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Abstract

This thesis studies linear matrix inequality (LMI) approaches to multiobjective controller
design problems. By multiobjective controller design problems, we mean design problems
with a mixture of different design specifications such as the H,, performance, the Hy per-
formance, the regional pole placement constraints and so on. Recent studies show that
these design specifications are characterized as matrix inequalities that include controller
variables and so-called Lyapunov variables in their bilinear forms. When we deal with a
single design specification, the matrix inequality corresponding to the design specification
can be reduced successfully to an LMI and hence we can obtain a desired controller easily
via well-established convex optimization techniques. On the other hand, when we deal with
multiple design specifications, this is no longer true. Namely, the coupled matrix inequali-
ties that reflect multiple design specifications are considered to be essentially bilinear matrix
inequalities (BMI’s). Solving BMI’s is a non-convex optimization problem and quite hard
from the viewpoint of numerical computation. In order to avoid the difficulties in deal-
ing with such BMI’s, a so-called common Lyapunov variable has been forced for all design
specifications so that the BMI’s can be converted into LMI’s. However, the restriction to a
common Lyapunov variable is quite confining and this approach brings some conservatism
into the design. The goal of this thesis is to get around the conservatism, and we tackle the
multiobjective controller design problems with non-common Lyapunov variables.

This thesis proposes three approaches to the multiobjective controller design problems
with non-common Lyapunov variables, where the first and second ones deal with the state-
feedback problems, while the third one deals with both state- and output-feedback problems.

In the first approach, we impose some additional constraints on the Lyapunov variables
so that we convexify the problem and obtain LMI characterizations while keeping the state-
feedback gain directly as one of the variables. Because of the freedom left in the Lyapunov
variables under the constraints, our formulation turns out to give a set of LMI characteriza-
tions that allow non-common Lyapunov variables.

On the other hand, in the second approach, we perform a standard procedure called

change of variables, and represent the resulting variables as a set of affine functions of



yet new variables. These affine functions are chosen to have a crucial characteristic that
troublesome non-convex constraints are satisfied regardless of the new variables. With these
affine functions, we readily derive a set of LMI characterizations that allow non-common
Lyapunov variables. We also show that a simple combination of this second approach with
the above first approach leads to an effective iterative algorithm, with which we can get
around the conservatism considerably.

The third approach we propose is quite distinct from the above two. In this approach, we
derive new dilated matrix inequality characterizations for the design specifications, where the
decoupling between the controller variables and the Lyapunov variables has been achieved
and hence the bilinear terms between them disappear. This is achieved by the introduction
of new auxiliary variables that form product with the controller variables instead of the
Lyapunov variables. These new dilated matrix inequalities lead us to a new approach which
convexifies the problems with non-common Lyapunov variables but with a common auziliary
variable. It is shown that we can guarantee this approach to achieve better performance than
that with the conventional approach.

Although our main interest in this thesis is the multiobjective controller design problems,
it turns out that the new dilated characterizations for the design specifications have another
potential in dealing with robust performance analysis and synthesis problems for real poly-
topic uncertainty. Roughly speaking, the conventional approach to these problems is such
that they seek a common Lyapunov variable over the whole uncertainty domain and hence
arrives at conservative results. On the other hand, the new dilated characterizations enable
us to employ a so-called parameter-dependent Lyapunov variable, and hence the conservatism
of the conventional approach can be circumvented successfully. , |

The idea to decouple the Lyapunov variables and the controller variables in the matrix
inequality characterizations is quite important in dealing with such involved problems as
the multiobjective controller design problems, robust performance analysis and synthesis
for real polytopic uncertainty and so on. This thesis offers an intriguing methodology that
could cover such involved problems, and ensures improvement of the performance over the

conventional approach.
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Notations and Definitions

R The set of all real numbers.

R" The set of all n-dimensional real vectors.

R™*™ The set of all n X m real matrices.

C The set of all complex numbers.

Om,n The m X n zero matrix. The subscripts m and n are omitted when the size

is not relevant or can be determined from the context.
I, The n x n identity matrix. The subscript n is omitted when the size is not

relevant or can be determined from the context.

AT Transpose of the matrix A.

A* Complex conjugate transpose of the matrix A.
A1 Inverse of the matrix A.

AT Shorthand notation for (A~1)7.

o(A) The set of the eigenvalues of the matrix A.
a(A) The largest singular value of the matrix A.
trace(A) Trace of the matrix A.

He[A] Shorthand notation for 4 + AT.

A DA, The direct some of the matrices A; and A,.
A ® As The Kronecker product of the matrices A; and A,.
At For the matrix A € R™™ where n > m, the matrix At is defined as a matrix

satisfying the following three conditions, where r is the rank of A.
AL e RO Ala=—0, AtAtT >0

Abbreviations
LMI Linear Matrix Inequality
BMI Bilinear Matrix Inequality
MIMO Multi-Input Multi-Output
LTI Linear Time-Invariant



Chapter 1
Introduction

This thesis studies linear matrix inequality (LMI) approaches to the multiobjective controller
design problems for continuous-time multi-input multi-odtput (MIMO) linear time-invariant
(LTT) systems. By multiobjective controller design problems, we mean design problems with
a mixture of different design specifications such as the H,, performance, the Hy performance,
the regional pole placement constraints and so on. Some frequency-domain design objectives
are best captured by the H,, performance, noise or disturbance insensitivity is naturally
expressed by the H, performance and the transient behavior is effectively tuned by the con-
straints on the closed-loop pole locations. Although a design framework to satisfy each of
these design specifications is well-established, practical design objectives are rarely covered
by a single design specification. Namely, it is important in practice to satisfy these multiple
design specifications at the same time. However, once we take these multiple design speci-
fications into account, the design problem turns out to be surprisingly difficult. Thus, the
multiobjective controller design problems have their roots in practical controller design, and
are also quite attractive from a theoretical point of view. Many researchers have dealt with
the multiobjective controller design problems, and some of the contributions are summarized
below.

The regional pole placement problem taking account of other design specifications was
studied intensively in the 1980’s in terms of the linear quadratic (LQ) type regulator theory.
Furuta and Kim [13], and Kim and Furuta {24] dealt with the problem to find a static state-
feedback controller that minimizes an L@ type cost functional while placing the closed-loop
poles in a specified disk. Their approach was such that they seek weighting matrices of the
cost functional so that the optimal controller associated with the cost functional places the
closed-loop poles appropriately. Namely, the cost functional was not fixed in advance, and
their attention was paid mainly on clarifying the relation between the weighting matrices
and the closed-loop pole locations. On the other hand, Haddad and Bernstein [19] dealt



with the design problem to find state- or output-feedback controllers that minimize the Ho
cost of a closed-loop transfer function subject to the regional pole placement constraints.
They showed that a modified Lyapunov equation which reflects the regional pole placement
constraints leads directly to an upper bound of the cost functional, and they reduced the
problem into a minimization problem of this upper bound subject to the modified Lyapunov
equation. This minimization problem was completely solved by Sivashankar et al. [42] via
a discrete-time Hj synthesis technique. The idea to minimize an upper bound of the cost
functional is quite important for the tractability of the problem, and this idea led to the
multiobjective controller design via LMI optimization.

It has been recognized recently that a wide variety of problems arising in system and
control theory can be reduced to optimization problems involving LMI’s [4],[43]. Since solving
LMTI’s is a convex optimization problem, the LMI formulations are quite appealing from the
viewpoint of numerical computation, and also offer a tractable means for such problems
that lack analytical solutions. In addition, because the framework of LMI’s enables us to
deal with design specifications as constraints on the closed-loop system, many researchers
have attacked the multiobjective controller design problems via LMI’s [6},{7],[22],[23],[26],
[28],[36].

In the framework of LMI’s, generally speaking, controller design is carried out in the

following two steps.

1. First, the design specifications are characterized as matrix inequalities with respect
to the controller variables and some additional variables. Since most practical de-
sign specifications inherently require stability of the closed-loop system, the matrix
inequalities include the Lyapunov inequality, and the additional variable that forms
the Lyapunov inequality is called Lyapunov variable. Because of this fact, the matrix
inequalities that characterize each of the design specifications have bilinear terms be-
tween the Lyapunov variables and the controller variables [4],[43]. Namely, the design
specifications are characterized as bilinear matrix inequalities (BMI's). It is known
that solving BMI’s is a non-convex optimization problem and quite hard from the

viewpoint of numerical computation [45].

2. Second, some algebraic manipulations are applied to these BMI’s so that they can
be reduced to LMI’s. Representative methods are elimination of variables [14],[22],
[43] and change of variables [4],[6],[17],[23],[26],[28],[36]. In these methods, the con-
troller variables are parametrized as nonlinear functions with respect to the Lyapunov

variables and some other variables.

An important fact in the LMI-based controller design is that the design specifications cannot
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be characterized directly as LMI’s with respect to the controller variables, and if we employ
the elimination or change of variables techniques, the controller variables are parametrized
in such a way that they depend nonlinearly on the Lyapunov variables, as stated above.
This fact imposes no limit when we deal with a single design specification, in which situation
the above techniques are successfully applied so that we can obtain a desired controller
easily. In fact, recent studies show that many controller design problems can be solved
efficiently with these two representative methods [36],[43]. However, when we deal with
multiple design specifications, this is no longer true. This is because, although the multiple
design specifications are naturally characterized with non-common Lyapunov variables for
each of the design specifications, the controller parametrization does not allow non-common
Lyapunov variables. Thus, general multiobjective controller design problems are considered
to be the ones essentially characterized as BMI’s. In order to avoid the difficulties in dealing
with these BMI’s, a so-called common Lyapunov variable has been forced for all design
specifications [6],[7],[26],[36]. As a benefit, these BMI’s have been converted into LMI’s with
the change of variables technique. Specifically, Chilali and Gahinet [6], Masubuchi et al.
[26] and Scherer et al. [36] gave a unified framework for general multiobjective controller
design problems, based on a common Lyapunov variable. It should be noted, however, that
convexity there is recovered essentially by forcing a common Lyapunov variable for all design
specifications, and this approach brings some conservatism into the design. |

Although the existing LMI approach with a common Lyapunov variable offers a tractable
means for the multiobjective controller design problems, the resulting controllers sometimes
fail to have a satisfactory performance because of the conservatism of the design. The goal
of this thesis is to get around the conservatism, and we tackle the problem with non-common
Lyapunov variables.

Several researchers also have tried to solve the problem with non-common Lyapunov
variables. We summarize some of the contributions in the following. Shimomura and Fujii
have proposed an effective iterative algorithm for the state- and output-feedback multiob-
jective controller design problems [38]-[40]. They showed that completing the square with
respect to the Lyapunov variables and the controller variables converts the bilinear term
between them into another set of bilinear terms: quadratic terms with respect to the Lya-
punov variables and the controller variables. An advantage of this manipulation is that the
resulting bilinear terms can be replaced by their upper bounds, where the upper bounds can
be chosen as linear terms with respect to the Lyapunov variables and the controller variables.
With a suitable replacement of the parameters in these upper bounds, an effective iterative
algorithm has been derived. A similar idea was also proposed by Oliveira et al. [32]. In
these approaches, however, we need another effort to determine suitable initial parameters



in the upper bounds, and in general, the initial parameters are sought by the conventional
approach with a common Lyapunov variable.

In contrast with the iterative approaches, the output-feedback multiobjective controller
design problems have been solved with non-common Lyapunov variables via finite-dimensional
Q-parametrization [47] by Chen and Wen [5], Hindi et al. [21] and Scherer [37]. In this ap-
proach, the controller variables are assembled to a specific part of the Q-parameter so that
the bilinear term between the Lyapunov variables and the controller variables disappears.
As a benefit, we can employ non-common Lyapunov variables for each design specification
without any difficulty. This approach is quite effective in the sense that the conservatism
can be made arbitrarily small, but there is inherent inflation of the size of the LMI's and
high order controllers tend to be designed.

In the late 1990’s, Oliveira et al. showed a new direction for the state- and output-feedback
multiobjective controller design problems in the discrete-time setting [29],[30]. They showed
that the dilation of the matrix inequality characterizations and the introduction of auxiliary
variables achieve decoupling between the Lyapunov variables and the controller variables
and thus the technical restriction to a common Lyapunov variable can be avoided. They
have shown a constructive way to derive dilated characterizations that are equivalent to
the original ones. The advantage of working with these dilated characterizations lies in
the fact that if we consider a set of dilated matrix inequality characterizations, then it
includes the corresponding set of the original ones as a special case. More specifically, if
one chooses the newly introduced auxiliary variable the same as the Lyapunov variable, the
set of dilated characterizations reduces to the original one [29],[30]. Because of this nice
property, the dilated characterizations are successfully applied to a wide range of problems
including multiobjective control [30] and robust control for real polytopic uncertainty [29] to
circumvent the conservatism, with the use of non-common or so-called parameter-dependent
Lyapunov variables. Unfortunately, however, the study in [29],[30] relies on the features
of the matrix inequality characterizations in the discrete-time setting, and hence analogous
dilated characterizations in the continuous-time setting do not follow in a parallel fashion.
Namely, we need another effort, as is suggested in [1].

In this thesis, we propose three approaches to the multiobjective controller design prob-
lems with non-common Lyapunov variables in the continuous-time setting, where the first
and second ones deal with the state-feedback problems, while the third one deals with both
state- and output-feedback problems.

In the first approach, we impose some additional constraints on the Lyapunov variables
so that we convexify the problem and obtain LMI characterizations while keeping the state-
feedback gain directly as one of the LMI variables. Because of the freedom left in the



Lyapunov variables under the constraints, our formulation turns out to give a set of LMI’s
that allow non-common Lyapunov variables. If we choose the additional constraints reason-
ably, this approach leads to a feedback gain that achieves better performance than the one
based on a common Lyapunov variable. Furthermc;re, an effective iterative algorithm follows
immediately from this approach.

In the second approach, we perform the standard procedure called change of variables [4],
[17],[23],[28], and represent the resulting variables and the Lyapunov variables as a set of
affine functions of yet new variables. The reason why we introduce such new variables is that
the variables resulting from the change of variables and the Lyapunov vari‘c;bles are subject
to non-convex constraints, since the feedback gain is parametrized only by their nonlinear
function. It is to get around the difficulties stemming from such non-convex constraints that
the yet new variables are introduced. Indeed, the affine functions are chosen to have a crucial
characteristic that the troublesome non-convex constraints are satisfied regardless of the new
variables. With these affine functions, we readily derive a set of LMI characterizations that
allow non-common Lyapunov variables. If we choose the parameters included in the affine
functions reasonably, this approach yields a feedback gain that achieves better performance
than that with the conventional approach. Thus, in the first and the second approaches, we
arrive at two distinct sets of LMI’s for the multiobjective state-feedback controller design
problems. It turns out that each set of LMI’s is obtained by freezing some different portion
of the freedom in the Lyapunov variables. Hence, applying these two approaches by turns,
it is expected that we can use the freedom of the frozen portion complementarily. This
consideration directly leads to an effective combined iterative algorithm, with which we can
get around the conservatism considerably.

The third approach we propose is quite distinct from the above two. Motivated by the
study in [29],[30], we propose a general approach to the dilated matrix inequality char-
acterizations for continuous-time controller design. As stated before, the study in [29],
[30] fully relies on the features of the matrix inequality characterizations in the discrete-
time setting, and hence analogous characterizations in the continuous-time setting do not
follow in a parallel fashion. Therefore, making another effort, we reveal that a particu-
lar application of the Schur complement technique [4] and the introduction of an auxiliary
variable lead to a constructive way to derive dilated characterizations that are suitable for
controller synthesis. In addition, it is shown that the set of the new dilated characteriza-
tions includes the corresponding set of the original ones as a special case, via a particular
choice of the auxiliary variable. These are very nice and interesting properties that are
to some extent analogous to the ones already obtained in the discrete-time setting [29],

[30]. With these dilated matrix characterizations, we successfully reduce the multiobjective



controller design problem to a convex optimization problem with non-common Lyapunov
variables.

‘Although our main interest in this thesis is the multiobjective controller design, the
new dilated characterizations have another potential in dealing with the robust performance
analysis and synthesis problems for real polytopic uncertainty [4]. Roughly speaking, the
conventional approach to these problems is such that they seek a common Lyapunov variable
over the whole uncertainty domain [4],[6] and hence arrives at conservative results. On the
other hand, the new dilated characterizations enable us to employ a parameter-dependent
Lyapunov variable [1],[12],[16],[29],[34],[35], and hence the conservatism of the conventional
approach can be circumvented successfully.

The above three approaches have been reported in separate papers [8]—[11]. This thesis
assembles these contributions, with a plenty of numerical examples to illustrate the effec-
tiveness of them. The thesis is organized as follows.

Chapter 2 gives a formal description of the multiobjective controller design problems to
be dealt with in this thesis. The conventional LMI approach with a common Lyapunov
variable [6],[7],[17],[23],[26],[28],[36] is also reviewed, where we point out the conservatism of
this approach and clarify the goal of this thesis.

Chapter 3 discusses two LMI approaches to the multiobjective state-feedback controller
design problems with non-common Lyapunov variables: we call these approaches a subspace
approach and an affine representation approach, respectively. As stated before, it turns
out that two iterative algorithms follow from these approaches. Numerical examples in
this chapter demonstrate that the application of the new approaches results in significant
improvements over the conventional approach based on a common Lyapunov variable.

Chapter 4 describes a general approach to the dilated matrix inequality characterizations
for continuous-time controller design. With these dilated matrix inequality characterizations,
we readily reduce the multiobjective controller design problem to a convex optimization
problem with non-common Lyapunov variables but with a common auziliary variable. A
remarkable prominence is that we can guarantee this new approach to achieve a better upper
bound than that with the conventional approach. Numerical examples show that the actual
cost is also improved, in general, due to the freedom gained by the non-common Lyapunov
variables. The dilated characterizations also enable us to develop a new approach to the
robust multiobjective synthesis for real polytopic uncertainty [4],[6], where we successfully
employ non-common parameter-dependent Lyapunov variables. The effectiveness of this new
approach is also illustrated through numerical examples.

Chapter 5 is the conclusion, where we summarize the achievements in this thesis and

discuss future topics.



Chapter 2

Multiobjective Controller Design
Problems and Conventional LMI
Approach with a Common .Lyapunov
‘Variable

The purpose of this chapter is to describe formally the multiobjective controller design
problems to be dealt with in this thesis. The conventional LMI approach with a common
Lyapunov variable [6],[7],[17],[23],]26],]28],[36] is also reviewed, where we point out the con-
servatism of this approach and clarify the goal of this thesis.

2.1 Multiobjective Controller Design Problem

Throughout this thesis, we consider the continuous-time multi-input multi-output (MIMO)

linear time-invariant (LTT) plant described by

t = Ax + Byw + Bu
= Cwxt + Dypw + Dyu (2.1)
y = Czr + Dyw _
where z € R", u € R™, y € RP are respectively the state, control input and measured
output, and w and z are the vectors of exogenous input and output signals related to the

performance of the control system.
The controller that we consider is the full-order output-feedback controller K given by

tx = Akzk + Bgy (2.2)
u = Cgzxg + Dgy



In the state feedback case (C = I, D, = 0), we also consider the static state-feedback
controller K given by

u=Kz (2.3)
With the plant (2.1) and the controller given by (2.2) or (2.3), the closed-loop system can

be written in the form of

{a’vcl = Azq + Bw (2.4)

z = Czxg + Dw

and we denote its transfer matrix from w to z by T,(s).

In the multiobjective controller design problem, several design specifications are imposed
on different channels of the closed-loop system at the same time, which is often necessary to
accommodate practical design objectives. In this thesis, we consider the H,., performance,
the H, performance and the regional constraints on the closed-loop pole locations, motivated

by the following considerations [36],[43].
e The H,, norm of a stable system T}, (s) is defined by

1 Tzw(8) oo == SU-II% 0(Tow(jw)) (2.5)

we

The H,, norm can be interpreted in the following two ways. One is a measure for the
worst-case disturbance rejection level. The other is a measure for robustness (robust
stability or robust performance). For example, from the small gain theorem [47], the
closed-loop system remains stable for all perturbations of the plant represented by
w = Az with ||A(S)]|ec <71 if and only if ||Tu(8)||eo < 7- ’

e The H, norm of a stable and strictly proper system T,,(s) is defined by

Ty (8)]l2 = (2—17; /_ ‘: trace (Tyw ()T () dw>% (2.6)

The Hs norm can be interpreted in the following way. In most cases, the disturbance
signal is considered to be a Gaussian white noise and an important control objective
is to minimize the roet-mean-square (RMS) of the output signal of interest. The RMS
of z for the Gaussian white noise w is nothing but the Hy norm ||T,,(s)]|e-

e The transient behavior of the closed-loop system is closely related to the closed-loop
pole locations. By confining close-loop poles within a suitable subregion D contained
in the open left-half plane, some bounds can be put on the time-domain objective such
as the rise time, the settling time and so on. This regional pole placement constraints
is called D-stability constraints [6],[19],[42].

8



In dealing with the H,, performance and the H, performance imposed on different chan-
nels of the closed-loop system, the general description of the plant (2.1) amounts to the

following specific form.

T = Ax + Boowoo + B2w2 + Bu

> > ¢ (2.7)
2o = Caux + Dowy; + Dyu
Yy = Cz + DyooWoo + Dypwo

Here, the pair (W, 25) is concerned with the H,, performance while the pair (wQ,zg)’ is
concerned with the Hy performance. The diagram of the above plant is shown in Fig. 2.1.

Weo Zoo
—_—— —
Wo )
—_— Plant —
u y
| - Ittt |
1] 1
1 1
] ]
] ]
1 1
Lo o K P J

Figure 2.1: Multiobjective Controller Design

Let us denote the closed-loop transfer matrix from w; to z; by Ty, (s) (j = 00,2). The
transfer matrix T, ,,,(s) has the following state space realization.

Tw; () = é-'g—j (2.8)
For the output-feedback controller K, the coefficient matrices in (2.8) are
A | A+BDxC BCk _ | Bi+BDkDy, }
BxC A |77 " By Dy, ’ (2.9)
Cj=[ Cj+DyyDxkC D;iCx |, Dj=Dj+ DyDxDy;
while for the static state-feedback controller K, the coeflicient matrices are given by
A=A+BK, B;=B;, C;=C;+D,;K, D;=D, (2.10)

For the Hs norm ||, (8)]||2 to be well-defined, it is necessary that Ds = 0 in (2.8). In order

to assure Dy = 0 in a simple manner, in this thesis, we assume that the plant (2.7) satisfies



Dy = 0. In addition, we force Dg = 0 in the output-feedback controller (2.2), which implies
that the full-order output-feedback controller K is strictly proper.

Now, we are ready to describe formally the multiobjective controller design problem to
be dealt with in this thesis.

Problem Consider the continuous-time multi-input, multi-output, (MIMO), linear time-
invariant (LTT) plant described by

& = Ar + BygWsw + Bsws + Bu

oo = C'oo-'zl' + Doowoo + -Dzoou (211)
Zy = ng + ngu

Yy = (Cz + Dwoo'woo + Dw2w2

For the prescribed H, performance 7., > 0 and the prescribed closed-loop pole placement
region D contained in the open left-half plane, find a controller K, full-order output-feedback
(2.2) or static state-feedback (2.3), such that

e the H, performance ||T; w.(9)]|loc < Yoo is achieved;
e the closed-loop poles lie in the prescribed region D;

e the H, performance ||T,u,(S)||2 is minimized subject to the above two constraints.

The above problem includes the H, specification, the H, constraint and the D-stability
constraint and hence we call this problem multiobjective H,/H,/D-stability problem. This
problem was addressed by Chilali and Gahinet [6]. In this thesis, we also deal with a special
case of the above problem, i.e., multiobjective Hy/D-stability problem without the Hy
constraint, which was treated by Haddad and Bernstein [19] and Sivashankar et al. [42].

Conceming the pole placement region D, we consider the so-called LMI regions [6] rep-

resented by

D = {A€C: M+AN+AINT <0} (2.12)

Here, M = MT and N are constant real matrices that characterize the region D. The LMI
region (2.12) includes a-stability regions, circular regions and conic sector regions, which are
frequently used in the regional pole placement constraints [6],[19]. The following notations
specify these regions contained in the open left-half plane.

H(a) = {AeC: Re[Al<-a} (a>0)
Cle,r) = {AeC: |A—c<r} (e<-r<0) (2.13)
Sk) = {NeC: |Im[)\|<k|Re[N|} (k>0)
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Furthermore, the intersection of regions is denoted by (). For example, the region shown
in Fig. 2.2 is denoted by N{H(«),C(c,7),S(k)}. The regions (2.13) are characterized by
setting M and N in (2.12) as follows.

For H(a): M = 2q, N=1

—r - [ 1]
For C(c,r) : Mz[ r c}’ N = 0 '

-c -r | 0 0 | (2.14)
For S(k): M =0, N = kl 11€

» Re

- e N -

'I

Q

\

Figure 2.2: The regional pole placement

Some observations concerning the regions H(a), C(c,7) and S(k) are worth noting [6],
[19]. For simplicity, let A = —(w,, £ jwy be a pair of closed-loop poles, where 0 < ¢ < 1 is
the damping ratio, w, = |}| is the undamped natural frequency, and wq := wp/1 — {2 is the
damped natural frequency. Then, if A € C(c,r), it follows that

2
r
¢ > 1—(E>’ wg<r, —Cc—r<wp,<—c+r, —c—r<lw,<-—-c+r (2.15)
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In practice, it is important to consider such constraints as ( > (pi, and (w, > £. By
confining the closed-loop pole X into S(k) and H(«), we have

1
> ;
‘ V14 k?

and hence the constraints can be achieved by

k=yGan-1 a=¢ (2.17)

Thus, we can ensure an appropriate decay rate, damping ratio, undamped natural frequency

Cun > o (2.16)

and damped natural frequency in a flexible fashion, using the parameters «, ¢, 7 and k in
(2.13).

Now, we have given some comments on the usefulness of the D-stability constraints.
Recall that our multiobjective controller design problem includes the Hj specification and
the H,, constraint as well as the D-stability constraints. In the following, we review some
standard results on the characterizations of these design specifications in terms of matrix
inequalities [4],[6],[43].

Lemma 2.1 (The H,, Performance) For the system described by

.ABoo

N (2.18)

ZooWeo (S) = )

the following two conditions are equivalent.

(i) The matrix A is stable and the Hy, cost ||T}, e, (S)||oo is bounded by v, > 0. Namely,
Tz eot0 (8)llo0 < Yoo (2.19)
(ii) There exists a matrix X, > 0 such that

AX oo + Xoo AT Boo XooCL
BZL, -I DI [<0 (2.20)
CooXoo Doo —721

Lemma 2.2 (The Regional Pole Placement) The following two conditions are equivalent.

(i) The matrix A satisfies 0(A) C D for the region

D = {XAeC: M+AN+INT <0} (2.21)
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(ii) There exists a matrix Xp > 0 such that
M®Xp+ N® (AXp) + N @ (XpAT) <0 , (2.22)
where ® denotes the Kronecker product.

Lemma 2.3 (The Hy Performance) For the system described by

B
Tpponls) i= g‘ - (2.23)
2

bl

the following two conditions are equivalent.

(i) The matrix A is stable and the Hy cost ||T%,u,(8)||2 is bounded by 7, > 0. Namely,

T2 (8)]l2 < 72 (2.24)
(ii) There exist matrices Xy > 0 and Z; > 0 such that

Z, BY

B, X

AXy + X0 AT XoCF -0
Ca X —2l ’

] >0, trace(Zs) <1 (2.25)

In Lemmas 2.1-2.3, new variables X, Xp, X2 and Z, are introduced to characterize each
of the design specifications as matrix inequalities. Since the design specifications inherently
require stability of the closed-loop system, we can see that the matrix inequalities (2.20),
(2.22) and (2.25) include the Lyapunov inequality of the form

X;>0, AX;+X;AT <0 (j=00,D,2) (2.26)

Because of this fact, the variables X, Xp and X, are called Lyapunov variables for each

design specification.
With (2.20), (2.22) and (2.25), we readily obtain the following formulation of our problem.

Basic Formulation of Our Problem
Minimize 3 subject to (2.20), (2.22) and (2.25). Here, the variables are Xoo, X0, Xo,
Zs, 42 and the controller variables included in A, B and C.

