L(j)
x [rn,n, rn,n−1]

< (θ + 2(1− 1/ log log n)(1− 1/n)2η
√
θ)

4

π
(logKn)

2
]
,

I2 := P0

[
n0∑
j=0

τ (j)x [rn,1, rn,0] > λn for some x ∈ Z2
Kn

\D(0, rn,0)

]
,

I3 := P0(τtθ ≤ λn),

where λn := (1 + 1/n1/4)2/π(Kn)
2 log(rn,0/rn,1)n0 (≤ (1 − 1/

√
n)(Kn)

2tθ).
By Lemma 3.2.2 and 3.2.4, we have

I2 ≤ (Kn)
2 exp

(
− c1√

n

log(rn,0/rn,1)

log(Kn/rn,1)
n0

)
≤ (Kn)

2 exp(−c2(θ)n
3
2 log n) = o(1n),

I3 ≤ P0

(
τtθ ≤ (1− 1/

√
n)(Kn)

2tθ
)
≤ 6 exp (−c3(θ) logKn/n) = o(1n).

From now, we will prove I1 = o(1n). Fix x ∈ Z2
Kn

\D(0, rn,0). Set Px to be

P0

[
nn−1−n∑
j=1

L(j)
x [rn,n, rn,n−1] <

(
θ + 2(1− 1

log log n
)(1− 1

n
)2η

√
θ

)
4

π
(logKn)

2

]
.
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We have for φ > 0,

Px ≤ exp

{
φ

GD(x,rn,n−1)(x, x)
(θ + 2(1− 1

log log n
)(1− 1

n
)2η

√
θ)

4

π
(logKn)

2

}
· E0

[
exp

{
− φ

GD(x,rn,n−1)(x, x)

nn−1−n∑
j=1

L(j)
x [rn,n, rn,n−1]

}]
(3.22)

≤ exp

{
φ

GD(x,rn,n−1)(x, x)
(θ + 2(1− 1

log log n
)(1− 1

n
)2η

√
θ)

4

π
(logKn)

2

}
·
{

max
y∈∂D(x,rn,n)

Ey

[
exp

{
− φ

GD(x,rn,n−1)(x, x)
LT∂D(x,rn,n−1)

(x)

}]}nn−1−n

(3.23)

≤ ec4(θ)(φn logn+ φ
1+φ

(logn)3) exp{−18n(log n)2fn(φ)}, (3.24)

where

fn(φ) := −φ(θ + 2(1− 1/ log log n)(1− 1/n)2η
√
θ)

+
φ

1 + φ
(1− 1/n1/4)(1− 1/n)2(θ + 2η

√
θ).

We have used the exponential Chebyshev inequality in (3.22), the strong

Markov property at times
∑j−1

i=0 τ
(i)
x [rn,n, rn,n−1], 1 ≤ j ≤ nn−1 − n in (3.23),

and Lemma 3.2.1(i), 3.2.3 in (3.24). Taking φ at which fn(φ) attains the
maximum, we have

Px ≤ ec5(θ)
n logn
log logn exp{−c6(θ)n(log n/ log log n)2} = o((Kn)

−2).

Therefore, we have proved I1 = o(1n) and (3.21). □

Proof of Proposition 3.3.4. Fix x ∈ Z2
Kn

\D(0, rn,0). By Lemma 3.2.1(ii)
and the strong Markov property, we have

P0(x is successful) =
∑

P (Nx
ℓ = mℓ for 1 ≤ ℓ ≤ n− 1) = (1 + o(1n))qn,

(3.25)
where

qn :=
∑ n−1∏

ℓ=1

(
mℓ +mℓ−1 − 1

mℓ

)(1
2

)mℓ+mℓ−1

. (3.26)
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Here the summations in (3.25) and (3.26) are over all m1, . . . ,mn−1 with
|mi − ni| ≤ n for 1 ≤ i ≤ n− 1. By the Stirling formula, we have for all mi

with |mi − ni| ≤ n, 1 ≤ i ≤ n− 1,(
mℓ +mℓ−1 − 1

mℓ

)(1
2

)mℓ+mℓ−1

≥ c1√
mℓ

· (mℓ +mℓ−1)
mℓ+mℓ−1

(mℓ)mℓ(mℓ−1)mℓ−1

(1
2

)mℓ+mℓ−1

= c1 · (mℓ)
−1/2 · exp

{
mℓ−1f

(
mℓ

mℓ−1

)}
≥ c1 · (mℓ)

−1/2 · exp

{
−mℓ−1

(
1

4

(
mℓ

mℓ−1

− 1

)2

+ c2(θ)

∣∣∣∣ mℓ

mℓ−1

− 1

∣∣∣∣3
)}
(3.27)

≥ c3(θ)n
−1(log n)−1/2 exp

{
−6

(√
θ + 2η

√
θ −

√
θ

)2

log n

}
, (3.28)

where f(u) := (1 + u) log(1 + u)− u log u− (1 + u) log 2, u > 0 and we have
used the Taylor expansion of f around 1 in (3.27). Therefore, we have by
(3.26) and (3.28)

qn ≥ nn−1(c3(θ)n
−1(log n)−1/2)n−1 exp

{
−6

(√
θ + 2η

√
θ −

√
θ

)2

n log n

}
≥ (c4(θ)(log n)

−1/2)n−1(Kn)
−2(

√
θ+2η

√
θ−

√
θ)2 .

By a similar argument, we can obtain the upper bound of qn. □

In order to prove Proposition 3.3.5, we make some preparations. Fix
x ∈ Z2

N and 0 ≤ ℓ ≤ n− 1. Set e(0) := {Xt : 0 ≤ t ≤ T∂D(x,rn,ℓ+1)}, and

e(i) :=
{
X
t+
∑i−1

j=0 τ
(j)
x [rn,ℓ+1,rn,ℓ]

: σ(i)
x [rn,ℓ+1, rn,ℓ] ≤ t ≤ τ (i)x [rn,ℓ+1, rn,ℓ]

}
, i ≥ 1.

Let Gxℓ := σ(e(i) : i ≥ 0). We will use the following lemma iteratively.

Lemma 3.3.6 Fix η ∈ (0, 1+ 1
2
√
θ
) and θ > 0. There exists εn with lim

n→∞
εn =

0 such that the following holds for all 0 ≤ ℓ ≤ n − 2, mℓ with |mℓ − nℓ| ≤
n,mℓ+1, . . . ,mn−1 > 0, and x ∈ Z2

Kn
\D(0, rn,0) :

P0(N
x
i = mi for all i = ℓ, . . . , n− 1|Gxℓ )

= (1 + εn)P0(N
x
i = mi for all i = ℓ+ 1, . . . , n− 1|Nx

ℓ = mℓ) · 1{Nx
ℓ =mℓ}.
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Proof. The proof is almost the same as that of Corollary 5.1 in [38] since
Lemma 2.4 in [38] holds even for the continuous-time simple random walk.
□

Proof of Proposition 3.3.5. Proposition 3.3.5(ii) follows immediately from
Lemma 3.3.6. We will prove Proposition 3.3.5(i). Fix x, y ∈ Z2

Kn
\D(0, rn,0)

with 1 ≤ ℓ(x, y) ≤ n− 2. We will write

ℓ := ℓ(x, y).

By Lemma 3.3.6,

P0(x and y are successful)

≤ P0(|Nx
i − ni| ≤ n for i = 1, . . . , ℓ− 3, ℓ, . . . , n− 1,

and |Ny
i − ni| ≤ n for i = ℓ, . . . , n− 1)

≤ (1 + o(1n))P0(|Nx
i − ni| ≤ n for i = 1, . . . , ℓ− 3, ℓ, . . . , n− 1)

·
∑

mℓ:|mℓ−nℓ|≤n

P0(|N y
i − ni| ≤ n for i = ℓ+ 1, . . . , n− 1|Ny

ℓ = mℓ). (3.29)

Note that since D(y, rn,ℓ−1) ⊂ D(x, rn,ℓ−2) and D(x, rn,ℓ−1)∩D(y, rn,ℓ−1) ̸= ∅,
excursions between ∂D(x, rn,i+1) and ∂D(x, rn,i), i = ℓ − 2, ℓ − 1 may enter
in D(y, rn,ℓ+1). In particular, events {|Nx

i − ni| ≤ n}, i = ℓ− 2, ℓ− 1 are not
in Gyℓ and thus are excluded from (3.29). We will prove the following:∑
mℓ:|mℓ−nℓ|≤n

P0(|N y
i − ni| ≤ n for i = ℓ+ 1, . . . , n− 1|Ny

ℓ = mℓ)

≤ c1(θ)ne
c2(θ)ℓ log lognqn exp

{
6

(√
θ + 2η

√
θ −

√
θ

)2

ℓ log n

}
,

(3.30)

P0(|Nx
i − ni| ≤ n for i = 1, . . . , ℓ− 3, ℓ, . . . , n− 1)

≤ c3(θ)n
c4(θ)ec5(θ)ℓ log lognqn. (3.31)

Proposition 3.3.5(i) follows from (3.29), (3.30) and (3.31).
First, we prove (3.30). By Proposition 3.3.4 and Lemma 3.3.6,

(1 + o(1n))qn = P0(y is successful)
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≥ (1 + o(1n))
∑

mℓ:|mℓ−nℓ|≤n

P0(|Ny
i − ni| ≤ n for 1 ≤ i ≤ ℓ− 1, Ny

ℓ = mℓ)

· P0(|Ny
i − ni| ≤ n for ℓ+ 1 ≤ i ≤ n− 1|Ny

ℓ = mℓ).
(3.32)

By a similar argument to the proof of Proposition 3.3.4, we have for all mℓ

with |mℓ − nℓ| ≤ n,

P0(|Ny
i − ni| ≤ n for 1 ≤ i ≤ ℓ− 1, Ny

ℓ = mℓ)

≥ n−1e−c6(θ)ℓ log logn exp

{
−6

(√
θ + 2η

√
θ −

√
θ

)2

ℓ log n

}
. (3.33)

(3.30) follows from (3.32) and (3.33).
Next, we prove (3.31). By Lemma 3.3.6, (3.30), and a similar argument to
the proof of Proposition 3.3.4, we have

P0(|Nx
i − ni| ≤ n for i = 1, . . . , ℓ− 3, ℓ, . . . , n− 1)

≤ (1 + o(1n))P0(|Nx
i − ni| ≤ n for 1 ≤ i ≤ ℓ− 3)

·
∑

mℓ:|mℓ−nℓ|≤n

P0(|Nx
i − ni| ≤ n for ℓ+ 1 ≤ i ≤ n− 1|Nx

ℓ = mℓ)

≤ e−c7(θ)(ℓ−3) log logn exp

{
−6

(√
θ + 2η

√
θ −

√
θ

)2

(ℓ− 3) log n

}

· c1(θ)qnnec2(θ)ℓ log logn exp

{
6

(√
θ + 2η

√
θ −

√
θ

)2

ℓ log n

}
≤ qnn

c8(θ)ec9(θ)ℓ log logn.

Therefore, we have proved (3.31). □

3.4 Proof of Theorem 3.1.2(ii)

In this section, we prove Theorem 3.1.2(ii). First, we show the lower bound.
Proof of the lower bound of Theorem 3.1.2(ii). Fix θ > 1, ε > 0, and
η ∈ (0, 1− 1

2
√
θ
). We have for all λ > 0,

P0

(∣∣∣∣∣
{
x ∈ Z2

N :
LNτtθ

(x)− tθ
√
2tθ

≤ −η · 2
√
2/π logN

}∣∣∣∣∣ ≥ λ

)
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≥ P
(∣∣∣∣{x ∈ Z2

N : hNx ≤ −
(√

θ −
√
θ − 2η

√
θ

)
2
√
2/π logN

}∣∣∣∣ ≥ λ

)
(3.34)

= P
(∣∣∣∣{x ∈ Z2

N : hNx ≥
(√

θ −
√
θ − 2η

√
θ

)
2
√

2/π logN

}∣∣∣∣ ≥ λ

)
(3.35)

= P
(∣∣∣∣{x ∈ Z2

N :
1√
2

(
hNx +

√
2tθ−2η

√
θ

)
≥

√
θ · 2/

√
π logN

}∣∣∣∣ ≥ λ

)
≥ P0

(∣∣∣∣L+
N

(
η
√
θ/

√
θ − 2η

√
θ, θ − 2η

√
θ

)∣∣∣∣ ≥ λ

)
, (3.36)

where we have used Theorem 3.2.6 in (3.34) and (3.36), and the symmetry

of the GFF in (3.35). Take λ = N2−2(
√
θ−
√
θ−2η

√
θ)2−ε. By the lower bound of

Theorem 3.1.2(i), the probability in (3.36) goes to 1 as N → ∞. □

Next, we prove the upper bound of Theorem 3.1.2(ii).
Proof of the upper bound of Theorem 3.1.2(ii). Fix θ > 1, ε > 0, and η > 0.
Set

α1 := 1− 1√
logN

, α2 := 1− 2√
logN

+
K

(logN)3/4
, mN := ⌈2θ(logN)3/2⌉,

λN := (1 +K/2(logN)1/4)
2

π
N2 log(Nα1/Nα2)mN ,

where K is a sufficiently large positive constant. We have for all λ > 0,

P0

(∣∣∣∣∣
{
x ∈ Z2

N :
LNτtθ

(x)− tθ
√
2tθ

≤ −η · 2
√

2/π logN

}∣∣∣∣∣ ≥ λ

)

≤ P0

(∣∣∣∣∣
{
x ∈ Z2

N :

mN∑
j=1

L(j)
x [Nα2 , Nα1 ] ≤ (θ − 2η

√
θ)4/π(logN)2

}∣∣∣∣∣ ≥ λ

)
(3.37)

+ P0

(
mN∑
j=0

τ (j)x [Nα2 , Nα1 ] ≥ λN for some x ∈ Z2
N

)
(3.38)

+ P0 (τtθ < λN) . (3.39)
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By Lemma 3.2.2 and 3.2.4, (3.38) and (3.39) go to 0 as N → ∞. In analogy
to the proof of Proposition 3.3.3, by Lemma 3.2.1 and 3.2.3, we have for all
x ∈ Z2

N ,

P0

(
mN∑
j=1

L(j)
x [Nα2 , Nα1 ] ≤ (θ − 2η

√
θ)

4

π
(logN)2

)
≤ N−2(

√
θ−
√
θ−2η

√
θ)2+o(1N ).

Therefore, by taking λ = N2−2(
√
θ−
√
θ−2η

√
θ)2+ε, we can show that (3.37) goes

to 0 as N → ∞. □
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Chapter 4

Extremes of local times for
simple random walks on
symmetric trees

We consider local times of the simple random walk on the b-ary tree of depth
n at time much larger than the maximal hitting time and study a point
process which encodes the location of the vertex with the maximal local time
and the properly centered maximum over leaves of each subtree of depth
rn rooted at the (n − rn) level, where (rn)n≥1 satisfies limn→∞ rn = ∞ and
limn→∞ rn/n ∈ [0, 1). We show that the point process weakly converges to
a Cox process with intensity measure αZ∞(dx)⊗ e−2

√
log b ydy, where α > 0

is a constant and Z∞ is a random Borel measure on R characterized by the
so-called derivative martingale of the associated branching random walk. As
a corollary, we establish the convergence in law of the maximum of the local
times over leaves to a randomly shifted Gumble distribution.

4.1 Introduction

Much efforts have been made in the study of the so-called log-correlated
random field such as the branching Brownian motion (BBM), the branching
random walk (BRW), and the two-dimensional discrete Gaussian free field
(DGFF). One of the remarkable features of these models is that laws of
their maxima share the common property: each of the laws weakly converges
to a randomly shifted Gumble distribution [66, 2, 26]. It is believed that
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each of the limiting extremal processes of a wide class of log-correlated fields
converges to a so-called randomly shifted decorated Poisson point process
[91] and it is established for the BBM [3, 8] and the BRW [75], and partially
for the two-dimensional DGFF [19, 20].

It is well-known that local times of random walks on graphs have close
relationships with DGFFs thanks to “the generalized second Ray-Knight
theorem” [47] which has many applications, for example, to cover times [40,
39, 95]. Since occupation time fields of simple random walks on trees or on the
two-dimensional lattice are closely related to BRWs or the two-dimensional
DGFF respectively, it is natural to expect that their maxima and cover times
belong to the universal class mentioned above: it is known that cover times
have the subleading terms similarly to other log-correlated fields [41, 14], but
further details are still open.

In this paper, we consider local times of the simple random walk on the
b-ary tree of depth n at time much larger than the maximal hitting time and
study convergence of a point process encoding extreme local maxima of the
local times as n→ ∞.

To state our result, we begin with some notation. We fix an arbitrary
integer b ≥ 2 throughout the paper. We will write T to denote the b-ary tree
with root ρ: this is a rooted tree whose vertices have exactly b children. Let
Ti be the ith generation of T . Set T≤n := ∪ni=0Ti. For v ∈ T , we will write
|v| to denote the depth of v. For u ∈ T , let T u be the subtree of T rooted at
u, and we define T ui and T u≤n similarly. For v, u ∈ T , let v ∧ u be the most
recent common ancestor of v and u. Let X = (Xt, t ≥ 0, Pv, v ∈ T≤n) be
the continuous-time simple random walk on T≤n with exponential holding
times of parameter 1. We define the local time of X by

Lnt (v) :=
1

deg(v)

∫ t

0

1{Xs=v}ds, v ∈ T≤n, t ≥ 0,

where deg(v) is the degree of v, and the inverse local time by

τ(t) := inf{s ≥ 0 : Lns (ρ) > t}, t ≥ 0.

Let E(T ) be the set of edges on T . Let (Ye)e∈E(T ) be independent and
identically distributed random variables whose common law is the normal
distribution with mean 0 and variance 1. To each v ∈ T , we assign hv :=∑|v|

i=1 Yevi , where e
v
1, . . . , e

v
|v| are edges on the unique path from ρ to v. We
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will call (hv)v∈T a BRW on T . It is well-known that the so-called derivative
martingale

Dn :=
∑
v∈Tn

(√
log b n− 1√

2
hv

)
e
−2

√
log b

(√
log b n− 1√

2
hv
)

converges almost surely as n→ ∞, and the limit

D∞ := lim
n→∞

Dn (4.1)

is positive and finite almost surely (see, for example, [17, Theorem 5.1, 5.2]
or [2, Proposition A.3]).

Fix t > 0 and n ∈ N. To each v ∈ T , we assign a distinct label
(v1, . . . , v|v|) with vi ∈ {0, . . . , b − 1} for all 1 ≤ i ≤ |v| so that the ver-
tices with labels (v1, . . . , v|v|, k), k ∈ {0, . . . , b − 1} are children of v. We
define the location of v ∈ T by

σ(v) :=

|v|∑
i=1

vi
bi
. (4.2)

For each (x, y) ∈ R2, we will write δ(x,y) to denote the Dirac measure at
(x, y). For each 0 ≤ m ≤ n, we define the point process by

Ξ
(m)
n,t :=

∑
u∈Tm

δ(
σ
(
argmaxu Ln

τ(t)

)
, maxv∈Tu

n−m

√
Ln
τ(t)

(v)−
√
t−an(t)

), (4.3)

where the centering sequence an(t) is given by

an(t) :=
√

log b n− 3

4
√
log b

log n− 1

4
√
log b

log

(√
t+ n√
t

)
, (4.4)

and for each u ∈ Tm, argmaxu L
n
τ(t) is the vertex v∗ on T un−m ⊂ Tn with

Lnτ(t)(v∗) = maxv∈Tu
n−m

Lnτ(t)(v). If two or more vertices on T un−m attain the

maximum, we take the vertex argmaxu L
n
τ(t) so that σ

(
argmaxu L

n
τ(t)

)
is the

largest among such vertices. We regard Ξ
(m)
n,t as an element of the space of

all Radon measures on Borel sets of R2 topologized with the vague topology.
Since this space is metrizable as a complete separable metric space, we can
consider weak convergence of sequences of random measures. Given a random
measure ν on R2, we will write PPP(ν) to denote a point process on R2 which,
conditioned on ν, is a Poisson point process with intensity measure ν (that
is PPP(ν) is a Cox process). We now state the main result of this paper:
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Theorem 4.1.1 There exist c1 > 0 and a non-atomic random Borel measure
Z∞ on R with Z∞(R) = Z∞([0, 1]) = D∞ in law such that the following

holds: for any sequence (tn)n≥1 with limn→∞
√
tn
n

= θ ∈ [0,∞] and tn ≥
c1n log n for each n ∈ N, and any sequence (rn)n≥1 with limn→∞ rn = ∞ and

limn→∞ rn/n ∈ [0, 1), the point process Ξ
(n−rn)
n,tn weakly converges to a Cox

process

PPP

(
4√
π
β∗γ∗Z∞(dx)⊗ 2

√
log b e−2

√
log b ydy

)
(4.5)

as n→ ∞, where

β∗ :=


√

θ+1
θ+

√
log b

if θ ∈ [0,∞),

1 if θ = ∞,

(4.6)

and

γ∗ := lim
ℓ→∞

∫ ℓ

ℓ2/5
ze2

√
log b zP

(
max
v∈Tℓ

1√
2
hv >

√
log b ℓ+ z

)
dz. (4.7)

Remark 4.1.2 The existence of the limit (4.7) is non-trivial. It is proved in
the proof of Proposition 4.5.1. Results similar to Theorem 4.1.1 are known
for the BBM [7] and for the two-dimensional DGFF [19]. Our setting is
inspired by [24].

By Theorem 4.1.1 and a tail estimate of the maximum of local times over
leaves (Proposition 4.3.1(i) below), we have:

Corollary 4.1.3 There exists c1 > 0 such that for all λ ∈ R and any se-
quence (tn)n≥1 with limn→∞

√
tn
n

= θ ∈ [0,∞] and tn ≥ c1n log n for each
n ∈ N,

lim
n→∞

Pρ

(
max
v∈Tn

√
Lnτ(tn)(v) ≤

√
tn + an(tn) + λ

)
= E

[
e
− 4√

π
β∗γ∗D∞e−2

√
log b λ

]
,

(4.8)
where β∗ and γ∗ are given by (4.6) and (4.7), respectively.
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Remark 4.1.4 Let (hv)v∈T be a BRW on T . By Theorem 4.2.4(ii) and
Lemma 4.7.7, one can show that for all λ ∈ R and any sequence (tn)n≥1 with
limn→∞

√
tn/n

2 = ∞,

lim
n→∞

P
(
max
v∈Tn

1√
2
hv ≤ mn + λ

)
= lim

n→∞
Pρ

(
max
v∈Tn

√
Lnτ(tn)(v) ≤

√
tn +mn + λ

)
= E

[
e
− 4√

π
γ∗D∞e−2

√
log bλ

]
,

(4.9)

where γ∗ is given in (4.7) and the centering sequence mn is defined by

mn :=
√
log b n− 3

4
√
log b

log n.

(Note that convergence of the maximum of the BRW has already been estab-

lished in [9, 2].) By Corollary 4.1.3, to make the limit law of max
v∈Tn

√
Lnτ(tn)(v)−√

tn − ãn(tn) the same as (4.9), we need to take ãn(tn) as follows :

ãn(tn) =



mn − 1
4
√
log b

log
(

n√
tn

)
− log(log b)

8
√
log b

, if limn→∞
√
tn
n

= 0

mn − 1
4
√
log b

log
(
θ+

√
log b
θ

)
, if limn→∞

√
tn
n

= θ ∈ (0,∞),

mn, if limn→∞
√
tn
n

= ∞.

(We assumed that tn ≥ c1n log n for each n ∈ N and some sufficiently large
c1 > 0.) Thus, to obtain the limit law (4.9), we need non-trivial extra cor-
rections in the case limn→∞

√
tn/n ∈ [0, ∞) and exactly the same centering

sequence as the one for the BRW in the case limn→∞
√
tn/n = ∞.

The organization of this paper is as follows. Section 4.2 gives preliminary
lemmas which we use repeatedly throughout the paper. In Section 4.3, we
obtain tail probabilities of the maximum of local times over leaves which
are essential to next sections. In Section 4.4, we show that two leaves with
local times near maxima are either very close or far away. This implies that
Ξ
(q)
n,tn|R×[z, ∞) = Ξ

(n−rn)
n,tn |R×[z, ∞) with probability tending to 1 as n→ ∞ and

then q → ∞, which is one of the key steps in the proof of Theorem 4.1.1.
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In Section 4.5, we obtain a limiting tail of the maximum of local times over
leaves which is crucial to study the Laplace functional of Ξ

(q)
n,tn . In Section

4.6, we give the proof of Theorem 4.1.1 and Corollary 4.1.3.
To prove Theorem 4.1.1, we use techniques developed in [42, 26] in the

context of the two-dimensional DGFF. Since local times are not Gaussian
random variables, we need some modifications in our setting. To overcome
the difficulty, inspired by [41, 14], we apply the generalized second Ray-
Knight theorem mentioned above. It implies that the local time process
along the path from the root to a leaf behaves like a zero-dimensional squared
Bessel process and this enables us to employ the argument of [42, 26]. We
should emphasis that it is more convenient to study “continuous” version
of local times rather than the original “discrete” ones especially when we
estimate tail probabilities of the maximum of local times over leaves. To
take the advantage, motivated by [72, 95], we consider the local time process
of the Brownian motion on the associated metric tree as the “continuous”
version.

We will write c1, c2, . . . to denote positive universal constants whose val-
ues are fixed within each argument. We use c1(M), c2(M) . . . for positive
constants which depend on M . Given sequences (cn)n≥1 and (c′n)n≥1, we will
write c′n = O(cn) if there exists an universal constant C such that |c′n/cn| ≤ C
for all n ≥ 1, and we will write c′n = Or(cn) if the constant C depends on r.
We write |S| to denote the cardinality of a set S.

4.2 Preliminary lemmas

In this section, we collect some lemmas which we use repeatedly throughout
this paper. We first recall metric trees and Brownian motions on them. In the
study of local times of random walks on graphs, Lupu [72] and Zhai [95] found
usefulness of the corresponding metric graphs and Brownian motions (or their
discrete approximations). We follow the approach and find its advantages in
obtaining precise tail probabilities of the maximum of local times over leaves
on the b-ary tree. Let T be the b-ary tree. We regard each e ∈ E(T ) as an
interval of length 1/2 by setting Ie := {e} ×

(
0, 1

2

)
. Set Īe := Ie ∪ {e−, e+},

where e−, e+ ∈ T be the endpoints of the edge e. Let πe be the map from
Ie to

(
0, 1

2

)
defined by πe((e, x)) := x. We extend πe to the map from Īe to[

0, 1
2

]
by setting πe(e

−) := 0, πe(e
+) := 1

2
. We define a metric tree of depth
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n by

T̃≤n := T≤n ∪
∪

e∈E(T≤n)

Ie,

where E(T≤n) is the set of all the edges in T≤n. We define the metric d(·, ·)
on T̃≤n as follows: for x, y ∈ T̃≤n, let ex and ey be the edges with x ∈ Iex and
y ∈ Iey , respectively. In the case Iex ̸= Iey , we set

d(x, y) := min

{
|πex(x)− πex(v)|+

1

2
dg(v, u) + |πey(u)− πey(y)|

}
,

where dg is the graph distance on T≤n and the minimum is taken over v ∈
{e−x , e+x } and u ∈ {e−y , e+y }. In the case Iex = Iey , we set d(x, y) := |πex(x)−
πey(y)|. We define a measure m on T̃≤n by

m(dx) :=
∑

e∈E(T≤n)

1Ie(x)νe(dx),

where νe := ν ◦ πe, and ν is the Lebesgue measure on (0, 1/2). We have a

m-symmetric Hunt process on T̃≤n with continuous sample paths such that
on each Ie, it behaves like a standard Brownian motion on (0, 1/2) until it
hits {e−, e+}, and when it starts at a vertex v, it chooses one of the edges
incident to v uniformly at random, and moves on it as described above.
See, for example, [50, 63, 72] for the construction. We write X̃ = (X̃t, t ≥
0, P̃x, x ∈ T̃≤n) to denote the process and call it a Brownian motion on T̃≤n.

It is known that X̃ restricted on T≤n behaves like a simple random walk on
T≤n in the following sense: for all v ∈ T≤n and 1 ≤ i ≤ deg(v),

Pv(X̃Sv = vi) =
1

deg (v)
, (4.10)

where v1, . . . vdeg(v) are vertices on T≤n adjacent to v, and Sv is the hitting

time of {v1, . . . , vdeg(v)} by X̃. See, for example, [50, Theorem 2.1] or [72,

Section 2]. By [72, Section 2], X̃ has a space-time continuous local time

{L̃nt (x) : (t, x) ∈ [0,∞) × T̃≤n} and the following holds for each v ∈ T≤n
under P̃v:

L̃nSv
(v) has the same law as exponential distribution with mean

1

deg(v)
.

(4.11)
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We define the inverse local time by

τ̃(t) := inf{s ≥ 0 : L̃ns (ρ) > t}, t > 0.

By (4.10) and (4.11), we have

the law of
(
L̃nτ̃(t)(v)

)
v∈T≤n

under P̃ρ

is the same as
that of

(
Lnτ(t)(v)

)
v∈T≤n

under Pρ. (4.12)

The following is a remarkable property of local times of the Brownian motion
on T̃≤n. The discrete version has already been considered in [39, Lemma 2.6].

Lemma 4.2.1 Fix n ∈ N, t > 0, and a ∈ T≤n\Tn. Let F↑ be the σ-field

generated by L̃nτ̃(t)(x), x ∈ {a} ∪ T̃≤n\T̃ a, where T̃ a is the metric tree cor-

responding to the subtree T a≤n−|a|. Then, the law of
{
L̃nτ̃(t)(x) : x ∈ T̃ a\{a}

}
under P̃ρ(·|F↑) is the same as that of

{
L̃↓
τ̃↓
(
L̃n
τ̃(t)

(a)
)(x) : x ∈ T̃ a\{a}

}
un-

der P̃a, where
{
L̃↓
t (x) : (t, x) ∈ [0,∞)× T̃ a

}
is a local time of a Brownian

motion on T̃ a and τ̃ ↓(t) := inf{s : L̃↓
s(a) > t}.

The proof of Lemma 4.2.1 is given in Section 4.7.1.

Let {h̃x : x ∈ T̃≤n} be a centered Gaussian process with E(h̃xh̃y) = Ẽx(L̃
n
Hρ
(y))

for all x, y ∈ T̃≤n, where Hx := inf{t ≥ 0 : X̃t = x}. We will call

{h̃x : x ∈ T̃≤n} a Gaussian process associated with T̃≤n. We have an ex-

plicit representation of the covariance of h̃.

Lemma 4.2.2 For all x, y ∈ T̃≤n,

E(h̃xh̃y) = d(ρ, x) + d(ρ, y)− d(x, y).

The proof of Lemma 4.2.2 is given in Section 4.7.2. Let {h̃x : x ∈ T̃≤n} be

a Gaussian process associated with T̃≤n and (hv)v∈T be a BRW on T . By
Lemma 4.2.2, we have for all n ∈ N

{h̃v : v ∈ T≤n} = {hv : v ∈ T≤n}, in law. (4.13)

Lemma 4.2.2 implies the following.

55



Corollary 4.2.3 Let {h̃x : x ∈ T̃≤n} be a Gaussian process associated with

T̃≤n. For any leaf v ∈ Tn, the law of {h̃vs : 0 ≤ s ≤ n} is the same as that
of a standard Brownian motion {Bs : 0 ≤ s ≤ n} on R, where vs is the point

on the unique path in T̃≤n from ρ to v with d(ρ, vs) = s/2.

The so-called generalized second Ray-Knight theorem connects local times
and associated Gaussian processes:

Theorem 4.2.4 (i) ([47, Theorem 1]) Fix n ∈ N. Let {h̃x : x ∈ T̃≤n} be a

Gaussian process associated with T̃≤n. For each t > 0, the law of {L̃nτ̃(t)(x) +
1
2
h̃2x : x ∈ T̃≤n} under P̃ρ×P is the same as that of {1

2
(h̃x+

√
2t)2 : x ∈ T̃≤n}.

(ii) ([95]) For all t > 0 and n ∈ N, on the same probability space, one can
construct a local time (Lnτ(t)(v))v∈T≤n

and two BRWs (hv)v∈T≤n
, (h′v)v∈T≤n

on
T≤n satisfying the following:

(Lnτ(t)(v))v∈T≤n
and (hv)v∈T≤n

are independent, (4.14)

Lnτ(t)(v) +
1

2
(hv)

2 =
1

2

(
h′v +

√
2t
)2
, for each v ∈ T≤n, almost surely.

(4.15)

The construction of the coupling in Theorem 4.2.4(ii) can be found in the
proof of Theorem 3.1 of [95]. Let C[0, ∞) be the space of real-valued con-
tinuous functions on [0, ∞) and B (C[0, ∞)) be the σ-field generated by
cylinder sets in C[0, ∞). We have a nice connection between the local time
and the 0-dimensional squared Bessel process.

Lemma 4.2.5 For all t > 0 and v ∈ Tn, the law of {L̃nτ̃(t)(vs) : 0 ≤ s ≤ n}
is the same as that of {1

2
Xs : 0 ≤ s ≤ n} under Q0

2t, where Qd
x is a law on

(C[0,∞), B (C[0,∞))) under which the coordinate process {Xs : s ≥ 0} is a
d-dimensional squared Bessel process started at x.

The proof of Lemma 4.2.5 is based on an additivity property of squared Bessel
processes, Corollary 4.2.3 and Theorem 4.2.4(i). See [14, Proof of Lemma 7.7]
for the details. It is known that the laws of 0-dimensional and 1-dimensional
squared Bessel processes are related to each other by the Radon-Nikodym
derivative

dQ0
x

dQ1
x

|Ft∩{H0>t} =

(
x

Xt

)1/4

exp

(
−3

8

∫ t

0

1

Xs

ds

)
, (4.16)
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for all t > 0 and x > 0, where H0 := inf{t ≥ 0 : Xt = 0}. See, for example,
[14, (7.30)]. The transition semigroup {Q0

t : t ≥ 0} of a 0-dimensional
squared Bessel process is given by

Q0
t (x, ·) = exp

(
− x

2t

)
δ0 + Q̃t(x, ·), x > 0, (4.17)

where δ0 is the Dirac measure at 0 and Q̃t(x, ·) has the density

q0t (x, y) =
1

2t

√
x

y
exp

(
−x+ y

2t

)
I1

(√
xy

t

)
, x, y ∈ (0,∞), (4.18)

where I1(·) is the modified Bessel function of the first kind

I1(x) =
∞∑
k=0

(z
2

)2k+1 1

k!(k + 1)!
. (4.19)

We will use the following asymptotic behavior of I1(·):

I1(z) =
ez√
2πz

(1 +O(1/z)), as z → ∞. (4.20)

See, for example, [86, Chapter XI, §1] for the details on 0-dimensional squared
Bessel process. To estimate tail probabilities of the maximum of local times
over leaves, we frequently use the following.

Lemma 4.2.6 ([26, Lemma 3.6]) Fix a constant C > 0. For z > 0 and
s > 0, set

µs,z(x)dx := PB
0

(
Bs√
2
∈ dx,

Br√
2
≤ z, for all 0 ≤ r ≤ s

)
=

1√
πs

(
e−

x2

s − e−
(2z−x)2

s

)
dx, x ≤ z. (4.21)

(i) There exists c1 > 0 such that for any z ≥ 1 and nonnegative measurable
function f on (−∞, z + z1/20],

EB
0

[
f
(
Bs/

√
2
)
1{Br/

√
2≤z+z1/20+C(r∧(s−r))1/20, for all 0≤r≤s}

]
≤ c1

∫ z+z1/20

−∞
f(x)zs−3/2e−x

2/s
(
z + z1/20 − x+ 1{x≥z+z1/20−1}1{s≥2(z+z1/20+1)}
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+z1/201{x≥z+ 1
2
z1/20}1{s≤2(z+z1/20+1)}

)
dx. (4.22)

(ii) There exist c2 > 0 and a function δz with limz→∞ δz = 0 such that for all
z ≥ c2, s > 4z2, and nonnegative measurable function f on

(
z − s

4z
, 0
]
,

EB
0

[
f
(
Bs/

√
2
)
1{Br/

√
2≤z+z1/20+C(r∧(s−r))1/20, for all 0≤r≤s, Bs/

√
2∈(z− s

4z
, 0]}

]
≤ (1 + δz)

∫ 0

z− s
4z

f(x)µs,z(x)dx. (4.23)

The statement of Lemma 4.2.6 is slightly different from [26, Lemma 3.6]. The
proof of Lemma 4.2.6 is given in Section 4.7.5 for the sake of completeness.

4.3 Tail of maximum of local time over leaves

The aim of this section is to obtain the following tail estimates of the maxi-
mum of local times of the simple random walk on the b-ary tree over leaves.
Recall (4.4).

Proposition 4.3.1 (i) There exist c1, c2 ∈ (0, ∞) such that for all t >
0, y ≥ 0, and n ∈ N,

Pρ

(
max
v∈Tn

√
Lnτ(t)(v) ≥

√
t+ an(t) + y

)
≤ c1(1 + y)e−2

√
log b ye−c2

y2

n . (4.24)

(ii) There exist c3 > 0 and n0 ∈ N such that for all n ≥ n0, y ∈ [0, 2
√
n],

and t ≥ n,

Pρ

(
max
v∈Tn

√
Lnτ(t)(v) ≥

√
t+ an(t) + y

)
≥ c3(1 + y)e−2

√
log b y. (4.25)

We first prove Theorem 4.3.1(i). Fix κ ∈
(

1
2
√
log b

,∞
)
. For y > 0 and

n ∈ N, set

Gn
y (t) : =

{
there exist v ∈ Tn and 0 ≤ s ≤ n such that

√
L̃nτ̃(t)(vs) ≥

√
t+

an(t)

n
s+ κ(log(s ∧ (n− s)))+ + y + 1

}
,

(4.26)

where c+ := max{c, 0}. We need the following.
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Lemma 4.3.2 There exist c1, c2 ∈ (0, ∞) such that for all t > 0, n ∈ N,
and y ≥ 0,

P̃ρ(G
n
y (t)) ≤ c1(1 + y)e−2

√
log b ye−c2

y2

n . (4.27)

Proof. We first consider the case y > M , where M is sufficiently large
constant. For a fixed δ ∈ (0, 1), set

gy,t,n(s) :=
√
t+

an(t)

n
s+ κ(log(s ∧ (n− s)))+ + y + 1, 0 ≤ s ≤ n, (4.28)

my,t,n(j) :=
√
t+

an(t)

n
j+κ min

j≤r≤j+1
(log(r∧(n−r)))++y+1, 0 ≤ j ≤ n−1.

Recall the probability measure Qd
x defined in Lemma 4.2.5 and set

τ := inf
{
s ≥ 0 :

√
Xs/2 ≥ gy,t,n(s)

}
,

where X is the coordinate process. By Lemma 4.2.5, we have

P̃ρ(G
n
y (t))

≤ P̃ρ

(
there exist 0 ≤ j ≤ n− 1, v ∈ Tj+1, and s ∈ [j, j + 1] such that

√
L̃nτ̃(t)(vr) < gy,t,n(r), for all 0 ≤ r ≤ j,

√
L̃nτ̃(t)(vs) ≥ gy,t,n(s)

)

≤
n−1∑
j=0

bj+1Q0
2t

(
τ ∈ (j, j + 1],

√
Xj+1/2 ≥ δmy,t,n(j)

)

+
n−1∑
j=0

bj+1Q0
2t

(
τ ∈ (j, j + 1],

√
Xj+1/2 < δmy,t,n(j)

)

=:
n−1∑
j=0

bj+1I
(1)
j +

n−1∑
j=0

bj+1I
(2)
j . (4.29)

Fix 0 ≤ j ≤ n− 1. We first estimate I
(2)
j . We have

I
(2)
j = Q0

2t

[
1{τ∈(j,j+1)}Q0

Xτ

(√
Xj+1−τ/2 < δmy,t,n(j)

)]
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= Q0
2t

[
1{τ∈(j,j+1)} exp

(
− Xτ

2(j + 1− τ)

)]
+Q0

2t

[
1{τ∈(j,j+1)}

∫ 2δ2(my,t,n(j))2

0

√
Xτ/z

2(j + 1− τ)
e−

Xτ+z
2(j+1−τ) I1

( √
Xτz

j + 1− τ

)
dz

]
=: J1 + J2, (4.30)

where we have used the strong Markov property of a 0-dimensional squared
Bessel process in the first equality and (4.17)-(4.18) in the second equality.
By the definition of τ , we have

J1 ≤ exp{−(my,t,n(j))
2}. (4.31)

Assume that τ ∈ (j, j + 1). Recall (4.19). If z ≤ M(j+1−τ)2
Xτ

, then we have

I1

( √
Xτz

j + 1− τ

)
≤

∞∑
k=0

(
√
M/2)2k+1 1

k!(k + 1)!
≤ c1(M). (4.32)

If z > M(j+1−τ)2
Xτ

, then by (4.20) and the assumption that M is sufficiently
large, we have

I1

( √
Xτz

j + 1− τ

)
≤ c2

e
√

Xτz
j+1−τ√ √
Xτ z

j+1−τ

, (4.33)

By (4.32) and (4.33), we have

J2 ≤ c3(M)

(
max

j≤r≤j+1
gy,t,n(r)

)
exp{−c4(my,t,n(j))

2}, (4.34)

where we have used the inequality (j + 1 − τ)−1/2e−
c

j+1−τ ≤ e−c if c > 1/2.
By (4.31) and (4.34), we have

n−1∑
j=0

bj+1I
(2)
j ≤ c5(M)

n−1∑
j=0

bj+1e−c6(
√
t+y+1)2e−c7(

√
t+y+1)j ≤ c8(M)e−c6(

√
t+y+1)2 ,

(4.35)
where in the last inequality, we have used the assumption that y > M and
M is sufficiently large.

Next, we will estimate I
(1)
j . Fix 1 ≤ j ≤ n− 1. We have

I
(1)
j = Q1

2t

[(
2t

Xj+1

) 1
4

exp

(
−3

8

∫ j+1

0

ds

Xs

)
1{

τ∈(j,j+1],

√
Xj+1

2
≥δmy,t,n(j)

}
∩{H0>j+1}

]
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≤

√ √
t

δmy,t,n(j)
PB√

2t

(
Br/

√
2 < gy,t,n(r), for all 0 ≤ r ≤ j,

Bs/
√
2 ≥ gy,t,n(s), for some j ≤ s ≤ j + 1

)

≤

√ √
t

δmy,t,n(j)
EB

0

[
1{Br/

√
2 < gy,t,n(r)−

√
t, for all 0≤r≤j}

PB
Bj

(
Bs/

√
2 ≥ gy,t,n(j + s)−

√
t, for some s ∈ [0, 1]

)]
,

(4.36)

where we have used (4.16) in the first equality, the fact that the law of
a 1-dimensional squared Bessel process is the same as that of a square of a
standard Brownian motion on R in the second inequality, and the translation
invariance and Markov property of B in the last inequality.

Let P̃B
j be the probability measure defined by

P̃B
j (A) = EB

0

[
1A exp

{√
2an(t)

n
Bj −

(an(t))
2

n2
j

}]
, A ∈ σ(Bs : s ≤ j).

(4.37)

By the Girsanov theorem, under P̃B
j , the process{

B̃s := Bs −
√
2an(t)

n
s : 0 ≤ s ≤ j

}
(4.38)

is a standard Brownian motion on R started at 0. Note that we have

gy,t,n(r)−
√
t−an(t)

n
r ≤ y+c9+κ log(j∧(n−j))+c10(r∧(j−r))

1
20 , 0 ≤ r ≤ j,

gy,t,n(j + s)−
√
t− an(t)

n
j ≥ y − c11 + κ log(j ∧ (n− j)), 0 ≤ s ≤ 1.