As is easily seen, the characterizations (2.20), (2.22) and (2.25) involve bilinear terms be-
tween the Lyapunov variables and the controller variables as in AX; + X;AT (j = o0, D, 2)1.

tNote that the matrix A contains the controller variables.
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Hence, the above formulation is of no use in practice since the resulting optimization prob-
lem involves BMI's. Solving BMI’s is a non-convex optimization problem and quite hard
from the viewpoint of numerical computation [45]. Many researchers have tried to overcome
this difficulty, and the change of variables technique has been applied so that the resulting
optimization problems involve only LMI’s. This conventional approach has been partially
successful by forcing a common Lyapunov variable for all design specifications [6],[7],[17],
[23],]26],[28],[36], which we will review in the next section.

2.2 Conventional LMI Approach with a Common
Lyapunov Variable

In the preceding section, the multiobjective controller design problem has been formu-
lated as an optimization problem involving BMI’s. To recover convexity in the optimization -

problem, a common Lyapunov variable
X =Xo,=Xp=X; (2.27)

has been forced for all design specifications in the previous studies [6],[7],[17],[23],][26],[28],
[36]. This conventional approach can be described formally as follows.

LMI Formulation of Our Problem with a Common Lyapunov Variable
Minimize 72 subject to (2.20), (2.22) and (2.25) with a common Lyapunov variable (2.27).
Here, the variables are X, Z,, 72, and the controller variables included in A, B and C.

With the restriction (2.27), the problem actually results in a convex optimization prob-
lem represented by LMI’s [6],[7],[17],[23],[26],[28],[36]. Clearly, this restriction brings some
conservatism into the design and only an upper bound of the cost functional will be mini-
mized, but there is no further conservatism [36]. In the rest of this section, we will review an
existing method to linearize the BMI’s (2.20), (2.22) and (2.25) under the restriction (2.27).

State-Feedback Case

In the state-feedback case, it follows readily from (2.10) that the restriction (2.27) admits
a simple change of variables technique [4],[17],][23],[28]

Y =KX (2.28)

so that the constraints (2.20), (2.22) and (2.25) result in LMI’s with respect to X, Y, Z
and 72. Once the variables X and Y have been found, the state-feedback gain K can be
determined by

14



K=YXx! (2.29)

Thus, we are led to the conclusion that under the restriction (2.27), the linearization is

completed without any further conservatism.

Output-Feedback Case

In the output-feedback case, we need a much more involved change of controller variables
technique, and we will follow the result proposed by Scherer [36].
Let us partition X and its inverse P as

X1 X
X — ];. 12
Xip Xaz

Pll P12

, P=X1l= .
Py P

(2.30)

where X1 € R, P;; € R™" and the other variables have compatible dimensions. We
assume that X5 and Py, are nonsingular without loss of generality [6]. With (2.30) and the

controller variables given in (2.2) where Dy = 0, we define the following matrices.

I Xy pP; I
Sy = = 2.31
*lo xg P opr 0} (2:31)
_ _ _ _ A B||x "
By := P;3Byk, Ck = Cx X}, Ak = [Pn BK] c oo (711 + PoAXE (2.32)
K

The matrices Zx and Zp are nonsingular and satisfy the following equality.

XEp=5x (2.33)

n

Applying appropriate congruence transformations with the matrix Zp given by (2.31) to
(2.20), (2.22) and (2.25) under the restriction (2.27), we obtain the following matrix inequal-
ities for the H,, constraint, the D-stability constraints and the H, specification.

STAXEp+ EEXATEp EIB, ELXCE

BT =p -1 DL | <0 (2.34)
CoX Ep Do —2I
M® (E3XEp)+ N® (ELAXEp) + NT @ (ETXATEpR) <0 (2.35)

CQXEP —’yg[
I (2.36)

T =

=T =Ty =

STAXEp+ Z0XATEp 5LXCT ] —0
bl

} >0, trace(Zs) <1
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We can see that the above matrix inequalities only involve the following terms.

Pn I
EIXEp=ELEx = ;1 ¥ } (2.37)
i1
P11 B; + By Dy _ _ .
I = | T 5 KZwil  CXEp= { C; C;Xu+D,;Cxk ], (j = 00,2)
’ _ _ (2.38)
Py A+ BxC A
ETAXEp=ETASx=| "7 7F Ko
“_ A AX11 + BCK

The above terms are affine with respect to Xq;, P, Ak, Bx and Cx. Accordingly, the
matrix inequalities (2.20), (2.22) and (2.25) result in the LMI’s (2.34), (2.35) and (2.36)
with respect to the variables X11, Pi1, Ak, Bk, Ck, Z, and ~2. Once the variables X1;, Py,
Ag, Bx and Ck have been found, the output-feedback controller (2.2) can be determined
through (2.32) by

Bk = P3'Bk, Ck=CxX3',

A B

AK=P1—21{AK_[PIIBK] o o

Xu } } r (2.39)
_ X5
Ck

Where X12 and Py, are nonsingular matrices satisfying

X19PL =1— Xy, Pu (2.40)

Note that above change of variables is based on the congruence transformations, and thus
the linearization is completed under (2.27) without any further conservatism.

Now, the existing change of variables techniques have been reviewed. Summing up,
our multiobjective controller design problem can be cast as a convex optimization problem
involving LMUI’s only, under the restriction on the Lyapunov variables that they are taken
to be common. It follows that the use of a common Lyapunov variable is the core of the
change of variables techniques. However, recall that the restriction to a common Lyapunov
variable is very confining and hence the conventional LMI approach results in conservative
design. This crucial fact motivates us to improve the study on the multiobjective controller
design problem. Namely, the purpose of this thesis is to get around the conservatism of the
conventional approach arising from seeking a common Lyapunov variable. To this end, we

tackle the multiobjective controller design problem with non-common Lyapunov variables.
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Chapter 3

LMI-Based Multiobjective
State-Feedback Controller Design
with Non-Common Lyapunov

Variables

In this chapter, we propose two LMI approaches to the multiobjective state-feedback Hy/ H,/
D-stability problems with non-common Lyapunov variables. We call these approaches a sub-
space approach and an affine representation approach.

In the subspace approach, we impose some additional constraints to the Lyapunov vari-
ables so that we convexify the problem and obtain LMI characterizations while keeping the
state-feedback gain directly as one of the LMI variables. Because of the freedom left in the
Lyapunov variables under the constraints, our formulation turns out to give a set of LMI
characterizations that allow non-common Lyapunov variables. If we choose the additional
constraints reasonably, it is shown that this approach leads to a feedback gain that achieves
better (no worse) performance than the conventional approach. Furthermore, an effective
iterative algorithm follows immediately from this approach.

On the other hand, in the affine representation approach, we perform the change of
variables [4],[17],]23],[28] with non-common Lyapunov variables, and represent the resulting
variables and the Lyapunov variables as a set of affine functions of yet new variables. Because
the feedback gain is parametrized only by a nonlinear function of the Lyapunov variables
and those variables resulting from change of variables, they are subject to non-convex con-
straints. It is to get around this difficulty that we introduce the yet new variables, and the
affine functions are chosen to have a crucial characteristic that the troublesome non-convex
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constraints are satisfied regardless of the new variables. With these affine functions, we
readily derive a set of LMI characterizations that allow non-common Lyapunov variables.
In addition, & reasonable choice of the parameters included in the affine functions assures
that this approach attains better (no worse) perfromance than the conventional approach.
Thus, with the above two approaches, we derive two distinct sets of LMI characterizations
for the multiobjective state-feedback controller design problems. It turns out that each set
of LMI characterizations is derived by freezing some different portion of the freedom in the
Lyapunov variables, and hence applying these two approaches by turns, we can use the free-
dom of the frozen portion complementarily. This consideration directly leads to a combined
iterative algorithm, with which we can circumvent the conservatism successfully.

The effectiveness of the two approaches as well as the two iterative algorithms resulting
from these approaches are demonstrated by numerical exmaples in this chapter. We also
examine the effectiveness of the iterative algorithms in comparison with the algorithm pro-
posed by Shimomura and Fujii [38]-[40]. Numerical examples show that the conventional
approach with a common Lyapunov variable is very conservative, and the conservatism is

successfully reduced with the use of non-common Lyapunov variables.

3.1 Preliminaries

As in the preceding chapter, we consider the continuous-time MIMO, LTI plant given by

T = Arx + BgWs =+ DBowy + Bu
Zoo T C(00-73 + Dowe + Dyou (31)
zg = Cox + Dyu

where £ € R™ and v € R™ and all other signals and matrices have appropriate dimensions.
In the state-feedback problems, the matrix inequalities (2.20), (2.22) and (2.25) for the
H,, constraint, the D-stability constraint and the Hj specification, respectively, can be

rewritten as follows.
Xoo >0 ' (3.2a)

He[(A + BK)Xo] Boo Xoo(Coo + DyooK)T

BT ~I DT <0 (3.2b)
(Coo + D2soK)Xoo Do 2]

Xp >0 (3.32)
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M®Xp+He[N®{(A+ BK)Xp}] <0 (3.3b)

[ He[(A+ BK)X,] Xo(Cy+ DypoK)T

e[(A+ BK)Xa] Xof o+ D Yo - (3.42)
| (Ca+ DK) X, —2I ,
[ 7z, BT

2720 >0 (3.4b)
| B, X
trace(Zy) < 1 (3.4c)

Here, the variables are X, Xp, X2, Z2, 72 and the controller variable K. As we have seen
in the preceding chapter, the inequalities (3.2)—(3.4) are BMI’s. To avoid the difficulties in

dealing with these BMI’s, a common Lyapunov variable '
X =Xpo=Xp =X, (3.5)

has been forced in [17],[23],[28]. This common Lyapunov variable admits a simple change of

variable
Y :=KX - (3.6)

so that the constraints (3.2)—(3.4) result in LMI’s with respect to X, Y, Z5 and 72. Once the
variables X and Y have been found, the state-feedback gain based on a common Lyapunov

variable can be determined by
K.=YX! ‘ - (3.7)

Here, assuming that the problem is feasible with a common Lyapunov variable, let us
denote by 42, the optimal value of 42 obtained with a common Lyapunov variable. It should
be noted that A, is nothing but an upper bound of the H, cost achieved by the corresponding
feedback gain K, given by (3.7); the actual Hy cost achieved by K, can be calculated by
minimizing v2 subject to the following LMI’s.

I ‘DZ KC T

He[(A + BK.)Q2] Q2(Ca+ : oK) <0 (3.8a)
| (Ca+ DK )@ —51
r T

z Bf|_, (3.8b)
| By @2
trace(Z;) < 1 (3.8)
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Here the variables are Q2, Z; and v2. If we denote the optimal value of 42 obtained by this

procedure by ~2,, we have
Yoe < Fac (3.9)

Remark 3.1 In the following, we assume n > m, which means that the number of the
states of the plant is larger than that of the control inputs. Note that this is naturally

satisfied in practical plants.

3.2 Subspace Approach

In this section, we state the basic idea of the subspace approach, and derive a set of LMI
characterizations that allow non-common Lyapunov variables. We also consider an iterative
algorithm which follows immediately from this approach.

To begin with, let us define the new variables P, Pp and P, as follows.

P.:=X7', Ppb:=Xp5, PR:=X;! (3.10)

In the following, we also call the variables Py, Pp and P, Lyapunov variables. With (3.10),
the inequalities (3.2)—(3.4) can be rearranged into

Py >0 (3.11a)

He[(A+ BK)TPx] PoBo (Coo+ DsooK)T

BLP, -1 DT, <0 (3.11b)
Coo + -DzooK Doo - _730-[
Pp>0 (3.12a)
M® Pp+He[N®{(A+BK)'Pp}] <0 (3.12b)
i BK)TP,] (Cp+ DyuK)T
He[(A + YIP) (Co+ DpK) <0 (3.13a)
| Cy + D_ZQK — %I
| 7, BIP
e Y (3.13b)
| P2B: Py
trace(Zp) < 1 (3.13c)
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where the variables are P, Pp, P», K, Z, and 2. As is easily seen, these matrix inequalities
are not LMI’s, either, because of the bilinear terms P;BK + KTBTP; (j = 00, D, 2). How-
ever, there is a remarkable difference between the matrix inequalities (3.2)-(3.4) and (3.11)-
(3.13); the matrix inequalities (3.2)-(3.4) have bilinear terms of direct products between the
Lyapunov variables and the controller variable, while the bilinear terms in (3.11)—(3.13) are
indirect products between the Lyapunov variables Py, Pp and P, and the controller variable
K through the constant matrix B € R™*™. Because of this difference, the matrix inequal-
ities (3.11)—(3.13) turn out to enable us to derive a set of LMI characterizations that leave
the feedback gain K directly as an LMI variable. This is achieved by freezing only some
portion of the Lyapunov variables P,,, Pp and P, and the freedom in the remaining portion
enables us to have non-common Lyapunov variables. The rest of this section is devoted to
showing the details of such LMI characterizations.

To this end, we impose the following additional constraints on the Lyapunov variables
P, Pp and P;:

B'P,=U,, B'Ppb=Up, B'R,=U, (3.14)
Here, Uy, € R™", Up € R™" and U, € R™*" are constant matrices and given in advance
in some reasonable way, the details of which will be discussed later in Subsection 3.2.2. Under
the constraints (3.14), it is clear that there is still some freedom left in the variables P.,, Pp
and P, because of the assumption n > m. We begin by analyzing in details the freedom so
that we can use it to derive a set of LMI characterizations that allow non-common Lyapunov

variables. For the ease of description, we suppress the subscripts oo, D and 2 that denote

the design specifications for the time being, and consider the constraint
BTP=U (3.15)

on the symmetric matrix P, where U € R™*" is some prescribed matrix.

3.2.1 Parametrization of P such that BTP=U

- This subsection gives the parametrization of a general solution of P satisfying (3.15).
With this parametrization, we represent explicitly the freedom left in the variables P under
the constraint (3.15). In the sequel, we assume that the matrix B € R™™ has full column

rank for simplicity and let the singular value decomposition of BT be
BT =W/[Z0pnm|V, WeR™™, ZeR™™, VeR™ (3.16)

where X is a positive definite diagonal matrix.
First, we consider if such P exists that satisfies (3.15). The following lemma gives the

answer.
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Lemma 3.1 [43] Given a matrix U € R™*", there exists some symmetric matrix P satis-

fying BTP = U if and only if UB is symmetric.
We can give a general solution of (3.15) based on a constructive proof of the above lemma.

Lemma 3.2 [43] Suppose U is such that UB is symmetric and define
[RS)]:=WTUVT, ReR™™, §eR™rm (3.17)

Then, a general solution of P satisfying (3.15) is given by

SR X8 _
V, = Opm®Il (3.18)

P=P+ VIV, Py:=VT _
0 0 STE-1 g

where IT € R(»=m)x("—m) j5 gn arbitrary symmetric matrix.

Lemma 3.2 shows that the constraint (3.15) freezes only some portion of the symmetric
matrix P € R™™; to put it reverse, we still have freedom which is indicated by II €
R—m)x(r=m) ynder the constraint. This observation is quite important to derive a set of
LMI characterizations that allow non-common Lyapunov variables, as is described in the

following subsection.

3.2.2 New LMI Characterization with the Subspace Approach

Now, we are ready to give our main result in this section, where we give a set of LMI
characterizations for the multiobjective state-feedback controller design problem that allow

non-common Lyapunov variables. Applying Lemma 3.2 to the constraints (3.14), we define

5 1R, 5715 |
Poo:=VT| 7 V, [Re Soo|:=WTUVT (3.19)
| SLE 0 |
[ 5-'Rp £-1Sp |
Ppo:=V7 STZ“? . D1V, [Rp Sp]=wWTUpV” (3.20)
L ~“D i
5-1R, £-1S
Py :=VT sTEj . |V, [Ry Sy ]:=WTUVT (3.21)
2

Then, the general solutions of P.,, Pp and P; satisfying (3.14) are given by
Py = P+ VT WV, My = Omm @ oo, I, € ROM*(0—m) (3.22)
Pp = Ppo+ VTiIpV, IIp=0mm®Ip, IIpeRE™x0-m (3.23)
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Py =Py +VTILV, O)=0pn,®IM, II,cROA-™x0-m) (3.24)

Using (3.22)—(3.24) together with (3.14), we can rewrite the BMI’s (3.11)—(3.13) into the
LMD’s (3.25)—(3.27) given below, where (3.25) reflects the H,, constraint, (3.26) the D-
stability constraint and (3.27) the Hs specification.

Poo + VTV >0 (3.25a)
He[AT(Puo + VT ITooV) + KTUs] (Poco + VI I4V)Bo (Coo + DiooK)T
BT (Po + VTIIV) I DT < 0(3.25b)
Coo + Dyoo K Dqy —2 T
Ppo+VTIIpV >0 : (3.26a)
M ® (Ppo+ VIIIpV) + He[N ® {AT(Ppo + VI IIpV) + KTUp}] < 0 (3.26b)
[ He[AT(Pyy + VTILV) + KTU,] (Co + DyuK)T
oA (Poo + VIILV) + K70} (Co+ DK™} (3.27a)
| Cy+ DK -1
i Z BI(Py + VTILV
2 2 (Po+ VIILV) | (3.27b)
i (P20 + VTHQV)BQ Py + VTHQV
trace(Z;) < 1 (3.27c)

Here, the variables are I1.,, IIp, IIs, K, Zs and v2 with [I, ITp and I, given by (3.22)-
(3.24).

Observe that the above characterizations (3.25)-(3.27) are in fact LMI’s that leave the
feedback gain K directly as one of the LMI variables. With these LMI characterizations,
the multiobjective state-feedback H,/H,,/D-stability problem can be cast into a convez

optimization problem as described formally in the following.

Subspace Approach with Non-common Lyapunov Variables
Minimize v2 subject to the LMI’s (3.25)—(3.27). Here, the variables are [T, IIp, IT5, K,
Zy and 72 with [T, II'p and IT; given by (3.22)—(3.24).

Remark 3.2 In the optimization subject to the LMI’s (3.25)—(3.27), the variables I,
ITp and IT, can take distinct values and hence the Lyapunov variables Ps,, Pp and P, given
by (3.22)—(3.24) are not the same, in general. The implication is that we have given a new

approach that allows non-common Lyapunov variables.

23



The approach presented above with non-common Lyapunov variables was obtained by
introducing the additional constraints (3.14). Hence, the choice of Uy, Up and Us in the
constraints would have strong influence on the feasibility of the LMI’s (3.25)—(3.27) as well
as the control performance achieved by the resulting feedback gain. Regarding the choice of
Us, Up and Us, they have to satisfy at least the conditions that Uy B, UpB and Uy B are
all symmetric (see Lemma 3.1). With this in mind, we propose to determine Uy, Up and

U, by
U =Up = BTX™!, U,=BTQ;! (3.28)

Here, X is the common Lyapunov variable (3.5) obtained by the conventional approach [6]
and @, is obtained by minimizing 42 in (3.8) for the feedback gain K, resulting from the
conventional approach. By this choice, U B, UpB and U;B become symmetric. Moreover,
it is easy to see that the constraints (3.14) with (3.28) admit special solutions

Po=Pp=X"' P=Q; ' (3.29)

Because the inequalities (3.11)—(3.13) are feasible for o = 5. with the Lyapunov variables
(3.29) and the feedback gain K = K., we are led to the following result.

Theorem 3.1 If we take U, Up and U, given by (3.28), then the LMI’s (3.25)-(3.27)
are feasible. Moreover, suppose we minimize 72 subject to the LMI's (3.25)—(3.27) with U,
Up and U, given by (3.28), and denote the optimal value of v2 by 42,. Then, we have

:Y2n § Y2e (330)

Namely, we can obtain a feedback gain that achieves better (no worse) performance than

the one based on a common Lyapunov variable.

If we determine Uy, Up and U, by (3.28), the explicit description of the subspace ap-
proach will be as follows.

Step 0. Minimize 72 subject to (3.2)-(3.4) with a common Lyapunov variable X and a
variable Y given by (3.5) and (3.6), respectively [6]. Denote the optimal value of 2
by A2, and the resulting feedback gain by K, :=Y XL

Step 1. Minimize 72 subject to (3.8). Denote the optimal value of 72 by ~2..

Step 2. Define Uy, Up and Us by (3.28), where X and @, are those obtained in Step 0
and Step 1, respectively.

Step 3. Minimize 72 subject to the LMI’s (3.25)—(3.27) to get the feedback gain K.
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In Step 3, let us denote the resulting optimal value of 42 by 42,. Since g, is only an
upper bound for the Hy cost achieved by the gain K, minimize v2 subject to (3.8) with K,
replaced by K to get the exact value of the Hy cost achieved by the feedback gain K, and
denote the resulting optimal value of v2 by 72,. Then, it is clear that

Yon S :)’211 S Yae S ’72c (331)

This implies that we can arrive at the Hy cost 7a,, which is better (no worse) than s,

achieved by the conventional approach.

3.2.3 Iterative Algorithm Based on the Subspace Approach

In order to get around the conservatism of the conventional approach with a common
Lyapunov variable as much as possible, it will be effective to apply the subspace approach
iteratively. Such an iterative algorithm is immediately available if the constant matrices Uy,
Up and U, in the additional constraints (3.14) are updated, in a reasonable fashion, based
on K resulting from this approach.

One primitive way to obtain new U, with given K is such that we determine U, by

Uy := BTP,, where P, is the solution minimizing ms under the following inequality
constraint.
- _oo @ HOO(POO) K) < mooI (332)

Here, Hoo(P., K) denotes the left-hand side of (3.11b) with P, replaced by Px.
Similarly, new Up can be determined by Up := BT Pp, where Pp is the solution mini-

mizing mp under the following inequality constraint.
—Pp @ D(Pp,K) < mpl (3.33)

Here, D(Pp, K) denotes the left-hand side of (3.12b) with Pp replaced by Pp.

Concerning the constant matrix Us, it would be reasonable to determine it by U, :=
BTQ3!, where Q, is the solution of (3.8) with K, replaced by K.

In the above two procedures to determine new U, and Up, it is assured that me, and
mp result in negative numbers, because the feedback gain K actually achieves both of the
H,, and D-stability constraints. As a consequence, it follows that the LMI’s (3.25)—(3.27)
are feasible under these new U,,, Up and U,. This is because the constraints (3.14) with

these new Uy, Up and U, admit special solutions

Poo=P00a PszDa P2:Q2_1 (334)
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" Note that the inequalities (3.11)—(3.13) are satisfied for 7, set to the actual cost achieved by
K, with the Lyapunov variables (3.34) and with the given state-feedback gain K.

Noting that Step 0 of the subspace approach is just one simple method to obtain U, Up
and U, that assure the feasibility of the LMI’s (3.25)—(3.27), we can still follow the remaining
steps with these new matrices. This idea leads directly to the following iterative algorithm.

Iterative Algorithm Based on the Subspace Approach

Step 0. Minimize fyg subject to (3.2)—(3.4) with a common Lyapunov variable X and a
variable Y given by (3.5) and (3.6), respectively. Denote the resulting feedback gain
by K@ := Y X!, where we set i = 0.

Step 1. Minimize 72 subject to (3.8) with K, replaced by K @), Denote the optimal value of

V2 by (’yz(,i))z, and check the stop criterion with respect to fyé ),

Step 2. Calculate P, and Pp minimizing ms and mp under the constraints (3.32) and
(3.33), respectively, with K replaced by K. With P,, and Pp together with Q,
obtained in Step 1, determine Uy, Up and U; by -

Uy := BTP,, Up:=BTPp, U,:=BTQ;’ (3.35)

Step 3. Set i := i+1 and minimize 72 subject to the LMI’s (3.25)—(3.27) to get the feedback
gain K@ . Then, go to Step 1.

As mentioned above, we can always assure the feasibility of the LMI’s in Step 3. It is

@ ig monotonically nonincreasing throughout the iterative

also assured that the Hy cost s
algorithm. The stop criterion in Step 1 can be specified with the decreasing rate of the Hs
cost 7;5) or the number of iterations, and so on.

" 1t should be noted that there exists a conventlonal iterative algorithm in which the
Lyapunov variables P, Pp, P, and the feedback gain K in (3.11)—(3.13) are alternately fixed
and the corresponding LMI’s are solved by turns with respect to unfixed variables. Indeed,
the conventional method given below is one primitive method to obtain better performance
than the one based on a common Lyapunov variable, which clearly shows the similarities

and differences between these two iterative algorithms.

Conventional Iterative Algorithm

Steps 0 and 1 are the same as in the iterative algorithm based on the subspace approach.

Step 2. Calculate Py, and Pp minimizing m., and mp under the constraints (3.32) and
(3.33), respectively, with K replaced by K.
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Step 3. Minimize 72 subject to (3.11)—(3.13) for the variable K by freezing P.,, Pp to P,
Pp obtained in Step 2 and P, to Q;* obtained in Step 1, respectively. Set i := 4 + 1
and denote the resulting feedback gain by K. Then, go to Step 1.

The effectiveness of the new iterative algorithm will be studied in Section 3.5 in compar-

ison with this conventional iterative algorithm.

3.3 Afline Representation Approach

In the preceding section, we introduced the additional constraints (3.14) to the Lyapunov
variables so that we can convexify the problem, and obtained LMI characterizations that
leave the feedback gain directly as one of the variables. Because of the freedom left in the
Lyapunov variables under the additional constrainfs, this approach turned out to give a set
of LMI characterizations (3.25)—(3.27) that allow non-common Lyapunov variables.

This section describes another approach to the multiobjective state-feedback Hy/Ho/D-
stability problems: the affine representation approach. In this new approach, we perform a
standard procedure called change of variables [4],[23] and represent the resulting variables
as a set of affine functions by introducing yet new variables. These affine functions are
chosen to have a crucial characteristic that troublesome non-convex constraints are satisfied
regardless of the new variables. With these affine functions, we readily derive a set of
LMI characterizations that allow non-common Lyapunov variables. Furthermore, a simple
combination of the subspace approach and the affine representation approach leads to another
effective iterative algorithm, with which we can get around the conservatism successfully.

3.3.1 Change of Variables via Affine Functions
Let us focus on the inequalities (3.2)—(3.4) again. Applying the changé of variables
Yy = KXo, Yp:=KXp, Ys:i=KX, (3.36)

to (3.2)—(3.4), we get

Xoo >0 (3.37a)
He[AX o + BYs] Boo (CooXoo + DiooYoo)T
BT —I DT, <0 (3.37b)
C’oo)(oo + DzooYoo Doo - goI
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M ® Xp + He[N ® (AXp + BYp)] < 0 (3.38b)

- .
He[AX, + BYs] (C2Xo+ D,sYs)T

e[AX; + BY;] (CoX2+ D,5Ys) <0 (3.39)
- CoXo + Dyl —~2l
I 7. BT .

e Y (3.39b)
| By X
trace(Z;) < 1 (3.39¢)

Here, the variables are X, XD; Xy, Yoo, YD, Y2, Z and 2. Note that the size of Y, Yp
and Y, are the same as that of the feedback gain K and hence m x n.

It follows from the change of variables (3.36) that the variables X, Xp, X2 and Y,
Yp, Y; are subject to the non-convex constraint given below. ‘

K =Y X' =YpXg =Y. X;! (3.40)
This is inevitable as long as we do change of variables as in (3.36), and the common variables
X =Xeue=Xp=Xy, YV =Y=Yp=Y; (3.41)

correspond to the simplest way to meet the constraint. Here an intriguing interpretation
of the common variables is that the original variables X, Xp, X2 and Y., Yp, Y, are
respectively represented by affine functions (in fact, identity functions) of the new variables
X and Y in such a way that the constraint (3.40) is satisfied regardless of the new variables
X and Y. Generalizing this interpretation, we are led to the key observation in this section
that, to convexify the problem, it is actually enough for the variables X, Xp, X3 and Y,
YD, Y- to satisfy the following two conditions. |

Condition 1. The variables X, Xp, X2 and Y, Yp, Y5 are represented as some affine

functions of other new variables.

Condition 2. The variables X, Xp, X2 and Y, Yp, Y, satisfy the constraint (3.40)

regardless of these new variables.