By this and (4.36), we have√
δmy,t,n(j)√

t
I
(1)
j
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≤ ẼB
j

[
e−

√
2an(t)
n

B̃j− (an(t))2

n2 j1{ B̃r√
2
<y+c9+κ log(j∧(n−j))+c10(r∧(j−r))1/20, for all 0≤r≤j

}

PB
B̃j

(
max
0≤s≤1

Bs√
2
≥ y − c11 + κ log(j ∧ (n− j))

)]

≤ c12e
− 2an(t)

n
y− (an(t))2

n2 j

(
1 +

y

j + 1

)
(y + c9 + κ log(j ∧ (n− j)))

· j−
3
2 (j ∧ (n− j))−2

√
log b κe−c13

y2

j+1 ,
(4.39)

where we have used Lemma 4.2.6(i) and the estimate

PB
0

(
max
0≤s≤1

Bs√
2
≥ λ

)
≤ e−λ

2

, for each λ > 0 (4.40)

(see, for example, [61, Chapter 2, (8.4)]) in the last inequality. Similarly, in
the case j = 0, by (4.16) and (4.40), we have

I
(1)
0 ≤ c14P

B
0

(
max
0≤s≤1

Bs√
2
≥ y + 1

)
≤ c14e

−(y+1)2 . (4.41)

Thus, by (4.39) and (4.41), we have

n−1∑
j=0

bj+1I
(1)
j ≤ c15(1 + y)e−2

√
log b ye−c16

y2

n . (4.42)

Thus, by (4.29), (4.35) and (4.42), we have (4.27) for y > M . For y ≤ M ,
(4.27) holds if we take c1 in (4.27) sufficiently large depending on M . □
Using Lemma 4.3.2, we now prove Proposition 4.3.1(i):
Proof of Proposition 4.3.1(i). Recall (4.26) and (4.28). We have

Pρ

(
max
v∈Tn

√
Lnτ(t)(v) ≥

√
t+ an(t) + y

)
≤ P̃ρ

(
there exists v ∈ Tn such that

√
L̃nτ̃(t)(vs) ≤ gy,t,n(s), for all s ≤ n,

√
L̃nτ̃(t)(v) ∈

[√
t+ an(t) + y,

√
t+ an(t) + y + 1

])
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+ P̃ρ(G
n
y (t)). (4.43)

Fix v ∈ Tn. Recall the probability measure P̃B
n and the process B̃ defined in

(4.37) and (4.38). By using Lemma 4.2.5 and (4.16) in a way similar to the
derivation of (4.36), we have√√

t+ an(t) + y√
t

P̃ρ

(√
L̃nτ̃(t)(vs) ≤ gy,t,n(s), for all 0 ≤ s ≤ n,

√
L̃nτ̃(t)(v) ∈ [

√
t+ an(t) + y,

√
t+ an(t) + y + 1]

)

≤ ẼB
n

[
e−

√
2an(t)
n

B̃n− (an(t))2

n 1{ B̃s√
2
≤y+1+c1κ(s∧(n−s))

1
20 , for all 0≤s≤n, B̃n√

2
∈[y,y+1]

}]
≤ c2b

−n(1 + y)e−2
√
log b ye−c3

y2

n

√√
t+ n√
t

, (4.44)

where we have used the inequality

gy,t,n(s)−
√
t− an(t)

n
s ≤ y + 1 + c1κ(s ∧ (n− s))1/20, for each 0 ≤ s ≤ n

in the first inequality, and Lemma 4.2.6(i) in the last inequality. Thus, by
(4.43)-(4.44) and Lemma 4.3.2, we have (4.24). □

Next, we prove Proposition 4.3.1(ii). Fix δ ∈ (0, 1). For v ∈ Tn, set the
event

Anv (t) :=

{
δ
√
t ≤

√
L̃nτ̃(t)(vs) <

√
t+

an(t)

n
s+ y + 1, for all 0 ≤ s ≤ n,

√
L̃nτ̃(t)(v) ∈ [

√
t+ an(t) + y,

√
t+ an(t) + y + 1)

}
. (4.45)

To obtain Proposition 4.3.1(ii), we will apply the second moment method to∑
v∈Tn 1An

v (t). We first need the following:

Lemma 4.3.3 There exist c1 > 0 and n0 ∈ N such that for all n ≥ n0,
y ∈ [0, 2

√
n], t ≥ n, and v ∈ Tn,

P̃ρ(A
n
v (t)) ≥ c1b

−n(1 + y)e−2
√
log b y. (4.46)
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Proof. By Lemma 4.2.5 and (4.16), we have

P̃ρ(A
n
v (t))

≥ c1

√ √
t√

t+ an(t) + y + 1
PB
0

(
−(1− δ)

√
t ≤ Bs/

√
2 <

an(t)

n
s+ y + 1,

for all 0 ≤ s ≤ n, Bn/
√
2 ∈ [an(t) + y, an(t) + y + 1)

)

≥ c1

√ √
t√

t+ an(t) + y + 1
(J1 − J2), (4.47)

where we have used t ≥ n to show that exp
(
−3

8

∫ n
0

ds
Xs

)
≥ c1 under the event

that
√
Xs/2 ≥ δ

√
t for all 0 ≤ s ≤ n, and set

J1 := PB
0

(
Bs√
2
<
an(t)

n
s+ y+1, for all 0 ≤ s ≤ n,

Bn√
2
∈ an(t)+ [y, y+1)

)
,

J2 := PB
0

(
Bs√
2
< −(1− δ)

√
t, for some 0 ≤ s ≤ n,

Bn√
2
∈ an(t)+ [y, y+1)

)
.

We first obtain an upper bound of J2. By using the density

PB
0

(
Bs ∈ dx, max

0≤r≤s
Br ∈ dz

)
=

2(2z − x)√
2πs3

e−
(2z−x)2

2s dxdz, s > 0, x ≤ z, z ≥ 0,

(4.48)
(see, for example, [61, Chapter 2, Proposition 8.1]), for all n ∈ N and y ∈
[0, 2

√
n], we have

J2 = PB
0

(
max
0≤s≤n

Bs/
√
2 > (1− δ)

√
t, Bn/

√
2 ∈ (−an(t)− y − 1,−an(t)− y]

)
≤ c2n

−1/2 exp

{
−(2(1− δ)

√
t+ an(t) + y)2

n

}
≤ c3b

−nne−c4
√
n

√√
t+ n√
t

e−2
√
log b y, (4.49)

where we have used the symmetry of B in the first equality.
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Next, we obtain a lower bound of J1. Recall the probability measure
P̃B
n and the process B̃ defined in (4.37) and (4.38). For all n ≥ n0 (n0 is

sufficiently large) and y ∈ [0, 2
√
n], we have

J1 = Ẽn

[
e−

√
2an(t)
n

B̃n− (an(t))2

n 1{B̃s/
√
2<y+1, for all 0≤s≤n, B̃n/

√
2∈[y, y+1)}

]
≥
∫ 1

1/2

e
2an(t)

n
z− 2an(t)

n
(y+1)− (an(t))2

n
1√
πn

(
e−

(y+1−z)2

n − e−
(y+1+z)2

n

)
dz

≥ c5b
−n

√√
t+ n√
t

(y + 1)e−2
√
log b y, (4.50)

where we used (4.21) in the second inequality and e−
(y+1−z)2

n − e−
(y+1+z)2

n ≥
c6
y+1
n

for all z ∈ [1/2, 1] in the last inequality. Thus, by (4.47), (4.49)-(4.50),
we have (4.46). □

To obtain upper bounds of P̃ρ (A
n
u(t) ∩ Anv (t)) , u, v ∈ Tn, we need the follow-

ing:

Lemma 4.3.4 There exists c1 > 0 such that for all n ∈ N, t > 0, v ∈ Tn,
0 ≤ ℓ ≤ n− 1, s < (

√
t+ an(t)

n
ℓ+ y + 1)2, and y ≥ 0,

P̃vℓ

(√
L̃↓
τ̃↓(s)

(vr) <
√
t+

an(t)

n
r + y + 1, for all ℓ ≤ r ≤ n,

√
L̃↓
τ̃↓(s)

(v) ∈ [
√
t+ an(t) + y,

√
t+ an(t) + y + 1)

)

≤ c1(n− ℓ)−
3
2

√ √
s√

t+ an(t) + y

(√
t−

√
s+

an(t)

n
ℓ+ y + 1

)
e−

(
√

t−
√

s+an(t)+y)2

n−ℓ ,

(4.51)

where
{
L̃↓
r(x) : (r, x) ∈ [0,∞)× T̃ vℓ

}
is a local time of a Brownian motion

on T̃ vℓ ⊂ T̃≤n, and τ̃
↓(s) := inf{r ≥ 0 : L̃↓

r(vℓ) > s}.

Proof. Let Pℓ be the probability on the left-hand side of (4.51). Recall the

probability measure P̃B
n−ℓ and the process B̃ defined in (4.37) and (4.38). By
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using Lemma 4.2.5 and (4.16) in a way similar to the proof of Proposition
4.3.1(i), we have√√

t+ an(t) + y√
s

Pℓ

≤ ẼB
n−ℓ

[
e−

√
2an(t)
n

B̃n−ℓ− (an(t))2

n2 (n−ℓ)1{ B̃n−ℓ√
2

∈
√
t−

√
s+

an(t)
n

ℓ+y+[0,1)

}

1{ B̃r√
2
<
√
t−

√
s+

an(t)
n

ℓ+y+1, for all 0≤r≤n−ℓ
}
]

=

∫ 1

0

e
2an(t)

n
z− 2an(t)

n (
√
t−

√
s+

an(t)
n

ℓ+y+1)− (an(t))2

n2 (n−ℓ)

1√
π(n− ℓ)

(
e−

(
√

t−
√
s+

an(t)
n ℓ+y+1−z)

2

n−ℓ − e−
(
√

t−
√
s+

an(t)
n ℓ+y+1+z)

2

n−ℓ

)
dz

≤ c1(n− ℓ)−3/2

(√
t−

√
s+

an(t)

n
ℓ+ y + 1

)
e−

(
√

t−
√

s+an(t)+y)2

n−ℓ , (4.52)

where we have used the density (4.21) in the second equality and the inequal-
ity 1− e−x ≤ x for each x ≥ 0 in the last inequality. Thus, we have obtained
(4.51). □

By Lemma 4.3.4 with s = t and ℓ = 0, we have the following.

Corollary 4.3.5 There exists c1 > 0 such that for all n ∈ N, t > 0, v ∈ Tn,
and y ≥ 0,

P̃ρ(A
n
v (t)) ≤ c1b

−n(y + 1)e−2
√
log b y. (4.53)

Proof of Proposition 4.3.1(ii). Fix any n ≥ n0, t ≥ n and y ∈ [0, 2
√
n], where

we take n0 ∈ N large enough. Set

Z :=
∑
v∈Tn

1An
v (t).

We have

Pρ

(
max
v∈Tn

√
Lnτ(t)(v) ≥

√
t+ an(t) + y

)
≥ P̃ρ(Z ≥ 1) ≥

(
Ẽρ[Z]

)2
Ẽρ[Z2]

. (4.54)
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By Lemma 4.3.3, we have

Ẽρ[Z] ≥ c1(1 + y)e−2
√
log b y. (4.55)

The rest of the proof focuses on obtaining an upper bound of Ẽρ[Z
2]. We

have

Ẽρ[Z
2] = Ẽρ[Z] +

n−1∑
ℓ=0

∑
v,u∈Tn,
|v∧u|=ℓ

P̃ρ(A
n
v (t) ∩ Anu(t)). (4.56)

By Corollary 4.3.5, we have

Ẽρ[Z] ≤ c2(y + 1)e−2
√
log b y. (4.57)

Fix 1 ≤ ℓ ≤ n − 1 and v, u ∈ Tn with |v ∧ u| = ℓ. Let L̃↓
s(x), (s, x) ∈

[0,∞) × T̃ vℓ be a local time of a Brownian motion on T̃ vℓ ⊂ T̃≤n. Set

τ̃(t) := inf{s ≥ 0 : L̃↓
s(vℓ) > t}. For w ∈ {v, u} and s ≥ 0, we define the

event C↓
w(s) by

C↓
w(s) :=

{
δ
√
t ≤

√
L̃↓
τ̃↓(s)

(wr) <
√
t+

an(t)

n
r + y + 1, for all ℓ ≤ r ≤ n,

√
L̃↓
τ̃↓(s)

(w) ∈ [
√
t+ an(t) + y,

√
t+ an(t) + y + 1)

}
.

By Lemma 4.2.1, we have

P̃ρ(A
n
v (t) ∩ Anu(t))

= Ẽρ

1{
δ
√
t≤
√
L̃n
τ̃(t)

(vs)<
√
t+

an(t)
n

s+y+1,for all s≤ℓ
}P̃vℓ

 ∩
w∈{v,u}

C↓
w

(
L̃nτ̃(t)(vℓ)

)
= Ẽρ

1{
δ
√
t≤
√
L̃n
τ̃(t)

(vs)<
√
t+

an(t)
n

s+y+1, for all s≤ℓ
} ∏
w∈{v,u}

P̃vℓ

(
C↓
w

(
L̃nτ̃(t)(vℓ)

))
≤

⌈(1−δ)
√
t+

an(t)
n

ℓ+y⌉∑
i=0

Ẽρ

[
1{

δ
√
t≤
√
L̃n
τ̃(t)

(vs)<
√
t+

an(t)
n

s+y+1, for all 0≤s≤ℓ
}

1{√
L̃n
τ̃(t)

(vℓ)∈
√
t+

an(t)
n

ℓ+y+1+[−i−1, −i)
} ∏
w∈{v,u}

P̃vℓ

(
C↓
w

(
L̃nτ̃(t)(vℓ)

))]
,

(4.58)
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where we have used the independence of C↓
v (s) and C↓

u(s) for each s ≥
0. The independence follows from that of two types of excursions of a
Brownian motion around vℓ restricted on T̃ vℓ+1 ∪ I{vℓ, vℓ+1} or on T̃ uℓ+1 ∪
I{vℓ, uℓ+1}. Fix i ≤

⌈
(1− δ)

√
t+ an(t)

n
ℓ+ y

⌉
. By Lemma 4.3.4, under the

event
{√

L̃nτ̃(t)(vℓ) ∈
√
t+ an(t)

n
ℓ+ y + 1 + [−i− 1, − i)

}
, we have for all

w ∈ {v, u}

P̃vℓ

(
C↓
w

(
L̃nτ̃(t)(vℓ)

))
≤ c3(n− ℓ)−

3
2 (i+ 1)

√√
t+ an(t)

n
ℓ+ y + 1− i

√
t+ an(t) + y

e−
(an(t)

n (n−ℓ)+i−1)
2

n−ℓ . (4.59)

By almost the same argument as the proof of Lemma 4.3.4, we have√√
t+ an(t)

n
ℓ+ y − i

√
t

P̃ρ

(√
L̃nτ̃(t)(vs) <

√
t+

an(t)

n
s+ y + 1, for all s ≤ ℓ,

√
L̃nτ̃(t)(vℓ) ∈

√
t+

an(t)

n
ℓ+ y + 1 + [−i− 1, − i)

)

≤ c4b
−ℓℓ−3/2(y + 1)e−2

√
log b ye

2an(t)
n

ie
3 logn

2n
ℓe

log

(√
t+n√
t

)
2n

ℓ. (4.60)

By (4.58)-(4.60), we have√ √
t

√
t+ an(t)

n
ℓ+ y

· P̃ρ(Anv (t) ∩ Anu(t))

≤ c5b
−2n+ℓℓ−

3
2 (n− ℓ)−3n3(y + 1)e−2

√
log b ye−

3 logn
2n

ℓe−
log

(√
t+n√
t

)
2n

ℓ. (4.61)

By (4.61), we have

n−1∑
ℓ=1

∑
v,u∈Tn,
|v∧u|=ℓ

P̃ρ(A
n
v (t) ∩ Anu(t)) ≤ c6(y + 1)e−2

√
log b y. (4.62)

In the case ℓ = 0, by Corollary 4.3.5, we have∑
v,u∈Tn,
|v∧u|=0

P̃ρ(A
n
v (t) ∩ Anu(t)) =

∑
v,u∈Tn,
|v∧u|=0

P̃ρ(A
n
v (t))P̃ρ(A

n
u(t)) ≤ c7(y + 1)e−2

√
log b y,

(4.63)
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where we have used the independence of Anv (t) and A
n
u(t) for each v, u ∈ Tn

with |v ∧ u| = 0 in the first equality. The independence follows from that of

two types of excursions of a Brownian motion on T̃≤n around ρ restricted on

T̃ v1 ∪ I{ρ,v1} or on T̃ u1 ∪ I{ρ,u1}.
Thus, by (4.54)-(4.57) and (4.62)-(4.63), we have (4.25). □

4.4 Geometry of near maxima

In this section, we will prove that two leaves with local times near maxima
are either very close or far away. More specifically, the following is the aim
of this section.

Proposition 4.4.1 There exist c1, c2 ∈ (0,∞), n0, r0 ∈ N, and t0 > 0 such
that for all n ≥ n0, t ≥ t0, and r0 ≤ r ≤ n/4,

Pρ

(
there exist v, u ∈ Tn with r ≤ |v ∧ u| ≤ n− r such that

√
Lnτ(t)(v),

√
Lnτ(t)(u) ∈ [

√
t+ an(t)− c1 log r, ∞)

)
≤ c2r

−1/8.

Remark 4.4.2 Results similar to Proposition 4.4.1 are known for the BBM
[6] and for the two-dimensional DGFF [42].

For n ∈ N, t > 0, and k ∈ Z, set

Γnk(t) :=
{
v ∈ Tn :

√
Lnτ(t)(v) ∈ [

√
t+ an(t)− k − 1,

√
t+ an(t)− k]

}
.

Remark 4.4.3 Fix n′ > n ≥ 1, t > 0, and k ∈ Z. Set

Γn
′,n
k (t) :=

{
v ∈ Tn :

√
Ln

′
τ(t)(v) ∈ [

√
t+ an(t)− k − 1,

√
t+ an(t)− k]

}
.

Since the law of the simple random walk on T≤n′ watched only on T≤n is the

same as that of the simple random walk on T≤n, we have |Γn
′,n
k (t)| = |Γnk(t)|

in law.

In the proof of Proposition 4.4.1, we will use the following repeatedly.
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Lemma 4.4.4 (i) There exist c1 > 0 and t0 > 0 such that for all n ∈ N,
t ≥ t0, k ≤ −1, and λ ∈ R with k + λ ≥ 0,

Pρ

(
|Γnk(t)| ≥ e2

√
log b (k+λ)

)
≤ c1(λ+ 1)e

−2
√
log b

(
λ− 3

4
√

log b
log(⌈(k+λ)2⌉∨1)− 1

4
√

log b
log

(√
t+an(t)−k−1+⌈(k+λ)2⌉∨1√

t+an(t)−k−1

))
.

(4.64)

(ii) There exist c2, c3 ∈ (0,∞) and t0 > 0 such that for all n ∈ N, t ≥ t0,
λ > 0, and k ≥ 0 with

√
t+ an(t)− k − 1 ≥ c2,

Pρ

(
|Γnk(t)| ≥ e2

√
log b (k+λ)

)
≤ c3(λ+ 1)e

−2
√
log b

(
λ− 3

4
√

log b
log(⌈(k+λ)2⌉∨1)− 1

4
√

log b
log

(√
t+an(t)−k−1+⌈(k+λ)2⌉∨1√

t+an(t)−k−1

))
.

Proof. (i) Fix n ∈ N, t > 0, k ≤ −1, and λ ∈ R with k + λ ≥ 0. Set

r := ⌈(k + λ)2⌉ ∨ 1 and y := λ− 3
4
√
log b

log r − 1
4
√
log b

log
(√

t+an(t)−k−1+r√
t+an(t)−k−1

)
. If

y < 0, then it is clear that (4.64) holds because Pρ

(
|Γnk(t)| ≥ e2

√
log b (k+λ)

)
≤

1 ≤ (λ + 1)e−2
√
log b y. So, we may assume that y ≥ 0. Fix any K > 0. We

have

Pρ

(
max
v∈Tn+r

√
Ln+rτ(t) (v) ≥

√
t+ an+r(t) + y

)
≥ Pρ

(
|Γn+r,nk (t)| ≥ K, max

v∈Tn+r

√
Ln+rτ(t) (v) ≥

√
t+ an+r(t) + y

)
≥ Pρ

(
|Γn+r,nk (t)| ≥ K

)
− Pρ

(
|Γn+r,nk (t)| ≥ K, max

v∈Tn+r

√
Ln+rτ(t) (v) <

√
t+ an+r(t) + y

)
. (4.65)

We estimate the second term on the right-hand side of (4.65). By Lemma
4.2.1, we have

Pρ

(
|Γn+r,nk (t)| ≥ K, max

v∈Tn+r

√
Ln+rτ(t) (v) <

√
t+ an+r(t) + y

)
≤
∑
S⊂Tn,
|S|≥K

Pρ

(
Γn+r,nk (t) = S, max

v∈Tu
r

√
Ln+rτ(t) (v) <

√
t+ an+r(t) + y, for all u ∈ S

)
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=
∑
S⊂Tn,
|S|≥K

Eρ

[
1{Γn+r,n

k (t)=S}
∏
u∈S

P̃u

(
max
v∈Tu

r

√
L̃↓
τ̃↓
(
Ln+r
τ(t)

(u)
)(v) < √

t+ an+r(t) + y

)]
,

(4.66)

where for each u ∈ Tn,
{
L̃↓
s(x) : (s, x) ∈ [0, ∞)× T̃ u

}
is a local time of a

Brownian motion on T̃ u ⊂ T̃≤n+r and τ̃ ↓(q) := inf{s ≥ 0 : L̃↓
s(u) > q}. We

omit the subscript u in L̃↓
s(x) and τ̃

↓ to simplify the notation.
We estimate each probability on the right-hand side of (4.66). Fix S ⊂ Tn

with |S| ≥ K and u ∈ S. Note that under the event that Γn+r,nk (t) = S, we
have

√
t+ an+r(t) + y ≤

√
Ln+rτ(t) (u) + ar

(
Ln+rτ(t) (u)

)
+ k + λ+ 1,

Ln+rτ(t) (u) ≥
√
t + an(t)− k − 1 ≥

√
t0 if t ≥ t0 , and k + λ+ 1 ≤ 2

√
r by the

definition of r. By these, we can apply Proposition 4.7.2 for t ≥ t0, where t0
is sufficiently large, and have

P̃u

(
max
v∈Tu

r

√
L̃↓
τ̃↓
(
Ln+r
τ(t)

(u)
)(v) < √

t+ an+r(t) + y

)

≤ 1− P̃u

(
max
v∈Tu

r

√
L̃↓
τ̃↓
(
Ln+r
τ(t)

(u)
)(v) ≥√Ln+rτ(t) (u) + ar

(
Ln+rτ(t) (u)

)
+ k + λ+ 1

)
≤ 1− c1e

−2
√
log b (k+λ+1). (4.67)

By (4.65)-(4.67), we have

Pρ

(
max
v∈Tn+r

√
Ln+rτ(t) (v) ≥

√
t+ an+r(t) + y

)
≥
(
1− exp

{
−c1Ke−2

√
log b(k+λ+1)

})
Pρ
(
|Γn+r,nk (t)| ≥ K

)
. (4.68)

By Remark 4.4.3, (4.68) with K := e2
√
log b(k+λ), and Proposition 4.3.1(i), we

have (4.64).
(ii) The proof of (ii) is almost the same as that of (i), so we omit the

detail. □

For the rest of this section, we focus on proving the following.
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Lemma 4.4.5 Fix 0 < c < c < 3
4
√
log b

.

(i) There exist c1 > 0, n0, s0 ∈ N, and t0 > 0 such that for all n ≥ n0, t ≥ t0,
and s0 ≤ s ≤ n− s0,

Pρ

[
there exist v, u ∈ Tn with |v ∧ u| = s such that

√
Lnτ(t)(v),

√
Lnτ(t)(u) ∈

[√
t+ an(t)− (c− c) log(s ∧ (n− s)), ∞

)]
≤ c1(log(s ∧ (n− s)))8(s ∧ (n− s))−3+4c

√
log b−2c

√
log b

+ c1(log(s ∧ (n− s)))6(s ∧ (n− s))−2c
√
log b. (4.69)

Before we prove this, let us show that Lemma 4.4.5 implies Proposition 4.4.1.
Proof of Proposition 4.4.1 via Lemma 4.4.5. Fix any n ≥ n0, t ≥ t0, and
r0 ≤ r ≤ n/4, where we take n0, r0 ∈ N and t0 > 0 sufficiently large. By
Lemma 4.4.5 with c = 5

8
√
log b

and c = 11
16

√
log b

, we have

Pρ

(
there exist v, u ∈ Tn with r ≤ |v ∧ u| ≤ n− r such that

√
Lnτ(t)(v),

√
Lnτ(t)(u) ∈

[√
t+ an(t)− (c− c) log r, ∞

))

≤ c1

n−r∑
s=r

{
(log(s ∧ (n− s)))8(s ∧ (n− s))−

3
2

+(log(s ∧ (n− s)))6(s ∧ (n− s))−
5
4

}
≤ c2

∞∑
s=r

s−9/8 ≤ c3r
−1/8. □

Proof of Lemma 4.4.5. Fix any n ≥ n0, t ≥ t0, s0 ≤ s ≤ n − s0, where we
take n0, s0 ∈ N and t0 > 0 sufficiently large. Set z := c log(s ∧ (n− s)). For
k ∈ Z, we set j∗(k, z) := ⌈max{|k|, z}⌉. Fix t∗ > 0. We have

Pρ

[
there exist v, u ∈ Tn with |v ∧ u| = s such that
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√
Lnτ(t)(v),

√
Lnτ(t)(u) ∈

[√
t+ an(t)− c log(s ∧ (n− s)) + z, ∞

)]

≤ Pρ

[
there exists k ∈ Z with

√
t+ as(t)− k > 0 and j ≥ −k such that

|Γn,sk (t)| ∈
[
e2

√
log b(k+j), e2

√
log b(k+j+1)

)
, and

there exist w ∈ Γn,sk (t) and w1, w2 ∈ Tw1 with w1 ̸= w2 such that

max
v∈Twi

n−s−1

√
Lnτ(t)(v) ≥

√
t+ an(t)− c log(s ∧ (n− s)) + z, for all i ∈ {1, 2}

]

≤
∑
k∈Z,√

t+as(t)−k−1≥t∗

j∗(k,z)∑
j=−k

Pρ

[
|Γn,sk (t)| ∈

[
e2

√
log b(k+j), e2

√
log b(k+j+1)

)
, and

there exist w ∈ Γn,sk (t) and w1, w2 ∈ Tw1 with w1 ̸= w2 such that

max
v∈Twi

n−s−1

√
Lnτ(t)(v) ≥

√
t+ an(t)− c log(s ∧ (n− s)) + z, for all i ∈ {1, 2}

]
+

∑
k∈Z,√

t+as(t)−k−1≥t∗

Pρ

(
|Γn,sk (t)| ≥ e2

√
log b(k+j∗(k,z))

)

+
∑
k∈Z,

0<
√
t+as(t)−k≤t∗+1

Pρ

[
there exist w ∈ Ts with

√
Lnτ(t)(w) ≤ t∗ + 1,

and w1, w2 ∈ Tw1 with w1 ̸= w2 such that

max
v∈Twi

n−s−1

√
Lnτ(t)(v) ≥

√
t+ an(t)− c log(s ∧ (n− s)) + z, for all i ∈ {1, 2}

]
=: J1 + J2 + J3. (4.70)

For each w ∈ Ts, let L̃
↓ be a local time of a Brownian motion on T̃w ⊂ T̃≤n

and set τ̃ ↓(q) := inf{p ≥ 0 : L̃↓
p(w) > q}. We omit the subscript w in L̃↓ and
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τ̃ ↓(q). We first estimate J1.

J1 ≤
∑
k∈Z,√

t+as(t)−k−1≥t∗

j∗(k,z)∑
j=−k

∑
S⊂Ts,

|S|∈[e2
√

log b(k+j), e2
√

log b(k+j+1))

∑
w∈S

∑
w1,w2∈Tw

1 ,
w1 ̸=w2

Pρ

[
Γn,sk (t) = S,

max
v∈Twi

n−s−1

√
Lnτ(t)(v) ≥

√
t+ an(t)− c log(s ∧ (n− s)) + z, for all i ∈ {1, 2}

]

=
∑
k∈Z,√

t+as(t)−k−1≥t∗

j∗(k,z)∑
j=−k

∑
S⊂Ts,

|S|∈[e2
√

log b(k+j), e2
√

log b(k+j+1))

∑
w∈S

∑
w1,w2∈Tw

1 ,
w1 ̸=w2

Eρ

[
1{Γn,s

k (t)=S}

∏
i∈{1,2}

P̃w

(
max

v∈Twi
n−s−1

√
L̃↓
τ̃↓
(
Ln
τ(t)

(w)
)(v) ≥ √

t+ an(t)− c log(s ∧ (n− s)) + z

)]

≤ c1
∑
k∈Z,√

t+as(t)−k−1≥t∗

j∗(k,z)∑
j=−k

e2
√
log b(k+j)Pρ

(
|Γn,sk (t)| ≥ e2

√
log b(k+j)

)

· P̃w
(

max
v∈Tw

n−s

√
L̃↓
τ̃↓((

√
t+as(t)−k)2)

(v) ≥
√
t+ an(t)− c log(s ∧ (n− s)) + z

)2

,

(4.71)

where we have used Lemma 4.2.1 similarly to the argument in (4.58) in the
second equality. Note that for k ∈ Z with k + z ≥ 0, we have

√
t+ an(t)− c log(s ∧ (n− s)) + z

≥ (
√
t+ as(t)− k) + an−s((

√
t+ as(t)− k)2)

+

(
3

4
√
log b

− c

)
log(s ∧ (n− s)) + k + z − c2.

Thus, by Proposition 4.3.1(i), we have for each w ∈ Ts

P̃w

(
max
v∈Tw

n−s

√
L̃↓
τ̃↓((

√
t+as(t)−k)2)

(v) ≥
√
t+ an(t)− c log(s ∧ (n− s)) + z

)
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≤ c3 (log(s ∧ (n− s)) + k) (s ∧ (n− s))−
3
2
+2c

√
log be−2

√
log b(k+z). (4.72)

Set Z+ := Z ∩ [0,∞) and Z− := Z ∩ (−∞,−1]. By (4.71)-(4.72), Remark
4.4.3, and Lemma 4.4.4, we have for sufficiently large t∗

J1 ≤ c4
∑
k∈Z+,√

t+as(t)−k−1≥t∗

j∗(k,z)∑
j=1

e2
√
log b(k+j)

· (1 + j)e
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√
log b
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4
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log b
log(k+j)2− 1

4
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log b
log

(√
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))

· (log(s ∧ (n− s)) + k)2 (s ∧ (n− s))−3+4c
√
log be−4

√
log b(k+z)

+ c4
∑
k∈Z+,√

t+as(t)−k−1≥t∗

0∑
j=−k

e2
√
log b(k+j)

· (log(s ∧ (n− s)) + k)2 (s ∧ (n− s))−3+4c
√
log be−4

√
log b(k+z)

+ c4
∑
k∈Z−,
|k|≤z

⌈z⌉∑
j=|k|

e2
√
log b(k+j)
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−2

√
log b

(
j− 3

4
√
log b

log(⌈(k+j)2∨1⌉)− 1
4
√

log b
log

(√
t+as(t)−k−1+⌈(k+j)2∨1⌉√

t+as(t)−k−1

))

· (log(s ∧ (n− s)) + k)2 (s ∧ (n− s))−3+4c
√
log be−4

√
log b(k+z)

+ c4
∑
k∈Z−,
|k|>z

e2
√
log b(k+|k|) · (1 + |k|)e−2

√
log b |k|

≤ c5(log(s ∧ (n− s))8(s ∧ (n− s))−3+4c
√
log b−2c

√
log b

+ c5(log(s ∧ (n− s))(s ∧ (n− s))−2c
√
log b. (4.73)

Next, we estimate J2. By Lemma 4.4.4 and Remark 4.4.3, we have

J2 ≤
∑
k∈Z,√

t+as(t)−k−1≥t∗

c6(1 + j∗(k, z))e−2
√
log b j∗(k,z)

(
⌈(k + j∗(k, z))2⌉ ∨ 1

)3/2

·

√√
t+ as(t)− k − 1 + ⌈(k + j∗(k, z))2⌉ ∨ 1√

t+ as(t)− k − 1

≤ c7(log(s ∧ (n− s)))6(s ∧ (n− s))−2c
√
log b. (4.74)
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Next, we estimate J3. By using Lemma 4.2.1 in a way similar to the
argument in (4.71), we have

J3 ≤ c8 ·
∑
k∈Z,√

t+as(t)−k∈(0, t∗+1]

∑
w∈Ts

P̃w

(
max
v∈Tw

n−s

√
L̃↓
τ̃↓((t∗+1)2)

(v) ≥
√
t+ an(t)− c log(s ∧ (n− s)) + z

)2

.

(4.75)

By Proposition 4.3.1(i) and (4.75), we have

J3 ≤ c9s
6b−3s(s ∧ (n− s))4(c−c)

√
log b. (4.76)

Thus, by (4.70), (4.73), (4.74), and (4.76), we have (4.69). □

4.5 Limiting tail of the maximum of local times

The aim of this section is to prove the following.

Proposition 4.5.1 Fix positive sequences (y+j )j≥1, (y
−
j )j≥1 with y

−
j ≤ y+j for

each j ≥ 1 and limj→∞ y−j = ∞. For each j ≥ 1, fix (t+n (j))n≥1, (t
−
n (j))n≥1

with t−n (j) ≤ t+n (j) for each n ≥ 1 and limn→∞
√
t+n (j)/n = limn→∞

√
t−n (j)/n

= θ ∈ [0,∞]. There exists c∗ > 0 such that the following holds: for all ε > 0,
there exists j0 ∈ N such that for each j ≥ j0, there exists n0(j) ∈ N such that
for all n ≥ n0(j),

Pρ

(
maxv∈Tn

√
Lnτ(t)(v) >

√
t+ an(t) + yj

)
yje−2

√
log b yj

∈
[

4√
π
β∗γ∗ − ε,

4√
π
β∗γ∗ + ε

]
,

(4.77)
uniformly in yj and t satisfying that

y−j ≤ yj ≤ y+j , t ≥ c∗n log n and t−n (j) ≤ t ≤ t+n (j), (4.78)

where β∗ and γ∗ are the constants defined in (4.6) and (4.7).

We begin with some notation. Fix δ ∈ (0, 1) and κ ∈
(

1
2
√
log b

, ∞
)
. For all

t > 0, y > 0, ℓ(y) ∈ N, n > ℓ(y), and v ∈ Tn−ℓ(y), set

F n
v,y,ℓ(y)(t) :=

{
δ
√
t ≤

√
L̃nτ̃(t)(vs) ≤

√
t+

an(t)

n
s+ y, for all 0 ≤ s ≤ n− ℓ(y),
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max
u∈T v

ℓ(y)

√
L̃nτ̃(t)(u) >

√
t+ an(t) + y

}
,

F̃ n
v,y,ℓ(y)(t)

:=

{
δ
√
t ≤

√
L̃nτ̃(t)(vs) ≤

√
t+

an(t)

n
s+ y + y

1
20 + κ(log(s ∧ (n− ℓ(y)− s)))+,

for all 0 ≤ s ≤ n− ℓ(y), max
u∈T v

ℓ(y)

√
L̃nτ̃(t)(u) >

√
t+ an(t) + y

}
,

Λny,ℓ(y)(t) :=
∑

v∈Tn−ℓ(y)

1Fn
v,y,ℓ(y)

(t), Λ̃ny,ℓ(y)(t) :=
∑

v∈Tn−ℓ(y)

1F̃n
v,y,ℓ(y)

(t).

In Lemma 4.5.4, we will show that Pρ(maxv∈Tn

√
Lnτ(t)(v) ≥

√
t + an(t) +

y)/Ẽρ[Λ
n
y,ℓ(y)(t)] is close to 1. To obtain an upper bound of the ration, we

need the following:

Lemma 4.5.2 There exist c1, c2 ∈ (0, ∞), y0 > 0, and {δy′ : y′ > 0} with
limy′→∞ δy′ = 0 such that the following holds: for all y ≥ y0 and ℓ(y) >

e
8
√

log b
3

y1/20, there exists n0 = n0(y, ℓ(y)) ∈ N such that for all n ≥ n0 and
t ≥ c1n log n,

Ẽρ

[
Λny,ℓ(y)(t)

]
Ẽρ

[
Λ̃ny,ℓ(y)(t)

]
≥ (1− δy)

(
1− c2(ℓ(y))

− 3
2 (log ℓ(y))60 − δyy

−1(ℓ(y))−
3
2n3(n+

√
t)e−

(1−δ)2

n−ℓ(y)
t

)
.

(4.79)

Proof. Fix any y ≥ y0 and ℓ(y) > e
8
√

log b
3

y1/20 , where we take y0 > 0 large
enough. Throughout the proof, given n ∈ N, we assume that t ≥ c∗n log n,
where c∗ is a sufficiently large positive constant. Fix v ∈ Tn−ℓ(y). Let L̃↓ be

a local time of a Brownian motion on T̃ v ⊂ T̃≤n and set τ̃ ↓(s) := inf{r ≥ 0 :

L̃↓
r(v) > s}. Recall P̃B

n−ℓ(y), B̃ defined in (4.37) and (4.38), and µn−ℓ(y),y, δy

77



in Lemma 4.2.6. Let µ∗
n−ℓ(y),y be the density on the right-hand side of (4.22)

with s = n− ℓ(y) and z = y. We have

P̃ρ

(
F̃ n
v,y,ℓ(y)(t)

)
− P̃ρ

(
F n
v,y,ℓ(y)(t)

)
= Ẽρ

[
1{

δ
√
t≤
√
L̃n
τ̃(t)

(vs)≤
√
t+

an(t)
n

s+y+y1/20+κ(log(s∧(n−ℓ(y)−s)))+, for all 0≤s≤n−ℓ(y)
}

· P̃v

(
max
u∈T v

ℓ(y)

√
L̃↓
τ̃↓
(
Ln
τ(t)

(v)
)(u) > √

t+ an(t) + y

)]

− Ẽρ

[
1{

δ
√
t≤
√
L̃n
τ̃(t)

(vs)≤
√
t+

an(t)
n

s+y, for all 0≤s≤n−ℓ(y)
}

· P̃v

(
max
u∈T v

ℓ(y)

√
L̃↓
τ̃↓
(
Ln
τ(t)

(v)
)(u) > √

t+ an(t) + y

)]

≤ ẼB
n−ℓ(y)

[
1{−(1−δ)

√
t−an(t)

n
(n−ℓ(y))≤B̃n−ℓ(y)/

√
2≤y+y1/20}

1{B̃s/
√
2≤y+y1/20+κ(log(s∧(n−ℓ(y)−s)))+, for all 0≤s≤n−ℓ(y)}

e−
√
2an(t)
n

B̃n−ℓ(y)−
(an(t))2

n2 (n−ℓ(y))

√√√√ √
t

√
t+ an(t)

n
(n− ℓ(y)) +

B̃n−ℓ(y)√
2

· P̃v

(
max
u∈T v

ℓ(y)

√
L̃↓
τ̃↓((

√
t+

an(t)
n

(n−ℓ(y))+B̃n−ℓ(y)/
√
2)2)

(u) >
√
t+ an(t) + y

)]

− ẼB
n−ℓ(y)

[
1{−(1−δ)

√
t−an(t)

n
(n−ℓ(y))≤B̃n−ℓ(y)/

√
2≤y}1{B̃s/

√
2≤y, for all 0≤s≤n−ℓ(y)}

e−
√

2an(t)
n

B̃n−ℓ(y)−
(an(t))2

n2 (n−ℓ(y))

√√√√ √
t

√
t+ an(t)

n
(n− ℓ(y)) +

B̃n−ℓ(y)√
2

· P̃v

(
max
u∈T v

ℓ(y)

√
L̃↓
τ̃↓((

√
t+

an(t)
n

(n−ℓ(y))+B̃n−ℓ(y)/
√
2)2)

(u) >
√
t+ an(t) + y

)]
≤
∫
[0, y+y1/20]∪[−(1−δ)

√
t−an(t)

n
(n−ℓ(y)), y−n−ℓ(y)

4y
]

µ∗
n−ℓ(y), y(x)
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·

√ √
t

√
t+ an(t)

n
(n− ℓ(y)) + x

· P̃v

(
max
u∈T v

ℓ(y)

√
L̃↓
τ̃↓((

√
t+

an(t)
n

(n−ℓ(y))+x)2)
(u) >

√
t+ an(t) + y

)
· e−

2an(t)
n

x− (an(t))2

n2 (n−ℓ(y))dx

+

∫ 0

y−n−ℓ(y)
4y

δyµn−ℓ(y), y(x)

√ √
t

√
t+ an(t)

n
(n− ℓ(y)) + x

· P̃v

(
max
u∈T v

ℓ(y)

√
L̃↓
τ̃↓((

√
t+

an(t)
n

(n−ℓ(y))+x)2)
(u) >

√
t+ an(t) + y

)
· e−

2an(t)
n

x− (an(t))2

n2 (n−ℓ(y))dx

=: J1 + J2, (4.80)

where we have used Lemma 4.2.1 in the first equality, Lemma 4.2.5 and (4.16)
in the second inequality, and Lemma 4.2.6 in the third inequality. By Propo-

sition 4.3.1(i) and the assumption ℓ(y) > e
8
√

log b
3

y1/20 , taking n0(y, ℓ(y)) ∈ N
large enough, we have for all n ≥ n0(y, ℓ(y))

J1 ≤ c1b
−(n−ℓ(y))ye−2

√
log b y(ℓ(y))−3/2(log ℓ(y))60. (4.81)

Next, we estimate J2. We have

J2 ≤ δyE
B
0

[
1{−(1−δ)

√
t≤Bs/

√
2≤an(t)

n
s+y, for all 0≤s≤n−ℓ(y)}

√ √
t√

t+Bn−ℓ(y)/
√
2

· P̃v

(
max
u∈T v

ℓ(y)

√
L̃↓
τ̃↓((

√
t+Bn−ℓ(y)/

√
2)2)

(u) >
√
t+ an(t) + y

)]

+ δyE
B
0

[
1{−(1−δ)

√
t≤Bn−ℓ(y)/

√
2≤an(t)

n
(n−ℓ(y)), min0≤s≤n−ℓ(y)Bs/

√
2<−(1−δ)

√
t}√ √

t√
t+Bn−ℓ(y)/

√
2
· P̃v

(
max
u∈T v

ℓ(y)

√
L̃↓
τ̃↓((

√
t+Bn−ℓ(y)/

√
2)2)

(u) >
√
t+ an(t) + y

)]
=: J2,1 + J2,2. (4.82)

By Lemma 4.2.5 and (4.16), we have for each n ≥ 1

J2,1 ≤ c2δyP̃ρ(F
n
v,y,ℓ(y)(t)), (4.83)
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where we have used that under the event that
√
Xs/2 ≥ δ

√
t for all 0 ≤ s ≤

n−ℓ(y), we have exp
(

3
8

∫ n−ℓ(y)
0

ds
Xs

)
≤ c2 under the assumption t ≥ c∗n log n.

By (4.48), the symmetry of B and Proposition 4.3.1(i), taking n0 =
n0(y, ℓ(y)) ∈ N large enough, we have for all n ≥ n0

J2,2 ≤ c3δy

∫ (1−δ)
√
t

−an(t)
n

(n−ℓ(y))

∫ ∞

(1−δ)
√
t

2q − p

(n− ℓ(y))3/2
e−

(2q−p)2

n−ℓ(y)

· P̃v

(
max
u∈T v

ℓ(y)

√
L̃↓
τ̃↓((

√
t−p)2)(u) ≥

√
t+ an(t) + y

)
dpdq

≤ c4δyb
−(n−ℓ(y))e−2

√
log b y(ℓ(y))−3/2n3(n+

√
t)e−

(1−δ)2t
n−ℓ(y) . (4.84)

Thus, by (4.80)-(4.84), we have

(1 + c2δy)Ẽρ(Λ
n
y,ℓ(y)(t)) ≥Ẽρ(Λ̃ny,ℓ(y)(t))− c1ye

−2
√
log b y(ℓ(y))−3/2(log ℓ(y))60

− c4δye
−2

√
log b y(ℓ(y))−3/2n3(n+

√
t)e−

(1−δ)2t
n−ℓ(y) .