Taking account of the first condition, let us introduce the new variables 2, {2p, 2, and
I'v, I'D, I3, and, for the moment, represent X, Xp, X2 and Y, Yp, Ys as

Yoo = yoo(Foo), YD = yD(FD)a }/2 = y2(-r2) (342b)
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where Xo(+), AD(+), X2(*), Voo(*), Vb (-) and Yso(-) are some matrix-valued affiné functions
to be determined. Substituting (3.42) into (3.37)-(3.39), the variables are regarded to be
v, 0, 23, ', I'd, Iy, Z, and 72. In the sequel, we will give explicitly a set of affine
functions such that the second condition above is &lso satisfied, or equivalently,

Voo (I'o0)Xoo(260) ™ = Yp(ID) XD (£2D) ™" = Va(I3) Xa(12)* (3.43)

regardless of 2, 2p, 2 and [, I'p, I» (in fact, we will take I'y, = I'p = I3), while the
conservatism being circumvented as much as possible. To derive such affine functions, we

make the following assumption.

Assumption 3.1 A set of matrices Xoo, XD, X2, Yoo, YD, Y2 (and Z5) that satisfy (3.37)-
(3.39) for some v5 = 790 > 0 is given. Furthermore, denoting these matrices by X0, XDos
Xoo and Yoo, YDo, Yoo, they satisfy

Yoo X0 = YDo X5 = Ya0 X530 =: Ko ' (3.44)
Without loss of generality, we assume that Ky has full row rank.

The above assumption is necessary in our derivation of the affine functions. A reasonable
way to determine the matrices in Assumption 3.1 will be discussed later in Subsection 3.3.2.
Based on the constant matrices X0, Xpo, Xoo and Y, Yo, Yoo, we derive affine
functions as in (3.42) with the above-mentioned properties. The outline of the derivation

will be as follows.

1. We first construct symmetric-matrix-valued affine functions X (2), Ap(2p) and
Xao(f2;) such that

Yoo Xoo(£200) ™ = YDoAD(2D) ™" = Yoo Xo(£22) ™" (3.45)
regardless of (2w, {2p and (2.

2. For the affine functions X (20 ), AD(2p) and Xs(§2:) constructed in the first step,
we next construct matrix-valued affine functions Veo(I'w), YD (ID) and V(%) such
that (3.43) holds regardless of the variables (2., 2p, & and [y, Ip, I3 (in fact, we
will take I, = Ip = I3).

Once these affine functions are constructed, our new approach to the multiobjective state-
feedback controller design problem will be completed simply by substituting them into
(3.37)-(3.39). The rest of this subsection is devoted to the details of the above procedure
for the derivation of the affine functions.

In the following, let the singular value decompositions of Y, € R™*™, Ypo € R™*™ and
Y50 € R™*" be respectively
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Yoo = W ZoVeo, Ypo = WpIpVD, Yoo = WoloV; (3.46)
The matrices Sy, 2p and X, can be represented respectively in the following forms.
Yoo =: [ Z_'oo Om,n—-m ] , 2p = [ )jD Om,n—m ] ) 22 = [ 22 Om,n—m ] (347)

Here, Y0, YDo and Yy have full row rank because Ko does by Assumption 3.1. Hence,
Yoo € R™™ B € R™™ and Xy € R™*™ are positive-definite diagonal matrices.

Construction of X, Ap and X,

Now, we consider the first step: we construct the symmetric-matrix-valued affine func-
tions Xoo(20), AD(2p) and Ap(f2;) satisfying (3.45). For that purpose, it is useful to
explore symmetric matrices Py, Pp and P, satisfying

Yoo Po = YDoPD = Yoo 2 (3.48)

Regarding the existence of such symmetric matrices, the following proposition is a direct

consequence from Lemma 3.1.

Proposition 3.1 Symmetric matrices Py, Pp and P, satisfying (3.48) exist if and only if
there exists some K € R™*" such that

KYZo=YeoKT, KYfo=YpoK", KYj="YnK" (3.49)
. In particular, if (3.49) holds, then there exist symmetric matrices P, Pp and P; sétisfying

Yoo Poo = YDoPD = Yoo P2 = K (3.50)

It is clear from (3.44) that we actually have (3.49) for K = Kj, so that there exist
symmetric matrices P, Pp and P, satisfying (3.48). Hence, based on Proposition 3.1, let
us suppose that we are given a matrix K satisfying (3.49) (perhaps K = K, but this is not
necessarily assumed). Then, a crucial problem is to give a general class of Py, Pp and P,
satisfying (3.50). Regarding this problem, we obtain the following proposition immediately

from Lemma 3.2.

Proposition 3.2 Suppose that Yoo, Ypg, Yoo and K satisfying (3.49) are given, and con-
sider the singular value decompositions given by (3.46) and (3.47). Then the general solutions
of P, Pp and P, satisfying (3.50) are given by
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_ /T Cool  =oo0l2 = = . S—1vxsT T
Py = Voo —~T — Veos [ —~ool —ool2 ] = Zoo WooKVoo’

r| ED1 b - = S
Po=Vp | _; — Vb, [Epi Ep1] = I WHKVE, (3.51)
=Di12 =D |
Zo1 Zaie - - _
P=Vy [ T Ve, [ Ean Saxe | = ETTWE KV
=212 =2

where .1 € Rmxm’ Sz € Rmx(n—m), EDl c Rmxm, ED12 € Rmx(n-—m), 52’1 c R™™ and

Z212 € R™ ("™ are constant matrices while 5,, € R(P=mx(-m) =g c Rr-m)x(n=m) 44

= € R (n—m)x(n—m) are arbitrary symmetric matrices.

Recall that the general solution (3.51) is derived under the condition that a matrix K
satisfying (3.49) is given. For the time being, we consider to fix K to K, given by (3.44) in
Assumption 3.1, so that the constant matrices =1, Zeo12, and so on, in Proposition 3.2 will
be determined by setting K = Kj in (3.51); we will return to the case of K # Kj later on.

We are now in a position to give affine functions X, (25 ), Xp (2p) and X5(§2;) satisfying

(3.45), or to be more precise,
Yoo Xoo(£260) " = YpoXD(£2D) ™ = Yoo Xa(122) ™" = K, “ (3.52)

Proposition 3.3 Under the notation of Proposition 3.2 with K set to K, given by (3.44),
consider the affine functions X (£25), XD(2p) and X5(f25) given respectively by

Xoo(25) = Ooo + AL 2o0 Ao,

Xp(f2p) = 6p + AH2pAp, (3:53)
XQ(QQ) = @2 + Ag‘QQAQ
where O, A, @D, Ap, @2 and A, are constant matrices defined by
0u=vE| % Ol am[-zT ez 1N
[oo] oo - 0 0 - ? o0l2=— 00l
T [ 5]5::[[ 0 ] —_T ——1
Op =Vp 0 o J Vb, Ap:= [ —Zp1=p; { ] Vb (3.54)
5—1
6y 1=V [ e M= -EeEL TN

and 2, € R-mx(n-m) On ¢ R(r-m)x(n—m) gnd 2, € R—m*(n=m) gre symmetric. Then,
Xeo(£25), Xp(2p) and Xy(§25) are symmetric and satisfy (3.52) for any 2, {2p and (2.
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This proposition is based on the idea presented in [39]. A proof of the proposition is

given below to complete our exposition.

Proof. Applying the matrix inversion formula [47] to Py, given by (3.51), we have

Pl =0 + AL (B — B 105 Eoor2) Moo a (3.55)

Hence, defining 2o := (Seo— L 15551 Soo12) "}, We can see that P! is nothing but Xu (260

in (3.53). Now, since P, satisfies Ky = Yoo Py for any symmetric =, (and hence, for any
symmetric 2,,) by Proposition 3.2, it is obvious that X (f25) given by (3.53) satisfies
- Ko = YoooXeo(§260) " for any 2. Similarly for Xp(2p) and Xa(£2.). Q.E.D.

Proposition 3.3 gives a candidate for the set of desirable affine functions Xoo({2),
Xp(2p) and X,(2;) that satisfy (3.45). In fact, they satisfy (3.52). However, from the
viewpoint of deriving a new feedback gain K from the initial gain Ky based on the affine
functions X, = Xoo(20), XD = XAp(2p) and X, = Xy(§2,), it is imperative for these affine
functions to satisfy the less restrictive constraint (3.45), rather than (3.52). In other words,
we need to regard K in Proposition 3.2 as a variable. From (3.51), this means that we must
pay attention to the dependence of Z1, Zoc12, =D1, =D12, =21 and Zg319 on K.

To keep the affine nature of (3.53) with respect to the variables even under this viewpoint,
it is necessary to restrict somehow the way we regard K as a variable. Indeed, by inspection,
it would be reasonable from (3.51), (3.53) and (3.54) to take K = n~!Kj, where the scalar
n is a new additional variable. Then, we readily arrive at the following proposition.

Proposition 3.4 Consider the affine functions X (7, {25), X (7, 2D) and X5 (n, 22) given
respectively by

Xoo(n, 'Qoo) = 77800 + Agﬂoo/looa
Xp(n, 2p) = n6p + A} p Ap, (3.56)
XQ(’I’], .Qg) =16y + AgQ2A2

where n € R, and 2y € Rr—mx(n-m) oo € RP-mIx(-m) ) e R-mIX(em) while O,
A, Op, Ap, B2 and A, are all the same as in Proposition 3.3. Then, for any 7, 2., 2D

and (2, we have (3.45), or to be more precise,

Yoo0Xoo (1, 200) ! = YDoXD (0, 2D) 7" = Yoo Xa(n, £22) 7' = 07Ky (3.57)
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Construction of V., Yp and )»

Now, we consider the second step: we construct affine functions Veo(I'), Yo(ID) and

Vo (D) satisfying (3.43), or to be more precise,
yoo(Foo)Xoo(ny -Qoo)—l = yD(FD)XD(n’ ‘QD)_l = y2(r2)X2(777 '(22)_1 (3'58)

for the affine functions Xoo (7, 200), XD (M, 2p) and Xy(n, 22) given by (3.56). Regarding
this construction, we simply introduce a new variable I' := I, = I'p = I3 and define

Vool I) = TYeoo, Yo(I') = Ypo, Ya(T) = I'Yo (3.59)
We then have the following result.

Proposition 3.5 For the affine functions X (7, 2), Xn(7n, 2p) and Xy(n, 25) given by
(3.56) and Voo(I"), Yp(I") and Yo(I") given by (3.59), we have (3.58) for any 7, 2., 2p, 2

and I'. In particular, we have
Yoo (I Xoo(1, 26) ™ = Vo (I) XD (1, 20) ™" = Wo(T)Xa(, )™ = 7' 'K, (3.60)

Remark 3.3 It will turn out in the following subsection that the H; cost will be minimized

over a set of gains K of the form
K=n"TK, (3.61)

in our new approach, because of the form (3.60). In this sense, the scalar variable  may
look redundant in the above construction, but this is not the case. The variable 7, together
with 2., 2p and (2, corresponds to the scaling of X, Xp and X3 in (3.37)-(3.39) (see
(3.65)). It is known that the scaling of the Lyapunov variables is an important factor to get

around the conservatism [25].

3.3.2 New LMI Characterization with the Affine Representation
Approach

Now, we are ready to give our main result in this section. Substituting the affine functions
Xoo (1, 2o0), Xp(m, 2p) and Xa(n, 25) given in (3.56) and Voo(I), Yp(I') and V(') given
in (3.59) into (3.37)—(3.39), and recalling (3.60), we arrive at the LMI’s (3.62)—(3.64) given
below, where (3.62) reflects the Hy, constraint, (3.63) the D-stability constraint and (3.64)
the H, specification.

N0 + AL Qoo Ao > 0 (3.62a)
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He[A(1Ow + AL Qo A) + BI'Yo| Boo
| BT, ~1I
Coo(MBoo + AL Qoo Noo) + DiyooI'Yooo Doo

(3.62b)
(77900 + Ai'(ZOOAOO)Cg; + Y£OFTD300
DT, <o
%I
nOp + AL 2pAp > 0 (3.63a)

M ® (10p + Ap2pAp) + He [N ® { AmOp + AL 2p Ap) + BI'Yno}] < 0 (3.63b)

[ He[A(nO2 + A 2aAs) + BIYag] (0O + AL 24)CF + Yoo DT, <0 (3.64a)
| Ca(nBs + AL 2 Az) + Do TYip —3I '
[ Z B

\ ] -0 (3.64b)
| By 702+ A5 (25 A9
trace(Zy) < 1 (3.64c)

Here, the variables are 1, 2w, 2D, {22, I, Z5 and 72, and the constant matrices O, A,
Op, Ap, O2 and A, are defined through (3.46), (3.47), (3.51) and (3.54) with K in (3.51)
set to K given by (3.44). The optimal feedback gain K is given by (3.61).

With these LMI characterizations, the multiobjective state-feedback Hy/H,,/D-stability
problem can be cast into a convez optimization problem as is described formally in the

following.

Affine Representation Approach with Non-common Lyapunov Variables
Minimize 2 subject to the LMI’s (3.62)—(3.64). Here, the variables are 1, 2., {2p, {22,
I', Zy and 2

Remark 3.4 In the optimization subject to the LMI's (3.62)—(3.64), the variables 2.,
2p and (2 can take distinct values and hence the Lyapunov variables X, Xp and X,
given by

are not the same, in general. The implication is that the affine representation approach

allows non-common Lyapunov variables.
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It should be noted that the LMI’s described by (3.62)—(3.64) that allow non-common
Lyapunov variables have been obtained under Assumption 3.1. Hence, before solving these
LMT’s, we have to determine the constant matrices X0, XDo, X20, Yo00, YD0, Yoo (and Kp)
satisfying (3.44). Regarding this problem, as in the preceding section, we propose to choose

these matrices as
X0 =Xpo=X, Xon=0@2 Yuo=Ypo=Y, Yy=K.Qo, (3.66)

where X and Y are the common variables (3.41) obtained by the conventional approach [6],
K, is given by K, = YX !, and Q> is obtained by minimizing 72 in (3.8) for the gain K.
We assume that K, is of full row rank; if this is not the case, we can add a small perturbation
to the common variable Y so that Assumption 3.1 is satisfied.

An advantage of the choice (3.66) is now shown. Because the inequalities (3.37)—(3.39)

are feasible for 45 = 5, with
Xoo = XD = X7 X2 = Q27 YOO = YD = K }/2 = KCQ27 (3'67)

it can be claimed that the LMI’s (3.62)—(3.64) are feasible for v5 = 7o, if we set the variables

as follows.

n= ]., = Im)

2o = (Zo0— 5L 1557 Foro) ™, (3.68)
— —_ = =-lo -1 .

p = (D - ED125p15D12)

92 = (,:,2 - .:2,12:271 :'2,12)

Here, Zw, SE1, Sw12, =D, =D1, =D12, 52, =21 and S5 1o are defined with the matrices

X0, XDo, X20 and the singular value decompositions (3.46) by

S0l Sool2 ZD1 —=D1i12

1T _. 1y T _. 1T | D21 5212 :
—00l2 —00 —Di12 =D —212 =2

To see the above claim, it is enough to note that with the special choice of the variables
given in (3.68), each of the affine representations in (3.65) and Yoo = 'Y, YD = I'YDo,
Y, = 'Y reduces to

Xoo:Xooosz XD=XD0=X, X2=X20=Q2, (370)
Yo=Yo=Y, Yp=Ypo=Y, Yo=Yy=LKQ2

Thus, we are led to the following result.

Theorem 3.2 If we take X0, XDo, X20, Yoo0, YDo, Y20 given by (3.66), then the LMI’s
(3.62)—(3.64) are feasible. Moreover, suppose we minimize 72 subject to the LMI’s (3.62)-
(3.64) and denote the optimal value of 42 by 42,. Then, we have
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Yon < Ve (3.71)

where 75, is the actual cost achieved the feedback gain K.. Namely, we can obtain a feedback
gain that achieves better (no worse) performance than the one based on a common Lyapunov

variable.

If we determine the matrices X0, XpDo, X20, Yoo0, YDo, Yoo by (3.66), the explicit
description of the affine representation approach will be as follows.

Step 0. Minimize 42 subject to (3.2)-(3.4) with a common Lyapunov variable X and a
variable Y given by (3.5) and (3.6), respectively. Denote the optimal value of 42 by
42, and the resulting feedback gain by K, := Y X!

Step 1. Minimize 2 subject to (3.8). Denote the optimal value of 72 by 7226,

Step 2. Define the constant matrices O, Ao, Op, AD, B2 and A, through (3.66), (3.46),
(3.47), (3.51) and (3.54), with K in (3.51) replaced by K.

Step 3. Minimize v2 subject to the LMI's (3.62)—(3.64) to get the feedback gain K given
by (3.61).

In Step 3, let us denote the resulting optimal value by 42,. Furthermore, minimize 2
subject to (3.8) with K, replaced by K to get the exact value of the Hy cost achieved by the
feedback gain K designed in Step 3, and denote the resulting optimal value by ~2,. Then,
it is clear that

Yon S ’72n _<_ Y2e S ’720 (372)

This implies that we can arrive at the Hy cost ~ya,, which is better (no worse) than 7,
achieved by the initial gain K. '

Now, the affine representation approach has been given explicitly. This approach leads to
the LMI’s (3.62)—(3.64), that are quite different form those (3.25)—(3.27) with the subspace
approach. Moreover, it follows that the affine representation approach has a different prop-
erty from the subspace approach. Before closing this subsection, let us give a few remarks
on the comparison between them as well as the one proposed by Shimomura and Fujii [38]-
[40], especially from the viewpoint of the structure of the feedback gains obtained by these
approaches. In order to implement each of the approaches, we need Ky, the initial feedback
gain. As stated before, the feedback gain K obtained by the affine representation approach
is always of the form (3.61), which means that the resulting gain K is dependent on the
initial gain Ky in a particular form. On the other hand, if we take the subspace approach or
the one given in [38]-[40], the initial gain K does not restrict the resulting gain K in such a
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structural way. This is because, in these approaches, the feedback gain K is chosen directly
as an LMI variable.

Because of this fact, it seems that iterative applications of the affine representation ap-
proach do not work effectively, even though such an'iterative algorithm can readily be derived
in principle. However, by combining the affine representation approach and the subspace
approach, we obtain an effective iterative algorithm as described in the following subsection.

3.3.3 Combined Iterative Algorithm

We have proposed two approaches to the multiobjective state-feedback Hy/H,,/D-stability
problem: the subspace approach and the affine representation approach. We can see that
each approach obtains a distinct set of LMI characterizations by freezing some different por-
tion of the Lyapunov variables. Thus, applying these approaches by turns, it is expected
that we can use the freedom of the frozen potion compiementarily. This idea leads directly

to the following combined iterative algorithm.

Combined Iterative Algorithm

Step 0. Minimize 73 subject to (3.2)-(3.4) with a common Lyapunov variable X and a
variable Y given by (3.5) and (3.6), respectively. Denote the resulting feedback gain
by K® := Y X!, where we set ¢ = 0. For the subsequent design steps, define X, := X
and Xp := X.

Step 1. Minimize 72 subject to (3.8) with K, replaced by K. Denote the optimal value of
72 by (fyéi))z, and check the stop criterion with respect to fyéi). In this step, the variable
Q- is updated, which will be used in the following Step 2.

Step 2. Define Uy, Up and U; by
Usp = BTXZ!, Up:=B'Xg', U,:=BTQ;" (3.73)

where X, Xp and @), are those obtained in the previous design steps. Set 2 :=17 + 1
and minimize v2 subject to the LMI’s (3.25)—(3.27) to get the feedback gain K. In
this step, the variables P, and Pp given by (3.22) and (3.23) are updated, which will
be used in Step 4.

Step 3. Minimize 2 subject to (3.8) with K replaced by K. Denote the optimal value of
72 by ('yéi))Q, and check the stop criterion with respect to 'yéi). In this step, the variable
Q1 is updated, which will be used in the following Step 4.
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Step 4. Define Xo0, XDos X20, Yac0, YDo and Yag by

XOOO = Po—;la . XDO = P[_)la X20 = Q27

. . . 3.74
Yooo i= KOPZY, Ypo:= KOPE!, Y :=KHQ, (5:7)

where P, Pp and ()2 are those obtained in the previous design steps. With these
constant matrices, further define the constant matrices O, 7/100, 6p, Ap, @, and
A, through (3.46), (3.47), (3.51) and (3.54), with K in (3.51) replaced by K. Set
i =i+ 1 and minimize 72 subject to the LMI’s (3.62)—(3.64) to get the feedback gain
K®_ Then, go to Step 1. In this step, the variables X, and Xp given by (3.65) are
updated, which will be used in Step 2.

In this algorithm, Step 0 corresponds to the conventional approach with a common Lya-
punov variable to obtain an initial feedback gain K(®. Step 2 corresponds to the subspace
approach provided in the preceding section, and Step 4 corresponds to the affine represen-
tation approach. Steps 1 and 3 calculate the actual cost achieved by the feedback gain K®
resulting from each design step, and check the stop criterion with respect to 75"). In this
combined algorithm, we can always assure the feasibility of the LMI’s in Steps 2 and 4. It
is also assured that the resulting H, cost 'yéi) is monotonically nonincreasing throughout the

iterative algorithm.

Remark 3.5 In Step 2 of the combined iterative algorithm, the matrices Uy, Up and Us
for the subspace approach are updated with the matrices obtained by the affine representa-
tion approach in Step 4. This clearly shows the difference between the combined iterative
algorithm and the iterative algorithm based on the subspace approach given in Subsec-
tion 3.2.3. It is possible for the combined iterative algorithm to include such procedure of
minimizing m., and mp under the constraints (3.32) and (3.33) as in the algorithm based
on the subspace approach, although these procedures are not employed for simplicity.

With this combined iterative algorithm, it is expected that we can get around the con-
servatism in the conventional approach. For the same purpose but in a different fashion,
Shimomura and Fujii also proposed an iterative algorithm [38]-[40]. The effectiveness of
these iterative algorithms are illustrated and compared through numerical examples in Sec-
tion 3.5.

38



3.4 Robust Multiobjective State-Feedback Controller
Design for Real Polytopic Uncertainty

In the preceding sections, we have proposed two approaches to the multiobjective state-
feedback Hy/H,,/D-stability problem. These approaches can be readily extended to the
problem for the plant with polytopic uncertainty [4]. In this section, we deal with a robust
multiobjective state-feedback Hy/H,,/D-stability controller design problem for real poly-
topic uncertainty. _

Let us consider the plant described by (3.1) again. Supposing that there is no uncertainty,
it is enough to represent the plant by just one model {4, By, By, B, Coo, Ca, Dooy Dyooy Dya}-
However, if the parameters of the plant have uncertainties, we cannot determine such a single
model and need to represent the plant with some set. It is sometimes useful to represent the

plant as a polytope [4] described by

T = A@)z + Bx()wx + Ba()we + By)u
Zo = Coo(¥)T + Doo(¥)weo + Do(th)u (3.75)
2z = Cy(¥)z + Dp(W)u

where |

[ A(W) Bo(¥) B(¥) B®) | ,
Coo®) Deo(®) 0 Dioo(®) | = 2 viMi,
| Co(¥) O 0 Day(¥) |

A; Byi By B; (3.76)
Cooi Dooz 0 Dzooi = Mz (Z:: 1)"':p)a
02,' 0 0 Dz2i

] p
wz(wla”'a’d}p)T) weSPZ{wlwlZO(Z:]-aap)’ Zd’z:l}
i=1

We assume that the uncertain parameter 1 is time-invariant, and that the matrices {A;, Boo;,
Bai, Bi, Cooiy C2iy Dooiy Daooiy Dani} in M; (i =1,---,p) are given matrices.

Consider the multiobjective state-feedback Hj/H,,/D-stability controller design problem
for the plant (3.75) with the polytopic uncertainty (3.76). The problem is to find a state-

feedback gain K minimizing the worst case Hs cost defined by
Yo, w.e = Iiléié{ HTzzwz (3)H2 (377)

subject to the H,, and D-stability constraints for all possible values of ¢ € ¥.
The conventional approach [6] to this problem is such that they minimize 73 subject to
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He[A:X + BY] Bui (CooiX + DoeiY)T

BT, -1 DL, | <0 (=1,---,p) (3.78)
CooiX + Dzooz'Y Dooi —ngoI

M@X+He[N@(AX+BY) <0 (i=1,---,p) (3.79)
[ He[A; X + BY X + D, V)T

el4iX + BY] (CuX +Dai¥)" | (3.80a)
i CoX 4+ D,yY . —’)/22.[
| 7,, BT

S Y. (3.80b)
| By X
trace(Zy) <1 (i=1,---,p) (3.80c)

where the variables are X, Y, Zy; (¢ = 1,---,p) and 42. Once the variables X and Y
have been found, the state-feedback gain can be determined by K, = Y X~1. Note that if
(3.78)—(3.80) are satisfied for 7o = Ag., we readily obtain

He[(A(¥) + B))K)X] Boo(¥) X(Coo(¥) + Dioo(¥)Ke)"

Boo(t))" -1 Doo(¥)7 <0 (3.81)
(Coo (TP) + Dzoo (w)Kc)X Doo (w) —’Ygol
M ® X + He[N ® {(AW) + B(¥)K.) X} <0 (3.82)
| Hel(A(Y) + BW)K)X] X(Cofw) + D)) | _ (3.833)
| (Co(¥) + Daoa(¥) Ke) X —%.1 '
ZZZ; B zg)T >0 (3.83b)
trace(Za(v)) < 1 (3.83c)

P
regardless of ¥, where Zy(¢) = Zz[),-Zgi. Consequently, we can assure the achievement of

=1
Yowe < Ao under the Hy, and D-stability constraints.

Remark 3.6 As in the uncertainty free case, the value 45, is an upper bound for vy ..

achieved by K,. A better upper bound can be sought by minimizing 42 subject to

He[(A; + BiK.)Xs] Xo(Cyi + D,y K,)T

<0 (3.84a)
(Coi + Do K )Xo -3l
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Zy Bj;
By X
trace(Zy) <1 (i=1,---,p)

>0 (3.84b)

(3.84¢)

where the variables are X, and Zy (i = 1,--+,p). If we denote the optimal value of ~2

obtained by this procedure by 72,, we have
Yo, w.c. S Yae S ;)'/2c (385)

In contrast to the uncertainty free case, it should be noted that the value vz is still an
upper bound for v, ... achieved by K,. In fact, the calculation of Yo,w.c. 18 known to be qﬁite
hard under the polytopic uncertainty setting. Once the feedback gain K, is determined, the
problem to calculate the worst case Hy cost 7o w.c. amounts to an analysis problem, and this
problem will be addressed as a robust Hs performance analysis problem for real polytopic

uncertainty [35] in Chapter 4.

Although the conventional approach given above offers a tractable means for the problem,
this approach is quite conservative, and the conservatism arises from the following two causes.

1. A common Lyapunov variable X is forced for all design specifications, as in the uncer-

tainty free case.

2. A fized Lyapunov variable X is employed to test performance over the whole uncertainty
domain, for each of the design specifications (see (3.81)—(3.83)). In dealing with time-
invariant uncertainties, however, it is well known that the use of a fixed Lyapunov
variable tends to be very conservative [16]. Instead, parameter-dependent Lyapunov
variables are useful to get around this sort of conservatism, and the methodology for
parameter-dependent Lyapunov variables has been studied extensively since the late
1990’s [1],[2],[12],[16],[18],]20],[27],[29]-[32],]34],[35].

It is clear that the two approaches presented in the preceding sections work fine to get
around the conservatism arising from the first cause stated above, because we can employ
non-common Lyapunov variables for different design specifications. Note however that to
apply the subspace approach under the polytopic setting, we need an additional assumption
that the coefficient matrix B of the plant has no uncertainty. In the application of the affine
representation approach, we need no additional assumption.

To circumvent the conservatism arising from the second cause, neither of the two ap-
proaches is helpful. Overcoming this problem will be deferred to Chapter 4, where we pro-
vide a new approach to the multiobjective controller design problem for real polytopic uncer-
tainty that allows not merely non-common Lyapunov variables but non-common parameter-

dependent Lyapunov variables for multiple design specifications.
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3.5 Illustrative Examples

In this section, we give some numerical examples to illustrate our approaches. The goal

of this section is described in the following.

1. We show that the application‘ of the new approaches with non-common Lyapunov
variables results in significant improvements over the conventional approach with a

common Lyapunov variable.