(4.85)

For the rest of the proof, we obtain a lower bound of Ẽρ(Λ̃
n
y,ℓ(y)(t)). Recall

(4.26). We have

Ẽρ(Λ̃
n
y,ℓ(y)(t))

≥ P̃ρ

[{
there exists v ∈ Tn−ℓ(y) with

√
L̃nτ̃(t)(vs) ≥ δ

√
t, for all s ≤ n− ℓ(y),

max
u∈T v

ℓ(y)

√
L̃nτ̃(t)(u) >

√
t+ an(t) + y

}
∩
(
G
n−ℓ(y)
y+y1/20−1

(t)
)c]

≥ Pρ

(
max
u∈Tn

√
Lnτ(t)(u) >

√
t+ an(t) + y

)
− P̃ρ

(
G
n−ℓ(y)
y+y1/20−1

(t)
)

− P̃ρ

[
there exists v ∈ Tn−ℓ(y) with

√
L̃nτ̃(t)(vs) < δ

√
t, for some s ≤ n− ℓ(y),

max
u∈T v

ℓ(y)

√
L̃nτ̃(t)(u) >

√
t+ an(t) + y

]
. (4.86)
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By Proposition 4.3.1(ii), taking n0 = n0(y, ℓ(y)) ∈ N large enough, we have
for all n ≥ n0

Pρ

(
max
u∈Tn

√
Lnτ(t)(u) >

√
t+ an(t) + y

)
≥ c5ye

−2
√
log b y. (4.87)

By Lemma 4.3.2, we have

P̃ρ

(
G
n−ℓ(y)
y+y1/20−1

(t)
)
≤ c6e

−2
√
log b y1/20ye−2

√
log b y. (4.88)

We estimate the third term on the right-hand side of (4.86). Fix v∗ ∈
Tn−ℓ(y). By Lemma 4.2.1, 4.2.5, and (4.16), taking n0 = n0(y, ℓ(y)) ∈ N large
enough, we have for all n ≥ n0

P̃ρ

[
there exists v ∈ Tn−ℓ(y) such that for some s ≤ n− ℓ(y),

√
L̃nτ̃(t)(vs) < δ

√
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u∈T v

ℓ(y)

√
L̃nτ̃(t)(u) >

√
t+ an(t) + y

]

≤ bn−ℓ(y)Ẽρ

[
1{√

L̃n
τ̃(t)

(v∗s )<δ
√
t, for some 0≤s≤n−ℓ(y),

√
L̃n
τ̃(t)

(v∗)>0
}

·P̃v∗
(

max
u∈T v∗

ℓ(y)

√
L̃↓
τ̃↓
(
L̃n
τ̃(t)

(v∗)
)(u) > √

t+ an(t) + y

)]

≤ bn−ℓ(y)EB
0

[
1{

Bs√
2
<−(1−δ)

√
t, for some s≤n−ℓ(y),

Bn−ℓ(y)√
2

>−
√
t

}
√ √

2t√
2t+Bn−ℓ(y)

·P̃v∗
(

max
u∈T v∗

ℓ(y)

√
L̃↓
τ̃↓
(
(
√
t+Bn−ℓ(y)/

√
2)

2
)(u) > √

t+ an(t) + y

)]
≤ c7(ℓ(y))

−3/2(n+
√
t)3e−2(1−δ)

√
log b

√
te−2

√
log b y. (4.89)

where we have used Proposition 4.3.1(i), (4.48), and the Gaussian density of
Bn−ℓ(y) in the last inequality.

By (4.86)-(4.89), taking n0 = n0(y, ℓ(y)) ∈ N large enough, we have for
all n ≥ n0

Ẽρ(Λ̃
n
y,ℓ(y)(t)) ≥ c8ye

−2
√
log b y. (4.90)

By (4.85) and (4.90), we have (4.79). □
To obtain a lower bound of Pρ(maxv∈Tn

√
Lnτ(t)(v) ≥

√
t+an(t)+y)/Ẽρ[Λ

n
y,ℓ(y)(t)],

we need the following:
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Lemma 4.5.3 There exist c1, c2, c3 ∈ (0, ∞), y0 > 0 such that the following

holds: for all y ≥ y0 and ℓ(y) > e
8
√

log b
3

y1/20, there exists n0 = n0(y, ℓ(y)) ∈ N
such that for all n ≥ n0 and t ≥ c1n log n,

Ẽρ

[(
Λny,ℓ(y)(t)

)2]
Ẽρ

[
Λny,ℓ(y)(t)

] ≤ 1 + c2y
−1/2 + c3ye

−2
√
log b y. (4.91)

Proof. Fix any y ≥ y0 and ℓ(y) > e
8
√

log b
3

y1/20 , where we take y0 > 0 large
enough. Throughout the proof, given n ∈ N, we assume t ≥ c∗n log n for
some sufficiently large c∗ > 0. We have

Ẽρ

[(
Λny,ℓ(y)(t)

)2]
= Ẽρ[Λ

n
y,ℓ(y)(t)]

+

n−ℓ(y)∑
k=1

∑
v,w∈Tn−ℓ(y),

|v∧w|=n−ℓ(y)−k

P̃ρ
(
F n
v,y,ℓ(y)(t) ∩ F n

w,y,ℓ(y)(t)
)
. (4.92)

Fix 1 ≤ k ≤ n− ℓ(y)− 1 and v, w ∈ Tn−ℓ(y) with |v ∧w| = n− ℓ(y)− k. Let

L̃↓ be a local time of a Brownian motion on T̃ v∧w ⊂ T̃≤n and set τ̃ ↓(s) :=

inf{r ≥ 0 : L̃↓
r(v ∧ w) > s}. We have

P̃ρ
(
F n
v,y,ℓ(y)(t) ∩ F n

w,y,ℓ(y)(t)
)

= Ẽρ

[
1{

δ
√
t≤
√
L̃n
τ̃(t)

(vs)≤
√
t+

an(t)
n

s+y, for all 0≤s≤n−ℓ(y)−k
}

∏
x∈{v, w}

P̃v∧w

(
δ
√
t ≤

√
L̃↓
τ̃↓
(
Ln
τ(t)

(v∧w)
)(xs) ≤ √

t+
an(t)

n
s+ y,

for all n− ℓ(y)− k ≤ s ≤ n− ℓ(y),

max
u∈Tx

ℓ(y)

√
L̃↓
τ̃↓
(
Ln
τ(t)

(v∧w)
)(u) > √

t+ an(t) + y

)]
, (4.93)

where we have used Lemma 4.2.1 in a way similar to the argument in (4.58).

Fix 0 ≤ i ≤ ⌊(1− δ)
√
t+ an(t)

n
(n− ℓ(y)− k) + y⌋. Assume that√

Lnτ(t)(v ∧ w) ∈
√
t+

an(t)

n
(n− ℓ(y)− k) + y − i+ (−1, 0] . (4.94)
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Under the assumption (4.94), we estimate the probabilities in (4.93). Let L̃↓↓

be a local time of a Brownian motion on T̃ v ⊂ T̃≤n and set τ̃ ↓↓(s) := inf{r ≥
0 : L̃↓↓

r (v) > s}. Recall P̃B
k and B̃ defined in (4.37) and (4.38). We have
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√
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t+ an(t) + y

)

= Ẽv∧w
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√
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(4.95)
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where we have used Lemma 4.2.1 in the first equality, Lemma 4.2.5, (4.16),
and (4.94) in the second inequality, and the density (4.21) in the last equality.
By Proposition 4.3.1(i), taking n0 = n0(y, ℓ(y)) ∈ N large enough, we have

for all 0 ≤ z ≤ (1− δ)
√
t+ an(t)

n
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(
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√
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2)(u) > √
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)
≤ c1 (log ℓ(y) + z) (ℓ(y))−3/2e−2

√
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·

√√√√ √
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(n− ℓ(y)) + y + 1− z

√
t+ an(t)

n
(n− ℓ(y)) + y + 1− z + ℓ(y)

. (4.96)

We also use the following estimate: e−
(i+1−z)2

k − e−
(i+1+z)2

k ≤ 1 for each 1 ≤
k ≤ ⌊y⌋, and e−

(i+1−z)2

k − e−
(i+1+z)2

k ≤ 4(i+1)z
k

for each ⌊y⌋ ≤ k ≤ n− ℓ(y)− 1.
By this and (4.95)-(4.96), the right-hand side of (4.95) is bounded from above
by

c3Ab
−ke−

2an(t)
n

ie
3k logn

2n e
k log
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t+n√
t

)
2n

√√
t+ an(t)

n
(n− ℓ(y)− k) + y − i

√
t+ n

, (4.97)

where A := k−1/2(ℓ(y))−1/2 if 1 ≤ k ≤ ⌊y⌋, and A := k−3/2(i + 1) if ⌊y⌋ ≤
k ≤ n− ℓ(y)− 1.

Recall the events in the indicator function in (4.93) and in (4.94). We
estimate the probability of the intersection of these events. Using Lemma
4.2.5, (4.16), and the density (4.21) similarly to the proof of Lemma 4.3.4
and taking n0 = n0(y, ℓ(y)) ∈ N large enough, we have for n ≥ n0

P̃ρ

(
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√
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√
L̃nτ̃(t)(vs) ≤
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n
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(4.98)
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We will use the following: e−
(y−z)2

n−ℓ(y)−k − e−
(y+z)2

n−ℓ(y)−k ≤ 4yz
n−ℓ(y)−k for each 1 ≤ k ≤

n− ℓ(y)− ⌊y⌋, and e−
(y−z)2

n−ℓ(y)−k − e−
(y+z)2

n−ℓ(y)−k ≤ 1 for each n− ℓ(y)− ⌊y⌋ ≤ k ≤
n− ℓ(y)− 1. By this, the right-hand side of (4.98) is bounded from above by
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)
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√ √
t
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,

(4.99)

where A′ := (n − ℓ(y) − k)−3/2(i + 1)y if 1 ≤ k ≤ n − ℓ(y) − ⌊y⌋, and
A′ := (n− ℓ(y)− k)−1/2 if n− ℓ(y)− ⌊y⌋ ≤ k ≤ n− ℓ(y)− 1.

By (4.93), (4.97), and (4.99), we have

n−ℓ(y)−1∑
k=1

∑
v,w∈Tn−ℓ(y),

|v∧w|=n−ℓ(y)−k

P̃ρ
(
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v,y,ℓ(y)(t) ∩ F n

w,y,ℓ(y)(t)
)
≤ c5y

1/2e−2
√
log b y.

(4.100)
For the case k = n− ℓ(y), by the independence of excursions of a Brownian
motion around ρ, we have∑

v,w∈Tn−ℓ(y),

|v∧w|=0

P̃ρ
(
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w,y,ℓ(y)(t)
)

=
∑
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≤
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Ẽρ[Λ

n
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)2
. (4.101)

Thus, by (4.92), (4.100), and (4.101), we have

Ẽρ

[(
Λny,ℓ(y)(t)

)2] ≤ Ẽρ[Λ
n
y,ℓ(y)(t)] + c5y
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)2
.

(4.102)

We will obtain upper and lower bounds of Ẽρ[Λ
n
y,ℓ(y)(t)]. By (4.85) and (4.90),
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taking n0 = n0(y, ℓ(y)) large enough, we have for all n ≥ n0 (recall that we
assumed t ≥ c∗n log n and c∗ is sufficiently large positive constant)

Ẽρ[Λ
n
y,ℓ(y)(t)] ≥ c6ye

−2
√
log b y. (4.103)

Fix v∗ ∈ Tn−ℓ(y). Let L̂
↓ be a local time of a Brownian motion on T̃ v

∗ ⊂ T̃≤n
and set τ̂ ↓(s) := inf{r ≥ 0 : L̂↓

r(v
∗) > s}. By using Lemma 4.2.1,4.2.5, (4.16),

and the density (4.21) similarly to the argument in (4.95), we have
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where we have used Proposition 4.3.1(i) and the inequality e−
(y−z)2

n−ℓ(y)−e−
(y+z)2

n−ℓ(y) ≤
4yz

n−ℓ(y) in the last inequality. Thus, by (4.102)-(4.104), we have (4.91). □
Using Lemma 4.5.2 and 4.5.3, we prove the following:

Lemma 4.5.4 There exist c1, c2, c3 ∈ (0, ∞), y0 > 0, and {δy′ : y′ > 0}
with limy′→∞ δy′ = 0 such that the following holds: for all y ≥ y0 and ℓ(y) >
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(4.105)
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(4.106)

Proof. Fix any y ≥ y0, ℓ(y) > e
8
√
log b
3

y1/20 , n ≥ n0, and t ≥ c∗n log n, where
we take y0 > 0, n0 = n0(y, ℓ(y)) ∈ N, c∗ > 0 large enough. We first obtain
the upper bound. We have
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(4.107)

where we have used Lemma 4.3.2, (4.89), and (4.90) in the last inequality.
By (4.107) and Lemma 4.5.2, we have (4.105). By Lemma 4.5.3, we have
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which proves (4.106). □
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For each interval I ⊂ R, set

Λny,ℓ(y),I(t) :=
∑

v∈Tn−ℓ(y)
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(t)∩
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}. (4.108)

Set the interval
Jℓ(y) :=

(
−ℓ(y) + y,−(ℓ(y))2/5 + y

]
. (4.109)

Then the following holds:

Lemma 4.5.5 There exist c1, c2 ∈ (0, ∞) and y0 > 0 such that the following

holds: for all y ≥ y0 and ℓ(y) > e
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Proof. Fix any y ≥ y0 and ℓ(y) > e
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enough. Throughout the proof, given n ∈ N, we assume that t ≥ c∗n log n
for some sufficiently large c∗ > 0. Fix v ∈ Tn−ℓ(y) and any interval I ⊂ R.
Let L̃↓ be a local time of a Brownian motion on T̃ v ⊂ T̃≤n and set τ ↓(s) :=

inf{r ≥ 0 : L̃↓
r(v) > s}. By using Lemma 4.2.1, 4.2.5, (4.16), and the density

(4.21) similarly to the argument in (4.104), taking n0 = n0(y, ℓ(y)) ∈ N large
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dz, (4.111)

where we have used Proposition 4.3.1(i) and the inequality e−
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, the right-hand side of (4.111) is bounded from above by
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for all n ≥ n0, where n0 = n0(y, ℓ(y)) ∈ N large enough. By this and (4.103),
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Ẽρ
[
Λny,ℓ(y)(t)

]
= Ẽρ
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which implies (4.110). □

Proof of Proposition 4.5.1. Let (hv)v∈T be a BRW on T defined in Section
4.1. By Lemma 4.7.7, one can show that the sequence(∫ ℓ
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(4.112)

is bounded from above and away from 0. Fix a nondecreasing sequence
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exists. We set
ℓj := ℓ0(y

+
kj
).

89



Note that by the definition of ℓ0(y
+
j ), for any yj with yj ≤ y+j , we have
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.

Fix j ≥ 1 and yj with y
−
j ≤ yj ≤ y+j . Recall (4.108) and the interval (4.109).

Fix v∗ ∈ Tn−ℓj . Let L̃↓ be a local time of a Brownian motion on T̃ v
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= Ẽρ

[
1{

δ
√
t≤
√
L̃n
τ̃(t)

(v∗s )≤
√
t+

an(t)
n

s+yj , for all 0≤s≤n−ℓj ,
√
L̃n
τ̃(t)

(v∗)∈
√
t+

an(t)
n

(n−ℓj)+Jℓj
}

·P̃v∗
(
max
u∈T v∗

ℓj

√
L̃↓
τ̃↓
(
L̃n
τ̃(t)

(v∗)
)(u) > √

t+ an(t) + yj

)]

=

(
1 +O

(
1

log n

))
EB

0

[
1{−(1−δ)

√
t≤Bs/

√
2≤an(t)

n
s+yj , for all 0≤s≤n−ℓj}

1{Bn−ℓj
/
√
2∈an(t)

n
(n−ℓj)+Jℓj}

√ √
t√

t+Bn−ℓj/
√
2

·P̃v∗
(
max
u∈T v∗

ℓj

√
L̃↓
τ̃↓
(
(
√
t+Bn−ℓj

/
√
2)

2
)(u) > √

t+ an(t) + yj

)]

=

(
1 +O

(
1

log n

))
ẼB
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where we have used Lemma 4.2.1 in the first equality, and in the second equal-

ity, Lemma 4.2.5, (4.16), and the fact that for t ≥ n log n, exp
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uniformly in yj and t satisfying (4.78) (we take c∗ large enough), where we

have used the symmetry of B̃ in the first inequality, (4.48) and Proposition
4.3.1(i) in the second inequality.

Next, we estimate K1. By the density (4.21), we have

K1 =

(
1 +O

(
1

log n

))
·
∫ ℓj

(ℓj)2/5

1√
π(n− ℓj)

(
e
−

(z−yj)
2

n−ℓj − e
−

(z+yj)
2

n−ℓj

)

e
2an(t)

n
z− 2an(t)

n
yj− (an(t))2

n2 (n−ℓj)

√ √
t

√
t+ an(t)

n
(n− ℓj) + yj − z

· P̃v∗
(
max
u∈T v∗

ℓj

√
L̃↓
τ̃↓
(
(
√
t+

an(t)
n

(n−ℓj)+yj−z)
2)(u) > √

t+ an(t) + yj

)
dz

= b−(n−ℓj)
(
1 +O

(
1

log n

))
4√
π
yje

−2
√
log b yj
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·
∫ ℓj

(ℓj)2/5
ze2

√
log b z

√ √
t+ n

√
t+ an(t)

n
(n− ℓj) + yj − z

· Pρ

maxu∈Tℓj L
ℓj
τ(snz,yj ,ℓj

(t))(u)− snz,yj ,ℓj(t)√
2snz,yj ,ℓj(t)

>
√
2
(√

log b ℓj + z
)
+∆n

z,yj ,ℓj
(t)
)
dz, (4.116)

where we have set

snz,yj ,ℓj(t) :=

(√
t+

an(t)

n
(n− ℓj) + yj − z

)2

and ∆n
z,yj ,ℓj

(t) as the remainder term, and used the fact that the law of the

Brownian motion on T̃ v
∗
starting at v∗ is the same as that of the Brownian

motion on T̃≤ℓj starting at ρ and the following in the second equality: for

all z ∈ [(ℓj)
2/5, ℓj] and n ≥ n0(j), where we take n0(j) = n0(y

−
j , y

+
j , ℓj) ∈ N

large enough,

e
−

(z−yj)
2

n−ℓj − e
−

(z+yj)
2

n−ℓj =

(
1 +O

(
1

log n

))
4yjz

n− ℓj
,

e
2an(t)

n
z− 2an(t)

n
yj− (an(t))2

n2 (n−ℓj)

=

(
1 +O

(
1

log n

))
b−(n−ℓj)n3/2

√√
t+ n√
t

e2
√
log b (z−yj).

One can show that for each j ≥ 1,

lim
n→∞

∆n
z,yj ,ℓj

(t) = 0, uniformly in z ∈ [(ℓj)
2/5, ℓj] and yj, t satisfying (4.78).

(4.117)
By the assumption of (t+n (j))n≥1 and (t−n (j))n≥1, and the definition of β∗
defined in (4.6), we have the following: for all ε > 0 and j ≥ 1, there exists
n0 = n0(y

−
j , y

+
j , ℓj) ∈ N such that for all n ≥ n0,∣∣∣∣∣

√ √
t+ n

√
t+ an(t)

n
(n− ℓj) + yj − z

− β∗

∣∣∣∣∣ < ε, (4.118)
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uniformly in z ∈ [(ℓj)
2/5, ℓj] and yj, t satisfying (4.78). By Theorem 4.2.4(i),

(4.12), and (4.13), we have for any fixed m ∈ N(
Lmτ(s)(v)− s

√
2s

)
v∈Tm

−→ (hv)v∈Tm in law as s→ ∞.

By this, the definition of (4.113), and (4.117), for all ε > 0, there exists
j0 ∈ N such that the following holds: for each j ≥ j0, there exists n0(j) =
n0(y

−
j , y

+
j , ℓj) ∈ N such that for all n ≥ n0(j),∣∣∣∣∣∣

∫ ℓj

(ℓj)
2
5

Pρ

maxu∈Tℓj L
ℓj
τ(snz,yj ,ℓj

(t))(u)− snz,yj ,ℓj(t)√
2snz,yj ,ℓj(t)

>
√
2
(√

log b ℓj + z
)
+∆n

z,yj ,ℓj
(t)
)

·ze2
√
log b zdz − γ̃∗

∣∣∣ < ε, (4.119)

uniformly in yj and t satisfying (4.78). Thus, by (4.114)-(4.116), (4.118),
and (4.119), for all ε > 0, there exists j0 ∈ N such that the following holds:
for each j ≥ j0, there exists n0(j) = n0(y

−
j , y

+
j , ℓj) ∈ N such that for all

n ≥ n0(j), ∣∣∣∣∣∣
Ẽρ

[
Λnyj ,ℓj ,Jℓj

(t)
]

yje−2
√
log b yj

− 4√
π
β∗γ̃∗

∣∣∣∣∣∣ < ε, (4.120)

uniformly in yj and t satisfying (4.78). By Lemma 4.5.4, 4.5.5, and (4.120),
for all ε > 0, there exists j0 ∈ N such that the following holds: for each
j ≥ j0, there exists n0(j) = n0(y

−
j , y

+
j , ℓj) ∈ N such that for all n ≥ n0(j),∣∣∣∣∣∣∣

Pρ

(
maxv∈Tn

√
Lnτ(t)(v) >

√
t+ an(t) + yj

)
yje−2

√
log b yj

− 4√
π
β∗γ̃∗

∣∣∣∣∣∣∣ < ε, (4.121)

uniformly in yj and t satisfying (4.78) (we take c∗ > 0 large enough).
Let γ̂∗ be the limit of any convergent subsequence of (4.112). By taking

a sub-subsequence, if necessary, and repeating the above argument, we have
(4.121) if we replace γ̃∗ with γ̂∗. Thus, the full sequence (4.112) converges to
a finite positive constant, and we write γ∗ to denote the limit. Therefore, we
have (4.77). □
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4.6 Proof of Theorem 4.1.1 and Corollary 4.1.3

In this section, we prove Theorem 4.1.1 and Corollary 4.1.3. Recall (4.2).
Let (hv)v∈T be a BRW on T defined in Section 4.1. For n ∈ N, 1 ≤ r < n,
and λ ∈ R, we set

F n
r (λ) :=

∑
v∈Tn,
σ(vr)≤λ

(√
log b n− 1√

2
hv

)
e
−2

√
log b

(√
log b n− 1√

2
hv
)
. (4.122)

Recall that vr is the ancestor of v on Tr. Note that since σ(vr) falls in [0, 1],
we have F n

r (λ) = 0 for all λ < 0 and F n
r (λ) = F n

r (1) for all λ ≥ 1. We begin
with some lemmas.

Lemma 4.6.1 For each λ ∈ R, the limit limr→∞ limn→∞ F n
r (λ) exists almost

surely.

Proof. For each v ∈ Tn, set h
(n−r)
v := hv − hvr . Then, we have

F n
r (λ) =

∑
u∈Tr,
σ(u)≤λ

∑
v∈Tu

n−r

(√
log b r − hu/

√
2 +

√
log b (n− r)− h(n−r)v /

√
2
)

· e−2
√
log b (

√
log b r−hu/

√
2)e

−2
√
log b

(√
log b (n−r)−h(n−r)

v /
√
2
)

=
∑
u∈Tr,
σ(u)≤λ

Du
n−re

−2
√
log b (

√
log b r−hu/

√
2)

+
∑
u∈Tr,
σ(u)≤λ

W u
n−r

(√
log b r − hu/

√
2
)
e−2

√
log b (

√
log b r−hu/

√
2), (4.123)

where for each u ∈ Tr, we have set

Du
n−r :=

∑
v∈Tu

n−r

(√
log b (n− r)− h(n−r)v /

√
2
)
e
−2

√
log b

(√
log b (n−r)−h(n−r)

v /
√
2
)
,

,

W u
n−r :=

∑
v∈Tu

n−r

e
−2

√
log b

(√
log b (n−r)−h(n−r)

v /
√
2
)
.

By [73], and [17, Theorem 5.1, 5.2] or [2, Proposition A.3], the following
holds for each u ∈ Tr:

Du
∞ := lim

n→∞
Du
n−r ∈ (0, ∞), lim

n→∞
W u
n−r = 0, almost surely. (4.124)
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Thus, by (4.123) and (4.124), for each r ∈ N, we have

lim
n→∞

F n
r (λ) =

∑
u∈Tr,
σ(u)≤λ

Du
∞e

−2
√
log b (

√
log b r−hu/

√
2), almost surely. (4.125)

Note that by Lemma 4.7.7(i), we have for each r,√
log b n− 1√

2
hv > 0, for all sufficiently large n and v ∈ Tn, almost surely.

By this, the definition (4.122) of F n
r (λ) and the fact that {v ∈ Tn : σ(vr′) ≤

λ} ⊂ {v ∈ Tn : σ(vr) ≤ λ} for all r ≤ r′, the sequence {limn→∞ F n
r (λ)}r≥1 is

nonincreasing for each λ ∈ R. Thus, the limit limr→∞ limn→∞ F n
r (λ) exists

almost surely for each λ ∈ R. □

For each n ∈ N, we set

D(2)
n :=

∑
v∈Tn

(√
log b n− 1√

2
hv

)2

e
−4

√
log b

(√
log b n− 1√

2
hv
)
.

Then the following holds:

Lemma 4.6.2 For all ε > 0,

lim
n→∞

P
(
D(2)
n ≥ ε

)
= 0. (4.126)

Proof. Set mn :=
√
log b n− 3

4
√
log b

log n. We have for any y > 0

P
(
D(2)
n ≥ ε

)
≤ P

(∑
v∈Tn

(√
log b n− hv/

√
2
)2
e−4

√
log b (

√
log b n−hv/

√
2)1{hv/√2≤mn+y} ≥ ε

)

+ P
(
max
v∈Tn

hv/
√
2 > mn + y

)
. (4.127)

Since hv is a Gaussian random variable with mean 0 and variance n for
each v ∈ Tn, a simple calculation implies that

lim
n→∞

E

[∑
v∈Tn

(√
log b n− hv/

√
2
)2
e−4

√
log b (

√
log b n−hv/

√
2)1{hv/√2≤mn+y}

]
= 0.
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By this and applying the Chebyshev inequality to the first term of (4.127)
and Lemma 4.7.7(i) to the second term of (4.127), we have

lim sup
n→∞

P
(
D(2)
n ≥ ε

)
≤ c1(1 + y)e−2

√
log b y.

Since we can take arbitrary y ∈ (0, ∞), this implies (4.126). □

For a ∈ R, an interval I ⊂ R, t > 0, and r, n ∈ N with r < n, we set

Bσr,t,n(I; a) : =
{√

Lnτ(t)(v)−
√
t− an(t) /∈ I,

for all v ∈ Tn with σ(vr) ∈
[
a− b−r, a

]}
.

(4.128)

Then we have the following:

Lemma 4.6.3 There exists c1 > 0 such that the following holds: for any
finite interval I ⊂ R, there exist c2(I) > 0 and r0(I) ∈ N such that for all
t > 0, a ∈ R, r ≥ r0(I), and n > r,

Pρ
[(
Bσr,t,n(I; a)

)c] ≤ c2(I)r
3e−c1r. (4.129)

Proof. Fix any finite interval I ⊂ R. Let {I, I} be the boundary of I with
I < I. Fix any t > 0, a ∈ R, r ≥ r0(I), and n > r, where we take r0(I) > |I|
large enough. Recall the event Gn

r (t) defined in (4.26). We have

Pρ
[(
Bσr,t,n(I; a)

)c]
≤ P̃ρ

(
there exists v ∈ Tn with σ(vr) ∈

[
a− b−r, a

]
such that√

L̃nτ̃(t)(vs) ≤
√
t+

an(t)

n
s+ κ(log(s ∧ (n− s)))+ + r + 1,

for all 0 ≤ s ≤ n,
√
L̃nτ̃(t)(v)−

√
t− an(t) ∈ I

)
+ P̃ρ (G

n
r (t)) . (4.130)

We estimate the first term on the right-hand side of (4.130). Fix v ∈ Tn.

Recall P̃B
n and B̃ defined in (4.37) and (4.38). We have√√

t+ an(t) + I√
t

P̃ρ

(√
L̃nτ̃(t)(vs) ≤

√
t+

an(t)

n
s+ κ(log(s ∧ (n− s)))+ + r + 1,
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for all 0 ≤ s ≤ n,
√
L̃nτ̃(t)(v)−

√
t− an(t) ∈ I

)
≤ ẼB

n

[
1{ B̃s√

2
≤κ(log(s∧(n−s)))++r+1, for all 0≤s≤n, B̃n√

2
∈I
}e−√

2an(t)
n

B̃n− (an(t))2

n

]
≤ c1(I)b

−n(r + 1)(r + 1− I)

√√
t+ n√
t

, (4.131)

where we have used Lemma 4.2.5 and (4.16) in the first inequality and Lemma
4.2.6(i) in the last inequality.

Next, we estimate the number of v ∈ Tn satisfying σ (vr) ∈ [a− b−r, a].
We first consider the case a ∈ [0, 1]. In this case, we have a sequence (xi)i≥1

with xi ∈ {0, . . . , b − 1} such that a =
∑∞

i=1
xi
bi
. In particular, we have∑r

i=1
vi−xi
bi

∈ [−b−r, b−r] for all v ∈ Tn with σ (vr) ∈ [a− b−r, a] and the
label (v1, . . . , vn). By this and a simple observation, we have{

v ∈ Tn : σ(vr) ∈
[
a− b−r, a

]}
⊂ {v ∈ Tn : vi = xi, for all 1 ≤ i ≤ r}

∪
r∪
i=1

{v ∈ Tn : vj = xj, for all 1 ≤ j ≤ i− 1, vi − xi > 0,

vj′ = xj′ − (b− 1), for all i < j′ ≤ r}

∪
r∪
i=1

{v ∈ Tn : vj = xj, for all 1 ≤ j ≤ i− 1, vi − xi < 0,

vj′ = xj′ + (b− 1), for all i < j′ ≤ r} ,

which implies ∣∣{v ∈ Tn : σ(vr) ∈
[
a− b−r, a

]}∣∣ ≤ c2rb
n−r. (4.132)

By (4.130)-(4.132) and Lemma 4.3.2, we have (4.129). □

Proof of Theorem 4.1.1. Recall (4.122) and Lemma 4.6.1. For each r ∈ N
and λ ∈ R, we set

Fr(λ) := lim
n→∞

F n
r (λ).

By (4.125), for each r ∈ N, the function λ 7→ Fr(λ) is nondecreasing and
right-continuous, almost surely. Recall (4.1). By the sentence below (4.122),
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we have for each r ∈ N limλ→∞ Fr(λ) = D∞ and limλ→−∞ Fr(λ) = 0.
Thus, for each r ∈ N, Fr determines the Borel measure Zr on R satisfy-
ing Zr ((λ1, λ2]) = Fr(λ2)− Fr(λ1) for all λ1 < λ2.

Recall the notion of weak convergence of random measures described
above Theorem 4.1.1. Let C+

c (R) be the space of continuous, nonnegative
functions on R with compact support. Since Zr(R) = D∞ <∞ almost surely
for each r ∈ N, we have the following: for all ε > 0 and f ∈ C+

c (R), there
exists M > 0 such that for all r ∈ R,

P
(∫

R
f(x)Zr(dx) > M

)
≤ P (∥f∥∞D∞ > M) < ε,

where ∥f∥∞ := maxx∈R f(x). Thus, by [85, Lemma 3.20], (Zr)r≥1 is tight.
Thus, there exists a weakly convergent subsequence (Zrk)k≥1 of (Zr)r≥1 and
we write Z∞ to denote the weak limit.

Recall (4.6), (4.7), and (4.3). For each interval I ⊂ R, we will write
∂I to denote its boundary. Fix any sequence of positive integers (qn)n≥1

with limn→∞ qn = ∞ and limn→∞ qn/n ∈ [0, 1). Fix any (tn)n≥1 with
limn→∞

√
tn/n = θ ∈ [0,∞] and tn ≥ c∗n log n, where c∗ is a sufficiently

large positive constant. We will prove the following: for all finite disjoint
intervals Ai := (Ai, Ai], 1 ≤ i ≤ m with P (Z∞ (∂Ai) = 0) = 1 for all
1 ≤ i ≤ m, finite intervals Bi := (Bi, Bi], 1 ≤ i ≤ m, and positive values
a1, . . . , am,

lim
n→∞

Eρ

[
exp

{
−

m∑
i=1

aiΞ
(n−qn)
n,tn (Ai ×Bi)

}]

= E

[
exp

{
− 4√

π
β∗γ∗

m∑
i=1

(
1− e−ai

)
Z∞(Ai)

(
e−2

√
log b Bi − e−2

√
log b Bi

)}]
.

(4.133)

Let rk < q < n be a positive integer. Recall the events (4.128). By the

definition (4.3) of Ξ
(q)
n,tn , we have

Eρ

[
exp

{
−

m∑
i=1

aiΞ
(q)
n,tn (Ai ×Bi)

}]

= Eρ

exp
−

∑
v∈Tq

m∑
i=1

ai1{σ(argmaxv Ln
τ(tn)

)
∈Ai

}
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1{
maxu∈Tv

n−q

√
Ln
τ(tn)

(u)−
√
tn−an(tn)∈Bi

}} 1∩m
i=1 Bσ

rk,tn,n(Bi;Ai)∩Bσ
rk,tn,n(Bi;Ai)

]

+ Eρ

exp
−

∑
v∈Tq

m∑
i=1

ai1{σ(argmaxv Ln
τ(tn)

)
∈Ai

}

1{
maxu∈Tv

n−q

√
Ln
τ(tn)

(u)−
√
tn−an(tn)∈Bi

}} 1∪m
i=1(Bσ

rk,tn,n(Bi;Ai))
c
∪(Bσ

rk,tn,n(Bi;Ai))
c

]
=: J1 + J2, (4.134)

By Lemma 4.6.3, we have

J2 ≤
m∑
i=1

c1(Bi)(rk)
3e−c2rk . (4.135)

We estimate J1 in (4.134). Under
∩m
i=1 Bσrk,tn,n

(
Bi;Ai

)
∩ Bσrk,tn,n (Bi;Ai),

we have for all v ∈ Tq and 1 ≤ i ≤ m,

1{
σ
(
argmaxv Ln

τ(tn)

)
∈Ai, maxu∈Tv

n−q

√
Ln
τ(tn)

(u)−
√
tn−an(tn)∈Bi

}
= 1{

σ(vrk )∈Ai, maxu∈Tv
n−q

√
Ln
τ(tn)

(u)−
√
tn−an(tn)∈Bi

}. (4.136)

Thus, we have

J1 = Eρ

exp
−

∑
v∈Tq

m∑
i=1

ai1{σ(vrk )∈Ai, maxu∈Tv
n−q

√
Ln
τ(tn)

(u)−
√
tn−an(tn)∈Bi

}



− Eρ

exp
−

∑
v∈Tq

m∑
i=1

ai1{σ(vrk )∈Ai, maxu∈Tv
n−q

√
Ln
τ(tn)

(u)−
√
tn−an(tn)∈Bi

}


1∪m
i=1(Bσ

rk,tn,n(Bi;Ai))
c
∪(Bσ

rk,tn,n(Bi;Ai))
c

]
=: J1,1 − J1,2. (4.137)

By Lemma 4.6.3, we have

J1,2 ≤
m∑
i=1

c1(Bi)(rk)
3e−c2rk . (4.138)
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We estimate J1,1. By Theorem 4.2.4(ii), on the same probability space
(we will write P to denote the probability measure), we can construct a local
time (Lnτ(tn)(v))v∈T≤n

and two BRWs (hv)v∈T≤n
, (h′v)v∈T≤n

satisfying (4.14)

and (4.15). Fix δ ∈ (0, 1). We set

Cq :=

{
1√
2
|hv|,

1√
2
|h′v| ≤

√
log b q − 3

4
√
log b

(1− δ) log q, for all v ∈ Tq

}
.

(4.139)

For each v ∈ Tq, let L̃
↓ be a local time of a Brownian motion on T̃ v ⊂ T̃≤n

and set τ̃ ↓(p) := inf{s ≥ 0 : L̃↓
s(v) > p}. We omit the subscript v in L̃↓ and

τ̃ ↓. By Lemma 4.2.1, we have

J1,1 = E

1Cq

∏
v∈Tq

Kv

+ E

1(Cq)
c

∏
v∈Tq

Kv

 =: J1,1,1 + J1,1,2, (4.140)

where for each v ∈ Tq, we have set Kv by

Ẽv

exp
−

m∑
i=1

ai1σ(vrk )∈Ai, maxu∈Tv
n−q

√
L̃↓
τ̃↓(Ln

τ(tn)
(v))

(u)−
√
tn−an(tn)∈Bi




 .

(4.141)
By Lemma 4.7.7, we have

J1,1,2 ≤ c3(log q) · (q)−
3
2
δ. (4.142)

We estimate J1,1,1. Since A1, . . . , Am are disjoint, we have for all v ∈ Tq,

Kv

= 1− Ẽv

1− e

−
∑m

i=1 ai1{σ(vrk
)∈Ai, maxu∈Tv

n−q

√√√√L̃
↓
τ̃↓(Ln

τ(tn)
(v))

(u)−
√

tn−an(tn)∈Bi}


= 1−
m∑
i=1

(
1− e−ai

)
1{σ(vrk )∈Ai}

· P̃v

(
max
u∈T v

n−q

√
L̃↓
τ̃↓
(
Ln
τ(tn)

(v)
)(u)−√

tn − an(tn) ∈ Bi

)
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= exp

{
log

(
1−

m∑
i=1

(
1− e−ai

)
1{σ(vrk )∈Ai}

·P̃v

(
max
u∈T v

n−q

√
L̃↓
τ̃↓
(
Ln
τ(tn)

(v)
)(u)−√

tn − an(tn) ∈ Bi

))}
. (4.143)

On the event Cq, by (4.15), we have for all v ∈ Tq

√
tn+an(tn) =

√
Lnτ(tn)(v)+an−q

(
Lnτ(tn)(v)

)
+
√

log b q− 1√
2
h′v+δ

n
v,q, (4.144)

where

δnv,q :=
3 log (1− q/n)

4
√
log b

+
log
(
1 +Oq

(
1/
√
tn
))

4
√
log b

+Oq

(
1/
√
tn
)
. (4.145)

(Recall the notation Oq described in Section 4.1.) We take any sufficiently
small ε > 0 and sufficiently large q0 ∈ N which depends on B1, . . . , Bm and
ε. We assume that q ≥ q0 and n ≥ n0, where we take sufficiently large
n0 = n0(q, ε) ∈ N. By Proposition 4.5.1 and (4.144)-(4.145), under the event
Cq, we have for all 1 ≤ i ≤ m and v ∈ Tq,

P̃v

(
max
u∈T v

n−q

√
L̃↓
τ̃↓
(
Ln
τ(tn)

(v)
)(u)−√

tn − an(tn) ∈ Bi

)

= P̃v

(
max
u∈T v

n−q

√
L̃↓
τ̃↓
(
Ln
τ(tn)

(v)
)(u)−√Lnτ(tn)(v)− an−q

(
Lnτ(tn)(v)

)
≥
√

log b q − 1√
2
h′v +Bi + δnv,q

)
− P̃v

(
max
u∈T v

n−q

√
L̃↓
τ̃↓
(
Ln
τ(tn)

(v)
)(u)−√Lnτ(tn)(v)− an−q

(
Lnτ(tn)(v)

)
≥
√
log b q − 1√

2
h′v +Bi + δnv,q

)
≤ (1 + c4ε)

4√
π
β∗γ∗

(√
log b q − 1√

2
h′v +Bi

)
e
−2

√
log b

(√
log b q− 1√

2
h′v+Bi

)

− (1− c4ε)
4√
π
β∗γ∗

(√
log b q − 1√

2
h′v +Bi

)
e
−2

√
log b

(√
log b q− 1√

2
h′v+Bi

)
.

(4.146)
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We set

D(2)
q :=

∑
v∈Tq

(√
log b q − 1√

2
h′v

)2

e
−4

√
log b

(√
log b q− 1√

2
h′v

)
,

Wq :=
∑
v∈Tq

e
−2

√
log b

(√
log b q− 1√

2
h′v

)
.

By (4.143), (4.146) and Taylor’s expansion of the function x 7→ log(1 − x),

under the event Cq ∩
{
D

(2)
q < ε

}
∩ {Wq < ε}, we have

∏
v∈Tq

Kv ≤ ec5(1+
∑m

i=1 |Bi|e−2
√

log b Bi+
∑m

i=1 |Bi|e−2
√

log b Bi)ε

· exp

{
− 4√

π
β∗γ∗

m∑
i=1

(
1− e−ai

) (
F q
rk

(
Ai
)
− F q

rk
(Ai)

)
·
(
e−2

√
log b Bi − e−2

√
log b Bi − c4ε

(
e−2

√
log b Bi + e−2

√
log b Bi

))}
,

(4.147)

where we abused the notation F q
rk

by replacing h with h′ in (4.122). We can
obtain a similar lower bound of

∏
v∈Tq Kv. By Lemma 4.7.7, Lemma 4.6.2,

and the fact that limq→∞Wq = 0, almost surely (see [73]), we have

lim
q→∞

P
(
(Cq)

c ∪
{
D(2)
q ≥ ε

}
∪ {Wq ≥ ε}

)
= 0. (4.148)

Thus, by (4.134)-(4.135), (4.137)-(4.138), (4.140), (4.142) (4.147) and a sim-
ilar lower bound, and (4.148), taking n → ∞, then q → ∞, then k → ∞,
and finally ε→ 0, we have

lim
q→∞

lim sup
n→∞

∣∣∣∣∣Eρ
[
exp

{
−

m∑
i=1

aiΞ
(q)
n,tn (Ai ×Bi)

}]

−E

[
exp

{
− 4√

π
β∗γ∗

m∑
i=1

(
1− e−ai

)
Z∞(Ai)

(
e−2

√
log b Bi − e−2

√
log b Bi

)}]∣∣∣∣∣
= 0. (4.149)
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Next, by using (4.149), we will prove (4.133). Let z∗ be a real number
with z∗ < min1≤i≤mBi. Take q0 = q0(z∗) ∈ N large enough and fix any
q ≥ q0. Take n ∈ N large enough so that q < n − qn < n − q and q < n/4.
We set

Un
z∗,q(tn) :=

{
there exist v, u ∈ Tn with q ≤ |v ∧ u| ≤ n− q such that

√
Lnτ(tn)(v),

√
Lnτ(tn)(u) ∈ [

√
tn + an(tn) + z∗, ∞)

}
.

(4.150)

Under the event
(
Un
z∗,q(tn)

)c
, by the definition of argmaxv L

n
τ(tn)

, we have{
argmax

v
Lnτ(tn) : v ∈ Tn−qn , max

u∈T v
qn

√
Lnτ(tn)(u) ≥

√
tn + an(tn) + z∗

}
=

{
argmax

v
Lnτ(tn) : v ∈ Tq, max

u∈T v
n−q

√
Lnτ(tn)(u) ≥

√
tn + an(tn) + z∗

}
.

(4.151)

By (4.151) and z∗ < min1≤i≤mBi, we have

Eρ

[
exp

{
−

m∑
i=1

aiΞ
(n−qn)
n,tn (Ai ×Bi)

}]
= Eρ

[
e−

∑m
i=1 aiΞ

(q)
n,tn

(Ai×Bi)
]
− Eρ

[
e−

∑m
i=1 aiΞ

(q)
n,tn

(Ai×Bi)1Un
z∗,q(tn)

]
+ Eρ

[
e−

∑m
i=1 aiΞ

(n−qn)
n,tn

(Ai×Bi)1Un
z∗,q(tn)

]
=: L1 − L2 + L3. (4.152)

By Proposition 4.4.1, we have

L2 ≤ c6q
−1/8, L3 ≤ c6q

−1/8. (4.153)

Thus, by (4.149) and (4.152)-(4.153), we have (4.133).
Recall the random measures Zr defined in the first part of the proof.