2. We compare the effectiveness of the new approaches and the one proposed by Shimo-
mura and Fujii [38]-[40] in a single step of the iteration.

3. We examine and compare the effectiveness of the iterative algorithms resulting from
the new approaches and the one proposed by Shimomura and Fujii [38]-[40] in their

limiting performance.

For the ease of description, we name each of the approaches and the iterative algorithms

as follows.

Table 3.1: Name for the approaches

Conventional Approach | The conventional approach with a common Lyapunov variable.

Approach 1 The subspace approach presented in Subsection 3.2.2.

The affine representation approach presented in Subsection
3.3.2.
The approach proposed by Shimomura and Fujii [38]-[40] with

Approach II

Approach III

the iteration carried out only once. |

Table 3.2: Name for the iterative algorithms

The conventional iterative algorithm presented in Subsection
3.2.3.

The iterative algorithm based on the subspace approach,

Conventional Algorithm

Iterative Algorithm I
erative Algorithm presented in Subsection 3.2.3.

The combined iterative algorithm, presented in Subsection
3.3.3.

The iterative algorithm proposed by Shimomura and Fujii
[38]-[40).

Iterative Algorithm II

Iterative Algorithm III
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Remark 3.7 Concerning the D-stability constraints, we have used in Sections 3.2 and 3.3
a single Lyapunov variable Xp irrespective of the regions, for notational simplicity. In the
following numerical examples, we employ non-common Lyapunov variables such as X4, X¢
and X for each of the regions H(e), C(c,r) and S(k) to get around the conservatism as
much as possible. This modification is straightforward and hence we suppress the detailed

descriptions for it.

Remark 3.8 We have used such notation as K, that denotes the feedback gain obtained
by Conventional Approach. In the following, we also use such notation as Kj, that denotes
the feedback gain obtained by Approach 1. Similarly, K. 1(5) denotes the feedback gain obtained
by Iterative Algorithm I with five iterations. Further, K| denotes the feedback gain resulting
from Iterative Algorithm I in the limit. Similarly for K89, Ky, K#j; and so on.

Remark 3.9 On the implementation of the iterative algorithms, we decided to set the
stop criterion by |fy;(,i) —’yéi+1)| < €, where 7&') is the Hj cost after the ith iteration. We arrive
at the value ¢ = 107 by trial and errors, aiming at a reasonable compromise between the
resulting Hy cost and the computation time. The value ¢ = 10~ will be sufficiently small to

evaluate the limiting performance of each algorithm for the problems treated in this section.
In the following, all LMI-related computations were carried out with the LMI Control
Toolboz [15], on PENTIUM-III 933MHz.

3.5.1 Multiobjective State-Feedback Controller Design Problems

First, we consider the multiobjective state-feedback controller design problems for sys-

tems without uncertainty.

Problem 1 (H,/D-stability Synthesis)
Consider the LTI plant described by

[0 0 1 0 ] [0 ] [0 ]

0 0 0 1 0 0
r = r + w -+ U,

&k k —f f 1 1

k -k f —f 0 0

) . ST cT (3.86)
Zo = | 0 1 0 0 |z

(1 0 0 0 ] [0 ]
2y = 0 1 0 0 T + U

0 0 0 0 | | 1]
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where k = 0.245 and f = 0.0219 [3]. The problem is to find a state-feedback gain K
minimizing ||T,,.||2 subject to the D-stability constraint o(A) C N{H(0.5),S(tan(37/8))}
(see Figs. 3.1 and 3.2).

Applying to Problem 1 the (non-iterative) approaches listed in Table 3.1, we get the Hy
costs shown in Table 3.3. More specifically, this table shows the actual Hs cost resulting from
each approach as well as the computation time. We can see that Approaches I-III achieve
better Hy costs than Conventional Approach. In particular, Approach I successfully achieves
the best performance with less computation time than Approaches II and IIl. Approach III
takes much more computation time than the other approaches, and one of the possible
reasons is that this approach deals with the LMI’s enlarged by some algebraic manipulations
to allow non-common Lyapunov variables [39],[40].

Table 3.3: The resulting H; costs by the approaches listed in Table 3.1

Approach (Corresponding gain)| Hy cost | CPU time (sec)

Conventional Approach (K.) | 1.5924 0.15
Approach I (Ki) | 1.4848 0.39
Approach II (Ku) | 1.5046 0.43
Approach III (Kmr) | 1.5478 0.98

The feedback gains resulting from these approaches are given below for comparison.

K, = —45752 —0.9647 —3.0720 —13.8032 | (3.87)
Ki=[-3.3480 —0.3486 —2.4225 —0.4676 | (3.88)
KH=[—3.3765 ~0.7120 —2.2671 —10.1868 ] (3.89)
Ky = —4.0642 —0.6690 —2.8955 —11.7070 | (3.90)

For reference, the H, optimal feedback gain (without taking account of the D-stability

constraint) is given in the following.
Ky, = [ -1.3271 -0.0871 —1.6334 —1.9464 ] (3.91)

This feedback gain achieves ||T,,||2 = 1.2780.
Because of the nature of Approach 11, the feedback gain Ky1 depends on K in the following

form.
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K = 0.7380K., (3.92)

On the other hand, the feedback gains K7 and Kyj; do not depend on K, in such a structural
way. As is typically shown in (3.92), it turns out that Approaches I-III arrive at lower gains
than that of Conventional Approach. From another point of view, it can be said that the
feedback gains (3.88)—(3.90) successfully come close to the optimal gain Ky, given by (3.91)
so that they attain better H, costs than K.

It is expected that Approaches I-III achieves better performance because of their less
conservative nature. Indeed, the less conservative nature of Approaches I-III can be seen
in the closed-loop pole locations. The closed-loop pole locations under the feedback gains
Kpy,, K. and Kj are shown in Fig. 3.1, where we suppressed those under Ky and Ky for

simplicity.
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Figure 3.1: Pole locations under Ky,, K. and K1

The above figure shows that the feedback gain K, does not satisfy the D-stability constraint, -
while the feedback gains K. and K do satisfy the constraint as required. However, the figure
suggests that there is a big margin left for the D-stability constraint under K. In other
words, Conventional Approach yields an excessively high feedback gain so that it achieves
the D-stability constraint in a conservative fashion. On the other hand, the closed-loop
pole locations under Kj are close to the boundary and the feedback gain Kj indeed achieves
considerably better Hy cost than K.. These facts lead us to the conclusion that Conventional
Approach with a common Lyapunov variable is conservative, and the conservatism has been
circumvented by Approach I with the use of non-common Lyapunov variables. Note that

similar observations apply also to Approaches II and III.
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Next, we investigated the effectiveness of the iterative algorithms. Applying to Problem 1
the iterative algorithms listed in Table 3.2 under the stop criterion I')éi) — 7§z+1)| < 1074,
we get the Hy costs shown in Table 3.4, where we also show the number of iterations and

computation time for each algorithm.

Table 3.4: The resulting Hj costs in the limit by the iterative algorithms listed in Table 3.2
(N: number of iterations)

Algorithm (Corresponding gain)| Hp cost | N | CPU time (sec)

Conventional Algorithm (K7) | 1.3898 | 1458 286.10
Tterative Algorithm I  (Kf) | 1.3887 31 12.78
Iterative Algorithm I  (Ky) | 1.3004 26 7.31
Iterative Algorithm IIT  (K7jy) | 1.3025 16 14.25

The above table shows that Iterative Algorithms I-IIT all achieve better performance than
Conventional Algorithm with much less computation time. In particular, with Iterative Al-
gorithms II or III, the H5 cost is considerably improved. In this problem, Iterative Algorithm
II successfully achieves the best performance with the least computational effort, which leads
to the state-feedback gain

K =Kip” = [ -1.6287 02147 —1.9579 —2.9135 | (3.93)

The closed-loop pole locations under Kj; are shown in Fig. 3.2 to see the less conservative
nature of Iterative Algorithm II. This figure shows that the feedback gain Kj; achieves the
D-stability constraint without any margin.
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Figure 3.2: Pole locations under Kj;
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Although Iterative Algorithm II is such that it uses the feedback gain K, given by (3.87)
as an initial feedback gain, the resulting feedback gain K7j; given by (3.93) is quite different
from K.. It is also a quite interesting fact that the second element of the feedback gain has
changed its sign during the iterations from K, to K7 in the Iterative Algorithm II.

Here, let us observe the H,, costs corresponding to the feedback gains resulting from
these iterative algorithms. We take w and 2z for the input and output, respectively, to
measure the H, costs (see the state space realization (3.86) of the plant). The following
Table 3.5 shows the results.

Table 3.5: The resulting H,, costs for the iterative algorithms

Algorithm (Corresponding gain)| Hyo cost (|1 wlloo)

Conventional Algorithm (K}) 0.3891
Iterative Algorithm I (K7) - 0.5647
Iterative Algorithm IT  (K}) 0.7091
Iterative Algorithm IIT  (K7y) 0.7215

It is clear from the above table that none of the feedback gains achieve the H., costs less
than 0.3. With this in mind, we further include the additional constraint ||T,_w||ec < 0.3
to Problem 1. Namely, as the next problem, we consider the following multiobjective state-
feedback Hs/H,,/D-stability problem.

Problem 2 (H,/H,,/D-stability Synthesis)
Consider again the LTT plant described by (3.86) where k£ = 0.245 and f = 0.0219. The

problem is to find a state-feedback gain K minimizing ||T,.]||2 subject to the H,, constraint
NTsowlloo < 0.3 and the D-stability constraint o(A) C N{H(0.5), S(tan(37/8))}.

As in the preceding problem, we first show the effectiveness of the (non-iterative) ap-
proaches listed in Table 3.1, and we second demonstrate that the performance is further
improved by the application of the iterative algorithms listed in Table 3.2.

Applying the non-iterative approaches to Problem 2, we get the Hy costs shown in Ta-
ble 3.6, where we also show computation time for each approach. We can see from this table
that Approaches I, IT and III achieve better H, costs than Conventional Approach, and that
Approach I achieves the best performance with less computation time than Approaches II
and III. It turns out that the H, costs shown here are naturally worse than those in Table 3.3

because of the additional H,, constraint.
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Table 3.6: The resulting Hs costs by the approaches listed in Table 3.1

Approach (Corresponding gain)| Hy cost | CPU time (sec)

Conventional Approach (K,) 1.7111 0.19
Approach I (K1) | 1.6180 0.51
Approach II (Ku) | 1.6393 0.52
Approach III (Km) | 1.6696 1.25

The feedback gains obtained by these approaches are given below for comparison.

K, = -5.9037 —49351 —3.5089 —21.8058 | (3.94)
Ky=[-4.7255 —2.5468 —2.8125 —15.7032 | (3.95)
Ky=[-47141 -3.9407 —2.8019 —17.4120 | =0.7985K, (3.96)
Kyy=| -53411 -4.0142 —3.3389 —18.9957 | (3.97)

Similarly to the preceding problem, Approaches I-III yield lower gains than Conventional
Approach. For reference, the Hy optimal feedback gain (without any care for the H,, and
the D-stability constraints) is again given in the following.

Kpg,=[ -1.3271 —0.0871 —1.6334 —1.9464 | (3.98)

Recall that this H, optimal feedback gain achieves ||T,,y||2 = 1.2780.

One of the possible reasons why Approaches I-III arrive at better performance is that
they successfully circumvent the conservatism of Conventional Approach. Indeed, we can see
the less conservative nature of Approaches I-II1 than Conventional Approach via the H
costs and the closed-loop pole locations under the resulting feedback gains (3.94)—(3.97). To
see this, we show the H,, costs achieved by these gains in Table 3.7. The closed-loop pole
locations under Kp,, K. and K; are shown in Fig. 3.3, where those under K and Ky are

omitted for simplicity.

Table 3.7: The resulting H,, costs under the constraint ||, w||e < 0.3

Approach (Corresponding gain) | Hy cost (||Tzewlloo)
Conventional Approach (K.) 0.0923
Approach I (K1) 0.1375
Approach I (K1) 0.1155
Approach III (Km) 0.1069
H, optimal (Kr,) 0.9702
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Figure 3.3: Pole locations under Kg,, K. and K;

Table 3.7 and Fig. 3.3 show that the feedback gain K, satisfies neither the H,, con-
straint nor the D-stability constraint, while the feedback gains K, and K7 do satisfy both of
the constraints as required. In particular, we can see that the feedback gain K; satisfies both
of the constraints in a less conservative fashion: the feedback gain K leaves less margins for
the constraints than K,.. Noting that the feedback gain Ki indeed achieves better perfor-
mance than K., we can conclude that Conventional Approach is conservative, and Approach
I successfully reduces the conservatism with the use of non-common Lyapunov variables.
Similar comments also apply to Approaches II and III.

Next, we investigated how the Hs cost is further improved by the iterative algorithms
listed in Table 3.2. Applying them to Problem 2 under the stop criterion |’y§i) —’y§i+1)| <1074,
we get the Hy costs shown in Table 3.8, where we also show the number of iterations and

computation time for each algorithm.

Table 3.8: The resulting Hy costs in the limit by the iterative algorithms listed in Table 3.2
(N: number of iterations)

Algorithm (Corresponding gain)| Hy cost | N | CPU time (sec)

Conventional Algorithm (K}) | 1.4151 | 873 233.14
Iterative Algorithm I  (Kj}) | 1.4152 | 42 23.36
Tterative Algorithm IT  (Kj;) | 1.4138 | 16 5.53
Iterative Algorithm III  (Kj) | 1.3985 | 14 14.75

The above table shows that all of the algorithms achieve the H, costs nearly 1.4, which is
significant improvement over the results of the (non-iterative) approaches where Approach
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I achieved the best cost 1.6180. This suggests that these algorithms have worked better to
reduce the conservatism. Indeed, the less conservative nature of them can be seen from the
way they satisfy the H,, and D-stability constraints. For example, Iterative Algorithm II

arrives at the feedback gain
Kf=K{® =[ -25713 —0.8917 —2.1339 —6.9047 | (3.99)

and this feedback gain achieves H, cost 0.2907 and places the closed-loop poles as shown
in Fig. 3.4. Comparing these results with those in Table 3.7 or Fig. 3.3, we can see that the

feedback gain K7j; satisfies both constraints in a less conservative fashion.
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Figure 3.4: Pole locations under Kj;

In this example, as shown in Table 3.8, Iterative Algorithm III arrives at the best perfor-
mance. Although Conventional Algorithm achieves almost the same performance as Tterative
Algorithms I and II, it needs much more computation time than the latter two algorithms.
This clearly suggests the advantage of Iterative Algorithms I and II over Conventional Al-

gorithm.

3.5.2 Robust Multiobjective State-Feedback Controller Design
Problem for Real Polytopic Uncertainty

In the preceding subsections, we considered multiobjective state-feedback controller de-
sign problems for a plant without uncertainty, and demonstrated the effectiveness of the new
approaches and the iterative algorithms. The aim of this subsection is to show that they are
also effective for the multiobjective state-feedback controller design problems under the poly-

topic uncertainty setting. To this end, let us consider a simple multiobjective state-feedback
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controller design problem for real polytopic uncertainty. In dealing with the problem, it is
desirable to employ non-common Lyapunov variables for the design specifications where the
Lyapunov variables are at the same time parameter-dependent over the uncertainty domain.
However, we concentrate our attention on clarifying the advantage of the use of non-common
Lyapunov variables for the design specifications, and hence, for the whole uncertainty do-
main, we evaluate each design specification with a fixed Lyapunov variable. As described in
Section 3.4, the two approaches in this chapter enable us to do so.

Problem 3 (H,/D-stability Synthesis for Real Polytopic Uncertainty)
Consider the LTI plant (3.86) where the parameters k and f have the following ranges

of uncertainties.
0.09<k<04, 0.0038<f<0.04 (3.100)

The problem is to find a state-feedback gain K minimizing the worst case Hy cost of the

closed-loop system defined by
Yowe = n,%a,fx HTzzw(S)||2 (3101)

subject to the D-stability constraint such that the closed-loop poles for all possible values
of the parameters k and f lie in N {H(0.15), S(tan(37/8))}.

In order to ‘deal with the uncertainties of the parameters & and f, we describe the plant
as a polytope with four vertices M; (i = 1,---,4) (see Section 3.4). In the sequel, we refer
to the model corresponding to each vertex as Model 1, 2, 3 and 4, respectively.

Applying to Problem 3 the non-iterative approaches listed in Table 3.1, we get the Ho
costs shown in Table 3.9, where we also show the computation time for each approach.
Recall that the H, costs here are obtained by forcing a fixed Lyapunov variable over the
‘whole uncertainty domain and hence nothing but an upper bound for the worst case [ cost

Yo,w.c. achieved by each approach.

Table 3.9: The resulting H, costs by the approaches listed in Table 3.1

Approach (Corresponding gain)| Hs cost | CPU time (sec)

Conventional Approach (K.) | 2.0199 0.85
Approach I (K1) | 1.8296 1.82
Approach II (Ky) | 1.9182 2.16
Approach TII (Km) | 1.9856 5.63
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The above table shows that Approaches I-1II achieve better performance than Conventional
Approach. In particular, Approach I achieves considerably better performance than Ap-
proaches II and IIT with less computation time. Note that in the preceding Problems 1 and
2, Approach I also arrived at the best performance. One of the reasons why Approach I (i.e.
the subspace approach) works fine is that we can take a large subspace of the Lyapunov vari-
ables in these problems because the plant of interest has four states while only one control
input (see (3.22)—(3.24)).
These approaches lead to the following feedback gains.

K.;=[ 100449 45272 —5.2278 —30.1554 | (3.102)
Ki=[ —6.0300 29961 —3.7987 —16.9341 | (3.103)
Ky =| -7.8782 3.5507 —4.1002 —23.6509}=0.7843Kc (3.104)
Km=| —9.3438 42518 —4.9842 —27.6284 | (3.105)

Although all of the Approaches I-III are such that they use K, as an initial gain, we can see
that the resulting gains Ki, Ky and Kiyp are quite different from K.

It is expected that Approaches I-1II successfully arrive at better performance because of
their less conservative nature. To see this, the closed-loop pole locations on each vertex under
Kpy,, K. and K are shown in Figs. 3.5, 3.6 and 3.7, respectively. Here, Ky, is a feedback
gain that minimizes the upper bound of the worst case Hs cost without taking account of
the D-stability constraint and achieves an upper bound 1.7584. These figures show that
Ky, slightly violates the D-stability constraint, while K, and Kj do satisfy the D-stability
constraint as required. Specifically, Fig. 3.7 suggests the less conservative nature of Approach
I: the feedback gain Kj achieves almost the boundary for the D-stability constraint.

3.0 Modelll + l l -
Model 2 @

2.0 1 Model 3 * 1
*S( +

1.0 + Model 4 x i

OO T O &

—1.0 } ' i
K +

20 } i

—30 F .

-3.0 —-2.0 -1.0 —0.15

Figure 3.5: Pole locations under Kg,
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Figure 3.6: Pole locations under K,
3.0 [ Model 1 + | |
Model 2 =
20 1 Model 3 » A
1.0 + Model 4 x
0.0 -
~1.0 |
—20 |
30 |
—3.0 —2.0 -1.0 —0.15
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Figure 3.7: Pole locations under Kj;

Next, we demonstrate the effectiveness of the iterative algorithms under the polytopic
setting. Applying to Problem 3 the iterative algorithms listed in Table 3.2 under the stop
criterion ]fy;(,i) — 7§i+1)] < 1074, we get the Hy costs shown in Table 3.10, where we also show

the number of iterations and computation time for each algorithm.
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Table 3.10: The resulting H» costs in the limit by the iterative algorithms listed in Table 3.2

(N: number of the iterations)

Algorithm (Corresponding gain)| Hs cost | N | CPU time (sec)

Conventional Algorithm (K?) | 1.9351 | 75 61.34
Iterative Algorithm I  (K7) | 1.8023 | 9 14.09
Iterative Algorithm IT  (K73;) | 1.8044 | 14 18.25
Iterative Algorithm IIT  (Kj) | 1.7986 | 44 216.58

As shown in the above table, Iterative Algorithms I-III achieve considerably better perfor-

mance than Conventional Algorithm. For reference, Iterative Algorithm I arrives at

Kf =K = —5.2378 2.6604 —3.8654 —13.8780 | (3.106)

We can see that the above feedback gain is quite different from the initial feedback gain K,
given by (3.102).

It follows from Table 3.10 that Iterative Algorithms I and II achieve almost the same per-
formance as Iterative Algorithm III with much less computation time. This clearly suggests
the effectiveness of Iterative Algorithms I and II.

In this subsection, we clarified the advantage of the use of non-common Lyapunov vari-
ables in dealing with the robust multiobjective controller design problems for real poly-
topic uncertainty. The new approaches indeed enabled us to employ non-common Lyapunov
variables, but the Lyapunov variables are fixed over the whole uncertainty domain. To
circumvent the conservatism arising from seeking fixed Lyapunov variables, we propose a
new approach in Chapter 4 which enables us to employ not merely non-common Lyapunov
variables but non-common parameter-dependent Lyapunov variables for multiple design spec-

ifications.

3.6 Summary

In this chapter, we have proposed two approaches with non-common Lyapunov variables
to the multiobjective state-feedback controller design problem. In Section 3.2, we proposed
the subspace approach, where we introduced some additional constraints to the Lyapunov
variables. This additional constraints successfully enabled us to derive a set of LMI’s that
leave the feedback gain directly as one of the LMI variables and also allow non-common
Lyapunov variables. With a suitable replacement of the parameters included in the additional
constraints, we arrived at an iterative algorithm based on the subspace approach. On the

other hand, in Section 3.3, we proposed the affine representation approach. In this approach,
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we performed a standard procedure called change of variables and represented the resulting
variables as a set of affine functions. These affine functions are constructed in such a way that
troublesome non-convex constraints are avoided. Because of this nice property, we readily
derived a set of LMI’'s that allow non-common Lyapunov variables. In addition, the idea of
simply combining the subspace and the affine representation approaches led us to another
effective iterative algorithm.

The above approaches and iterative algorithms seem to be effective in reducing the con-
servatism and attaining better performance as is demonstrated by numerical examples in
Section 3.5. Despite the advantages, we have to admit some deficiencies in our study
and drawbacks of our approaches. First, we gave no analytical results concerning the ef-
fectiveness of our approaches: we introduced no quantitative index for the degree of the
conservatism in the conventional approach with a common Lyapunov variable, and hence
we could not give any analytical results about how much the conservatism can be circum-
vented with our approaches. Second, our iterative algorithms as well as the one proposed
by Shimomura and Fujii [38]-[40] are not able to guarantee the achievement of global op-
timality. Concerning the dynamic feedback control problems, some approaches [5],[21],
[37] based on the finite-dimensional Q-parametrization achieve global optimality for the
multiobjective Ho/Hy, problems, although there are inherent inflation of the size of the
LMI’s and thus the order of the controller. These approaches are very effective for the dy-
namic feedback control problems, but it seems difficult to deal with the static state-feedback
control problems in a parallel fashion to [5],]21],[37]. Hence, in spite of the above deficiencies
and drawbacks, our approaches will be useful indeed when we need a static state-feedback

gain.
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Chapter 4

New Dilated LMI Characterizations
for Continuous-Time Controller
Design and Robust Multiobjective
Synthesis | |

In the preceding chapter, we have proposed two LMI approaches with non-common Lyapunov
variables to the multiobjective state-feedback controller design problems. The effectiveness
of these approaches was demonstrated through several numerical examples. Although these
approaches as well as the one proposed by Shimomura and Fujii [38]-[40] indeed solve the
problem with non-common Lyapunov variables, they require some auxiliary steps before
being implemented. More specifically, these approaches include some parameters to be de-
termined in advance, and the conventional approach with a common Lyapunov variable
seems indispensable for their reasonable and systematic setting. In this context, unfortu-
nately, these approaches cannot be self-contained ones that are actually free from the use of
a common Lyapunov variable.

As we have seen in the preceding chapters, the reason why we come to employ a common
Lyapunov variable is that most matrix inequality characterizations in control theory make
use of the Lyapunov variables in such a way that they appear as products with the controller
variables [4],[43]. This leads to unnecessary restrictions on the variables for a set of LMI’s:
a common Lyapunov variable has been forced for all LMI characterizations. This restriction
is the most important source of the conservatism not only in the LMI-based multiobjective
controller synthesis [6],[26],[36] but also in robust performance analysis and synthesis for real

polytopic uncertainty [4],[6].
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To overcome the difficulty, Oliveira et al. showed a new direction in the discrete-time
setting [29],[30]. They showed that the dilation of the matrix inequality characterizations
and the introduction of auxiliary variables achieve decoupling between the Lyapunov vari-
ables and the controller variables and thus the technical restriction to a common Lyapunov
variable can be avoided. They have shown a constructive way to derive dilated charac-
terizations that are equivalent to the original ones. The advantage of working with the
dilated characterizations lies in the fact that if we consider a set of dilated matrix in-
equality characterizations, then it includes the corresponding set of the original ones as
a special case. More specifically, if one chooses the auxiliary variable the same as the
Lyapunov variable, the set of dilated characterizations reduces to the original one [29],
[30]. This property is very promising in dealing with a wide range of problems. Indeed,
they are successfully applied to multiobjective control [30] and robust control for real poly-
topic uncertainty [29] to get around the conservatism in the conventional approaches.

Unfortunately, the study in [29],[30] fully relies on the features of matrix inequalities in
the discrete-time setting, and hence analogous dilated characterizations in the continuous-
time setting do not follow in a parallel fashion. It follows from [29],[30] that in dealing with
synthesis problems, we have to derive dilated characterizations with a single square auxiliary
variable being involved in the products with the controller variables. This restriction can be
relaxed when we deal with analysis problems, and thus the well-known Elimination Lemma
[14],[22],[43] works fine to arrive at the dilated characterizations in both the discrete- and
continuous-time settings, with the use of several auxiliary variables [33]-[35]. However, the
restriction on the number of the auxiliary variables to address synthesis problems cannot
be handled with a simple application of the Elimination Lemma. Namely, we need another
effort as is suggested in [1],[30].

In this chapter, we propose a general approach to the dilated characterizations in the
continuous-time setting. The key idea in this approach is a particular application of the
Schur complement technique [4], which leads to a constructive way to derive dilated charac-
terizations that are suitable for controller synthesis. Moreover, it is shown that a set of the
new dilated characterizations includes the corresponding set of the original ones as a special
case, via a particular choice of the auxiliary variables introduced for dilation. These are very
nice and interesting features that are to some extent analogous to the ones already obtained
in the discrete-time setting. Because of these features, it turns out that the dilated char-
acterizations can be applied to robust multiobjective control for real polytopic uncertainty
in a reasonable fashion, with the use of non-common and parameter-dependent Lyapunov

variables.
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4.1 Useful Results and Relevant Studies

In this chapter, we consider the continuous-time multi-input multi-output (MIMO) linear

time-invariant (LTT) system with the state-space representation

{:c=Aa:+Bw (4.1)
z=Czx +Dw

where the state vector ¢ € R™ and all other vectors and matrices have appropriate di-
mensions. We assume that for analysis problems, the coefficient matrices {A,B,C,D} are
given matrices while for synthesis problems, they include controller variables to be deter-
mined. The following lemma is useful in characterizing a variety of control performance of

the system (4.1) and plays a crucial role in our study.

Lemma 4.1 Let a matrix 4 € R™", scalars 4; > 0, §o > 0, a matrix A of column
dimension n, and a scalar b = a~! > 0 be given. Then, the following two conditions are
equivalent.

(i) There exists a matrix X > 0 such that

AX + X AT +5,X + 6 AX AT + X ATAX <0 (4.2)
(ii) There exist matrices X > 0 and G such that

[0 —x X 0 XAT] A

-X 0 0 —-X 0 I

0

0

r T ] \

X 0 -5x 0 0 |+He G[I —bI bl I bAT|p<0 (43)
0 X 0 =& 0
Ax 0 0 0 -I | o J
Moreover, for every solution X = X > 0of (4.2), [ ¥ G]=[X —a(A—al)"'X ]isa
solution of (4.3), irrespective of ¢;, o and A. Conversely, every matrix X > 0 such that

(4.3) holds for some G also satisfies (4.2), irrespective of 41, d2 and A.