Let Z̃∞ be any subsequential weak limit of (Zr)r≥1. Repeating the above

argument (we additionally assume that P
(
Z̃∞ (∂Ai) = 0

)
= 1 for all 1 ≤
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i ≤ m), we have (4.133) if we replace Z∞ with Z̃∞. Thus, random measures

Z∞ and Z̃∞ have the same finite dimensional distributions, which implies
Z∞ = Z̃∞ in law. Thus, the full sequence (Zr)r≥1 weakly converges to Z∞.
By the sentence below (4.122) and the definition of (Zr)r≥1, we have Z∞(R) =
Z∞([0, 1]) almost surely and Z∞([0, 1]) = D∞ in law.

Note that the right-hand side of (4.133) is the Laplace transform of(
PPP

(
4√
π
β∗γ∗Z∞(dx)⊗ 2

√
log b e−2

√
log b ydy

)
(Ai ×Bi) : 1 ≤ i ≤ m

)
.

Thus, (4.133) implies that the point process Ξ
(n−qn)
n,tn weakly converges to the

Cox process (4.5) as n→ ∞ (see, for example, [34, Proposition 11.1.VIII]).
Finally, we will prove that Z∞ is non-atomic almost surely. Since the

set of points x ∈ R with P (Z∞({x}) > δ) > ε for some δ, ε ∈ (0, ∞) is
countable (see, for example, [34, Lemma 11.1.II]), it is enough to show that
P (Z∞({a}) = 0) = 1 for each a ∈ [0, 1]. Fix a ∈ [0, 1]. Fix Im = [Im, Im] ⊂ R
be finite intervals with Im ↓ {a} as m→ ∞ and P (Z∞(∂Im) = 0) = 1. Since

Ξ
(n−qn)
n,tn weakly converges to the Cox process as n→ ∞, we have

lim
n→∞

Pρ

(
Ξ
(n−qn)
n,tn (Im × [1, 2]) > 0

)
= 1−E

[
e
− 4√

π
β∗γ∗Z∞(Im)(e−2

√
log b−e−4

√
log b)

]
.

(4.154)
On the other hand, by Proposition 4.7.1, we have

lim sup
n→∞

Pρ

(
Ξ
(n−qn)
n,tn (Im × [1, 2]) > 0

)
≤ lim sup

n→∞
Pρ

 max
v∈Tn,
σ(v)∈Im

√
Lnτ(tn)(v) ≥

√
tn + an(tn) + 1


≤ c7 lim sup

n→∞

(
b−n|{v ∈ Tn : σ(v) ∈ Im}|

)5/8 ≤ c7(Im − Im)
5/8. (4.155)

By (4.154)-(4.155) and Im ↓ {a} as m → ∞, we have Z∞({a}) = 0 almost
surely. Therefore, we have proved that Z∞ is non-atomic almost surely. □

Proof of Corollary 4.1.3. Fix (qn)n≥1 with limn→∞ qn = ∞ and limn→∞ qn/n ∈
[0, 1). For all λ ∈ R, λ̃ > λ ∨ 0, and ε > 0, we have

Pρ

(
max
v∈Tn

√
Lnτ(tn)(v) ≤

√
tn + an(tn) + λ

)
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≥ Pρ

(
Ξ
(n−qn)
n,tn

(
(−ε, 1]× (λ, λ̃)

)
= 0
)

− Pρ

(
max
v∈Tn

√
Lnτ(tn)(v) ≥

√
tn + an(tn) + λ̃

)
≥ Pρ

(
Ξ
(n−qn)
n,tn

(
(−ε, 1]× (λ, λ̃)

)
= 0
)
− c1(1 + λ̃)e−2

√
log b λ̃, (4.156)

where we have used Proposition 4.3.1(i) in the last inequality, and obviously,

Pρ

(
max
v∈Tn

√
Lnτ(tn)(v) ≤

√
tn + an(tn) + λ

)
≤ Pρ

(
Ξ
(n−qn)
n,tn

(
(−ε, 1]× (λ, λ̃)

)
= 0
)
. (4.157)

By Theorem 4.1.1, taking n → ∞, and then λ̃ → ∞ in (4.156)-(4.157), we
have (4.8). □

4.7 Appendix

In this section, we give proof of some technical estimates.

4.7.1 Proof of Lemma 4.2.1

Proof of Lemma 4.2.1. Following [51], we will construct a version of the

Brownian motion on T̃≤n via piecing together excursions around a. Let X̃0 =

(X̃0
t , t ≥ 0, P̃ 0

x , x ∈ T̃≤n\{a}) is a Brownian motion on T̃≤n\{a} killed upon

the hitting time H0
a := inf{t ≥ 0 : X̃0

t = a}. We define a space of excursions
around a by

Wa :={w : there exists ξ(w) ∈ (0,∞), w : [0, ξ(w)] → T̃≤n is continuous,

w(t) ∈ T̃≤n\{a} for all t ∈ (0, ξ(w)), and w(0) = w(ξ(w)) = a}.

Let
∑

s∈D δ(s,es) be a Poisson point process on (0,∞) × Wa with intensity
measure ds × n defined on a probability space (Ω, P ), where the set D ⊂
(0,∞) is countable and n is the excursion law corresponding to X̃0. See [51,
Section 4] for the detail. Let ∂ be a new point and we extend n to a measure
on Wa∪{∂} by setting n({∂}) = 0. For s /∈ D, we set es := ∂ and ξ(es) = 0.

105



Set J(s) :=
∑

r≤s ξ(er). For t ≥ 0, we can find s with J(s−) ≤ t ≤ J(s) and
set

Yt :=


es(t− J(s−)) if J(s−) < J(s),

a if J(s−) = J(s).

(4.158)

Let Ω0 be the sample space on which X̃0 is defined. We assume that Ω0 has
an extra point ωa with P̃x({ωa}) = 0 for all x ∈ T̃≤n\{a}. Set P̃ 0

a := δωa . We

define the product probability space (Ω̃, P̃x) by

Ω̃ := Ω0 × Ω, P̃x := P̃ 0
x × P, x ∈ T̃≤n.

We define a new process X̃ = (X̃t, t ≥ 0, P̃x, x ∈ T̃≤n) as follows: for ω̃ =

(ω0, ω) ∈ Ω̃\{ωa} × Ω, we set

X̃t(ω̃) :=


X̃0
t (ω

0) if 0 ≤ t < H0
a(ω

0),

Yt−H0
a(ω

0)(ω) if t ≥ H0
a(ω

0).

(4.159)

For ω̃ = (ωa, ω) with ω ∈ Ω, we set X̃t(ω̃) := Yt(ω) for all t ≥ 0. By

[51, Theorem 4.1 and Corollary 5.1], X̃ is a Brownian motion on T̃≤n. We

consider the space of excursions W ↑
a restricted on T̃≤n\T̃ a defined by

W ↑
a := {w ∈ Wa : w(t) ∈ T̃≤n\T̃ a for all t ∈ (0, ξ(w))}.

Similarly, we define the space of excursions W ↓
a restricted on T̃ a. For s ≥ 0,

set

e↑s :=


es if es ∈ W ↑

a ,

∂ otherwise,

e↓s :=


es if es ∈ W ↓

a ,

∂ otherwise.

Since W ↑
a and W ↓

a are disjoint, two Poisson point processes
∑

s δ(s,e↑s) and∑
s δ(s,e↓s) are independent. For s ≥ 0, set J↑(s) :=

∑
r≤s ξ(e

↑
r) and J

↓(s) :=∑
r≤s ξ(e

↓
r). Let {L̃nt (x) : (t, x) ∈ [0,∞) × T̃≤n} be a local time of X̃. For

t > 0 and ω̃ = (ω0, ω) ∈ Ω̃, we set

L̂nt (a)(ω̃) := inf{s : H0
a(ω

0) + J(s)(ω) > t}.
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One can check that {L̂nt (a) : t ≥ 0} is a local time of X̃ at a. Thus, by [80,

Lemma 3.6.8], L̂nt (a) = L̃nt (a) for all t ≥ 0, P̃ρ-almost surely. By [56, Theorem

2.6] and [79, Theorem 3.7], X̃ has a continuous 1-potential density. Thus,

by [80, Theorem 3.6.3], for each y ∈ T̃≤n, there exists a positive sequence

(εym)m≥0 with limm→∞ εym = 0 such that P̃ρ-almost surely,

L̃nt (y) = lim
m→∞

∫ t

0

fεym,y(X̃s)ds, locally uniformly in t, (4.160)

where fε,y is an approximate δ-function at y with respect to m: that is,

{fε,y : ε > 0} is a family of positive continuous functions on T̃≤n satisfying∫
T̃≤n

fε,y(x)m(dx) = 1 and supp(fε,y) is a compact neighborhood of y with

supp(fε,y) ↓ {y} as ε→ 0. By (4.160), we have

L̃nτ̃(t)(a) = inf{s : L̃nH0
a+J(s)

(ρ) > t}

= inf

{
s : lim

m→∞

(∫ H0
a

0

fερm,ρ(X̃
0
u)du+

∑
r≤s

∫ ξ(e↑r)

0

fερm,ρ(e
↑
r(u))du

)
> t

}
=: sn∗ (t), a.s., (4.161)

τ̃(t) = inf{s : L̃ns (ρ) > t}

= inf

{
s : lim

m→∞

(∫ H0
a

0

fερm,ρ(X
0
u)du+

∑
r<sn∗ (t)

∫ ξ(e↑r)

0

fερm,ρ(e
↑
r(u))du

+

∫ s−J↑(sn∗ (t)−)

0

fερm,ρ(e
↑
sn∗ (t)

(u))du

)
> t

}
, a.s., (4.162)

L̃nτ̃(t)(x) = lim
m→∞

∑
r≤sn∗ (t)

∫ ξ(e↓r)

0

fεxm,x(e
↓
r(u))du, a.s., for all x ∈ T̃ a\{a},

(4.163)

L̃nτ̃(t)(y) = lim
m→∞

(∫ Ha

0

fεym,y(X̃
0
u)du+

∑
r<sn∗ (t)

∫ ξ(e↑r)

0

fεym,y(e
↑
r(u))du

+

∫ τ̃(t)−J↑(sn∗ (t)−)

0

fεym,y(e
↑
sn∗ (t)

(u))du

)
, a.s., for all y ∈ T̃≤n\T̃ a,

(4.164)
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where “a.s.” in (4.161)-(4.164) means “P̃ρ-almost surely”. Let Y ↓ be the
process defined by replacing J(·) and e· in (4.158) with J↓(·) and e↓· , respec-

tively. Let X̃↓ be the process defined by replacing Y with Y ↓. Then, by [51,

Theorem 4.1 and Corollary 5.1], the process X̃↓ = (X̃↓
t , t ≥ 0, P̃x, x ∈ T̃ a)

is a Brownian motion on T̃ a. Thus, by (4.161)-(4.164) and independence of

e↑ and e↓, together with [80, Theorem 3.6.3], the law of {L̃nτ̃(t)(x) : x ∈ T̃ a}

under P̃ρ(·|F↑) is the same as that of

{
L̃↓
τ̃↓(L̃n

τ̃(t)
(a))

(x) : x ∈ T̃ a
}

under P̃a. □

4.7.2 Proof of Lemma 4.2.2

Proof of Lemma 4.2.2. Let {z1, z2}, {w1, w2} be edges of T with x ∈ I{z1,z2}
and y ∈ I{w1,w2}. We have

E(h̃xh̃y) = Ẽx(L̃
n
Hρ
(y))

= Ẽx

(
L̃nHz1∧Hz2

(y) + L̃nHρ
(y) ◦ θHz1∧Hz2

)
= Ẽx(L̃

n
Hz1∧Hz2

(y)) + Px(Hz1 < Hz2)Ez1(L̃
n
Hρ
(y)) + Px(Hz2 < Hz1)Ez2(L̃

n
Hρ
(y))

= Ẽx(L̃
n
Hz1∧Hz2

(y)) +
d(x, z2)

d(z1, z2)
Ey(L̃

n
Hρ
(z1)) +

d(x, z1)

d(z1, z2)
Ey(L̃

n
Hρ
(z2)). (4.165)

Similar arguments implies that for each i ∈ {1, 2},

Ẽy(L̃
n
Hρ
(zi)) =

d(y, w2)

d(w1, w2)
Ẽw1(L̃

n
Hρ
(zi)) +

d(y, w1)

d(w1, w2)
Ẽw2(L̃

n
Hρ
(zi)). (4.166)

(In (4.166), we have used the equality Ẽy(L̃
n
Hw1∧Hw2

(zi)) = 0 for each i ∈
{1, 2}.) Note that by (4.12) and [40, Lemma 2.1], for all i, j ∈ {1, 2},

Ẽwi
(L̃nHρ

(zj)) = Ewi
(LnHρ

(zj)) = d(ρ, wi) + d(ρ, zj)− d(wi, zj). (4.167)

We have
Ẽx(L̃

n
Hz1∧Hz2

(y)) = 0, if I{z1,z2} ̸= I{w1,w2}. (4.168)

Assume that I{z1,z2} = I{w1,w2}. Note that a Brownian motion on T̃≤n starting
at x killed upon Hz1 ∧Hz2 has the same law as a standard Brownian motion
on (0, 1

2
) stating at d(x, z1) killed upon H0 ∧H1/2. Let {LB

t (x) : t ≥ 0} be a
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local time at x of a standard Brownian motion {Bt, t ≥ 0, PB
y , y ∈ R} on R.

By this and [86, Chapter VI, Exercise 2.8], we have

Ẽx(L̃
n
Hz1∧Hz2

(y)) = EB
d(x,z1)

(LBH0∧H1/2
(d(y, z1)))

=
d(x, z2)

d(z1, z2)
d(y, z1) +

d(x, z1)

d(z1, z2)
d(y, z2)− d(x, y),

if I{z1,z2} = I{w1,w2}. (4.169)

Thus, by (4.165)-(4.169), we have

E(h̃xh̃y) = d(ρ, x) + d(ρ, y)− d(x, y). □

4.7.3 Tail of maximum of local time revisited

To show that the random measure Z∞ in Theorem 4.1.1 is non-atomic, we
use a version of Proposition 4.3.1(i):

Proposition 4.7.1 There exists c1 > 0 such that for all n ∈ N, t > 0, y > 0,
and A ⊂ Tn,

Pρ

(
max
v∈A

√
Lnτ(t)(v) ≥

√
t+ an(t) + y

)
≤ c1

(
|A|
bn

)5/8

(1 + y)e−2
√
log b y.

(4.170)

Proof. Recall (4.26) and (4.28). We have

Pρ

(
max
v∈A

√
Lnτ(t)(v) ≥

√
t+ an(t) + y

)
≤ P̃ρ

(
there exists v ∈ A,

√
L̃nτ̃(t)(vs) ≤ g

y+(bn|A|−1)1/8,t,n
(s), for all s ≤ n,

√
L̃nτ̃(t)(v) ∈

[√
t+ an(t) + y,

√
t+ an(t) + y +

(
bn|A|−1

)1/8
+ 1
])

+ P̃ρ

(
Gn

y+(bn|A|−1)1/8
(t)
)

= J1 + J2. (4.171)

By an argument similar to (4.44), we have

J1 ≤ c1
(
|A|b−n

)5/8
(1 + y)e−2

√
log b y. (4.172)
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By Lemma 4.3.2, we have

J2 ≤ c2 (b
n/|A|)1/8 (1 + y)e−2

√
log b ye−2

√
log b (bn/|A|)1/8 . (4.173)

By (4.171)-(4.173), we have (4.170). □

In the proof of Proposition 4.4.1, we need a version of Proposition 4.3.1(ii):

Proposition 4.7.2 There exist c1 > 0 and t0 > 0 such that for all n ∈ N,
t ≥ t0, and y ∈ [0, 2

√
n],

Pρ

(
max
v∈Tn

√
Lnτ(t)(v) ≥

√
t+ an(t) + y

)
≥ c1e

−2
√
log b y. (4.174)

Remark 4.7.3 The assumption of t in Proposition 4.7.2 is weaker than that
of Proposition 4.3.1(ii). This is the main requirement in the proof of Propo-
sition 4.4.1.

Fix ε ∈ (0, 1/4). For n ∈ N, t > 0, y > 0, 0 < r < n, and v ∈ Tn, set

Anv,r(t) :=

{√
L̃nτ̃(t)(vs) ∈

√
t+ ℓy,t,n(s) + [−gn(s),−fn(s)),

for all r ≤ s ≤ n− r,
√
L̃nτ̃(t)(v) ∈

√
t+ an(t) + [y, y + 1),√

L̃nτ̃(t)(vs′) ≥
√
t+ ℓy,t,n(s

′)− r
1
2
+2ε, for all s′ ∈ [0, r] ∪ [n− r, n]

}
,

where

ℓy,t,n(s) :=

(
an(t)

n
+
y

n

)
s, 0 ≤ s ≤ n,

fn(s) := min
{
s1/2−ε, (n− s)1/2−ε

}
, gn(s) := min

{
s1/2+ε, (n− s)1/2+ε

}
.

To prove Proposition 4.7.2, we will apply the second moment method to∑
v∈Tn 1An

v,r(t). We first need the following:

Lemma 4.7.4 There exist r0 ∈ N, c1 = c1(r0) > 0 such that for all r0 ≤
r ≤ n/4, t > 4r1+4ε, y ∈ [0, 2

√
n], and v ∈ Tn,

P̃ρ(A
n
v,r(t)) ≥ c1b

−ne−2
√
log b y. (4.175)
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Proof. Fix r0 ≤ r ≤ n/4, t > 4r1+4ε, and y ∈ [0, 2
√
n], where we take r0 ∈ N

large enough. By Lemma 4.2.5 and (4.16), we have√√
t+ an(t) + y + 1√

t
P̃ρ(A

n
v,r(t))

≥ c1(r0)P
B
0

(
ℓy,t,n(s)− gn(s) ≤

Bs√
2
< ℓy,t,n(s)− fn(s), for all r ≤ s ≤ n− r,

Bn/
√
2 ∈ [an(t) + y, an(t) + y + 1),

Bs′/
√
2 ≥ ℓy,t,n(s

′)− r1/2+2ε, for all s′ ∈ [0, r] ∪ [n− r, n]

)
,

(4.176)

where we have used the following: under the event that
√
Xs/2 ≥

√
t +

ℓy,t,n(s) − gn(s) for all s ∈ [r, n − r] and
√
Xs′/2 ≥

√
t + ℓy,t,n(s

′) − r1/2+2ε

for all s′ ∈ [0, r] ∪ [n − r, n], we have exp
(
−3

8

∫ n
0

ds
Xs

)
≥ c1(r0). Since{

Bs −Bn
s
n
: 0 ≤ s ≤ n

}
is independent of Bn and has the same law as that

of a standard Brownian bridge from 0 to 0 on [0, n], the right-hand side of
(4.176) is bounded from below by

c1(r0)P
n
0→0

(
−gn(s) ≤ Xs/

√
2 < −fn(s)− 1, for all r ≤ s ≤ n− r,

Xs′/
√
2 ≥ −r1/2+2ε, for all s′ ∈ [0, r] ∪ [n− r, n]

)
· PB

0

(
Bn/

√
2 ∈ [an(t) + y, an(t) + y + 1]

)
, (4.177)

where for T > 0 and p, q ∈ R, P T
p→q is a probability law on (C[0, T ],B(C[0, T ]))

(C[0, T ] is the space of all continuous functions on [0, T ] and B(C[0, T ]) is
the σ-field generated by cylinder sets in C[0, T ]) under which the coordinate
process {Xs : 0 ≤ s ≤ T} is a standard Brownian bridge from p to q on
[0, T ].
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We estimate two probabilities in (4.177). By using the Gaussian density
of Bn, we have

PB
0

(
Bn/

√
2 ∈ [an(t) + y, an(t) + y + 1]

)
≥ c2b

−nn

√√
t+ n√
t

e−2
√
log b y.

(4.178)
For the rest of the proof, we estimate the other probability. We have

P n
0→0

(
−gn(s) ≤ Xs/

√
2 < −fn(s)− 1, for all r ≤ s ≤ n− r,

Xs′/
√
2 ≥ −r1/2+2ε, for all s′ ∈ [0, r] ∪ [n− r, n]

)

= En
0→0

[
1{−gn(r)≤Xr/

√
2<−fn(r)−1, −gn(n−r)≤Xn−r/

√
2<−fn(n−r)−1}

· P n−2r
Xr→Xn−r

(
−gn(s+ r) ≤ Xs√

2
< −fn(s+ r)− 1, for all s ≤ n− 2r

)
· P r

0→Xr

(
Xs/

√
2 ≥ −r1/2+2ε, for all 0 ≤ s ≤ r

)
· P r

Xn−r→0

(
Xs/

√
2 ≥ −r1/2+2ε, for all 0 ≤ s ≤ r

)]
≥ c3(r0)P

n
0→0

(
−gn(s) ≤ Xs/

√
2 < −fn(s)− 1, for all r ≤ s ≤ n− r

)
,

(4.179)

where we have used the following in the second inequality: for x1, x2 > 0 and
T > 0,

P T
0→0

(
Xs > − s

T
x1 −

T − s

T
x2, 0 ≤ s ≤ T

)
= 1− exp

(
−2x1x2

T

)
,

(4.180)
(see, for example, [25, Lemma 2.2]) which implies that the last two probabil-
ities in the expectation in the second display of (4.179) are bounded below
by constants depending on r0.

To estimate the probability on the right-hand side of (4.179), we use the
following: for any C > 0 and δ > 1/2, as r → ∞

P T
0→0

(
Xs ≤ C(s ∧ (T − s))δ, for all r ≤ s ≤ T − r|Xs ≥ 0, for all r ≤ s ≤ T − r

)
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→ 1 uniformly in T, (4.181)

and for any C ′ > 0 and 0 < δ′ < 1/2, as r → ∞
P T
0→0

(
Xs > C ′(s ∧ (T − s))δ

′
, for all r ≤ s ≤ T − r

)
P T
0→0 (Xs > 0, for all r ≤ s ≤ T − r)

→ 1, uniformly in T.