Note that (4.2) in the condition (i) can be regarded as a standard characterization for the
analysis and synthesis of continuous-time systems frequently used in the previous studies [4],
[43], while (4.3) in the condition (ii) is a new dilated characterization of (4.2). Since X is a
Lyapunov variable in (4.2), the above lemma validates us to call X a Lyapunov variable even
in (4.3), although it does not contain such terms as AX + X AT as is desired. The matrix G
is an auziliary variable introduced for the dilated characterization.

Using the parameters 61, 6, and A in Lemma 4.1, we can represent varieties of control
performance. For example, if we simply take d; = do — 0 and A = 0, the inequality (4.2)

reduces to
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AX + XAT <0 (4.4)

The above inequality is nothing but the Lyapunov inequality that characterizes stability of
the matrix A. On the other hand, the inequality (4.3) reduces essentially to

'[_OX _:}jl—He{[?JG[I —bf]}<o (4.5)

which gives our dilated characterization of the Lyapunov inequality.

In the following, we give a proof of Lemma, 4.1, in which the relation between the solutions
of (4.2) and (4.3) is clear. This nice and interesting relation is quite important in our
study, especially in dealing with multiobjective controller synthesis. The following lemma is
repeatedly used in the proof.

Lemma 4.2 (Schur complement)[4],[43] Let a matrix & = &7 is given with a partition

&, O
[1112 . Then, the following three conditions are equivalent.

(i) P11 <0, &y — LI, <0

(iii) Doy <0, Dy — Splzégzl@%; <0

Proof of Lemma 4.1. First, we show that the condition (i) implies (ii). Applying the
Schur complement technique to (4.2) with the given scalar a > 0, we have

—2aX —2aX 0 0 0

Toax T(AZGDX Y X(A—aD)Ti “x ZAx —xaAT

"""" 2 I 1 - R R P (4.6)
0o | _XAT L0 &'y o0

0 _AX 0 0 a

Here, (A — al) is nonsingular because A is stable by the condition (i). Hence, the above

inequality admits a congruence transformation with I & (A—al) ' @I O I & I to get
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—2aX —20X(A—al)™T 0
“2a(A—al) X (A-al) X + X(A—al)T —(A—al) X

0 —X(A-al) T —67rx
0 —X —aX(A—al) T 0
0 —AX(A—al) T 0
0 0
X —a(A—al)'X —(A—al)tXAT
0 0
—61X 0
0 —I

(4.7)

<0

Defining G := —(A — aI)~'X, we have X = —(4 — al )G, and thus we readily obtain

[ 20X + 2aHe[(A — al)G] 2aGT —X — (A—al)G X+ (A-al)G
2aG — X —GT(A—al)T -G-GT G
X+GT(A—al)T GT —ortx
aX + aGT(A - al)T ~X +aGT 0
AX + AGT(A — al)T AGT 0
aX +a(A—al)G XAT + (A—al)GAT |-
~X +aG GAT
0 0
—61x 0
0 —I

The above inequality can be written as follows.

[ 2aX -X X aX  XAT]
~X 0 0 —X 0
X 0 =5tx 0 0
aX —-X& 0 —6'x 0
| AX 0 0 0 ~I
([ A—al] )
I
+He 0 |Gl2al —I I ol AT]}3<0
0
(L 0 )
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Performing a congruence transformation with [

(4.3) in (i), where G := aG. |
It remains to show that the condition (ii) implies the condition (i), which is a simple task

@I IaIon (4.9), we arrive at

since
_ L _ T+
A 0 -X X 0 xATll A
I -X 0 0 X I
0 X 0 =5*x 0 0 0
0 0 X 0 —5'x 0 0
0| |Ax o0 0 0 -1 |0
-0 —x x 0 XAT ] I 000
rI_AOOO(XO 0 X (ATOOO
0 0 I00 9 (4.10)
= X 0 =& 0 0 0 100
0 0 010 .
0 —-X 0 =& 0 010
0 0 00 I, .
- | AX 0 0 0 -1 || 00 I
AXY + X AT X AX  xAT
X . S 0
= <0
XAT 10 =&'x 0
| 4Ax 0 0 ~I |

Applying the Schur complement technique to the above inequality, we have (4.2) in the
condition (i). Q.E.D.
The advantage of working with the dilated characterization (4.3) instead of (4.2) is that
the Lyapunov variable X’ appears nowhere as a product with A. This is quite appealing in
dealing with a wide range of problems including multiobjective control, robust performance
analysis or synthesis for real polytopic uncertainty and so on, because the technical restriction
to a common Lyapunov variable (i.e., a common Lyapunov function) in the conventional
approach can be avoided. Namely, we can employ non-common and/or parameter-dependent
Lyapunov variables. Moreover, the relation between the solutions of (4.2) and (4.3) shown in
Lemma 4.1 is quite important to clarify the advantage of the dilated characterization over the
conventional one, especially in dealing with the multiobjective controller design problems.
In the following, we repeatedly refer to the relation between the solutions of (4.2) and
(4.3). For the convenience in referring to this relation, we introduce the following definition.
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Definition 4.1 We say that the dilated characterization (4.3) recovers the original one
(4.2) via G = G(X) if the matrix function G(X) is such that [ X G ] =[ X G(X) | is a
solution of (4.3) whenever X = X > 0 is a solution of (4.2).

With this definition, the relation shown in Lemma 4.1 can be represented simply by saying
that the dilated characterization (4.3) recovers (4.2) via G = G(X) := —a(A — aI)"1X.

In the following, several properties of Lemma 4.1 are studied. First, we give some remarks
on a possible independent proof of Lemma 4.1 with the Elimination Lemma stated below,
which is frequently used to derive dilated characterizations in the previous studies [1],[33]-
[35].

Lemma 4.3 (Elimination Lemma) [14],[22],[43] Let matrices E € R**!| F € R™** and
Y = YT € R*** be given. Then, the following two conditions are equivalent.

(i) The following two conditions hold.

EYY(EY)YT <0 (k>1) or EET>0 (k<)

4.11

(FOY'YFt <0 (k>m) or FTF>0 (k<m) (4.11)
(ii) There exists a matrix @ € R™™ such that

Y + He[EQF] < 0 | (4.12)

As is shown in the Appendix section, Section 4.7, it is possible to apply the Elimination
Lemma to show the equivalence between (4.2) and (4.3). However, we would like to stress the

indispensability of our particular proof stated above, especially in the following two points.

1. The Elimination Lemma originally moves from the condition (ii) to (i) to eliminate
the variable @ [14],[22]. Hence, the Elimination Lemma itself gives no constructive
way to derive the dilated characterization (4.12) from the original condition (4.11). To
see this, note that the original conditions are rarely given in such a form as in (4.11)
with the matrices F and F given explicitly, and in general, it is hard to find out these
matrices such that the original conditions are equivalent to the conditions in (4.11) (see
the proof of Lemma 4.1 with the Elimination Lemma given in the Appendix section).
To overcome the difficulty, we certainly need another effort, as is also suggested in [1],
[30],[33].

2. We have shown a nice and interesting relation between the solutions of (4.2) and
(4.3). Namely, the dilated characterization (4.3) recovers the original one (4.2) via the

particular choice of the auxiliary variable
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G=Ga,AX):=—-a(A-—al)'X (4.13)

This relation is successfully obtained by our particular proof and does not follow di-
rectly by applying the Elimination Lemma4. This is because the general solution @
to (4.12) given in [14],[22],[43] is a complicated function with respect to Y, £ and F.
Although the solution G that satisfies (4.3) for a given X = X > 0 is not unique, the
above recovery property with a special choice of G is quite important in dealing with

multiobjective controller synthesis (see Section 4.3).

In this chapter, we deal with not only the multiobjective controller design problems but
also the robust performance analysis and controller synthesis problems for real polytopic
uncertainty. It turns out that because of the relation described by (4.13), our new approach
based on the dilated characterizations ensures an advantage over the conventional approach
in dealing with the multiobjective controller design problems. Unfortunately, however, the
choice (4.13) of the auxiliary variable depends on the coefficient matrix A and hence we
need another effort to ensure an advantage in dealing with the synthesis problems under the

polytopic uncertainty setting. Here, by inspection, we have
G = lim G(a, A, X) =X | (4.14)

where the dependence on A disappears. This suggests that the dilated characterization
(4.3) recovers the original condition (4.2) via the particular choice G = G(X) := X for
sufficiently large a. Even though the relation (4.14) does not seem strong enough to validate

this observation immediately, we can indeed establish the following result.

Lemma 4.4 For every solution X = X > 0 of (4.2), [ ¥ G ] =[X X ] is a solution
of (4.3) if @ > apin > 0, where amin = amin(X) is characterized by the infimum of a > 0
satisfying the following two inequalities.

AX + XAT + 5. X 4+ AXAT + XATAX

(4.15)
+R(X)(—6:X — XAATX + 2aX)1RT(X) <0
—6X — XAATX +2aX >0 (4.16)
Here, R(X) := AX + 6, X + XATAX.
Proof. See the Appendix section of this chapter for the proof. Q.E.D.
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Remark 4.1 In the above lemma, we have shown that the dilated characterization (4.3)
recovers (4.2) via G = G(X) := X if we take a sufficiently large a > 0. If we let a — oo,
however, it is also seen that all admissible auxiliary variables G tend to A and hence the
dilated characterization (4.3) “reduces” to (4.2). To see this, let us consider the inequality -
(4.5). Note that the feasibility of (4.5) is a necessary condition for the feasibility of (4.3).
With this in mind, let us rewrite (4.5) in the following form.

AG+GTAT  GT — X —bAG

4.17
G—X—bGTAT —b(G+GT) (.17

Applying the Schur complement technique to the above inequality, it follows that (4.5) is

equivalent to

AG + GTAT +a(GT — X)(G+GT)"1(G - X)
—He[(GT — X)(G+GT)'GTAT| +a*AG(G+ GT)IGTAT < 0 (4.18)

G+GT >0

The above two inequalities imply that if we let @ — 00, G # X is not allowed for the
feasibility of (4.5) and hence for the feasibility of (4.3). This together with Lemma 4.4

establishes the assertion.

The relations between the inequalities (4.2) and (4.3) obtained above are summarized in

the following.

e The dilated characterization (4.3) recovers the original one (4.2) via the specific choice
of the auxiliary variable G = G(X) := —a(A — oI)'X.

e The dilated characterization (4.3) recovers the original one (4.2) via the specific choice
of the auxiliary variable G = G(X) := X if we take sufficiently large a. If we let
a — 00, however, all admissible auxiliary variables GG tend to X and hence the dilated
characterization (4.3) “reduces” to (4.2). Namely, we lose the advantage of working

with the dilated characterization if a is taken excessively large.

Note that the above relations are to some extent analogous to those already obtained in the
discrete-time setting [29],[30].

Here, we will give another intriguing interpretation of (4.3) in comparison with the dilated
characterizations frequently used in the previous studies [33]-[35]. With Lemma 4.1 and with

the idea of the Elimination Lemma, we readily obtain the following result.

Lemma 4.5 The following condition is also equivalent to the conditions (i) and (ii) given

in Lemma 4.1.
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(iii) There exist matrices X > 0 and Q = [ Q1 @2 Q3 Q4 @5 ] such that

[0 —x x 0  xAT] ([A] ]
~-X 0 0 ~X 0 |1
X 0 -5'x 0 0 |+Hed| 0 <0 (4.19)
0 X 0 —5tx 0 0
| AX 0 0 0 ~-I | 10} |

Moreover, for every solution X = X > 0 of (4.2), there exists a sufficiently small € > 0 such
that [ X Q1 Q2 Q3 Q1 Q5] =[X X —eX 0X 0] is a solution of (4.19), irrespective of 4,
0o and A. Conversely, every matrix X > 0 such that (4.19) holds for some @; (i=1,---,5)
also satisfies (4.2), irrespective of 41, 62 and A.

Proof. See the Appendix section of this chapter for the proof. Q.E.D.

The dilated characterization (4.19) is nothing but a general description of the LMI’s used
in [33]-[35], where robust performance analysis problems for real polytopic uncertainty are
addressed. Note that in dealing with analysis problems, the inequality (4.19) can be regarded
as an LMI with respect to X and @; (¢ = 1,---,5). However, for synthesis problems, the
characterization (4.19) is of little use since it employs several auxiliary variables involved in
the products with the controller variables, which prevents us from applying the change of
variables technique. In this context, the dilated characterization (4.3) can be interpreted as
a special case of (4.19) which successfully reduced the number of auxiliary variables so that
controller synthesis problems can be also addressed.

Thus, we have shown that the original characterization (4.2) allows dilated ones (4.3) and
(4.19) that are suitable for controller synthesis and performance analysis, respectively. The
advantage of these dilated characterizations will be demonstrated in the rest of this chapter.
In spite of the advantages, unfortunately, it could be said that the original characterization
(4.2) is not thoroughly comprehensive in dealing with practical design specifications. For
example, the H,, specification is shown to be the one that cannot be characterized in the
form of (4.2). However, if we confine our attention to analysis problems, we arrive at a
more comprehensive matrix inequality characterization than (4.2) that allows a dilated one.
This is enabled by the fact that, in dealing with analysis problems, there is no technical
restriction on the number of auxiliary variables and hence several difficulties in deriving
dilated characterizations are avoided. Before closing this section, we provide such a matrix

inequality characterization for the control performance of continuous-time systems.
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Lemma 4.6 Let a matrix A € R™™, matrix functions M : R»** — R™™ A : RP" —
R™™, matrices A; € R*! > 0 and Ay € R™™ > 0 be given. Then the following two

conditions are equivalent.

(i) There exists a matrix X > 0 such that
AX + X AT + M(X)(A @ X HIMI(X) + N(X)ANT(X) <0 (4.20)

(ii) There exist matrices X > 0 and Q € R {n@+)+m} such that

- - -

0 X MK N©X) A
-X 0 0 0 I
M) o —atexr o | T2 o Q<0 (4.21)
LNT(X) 0 0 —-A7 | | 0

Moreover, for every solution X = X > 0 of (4.20), there exists a sufficiently small € > 0 such
that the pair X = X, @ =[ X —&eX Oppniim | is a solution of (4.21); irrespective of M, NV,
A; and A,. Conversely, every matrix X' > 0 such that (4.21) holds for some @ also satisfies
(4.20), irrespective of M, N, A; and A,.

Proof. The assertion follows immediately from the Elimination Lemma and a similar
methodology to the one given in the proof of Lemma 4.5. Q.E.D.

Remark 4.2 If the matrix functions M and N in Lemma 4.6 are affine functions, then
the inequality (4.21) can be regarded as an LMI with respect to X and @ in dealing with
analysis problems.

4.2 New Dilated Characterizations for Continuous-
Time Controller Design and Performance
Analysis

In this section, we give some new dilated matrix inequality characterizations for practical
controller design and performance analysis in the continuous-time setting. These dilated

characterizations are readily obtained by the application of Lemmas 4.1, 4.5 and 4.6.
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4.2.1 New Dilated Characterizations for Stability

This subsection describes new dilated characterizations for stability. In the following
theorem, the equivalence between the conditions (i) and (ii) is well-known [4],[43], and a

similar condition to (iv) is also derived in [33],[34].

Theorem 4.1 (Stability) Let a matrix A € R™ " and a scalar b= a~! > 0 be given. Then,

the following four conditions are equivalent.
(i) The matrix A is stable in the continuous-time sense.

(ii) (Lyapunov inequality) There exists a matrix X, > 0 such that
AXp+ X AT <0 (4.22)

(iii) There exist matrices X, > 0 and G such that

-I—He{

(iv) There exist matrices Xy > 0 and Fy = [ Fz; Fis | such that

+He{

Proof. The equivalence between the conditions (i) and (ii) is well-known. The equivalence

0 =X,
X,

?]GE[I —bf]}<0 (4.23)

0 —-Xc
-X: O

Fg} <0 (4.24)

between the conditions (ii) and (iii) immediately follows by the application of Lemma 4.1
with 6 = 6 — 0, A = 0 and with X := X, G := G,. Similarly, the equivalence
between the conditions (ii) and (iv) immediately follows by the application of Lemma 4.5
with §; = 8, — 0, A = 0 and with X := X, Q := F. Q.E.D.

The following two corollaries describe specifically the relation between the solutions of
(4.22)-(4.24).

Corollary 4.1 For every solution X; = X > 0of (4.22), [ X; G, ] = [ X —a(A—al)"' X ]
is a solution of (4.23). Conversely, every matrix X, > 0 such that (4.23) holds for some G

also satisfies (4.22).
Corollary 4.2 For every solution X, = X > 0 of (4.22), there exists a sufficiently small

e > O such that [ X Fpy Fro | =[X X —eX ] is a solution of (4.24). Conversely, every
matrix X, > 0 such that (4.24) holds for some F also satisfies (4.22).
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4.2.2 New Dilated Characterizations for D-stability

Let us consider the new dilated characterizations for the regional pole placemént (D-
stability) constraints. Concerning the pole placement region D, we consider the a-stability
region H(a), the circular region C(c, r) and the conic sector region S(k) given by (2.13). The
pole placement in each of the LMI regions H(«), C(c,r) and S(k) is given in order, where
in each of the theorems, the equivalence between the conditions (i) ahd (ii) is a well-known
result derived in [6]. In the previous studies, Peaucelle et al. investigated some tests for
robust D-stability analysis problem in [34], and arrived at similar conditions to (iv) given in

each of the theorems.

Theorem 4.2 (a-stability Region) Let a matrix A € R™™ and a scalar b = a™! > 0 be

given. Then, the following four conditions are equivalent.
(i) The matrix A satisfies 0(A) C H(a).
(ii) There exists a matrix X3 > 0 such that

AXp + X AT +20X3 < 0 (4.25)

(iii) There exist matrices X3 > 0 and Gy such that

0 —X»  Xn A
~Xy O 0 +He{ | I |Gu[I —bI bI]}<0 (4.26)
Xy 0 —3a7'Xy 0

(iv) There exist matrices X3 > 0 and Fy = [ Fpy Fyp Fs | such that

Xn —Xn Xn | (4
~Xn 0 0 +Hed | I |Fnp<0 (4.27)
X 0 —2a7'Xy 0

Proof. The equivalence between the conditions (i) and (ii) is a well-known result [6]. The
equivalence between the conditions (ii) and (iii) immediately follows by the application of
Lemma 4.1 with é; = 2a, é3 — 0, A = 0 and with X := Xy, G := Gy. Similarly, the
equivalence between the conditions (ii) and (iv) immediately follows by the application of
Lemma 4.5 with §; = 2¢, 09 — 0, A =0 and with X := Xy, Q := Fy. Q.E.D.

Corollary 4.3 For every solution X3y = X > 0of (4.25), [ Xy Gn ] =[X —a(A—al)™ X ]
is a solution of (4.26). Conversely, every matrix X3, > 0 such that (4.26) holds for some G
also satisfies (4.25).
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Corollary 4.4 For every solution X3 = X > 0 of (4.25), there exists a sufficiently small
e > 0 such that [ Xy Fpn Fro Frs | = [ X X —€eX 0] is a solution of (4.27). Conversely,
every matrix X3 > 0 such that (4.27) holds for some F3; also satisfies (4.25).

Theorem 4.3 (Circular Region) Let a matrix A € R™™ and a scalar b = a=! > 0 be
given. Then, the following four conditions are equivalent.

(i) The matrix A satisfies o0(A) C C(c, 7).

(ii) There exists a matrix X¢ > 0 such that

—’I’Xc .AXC - CXC

<0 (4.28)
Xc.AT - CXC —T'Xc

(iii) There exist matrices X¢ > 0 and G¢ such that

0 —-Xe X O
-X: 0 0 -Xc
Xe O %Xc 0

0 X O cXe

L o

+ He Ge[I —bI oI I]}<0 (4.29)

S S~

where (3 := ¢ — r?(> 0).

(iv) There exist matrices X¢ > 0 and F¢ = [ Fg1 Feo Fes Fes | such that

0 —-Xc Xe 0
X 0 0 —=Xc
Xc 0 ZC;XC 0

+ He Fey <0 (4.30)

© O~

where (3 := ¢ — r?(> 0).

Proof. The equivalence between the conditions (i) and (ii) is a well-known result [6]. Since
(4.28) in the condition (ii) is equivalent to

g

1
AXe + Xc AT — —Xo — EAXCAT <0, (4.31)
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the equivalence between the conditions (ii) and (iii) immediately follows by the application
of Lemma 4.1 with & = =2 (> 0), 6, = =1 (> 0), 4 = 0, and with X := X¢, G := Ge.
Similarly, the equivalence between the conditions (ii) and (iv) immediately follows by the
application of Lemma 4.5 with §; = —%, 0y = -'lc" Ay = 0 and with X := X¢, Q := Fg.

Q.E.D.

Corollary 4.5 For every solution Xe=X>00f (4.28), [ X Ge ] = [ X —a(A—al)™1X]
is a solution of (4.29). Conversely, every matrix X¢ > 0 such that (4.29) holds for some G¢

also satisfies (4.28).
Corollary 4.6 For every solution X¢ = X > 0 of (4.28), there exists a sufficiently small

e > 0 such that [ X¢ Fey Fea Fes Fea ] = [ X X —eX 0 X ] is a solution of (4.30). Con-
versely, every matrix X¢ > 0 such that (4.30) holds for some F¢ also satisfies (4.28).

Theorem 4.4 (Conic Sector Region) Let a matrix A € R™" and a scalar b = a™! > 0

be given. Then, the following four conditions are equivalent.
(i) The matrix A satisfies o(A) C S(k).

(ii) There exists a matrix Xs > 0 such that

k XsAT). AXg— X AT
(AXs + XsA) 508 <0 (4.32)
XsAT — AXs  k(AXs + XsAT)
(iii) There exist matrices Xs > 0 and G5 such that
0 —kXs Xs 0 ] [A 0]
—kXs 0O 0 -X I 0]|GsO kI —bkI bl I
s S| + He s < 0(4.33)
Xs 0 0 —-kXs 0 I 0 Gs||—I —bl —bkIkI
| 0 —Xs—-kXs O | 0 A
(iv) There exist matrices Xs > 0 and Fg; (¢ =1,---,8) such that
[ 0 —kXs Xs 0 | (A 0]
—kXs O 0 =X I 0 Fsi Fsy Fs3 F.
S S| 4 He s1 I'sa Ftsz3 Fsy <0 (4.34)
XS 0 0 —k‘Xs 0 I Fss Fsg F57 Fsg
| 0 —Xs—-kXs O | 0 A |
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Proof. The equivalence between the conditions (i) and (ii) is a well-known result [6].
To show the equivalence between the conditions (ii) and (iii) or (ii) and (iv), we cannot
apply Lemma 4.1 or Lemma 4.5 directly because” of the form (4.32). However, by closely
following a similar methodology to that in Lemma 4.1 or Lemma 4.5, we can show that the
conditions (ii), (iii) and (iv) are equivalent, the details of which are thoroughly described in
the Appendix section of this chapter. Q.E.D.

Because of the proof of this theorem given in the Appendix, we readily obtain the fol-

lowing results.

Corollary 4.7 For every solution Xg = X > 00f (4.32), [ Xs Gs | =[X —a(A—-al)"1X ]
is a solution of (4.33). Conversely, every matrix Xs > 0 such that (4.33) holds for some G5
also satisfies (4.32).

Corollary 4.8 For every solution Xs = X > 0 of (4.32), there exists a sufficiently small
€ > 0 such that [ Xs Fsy Fsy Fs3 Fsy Fss Fsg Fsr Fsg] =[X kX —eX 0 X —X 0

—eX kX ]is a solution of (4.34). Conversely, every matrix Xs > 0 such that (4.34) holds
for some Fg; (i =1,---,8) also satisfies (4.32).

Remark 4.3 It should be noted that a simple application of the well-known Elimination
Lemma (i.e. Lemma 4.3) does not lead to the equivalence between the conditions (ii) and (iii)
in a straightforward fashion, because in (4.33) the solution corresponding to @ in (4.12) has
a structure of the form Gs ® Gs. Since the condition (i) of Theorem 4.4 is equivalent to the
stability condition of a complex matrix, it is expected that an extension of the Elimination
Lemma to complex-valued matrices [43] might diminish the difficulty. However, it seems
that a possible proof in this direction is still involved, so that even if such a direction is
successful, the arguments could be even more involved than the methodology given in the

Appendix, which is similar to the proof of Lemma 4.1.

4.2.3 New Dilated Characterizations for the H; Specification

This subsection describes new dilated characterizations for the H, specification. In the
following theorem, the equivalence between the conditions (i) and (ii) is a well-known result
from [4],[43].

Theorem 4.5 (The Hy Performance) Let us consider the system described by

Tow(s) := [%}%] (4.35)
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For a given scalar b = a~! > 0, the following four conditions are equivalent.
g

(i) The matrix A is stable and the Hj cost ||T,,(8)||2 is bounded by 7, > 0. Namely,

[ Tow(8)l2 < 12 (4.36)
(ii) There exist matrices X2 > 0 and Z; > 0 such that

i T x.cT
AXo + X, AT XoC ]<0,

CXs -1

- ' (4.37)

Z BU o (Zo) < ~2

, trace
_ B X, 2 Y2
(iii) There exist matrices X, > 0, Z5 > 0 and G, such that

[ 0 —-X, 0 A

~X; 0. 0 |+Hey| I |G[I —bI 0]}<0,
0 0 -I c (4.38)
-

Zy BT

>0, trace(Zy) <2
_ B X, ] (Z2) <3
(iv) There exist matrices Xo > 0, Zy > 0 and Fy = [ Fy Fys Fy | such that

[ 0 -X, 0 A

-—XQ 0 0 + He I F2 < 0,
0 0 -I c (4.39)
[ Z, BT

>0, trace(Z;) <2

_ B X, ] (Z2) <75

Proof. The equivalence between the conditions (i) and (ii) is a well-known result [4],[43].
The equivalence between the conditions (ii) and tiii) immediately follows by the application
of Lemma 4.1 with §; = d; — 0, A = C, and with X := X,, G := G5. More specifically,

from Lemma 4.1 together with Lemma 4.2, the first inequality in (4.37) is equivalent to

0 X2 XoLT A
~X, 0 0 |+Hel| 1 |G[I —bI 5T ]} <0 (4.40)
CX, O -1 0
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Applying a congruence transformation with I @

} on the above inequality, we obtain

the first inequality in (4.38).

Similarly, the equivalence between the conditions (ii) and (iv) immediately follows by the
application of Lemma 4.5 with §; = §; — 0, A = C and with X := X,, @ := F3. Namely,
from Lemma 4.5 together with Lemma 4.2, the first inequality in (4.37) is equivalent to

-

0 —-X, X,CT A
~X; 0 0 |+Hed| I |[Fu Fn Fu|p<0 (4.41)
| CXs O -1 0
By the same congruence transformation as stated above, we arrive at
[ 0 -X, 0 A
~X 0 0 |+Hed| I |[Fn Fro FaCT+Fy]p<0 (4.42)
| 0 0 -1 C
The above inequality is nothing but the first inequality in (4.39), by redefining Fy; by
F5,CT + Fos. Q.E.D.

Corollary 4.9 For every solution [ Xo Zy |=[X Z ]| of (4.37), [ X 2o Gy | =[X Z —
a(A —al)™'X ] is a solution of (4.38). Conversely, every pair of the matrices Xy > 0 and
Zo > 0 such that (4.38) holds for some G5 also satisfies (4.37). '

Corollary 4.10 For every solution [ Xs Zs | = [ X Z ] of (4.37), there exists a sufficiently
small ¢ > 0 such that [ Xo Zy Fyy Foy Fo3 | =[ X Z X —eX 0] is a solution of (4.39).
Conversely, every pair of the matrices X5 > 0 and Z3 > 0 such that (4.39) holds for some F
also satisfies (4.37).

Remark 4.4 It is a quite important fact that we can rewrite (4.40) as (4.38), and (4.41)
as (4.39). In (4.40) and (4.41), the Lyapunov variable X, is involved in the product with
the matrix C and hence the decoupling between the Lyapunov variable and the controller
variables has not been achieved. On the other hand, in (4.38) and (4.39), the Lyapunov
variable X, is not involved in any products with the controller variables and hence the

decoupling has been achieved completely.

In recent studies, several dilated characterizations similar to (4.38) have been reported [1],
[41]. However, these studies achieve the dilation based on the Elimination Lemma and hence
they have not reached such result as what we have given in Corollary 4.9. It should be noted
that this corollary plays an essential role in dealing with multiobjective controller design
problems (see Section 4.3), and that it is our particular proof of Lemma 4.1 that led to this

important corollary.
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4.2.4 New Dilated Characterization for the H,, Specification

This subsection considers a new dilated characterization for the H,, specification. In the
following theorem, the equivalence between the conditions (i) and (ii) is a well-known result

from [4],[43], and a similar condition to (iii) can be found in [33].

Theorem 4.6 (The H, Performance) For the system described by.

A|B
C|D

the following three conditions are equivalent.

Tow(s) = (4.43)

3

(i) The matrix A is stable and the Hy cost ||T,w(S)||co is bounded by 7o > 0. Namely,

T (8)]lo0 < Yoo (4.44)

(ii) There exists a matrix X, > 0 such that

AXoo + XooAT B X CT
BT -1 DT | <0 (4.45)
CXoo D 21

(iii) There exist matrices Xoo > 0 and Foo = | Foo1 Fioa Fioz Foos | such that

0 -Xo B 0
X 0 0 0
BT o -1 TD7

0 0 D -l

+ He Fop <O (4.46)

AN O~

Proof. The equivalence between the conditions (i) and (ii) is a well-known result [4],
[43]. Since (4.45) in the condition (ii) is equivalent to

CXwo

the equivalence between the conditions (ii) and (iii) immediately follows by the application

-1 DT

D 2] <0, (4.47)

AXoo + XooAT = [ B XooCT | [

of Lemma 4.6 with

-1 DT |
M:=0, N(Xo)i=[B X.CT], Ay:=- >0 4.48
=[5 %0t ] mm=| 2] (49
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and with @ := F, where A; > 0 is chosen arbitrarily. More specifically, from Lemma 4.6,

the inequality in (4.45) is equivalent to

X 0 0 0 I
BT 0o -I DT + He 0 [Fool Foor Foos Foo4] <0 (4.49)
| (X 0 D T 0 |
I 00
It remains to perform a congruence transformation with & | 0 I 0 | on (4.49) to get
C 01
[ 0 X B 0 A
—Xoo O 0 0 I .
+He Fuot Foor Foos FosaCT + Foos | p <0 (450
BT o -1 DT 0 [ 1 2 Foos Foo2 4] (4.50)
|0 0 D —I] | ¢ |

The above inequality is nothing but the inequality (4.39), by redefining Fioq by Fio2CT + Fios.
Q.E.D.

Corollary 4.11 For every solution X, = X > 0 of (4.45), there exists a sufficiently small
g > 0 such that | Xoo Fool Fooz Foos Fooa | = [ X X —€X 0 0] is a solution of (4.46).
Conversely, every matrix X, > 0 such that (4.46) holds for some F,, also satisfies (4.45).

Remark 4.5 Similarly to Remark 4.4, it is a quite important fact that we can rewrite
(4.49) as (4.46). In (4.49), the Lyapunov variable X is involved in the product with C and
hence the decoupling between the Lyapunov variable and the controller variables has not been
achieved. On the other hand, in (4.46), the Lyapunov variable X, is not involved in any

products with controller variables and hence the decoupling has been achieved completely.

Remark 4.6 In contrast to the D-stability constraints and the H, specification, unfortu-
nately, Lemma 4.1 and Lemma 4.5 cannot be applied to the H,, specification because we
cannot rewrite the characterization (4.45) into the form of (4.2). This is one of the reasons
why we introduced Lemma 4.6, with which we can derive the dilated characterization (4.46)

for the H, specification.
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4.3 Multiobjective H,/D-stability Synthesis with

Non-Common Lyapunov Variables

In the preceding section, we have derived new dilated characterizations for the regional
pole placement (D-stability) constraints, the H, specification and the H,, specification.
Specifically, for the D-stability constraints and the H, specification, we have derived dilated
characterizations with a single square auxiliary variable involved in the products with the
controller variables, which is crucial to addressing synthesis problems. These dilated char-
acterizations are successfully applied in this section to the multiobjective Hs/D-stability
controller design problems with non-common Lyapunov variables.

Let us consider the continuous-time MIMO, LTT plant described by

t = Az + Bows + Bu
2= Cox + Dyou ’ (4.51)
y =Cz + Dyows

The controller that we consider is the full-order strictly proper output-feedback controller

K given by
itk = A B
{CL’K KTk + DKY (4.52)
u =C KTK .
In the state feedback case (C = I, D, = 0), we also consider the static state-feedback
controller
u= Kz (4.53)

With the plant (4.51) and the controller given by (4.52) or (4.53), the closed-loop system
can be written as

{icl = Axcl + Bw,

(4.54)
2o =Cxq + Dwy

and we denote its transfer function from wsy to 2z by T,,4,(s). For the dynamic controller

K, the coefficient matrices in (4.54) are given by

A BCk
BxC Ak

B
A= ?
BKDw2

?

, C=[Cy DaCk|, D=0 (4.55)

while for the static state-feedback controller K, the coefficient matrices are given by
A=A+ BK, B=B;, C=0Cy+D,xK, D=0 (4.56)
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Now, we consider the multiobjective H,/D-stability controller design problem [6],[19],
[26],(36]. Recall that the problem is to find a controller K, full-order output-feedback or
static state-feedback, that minimizes ||T%,u,($)|l2 subject to the regional pole placement
constraint o(A) C N{H(),C(c,7),S(k)}. -

We can describe two approaches for the problem via the characterizations given in the

preceding section.

(i) Conventional Approach [6],[26],[36]
Minimize 72 subject to the constraints (4.25), (4.28), (4.32) and (4.37).

(ii) New Approach
Minimize 72 subject to the constraints (4.26), (4.29), (4.33) and (4.38). Here, the
scalar b = a~! is arbitrarily chosen in advance.

In the following, we compare the above two approaches in terms of the conservatism of
the design, following the arguments given in [36].

As we have seen repeatedly in the preceding sections, the characterizations (4.25), (4.28),
(4.32) and (4.37) involve such products between the Lyapunov variables and the controller
variables as AX; + X;AT (j = H,C,S,2). Hence, the conventional approach results in a
non-convex optimization problem. Convexity can be recovered by forcing those inequalities

to have a common Lyapunov variable [6],[26],[36]
X = Xp = Xc = Xs = X (4.57)

With the restriction (4.57), the conventional approach reduces to a convex optimization
problem via the change of controller variables technique [6],[26],[36], as we have seen in
Chapter 2. Clearly, this restriction brings conservatism into the design and only an upper
bound of the cost functional will be minimized, but there is no further conservatism in this
approach as shown in [36].

On the other hand, in the new approach, the characterizations (4.26), (4.29), (4.33) and
(4.38) involve no products between the Lyapunov variables and the controller variables and
hence it is very promising' that we can arrive at the use of non-common Lyapunov variables
for different design specifications. Unfortunately, the auxiliary variables G; (j = H,C, S, 2)
form products with the controller variables as in AG; + G;[.AT, and thus the new approach
still results in a non-convex optimization problem. As is clarified below, however, convexity

can be recovered by forcing those inequalities to have a common auxiliary variable

G = GH = Gc = Gs = Gg (4.58)
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With the restriction (4.58), the new approach reduces to a convex optimization problem
involving LMDI’s only. Clearly, this restriction again brings conservatism into the design, and
only an upper bound of the cost functional will be minimized. However there is no further
conservatism in this approach, either, the details of which are clarified later on.

Based on the above arguments, we readily arrive at the following theorem, which assures

the advantage of the new approach.

Theorem 4.7 For the multiobjective Hy/D-stability controller design problem, suppose
that the conventional LMI approach with a common Lyapunov variable (4.57) achieves an
upper bound 7o, > 0 of the cost functional. Then, the new LMI approach with a common
auziliary variable (4.58) and a common prescribed scalar b = a~! but with non-common
Lyapunov variables always achieves a better (no worse) upper bound than s, irrespective
of the choice of a > 0.

Proof. The assertion follows immediately from Corollaries 4.3, 4.5, 4.7 and 4.9. Indeed,
suppose that the conventional LMI approach achieves an upper bound ~s, with the variables

Xn=Xe=Xs=Xo=X, Zo=2 (4.59)

in the constraints (4.25), (4.28), (4.32) and (4.37). Then, from the above-mentioned corol-
laries, the new LMI approach ensures the achievement of the same upper bound . with the

variables

Xn=Xe=Xs=Xo=X, Zo=12

: (4.60)
Gr=Ge=Gs=Gy=G=0G(a,AX)=—a(A—al)'X

in the constraints (4.26), (4.29), (4.33) and (4.38). Observe the roles of the above corollaries
in ensuring the condition (4.58). : Q.E.D.

In the previous studies, the multiobjective Hy/D-stability problems have also been re-
duced to the convex optimization problems of an upper bound of the cost functional, but
the upper bounds there are ensured by forcing a common Lyapunov variable [6],[19],[26],
[36]. This could be regarded as a standard tractable approach, but sometimes results in
excessively conservative design. The new approach is quite different from those in that
non-common Lyapunov variables are employed. Although Theorem 4.7 assures only the im-
provement of an upper bound of the cost functional, the actual cost will be also improved in
general, due to the freedom of non-common Lyapunov variables and the auxiliary variable

G (see the illustrative examples in Section 4.5). Moreover, from the above theorem, we
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can see that the new approach allows a line search with respect to the scalar a > 0 in a
reasonable fashion, ensuring the achievement of a better (no worse) upper bound than that
of the conventional approach.

The rest of this section is devoted to the linearization of the new characterizations (4.26),
(4.29), (4.33) and (4.38), via change of controller variables, under the restriction (4.58).

State-Feedback Case

In the state-feedback case, it follows readily from (4.56) that (4.58) admits a simple

change of variable
W .= KG (4.61)

so that the constraints (4.26), (4.29), (4.33) and (4.38) result in LMI’s with respect to X3,
Xe, Xs, Xo, Z, G, W and 72. Once the variables G and W have been found, the state-
feedback gain K can be determined by ’

K=wG (4.62)
Note that the nonsingularity of G is assured by the constraint
G+Gr>0 (4.63)

included in all of the LMI characterizations (4.26), (4.29), (4.33) and (4.38). Thus, we are
led to the conclusion that under the restriction (4.58), the linearization is completed without

any further conservatism.

Output-Feedback Case

In the output-feedback case, we need a much more involved change of controller variables
technique. The technique given below is based on the result proposed by Scherer [36] and
similar to its variant presented in [1],[30].

Let us partition G and its inverse H as

Hyy Hyg
Hy Hy

Gll G12

(4.64)
G21 G22

G= , H=G*=[

where G1; € R™", H;; € R™"™, and other variables have compatible dimensions. We
assume that Gy and Hy; are nonsingular without loss of generality [1],[6]. Recall that G is
nonsingular by (4.63). With (4.64) and the controller matrices given in (4.52), we define the

following matrices.
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(n

I Gn _ Hy I T T
= , Sgi= , II:= H{Gy; + HyG 4.65
G I: 0 G21 ] H i: H21 0 ] 11911 2121 ( )

BK = HleBK, C’K = CKGg_l,

_ _ A B||lG (4.66)
Ag == HY, Bx | . C"z + HE Ax Gy

The matrices =¢ and =y are nonsingular and satisfy the following equality.
G=Zy = Z¢ (4.67)

Appropriate congruence transformations with the matrix =g can be applied to (4.26), (4.29),
(4.33) and (4.38) so that the resulting constraints only involve the following terms (the
detailed manipulations are given in the Appendix, Subsection 4.7.5).

=X Exg=X;, (j=H,CS,2 =1GEy = 5150 = Hy I 4
—HAj—H = 4] (.7— s Ly Oy )’ —HY"—H = —Hg—=G — I a (68)
1
HI By + BxD - _ -
EfB=| TN B KR CGEg=CEg = [ Cy CyGu + DpCk ] :
2
~ _ (4.69)
HYL A+ BxC Ax :

STAGSy = ST AS, = _
HA=H = =g =G A AGy; + BCx

We can see that the above terms are affine with respect to X; (j = H,C,S,2), Gi1, Hu,
I, A, Bk and Ck. Accordingly, the matrix inequalities (4.26), (4.33), (4.29) and (4.38)
amount to LMI’s with respect to the variables X'j (j = H,C,S,2), Gu, Hu, II, Ak, By,
Ck, Z and va. Once the variables Gpi, Hyy, I, Ak, Bx and Ck have been found, the
output-feedback controller (4.52) can be determined by

Byx = Hy'Bx, Ck = CkG3l,

_ _ A B|| G (4.70)
Ax = H;'{ Ax — | H; B _ | Gat
K 21 { K [ i1 Pk } c oo O } 21
where G9; and Hj; are nonsingular matrices satisfying
HLGo = I — HL Gy (4.71)

Remark 4.7 It is always possible to find the nonsingular matrices Go; and Hy; satisfying
(4.71). This is verified by assuring the nonsingularity of IT — H G1;, which is proved below.

After performing the linearizing congruence transformations and change of variables
(4.68) and (4.69), the resulting LMI’s include the following constraint corresponding to
(4.63).
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_ Hhn+HL IO+1

4.72
HT + I G]_l + G’{l ( )

The above inequality ensures the nonsingularity-of the two matrices =5 = and G;;. With

G'11, we can define the nonsingular matrix

-G 0
P = H (4.73)
I I
The product of the two matrices £55¢ and & leads
HI I | -G 0 II-HiGh I
ETEep=| M H = S (4.74)
I G11 I I O G]_]_

which assures the nonsingularity of IT — HL G1;.

Remark 4.8 In the change of variables (4.68) and (4.69) and the derivation of the con-
troller matrices (4.70), the variables Gy1, Go1, Hi; and Hy; are involved. Recalling that
the original variable is G, and H is its inverse as in (4.64), we must ensure the existence
of the consistent eliminated matrices G2, Ga2, Hio and Hys. However, simple algebraic

manipulations show that

Gia = (I —GuHn)Hy', G = —GuHpHy',

(4.75)
Hyp = (I — H;;G11)Ga'y, Hxp = —Hyu GGyt

actually satisfy GH = I.

Remark 4.9 The above change of variables is based on congruence transformations, and

thus the linearization is completed under (4.58) without any further conservatism.

In summary, we gave a linearization technique of the multiobjective Hy/D-stability prob-
lem based on the characterizations (4.26), (4.29), (4.33) and (4.38). This, together with
(4.58), led to non-common Lyapunov variables for different specifications and convexity is
essentially recovered without any further conservatism. This ensures the achievement of
a better upper bound than the one based on the conventional approach with a common

Lyapunov variable of the form (4.57) (see Theorem 4.7).
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4.4 Robust Performance Analysis and Synthesis for

Real Polytopic Uncertainty

In the preceding section, the dilated characterizations were successfully applied to the
multiobjective controller design problems with the use of non-common Lyapunov variables,
where the plant was assumed to be free from uncertainties. In this section, we show that
the dilated characterizations are also useful in dealing with the robust performance analysis
and robust multiobjective synthesis problems for real polytopic uncertainty.

4.4.1 Robust Performance Analysis for Real Polytopic

Uncertainty

In this subsection, let us consider the continuous-time LTT system with polytopic uncer-
tainty [4] described by

{d: = A(¥)z + B(p)w (4.76)
z=C)x +D)w |
where

A(Y) B(d])]:ing {'A" BZ}:M(2=1P)

[ Clv) D) i=1 G D (4.77)

’ D
¢=(¢1,"',¢p)T, ’QbEW:{’(MdLLZO(Z:l,,p), sz=1}
g=1

We assume that the uncertain parameter 9 is time-invariant, and that the matrices { A;, B;, C;,
D;} corresponding to the vertices M; (i =1,---,p) are given matrices.

For the uncertain system (4.76) with (4.77), several robust performance analysis problems
have been addressed [1],[18],[20],[33]-[35]. In this subsection, we confine ourselves to the
robust H, performance analysis problem [35] given below, assuming that A(¢)) is stable and
D(p)y=0for all p € @.

Robust H; Performance Analysis Problem
For the uncertain system (4.76) with (4.77) such that .A(¢) is stable and D(¢)) = 0 for
all ¥ € ¥, find the worst case Hy cost v2,w.c. defined by

Y2, w.e = Iilg;( HTzw(S)H2 (478)

As is shown in [35], the worst case Hy cost oy can be characterized as the infimum of

~9 > 0 such that
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[ A@W)Xa(¥) + Xa(9)AW)T  Xa(9)C(4)T <0

i C(¢)Xa(v) —I |

[ Z(v) B)T >0 | o
| B®) Xo(w) |

trace(Zo(¥)) <73 (Vo € P)

for some X,(1) > 0 and Zy(¢)) > 0. However, the optimization problem of 42 subject to
(4.79) is not easily tractable in this form, first because (4.79) includes an infinite number of
inequalities and second because there is no general and systematic way to formally deter-
mine X»(v) and Z5(%) as functions of the uncertain parameter vector ¢ [29]. As numerically
tractable methods, the three approaches described below follow from the LMI characteriza-
tions given in Subsection 4.2.3.

(i) Conventional Approach with a common Lyapunov variable.
Minimize 2 subject to

[ A X+ Xo AT XoCT
Ake+ XA Xl (4.80a)
i C,,XQ —I
[ Zy BT
7S, trace(Zy) <72 (i=1,---,p) (4.80Db)
B X, ,
Here, the variables are X3, Zo; (i =1,---,p) and ~2.
(ii) New Approach with a common auxiliary variable G.
Minimize 72 subject to
[ 0 Xz 0 A
~Xy 0 0 |+He{| I |G[I —bI 0]p<0 (4.81a)
0 o0 -I C;
[ Zy BT
% %150, trace(Zy) <42 (i=1,---,p) (4.81b)
| B Xy

Here, the variables are Xo;, Zo; (i =1,---,p), G and +2. In this approach, we have to
determine b (= a™!) > 0 in advance.

(iii) New Approach with common auxiliary variables F (k = 1,2, 3).

Minimize 3 subject to
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~Xy 0 0 |+He{| I ||R R F)p<0 (4.82a)
0 0 I C
[ Z, BT

SR S 0, trace(Zyu)<7vs (i=1,---,p) (4.82b)
| B X “

Here, the variables are Xo;, Zo; (i =1,---,p), Fy (k= 1,2,3) and ~2.

Observe that a common Lyapunov variable X, is forced for all vertices of the polytope
¥ in the approach (i), while a common auxiliary variable G is forced in the approach (ii)
and common auxiliary variables Fy (k = 1,2,3) are forced in the approach (iii). With these
restrictions, all of these approaches result in convex optimization problems subject to a finite
number of LMDI’s, although they ensure the robust H, performance in different ways. Namely,
the approach (i) ensures the robust H, performance via the following inequalities resulting
from (4.80).

[ A@W)X; + X2 A[W)T XoC()T <0
C(¥)X; -1 ’

[ Z,6) B)T
BW) X

Zg(l/)) = Z'gszz, >0
i=1

} >0, trace(Z2(v)) <2, (4.83)

These inequalities imply that a fized Lyapunov variable X, is forced to ensure the robust
H, performance over the whole uncertainty domain. On the other hand, the approach (ii)
performs differently and ensures the robust Hs performance via

0 ~Xo(¥) O A(Y)
~X5(¥) 0 0 |+He I |G[I —bI 0]p<0,
0 0 I C(y)

[ Z(4) B@)T
| Bl) Xo(v)

P
Xo() = X0 >0, Zo(¢):=) thiZy >0
i=1 i=1

(4.84)
>0, trace(Za(v)) <2,

The above inequalities are readily obtained from (4.81), and clearly shows an interesting
fact that the approach (ii) ensures the robust H, performance with the use of the parameter-

dependent Lyapunov variable
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P
Xo(¥) = Z%‘Xzi >0 (4.85)
i=1

Namely, the restriction to a fixed Lyapunov Variable in the approach (i) has been avoided in
the approach (ii). Similar comments also apply to the approach (iii).

As we have seen, the new approaches (ii) and (iii) have very promising properties. In the
following, several results on the comparison between the above three approaches are given.
First, the advantage of the approach (iii) over the approach (i) is clarified.

Proposition 4.1 For the robust H, performance analysis problem, suppose that the LMI’s
(4.80) with the approach (i) are feasible. Then the LMI’s (4.82) with the approach (iii) are
feasible. Moreover, if we denote the optimal values of 7, achieved by the approaches (i) and

(iii) by e > 0 and s > 0, respectively, then we have

Yowe < YoF < Yac t (4.86)

Namely, the approach (iii) achieves a better (no worse) upper bound for 7y, . than that
with the approach (i).

Proof. The assertion follows immediately from Corollary 4.10. Indeed, suppose that the

conventional approach (i) achieves an upper bound 7y, with the variables

in the inequalities (4.80). Then, from Corollary 4.10, there exists a sufficiently small £ > 0
such that the inequalities (4.82) hold for

X2i=X, Z2Z=ZZ (Z=1,,p)a F1=Xa F2=_—EX7 F3=07 Y2 = Ye (488)

This implies that the new approach (iii) ensures the achievement of the same upper bound

Yo, Which completes the proof. Q.E.D.

Next, we show the advantage of the approach (iii) over the approach (ii).

Proposition 4.2 For the robust H, performance analysis problem, suppose that the LMI’s
(4.81) with the approach (ii) are feasible. Then the LMI’s (4.82) with the approach (iii) are
feasible. Moreover, if we denote the optimal values of vy, achieved by the approaches (ii) and

(iii) by 72¢ > 0 and 7o > 0, respectively, then we have
Yowe S VoF < Yoa (4.89)
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Namely, the approach (iii) achieves a better (no worse) upper bound for 7, than that

with the approach (ii).

Proof. The assertion follows immediately because (4.81) is a special case of (4.82) with
[ R F3]=G[I —bI0]. Q.E.D.

Finally, we compare the approaches (i) and (ii). Unfortunately, for an arbitrarily chosen
a > 0, we cannot conclude that the approach (ii) achieves a better upper bound than
that with the approach (i), in spite of the very promising use of a parameter-dependent
Lyapunov variable in the approach (ii). This is in sharp contrast to the case without plant
uncertainties studied in the preceding section. The difficulties in the comparison here arise
from the unfortunate fact that in the case of (polytopic) uncertainties, we cannot ensure the
existence of a common auxiliary variable G satisfying (4.81) even if there exists a common
Lyapunov variable X, satisfying (4.80). Observe that the crucial choice of the auxiliary
variable in the uncertainty free case represented by

G =G(X,) = —a(A—al) X, (4.90)

does not generate a common G under the polytopic uncertainty setting, because the coeffi-
cient matrix A in (4.90) should be replaced by A;(i = 1,---,p) for each vertex. However,
Lemma, 4.4 in Section 4.1 plays an important role in this situation to arrive at the following
result, which clarifies the advantage of the approach (ii) over the conventional approach (i)

under an appropriate condition.

Proposition 4.3 For the robust H, performance analysis problem, suppose that the LMI’s
(4.80) are feasible and let us denote the optimal value of 7, achieved by the approach (i)
by Y2 > 0. Then, there exists amy > 0 such that whenever a > ap,, the LMDI’s (4.81)
are feasible and the new approach (ii) ensures the achievement of a better (no worse) upper
bound than .. Namely, if we denote the optimal value of ~, achieved by the approach (ii)
by v2¢ > 0, we have |

’72,w.c. S YoG S Y2e ((1 > a'min) (491)

Proof. It follows from Lemma 4.4 with §; = 9, — 0, A =C; and with 4 := A4;, X := Xy;
that the inequality (4.81a) for the new approach (ii) corresponding to the ith vertex M;

recovers
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AiXoi + X AT XoCT

<0 (4.92)
Cz'XQi —I

via G = é(Xzi) := Xy; whenever a > pin i (X2i); Where amin;(Xa;) depends not only on Xy,
but also on M;. However, the approach (i) corresponds to the common Lyapunov variable
Xo; = X5 (¢ = 1,---,p). Hence, confining ourselves to this common Lyapunov variable,
we see that amni(X2i) = Gmini(X2) depends only on the vertex M;, and (4.92) reduces to
(4.80a). Since there are only a finite number of vertices, amin = Z__r_r%axp Umin i (X2) is well-
defined. Summarizing the above arguments, if ¢ > amy and if X5 = X > 0 satisfies the
inequality (4.80a), then X = X (i = 1,---,p) and G = X satisfy the inequality (4.81a) for
i=1, ---, p. This completes the proof. . Q.E.D.

Remark 4.10 It should be noted that the specific choice of a > an, is only a sufficient
condition for the approach (ii) to achieve a better (no ‘worse) upper bound than 7. Because
the restriction to a common Lyapunov variable in the approach (i) is considerably relaxed in
the approach (ii), the latter results in improvements in most problems, even without special
care on a. For example, a simple thoughtless choice such as a = 1.0 would even give a

satisfactory result (see illustrative examples in Section 4.5).

Although we have confined ourselves to the robust Hy performance aﬁalysis problem in
this subsection, the robust D-stability analysis problems [34] or the robust Hy, performance
analysis problems can be addressed in a similar fashion, based on the dilated characterizations
given in Subsections 4.2.2 and 4.2.4. Similar results to Propositions 4.1, 4.2 and 4.3 also

follow in the context of such problems.

4.4.2 Robust Controller Synthesis for Real Polytopic Uncertainty

As we have seen in the preceding subsection, the dilated characterizations exhibit their
potentials under the robust performance analysis problems for real polytopic uncertainty. It
is shown in this subsection that the dilated characterizations are also useful in dealing with
robust controller synthesis for real polytopic uncertainty.

Let us consider the case where the plant (4.51) has the polytopic uncertainty described
by

& =A(W)r + Bx(Y)wy + B(@)u

zg = Co(¥)z + Doo(¢)u (4.93)
y =C(¥)r + Dy(¥)ws
where
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A(Y) Bx(¥) B(Y) » Ai By B
Co() 0 Dyp)|= ZlbiMi, Coi 0 Dy|=M(GE=1,--,p),
C(¥) Dua(¥) 0 = Ci Dusi 0 (4.94)

P
Zb:(wl,"',lbp)T, '@//’GW: {M w120(2=1,7p)a Z¢z=1}
=]

As in the previous problem, we assume that the uncertain parameter v is time-invariant.
Note that {A;, Bai, B;, Cai, Ciy Dyoiy Diyoi} (i =1, -+, p) are given matrices.
The problem considered here is the robust state-feedback Hj; synthesis problem for real

polytopic uncertainty described in the following.

Robust H; Synthesis Problem
For the uncertain system (4.93) with (4.94), find a state-feedback controller K minimizing

the worst case Hy cost 7o w.c. defined by

Yowe, = MAX T 2y, (8)]]2 (4.95)

In the case where the plant has the polytopic uncertainty, the closed-loop system also

has the polytopic uncertainty of the form

AWz + B(y)ws
z9 C(

)1' +D(W)ws |
(4.96)
A By A B; .
(w) sz [ ] = Mci (Z:]-a"'ap)
C(¥) D(zb) i=1 G D
It turns out that the matrices {A;, B;,C;, D;} in the vertex M,; are
Ai=A+BK, Bi=DBy, C=Cy+DnpuK, Di=0 (i=1,---,p) (4.97)

Note that (4.97) denotes the coefficient matrices of the closed-loop system corresponding to

the vertex M; of the polytope (4.94). ‘
For this problem, we can provide two approaches by the LMI characterizations (4.37)
and (4.38) given in Subsection 4.2.3.

(i) Conventional Approach with a common Lyapunov variable.

Minimize 2 subject to

(A; + BiK) X, + Xo(A; + B;K)T  X5(Co; + Do K)T

<0, (4.98&)
(Ozi + ngiK)XQ -1
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Zos Bg;
By X,

>0, trace(Zy) <2 (i=1,---,p) | (4.98b)

Here, the variables are Xy, Zo; (i =1,---,p), 72 and the controller variable K.
(ii) New Approach with a common auxiliary variable G.
Minimize 72 subject to

0 X5 O A+ B;K
~X;; 0 0 |+He I G[I —bI 0]p<0 (4.99)
i 0 0 -1 Co + Do, K
[ 7. BT
#oTE S, trace(Zy) <2 (i=1,---,p) (4.99b)
| By X

Here, the scalar b = a~! is arbitrarily chosen in aava,nce and the variables are Xo;, Zy;, (i =
1,---,p), G, ¥2 and the controller variable K.