(4.182)
See [25, Lemma 2.7 and Proposition 6.1]. We have for r0 ≤ r < n/4 with r0
large enough

P n
0→0

(
−gn(s) ≤ Xs/

√
2 < −fn(s)− 1, for all r ≤ s ≤ n− r

)
= P n

0→0

(√
2(fn(s) + 1) ≤ Xs ≤

√
2gn(s), for all r ≤ s ≤ n− r

)
≥ P n

0→0 (Xs ≥ 0, for all r ≤ s ≤ n− r)

− P n
0→0

(
Xs ≥ 0, for all r ≤ s ≤ n− r, Xs′ >

√
2gn(s

′) for some s′ ∈ [r, n− r]
)

− P n
0→0 (Xs ≥ 0, for all r ≤ s ≤ n− r, Xs′ < 2fn(s

′) for some s′ ∈ [r, n− r])

≥ P n
0→0 (Xs ≥ 0, for all r ≤ s ≤ n− r)

− 1

4
P n
0→0 (Xs ≥ 0, for all r ≤ s ≤ n− r)− 1

4
P n
0→0 (Xs ≥ 0, for all r ≤ s ≤ n− r)

=
1

2
P n
0→0 (Xs ≥ 0, for all r ≤ s ≤ n− r)

≥ 1

2
P n
0→0

(
Xs ≥ 0, for all r ≤ s ≤ n− r, Xr, Xn−r ∈ [

√
r/2,

√
r]
)

=
1

2
En

0→0

[
1{Xr,Xn−r∈[

√
r/2,

√
r]}P

n−2r
Xr→Xn−r

(Xs ≥ 0, for all 0 ≤ s ≤ n− 2r)

]

≥ c4(r0)

n
P n
0→0

(
Xr, Xn−r ∈ [

√
r/2,

√
r]
)
≥ c5(r0)

n
, (4.183)

where we have used the symmetry of a Brownian bridge in the first equality,
(4.181)-(4.182) in the third inequality, and (4.180) in the 7th inequality.
Thus, by (4.176)-(4.179) and (4.183), we have (4.175). □
Next, we need the following:

Lemma 4.7.5 There exist r0 ∈ N and c1 > 0 such that for all t > 0,
r0 ≤ r ≤ n/4, y ∈ [0, 2

√
n], k ∈ {r, r + 1, . . . , n − r − 1}, v ∈ Tn, and(√

t+ ℓy,t,n(k)− gn(k)
)2 ≤ q ≤

(√
t+ ℓy,t,n(k)− fn(k)

)2
,

P̃vk

[√
L̃↓
τ̃↓(q)

(vs) <
√
t+ ℓy,t,n(s)− fn(s), for all k ≤ s ≤ n− r,
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√
L̃↓
τ̃↓(q)

(v) ∈ [
√
t+ an(t) + y,

√
t+ an(t) + y + 1)

]

≤ c1r
1/2+ε

√√
t+ ℓy,t,n(k)− fn(k)√

t+ an(t) + y

gn(k)

(n− k − r)
√
n− k

b−(n−k)

· e
3 logn

2n
(n−k)e

log

(√
t+n√
t

)
2n

(n−k)e−
2an(t)

n
y n−k

n e−
2an(t)

n
fn(k), (4.184)

where {L̃↓
s(x) : (s, x) ∈ [0, ∞) × T̃ vk} is a local time of a Brownian motion

on T̃ vk ⊂ T̃≤n and τ̃ ↓(p) := inf{s ≥ 0 : L̃↓
s(vk) > p}.

Proof. Let Pk be the left-hand side of (4.184). Recall the probability measure
P T
0→0 defined in the proof of Lemma 4.7.4. By Lemma 4.2.5 and (4.16), we

have√√
t+ an(t) + y

√
q

Pk

≤ PB
0

[
Bs/

√
2 <

√
t−√

q + ℓy,t,n(k + s)− fn(k + s), for all s ≤ n− k − r,

Bn−k/
√
2 ∈ [

√
t−√

q + an(t) + y,
√
t−√

q + an(t) + y + 1)

]

≤ P n−k
0→0

(
Xs/

√
2 <

√
t−√

q + ℓy,t,n(k + s)− s

n− k
(
√
t−√

q + an(t) + y),

for all 0 ≤ s ≤ n− k − r

)
· PB

0

(
Bn−k/

√
2 ∈ [

√
t−√

q + an(t) + y,
√
t−√

q + an(t) + y + 1)
)
,

(4.185)

where we have used the fact that the process
{
Bs − s

n−k ·Bn−k : s ≤ n− k
}

is independent of Bn−k and has the same law as that of a standard Brownian
bridge from 0 to 0 on [0, n− k].

We estimate two probabilities on the right-hand side of (4.185). By using
the Gaussian density of Bn−k,

PB
0

(
Bn−k/

√
2 ∈ [

√
t−√

q + an(t) + y,
√
t−√

q + an(t) + y + 1)
)
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≤ c1√
n− k

b−(n−k)e
3 logn

2n
(n−k)e

log

(√
t+n√
t

)
2n

(n−k)e−
2an(t)

n
y n−k

n e−
2an(t)

n
fn(k). (4.186)

To estimate the other probability, we use the following: for any x1, x2 ∈
[0,∞), r1, r2 ∈ [0,∞), and T > r1 + r2,

P T
0→0

(
Xs ≤

(
1− s

T

)
x1 +

s

T
x2, r1 ≤ s ≤ T − r2

)
≤ 2

T − r1 − r2

{(
1− r1

T

)
x1 +

r1
T
x2 +

√
r1

}{r2
T
x1 +

(
1− r2

T

)
x2 +

√
r2

}
.

(4.187)

See [6, Lemma 3.4]. By (4.187), we have

P n−k
0→0

(
Xs√
2
<

√
t−√

q + ℓy,t,n(k + s)− s

n− k
(
√
t−√

q + an(t) + y)

for all 0 ≤ s ≤ n− k − r

)
≤ c2

r1/2+ε

n− k − r
gn(k). (4.188)

Thus, by (4.185), (4.186), and (4.188), we have (4.184). □

Lemma 4.7.6 (i) There exist c1 > 0 and r0 ∈ N such that for all t > 0,
r0 ≤ r ≤ n/4, y ∈ [0, 2

√
n], k ∈ {r, r+ 1, . . . , n− r− 1}, and v, u ∈ Tn with

|v ∧ u| = k such that

P̃ρ(A
n
v,r(t) ∩ Anu,r(t))

≤ c1r
3/2+εb−2n+k

√√
t+ ℓy,t,n(k)− fn(k)√

t+ an(t) + y

gn(k)

(n− k − r)
√
n− k

· e
3 logn

2n
(n−k)e

log

(√
t+n√
t

)
2n

(n−k)e−
4an(t)

n
ye

2an(t)
n

y k
n e−

2an(t)
n

fn(k). (4.189)

(ii) There exist r0 ∈ N, c2 = c2(r0) > 0, n0 = n0(r0) ∈ N such that for all
t > 0, n ≥ n0, r0 ≤ r ≤ 2r0, y ∈ [0, 2

√
n], k ∈ {0, . . . , r}, and v, u ∈ Tn

with |v ∧ u| = k,

P̃ρ(A
n
v,r(t) ∩ Anu,r(t)) ≤ c2b

−2n+re−4
√
log b y. (4.190)
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Proof. For w ∈ {v, u}, set

C̃↓
w :=

{√
L̃↓
τ̃↓(L̃n

τ̃(t)
(vk))

(ws) <
√
t+ ℓy,t,n(s)− fn(s), for all k ≤ s ≤ n− r,

√
L̃↓
τ̃↓(L̃n

τ̃(t)
(vk))

(w) ∈ [
√
t+ an(t) + y,

√
t+ an(t) + y + 1)

}
.

(4.191)

where {L̃↓
s(x) : (s, x) ∈ [0, ∞) × T̃ vk} is a local time of a Brownian motion

on T̃ vk ⊂ T̃≤n and τ̃ ↓(q) := inf{s ≥ 0 : L̃↓
s(vk) > q}. By using Lemma 4.2.1

in a way similar to (4.58), we have

P̃ρ(A
n
v,r(t) ∩ Anu,r(t))

≤ Ẽρ

[
1{√

t+ℓy,t,n(s)−gn(s)≤
√
L̃n
τ̃(t)

(vs)<
√
t+ℓy,t,n(s)−fn(s), for all r≤s≤k

}

P̃vk

(
C̃↓
v

)
· P̃vk

(
C̃↓
u

)]

≤ c1r
1/2+ε

√√
t+ ℓy,t,n − fn(k)√
t+ an(t) + y

gn(k)

(n− k − r)
√
n− k

b−(n−k)

· e
3 logn

2n
(n−k)e

log

(√
t+n√
t

)
2n

(n−k)e−
2an(t)

n
y n−k

n e−
2an(t)

n
fn(k)

· P̃ρ

[√
L̃nτ̃(t)(vs) <

√
t+ ℓy,t,n(s)− fn(s), for all r ≤ s ≤ n− r,

√
L̃nτ̃(t)(v) ∈ [

√
t+ an(t) + y,

√
t+ an(t) + y + 1)

]
,

(4.192)

where in the last inequality, we have used Lemma 4.7.5 for P̃vk

(
C̃↓
u

)
and

Lemma 4.2.1.
We estimate the probability on the right-hand side of (4.192). By using

Lemma 4.2.5 and (4.16) in a way similar to (4.185), we have√√
t+ an(t) + y√

t
P̃ρ

[√
L̃nτ̃(t)(vs) <

√
t+ ℓy,t,n(s)− fn(s),
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for all r ≤ s ≤ n− r,
√
L̃nτ̃(t)(v) ∈ [

√
t+ an(t) + y,

√
t+ an(t) + y + 1)

]

≤ P n
0→0 (Xs < 1, for all r ≤ s ≤ n− r) · PB

0

(
Bn√
2
∈ an(t) + y + [0, 1)

)
≤ c2rb

−ne−
2an(t)

n
y

√√
t+ n√
t

, (4.193)

where in the last inequality, we have used the Gaussian density of Bn and
(4.187). Thus, by (4.192) and (4.193), we have (4.189).

The proof of (4.190) is similar to that of (4.189). We omit the detail. □

Proof of Proposition 4.7.2. Fix any r0 ≤ r ≤ 2r0 and t > 4(2r0)
1+4ε,

where we take r0 ∈ N large enough. We first assume that n ≥ n0, where we
take n0 = n0(r0) > 8r0 large enough. Fix any y ∈ [0, 2

√
n]. Set

Z :=
∑
v∈Tn

1An
v,r(t).

We have

Pρ

(
max
v∈Tn

√
Lnτ(t)(v) ≥

√
t+ an(t) + y

)
≥ P̃ρ(Z ≥ 1) ≥ (Ẽρ[Z])

2

Ẽρ[Z2]
. (4.194)

By Lemma 4.7.4, we have

Ẽρ[Z] ≥ c1e
−2

√
log b y. (4.195)

Next, we obtain an upper bound of Ẽρ[Z
2]. We have

Ẽρ[Z
2] = Ẽρ[Z] +

n−1∑
k=0

∑
v,u∈Tn,
|v∧u|=k

P̃ρ(A
n
v,r(t) ∩ Anu,r(t)). (4.196)

By (4.193), we have

Ẽρ[Z] ≤ c2e
−2

√
log b y. (4.197)

By Lemma 4.7.6, we have

n−r−1∑
k=0

∑
v,u∈Tn,
|v∧u|=k

P̃ρ(A
n
v,r(t) ∩ Anu,r(t)) ≤ c3e

−2
√
log b y. (4.198)
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By (4.193), we have

n−1∑
k=n−r

∑
v,u∈Tn,
|v∧u|=k

P̃ρ(A
n
v,r(t) ∩ Anu,r(t)) ≤

n−1∑
k=n−r

∑
v,u∈Tn,
|v∧u|=k

P̃ρ(A
n
v,r(t)) ≤ c4e

−2
√
log b y.

(4.199)
Thus, by (4.194)-(4.199), we have (4.174) for n ≥ n0.

Next, we consider the case n ≤ n0. Fix any y ∈ [0, 2
√
n], v0 ∈ Tn, and

δ ∈ (0, 1). By Lemma 4.2.5 and (4.16), we have

Pρ

(
max
u∈Tn

√
Lnτ(t)(u) ≥

√
t+ an(t) + y

)
≥ P̃ρ

(√
L̃nτ̃(t)(vs) ≥ δ

√
t, 0 ≤ s ≤ n,

√
L̃nτ̃(t)(v) ∈

√
t+ an(t) + y + [0, 1)

)
≥ c5

√ √
t√

t+ an(t) + y + 1

· PB
0

(
Bs√
2
≥ −(1− δ)

√
t, for all s ≤ n, Bn/

√
2 ∈ [an(t) + y, an(t) + y + 1)

)
≥ c5

√ √
t√

t+ an(t) + y + 1
PB
0

(
Bn/

√
2 ∈ [an(t) + y, an(t) + y + 1]

)
· P n

0→0

(
Xs/

√
2 ≥ −(1− δ)

√
t− (an(t) + y)

s

n
, for all 0 ≤ s ≤ n

)
≥ c6 ≥ c6e

−2
√
log b y, (4.200)

where we have used the fact that under the event that
√
Xs/2 ≥ δ

√
t for

all 0 ≤ s ≤ n, we have exp
(
−3

8

∫ n
0

ds
Xs

)
≥ e

− 3n0
16δ2t0 =: c5 in the second

inequality, the independence of B·− s
n
Bn and Bn in the third inequality, and

the Gaussian density of Bn and (4.180) in the 4th inequality. □

4.7.4 Tail of maximum of BRW

In the proof of Proposition 4.5.1, we use tail estimates of the maximum of
the BRW on T at time n. Let (hv)v∈T be a BRW on T defined in Section
4.1.
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Lemma 4.7.7 (i) There exist c1, c2 ∈ (0, ∞) such that for all y > 0 and
n ∈ N,

P
(
max
v∈Tn

hv/
√
2 >

√
log b n− 3

4
√
log b

log n+ y

)
≤ c1(1+ y)e

−2
√
log b ye−c2

y2

n .

(ii) There exists c3 > 0 and n0 ∈ N such that for all n ≥ n0 and y ∈ [1,
√
n],

P
(
max
v∈Tn

hv/
√
2 >

√
log b n− 3

4
√
log b

log n+ y

)
≥ c3ye

−2
√
log b y.

Lemma 4.7.7(ii) is a special version of Lemma 2.7 of [27]. One can easily
modify the proof of Lemma 3.8 in [26] to prove Lemma 4.7.7(i). We omit the
details.

4.7.5 Proof of Lemma 4.2.6

Following an argument in the proof of [26, Lemma 3.6], we give a proof of
Lemma 4.2.6 for the sake of completeness.
Proof of Lemma 4.2.6. (i) Fix any interval I =

(
I, I

]
⊂ (−∞, z + z1/20].

We consider the cases s/2 > z+ z1/20 +1 and s/2 ≤ z+ z1/20 +1 separately.
Case 1: s/2 > z + z1/20 + 1. For 0 ≤ j ≤ ⌊s⌋, we set

ψ∗
s,z(j) := max

j≤r≤(j+1)∧s

(
z + z1/20 + C (r ∧ (s− r))1/20

)
. (4.201)

We have

PB
0

(
Bs/

√
2 ∈ I, Br/

√
2 ≤ z + z1/20 + C (r ∧ (s− r))1/20 , for all 0 ≤ r ≤ s

)
− PB

0

(
Bs/

√
2 ∈ I, Br/

√
2 ≤ z + z1/20, for all 0 ≤ r ≤ s

)
= PB

0

(
Bs/

√
2 ∈ I, Br′/

√
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√
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≤
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j=0
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0

(
Bs/

√
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√
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s,z(j)

)
. (4.202)

Fix 1 ≤ j ≤ ⌊s⌋ − 2. We estimate the jth term on the right-hand side of
(4.202). Recall the density (4.21). For x ≤ ψ∗

s,z(j), we set

τx := inf

{
r ∈ [0, 1] :

Br√
2
> z + z1/20 − x

}
.

By the Markov property at time j, we have

PB
0

(
Bs√
2
∈ I,

Br√
2
≤ ψ∗
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=
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0≤r≤1

Br√
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)
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≤
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≤
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−∞
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B
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· sup
j≤s′≤j+1

∫
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µs−s′,ψ∗
s,z(j)−z−z1/20

(
w − z − z1/20

)
dw, (4.203)

where we have used the strong Markov property at τx in the third inequality,
and in the 4th inequality, we have used the following: for all x ≤ ψ∗

s,z(j),

j ≤ s′ ≤ j + 1, z + z1/20 − x ≤ y ≤ ψ∗
s,z(j)− x, and w ∈ I,

µs−s′,ψ∗
s,z(j)−x−y(w − x− y) ≤ µs−s′,ψ∗

s,z(j)−z−z1/20
(
w − z − z1/20

)
.

We will estimate the integrals on the right-hand side of (4.203). By the
density (4.21) and (4.40), we have∫ ψ∗

s,z(j)

−∞
µj,ψ∗

s,z(j)(x)P
B
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0≤r≤1

Br/
√
2 > z + z1/20 − x
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dx
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(z+z1/20)
2

s , (4.204)

where A := (j ∧ (s− j))
1
10ψ∗

s,z(j) + j if 1 ≤ j ≤ ⌊z + z
1
20 ⌋ and A := (j ∧ (s−

j))
1
10ψ∗

s,z(j) if ⌊z + z
1
20 ⌋ < j ≤ ⌊s⌋ − 2. Similarly, for all j ≤ s′ ≤ j + 1, we

have

µs−s′,ψ∗
s,z(j)−z−z1/20

(
w − z − z1/20

)
≤ c2(s− j − 1)−3/2

(
ψ∗
s,z(j)− w

) (
ψ∗
s,z(j)− z − z1/20

)
e−

(z+z1/20−w)
2

s .

(4.205)

Thus, by (4.203)-(4.205), we have

⌊s⌋−2∑
j=1

PB
0

(
Bs√
2
∈ I,

Br√
2
≤ ψ∗

s,z(j), for all 0 ≤ r ≤ s,
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z + z1/20 < max
j≤r≤j+1

Br√
2
≤ ψ∗

s,z(j)

)
≤ c3s

−3/2

∫
I

ze−
w2

s

(
z + z1/20 − w + 1{w≥z+z1/20−1}

)
dw. (4.206)

By the density (4.21), we have for all j ∈ {0, ⌊s⌋ − 1, ⌊s⌋},
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(
Bs√
2
∈ I,

Br√
2
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s,z(j), for all r ≤ s, z + z
1
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j≤r≤(j+1)∧s

Br√
2
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s,z(j)

)
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2 ≤ z + z1/20 + 31/20C, for all 0 ≤ r ≤ s, Bs/

√
2 ∈ I
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≤ c4s

−3/2

∫
I

ze−
x2

s

(
z + z1/20 − x+ 1{x≥z+z1/20−1}

)
dx. (4.207)

Similarly, we have∫
I

µs,z+z1/20(x)dx ≤ c5s
−3/2

∫
I

z(z + z1/20 − x)e−
x2

s dx. (4.208)

Thus, by (4.202) and (4.206)-(4.208), we have (4.22) with f = 1I .

Case 2: 0 < s/2 ≤ z + z1/20 + 1. By the density (4.21), we have

PB
0

(
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√
2 ∈ I, Br/

√
2 ≤ z + z1/20 + C (r ∧ (s− r))1/20 , for all r ≤ s

)
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0
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√
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2 ≤ z + z1/20 + c6z

1/20, for all 0 ≤ r ≤ s
)

≤ c7s
−3/2

∫
I

ze−
x2

s

(
z + z1/20 − x+ z1/201{x≥z+ 1

2
z1/20}

)
dx. (4.209)

Thus, (4.22) holds for f = 1I .

By the monotone class theorem and the monotone convergence theorem,
(4.22) holds for general nonnegative measurable function f on (−∞, z+z1/20].

(ii) Fix any z ≥ z0, where we take z0 > 0 large enough. Fix any interval
I =

(
I, I

]
⊂
(
z − s

4z
, 0
]
. Recall (4.201). By an argument similar to (4.202),

we have
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(
Bs/

√
2 ∈ I, Br/

√
2 ≤ z + z1/20 + C (r ∧ (s− r))1/20 , for all 0 ≤ r ≤ s

)
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√
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2
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)
.

(4.210)

We estimate the probabilities on the right-hand side of (4.210). Fix 1 ≤
j ≤ ⌊s⌋ − 2. By an argument similar to (4.203), we have
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∫
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µs−s′,ψ∗
s,z(j)−z(w − z)dw. (4.211)

By an argument similar to (4.204) and (4.205), we have∫ ψ∗
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(4.212)

sup
j≤s′≤j+1

∫
I

µs−s′,ψ∗
s,z(j)−z(w − z)dw

≤ c9(s− j − 1)−3/2
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) ∫
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Note that since s > 4z(z − I) by assumption, we have
⌊
s
2

⌋
>
⌊
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(log z)2

⌋
. By

(4.212) and (4.213), we have
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By (4.212)-(4.213) and s > 4z2, in the case 1 ≤ j ≤
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(4.215)
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where A′ := s−3/2 if 1 ≤ j ≤
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Next, we estimate the probabilities on the right-hand side of (4.210) for
j ∈ {0, ⌊s⌋ − 1, ⌊s⌋}. In the case j = 0, by an argument similar to (4.211),
we have

PB
0

(
Br√
2
≤ ψ∗

s,z(0), for all 0 ≤ r ≤ s,
Bs√
2
∈ I, z < max

0≤r≤1

Br√
2
≤ ψ∗

s,z(0)

)
≤ PB

0

(
max
0≤r≤1

Br/
√
2 > z

)
· sup
0≤s′≤1

∫
I

µs−s′,ψ∗
s,z(0)−z(w − z)dw

≤ c15s
−3/2z1/20e−z

2

∫
I

(
z + z1/20 − w

)
e−

w2

s dw, (4.219)

where we have used (4.40) in the last inequality. In the case j ∈ {⌊s⌋−1, ⌊s⌋},
by an argument similar to (4.211), we have
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where we have used the Gaussian density of B2 and (4.48) in the last in-
equality.

Next, we estimate
∫
I
µs,z(x)dx. For all s > 4z(z − I), we have∫
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≥ 1√
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∫
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s z(z − x)dx, (4.221)

where we have used the inequality 1−e−u ≥ u−u2/2 for u ≥ 0 in the second
inequality, and s > 4z(z − x) for all x ∈ I in the last inequality.

Thus, by (4.210)-(4.211), (4.214), and (4.217)-(4.221), we have (4.23)
with f = 1I and δz = c18z

−7/10 log z. By the monotone class theorem and
the monotone convergence theorem, we have (4.23) for general nonnegative
measurable function f on

(
z − s

4z
, 0
]
. □
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