It can be seen that the approach (i) forces a common Lyapunov variable X, for all vertices of
the polytope, while the approach (ii) forces only a common auxiliary variable G. With these
restrictions, each approach results in LMI’s with a simple change of controller variables tech-
niques represented by (2.28) and (4.61), respectively. Note that the dilated characterization
(4.39) cannot be applied to synthesis problems because of the multiple products between the
controller variable and the auxiliary variables For, (k= 1,2,3).

Similarly to the preceding analysis problem, the approach (ii) performs differently from
the approach (i) and the former attains robust H, performance via a parameter-dependent
Lyapunov variable of the form (4.85). Namely, the restriction to a fixed Lyapunov variable
in the approach (i) has been avoided successfully in the approach (ii).

In spite of this attractive feature, however, we cannot conclude that the approach (ii)
achieves a better upper bound than the approach (i) for an arbitrarily chosen a > 0. The
reason is the same as what has been described for the analysis problem in the preceding
subsection. However, Lemma 4.4 again plays a crucial role to lead us to the following result,

which clarifies the advantage of the new approach (ii) over the conventional approach (i).

Proposition 4.4 For the robust H, synthesis problem, suppose that the LMI’s (4.98) are
feasible and let us denote the optimal value of 2 achieved by the approach (i) by s, > 0.
Then, there exists amin > 0 such that whenever a > ap;,, the LMI's (4.99) are feasible and
the new approach (ii) ensures the achievement of a better (no worse) upper bound than vs.
Namely, if we denote the optimal value of v, achieved by the approach (ii) by 72 > 0, we

have
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Y2,w.c. < Yo < Yee (a > amin) (4100)

Proof. The proof is similar to that of Proposition 4.3 and hence omitted. Q.E.D.

Remark 4.11 As in the preceding analysis problem, the specific choice of a > ap,;, is only
a sufficient condition for the approach (ii) to achieve a better (no worse) upper bound than

~9. and similar comments to Remark 4.10 apply.

Although we have confined ourselves to the robust Hjy synthesis problem in this sub-
section, the robust D-stability synthesis problems can be addressed in a similar fashion,
based on the dilated characterizations given in Subsection 4.2.2. Similar results to Proposi-
tion 4.4 follow also in that context, which show the advantage of the new approach over the

conventional approach.

4.4.3 Robust Multiobjective H,/D-stability Synthesis for Real
Polytopic Uncertainty

In the preceding subsection, we have proposed a new approach to the robust controller
synthesis for real polytopic uncertainty. The idea is readily extended to the robust multiob-
jective controller synthesis for real polytopic uncertainty in this subsection.

Let us consider again the case where the plant has the polytopic uncertainty described by
(4.93) with (4.94). The problem considered here is the robust multiobjective Hs/D-stability
synthesis problem for real polytopic uncertainty. For the ease of description, let us consider
the following example of robust multiobjective H,/D-stability synthesis problems.

Robust Multiobjective Hy/D-stability Synthesis Problem
For the uncertain system (4.93) with (4.94), find a state-feedback controller K minimiz-
ing the worst case Hy cost Yow. defined by (4.95), subject to the D-stability constraint

o(A(¥)) C H(a) (V¢ € ).
As in the preceding problem, we can describe two approaches for this problem.

(i) Conventional Approach with a common Lyapunov variable.

Minimize v2 subject to

| (A; + BiK)X + X(A; + BK)T X(Cyi + Dy K)T

(Ai+ BE)X + X(A + BE)T X (Ot D)™ | (4.101a)
i (Cai + D K)X ~I
[ Z BL

#OTE N 50, trace(Zu) <2 (i=1,---,p) (4.101b)
_Bgi X



and
(A4 + BE)X + X(A4 + BK) +20X <0 (i=1,---,p) (4.102)

Here, the variables are X, Zy; (i =1,---, p), 42 and the controller variable K.

(ii) New Approach with a common auxiliary variable G.

Minimize 72 subject to

0 Xy O A+ BK
~Xy 0 0 |+He I G[I —bI 0]p<0 (4.103a)
i 0 0 ~1I Cs + D, o K
[ Zn BT
%72 50, trace(Zy) <2 (i=1,---,p) (4.103b)
| Bai Xy
and
0 —Xwi X Ai+ BK |
—Xp; O 0 + He I G[I —bIbI]}<0(i=1,,p)(4104)

Xni O —%a’lXHi

Here, the scalar b = a~! is arbitrarily chosen in advance and the variables are Xy;,
Xy Zgs (1=1,--+,p), G, 72 and the controller variable K.

Observe that the conventional approach (i) forces a common Lyapunov variable X for the two

design specifications as well as for all vertices of the polytope. On the other hand, the new

approach (ii) forces only a common auxiliary variable G and a common scalar b = a~! > 0.

| Here, the latter common scalar is enforced only to simplify the exposition, and it is indeed
possible to use distinct scalars for each design specification.

Because of the restriction on the Lyapunov variables or auxiliary variables, the change

of controller variables techniques represented by (2.28) and (4.61) are successfully applied so

that each of the approaches results in LMI’s. In particular, the dilated characterizations in

the approach (ii) enables us to employ Lyapunov variables

P P
Xo(¥) =) ¥iXai, Xu(¥) =) X (4.105)
i=1 i=1

91



to attain robust H, performance under the D-stability constraint, where these Lyapunov
variables are parameter-dependent and at the same time non-common for the two design

specifications.
Yet again, however, for an arbitrarily chosen a > 0, we cannot conclude that the approach

(ii) achieves a better upper bound than the approach (i), in spite of the very promising use of
non-common and parameter-dependent Lyapunov variables in the approach (ii). The reason
is the same as what we have seen for the analysis and synthesis problems in the preceding
subsections. As before, however, we are led to the following result, by which the advantage

of the approach (ii) over the conventional approach (i) is ensured.

Proposition 4.5 For the robust multiobjective Hy/D-stability synthesis problem, suppose
that the set of LMI’s (4.101) and (4.102) is feasible and let us denote the optimal value of
<+, achieved by the approach (i) by vs. > 0. Then, there exists amy, > 0 such that whenever
a > Gy, the set of LMI’s (4.103) and (4.104) is feasible and the new approach (ii) ensures
the achievement of a better (no worse) upper bound than ~,,. Namely, if we denote the

optimal value of v, achieved by the approach (ii) by vs¢ > 0, we have

Yo < Yo £ Yoo (@ > Gmin) (4.106)

Proof. It is a direct consequence from Proposition 4.3 that there exists ampo > 0 with

the following property.

e If X > 0 and a feedback gain K satisfy the LMI’s (4.101) and if a > a2, then the
matrices Xo; = X (¢ =1,---,p) and G = X satisfy the LMI’s (4.103) for the same K.

Similarly, it follows that there exists amin» > 0 with the following property.

e If X > 0 and a feedback gain K satisfy the LMI’s (4.102) and if @ > amin », then the
matrices Xp; = X (i =1,---,p) and G = X satisfy the LMI’s (4.104) for the same K.

These facts clearly show that if X > 0 and a feedback gain K satisfy the LMI’s (4.101)
and (4.102) and if @ > amin := MaxX{Amin 2, Imin ¢}, then Xo; = X3y = X (i=1,---,p) and
G = X satisfy the LMUI’s in (4.103) and (4.104) for the same K, which completes the proof.

Q.E.D.

Similarly to Propositions 4.3 and 4.4, it should be noted that the specific choice a > ayn
in Proposition 4.5 is only a sufficient condition to ensure the advantage of the new approach
(ii). This can be viewed from the proof given above that evaluates the performance of the

new approach (ii) with only a common Lyapunov variable Xo; = X3, = X (1 = 1,---,p).
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However, recall that the new approach (ii) essentially allows non-common and parameter-
dependent Lyapunov variables, and this fact is quite promising in reducing the conservatism
of the conventional approach (i). Because of this nice property, we can say that the new
approach (ii) is more effective than the conventional approach (i) in general, even without
special care on the scalar a. Indeed, a numerical example in Section 4.5 demonstrates that the
application of the new approach (ii) results in significant improvements over the conventional
approach (i), with a simple thoughtless choice of the scalar a such as a = 1.0.

4.5 Illustrative Examples

This section illustrates the effectiveness of the new dilated LMI approaches provided
in the preceding section through numerical examples. In the following, all LMI related
computations were carried out with the LMI Control Toolboz [15], on PENTIUM-III 933MHz.

4.5.1 Multiobjective H,/D-stability Controller Design

First of all, let us demonstrate the effectiveness of the new approach to the multiojbec-
tive Hp/D-stability controller design problems presented in Section 4.3. Here, the plant is
assumed to be free from uncertainty. M

State-Feedback Problem

Consider the LTI plant described by

0 0 1 0 0 0]
s 0 0 0 1l ol ool
k kK —f f 1 1
K -k f —f] 0 0| (4.107)
1 0 0 o0 ] [0 ]
z= 0 1 0 0 |z +10 ] u
0 0 0 0 1]

where k = 0.245 and f = 0.0219 [3]. The problem is to find a state-feedback gain K
minimizing ||T}.,(s)||2 subject to the D-stability constraint o(A) C N{H(0.5), S(tan(37/8))}
(see Fig. 4.1). This problem is nothing but Problem 1 studied in the preceding chapter,
Section 3.5.

Applying to this problem Conventional Approach and New Approach provided in Sec-
tion 4.3, we get the Hy costs given in Table 4.1, where we show both upper bounds and
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the actual costs resulting from these approaches and computation time. Recall that New
Approach successfully employs non-common Lyapunov variables to circumvent the conser-
vatism of Conventional Approach. Indeed, this table shows that the upper bound of the cost
functional is considerably improved by New Approach (as is expected from Theorem 4.7).
Note that actual cost is also improved. It is an interesting fact that even the upper bound
ensured by New Approach is considerably better than the actual cost achieved by Con-
ventional Approach. Unfortunately, however, it is inevitable for New Approach to increase
computation time because of the the dilation of the matrix inequalities and the introduction

of the auxiliary variable.

Table 4.1: The resulting H, costs

Approach (Corresponding gain) | upper bound | actual cost | .CPU time (sec)
Conventional Approach (K.) 1.7545 1.5924 0.15
New Approach with a = 1.0 (K) 1.4878 1.4197 1.58

As shown in the above table, New Approach performs considerably better than Conven-
tional Approach. Indeed, New Approach with a = 1.0 arrives at the feedback gain

K= [ —-2.7551 —0.1113 —2.3042 —7.0435 ] (4.108)
which is quite different from K. given by
K, = [ —4.5752 —0.9647 —3.0720 —13.8032 ] (4.109)

For reference, the H, optimal feedback gain (without taking account of the D-stability

constraint) is given in the following.
Kp,=[ —1.3271 —0.0871 —1.6334 —1.9464 ] (4.110)

This feedback gain achieves ||T,,(s)||]2 = 1.2780.

It is expected that the less conservative nature of New Approach leads to the improvement
of the cost functional over Conventional Approach. To see this, Fig. 4.1 shows the closed-
loop pole locations under Kg,, K. and K. It follows from this figure that the feedback gain
Ky, does not satisfy the D-stability constraint. The feedback gains K, and K do satisfy
the constraint as required, and in particular, the feedback gain K achieves the constraint in

a less conservative fashion than K..
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It is worth mentioning that New Approach has another advantage over Conventional
Approach. Namely, as we have seen in Section 4.3, New Approach allows a line search with
respect to the scalar a > 0 in a reasonable fashion, ensuring the achievement of a better (no
worse) upper bound than that with Conventional Approach. In order to demonstrate this
nice property, the line search with respect to a > 0 is performed to get.the result shown
in Fig. 4.2. From this figure, we can ascertain that New Approach achieves better upper

bounds than 1.7545 for the cost functional (which is achieved by Conventional Approach)

irrespective of a > 0. This figure also suggests that New Approach leads to satisfactory
results even without special care on the scalar a.
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Figure 4.2: The Hj cost achieved by New Approach
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As stated before, this problem was also dealt with in Section 3.5. For reference, the

results there are summarized in the following.

e Approach I (i.e. the subspace approach provided in Subsection 3.2.2) achieved the
best Hy cost 1.4848 among the non-iterative approaches as shown in Table 3.3. The

computation time was 0.39 (sec).

o lIterative Algorithin II (i.e. the combined iterative algorithm provided in Subsection 3.3.3)
achieved the best Hs cost 1.3004 among the iterative algorithms as shown in Table 3.4.

The computation time was 7.31 (sec).

Recall that New Approach presented in this chapter arrives at the Hy cost 1.4197 with the
computation time is 1.58 (sec). Although New Approach takes more computation time than
Approach I, the former achieves a considerably better Hy cost. On the other hand, Itera-
tive algorithm IT indeed achieves a better Hy cost than New Approach, but those iterative
algorithms naturally lead to drastic increase in computation time. Here, recalling that the
iterative algorithms provided in the preceding chapter need an initial feedback gain for their
implementation, it is clear that New Approach has another usefulness. Namely, New Ap-
proach will be also helpful to those algorithms in providing better initial gains so that further
better performance and quick convergence can be obtained.

In the next problem, we deal with the output-feedback multiobjective H,/D-stability
controller design problem. Output-feedback multiobjective synthesis with non-common Lya-
punov variables is an important achievement in this chapter. Note that the approaches and
the algorithms in the preceding chapter only deal with state-feedback problems.

Output-Feedback Problem
Consider the LTI plant described by

[0 10 2 1 0
g=|-11 0 |z +{0]|w +|1|u

0 2 -5 1 0 |

(0 1 0 0] (4.111)
z=10 0 1 |z +10 |u

0 0 0 2 |
y=[0 1 0]z + 2 w

The problem is to find a full-order dynamic controller K minimizing ||T,.,(s)}|2 subject to
the D-stability constraint o(A) C C(—20,19) (see Fig. 4.3).
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Applying to this problem Conventional Approach and New Approach provided in Sec-
tion 4.3, we get the Hy costs shown in Table 4.2, where we show both upper bounds and the
actual costs resulting from these approaches and computation time. Similarly to the preced-
ing state-feedback problem, this table shows the advantage of New Approach. Namely, New
Approach achieves a considerably better upper bound of the cost functional as is expected
from Theorem 4.7, and indeed arrives at a better actual cost. Unfortunately, however, New

Approach takes much more computation time than Conventional Approach.

‘Table 4.2: The resulting H, costs
Method (Corresponding controller)| upper bound | actual cost | CPU time (sec)
Conventional Approach  (K,) 71.3675 36.2192 0.31
New Approach with a = 1.0 (K) 42.6631 30.8958 19.75

The two approaches arrive at the following (full-order) controllers.

(s) = —36.3896(s + 5.0979)(s + 1.7193)
T (s 4 8.4616) (s + 4.9328)(s + 2.7321)

(4.112)

—28.9937(s -+ 5.0907)(s + 0.9733)
(s + 7.2741)(s + 4.9554) (s + 2.1750)

K(s) = (4.113)
These controllers place the closed-loop poles as shown in Fig. 4.3 where we also show the
closed-loop pole locations under the H; optimal controller (without any care for the D-
stability constraint) given by

_ —5.0701(s + 5.0951)(s — 0.2754)
(s +5.0863)(s® + 3.3732s + 9.9288)

K, (s) (4.114)

This controller achieves ||T,.,(s)||2 = 13.7335. From this figure, we can see that the controller
Ky, does not satisfy the D-stability constraint. Although both of the controllers K, and K
do satisfy the D-stability constraint as required, the controller K leaves a less margin for
the constraint, which suggests the less conservative nature of New Approach.
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4.5.2 Robust Performance Analysis for Real Polytopic

Uncertainty

As we have seen in Subsection 4.4.1, the dilated LMI characterizations have very promis-
ing nature that they allow the use of parameter-dependent Lyapunov variables in dealing
with the robust performance analysis problems for real polytopic uncertainty. This subsec-
tion demonstrates the effectiveness of the dilated LMI’s in such problems through simple

numerical experiments.

Robust Stability Analysis Problem [18]

Let us consider a simple robust stability analysis problem. The problem is to determine
the maximum value of § such that a set of matrices A(f) := A + fgh remains stable for all

18] < 8, where A, g and h are given in the following.

0o 1 0 0
o 0 1 0
0o 0 0 1
| —12 -12 25 -1

, h=[330 0] (4.115)

= O O O

It follows that the uncertain matrix A(f) (|f| < €) can be described as a polytope with
two vertices A(f); := A + fgh and A(f); :== A — Ogh. We applied the following three
6.

approaches to determine the maximum value of
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(i) Conventional Approach with a common Lyapunov variable.
Maximize § subject to (4.22) with {A, X} replaced by {A(é)i,X} (i = 1,2). Here,
" the variables are X and 4.

(ii) New Approach with a common auxiliary variable G.
Maximize 6 subject to (4.23) with {A, X, G} replaced by {A(é)i,Xi, G} (i=1,2).
Here, the variables are X; (i = 1,2), G and 6. On the choice of the scalar b= a=! > 0,
we test a = 1, 10 and 100.

(iii) New Approach with common auxiliary variables Fj (k = 1, 2).
Maximize 6 subject to (4.24) with {A, X, F1, Fr2} replaced by {A(H_)i, X;, B, FQ} (1=
1,2). Here, the variables are X; (i = 1,2), Fy, F; and 4.

The above approaches correspond to the three approaches provided in Subsection 4.4.1,
respectively. Recall that the approaches (ii) and (iii) ensure robust stability with the use of
parameter-dependent Lyapunov variables.

Applying the above three approaches to this problem, we get the maximum values of §
shown in Table 4.3. In this problem, we can verify easily that the exact maximum value
of § is 4.0. As is expected from Propositions 4.1 and 4.2, the approach (iii) achieves the
best value among these approaches, and it Successfully attains the exact maximum value.
Although the approach (iii) provides only a sufficient condition, this approach turns out to
be not conservative in this example. On the other hand, the approaches (i) and (ii) lead to
conservative results. However, the approach (ii) achieves better results than the approach
(i) irrespective of the scalar a > 0, which suggests the advantage of the approach (ii).

These results indicate that the robust stability analysis with a common Lyapunov variable
is quite conservative, and the conservatism has been circumvented successfully with the use

of parameter-dependent Lyapunov variables.

Table 4.3: Maximum value of

Method 0
Approach (i) | 2.15
Approach (ii) with a = 1 3.42

i) witha = 10 | 2.74
Approach (ii) with a = 100 | 2.36
Approach (iii) 4.00

The exact maximum value | 4.00

Approach

el Ll el B
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Robust D-stability Analysis Problem

The goal here is to clarify the advantage of the dilated LMI’s in dealing with the robust D-
stability analysis problems. For that purpose, let us consider the robust D-stability analysis

problem for a polytope matrix A()) given by

AW) = pAr + (1— D)y, Ar=]| > 1],A2=[“3 0 ],0§¢§1(4.116)

-1 -2 -1 =22

In the following, we examine whether the three approaches given below work fine to
ensure o(A(1))) € D, where D is a prescribed region such that 0(A(¢)) € D is indeed the
case whenever 0 < ¢ < 1. Note that a similar experiment was also carried out in [34].

(i) Conventional Approach with a common Lyapunov variable X based on the LMI’s (4.25),
(4.28), and (4.32).

(ii) New Approach with a common auxiliary variable G based on the dilated LMI’s (4.26),
(4.29), and (4.33), which admits the use of a parameter-dependent Lyapunov variable
to ensure the robust D-stability. On the choice of the scalar b = a=! > 0, we test
a =1, 10 and 100.

(iii) New Approach with common auxiliary variables Fj, based on the dilated LMI’s (4.27),
(4.30), and (4.34), which admits the use of a parameter-dependent Lyapunov variable
to ensure the robust D-stability.

The regions considered here are H(1.9), C(—2,1.4), C(—2,1.3), C(-2,1.2),C(-2,1.1) and
the intersection of these regions. Fig. 4.4 shows these regions, as well as the variation of the
eigenvalues of A(%)) when the parameter ¢ moves from 0 to 1. We can see that the eigenvalues
of A(%)) are actually contained in the regions considered here regardless of 0 < ¢ < 1.

I i

-1

Figure 4.4: Pole placement regions D and pole locations
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Applying the three approaches to each region, we get the results shown in Table 4.4,
where the symbol o denotes the success in ensuring robust D-stability while x denotes the
failure. As is expected from Propbsitions 4.1 and 4.2, the approach (iii) works better than the
other two approaches. In particular, the approach (iii) are successful in all regions considered
here, which suggests the effectiveness of this approach. Although the approaches (i) and (ii)
arrive at conservative results, the approach (ii) achieves better results than the approach (i)

irrespective of a > 0.

Table 4.4: Pole placement regions and results

Approach (ii)

Pole placement regions | Approach (i) T —1laz102=100 Approach (iii)
H(1.9) o o o o o
C(—2,1.4) o o |+ o o o
C(—2,1.3) o o o o o
C(—2,1.2) X o o o o
C(-2,1.1) X X X X o
N{H(1.9),C(-2,1.4)} o o o o o
N{H(1.9),C(-2,1.3)} X X ) o )
N{H(1.9),C(-2,1.2)} X X X X o
N{H(1.9),C(-2,1.1)} X X X o

Robust H, Analysis Problem

As for the H,, specification, we have arrived at a dilated characterization (4.46). In
dealing with robust H,, analysis problems for real polytopic uncertainty, this dilated char-
acterization becomes a powerful tool as illustrated below.

Consider the LTI plant described by

o}w |
1 (4.117)

2o = [ 1 0 } T
where k and f have the following ranges of uncertainties.
0.6<k<08 02<f<08 | (4.118)

The problem here is to find the worst case Hu, €OSt Yoo w.c. defined by
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Yoo,w.c. = II,%afJX ||Tzoowoo (5)”00 (4119)

for all possible values of the parameters k and f.
Since k and f have the uncertainties (4.118), we describe the plant as a polytope with
four vertices and applied the following two approaches to this problem. '

(i) Conventional Approach with a common Lyapunov variable X based on the LMI (4.45).

(ii) New Approach with common auxiliary variables F) based on the dilated LMI (4.46),
which allows the use of a parameter-dependent Lyapunov variable to ensure the robust

H, performance.

Solving the problem with these two approaches, we get the results shown in Table 4.5. We

can see the effectiveness of the new approach (ii) over the conventional approach (i).

Table 4.5: The upper bounds for the worst case Ho, cost

Approach | upper bound
Approach (i) 15.1212
Approach (ii) 6.5094

In this problem, it can be shown analytically that the exact value of Yoo w.c. is nothing but the
H, cost on the vertex corresponding to k£ = 0.6 and f = 0.2, whose value is 6.5094. Hence,

we can conclude that the approach (ii) successfully achieves the exact maximum value.

4.5.3 Robust H,; Synthesis for Real Polytopic Uncertainty

In this subsection, we deal with an example of the robust H, synthesis problem for real
polytopic uncertainty, based on the arguments provided in Subsection 4.4.2.
Consider the LTI plant described by (4.107), where the parameters & and f have the

following ranges of uncertainties [15].
009 < k<04, 00038 f<004 (4.120)

The problem is to find a state-feedback gain K minimizing the worst case Hy cost defined
by

Y2,w.c. = III%an HTzw(s)||2 (4121)

for all possible values of the parameters k£ and f.
Since k and f have the uncertainties (4.120), the plant can be described as a polytope
with four vertices. In the following, we refer to the model corresponding to each vertex as

Model 1, 2, 3 and 4, respectively.
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Solving this problem by Conventional Approach and New Approach provided in Subsec-
tion 4.4.2, we get the upper bounds of the worst case Hs cost shown in Table 4.6, where we

also show the computation time for each approach.

Table 4.6: The upper bounds for the worst case H; cost

CPU time (sec)
0.23
0.96

upper bound
1.7584
1.3989

Approach (Corresponding gain)
(Ke)
(K)

Conventional Approach

New Approach with a = 1.0

These approaches arrive at the state-feedback gains given below.

K.=[-42380 1.8320 —3.0918 —9.6993 | (4.122)

K =[-16224 01055 —2.1086 —3.6504 | (4.123)

It follows that New Approach leads to the above gain K that is quite different from K,
yielding a considerably better upper bound of the worst case H; cost. Recall that New Ap-
proach designs the state-feedback gain K through a parameter-dependent Lyapunov variable
so that the conservatism of Conventional Approach can be reduced.

Although the upper bound is indeed improved by New Approach, this result is not strong
enough to conclude that the feedback gain K achieves better performance than K. To see
this more carefully, the following Table 4.7 shows the H, costs on each vertex achieved by
these gains. This table shows that the Hy costs achieved by K, on each vertex are larger than
the upper bound 1.3989 of the worst case H; cost achieved by K. Hence, we can conclude
that the feedback gain K resulting from New Approach indeed achieves better performance
than K..

Table 4.7: The Hj costs on each vertex achieved by K, and K

Model 1 | Model 2 | Model 3 | Model 4
K. | 1.5763 1.5751 1.5320 1.5258
K 1.3251 1.3442 1.2904 1.3012

4.5.4 Robust Multiobjective H,/D-stability Synthesis for Real
Polytopic Uncertainty

As we have seen in Subsection 4.4.3, the dilated characterizations enabled us to pro-
pose a new approach to the robust multiobjective Hy/D-stability synthesis problem for real
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polytopic uncertainty, with the use of non-common parameter-dependent Lyapunov vari-
ables. This subsection demonstrates the effectiveness of this new approach through a simple
numerical example.

Consider again the LTT uncertain plant described by (4.107) and (4.120). The problem
here is to find a state-feedback gain K minimizing the worst case H; cost defined by (4.121)
subject to the D-stability constraint such that the closed-loop poles for all possible values of
the parameters k and f lie in N {#(0.15), S(tan(37/8))}. This problem is nothing but the
Problem 3 studied in Section 3.5.

We can see that the two approaches provided in Subsection 4.4.3 are ready to be applied
to this problem, by including the corresponding LMI’s for the sector region. Applying them
to this problem, we get the upper bounds of the worst case Hy cost shown in Table 4.8,
where we also show the computation time for each approach. Although New Approach takes
much more computation time, it achieves significant improvement of the upper bound over
Conventional Approach. Note that these upper bounds are naturally worse than those of
the preceding problem because of the additional D-stability constraint.

Table 4.8: The upper bounds for the worst case Hy cost

CPU time (sec)
0.88
11.51

upper bound
2.1816
1.7801

Approach (Corresponding gain)
(K.)
(K)

Conventional Approach

New Approach with a = 1.0

The state-feedback gains resulting from these approaches are given in the following for

comparison.
K. = [ —10.0449 4.5272 —-5.2278 —30.1554 ] (4.124)
K= [ —5.1862 2.4977 —4.0846 -—13.1273 ] (4.125)

In order to examine the performance of these feedback gains, we calculate the H, costs
achieved by them on each vertex and obtain the results shown in Table 4.9. This table
shows that the Hsy costs achieved by K. on each vertex are larger than the upper bound
1.7801 of the worst case Hy cost achieved by K, which leads us to the conclusion that the
feedback gain K indeed achieves better performance than K..

Table 4.9: The Hs costs on each vertex achieved by K, and K

Model 1 | Model 2 | Model 3 | Model 4
K.| 19714 1.9559 1.9265 1.9075
K | 1.6954 1.6901 1.6648 1.6568
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One of the possible reasons why New Approach arrives at better performance than Con-
ventional Approach is that it circumvent the conservatism of Conventional Approach success-
fully. Indeed, we can see the less conservative nature of New Approach via the closed-loop
pole locations on each vertex under the feedback gains K, and K shown in Figs 4.5 and 4.6.
With a comparison between these two figures, we can see that New Approach is less conser-
vative: the feedback gain K achieves almost the boundary for the D-stability constraint.

3.0 | Model 1 + ' B
Model 2 o
201 Model 3 X o N
1.0 + Model 4 x -
0.0 & e eeR AR oo
—1.0 } _
—2.0 } X B .
-3.0 .
-3.0 -2.0 -1.0 -0.15
Figure 4.5: Pole locations under K,
3.0 | Model 1 + ' ' N
Model 2 =
20 1 Model 3 * i
1.0 F Model 4 x x -
0.0 &t £
—1.0 } x -
—2.0 & i
-3.0 f .
-3.0 —-2.0 —-1.0 —-0.15

Figure 4.6: Pole locations under K

As stated before, this problem was also dealt with in Section 3.5, where we applied some
approaches that only allow non-common Lyapunov variables for the design specifications.
Namely, in contrast with New Approach, the Lyapunov variables there were fixed over the

whole uncertainty domain. The results there are quickly reviewed in the following.
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e Approach I -(i.e. the subspace approach) achieved the best upper bound 1.8296 of the
worst case Hy cost among the non-iterative approaches as shown in Table 3.9. The
corresponding feedback gain K is given by (3.103).

e Iterative Algorithm I-III achieved almost the same performance, and Iterative Algo-
rithm I (i.e. the iterative algorithm based on the subspace approach) achieved an upper
bound 1.8023 of the worst case H; cost with the least computation time 14.09 (sec) as
shown in Table 3.10. The corresponding feedback gain Ky is given by (3.106).

Summing up these results and that of New Approach, we obtain the following table, which
shows that the feedback gain K resulting from New Approach achieves the best upper bound.

Table 4.10: The upper bounds for the worst case Hs cost

Approach (Corresponding gain) | upper bound | CPU time (sec)
Approach I (K1) 1.8296 1.82
Iterative Algorithm I (KY) 1.8023 14.09
New Approach with a = 1.0 (K) 1.7801 11.51

Although the feedback gain K achieves the best upper bound, we cannot conclude that
the gain K achieves the best performance. In order to evaluate the performance achieved
by Ki, K} and K more carefully, we calculate the Hy costs on each vertex achieved by these
gains and obtain Table 4.11. Here, aiming at the exact evaluation, we further solve the
robust H, performance analysis problems for given gains Kj, Ki and K by the approach
(iit) provided in Subsection 4.4.1. This enables us to have better upper bounds of the worst
case Hy cost than those in Table 4.10, and the resulting upper bounds are denoted by vysor
in Table 4.11.

Table 4.11: The Hs costs on each vertex achieved by K, K7 and K

Model 1 | Model 2 | Model 3 | Model 4 | ~voF
K; | 1.7333 1.7256 1.6793 1.6658 | 1.7362
K; | 1.6878 1.6821 1.6486 1.6390 | 1.6906
K | 1.6954 1.6901 1.6648 1.6568 | 1.6980

The above table readily leads us to the following conclusions.

e The feedback gain K indeed achieves better performance than Kj, which follows im-
mediately from the fact that the H, costs achieved by K7 on Models 1 and 2 are larger
than the upper bound v;r = 1.6980 of the worst case Hj cost ensured by K.
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e The feedback K7 indeed achieves better performance than K, which follows immedi-
ately from the fact that the H, cost achieved by K on Model 1 is larger than the upper
bound vor = 1.6906 of the worst case Hj, cost ensured by K.

Although New Approach fails to attain better performance than the Iterative Algorithm
I, we can see that New Approach achieves comparable performance. It should be noted
that New Approach achieves the performance with less computational effort than Iterative
Algorithm I as shown in Table 4.10.

In this subsection, we have dealt with an example of the robust multiobjective Hy/D-
stability synthesis problem for real polytopic uncertainty. The problem treated here fortu-
nately allows a feasible common Lyapunov variable, which is indispensable in applying the
approaches and the algorithms provided in the preceding chapter. To put it reverse, they
are of little use for such problems that lack a feasible common Lyapunov variable. In dealing
with such problems, however, New Approach in this chapter will be still helpful so that

parameter-dependent Lyapunov variables can be sought.

4.6 Summary

In this chapter, we have derived new dilated matrix inequality characterizations for
continuous-time controller design and performance analysis. We have shown that a par-
ticular application of the Schur complement technique leads to a constructive way to derive
dilated characterizations, exhibiting some analogous properties to the ones already obtained
in the discrete-time setting [29],[30].

The results obtained about the dilated characterizations could be summarized as follows.

1. For the D-stability constraints and the H, specification, we derived new dilated char-
acterizations that are suitable for controller synthesis. These dilated characterizations
enabled us to propose a new approach to the multiobjective Hs/D-stability controller
design problems with non-common Lyapunov variables. It was shown that the new ap-
proach leads to a better (no worse) upper bound for the cost functional than that with
the conventional approach [6],[26],[36]. Numerical examples showed that the actual
cost is also improved, and the application of the new approach resulted in significant

improvements over the conventional approach.

2. With the dilated characterizations, we proposed a new approach to the robust multi-
objective Hy/D-stability synthesis for real polytopic uncertainty, where we successfully
employed non-common parameter-dependent Lyapunov variables. We showed that a
specific choice of the scalar included in the dilated characterizations ensures the new
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approach to achieve a better (no worse) upper bound for the cost functional than that
with the conventional approach. This choice is only a sufficient condition to ensure
the advantage of the new approach, and a numerical example showed that the new ap-
proach achieves considerably better performance than the conventional approach even

without a special care on the choice of that scalar.

For the D-stability constraints, the H, performance and the H,, performance, we
have derived dilated matrix inequality characterizations that are suitable for robust
performance analysis for real polytopic uncertainty [33]-[35]. The effectiveness of these
new characterizations is demonstrated through numerical examples.

The above three are the most important achievements in this chapter, gained by the di-

lated matrix inequality characterizations. Specifically, it is a remarkable contribution that we
have reduced the multiobjective Hy/D-stability problem into a convex optimization problem

with non-common Lyapunov variables in a reasonable fashion.

In spite of the above achievements, we have the following future topics.

1.

For the H,, performance, we have not derived a dilated characterization with a single
square auxiliary variable being involved in the product with the controller variables.
Such a characterization is indispensable to address the multiobjective Hy/H,, problem
[23] or the multiobjective Hy/H,/D-stability problem {6],[26],[36] with non-common

Lyapunov variables in a straightforward fashion.

We expect that the new dilated characterizations presented in this chapter have another
potential to show new directions in such problems as the fixed order dynamic output-
feedback control problem [44], the decentralized control problem [46] and so on. It
is known that these problems are quite hard to solve with the conventional matrix
inequality characterizations because of the product between the Lyapunov variables

and the controller variables.

We would like to stress, however, that the first topic given above has been partially
achieved by the dilated characterization presented in this chapter. To see this, let us fo-
cus on the following dilated characterization for the H,, performance, which is derived in
Theorem 4.6.

[

0 —Xeo B 0 ] [ A
-X 0 0 0 I
* + He F.}<0 4.126
BT 0o -I ©DT 0 ( )
0 0 D -~ | | C |
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Here, the variables are X and Foo = [ Foo1 Fooz Foos Fooa |- This inequality characterizes a

A| B
C

we have shown that this inequality successfully recovers the original one (4.45) via F, =
Xoo[I —€lI 00]if the scaler € > 0 is taken sufficiently small (see Corollary 4.11).
We have dealt with the dilated characterization (4.126) as a tool for robust performance

necessary and sufficient condition for ||T}4,(8)||eo < Yoo Where Ty (s) = [ J . Moreover,

analysis problems in this chapter. However, it should be noted that this characterization can
be readily converted into a suitable form for controller synthesis if we impose some restriction
on the variable F,,. To keep the above mentioned nice recovery property of (4.126) everi under
such restriction, it is reasonable to consider Fo, = G[I — bl 0 0 ], where G is a new square
variable and b = a~! is a positive scaler. Then, we obtain the following matrix inequality
with respect to X, and G, which characterizes a sufficient condition for ||T,w(8)]lco < Yeo-

Note that a similar characterization can be found in [41].

[ 0 X, B 0 | [ A ]
X, 0 0 0 I
+ He Gl 1 —=bI 0 0 4.127
BT o0 -I DT 0 [ ] (4.127)
0 0 D —2I| | ¢ |

An advantage of working with this inequality is that it allows controller synthesis. Moreover,

we can see that this inequality has the following interesting properties.

e There exists a sufficiently large a (= b™!) > 0 such that the dilated characterization
(4.127) recovers the original one (4.45) via G = G(Xs) := Xoo, which is a direct

consequence from Corollary 4.11.

e It is also true that if we let @ — oo, all admissible auxiliary variables G in (4.127) tend
to Xo and hence the dilated characterization (4.127) “reduces” to (4.45).

These facts have strong similarities to what we have given in Section 4.1 on the dilated
characterization (4.3). However, these similarities arise only when a sufficiently large a
is considered. Namely, for arbitrarily chosen a > 0, the dilated characterization (4.127)
performs differently from (4.3) and the former reduces to only a sufficient condition for the
original one. It should be noted that the dilated characterization (4.3) is equivalent to the
original one (4.2) irrespective of a > 0, and this property has played an essential role in
dealing with the multiobjective controller synthesis for plants without uncertainties.

Based on the above arguments, we give the following remarks on the use of the dilated
characterization (4.127).
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Remark 4.12 It is possible, in principle, to address such problems as the multiobjective
H,/H,, problem [23] or the multiobjective Hs/H,,/D-stability problem [6],[26],]36] with
non-common Lyapunov variables, using the LMI’s (4.26), (4.29), (4.33), (4.38) and (4.127).
However, the inclusion of the H, specification weakens the corresponding assertion to The-
orem 4.7. Namely, all we can assure for the new approach reduces to that there exists
Gmin > 0 such that whenever a > amin, the new approach ensures the achievement of a
better (no worse) upper bound of the cost functional than that with the conventional ap-
proach, which clearly shows the difference between the assertion of Theorem 4.7 for the
multiobjective Hy/D-stability problem.

Remark 4.13 It is possible, in principle, to address such problems as the robust multi-
objective Hy/H,,/D-stability problem for real polytopic uncertainty [6] with non-common
parameter-dependent Lyapunov variables, using the LMI’s (4.26), (4.29), (4.33), (4.38) and
(4.127). All we can assure for the new approach is that there exists apmim > O such that
whenever a > @y, the new approach ensures the achievement of a better (no worse) upper
bound of the cost functional than that with the conventional approach, which is the same
consequence, on the surface, as we have given in Proposition 4.5. However, it should be
noted that the inclusion of the H, specification brings another sort of conservatism into the
new approach arising from the fact that the inequality (4.127) itself is merely a sufficient
condition for the H,, specification.

4.7 Appendix

4.7.1 Proof of Lemma 4.1 with the Elimination Lemma

Proof. Let us define the following matrices.

[0 —x X 0 XAT] [A] 11
-X 0 0 -xX 0 I —bl
Y= X 0 —-6'Xx 0 0 |, E=10}|, Q:=G, F=| 1 | (4128)
0 -X 0 -& 0 0 bI
AX 0 0 0 -I 0 | bA |

Then, the inequality (4.3) in the condition (ii) in Lemma 4.1 can be described as (4.12).
Hence, to establish the equivalence between the conditions (i) and (ii) in Lemma 4.1, it is
enough to show that the two conditions EXY E+" < 0 and (FT)Y F* < 0 with the matrices
given by (4.128) are equivalent to the original condition (4.2).
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As we have seen in (4.10), the condition EXYE+" < 0 is equivalent to the original
condition (4.2). On the other hand, it turns out that the condition (FT)1YF+ < 0 is
equivalent to an #mplicit condition hidden in (4.2). To see this, let us consider (4.2) again.

Completing the square with respect to A in (4.2) yields
(A+ 6 D6X(A+ 61T + (6, — 61X + XATAX < 0

Hence, we can see that

(61— 55H)X + XATAX < 0

(4.129)

(4.130)

is a necessary condition for the feasibility of (4.2). Applying the Schur complement technique

to (4.130) with the given scalar a > 0, we have

Tl

[ —2X 0 —2aX | 0
0 —&tx -X L0 .
B s T SR <0
—2aX —X | —2aX-067'Xi-XAT
|0 o | -Ax | I |
From the above inequality, we readily obtain
(FT)Ly Ft
- --L r r
I 0 -X X 0 xAT I
—bI X 0 0 ~X 0 —bI
={ bl X 0 =5tx 0 0 bl
I 0 -x 0 =& 0 I
| bA | | AX 0 0 0 -1 || %A
o —x x 0 xaAT
[ aI 0 0 0
X 0 0 —X 0
0 I 100 L
= X 0 =5x 0 0
0al 010 .
0 -Xx 0 =&'x o0
0 A 00T,
- L AX 0 0 0 —I
[ —2aX 0  —2aX 0 |
0 —6X —X 0
= <0
—20X —X 20X —-67'X —XxXAT
0 0 —AX ~I |

which completes the proof.
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I ol AT
I 0 0
0 I 0
0o 0 I

(4.131)

(4.132)

Q.E.D.



4.7.2 Proof of Lemma 4.4

Proof. Note that amp, is well-defined since (4.2) holds with X = X by assumption and since
X > 0. It is obvious that the inequalities (4.15) and (4.16) hold for any a > am,. With this
in mind, let us apply the Schur complement technique to (4.15) under the condition (4.16)

to get
AX + XAT + 6, X + 5AXAT + XATAX AX + 66X+ XATAX <0 4 133)'
XAT 4+ 66X + XATAX X + XAATX — 20X ‘
Applying again the Schur complement technique to (4.133), we obtain
AX +XAT AX | X AX  XAT]
XAT  —2aXi X 0 XxaT
X X -6'X 0 0 |[<0 (4.134)
X AT 0 0 -51X 0
] AX AX 0 0 —I
: ) . bA
It remains to perform a congruence transformation with I&I&1I on the above
inequality to get
[ AX 4+ XAT  —bAX BAX+X AX DAXAT + XAT ]
—bX AT —2bX bX 0 bX AT
bXAT + X bX —5tX 0 0 <0 (4.135)
XAT 0 0 -6 X 0
| BPAXAT + AX  bAX 0 0 —I |
This inequality is nothing but (4.3) with X = G = X. This completes the proof.  Q.E.D.

4.7.3 Proof of Lemma 4.5

Proof. It is easy to show the equivalence between (4.2) and (4.19) by the Elimination

Lemma, with
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0 X X 0 XAT]

-X 0 0 —X
Yi=|Xx 0 -6'x 0 0

0 -X 0 -&'xX o

| AX 0 0 0 I
Q=@ Q:Q:Q:Qs], Fi=1I

(4.136)

and with (4.10). In the following, however, we give another proof of the fact that (4.2)
implies (4.19), in which the relation between the solutions of (4.2) and (4.19) is clear.
For every solution X = X > 0, there exists € > 0 such that

AX + XA+ 6,X + BAXAT + XATAX + e AX AT < 0 (4.137)
Applying the Schur complement technique to the above inequality, we obtain
[ AX + XAT| —eAX X = AX XAT
""" ZeXAT T ex 0 0 0
X 0 —&'X 0 0 | <0 (4.138)
XAT 0 0 =&'X 0
AX 0 0 0 -1 |

The above inequality is nothing but the LMI condition (4.19) with [ X Q1 Q2 Q3 Q4 @s ] =
[XX —eX0X0]. Q.E.D.

4.7.4 Proof of Theorem 4.4

Proof. The equivalence between the conditions (i) and (ii) is a well-known result [6]. The

condition (iii) and (iv) imply the condition (ii) since

A

O O M~

Wi

€L -

—Xs
—kXs

0 0 —kXs Xs
0 —kXs 0 0
I Xs 0 0
Al | 0 —Xs -kXs
0 —kXs
~A 0 0] -kXs 0
0 0 -AI } Xs 0
0 —Xs
[ E(AXs + XsAT)  AXs — XsAT
XsAT — AXs  k(AXs + XsAT)

0

0

Xs
0
0
—kXs

| <o
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0
—Xs
—kXs
0

STt
i T g (4.139)
0 AT

-t - 0 I -




Because the condition (iii) implies the condition (iv), it remains to show that the condition
(ii) implies (iii). In the following, we give a proof of the fact that the condition (ii) implies
(iii), in which the relation between the solutions of (4.32) and (4.33) is clear.

Applying the Schur complement téchnique to (4.32) with the given scalar a and with a
simple manipulation AXs — Xs AT = (A — al)Xs — Xs(A — aI)T, we obtain

—2akXs —9akXs 0 0 |
"l'é'c'iic'}é;‘;""""'};ﬁ'e"{i}é(l"&f)&;'] """""" ( Lli":;i'f)'}(';"—"'&;'(}i"—"Efj"'l' """ 0o < 0(4140)
0 Xs(A—al)T — (A= al)Xs kHe [(A — al)Xs] 20k Xs
- o o T Logkxs T —2akXs |

Here, (A — al) is nonsingular because A is stable by the condition (ii). Hence, the above
inequality admits a congruence transformation with I & (A—al) 1 ®(A—al) ' & to get

—2akXs —2akXs (.A - aI)'T
—2ak(A —al) ' Xs kHe [XS(A - aI)‘T]
0 (A-al) ' Xs— Xs(A—al) T
0 ' 0
) ) (4.141)
0 0
Xs(A=al)™ ~(A—al)' X5 0
kHe [XS(A - aI)‘T] —2ak(A —al) ' Xg <0
—2akXs(A—al)T —2akXs ]

Defining Gs := —(A — aI)~'Xs, we have Xs = —(A — al)@s, and thus we readily obtain

[ 20kXs + 20kHe [(A—al)Gs| 20kGE — kXs — k(A — al)Gs
20kGs — kXs — kGZ(A —al)T —k(Gs + GT)
Xs+ GL(A—al)T GL - Gs
0 —Xs — (A—al)Gs
; - R ) (4.142)
Xs + (.A — G,I)Gs 0
és - @g -—Xs - ég(A - aI)T <0
—k(és + @g) 2ak@5 - kXS - k(A - (II)@S
20kGE — kXs — kGE(A - al)T 2akXs + 2akHe (A — al)Gs] |

The above inequality can be written as follows.
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[ 20kXs —kXs Xs 0
—kXs 0 0 —Xs
Xs 0 0 —kXs
0 —Xs —kXs 2akXs |

) ) (4.143)
A—al 0 .
I 0 G -
+He s P 2akI —kI I 0
0 I 0 Gs 0 —I —kI 2akI
0 A—al |

: . . I al I 0
Performing a congruence transformation with 0 I @ I on (4.143), we have
a

(4.33) in (iii), where G := aGs and b:=a"1.

It is easy to give an alternative proof of the fact that the condition (ii) implies (iv), where
the relation between the solutions of (4.32) and (4.34) is clear. If (4.32) holds, there exists
€ > 0 such that

K(AXs + XsAT) + e AX s AT AXs — Xs AT <0 (1144)
XsAT — AXs k(AXs + XsAT) + seAXs AT '
Applying the Schur complement technique to the above inequality, we have
[ K(AXs + XsAT)  XsAT— AXs |—eAXs O
XsA—-ATXs &k XsAT)i 0 —eAX
....... SAAS(AXS+SA)€S <0 (4.145)
—eXs AT 0 P —2eXs 0
i 0 —eXs AT 0 —2eXs
(100 0]
.. : . : . 001IO0
This inequality admits a congruence transformation with 000 I to get
| 0 I 0 0|
[ k(AXs + XsAT) —eAXs O AXs — XsAT
— T —2eX, 0 0
eXsA cas <0 (4.146)
0 0 —2¢Xs —eXs AT
XsAT — AXs 0 —eAXs k(AXs+XsAT) |

It is easy to see that the above inequality is nothing but the LMI condition (4.34) in (iv)
with { F51 FSQ Fsg F34 F35 F35 FS7 Fgg ] = [ k?Xs - EXS 0 XS -— Xs 0 - EXS sz ]
Q.E.D.
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4.7.5 LMDI’s for the Output-Feedback Controller Synthesis

In this subsection, we show that the constraints (4.26), (4.29), (4.33) and (4.38) can be
reduced to LMI’s by congruence transformations with Zg given by (4.65).

a-stability region (4.26)

2

Performing a congrﬁence transformation with =% @ £% @ =% on (4.26) under the con-
straint (4.58), we obtain

0 —ETXnEy  EEXyEw
~ETXpEy 0 0
EL XnEx 0 ~3a ' 55 Xn S
o o (4.147)
SgAGEy —bEgAGEy bERLAGER
+He | ELGEy -bELGEy bEEGEy | <0
0 0 0

The above constraint only involves the terms Z5XySw, Z5GEy and EFAGEY. Since
these matrices can be represented as in (4.68) and (4.69), it is an LMI with respect to Xy,
G, Hu, II, Ak, Bk and Ck.

Circular region (4.29)

Performing a congruence transformation with =% @ =% & &% © £% on (4.29) under the

constraint (4.58), we obtain

0 —E%XcEuw EfXcEw 0
—ELX. 5y 0 0 —ET X5y
ElXcEy 0 %EIEXCEH 0
0 —E5XcEn 0 cEhXeZn
- ] - o (4.148)
ETAGEy -bELAGER bELAGER ELAGER
sTQ=E —b=ETG=E bETGE sTG=
“HYU=H —=HU=H —gb=H —=gU=H
+He H H H H <0
0 0 0 0
0 0 0 0 |

The above constraint only involves the terms ZLX:=y, £5GEy and Z5AGEy, which
enables us to see that it is an LMI with respect to X¢, Gy1, Hu1, I, Ax, Bk and Ck.
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Sector region (4.33)

o ——
— ot

Performing a congruence transformation with £% @ 5% & 5% & =% on (4.33) under the

constraint (4.58), we arrive at

0 ~kZ(XsSw  SEXsEn 0
—kEfFXsEn 0 0 —ELXsEy
EHXsZu 0 0 —kEL XsEx
0 —ETXsEy —kELXsSy 0 s
[ kELAGEy —bkELAGEy bELAGEy  ELAGER | (4.149)
CHe kELGEy  —bkELGEy  bELGEg ETGEy -0
-5FGEy  -bSEGEy  —bkEEGEy  kELGEy
| ~ZFAGEy —b=RAGEy —bkEFAGEy kEFAGEy |

Similarly to (4.147) and (4.148), the above constraint only involves the terms £4XsZy,
ELGEy and ZFAGZ and hence (4.149) is an LMI with respect to X, Gu1, Huy, 1T, A,
BK and OK

The H, Specification (4.38)

Performing a congruence transformation with £5 @ =% & I on the first inequality in
(4.38) under the constraint (4.58), we get |

0 ~ELX,Z5 0 ST AGEy —bELAGEyR 0
~E5X25w 0 0 | +He{| =LGEy -bELGEy 0|3 <0 (4.150)
0 0 —I CGEy  —WCGEy 0

On the other hand, a congruence transformation with I & Z7% on the second inequality in
(4.38) leads to

Z: BTZ '
R (4.151)
EgB EuXeZw

It turns out that the constraints (4.150) and (4.151) involve only the terms given in (4.68)
and (4.69) and hence we can conclude that they are LMI’s with respect to X,, Gu1, Huy, I,
AK, BK and é K-
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Chapter 5
Conclusion

In this thesis, we proposed several LMI approaches to the multiobjective controller design
problems with non-common Lyapunov variables. The robust performance analysis and syn-
thesis problems for real polytopic uncertainty are also studied, based on the dilated LMI
characterizations derived for the multiobjective controller design. As a concluding chapter,
we now summarize the achievements in this thesis and discuss future topics.

In Chapter 2, we gave a formal description of the multiobjective controller design prob-
lems that we dealt with in this thesis. The conventional LMI approach was also reviewed,
where we clarified that the conventional approach is conservative because of the use of a
common Lyapunov variable.

In order to get around the conservatism, in Chapter 3, we provided two LMI approaches
to the multiojbective state-feedback controller design problems with non-common Lyapunov
variables. First, we proposed the subspace approach. The key to this approach was an
introduction of the additional constraints on the Lyapunov variables, which led us to a set
of LMTI’s that leave the state-feedback gain directly as one of the LMI variables. This was
achieved by freezing only some portion of the freedom in the Lyapunov variables. Hence,
using the unconstrained portion of the freedom, the set of LMI’s turned out to allow non-
common Lyapunov variables. In particular, it was shown that this approach yields a feedback
gain that achieves better (no worse) performance than that with the conventional approach
if we choose the parameters included in the constraints reasonably. An iterative algorithm
was also derived with a suitable replacement of these parameters.

Second, we proposed the affine representation approach. In this approach, we performed
a standard procedure called change of variables and represented the resulting variables as
a set of affine functions by introducing yet new variables. These affine functions were cho-
sen to have a crucial characteristic that troublesome non-convex constraints are satisfied
regardless of the new variables. With these affine functions, we readily derived a set of LMI
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characterizations that allow non-common Lyapunov variables. In addition, we showed that
a reasonable choice of the parameters included in the affine functions assures an advantage
of this approach over the conventional approach. The affine representation approach also
enabled us to have another effective iterative algorithm by simply combining it with the
subspace approach.

The effectiveness of these approaches as well as the iterative algorithms was demonstrated
through numerical examples in this chapter. Applying them to several problems, we obtained
considerably better performance than that with the conventional approach. These results
suggest that the conventional approach with a common Lyapunov variable is conservative,
and the conservatism is circumvented successfully with the use of non-common Lyapunov
variables. |

Although the approaches provided in Chapter 3 achieved satisfactory results in numerical
examples, they have some drawbacks. From a theoretical point of view, the most crucial
drawback lies in the fact that they cannot be self-contained ones that are actually free
from the use of a common Lyapunov variable, which is also the case with the algorithms
presented in the previous studies [32],[38]-[40]. To overcome this drawback, we derived
in Chapter 4 new dilated matrix inequality characterizations for continuous-time controller
design. We showed that a particular application of the Schur complement technique leads to a
constructive way to derive dilated characterizations, exhibiting some nice recovery properties.
The advantage of working with these dilated characterizations is that the technical restriction
to a common Lyapunov variable can be avoided. Indeed, they enabled us to propose some
very promising approaches to several problems including the multiobjective controller design

problems, as summarized in the following.

e We proposed a new LMI approach to the multiobjective H,/D-stability controller
design problems with non-common Lyapunov variables. This approach was readily
obtained by the dilated characterizations for the D-stability constraints and the Hj
specification. Specifically, because of the nice recovery property of these dilated char-
acterizations, we showed that the new approach achieves a better (no worse) upper
bound for the cost functional than the conventional approach. Numerical examples il-
lustrated that the actual cost is also improved, and the application of the new approach

resulted in significant improvements over the conventional approach.

e A new approach was proposed to the robust multiobjective Hy/D-stability controller
design problems for real polytopic uncertainty, where we successfully employed non-
common parameter-dependent Lyapunov variables. The dilated characterizations led
us directly to this new approach. In addition, we proved that a specific choice of the
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scalar included in the dilated characterizations ensures the new approach to achieve a
better (no worse) upper bound for the cost functional than that with the conventional
approach. This choice is only a sufficient condition to ensure the advantage of the
new approach, and numerical examples demonstrated that the new approach without
a special care on the choice of the scalar even achieves considerably better performance

than the conventional approach.

e We proposed new LMI approaches to the robust performance analysis problems for
real polytopic uncertainty with the use of parameter-dependent Lyapunov variables.
This was readily achieved by the dilated matrix inequality characterizations for the
D-stability constraints, the H, specification and the H, speciﬁcé,tion we derived. The
effectiveness of the new approaches was illustrated through several numerical examples.

The above three are the most important achievements in Chapter 4, gained by the di-
lated matrix inequality characterizations. Specifically, it is a remarkable contribution that
we directly reduced the multiobjective Hs/D-stability problem into a convex optimization
problem represented by LMI’s with non-common Lyapunov variables in a reasonable fashion.

In closing, we describe some future topics and possible extensions of the results on the
dilated characterizations obtained in this thesis. As for the H,, specification, although we
arrived at a new dilated characterization that is suitable for the robust H,, performance
analysis problems, it is desirable to derive another dilated characterization that enables us
to address the H,, synthesis problems in a straightforward fashion. On the other hand, in
contrast with the H,, specification, we actually derived new dilated characterizations for
the D-stability constraints and the Hj specification that are suitable for controller synthesis.
These dilated characterizations are indeed useful in dealing with the multiobjective controller
design problems and robust controller synthesis for real polytopic uncertainty. Furthermore,
we expect that they have another potential to show new directions in such problems as fixed
order dynamic output-feedback controller design, decentralized controller design and so on.
In dealing with these problems, it seems indispensable to attain the decoupling between the
Lyapunov variables and controller variables in the matrix inequalities, which is achieved in

the dilated characterizations provided in this thesis.
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